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BRILL-NOETHER THEORY FOR KUZNETSOV COMPONENTS AND
REFINED CATEGORICAL TORELLI THEOREMS FOR INDEX ONE FANO
THREEFOLDS

AUGUSTINAS JACOVSKIS, ZHIYU LIU AND SHIZHUO ZHANG

ABSTRACT. We show by a uniform argument that every index one prime Fano threefold X of
genus g > 6 can be reconstructed as a Brill-Noether locus inside a Bridgeland moduli space
of stable objects in the Kuznetsov component Ku(X). As an application, we prove refined
categorical Torelli theorems for X and compute the fiber of the period map for each Fano
threefold of genus g > 7 in terms of a certain gluing object associated with the subcategory
(Ox)*. This unifies results of Mukai, Brambilla-Faenzi, Debarre-Iliev-Manivel, Faenzi-Verra,
Iliev-Markushevich-Tikhomirov and Kuznetsov.

1. INTRODUCTION

In the landmark paper [BO01], the authors show that the bounded derived category of coherent
sheaves D®(X) on a smooth projective variety X determines the isomorphism class of X if its
anti-canonical divisor —Kx (or its canonical divisor Kx) is ample. One of the most important
ingredients of the proof is that the point objects can be intrinsically defined in the derived category
D’(X). In the case of smooth Fano threefolds X, tremendous work on the semiorthogonal
decompositions of D?(X) has been done, which enables us to recover geometric information
about X from pieces of its derived category. Thus it is natural to ask whether a smooth Fano
threefold X can be determined up to isomorphism by a particular piece of D?(X). A natural
candidate for this is a subcategory Ku(X) C D?(X) called the Kuznetsov component of D?(X).
This subcategory has been studied extensively, e.g in [[<uz04], [Kuz16], [Kuz09], [KP18], [BE11],
[BF13], and [BF14], for many classes of Fano varieties. It has been widely accepted that Ku(X)
encodes the most essential information of the birational geometry of X. In our previous work
[JLLZ21], we show that the Kuznetsov component Ku(X) of a general special GM threefold
determines its isomorphism class while for a general ordinary GM threefold, Ku(X) determines
its birational isomorphism class. Furthermore, we show that for a general ordinary GM threefold,
Ku(X) together with certain extra data i'€ arising from the tautological sub-bundle £ on X is
enough to determine X up to isomorphism. We call this a refined categorical Torelli theorem.
Therefore, a natural and interesting question is whether such refined categorical Torelli theorems
hold for all index one prime Fano threefolds.

On the other hand, in the late 90s, in [Muk02] and [MukO1], Mukai considered Brill-Noether
loci of the moduli space Mr,(2,d) of rank two vector bundles on a curve I'y of genus g. He
showed that every index one prime Fano threefold of degree 12 and 16 can be reconstructed as a
Brill-Noether locus of the moduli space Mr,(2,d) of rank two stable vector bundles and degree
d, where T'y is either a curve of genus 7 (for Xi2) or a curve of genus 3 (for Xy¢). It is interesting
to note that Ku(X12) ~ D¥(I'7) and Ku(X1) =~ D?(T'3) (see [BF13],[BF14]). Thus the moduli
space Mr,(2,d) is essentially a Bridgeland moduli space of stable objects in the Kuznetsov
components of these Fano threefolds. Therefore it is reasonable to expect that a Brill-Noether
reconstruction should work for all index one prime Fano threefolds. In this article, we prove the
following theorem which simultaneously generalizes the refined categorical Torelli theorem for
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GM threefolds ([JLLZ21, Theorem 10.2]) and the Brill-Noether reconstruction of X5 and X6
([MukO1]).

Let X be a prime Fano threefold of index one and genus g > 6. Consider its semiorthogonal
decomposition

D*(X) = (Ku(X),€,0x)

where £ is the pullback of the tautological sub-bundle on the Grassmannian. Let i' be the right
adjoint to the inclusion functor 4 : Ku(X) < DP(X) and let i* be the left adjoint of i. We define
integers ng := % when g is even, ny = 5 and ng = 3. Then our main theorem is:

Theorem 1.1. Let X be a prime Fano threefold of indexr one and genus g > 6 and o be a
Serre-invariant stability condition on Ku(X). Then

X = BN, = {F | ext'(F,i'€) = nyg} € My (Ku(X),[i* O.[-1])),
where O is the skyscraper sheaf supported on a point x € X.

=+
Here the stability condition o is unique up to a GL (2,R)-action (c.f. Theorem 4.13). For
the construction of o, see Section 6.

Remark 1.2. For the other prime Fano threefolds, we show that they are isomorphic to Bridge-
land moduli spaces M, (O, [I,]) of stable objects in the Kuznetsov component O with respect
to stability conditions ¢’ in a family . See Section 7.

The idea of the proof is the following. In one direction, we show that the projection of the
shift of a skyscraper sheaf i* Oz[—1] := Lg Lo, (Oy)[—1] is o-stable. By construction, it fits into
the triangle " — I, — i* O,[—1], from which ext!(i* O,[-1],i'€) = n, follows. We then show
that the morphism

p: X — BN g

induced by the projection functor i* is a closed embedding (see Proposition 6.4). The other
direction is proved by contradiction. We begin with a o-stable object F' € Ku(X) satisfying the
Brill-Noether condition, and we assume that F' is not of the form i* O [—1]. Then we show that
G := F[—1] is a vector bundle (see Proposition 6.5), and form the cone C of the natural map
G = F[-1] 2 £%79. Note that the character of C' is the same as the ideal sheaf of a point on X.
Then we show that C' is semistable with respect to a suitable weak stability condition, which is
the most technical part of our article (see Proposition 6.7). Then by a standard wall-crossing
argument, we show that C is a torsion free sheaf and is therefore isomorphic to I, for a point
x € X, which leads to a contradiction (c.f. Section 6.1).

The Brill-Noether reconstruction of X depends on an appropriately chosen induced stability
condition o on Ku(X) a priori. In [PR21], the authors show that every induced stability condition
on the Kuznetsov component of an index one prime Fano threefold of genus g > 6 is Serre-
invariant (see Definition 4.10). Moreover, in [JLLZ21, Theorem 4.25] and [F'P21, Theorem 3.1],
the authors show the uniqueness of Serre-invariant stability conditions on Ku(X). Thus if E €
Ku(X) is a stable object for every Serre-invariant stability condition and @ : Ku(X) ~ Ku(X")
is an equivalence of Kuznetsov components, then ®(FE) is also stable with respect to any Serre-
invariant stability condition. As a result, we prove refined categorical Torelli theorems for all
prime Fano threefolds of index one and genus g > 6:

Theorem 1.3. Let X and X' be prime Fano threefolds of index one and genus g > 6 such that
there is an equivalence ® : Ku(X) ~ Ku(X') with ®(i') =2 i'E’. Then X = X'.

There is a very interesting application of Theorem 1.3. It is shown in Lemma 8.1 that the
Kuznetsov component Ku(X) and intermediate Jacobian J(X) are mutually determined by each
other for index one prime Fano threefolds of genus g > 7, and this is conjectured for g = 6.
Hence one can determine the fiber of the period map over the intermediate Jacobian J(X) for
cach of these g > 7 Fano threefolds by computing the fiber P_!([Ku(X)]) of the “categorical
period map” Peyy over their Kuznetsov components Ku(X). It is the family of gluing objects
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'€ € Ku(X') when X’ varies but the equivalence class of Kuznetsov components is fixed. Since
the object i'§’ € Ku(X') is stable (c.f. Proposition 4.14), this makes the fiber of period map
as an open subset of the union of the moduli spaces U, »)=y(ite) jite]) Mo (Ku(X),v), where
X(—=,—): N(X) x N(X) — Z is the Euler pairing on the numerical Grothendieck group N (X)
of the Kuznetsov component Ku(X).

As a result, we not only recover classical results on the fiber of the period map, but also
reprove new results for X5 which were proved in [F'V22] very recently.

Theorem 1.4. Let X be a prime Fano threefold of index one and genus g > 7. Consider all
index one prime Fano threefolds X' with the same genus g such that there is an equivalence
P : Ku(X') ~ Ku(X). Then the family of objects ®(i'E') obtained as X' and ® vary is given by
(i) a unique point if g = 7;
(ii) the moduli space My, C Mi®%(2,0,2) of instanton bundles with minimal charge on a
cubic threefold Y if g = 8;
(iii) the moduli space of rank two vector bundles over a genus three curve C with a certain
special property if g = 9;
(iv) the Coble—Dolgachev sextic if g = 10;
(v) the moduli space of plane quartics if g = 12.

Furthermore, in each case this describes the fiber of the period map.

Remark 1.5. One can apply Theorem 1.3 to obtain a description of the fiber of the “categorical
period map” for index one prime Fano threefolds of genus g = 6, which was previously described
in [JLLZ21, Theorem 11.3].

1.1. Related work. The question of whether KLu(X) determines X up to isomorphism, known
as the Categorical Torelli question, has been studied for certain cases in the setting of Fano
threefolds. There is a nice survey [PS22] on recent results. In the case of index two prime Fano
threefolds, in [BMMS12], the authors show that the Kuznetsov component completely determines
cubic threefolds up to isomorphism. The same result was also verified in [PY20]. In [BBF™20],
an alternative proof for this is provided. In [APR19], it is shown that the Kuznetsov component
Ku(X) determines X up to isomorphism if X is a smooth quartic double solid. A weaker
version of this result was also shown in [BT16], where the equivalence between the Kuznetsov
components is assumed to be Fourier-Mukai. In the case of index one prime Fano threefolds
of genus > 6, Ku(X) usually does not determine the isomorphism class of X, while the whole
derived category DP(X) determines it by [BOO1]. In our paper, we show that the subcategory
(Ku(X),&) c DY(X) does determine the isomorphism class of X. Our results not only recover
the classical results in [Muk01] and [BEF13], but also reprove the very recent results in [['V22] on
reconstruction of Xjg from the data (I'2, V), where I's is a genus 2 curve and V is a rank 3 vector
bundle with special properties over it. In the very recent work [BP22], the authors compute the
fiber of ” categorical period map” for Gushel-Mukai threefolds, via a completely different method.
In the upcoming work [F1.7Z22], we establish a Brill-Noether reconstruction theorem for index
two prime Fano threefolds and give uniform proofs of categorical Torelli theorems for them.

1.2. Organisation of the article. In Section 2, we state some useful results on semiorthogo-
nal decompositions. In section 3 we introduce semiorthogonal decompositions for all index one
prime Fano threefolds, and define gluing objects for their Kuznetsov components. In Section 4,
we recall weak stability conditions, and state the algorithm we frequently use to find and then
discard solutions for potential walls in tilt stability. We also summarise results on the existence
of Bridgeland stability conditions on Kuznetsov components of index one Fano threefolds. Fur-
thermore, we prove stability of the gluing object introduced in Section 3. In Section 5, we embed
our Fano threefolds into moduli spaces of stable objects in Ku(X) with respect to the numerical
classes of projections of skyscraper sheaves. In Section 6, we exhibit these embedded Fano three-
folds as Brill-Noether loci. We also state the refined categorical Torelli theorem which follows
as a corollary. In Section 7, we show that every index one prime Fano threefold is a Bridgeland
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moduli space of stable objects in (9}(. In Section 8, we compute the fiber of period map for all
prime Fano threefolds of index one and genus g > 6 via Theorem 1.3. In Appendix A, we prove
several lemmas used in the previous sections.

Notation and conventions.

e Throughout this article, g and d will mean the genus and degree of a Fano threefold,
respectively. If it is relevant, we will state the genus/degree of the threefold we work
with. If no assumptions on X are stated, then we will take it to be a smooth index one
Picard rank one Fano threefold of genus ¢ > 6. When X is written with a subscript,
the subscript will indicate the degree of X.

e Let o be a weak stability condition. Then the central charge and heart are denoted by
Z, and A, respectively.

e The projection functor is defined by the left adjoint of the inclusion functor i : Ku(X) <
D?(X).

e We denote the phase and slope with respect to o by ¢, and ., respectively. The
maximal /minimal slope of the HN-factors of a given object will be denoted by u} and
Lo , respectively.

e We denote by H! the i-th cohomolgy object with respect to the heart A,. If A =
Coh(X), we denote the cohomology objects by H' for simplicity.

e We denote the numerical class in the numerical Grothendieck group by [E] for any object
E. In our setting, giving a numerical class is equivalent to giving a Chern character.
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author would like to thank professor Xiaojun Chen for the invitation and TMCSC for their hos-
pitality. The first and third authors are supported by ERC Consolidator Grant WallCrossAG,
no. 819864. The second author is supported by the research grant “Geometric structure on the
derived category of projective varieties”.

2. DERIVED CATEGORIES

In this section, we collect some useful facts/results about semiorthogonal decompositions.
Background on triangulated categories and derived categories of coherent sheaves can be found
in [[Tuy06], for example. From now on, let D?(X) denote the bounded derived category of
coherent sheaves on X, and for E, F € D?(X), define

RHom*(E, F) = @ Ext’(E, F)[—i].
1EZ
2.1. Exceptional collections and semiorthogonal decompositions.
Definition 2.1. Let D be a triangulated category and E € D. We say that E is an exceptional

object if RHom®*(E, E) = k. Now let (E1,..., E,,) be a collection of exceptional objects in D.
We say it is an exceptional collection if RHom®(E;, Ej) = 0 for i > j.

Definition 2.2. Let D be a triangulated category and C a triangulated subcategory. We define
the right orthogonal complement of C in D as the full triangulated subcategory

Ct={X eD|Hom(Y,X)=0forall Y € C}.
The left orthogonal complement is defined similarly, as

L1C={X €D |Hom(X,Y)=0 forall Y € C}.
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Recall that a subcategory of D is called admissible if the inclusion functor has both left and
right adjoint.

Definition 2.3. Let D be a triangulated category, and (Ci,...,Cy,) be a collection of full ad-
missible subcategories of D. We say that D = (Cy,...,Cp,) is a semiorthogonal decomposition
of Dif C; C Ci for all i > 7, and the subcategories (Ci,...,Cy,) generate D, i.e. the category
resulting from taking all shifts and cones of objects in the categories (Ci,...,Cp,) is equivalent
to D.

Definition 2.4. The Serre functor Sp of a triangulated category D is the autoequivalence of D
such that there is a functorial isomorphism of vector spaces

Homp(A, B) = Homp(B, Sp(A))Y
for any A, B € D.

Proposition 2.5. If D = (Dy,Ds) is a semiorthogonal decomposition, then D ~ (Sp(D3), D) ~
(Da, S5 (D1)) are also semiorthogonal decompositions.

2.2. Mutations. Let C C D be an admissible triangulated subcategory. Then one has both left
and right adjoints to the inclusion functor i : C < D, denoted by i* and i', respectively. Then
the left mutation functor Le through C is defined as the functor lying in the canonical functorial
exact triangle
it — id = Le
and the right mutation functor Re through C is defined similarly, by the triangle
Re —id — ™.
When E € Db(X) is an exceptional object, and F' € D?(X) is any object, the left mutation Ly F
fits into the triangle
E®RHom*(E,F) - F — LgF,
and the right mutation Rg F' fits into the triangle
RgF — F — E®RHom*(F,E)".
Furthermore, when (Ey,..., E,,) is an exceptional collection, for ¢ = 1,...,m — 1 the collections
(B1,. ., Ei1,Lg, Big1, By By, .. By)

and
(E17 L 7E’i+17 REZ‘+1 Ei7 Ei+27 E’i+37 LR 7Em)
are also exceptional.

Proposition 2.6. Let D = (A, B) be a semiorthogonal decomposition. Then
Sg=Ra0Sp and S;'=LpgoSy".

3. INDEX ONE PRIME FANO THREEFOLDS AND THEIR KUZNETSOV COMPONENTS

A smooth projective variety with ample anticanonical bundle is called Fano. A Fano variety
is called prime if it has Picard number one. For a prime Fano variety X, we can choose a unique
ample divisor such that Pic(X) = Z - H. The index of a prime Fano variety is the least integer
ix such that —Kx =iy - H. The degree of a prime Fano threefold is dx := H3.

In this paper, we mainly consider prime Fano threefolds of index one. The prime Fano three-
folds are classified in [V199]. We list some of their properties below, see also [[KPS18].

e X5, g = 2: a double cover of P? branched in a surface of degree six;

e X,, g = 3: either a quartic threefold, or the double cover of a smooth quadric threefold
branched in an intersection with a quartic;

e Xg, g =4: a complete intersection of type (2, 3);

e X3, g =5: a complete intersection of type (2,2,2);

° Xloo, g = 6: a section of Gr(2,5) C PY by a linear space and a quadric;
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X7 10, 9 = 6: a double cover of a linear section of Gr(2,5) of codimension 3, branched in
an anticanonical divisor;

X192, g = 7: a linear section of a connected component of the orthogonal Lagrangian
Grassmannian OGr (5,10) C P5;

X14, g = 8: a linear section of Gr(2,6) C P4

X16, g = 9: a linear section of the Lagrangian Grassmannian LGr(3,6) C P!3;

X1g, g = 10: a linear section of the homogeneous space Gy/P C P'3;

X9, g = 12: a zero locus of three sections of the bundle A?U/Y, where U is the universal
subbundle on Gr(3,7).

A prime Fano threefold of type Xls‘o is called a special Gushel-Mukai(GM) threefold, and a
threefold of type X 1% is called an ordinary Gushel-Mukai(GM) threefold.

3.1. Semiorthogonal decompositions. A series of works of Bondal-Orlov and Kuznetsov
show that the prime Fano threefolds of index one admit the following semiorthogonal decompo-
sitions.

Proposition 3.1. Let X := Xa, o be a prime Fano threefold of index one and genus g. Let Iy
be a smooth curve of genus g'. Then we have

o D¥(Xog—2) = (Ku(X3g—2), Ox,,_,) for g <6;

e DY(X19) = (Ku(X19), &, Ox) and Sku(x10) = T[2], where T is an involution on Ku(X1o);
[ ] Db(Xlg) < (X12) 57, Ox>, where ICu(Xlg) ~ Db(F7);
[} Db(X14) <ICU(X14) 5870X> and SlgCu(XM) = [5]

D?(X16) = (Ku(X15), £, Ox), where Ku(X16) ~ D?(I's);

D?(X15) = (Ku(X1g), £10, Ox), where Ku(X1g) ~ DY(I'y);

[ ]
o D’(Xg2) = (Ku(Xa2),&12, Ox), where Ku(Xa2) ~ DY(Rep(K (3))), where K(3) is the
3-Kronecker quiver.
Here & is a stable bundle of rank two when g # 7 and 9, rank five when g = 7, and rank three
when g = 9.

When X is special, Xg is the double cover of a prime Fano threefold of index two and degree
5. Then 7 is induced by the geometric involution on Xig, which we also denote by 7.

Note that when g = 4, there is another semiorthogonal decomposition. The existence of
stability conditions on this component is unknown, and we will not use this decomposition in
our paper.

We call the subcategories Ku(Xog—2) Kuznetsov components of Xog_o. The left adjoint of the
inclusion i : Ku(X) < D?(X) is called the projection functor and is denoted by i*.

When the genus g > 6 is even, the rank two bundle &£, is the pullback of the tautological sub
bundle on the Grassmannian Gr(2, § 4+ 2). When g = 7 and 9, they are also pull-backs of the
tautological sub-bundle on the corresponding Grassmannian. The Chern characters of each &
are listed below:

—H,L,%P), g=6
5,—2H,0, P), g="1
2,—-H,2L,tP), g=38
3,—H,0,1P), g=9

—H,3L,0), g=10

—H, 4L, — P), g =12,

where L and P are the classes of a line and a point on X respectively. If the genus of X is clear,
we will use £ := &, for simplicity. When g > 6 and g is even, by [Kuz04, Proposition 3.9] we
know that the numerical Grothendieck group N (Ku(Xa4—2)) is a rank two integral lattice and
generated by

@
(
ch(&,) = E
@
@

3g —6 7g — 40
g L+9

P)
2 12

(1) N(Ku(Xog—2)) = (v:=1— gL + %P,w = H —
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with Euler form given by
1-4 -
® [ 3-9 1-g |

When g = 7, the Todd class of X is given by td(X) =1+ %H + 3L + P. Using Hirzebruch-
Riemann-Roch theorem, one can verify with a direct computation that the numerical Grothendieck
group is a rank two integral lattice generated by

N(ICU(Xlg)) = <’U =2 —5L+ %P,w = H — 6L>

with Euler form given by

®) =

When g = 9, the Todd class of X is given by td(X) = 1+ %H + %L + P. The numerical
Grothendieck group is a rank two integral lattice generated by

N(ICU(XlG)) = <1) =1—-3L+ %P,w = H — 8L+ §P>

with Euler form given by
-2 -3
=)
When the genus g > 6 is even, we will also use another semiorthogonal decomposition

Db(X2g—2) = <-’4ng727 OX297275V>'
We call Ax,,_, the alternative Kuznetsov component. The numerical Grothendieck group N (Ax,, ,)
of Ax,,_, is a rank two integral lattice generated by
16 —g¢g
12

N(Ax,, ;) = (s ::1—2L,t::H—(g+1)L— P)

with Euler form given by

~1 —2
5) —4+1 —g+1|°

We call u € N (Ku(Xag—2)) (or N(Azg—2)) a (—r)-class if x(u,u) = —r.

Remark 3.2. When g > 6 is even, there is an equivalence between Ku(X) and Ay which is
given by Z: E— Lo, (E ® Ox(H)).

3.2. Gluing objects in Kuznetsov components of even genus prime Fano threefolds.
In this subsection, we define gluing objects arising from Kuznetsov components Ku(X) and
Ax with respect to different semiorthogonal decompositions for derived categories of prime Fano
threefolds of even genus g > 6. We furthermore investigate the relationship between the different
gluing objects.

Let D := (Ku(X),€&) and D' := (Ax, Q") where Ku(X) and Ay are the original and alter-
native Kuznetsov components, respectively and O is the tautological quotient bundle. We have
the following inclusions ip : Ku(X) < D and ipr : Ax < D’. These inclusions have left adjoints
ip = Lg,ip = Lgv, respectively, and right adjoints z'!D, Z'!D,, respectively.

Denote the functor (£) < D by j.. The functor Z'ED J«[1] is called gluing functor in the sense of
[KL15, Definition 2.4]. We define gluing objects for D and D’ as i',E[1] and i, QV[1], respectively.
By [KL15, Lemma 2.5], D ~ {(F,V,¢) | F € Ku(X),V € Dk);¢ : F — in€ ® V}, which is
glued from Ku(X) and Db(k) generated by the exceptional object £.

Recall that i' and i" are the right adjoint of the inclusions i : Ku(X) < D(X) and i’ : Ax —
Db(X), respectively. Since & € D and Q¥ € D', we have i'€ = i',(£) and "€ = i, (QY).
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Lemma 3.3. The object i'E = i (E) is given by Lg Q(—H)[1]. It is a two-term complex with
cohomologies

Q(—H), i=-1
HIG(E) = €, i=0
0, i#—1,0.

Proof. Indeed, by e.g. [Kuzl0, Section 2| we have the exact triangle
ipip(€) = € = Ligyx) € — -

)
But note that (Ku(X),E) ~ (Sp(£), Ku(X)) ~ (Liyx) &, Lu(X))([Kuzl0, Section 2]). There-
fore the triangle above becomes ipiy () — & — Sp(E). To find Sp(E) explicitly, note that
Sp = Roy(~m) °Spb(x)- Since Ro (—p) E(—H) = Q(—H)[—1], we have Sp(&) = Q(—H)[2]. So
the triangle above becomes
ipip(E) — & — Q(—H)[2].

Applying i% = Lg to the triangle and using the fact that i%ip = id and i*€ = 0 gives iy ()
Lg Q(—H)[1], as required. Taking the long exact sequence with respect to Coh(X) gives the
cohomology objects. O

Lemma 3.4 ([JLLZ21, Lemma 5.5]). The object i"(Q") = ik, (QV) is given by Lgv E[1]. It is a
two-term complex with cohomologies

g, i=-1
HI(i"(QY) =4 QY, i=0
0, i#—1,0.

Proof. The proof is completely analogous to the proof of Lemma 3.3. As before, we have the
exact triangle

C o v v v

ipip (QY) = QY - Ly, Q@ —
But note that (Ax, Q") ~ (Sp(QY), Ax) ~ (L4, QV, Ax). Therefore the triangle above be-
comes ip/if, (QV) — Q¥ — Sp/(QY). To find Spr(QV) note that Sp/(QY) = Roy (—H)(QV(—H))[3].
One can check that Rp, Q¥ = &£Y[-1], so Sp(QY) = £[2]. Hence our triangle becomes
iprigy (QV) — QY — £[2]. Now applying i%, = Lgv to the triangle, we get ik, (QV) = Lgv &[1],
as required. Since RHom®*(QV, &) = k[—2], we have the triangle QV[-2] — & — Lgv €. Taking
the long exact sequence of this triangle with respect to H* gives the required cohomology objects
and we have the following triangle:

EN] — i (QY) = QY.
O

Remark 3.5. It is not hard to check that Z(i'(£)) = i"(QY)[1], where Z is the equivalence
Ku(X) ~ Ax from Remark 3.2. Indeed, simply apply Z to the triangle defining i'(£). This
yields the triangle defining i"(QY).

Remark 3.6. The gluing object in the Kuznetsov component of an odd genus prime Fano
threefold is defined in a similar way. They were already defined in [BF13, Lemma 3.5] for
genus 9 prime Fano threefolds, and in [BF14, Lemma 2.9]. Note that they define the Kuznetsov
component Bx as +(Ox, V) and Bx ~ Ax ® Ox(H). It is easy to show that the gluing objects
in Bx and Ax differ by the equivalence — ® Ox (H).

4. BRIDGELAND STABILITY CONDITIONS

In this section, we recall the construction of (weak) Bridgeland stability conditions on D?(X),
and the notions of tilt stability, double-tilt stability, and stability conditions induced on Kuznetsov
components from weak stability conditions on D?(X). We follow [BLMS17, § 2].
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4.1. Weak stability conditions. Let D be a triangulated category, and Ky (D) its Grothendieck
group. Fix a surjective morphism v : Ky(D) — A to a finite rank lattice.

Definition 4.1. The heart of a bounded t-structure on D is an abelian subcategory A C D such
that the following conditions are satisfied:

(i) for any E, F € A and n < 0, we have Hom(F, F[n]) = 0;

(ii) for any object E € D there exist objects F; € A and maps

0=FEy 2 p 2. g, =F

such that cone(¢;) = A;[k;] where A; € A and the k; are integers such that k; > ko >
e > km

Definition 4.2. Let A be an abelian category and Z : Ky(.A) — C be a group homomorphism
such that for any E € D we have Im Z(F) > 0 and if Im Z(E) = 0 then Re Z(F) < 0. Then we
call Z a weak stability function on A. If furthermore we have for 0 # E € A that Im Z(EF) = 0
implies that Re Z(F) < 0, then we call Z a stability function on A.

Definition 4.3. A weak stability condition on D is a pair 0 = (A, Z) where A is the heart of a
bounded t-structure on D, and Z: A — C is a group homomorphism such that

(i) the composition Z ov: Ky(A) = Ky(D) — C is a weak stability function on A. From
now on, we write Z(FE) rather than Z(v(E)).

Much like the slope in classical p-stability, we can define a slope u, for o using Z. For any
E € A, set

Re Z(FE .
1o(E) = — e, i mZ(B) >0
7 +00, otherwise.

We say an object 0 # E € A is o-(semi)stable if u,(F) < ps(E/F) (respectively py(F) <
to(E/F)) for all proper subobjects F' C E.

(ii) Any object E € A has a Harder—Narasimhan filtration in terms of o-semistability defined
above.

(iii) There exists a quadratic form @ on A ® R such that Q| z is negative definite, and
Q(FE) > 0 for all o-semistable objects E' € A. This is known as the support property.

If the composition Z o v is a stability function, then o is a stability condition on D.

For this paper, we let A be the numerical Grothendieck group (D) which is Ko(D) modulo
the kernel of the Euler form x(E, F) = >,(—1)" ext'(E, F).

4.2. Tilt stability. Let o = (A, Z) be a weak stability condition on a triangulated category D.
Now consider the following subcategories of A, where (—) denotes the extension closure:

TF =(FE € A| E is o-semistable with p,(E) > p)

Ft = (E € A| E is o-semistable with u,(E) < p).
Then it is a result of [HRS96] that

Proposition 4.4. The abelian category A5 := (T4, F¥[1]) is the heart of a bounded t-structure
on D.

We call A% the tilt of A around the torsion pair (74", F#). Let X be an n-dimensional smooth
projective complex variety. Tilting can be applied to the weak stability condition (Coh(X), Zp)
to form the once-tilted heart Coh’(X), where Zy(E) := —ci(E)H™ ' + irk(E)H" for any
E € Coh(X). Define for E € Coh?(X)

1
Zop(E) = §a2H"ch€(E) — H"2ch (E) +iH" ‘b (E).
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Proposition 4.5 ([BMT11, BMS16]). Let o > 0 and 8 € R. Then the pair 4.5 = (Coh” (X)), Zs 5)
defines a weak stability condition on DY(X). The quadratic form Q is given by the discriminant

Ay (E) = (H" 'chy(E))? — 2H"cho(E)H" 2chy(E).

The stability conditions 0, g vary continuously as (a, B) € R x R varies. Furthermore, for any
v E A%, there is a locally finite wall-and-chamber structure on R<g X R controlling stability of
objects with class v.

We now state a useful lemma which relates 2-Giesesker-stability and tilt stability.

Lemma 4.6 ([BMS16, Lemma 2.7], [BBF 20, Proposition 4.8]). Let E € D*(X) be an object.
If Hzchf(E) > 0, then E € Coh?(X) and E is 0, p-(semi)stable for o> 0 if and only if E is a
2-Gieseker-(semi)stable sheaf.

4.3. Finding solutions for walls in tilt stability. In this subsection, we describe a way of
finding (potential) walls in tilt stability with respect to objects in the derived category with a
given truncated Chern character. This is similar to the method used in e.g. [PY20] to find walls
for certain objects. Let M € Coh” (X)) be the object in question, and let its truncated Chern
character be ch<y(M) = (mo, mi H, 2 H?), where d = deg X.

Assume there is a short exact sequence 0 — E — M — F — 0 which makes M strictly
semistable. We can assume that F and F' are tilt-semistable using the existence of Harder-
Narasimhan or Jordan-Holder filtrations. Then the following conditions must be satisfied:

(a) chea(M) = cheo(E) + chea(F);
(b) /Laﬁ(E) = ,ua,B(M) = /La,B(F%
(c) Ap(E)>0and Ay (F) > 0;
(d) Ap(E) < Ap(M) and Ap(F) < Ag(M).
Since E, F € Coh?(X), we also must have chf(E) > 0 and ch?(F) > 0. Solving the system
of inequalities above gives an even number of solutions of (mq, m1, ms) € Z%3; half of them are

solutions for the destabilising subobject E, and the other half are the corresponding quotients
F.

4.4. Stability conditions on Kuznetsov components.

4.4.1. Double-tilted stability conditions. Now as in [BLMS17], we pick a weak stability condition
04,3 and tilt the once-tilted heart Coh?(X) with respect to the tilt slope e, and some second
tilt parameter u. One gets a torsion pair (7:5,6’]:575) and another heart Cthﬁ(X) of D?(X).
Now “rotate” the stability function Z, g by setting

1
2575 = a .
where u € C such that |u| =1 and p = —Fe¥,

Proposition 4.7 ([BLMS17, Proposition 2.15]). The pair (Coh?, 5(X), ZZB) defines a weak sta-
bility condition on D(X).

For example, if we choose p = 0, we have
1
Z8 5(E) = H" ‘b)) (E) +i(H" %chj (E) — §a2H"Chg (E)).

Proposition 5.1 in [BLMS17] gives a criterion for checking when weak stability conditions on
a triangulated category can be used to induce stability conditions on a subcategory. Each of the
criteria of this proposition can be checked for Ku(X) C D(X) to give stability conditions on
Ku(X).
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4.4.2. Stability conditions on Kuznetsov components. More precisely, let Ao, ) = Cohg’ﬁ(X) N
Ku(X) and Z(o, B) = Z,ig‘ICu(X)' Furthermore, let 0 <e <1, 8=—-14+€and 0 < o < e. Also
impose the following condition on the second tilt parameter pu:

(6) o (E(H)1)) < pap(Ox (L)) < 1 < ap(€) < pap(Ox).

Then we get the following theorem.

Theorem 4.8 ([BLMS17, Theorem 6.9]). Let X be a Fano threefold of genus 6,8,10 or 12, and

let e,, 8 and p be as above. Then the pair o(a,8) = (A(a, 8), Z(«a, 8)) defines a Bridgeland
stability condition on Ku(X).

In our paper, we fix p =0, i.e. o(a, ) := Ug,g‘lcu(x)'

Proposition 4.9. Let X := X3,_3 be a prime Fano threefold of index one and genus 6 < g < 12.
Then o(a, 8) := (Aggflcu 26\;@()( ) is a stability condition for («, ) listed below:

e g=06:=— 10,0<a<1+5,

e g=171: 5———0r—@,0<0z<1+5,
e g=8:0=-— ﬁor i§§,0<0z<1+5,
e g=09: 5——§0r—m,0<0z<1+5,
e g =10: 5———0 11,0<0z<1+ﬁ,
o g =12: B———O 22,0<04<1+ﬁ

Moreover, o(a, ) is Serre-invariant for these (o, f3).
Proof. Tt is not hard to see that &, &,(—H)[1],Ox, Ox(—H)[1] € Coh’(X), and that they satisfy

ta8(E(—H)]) < pra,s(Ox (—H)[1]) <0 < o 5(€) < pa,p(Ox)
for each (a, f) listed above.

First we assume that g > 6 is even. Then from [PR21, Proposition 3.2] we know that o(a, )
is a stability condition for («, 3) as above. The Serre-invariance follows from [PR21, Theorem
3.18].

When g = 7 or 9, we know that Ku(X) is equivalent to the derived category of a certain
curve with positive genus. Thus if one proves that o(a, ) is a stability condition, the Serre-
invariance follows from [MacO7]. To this end, it is sufficient to show that £; and & ( H)[1] are
0, p-semistable for the (a, ) listed above. From Lemma 4.6 we know that 5 and 5 o(—H)[1] are
both o, g-semistable for the 3 listed above and for o > 0. The result then follows from Lemma
A2, Lemma A.3, Lemma A.5 and Lemma A.G. O

4.5. Serre-invariance of stability conditions on Kuznestov components. Recall the uni-
—+
versal covering GL (2,R) of GLT(2,R) acts on the space of stability conditions, see [Bri07,
Lemma 8.2].
Definition 4.10. Let o be a stability condition on the alternative Kuznetsov component Ax.
~ +
It is called Serre-invariant if S, -0 = o - g for some g € GL (2,R).

The same definition also applies when we replace Ax by Ku(X) in the above. We recall several
properties of Serre-invariant stability conditions from [PY20, Zha20] below.

Proposition 4.11. Let o be a Serre-invariant stability condition on Ax or Ku(X), where X is
a prime Fano threefold of index one and genus g > 6. Then:
(i) the heart of o has homological dimension is < 2,
(ii) Let A be a non-trivial object in the heart of a stability condition o on Ku(Xsg—2) for
g>"7. Then
o ext!(A,A) >2if g=16,8,12 and
o extl(A4,4) >1ifg=71,9,10.

Proof.
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(i) If g = 7,9,10, we have Ku(Xa2g—2) =~ D¥(C) for certain curves C of positive genus (see
[Kuz05], [Kuz09]). Then by [Mac07], the stability condition is given by slope stability on
the curve C up to some action of é\iJr(Q, R), whose heart is Coh(C'). So the homological
dimension is 1. If g = 12, then by [DK19, Section 7] the heart of a stability condition
on Ku(Xaz) =~ DY(K(3)) is generated by two exceptional objects, so the homological
dimension is 1. If g = 6 or 8, by [Zha20, Proposition 4.13] and [PY?20, Lemma 5.10], the
homological dimension is 2.

(i) Since x(A, A) > —1 for every non-trivial object A in Ku(X10), Ku(X14) and Ku(Xs2), by
(i) we have ext!(A, A) > 2, while ext! (A4, A) > 1 since x(A, A) > 0 for every non-trivial
object A in Ku(Xz4_2) for g =7,9 and 10.

g

To show an object in the Kuznetsov component is stable with respect to a Serre-invariant
stability condition, we use the Weak Mukai Lemma, written below.

Lemma 4.12 (Weak Mukai Lemma, [PY20, Lemma 5.12], [LZ21, Lemmas 3.15 and 3.16]).
Let X = Xo4_2 be a prime Fano threefold of index one and genus g, and 0 = (Ay,Zy) be a
Serre-invariant stability condition on the Kuznetsov component.

(a) g =8: Let A— E — B be an ezact triangle in the Kuznetsov component Ku(X) with
Hom(A, B) = 0 such that the phases of the o-semistable factors of A are greater than
or equal to the phases of the o-semistable factors of B. Then ext'(A, A) +ext!(B, B) <
ext!(E, E).

(b) g =7,9,10,12: Let A — E — B be an exact triangle in Kuznetsov component Ku(X)
with A, B € A, and Hom(A, B) = 0. Then ext!(A, A) + ext!(B, B) < ext'(E, E).

(¢) g =06: Let A — E — B be an exact triangle in the Kuznetsov component Ku(X) with
Hom(A, B) = Hom(A,7(B)) = 0. Then ext'(A, A) +ext! (B, B) < ext!(E, E).

Finally, we discuss the uniqueness of Serre-invariant stability conditions on Kuznetsov com-
ponents of certain Fano threefolds, which will be used frequently.

Theorem 4.13 ([JLLZ21, Theorem 4.25], [FP21, Theorem 3.1]). Let X := Xyq10 or Yy for all
d > 2. Then all Serre-invariant stability conditions on Ku(X) are in the same é\i+(2,R)—orbz’t.
4.6. Stability of the gluing object. Let X be an index one prime Fano threefold of genus

6 < g < 10. In this subsection, we show that the gluing object i'E € Ku(X) is o-stable with
respect to stability conditions on Ku(X) for each Serre-invariant stability condition o.

Proposition 4.14. Let X be a prime Fano threefold of index one and genus 10 > g > 6, and
let Ax be the alternative Kuznetsov component. Then the gluing object Z(i'E) € Ax is o-stable
for each Serre-invariant stability condition o on Ax.

Proof.
(i)

g = 6: E(i'E) is o-stable by [JLLZ21, Lemma 5.7].

(ii) g = 7: Stability of Z(i'€) follows from [BF14, Lemma 2.9].

(iii) g = 8: By Proposition A.7, Z(i'€) is o-stable by exactly the same argument as in [L.Z21,
Lemma 7.9].

(iv) g = 9: Stability of Z(i'E) follows from [BF13, Proposition 3.10, Remark 3.12].

(v) g = 10: Stability of Z(i'€) follows from [Facl3, Definition 2.8, Section I1.3.3].

O
Remark 4.15. By Theorem 4.13, this also shows the stability of '€ € Ku(X) in these cases.

5. EMBEDDING FANO THREEFOLDS INTO BRIDGELAND MODULI SPACES

In this section, we will embed our Fano threefolds X into certain moduli spaces of stable
objects in Ku(X). The numerical class will be that of the projection of a skyscraper sheaf into
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Ku(X). In the first subsection, we will give an explicit description of projections of skyscrapers
into Ku(X). In the second subsection, we will deal with the stability of these projections with
respect to stability conditions on Ku(X). In the third subsection, we will show the existence of
a morphism from X to this moduli space, and show that it is in fact an embedding.

5.1. Projections of skyscraper sheaves into Kuznestov components.

Proposition 5.1. Let X be a prime Fano threefold of genus g and x € X a point. Let i* :
D?(X) — Ku(X) be the projection functor. Then i*(0y) is given by
(i) ker(g@% — I.)[2], if g > 6 and g is even such that X is not a special GM threefold;
(i) ker(€%° — L)[2], if g = T:
(iii) ker(£9® — I,)[2], if g =9;
(iv)
(1) ker(E%% — Lim1(n(a))[2] = i*(0r) = O[], if X is a special GM threefold and
m(x) & B, where m : X — Y5 is a double cover with branch locus B C Y5 and
y=T1(z);
(2) ker(E%® — Li-1(n))2] = i*(Ox) = OL[1], if X is a special GM threefold and
m(x) € B.

Proof. First note that since H*(X, O;) = k, we have Lo, O, = I,[1].
(i) Suppose g > 6 is even and X is not a special GM threefold. In this case X — Gr(2, §4-2)
is an embedding. Applying Hom(&, —) to the short exact sequence 0 — I, - Ox —
O, — 0, we get an exact sequence

0 — Hom(E, I,) — Hom(&,Ox) — Hom(E,0,) — Ext'(£,1,) — 0.

Note that RHom®*(£,0x) = k2*? and RHom®*(£,0,) = k2. Then hom(E, I,) > 2. If
hom(&, ;) > 4 +1, then x would be contained in the zero locus of at least § + 1 linearly

independent sections of £V, which is an empty set. Thus hom(&, ) = . Therefore

RHom®(&,I,) = k% and we have
9% 5 I, » Lel,.

We claim that the map h : €23 — I, is surjective. Indeed, im(h) = Ip where D is
the zero locus of % linearly independent sections of £V containing the point z. For all
cases of g that we consider, this zero locus is Gr(2,2), which is just a point. Since
X < Gr(2, § +2) is an embedding it follows that im(h) = I,. So £9% 5 I, is surjective
and Lg I, = ker(E9% — I)[1]. Hence i*(0,) = Lg I[1] = ker(£9% — I,)[2].

(ii) If g = 7, i*(O,) = Lg, I.[1]. By similar computations, RHom® (&5, I,) = k®, so that we
have

EP 5 I, » L I,.

If the map h : £9° — [, is not surjective, then im(h) would be an ideal sheaf Ip,
where D is zero locus of five linearly independent sections of £Y. But in this case
D = Gr(5,5) N X, and since X < OGr(5,10) is cut out by a linear section, we know
that D = {z}. Hence the map is surjective, so i*(0,) = ker(£®° — I,))[2].

(iii) If g = 9, then X is a linear section of the Lagrangian Grassmannian LGr(3,6) C P'3. The
map £P3 — I, is surjective by [BI'13, Lemma 3.6]. Then i*(O0,) = ker(£®3 — I,)[2].

(iv) If ¢ = 6 and X is a special GM threefold, since X does not embed into Gr(2,5), the
map £93 LN I; is no longer a surjective map. Instead its image is Ir—1(x(y))- If m(x) & B,
then 7= (7 (z)) = 2UT(z), otherwise 7~!(7(z)) is a non-reduced point with multiplicity
two. Then the desired result follows.

0

We define n, := % if g is even, ny =5 and ng = 3.
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Remark 5.2. In what follows, we will denote the kernels of h : £9™9 — I, by K,. For example,
if g > 7 or if X is an ordinary GM threefold, i*(O,) = K;[2]. It is an easy computation to show
that if g > 6 and g is even, then
" g 9,,99-4, 1
ch(i* Op) = (g = Yo — Jw = (g = 1, ~-5H,=——1L,~ (9 +2)(g — 12)P).
If g = 7, then ch(i*O,) = 12v — 10w = (24,—10H,0,6P) and if ¢ = 9, then ch(i* O,) =
8v — 3w = (8,—-3H,0,2P).

5.2. Stability of projections of skyscraper sheaves. In this subsection, we show that i* O,
is semistable with respect to every Serre-invariant stability condition on Ku(X).

Lemma 5.3. Let X := Xy,_o with even genus g > 6 and K := K, = ker(é’@% — I;). Then K
s a u-stable reflexive sheaf.

Proof. Tt is clear that K is reflexive. Assume that K is not p-semistable, and let K/ C K be the

maximal destabilizing subsheaf. Since K C E%% and € is p-stable, we know —52= < pu(K') <

29

—3. It is not hard to check that the only possible case is u(K’) = p™(K) = —1. Now by

polystability of 5@%, K’ is contained in a direct summand £¥", where rk(K’) = 2r < g. Thus
we have a commutative diagram

0 y K’ K K" 0
0 y £OT £85 L g9

with the rows being exact, where K” := K/K'. Thus by taking the cokernel, we have a map
E9 /K — £9% /K =~ I, when X is not a special GM threefold, and a map £97 /K’ — £9% /K =
I7 when it is. Note that if £9"/K’ # 0, then it is a torsion sheaf, and therefore from torsion-
freeness of £9% /K we have Hom (%" /K’, €95 /K) = 0, which gives a contradiction.

Thus we have £9" /K’ =0, i.e. K’ = £%P". But this is also impossible, since this implies that
ECK = ker(S@% — 1) and this contradicts the construction of the natural map 9% 5 I,

which corresponds to the % linearly independent sections of £Y whose zero locus contains z.
O

Remark 5.4. The stability of K in odd genus can be proved by a similar argument as above,
but we will not need this result.

Lemma 5.5. We have

(k@ KS[—1], if g = 6 and ordinary
k@ kS[—1] or k@ k"[-1] @ k[-2], if g =6 and special
RHom®(i* O,,i* O,) = { k@ k?*[-1], ifg="7
k@ k°[-1], ifg=9
ke ki[-1], if g > 8 and g is even.

Proof. First we assume that g > 6 is even. Then we have a triangle EPF 5 I, — i O,[—1]. We
use the standard spectral sequence, see e.g. [Pir20, Lemma 2.27], to do the computations. The
first page is

Ext?(I,,£9%) | Ext}(£9%,£%%) @ Ext?(I,, ) Ext3(£%%,1,)
Ext?(I,,£9%) | Ext®(£%%,£9%) @ Ext®(I,, I,) Ext?(£%%,1,)
EV = ExtY(I,,£%%) | Ext'(£9%,£9%) @ BExt'(I,, I,) Ext'(£%%,1,)
Hom(I,,£%%) | Hom(£%7,£97) @ Hom([,,I,) Hom(E%%,1,)

0 | 0 0

It is not hard to show that the dimensions appearing in the first page are of the form
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dim EP? =

o ow o
oo oo

2
9
T+ 1

0
3
3
+ 1
0 0 0
The projection i* O, € Ku(X), so if we apply Hom(S@%, —) to the triangle %5 5 I, —
i* O4[—1], we have a natural isomorphism Hom(£9%,£9%) =~ Hom(£%%,1,). This implies the
2 2
differential E?’O =kTT o Ell’0 = kT is surjective. Thus we have Eg’o =k and 1521’0 = 0.
Next we will compute the differential d: El_l’2 =k — E?’2 = k3. Since Ext?(€,€) = 0, the
map d : El_l’2 = ExtQ(Ix,EEB%) — E?’2 = Ext?(I,, I,) is the natural map induced by applying
Hom(I,, —) to the triangle £27 — I, — i* O,[—1]. When X is not a special GM threefold, we
have Ext?(I,,i* O,[—1]) = Ext3(I,, K,). Then by Serre duality and Lemma 5.3, we have

Ext?(I,,i* Oy[—1]) = Ext*(I,,, K;) = Hom(K,, I,(—1)) = 0.

This means the natural map d : F 2, Eg 2 g surjective. Thus the dimensions of the second
page are of the form

w
= w oo

0
0
0
0
0

This means that when g is even and X is not a special GM threefold, the spectral sequence
degenerates at Fy and the desired result follows.

When X is a special GM threefold, first we assume that m(z) is in the branch locus B.
Then by Proposition 5.1, we have a triangle K[1] — i* O,[—1] — O,. In this case we have
Ext?(I,,7* Oy[—1]) = Ext?(I,,0,) = k, thus the dimensions of the second page are of the form

0
4
0
0

dim EP? =

_— W = O
SO OO

Therefore the spectral sequence degenerates at Es and we have RHom®(i* O,,i* O,) = k @
E7[—1]@k[—2]. When 7(z) is not in the branch locus, we have Ext?(I,,i* O,[—1]) = Ext?(I,, Or(z)) =
0. Then from the arguments above, we obtain RHom®(i* O,,i* O,) = k ® k°[—1].

When ¢ is odd, a similar argument shows that Hom(i* O,,i* O,) = 1. Since the homological
dimension of A, is one, i* O, is the direct sum of shifts of its cohomology objects with respect
to Ay. Then from hom(i* O,,i* O,) = 1, we know that i* O, is in the heart up to shifts. Hence
we have Ext?(i* O,,i* O,) = 0 for i > 2. Finally the dimension of Ext! follows from the Euler
characteristics. O

Lemma 5.6. We have ‘
Cont ) (" 02) =0, i # 2,1
for (a, B) as in Proposition 4.9.

Proof. By definition of i* O,[—1], we have a triangle £%% — I, — i* O,[-1]. Since &,I, €
Coh& 3 (X), the result follows from the long exact sequence of cohomology objects. O

Proposition 5.7. Let X := Xa,_5 with genus g > 6.
(i) If g = 6, then i* O,[—1] € _,4(2%7 _%)'
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Proof.
(i)
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If g =8, then i* O,[—1] € A(%, —%)
If g # 6,8, then i* O, is in the heart of every Serre-invariant stability condition o on
Ku(X) up to some shifts.

First we assume that g = 6. Let 0 := o(55, —5). As in [BMMS12, Lemma 4.5, we

consider the spectral sequence for objects in Ku(X) whose second page is given by

B = @ Hom (41" 0., H (7 02)) = Hon! (1 01" 02)

where the cohomology is taken with respect to the heart A(zov 1%). Let r be the
number of non-zero cohomology objects of ¢* O, with respect to the heart. Note that
since the homological dimension of A, is equal to 2, we have that E;’q = EX%. So if we

take ¢ = 0, by Lemma 4.11 we get
ext! (i Op,i* O5) > Y ext! (i (i* Og), Hi (i* O4)) > 2r.

If r > 2, by Lemma 5.6 we know that » = 2. Recall that in (1) we have N (Ku(X)) =
(v, w). If we assume that [H,(i* O.[1])] = av + bw and [H;2(i* 0,)[2]] = cv + dw for
some a, b, c,d € Z, then we have following equations:

(1) [H;l(z‘* O 1] + [H 2@ Ox)[2]] = [i* Oy, ie. a+b=5c+d= —3;

(2) Ile o (av+bw) <0, Ile B (cv+dw) > 0;

0’ 0’

(
(3) 1 ( 12 o), Ho (i (9))+1— (H;%z’*@w),H;?(z’*Om))f

7.
Now ( ) and (3) imply that the only possible cases are (a,b,c,d) = (2,—1,3,-2),
(a,b,c,d) = (3,-2,2,-1), (a,b,c,d) = (4,—2,1,—1) and (abcd) = (1,-1,4,-2)
But it is not hard to check that Im (2% (v —w)) <0,Im (2% ,(2v—w)) <0and

2007 10 200" 10

Im (2% 4 (3v —2w)) < 0, which contradicts (2). Therefore we have r = 1. Now from
207 10

Im (Z% 4 (i* Ogz[-1])) > 0, we obtain that i* O,[—1] € A(35, —5)-
207 10

Next we assume that ¢ = 8. Let o := 0(%, —%) The method is similar to the case

g = 6. We consider the spectral sequence for objects in Ku(X) whose second page is
given by

ERY = EBHomp (HL (1% O,), HE(i* O,)) = Hom?T9(i* O,,i* O,)

where the cohomology is taken with respect to the heart A(25, %) Let r be the
number of non-zero cohomology objects of i* O, with respect to the heart. Note that
since the homological dimension of A, is equal to 2, we have that E;’q = EX%. So if we

take ¢ = 0, we get
ext! (i* Op,i" Og) > Y ext! (HL (i* O), HL (i* Og)) > 2r.

If » > 2, by Lemma 5.6 we know that r = 2. If we assume that [H_!(i* O,[1])] = av+bw
and [H;2(i* O,)[2]] = cv + dw for some a, b, c,d € Z, then we have following equations:
(1) [Hc?l(i* O [1)] + [H 2 (" Oz)[2]] =[1"Oq],ie. a+b="T,c+d=—4
(2) Im 2% azH—bw)<OImZ1 s (cv 4+ dw) > 0;
2570 20 5

2 (
(3) 1 X(HG (1% O.), M5 (0 0.)) 11— X(HZ2(* 0.), Hy2(i* O.) <8,
Now ( ) and (3) imply that the only possible cases are (a,b,c,d) = (2, ,5
(a,b,c,d) = (5,-3,2,-1), (a,b,c,d) = (4,-2,3,— )and(abcd) (3,-2,4,—
But it is not hard to check that Im (Z 1 2 (5v — 3w)) < 0, Im (Z ! 22 (20 — )
50 25

50

and Im (Z L » (3v — 2w)) <0, Wthh contradicts (2). Therefore we have r = 1. Now
25
from Im (ZO o (1" Oy]-1 ])) > 0, we obtain that i* O,[—1] € A(%, —%)

207 10

1

,—3),
).
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(iii) If g # 6,8, then the homological dimension of A, is one. Thus i* O, is the direct sum
of shifts of its cohomology objects with respect to A,. Since hom(i* O,,i* O,) = 1, we
know that i* O, has only one cohomology object, i.e. i* O, is in the heart A, up to a
shift.

O
Now we prove the main result of this section. First we need a lemma.

Lemma 5.8. Let T C DY(X) be a triangulated subcategory and A be a heart of T with homolog-
ical dimension < 2. Let A — E — B be an exact sequence in A. Suppose that Hom(B, A[2]) =0
and Hom(E, E) = k. Then we have x(B,A) < —

Proof. First note that Ext!(B, A) # 0, otherwise E = A @ B which contradicts Hom(E, E) = k.
By assumption we have Hom(B, A[i]) = 0 for ¢ > 2. We also have Hom(B, A) = 0, otherwise
we have a non-zero composition of maps £ — B — A — FE, which contradicts Hom(E, F) = k.
Therefore we obtain x(B, A) = —ext!(B, A) < —1. O

Theorem 5.9. Let X be a prime Fano threefold of genus g where g > 6, and x € X a point.
Then i* Oy|—1] is o-stable for every Serre-invariant stability condition o on Ku(X).

Proof. By Proposition 4.9 and Theorem 4.13, we may assume that o = o(ag, ), where

e g="6: (o, B0) = (35, —5);
e g=T (a0, 50) = (35, —2),
e g=28: (a0, f) = (35, —32),
e g=9 (a0, 50) = (3,—3),
e g=10: (a0, B0) = (55, —2),
e g=12: (a0, B0) = (5, —2).
When g > 6, we know that for (ao,ﬁo) as above, i* O,[—1] is in the heart A(ag,By) up to

some shifts by Proposition 5.7. If i* O, is not o-semistable, we can find a triangle in Ku(X)
A —i*O4[-1] - B

such that A[m|, B[m],i* Oz[—1][m] € A(ao, So) for some integer m with slopes p,(A) > pu (A) >
pt(B) > po(B). Indeed, we can take A to be the first HN factor of i* O,[—1]. By the Weak
Mukai Lemma 4.12, we have

xt! (A4, A) + ext!(B, B) < ext!(i* O,,i* O,).
Note that 1 — x(4, A) < ext!(4, A). Therefore, we have the following relations:
1

(1) [A] + [B] = [i* Ox[-1]];

(2) Im Z, 5,(A) - ImZaO 5, (7 Ox[=1]) > 0 and Im Z 5 (B) -Im Z3, 5 (i* Ox[-1]) > 0;

(3) Mao 50( ) > Herg 0 (B);

(4) 1—x(A,A) +1—x(B, B) <ext!(i* O,,i* O,).

Thus if we assume [A] = av + bw and [B] = cv 4 dw, by the results in Section A.3, we have

the following integer solutions for (a, b, ¢, d):

(i) g = 6 and ordinary: (a,b,c,d) = (—2,1,—3,2);

(ii) g = 6 and special: (a,b,c,d) = (=2,1,-3,2) or (a,b,c,d) = (—4,2,—1,1);

(iii) g = 7: there are no solutions;
(iv) g =8: (a,b,c,d) = (—2,1,-5,3) or (a,b,c,d) = (—4,2,-3,2);
v) g = 9: there are no solutions;
(vi) g = 10: there are no solutions;
(vii) g = 12: there are no solutions.

Thus if g # 6,8, we know that i* O,[—1] is o (o, Bo)-semistable. Next we consider the cases
g =06 and 8:
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e Assume that ¢ = 6 and X is an ordinary GM threefold. In this case i* O [—1] €
A(ag, fp). The solution (a,b) = (—2,1) gives a potential destablizing subobject A of
i* Oz[—1]. It is known that A = ¢*(E)[1] for some E € Mx,,(2,—1,5) by [JLLZ21, Theo-
rem 8.5]. Let K := ker(£% — I,)). By Lemma 5.3 and stability, we have Hom(E, K) = 0.

Since K = i* O;[—2], by adjointness we have Hom (:*(E)[1], i* O4[—1]) = Hom(E[1],i* O4[—1]) =

Hom(FE, K) = 0, which gives a contradiction. Therefore, i* O,[—1] is o(ayp, Bp)-semistable.

e Assume that g = 6 and X is a special GM threefold. In this case i* Oz[—1] € A(, So)-
If (a,b) = (—2,1), then we also have A = ¢*(E)[1] for some E € Mx,,(2,—1,5). By
Lemma 5.3 and stability, we have Hom(E, K) = 0. If we apply Hom(F,—) to the
triangle K[1] — i* Oz[~1] — O, from Hom(E, K) = Hom(E, O, [-1]) = 0, we
obtain Hom(F,* O,[—2]) = Hom(A4,i*(O,)[—1]) = 0. This gives a contradiction. If
(a,b) = (—4,2), then we have y(B,A) = 0, which contradicts Lemma 5.8. Therefore,
i* O[—1] is o (v, fp)-semistable.

e Assume that g = 8. In this case i* O,[—1] € A(ag,Bo). If (a,b) = (=2,1), then by
[LZ21, Theorem 1.1] we know that A = ¢*(E)[1] for some F € Mx,,(2,—1,6). By
Lemma 5.3 and stability, we have Hom(FE, K) = 0. Since K = i* O,[—2], by adjointness
we have Hom(i*(E)[1],7* Oz[—1]) = Hom(E[1l],i* Ox[—1]) = Hom(E, K) = 0, which
gives a contradiction. If (a,b) = (—4,2), then we have x(B,A) = 0, which contradicts
Lemma 5.8. Therefore, i* Oz[—1] is o (o, fo)-semistable.

When g # 7, [i* O,[—1]] is a primitive class, hence i* O,4[—1] is actually o-stable.
When g = 7, the possible JH factors will have numerical class —6v + 5w. By [IKuz05], there is
an equivalence P : S];bl(xlz)(lCu(Xlg)) — Db(T;7). Then we have an equivalence © = <I>OSBZ}(X12) :

Ku(X12) — DP(I'7), where T'; is a smooth projective curve of genus 7. Moreover, up to some
auto-equivalences we have O(i'7) = Or. by [BF13, Lemma 2.9] or [Kuz05, Lemma 5.6]. It is
easy to check that if there is a strictly o-semistable object i* O,[—1], then up to some auto-
equivalences, © maps the JH filtration of * O,[—1] to an exact sequence 0 — L1 - E — Lo — 0
on I'; where L; are line bundles of degree 6, and hO(E) = 5. Then by Lemma 5.10, the curve I'7
admits a line bundle L with h°(L) = 2 and deg L = 4. But this contradicts [Muk01, Theorem
8.1].

Thus the above argument shows that for every g > 6, every object i* O,[—1] is o-stable. [

Lemma 5.10. Let I' be a smooth projective curve of genus 7. Assume that there is a bundle E
on T with h°(E) =5 and an ezact sequence

(7) 0L —-FE—Ly—0

such that L; are line bundles with deg L; = 6 for each i. Then I admits a line bundle L with
hY(L) = 2 and deg L = 4.

Proof. By Riemann-Roch, we know that h°(L;) = h'(L;) for each i. By taking the cohomology
long exact sequence of (7), there is at least one j € {1,2} such that h9(L;) = h'(L;) # 0. Then
applying Clifford’s theorem to the line bundle L;, we have hO(Lj) < 4. Thus it is easy to see
that there is a k € {1,2} such that h%(Ly) =4 or 3.

If h°(Ly) = 4, we take p ¢ Bs(Ly) and q ¢ Bs(Ly(—p)). Then L := Ly(—p — q) has h°(L) = 2
and deg L = 4.

If h9(Lg) = 3 such that Bs(Ly) # @, we take p € Bs(Ly) and ¢ ¢ Bs(Lg(—p)). Then
L := Lyp(—p —q) has h%(L) = 2 and deg L = 4.

If h%(Lg) = 3 such that Bs(Ly) = @, we know that Lj is not very ample, otherwise I is a
plane curve with degree 6, which contradicts g(I') = 7. Thus there exist points p, g € I" such that
hO(Ly) —h°(Ly(—p—q)) < 2. But from Bs(Ly) = @, we know that h°(Ly,) — h®(Ly(—p—q)) > 1.
Thus L := Li(—p — q) has h°(L) = 2 and deg L = 4. O

5.3. Embedding X into a Bridgeland moduli space. We first give an outline for the exis-
tence of a morphism X — M, (Ku(X), [i* Oz[—1]]). We follow exactly the same arguments as



BRILL-NOETHER THEORY FOR KUZNETSOV COMPONENTS 19

n [BMMS12], [APR19] and [Zha20]. First note that the projection functor i* : D*(X) — Ku(X)
is Fourier—-Mukai ( this follows from [[Kuz11, Theorem 7.1] and [BLM 21, Lemma 3.25] ), which
means that i* = & where N € D(X x X) is some integral kernel. Let X’ be the Hilbert scheme
of points on X (note that X = X), and let Z be the universal ideal sheaf on X x X. Define the
functor

Oy X idy = ®ngo,, : DP(X x X) = Ku(X x X).

The image @y X idy(Z) is a family of objects in Ku(X) parametrised by X', which defines a
morphism p : X — M;(Ku(X), [i* Oz[—1]]). The following lemma shows that for a point € X,
the image p(z) is identified with i* O,4[—1].

Lemma 5.11. Let the notation be as above, and let 1, : X x x — X x X. Then
DN(H(T)) 2 (@ X idx (D)),
Proof. See [Zha20, Lemma 6.1]. O
Proposition 5.12. For every point x € X, the induced map
Ext!(0,,0,) = Ext}(i* O,,i* O,)
18 injective.
Proof. Note that Lo, induces an isomorphism Ext}(0,,0,) = Ext!(I,, I,). Thus we only need
to show that dy : Ext!(I,,I,) — Ext!(Lg I, L¢ ;) is injective.
We consider the defining triangle of L¢ I, and apply Hom(I,, —) to it. Inside the long exact
sequence, we have the sequence
cs > Ext (I, £9M9) — Ext!(I, I,) 2 Ext(I,, Le I,) = Ext!(Lg I, Le Ip) — -+ .
Since Ext!(I,, ) = 0, we can see from the sequence above that the map ds is indeed injective. [
Lemma 5.13. The induced morphism p: X = X — M, (Ku(X), [i* Oz[—1]]) is injective.

Proof.

(i) If g > 7 or if X is an ordinary GM threefold, i* O,[—2] is a reflexive sheaf that is non-
locally free only at the point x from Proposition 5.1. Thus i* O, = i* O, if and only if
r=uy.

(ii) If X is a special GM threefold, then HO(i* O,[—1]) = HO(i* Oy[—1]) if and only if z = y
by Proposition 5.1.

O

Theorem 5.14. For any x € X, p(x) is identified with i* O,[—1] in the moduli space M, (Ku(X), [i* O.[-1]]),
and there is a closed embedding p : X — My (Ku(X), [i* O,[—1]]) induced by i*.

Proof. The discussion at the beginning of Subsection 5.3 together with Theorem 5.9 shows that
we have a morphism p. By Lemma 5.11 and 5.13, we know that p is injective. By Proposition
5.12 p is injective at the level of tangent spaces, hence it is an embedding. Note that X and
M, (Ku(X), [i* O,]—1]]) are both proper, hence p is a closed embedding. O

6. FANO THREEFOLDS AS BRILL-INOETHER LOCI

In this section, we exhibit X as a Brill-Noether locus inside the moduli space M, (Ku(X), [i* O,[—1]]).
We first fix some notation. Recall that ng := % if g is even, ny =5 and ng = 3. Let z € X be a
point, and let ip : Ku(X) — D = (Ku(X),E) be the inclusion; this has a left adjoint i}, and a
right adjoint iy,. In particular, iy = Lg. Therefore we can rewrite the triangle (i) as

EP9 — I, — inI, — EFM[1].
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Remark 6.1. We have
Exty (ip 1y, €) = Extip (ipiple, €) = Exti, xy (ipls, i'E)
because i}, and z'!D are left and right adjoints to ip, respectively. Therefore, Extl(z'*DIx,i!S) s

Hom(i%1,,,7'E[1]) is precisely the space of morphisms from i* O,[—1] = i% I, to the shift of the
gluing object '€ by [1].

We define (aq, fs) = (55, —13), (ar,57) = (FL,~I4) (as,Bs) = (L2, ~122), (ay, By) =

(%,—%), (110, Bro) = (\é},—%), and (a2, B12) = (55, —33). From Proposition 4.9 we know

that o(ag,fy) is a Serre-invariant stability condition on Ku(X). In this section we fix o =
o (cg, By)-

Definition 6.2. We define the Brill-Noether locus in M, (Ku(X), [i* Oy[—1]]) with respect to
the object i'(€) as

BN, = {F | ext}(F,i'(£)) = n,} € M, (Ku(X),[i* O[-1])).
The main theorem we prove in this section is
Theorem 6.3. With 0 = o(oy, 8y), we have
BN, = X.

We split the proof of the theorem into a series of propositions and lemmas. First we show
that X is embedded in the Brill-Noether locus BN 4. Then we show that each object in BN/,
must be i*(Oz[—1]). The strategy will be to take an object F' € BN, \ p(X), and show that it
cannot exist.

Proposition 6.4. Let X be a prime Fano threefold of index one and genus g > 6. Then there
is a closed embedding p : X — BNy induced by i*.

Proof. By Theorem 5.14, the projection functor i* already induces a closed embedding
p: X = My (Ku(X),[i* Oz]—1]]).

It suffices to check that i* O,[—1] satisfies the Brill-Noether condition, i.e. that ext!(i* O,[—1],4'E) =
ng for g > 6. Note that i* Oy[—1] =2 Lg¢ Lo, (Oy)[—1] = L¢ I, = i},1,. There is an exact triangle

RHom®*(&,I,) ® E — I, — Le I,.
Then by Proposition 5.1, the triangle above becomes
E® 5 [ Lel,.

By Remark 6.1, Ext!(i* 0,[-1],i'€) = Ext'(Lg I,,,€). Applying Hom(—,&) to the triangle
above, we get a long exact sequence

0 — Hom(ip1,, E) — Hom(I,, &) — Hom(E, %) — Ext!(ipl,, &) — Bxt!(I,,€) — ---
It is easy to check Hom(I,,&) = Ext!(I,,&) = 0, so Ext!}(i*I,,£) = Hom(&£,E9™s) = k™. Then

the desired result follows. O
Proposition 6.5. Let F' € BN\ p(X), where g > 6. Then F' is the shift of a vector bundle by
[1].

Proof. We have

Exthys x) (F, Op) & Extie () (" Og[-1], F)"

2 BExtcy, x) (F12)s Sku(x) (i Oz[-1])).
where we have used Serre duality in D?(X) and adjunction for the first isomorphism, and Serre

duality in Ku(X) for the second. Since F' and i* O[—1] are in the same heart with homological
dimension at most two, we have Ext'(F,O;) = 0 for 2 < i and i < 0. Since F ¢ p(X) by
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assumption, by stability of F and i* O,[—1] we have Ext?(F,0,) = Hom(i* O,[-1], F)¥ = 0.
Thus Ext’(F,0,) =0 for 2 >4 and i < 0.

First we assume that g # 6. Note that Sk, (x)(i* O;[—1]) is stable in the Kuznetsov component
by Serre-invariance of o. For g = 8, we have

Hom(F, O;) = Exti,x)(i* Oz[-1], F) = 0
by [PY20, Corollary 5.5, Lemma 5.9], and
Hom(F, O;) = Exti,x)(i* Oz[-1], F) = 0
for g = 7,9,10,12 since the homological dimensions of the hearts of the stability conditions in
these cases are one. This means RHom®(F, 0,) = Ext!(F,0,)[~1]. By [BM99, Proposition 5.4],
F' is a vector bundle shifted by one.
Now assume that g = 6. If X is a special GM threefold and F' € BN, \ p(X), then
Hompp( ) (F, Og) & Exti, x) (i* Og[-1], F)"
=~ Hom(F, 7(i* O,[—1]))
= HOIIl(F, Z*(Oy)[_l])a
where y = 7(x). Then by assumption, Homps(y)(F,O;) = 0. The desired result follows from
[BM99, Proposition 5.4].
Finally, if X is an ordinary GM threefold and F' € BN, \ p(X), then
Home(X) (F, O;E) = EXt’2Cu(X) (Z* Om[—l], F)V
=~ Hom(F, 7(i* Ox[—1])).
We claim that Hom(F,7(i* Oz[—1])) = 0. Indeed, if Hom(F,7(i* O;[—1])) # 0, then F' =
7(i* Og[—1]) since F' and 7(i* O,[—1]) are both o-stable objects of the same phase in Ku(X).
But then this means that 7(:* Oy[—1]) would also be in the Brill-Noether locus BNy, i.e.

Ext!(7(i* Oy[—1]),i') = k3, which is impossible by Lemma 6.6 below. Therefore F is the
shift of vector bundle by one from the same argument as in the previous cases. O

Lemma 6.6. We have Ext!(7(i* O,[-1]),'E) # k3.
Proof. As Ext!(7(i* Oy[—1]),i'E) = Ext! (i* O [-1],771(#'&)) and 77! = i* o (— @ Ox (H))[-1],
we compute 7 (i'€). By Remark 3.5, the gluing object i'£ is given by the exact triangle
Q(—H)[1] »i'€ = E.
Then 771(i'€) = Lg QY. Thus Ext!(7(i* 0,[—1]),i'E) = Ext?(i* O,, Le QV) = Ext?(0,,Lg QV).
On the other hand, there is a triangle
E92 5 QY -5 Leg QY.
Applying Hom(O,,, —) to the triangle above, we get the following part of the long exact sequence:
0 — Ext?(O,,Le QV) — k* = k3 — Ext?(O0,,Le Q) — 0.

Thus Ext! (7(i* 0,[1]),i'&E) = k? if and only if Ext?(O,, Le QV) = k%. But Ext3(0,,L¢ Q) =
Hom(Lg QV, O,). Since X is an ordinary GM threefold, Hom(&, Q") = k? and there is a short
exact sequence
09V 5 Ic—0
for some conic C C X (see [JLLZ21, Proposition 7.1]). Then Le Q¥ = Lelc = D(I¢) ®
Ox(—H)[1] (see [JLLZ21, Lemma 7.8]), where D(—) is the derived dual functor. Therefore
Hom(Lg QY,0,) =2 Hom(D(I¢) ® Ox(—H)[1],0,) = Hom(D(I¢)[1],O,). Note that D(I¢)[1] is
given by the exact triangle
Ox[1] = D(Io)[1] = Oc¢ .

Applying Hom(—, O,), we get Hom(O¢, O) = Hom(D(I¢)[1],O,). An easy computation shows
that hom(O¢, O,) is either 0 or 1. Then the proof is complete. O
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71 24/79
Recall that we define (a6, 8) = (&, —), (a7,87) = (%, —5) (ag, Bs) = (B2, —122),

(a9, Bg) = (%a —31), (10, Bro) = (
+o00 when g # 6.

Let F € BN, By assumption, we have a natural map F — £%"9[1]. Since F and & €
Cohggﬁg (X), the extension C of F' and £¥"s

[\

OJ
| wion

10
,—1—0) and (aq2, f12) = (%, %) Notethat,uggﬁg(F) =

E% s C S F

is also in the heart Cohggﬁg(X). Note that ch(C) = ch(I;). If we apply Hom(—,€&) to this
exact sequence, the natural map Hom(£97s,£) — Ext!(F, ) is bijective by construction. Since
Ext!(£%m9, €) = 0, we have

(8) Hom(C, &) = Ext!(C, &) =

Proposition 6.7. Let X := X9 and g > 6. Then C € Cohggﬁg (X) is agg’ﬁg—semz’stable.

Proof. We assume that C' € Coh? , (X) is not ¢ , -semistable. Let B be the minimal desta-
Oég,ﬁg agyﬁg

bilizing quotient object of C'. Then we have an exact sequence in Cohgg’ B, (X)

0—-A—-C—B—=0

where ,ug;ﬁg (A) > ,ugg’ﬁg(C’) > ,uggﬂg(B) and B is Jgg’ﬁg-semistable. Therefore we have a

system of inequalities:
o Im(Z) 5 (A))>0,Im(Z) 5 (B)) >0,
o 10, (C) > ul , (B)
Note that ,uggﬁg(C) = /‘ggﬁg (Ox) < 0. Since B € Cohggﬁg (X)is aggﬁg—semis‘cable with slope
,ugg’ﬁg(B) < ,uggﬂg (C) < 0, we know that B € Coh®(X) is O, B,-Semistable.
Note that Ox,Ox(—1)[2],E,E(—-1)[2] € Cohgw (X) and that they are 0’09 Bg-semlstable

Then by Serre duality and the definition of heart we know Hom(Ox, A[n]) = Hom(S Aln]) =
for every n < 0 and n > 2 and the same holds for B. Also, from ,uggﬁg(C’) = ,uagﬂg (Ox) >

Mgg,gg(B) we have Hom(Ox, B) = 0. Therefore, if we apply Hom(Ox, —) and Hom(&, —) to the
triangle A — C' — B, from RHom®*(Ox,C) = 0 and RHom®*(£,C) = k™ we obtain A, B € 0%,
RHom*(€, B) = Hom(&, B), RHom®*(€, A) = Hom(&, A) @ Hom(&, A[1])[—1], and a long exact
sequence
0 — Hom(E, A) — Hom(&, C) = k™ — Hom(&, B) — Ext!(£,A) = 0

Recall that in (1) we have N (Ku(X)) = (v,w). If we assume that [B] = av + bw + ¢[&,] for
a,b,c € Z, from x(€,B) = hom(&, B) > 0 we have ¢ = x(£,B) > 0

If we apply the projection functor i* the the triangle, since i*(C') = F', we obtain a triangle

9) *(B)[~1] — i*(A) — F.

By the definition of projection functor, we have a triangle:

(10) i*(B)[~1] — £%¢ — B.

Claim 1: i*(A) € Cohy, 5 (X).
Let t := ext!(€, A). Then hom(€, A) = n, — ¢ +t. Therefore we have a triangle E®ng—ctt g
EP—-1] — A — i*(A), and a long exact sequence of cohomologies in the heart Coh? g8y (X):

(11) 0— H- ) (17(4) = — EFMTH L A WL o o) (I7(4) = E% 0.

0
COh ag, ﬁg

ag,Bg
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Since £9"s Cc C and A C C, we know that the natural map £P%—¢tt — A is injective.
This implies H g(X)(i*(A)) = *(A) € Cohggﬁg(X) and we have an exact sequence in

0
Cohagﬁ

Cohg,, 5, (X):

(12) 0 — Pt 5 A 5 *(A) — E%F — 0.

Claim 2: i*(B)[—1] € Coh(X) is torsion free. Thus a < 0.

From Proposition 6.5 and the construction of C' we have H!(C) = 0 for i # —1,0. Since
B € Cohg, g,(X), we know that H*(B) = 0 for i # —1,0. Thus if we take the cohomology long
exact sequence associated to (10) with respect to the standard heart, we have H'(i*(B)[—1]) = 0
for i ¢ {0,1}.

Next note that i*(A) € Cohgg’ﬁg (X) from Claim 1, so we obtain H=!(i*(A)) = 0. Hence if we
take the cohomology long exact sequence associated to (9) with respect to the standard heart,
since H™1(F) =2 G € Coh(X), we have H'(i*(B)[~1]) = 0, i.e. i*(B)[-1] = H (" (B)[-1]) €
Coh(X). Thus we have a long exact sequence in Coh(X):

0 — H L (B) = i*(B)[-1] % €% = H(B) — 0.

Now we claim that i*(B)[—1] € Coh(X) is a torsion free sheaf. Indeed, if we denote the torsion
part of *(B)[—1] by i*(B)[—1]tor, we have Hom(:*(B)[—1]tor,£) = 0 since £ is a bundle. This
implies i*(B)[—1]tor € H1(B) = ker(6), which contradicts with p™(H~(B)) < 8,. Thus if we
assume that [B] = av + bw + ¢[€], from i*(B)[—1] = —av — bw, we know that a < 0. And if
a =0, then i*(B) = 0 from torsion-freeness. This means B = £9¢ and contradicts with (8).

Claim 3: ¢ > 0 and uggﬂg(B) > ,ugﬁ(é').

Now we claim that ¢ = hom(&, B) # 0, which implies ugm 3, (B) > ,ug% 5,(€) by ng ,~stability
of B and &. Indeed, if ¢ = 0, then we have B € Ku(X) and we obtain an exact sequence in the
heart A(ayg, By)

i*(A) — F — B.
Since F' is o(ayg, By)-stable, we have ,ugm 5, (B) > ,ugg’ﬁg (F'), which gives a contradiction since
Ngg,gg(F) > Nggﬁg(OX) > Mggﬁg(B)-

Now we are ready to prove our main statement.
Case 1: g # 6.

. &b A -k -1 ;% ~ 0 )k ~
We have a triangle £9¢ = B — i*(B), %Cohggﬁg(X)(Z (B)) = ker()), and HCohgg,Bg(X)(Z (B)) =

cok(A). Note that ch}ho , (X)(i*(B)),Hgoho o () (t*(B)) € A(ayg, By). Taking the cohomology
ag,Bg @g,Pg

long exact sequence of (9) with respect to the heart A(cy, 3y), we have an exact sequence in

Alag, By)
Y 0 — ker(\) — i*(A) —» F — cok(A\) — 0.

From F'is o(ayg, By)-stable with ,uggﬁg (F') = 400, we know either cok(A) = F or cok(\) = 0.

Case 1.1: cok(\) = F.
In this case, we have i*(A) = ker(\) and hence we obtain a triangle

i*(A)[1] — i"(B) — F.
Note that ,ug;ﬁg(A) > ,u(olg’ﬁg(C’) > ,u(olg’ﬁg (&), hence we have Hom(A, &) = 0. Then if we apply
Hom(A[l], —) to the triangle £¢ — B — i*(B), we obtain Hom(A[1],7*(B)) = Hom(i* (A)[1],¢*(B)) =
0. Thus we have i*(B) = cok(A) = F and ker(\) = i*(A) = 0. Therefore, by (12) we know
t = Ext!(£,A) = 0 and A = £"~¢, which contradicts with ,uggﬂg (4) > ,uggﬂg (€)= uggﬂg(ox).

Case 1.2: cok()\) = 0.
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In this case, we have i*(B) = ker(\)[1] and two exact sequences in Coha 8, (X)
0 — ker(A\) = i*(A) = F — 0
and
(13) 0 ker(\) & £%¢ A B 0.

Thus if we apply Hom(—, &) to the sequence (13), by (8) we obtain that Hom(ker()),&) =
Hom(E%¢, £) = k°. Then 0 is actually the the natural map ker(\) — £ ® Hom(ker(\), &) = £9¢.
Hence we know that pr; 0 0 # 0 for any 1 < i < ¢, where pr; : £¢ — £ is the projection map of
the i-th component.
By Claim 3, we have ,uggﬁg(B) > /‘ggﬁg (&). It Mgﬁfg(B) = /‘gg,ﬁg (€), since & is aggﬁg—stable
and B is the quotient of £%¢, we know that B = £9 2 | and this contradicts with (8). Hence we
have ugg’ﬁg(B) > uggﬂg(f)).
Also, from agg’ﬁg—stability of £, we know that ,uggﬂg (ker(N)) < ugg’ﬁg (€) and hence Im(Zg 3, (ker(A))) >

rk kcr(/\)

0. If /‘ggﬁg (ker(N)) = ,uggﬂg (€), then by aggﬁg—stability of & we know that ker(\) = €9 2
which contradicts with ker(\) = i*(B)[—1] € Ku(X). Thus the inquality is strict, i.e. u%ﬁg (ker(N)) <

Mgg,ﬁg (5)
We have:
o (2 5, (4)) 2 0.1m(Z5 () >0,

Im(Z° g, g(ker()\))) > 0,
o 1, 5, (T () < i, (6),
° Mggﬁg(c) > Nggﬁg(B) > uggﬁg(é’),
e c>0,a<0.

From Claim 1 we know that ker(\) = ¢*(B)[—1] is a torsion-free sheaf. By Lemma A.10, these
inequalities imply p(ker(A)) > u(€). If u(ker(A)) = u(€) and ker(N) is a u-semistable sheaf,
then by poly-stability of £%¢, we know that im(#) is contained in % for ¢ = w. But
we know that pr; o 6 # 0 for any 1 < i < ¢, which means that the only possible case is ¢ = ¢/,
and either H~1(B) = 0 and B = H%(B) is a torsion sheaf supported in codimension > 2, or
H~L(B) # 0 is a p-semistable sheaf with u(H~1(B)) = u(£). But the first case contradicts
with ,ugw Bg(B) < 0 and the second case contradicts with u(H~1(B)) < B,. Therefore, we can

assume that pt(ker(\)) > u(€).
Let K; C ker(\) be the maximal destabilizing subsheaf of ker()\). Then we have u(Kj) =
pt(ker(AN) > p(€). Since put(H1(B)) < B, < u(€) < w(Ky), we know the composition

K; < ker(\) Yy goe g non-trivial, which gives a contradiction since from p(Kp) > u(€) and
stability we have Hom(K7,&) = 0.

Therefore, such a minimal destabilizing quotient object B cannot exist, and we can conclude
that C' is ng Bg-semistable when g # 6.

Case 2: g =6.
In this case, by the claims above we have a system of inequalities:

(20, 5 (4) = 0,1m(Z0, , (B)) >0,
(20, (i*(A)) > 0,
o 1, 5,(C) > g, 5 (B) = g, 5 (E),

e c>0,a<0.
Now since 8, < (&), by the same argument as in the previous cases shows that p(:*(B)[—1]) <
pt(i*(B)[-1]) < p(€). By Lemma A.11, we know that when u(i*(B)[—1]) < u(€), the only

possible Chern characters of i*(B)[—1] are [i*(B)[—1]] = v — w or 3v — 2w.
Case 2.1: [(*(B)[-1]] = v — w.



BRILL-NOETHER THEORY FOR KUZNETSOV COMPONENTS 25

In this case we know i*(B)[—1] is a torsion-free sheaf with ch(i*(B)[—1]) = ch(Ic(—H)),
where C is a conic on X. Thus ¢*(B)[—1] = I¢(—H) for some conic C' on X. But then
Ext3(Ox, Ic(—H)) = Hom(I¢, Ox) # 0, which contradicts with i*(B) € Ku(X).

Case 2.2: [i*(B)[—1]] = 3v — 2w.

In this case i*(B)[—1] is a torsion-free sheaf with rank 3 and degree —2. We claim that
i*(B)[—1] is actually p-stable. Indeed, if the minimal destabilizing quotient sheaf of i*(B)[—1]
has rank one, then we have Hom (i*(B)[—1], Ox(—nH)) # 0 for some n > 1. But Ox(—nH)[1] €
Coh%(X) is Oa,,8,-semistable, hence from jiq, g,(B) > fa,8,(E) > fay,p,(Ox(—nH)[1]) we
know that Hom(B, Ox(—nH)[1]) = 0 for every n > 1. Now applying Hom(—, Ox(—nH)) to the
triangle i*(B)[~1] — £° — B, and from &, B € Coh”s(X) we have Hom(i*(B)[~1], Ox(—nH)) =
0, which gives a contradiction. If the maximal destabilizing subsheaf D; of i*(B)[—1] has rank
one, then we know that p(D;) > 0. By stability we have Hom(D;,&) = 0, and since D; is
p-stable, we have Dy € Coh® (X). Thus if we apply Hom(D;, —) to the triangle i*(B)[—1] —
E¢ — B, we obtain Hom(D,*(B)[—1]) = 0, which gives a contradiction. Therefore, i*(B)[—1]
is p-stable.

Now by Lemma 4.6 and Lemma A.12, we know that i*(B)[—1] € Coh®s(X) is 0q,p,-Semistable
for all & > 0. In particular, i*(B)[—1] is 04, ,-semistable, hence i*(B) € Cohgg’ﬁg (X) is aggﬁg—
semistable, and is also o(ay, By)-semistable. But by o(ag, y)-stability of F and ,u(olg’ﬁg(F) >
,uggﬁg (i*(B)), we know that Hom(F,:*(B)) = 0, which gives a contradiction.

Therefore, such a minimal destabilizing quotient object B cannot exist, and we conclude that
Cis O'gg’ ﬁg—semistable when g = 6. g

6.1. Proof of Theorem 6.3. Let G = F[—1] and consider the map of vector bundles f : G =
F[—1] = &% arising from the map F — £9™9[1].

Lemma 6.8. Let f: G = F[-1] — £ be the natural map in Coh(X). Then cone(f) = I, for
x a point in X.

Proof. Let C be the cone of the map f. By Proposition 6.7 we know that C' € Cohgg’ﬁg(X)

0
ag,

Since A(C) = 0, C is actually o, g, -semistable for every a > 0. Thus C is a torsion free ju-
semistable sheaf with ch(C') = ch(l;). From Pic(X) = Z, we conclude that C' = I, for a point
rxeX. g

is 0, 5 -semistable. From ,ugg’ﬁg(C') < 0, we know that C' € Coh,, g, (X) is 04, s,-semistable.

Now we prove the main theorem of the section.

Proof of Theorem 6.5. By the lemma above, cok(f) = I, so we have a short exact sequence
0— G — &% — I, — 0. Applying Hom(O,, —) to this gives a long exact sequence containing

. — BExt}(0,, £9") — Ext!(0,, I,) = Ext*(0,,G) — - - - .

Since £ and G are vector bundles concentrated in degree 0, the first and last terms of the
above vanish. However, Extl((’)x, I;) # 0 so we have a contradiction, and the assumption that
F € BN, \ p(X) is false, i.e. there is no such F. So BN, = p(X) as required. O

Theorem 6.3 can be used to prove refined categorical Torelli theorems for all index one Fano
threefolds of genus g > 6.

We first introduce a functor on Ku(X), defined by T'(—) := i* o RHom(—,Ox(—H)[1]). By
[Zha20, Proposition 3.8|, this functor T : Ku(X) — Ku(X) is an anti-equivalence with the
property T o T 2 idj,(x). The involution 7" induces a linear isometry on N (Ku(X)), which we
also denote by 7. When g = 6, we have T'(v) = —3v + 2w and T'(w) = —4v + 3w. Note that
when g = 6, there also exists an involution Ku(X19) — Ku(X10), which is 7 = Siy(x,0)[—2]-
The action of 7 on N (Ku(X10)) is the identity.
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Lemma 6.9. Let g > 6 and ® : N(Ku(Xg—2)) = (v,w) = N(Ku(X5, 5)) = (V' ,w') be a
linear isometry with respect to the Euler form, such that ®([i'€]) = [i"E']. Then ®(v) = v’ and
O(w) =w if g > 7. If g =6 we have either ®(v) = v and ®(w) = w' or T o ®(v) = v and
Tod(w)=uw'.

Proof. Since ® preserves the Euler form and ®([i'E]) = ["£’], an elementary computation shows
that ®(v) = ¢’ and ®(w) = w' if g > 7. If g = 6, we have either ®(v) = ¢’ and ®(w) = w’ or
P(v) = =30 + 2w and ®(w) = —4v' + 3w’. Then the result follows from T'(v') = —3v" 4 2w/,
T(w')=—4v" 43w and T o T = id. O

Lemma 6.10. Let X := Xy9. Then T(i'€) = 7(i'E).
Proof. Recall that i'€ is the unique object that fits into the triangle
Q(—H)[1] = i€ =&,
Then note that i*(RHom(Q(—H)[1],Ox(—H)[1])) = i*(QY) and i*(RHom(E, OX( H)[1)) =

*(E[1]) = 0, so we have T(i'€) = i*(QY). Then the result follows from 7 = 771 *(QY) =
Le QV T_l(i!S), and the computations in Lemma 6.6. O

Corollary 6.11 (Refined categorical Torelli). Let X and X' be smooth index one prime Fano
threefolds with genus g > 6, and suppose there is an equivalence ® : Ku(X) ~ Ku(X') such that
the gluing object is preserved in the sense that ®(i'E) = i'E'. Then X = X',

Proof. First we assume that g # 6. By Theorem 6.3, X = BN, Let F € BN, Then

O(F) € B./\/"g. Indeed, by ®(i'€) = '€’ and Lemma 6.9 we know ch( (F)) = ch(i* O.[-1]))
when g # 6. As Ext!(®(F),i'’") = Ext!(®(F), ®(i'E)) = Ext!(F,i'E) = k™, it remains to show
that ®(F) is a o’-stable object in Ku(X") for every Serre-invariant stability condition ¢’. This is
from ®(o) is Serre-invariant and Theorem 4.13. Thus ® induces a bijection between the closed
points of BN, and those of BN/ ’g. On the other hand, it is clear that the Brill-Noether locus BN
admits the universal family coming from X (argued similarly as in [APR19, Section 5.2]). Then
the induced morphism ¢ : BN’y — BN is an étale morphism and a bijection, thus BN, = BN,
which implies that X = X',

In the case of GM threefolds (g = 6), we first need to show that X and X’ must be ordinary
GM threefolds or special GM threefolds simultaneously. Indeed, we may assume X is an ordinary
GM threefold and X’ is a special GM threefold. Then Ext?(i'€,i'E) = 0 and Ext?(i'€’,i'E") = k
(both facts are shown in [JLLL.Z21]), which is impossible since ® is an equivalence. Now by Lemma
6.9, we have either ch(®(F)) = ch(i* Ogz[—1]) or ch(To®(F)) = ch(roTo®(F)) = ch(i* Oz[—1]).
If we are in the former case, then the same argument as in the previous cases shows that X = X’.
Otherwise if ch(7 o T o ®(F)) = ch(i* O,[—1]), then since 7 o T(i'S) = '€ by Lemma 6.10, we
can replace ® by ® := 70T o ®. Then we have ®'(i'€) = 'S and ch(®'(F)) = ch(i* O,[-1]).
Thus the result follows from the previous argument. ([l

7. RECONSTRUCTION OF FANO THREEFOLDS OF GENUS g < 6

Proposition 7.1. Let X be a prime Fano threefold. Then o'(a, ) := Ug’ﬁ‘o)L( is a stability
condition on O% for all (o, B) € W, where

1 1
Wi={(a,8) ERz x R: 5 <f<0a<-for—1<f<—5,a<1+p}

Proof. From [BLMS17, Proposition 2.14] we know Ox,Ox(—1)[1] € Coh®(X) are o, s-stable

‘ _ 3B+ —ga? _ B2-a?
or all @ > 0 and 8 < 0. Now note that 110,3(Ox(—1)) = 2———F52— and pa3(Ox) = "5
Thus the set of solutions of 114 8(Ox(—1)) < 0 < pa g(Ox) is exactly W. Then as in [BLMSI7,
Theorem 6.7], o’ (a, 8) is a stability condition on Ku(X). O

Lemma 7.2. Let I, be the ideal sheaf of a point x € X. Then I, € A'(«, ) is o' (a, §)-semistable
for every (o, B) € W.
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Proof. 1t is easy to see that I, € (9}(. By Lemma 4.6, I, € CohB(X) is 04 g-semistable for 8 < 0
and a > 0. From ch<s(I;) = ch<2(Ox) we know there are no walls for I,,. Thus I, € Cohgﬁ(X)
is 09 g-semistable for every a > 0, and hence it is o '(ar, B)-stable. 0

Proposition 7.3. Let (o, 3) € W and F € A'(«,B) be a o'(«, B)-stable object with [F] = [I,].
Then F = I, for some point x € X.

Proof. By [BLMS17, Remark 5.12], we know F is agﬁ—semistable. Since A(F) =0, F is agﬁ—
semistable for every o > 0. Now by the definition of Cohgﬁ(X ) we have a triangle A[l] —
F — B where A, B € Coh”(X), ,ujx'B(A) <0, and g, 5(B) > 0. Since F'is agﬂ—semistable with

,ugéﬁ(F) < 0, we know A = 0. Thus F € Coh”(X) is 0, g-semistable for every a > 0. By Lemma
4.6, we know that F' is a u-stable sheaf, which implies ' = I, for some z € X. O

Now we prove the main result of this section.
Theorem 7.4. Let X be a prime Fano threefold. Then the functor i}, induces an isomorphism
X = My (0%, [L)
for o' e W.

Proof. Note that X isomorphic to the moduli space of u-(semi)stable sheaves with Chern char-
acter 1 — P by [KPS18, Lemma B.5.6]. Thus using Lemma 7.2 and Proposition 7.3, a similar
argument as in [LZ21, Proposition 4.3] shows that ¢%, induces an étale bijective morphism to
My (0%, [I]), which is an isomorphism. O

Remark 7.5. The reason that we cannot deduce a refined categorical Torelli theorem from
Theorem 7.4 is that we do not know whether every equivalence (9)% ~ O, preserves the stability
conditions in W or the class [I,].

8. FIBERS OF THE PERIOD MAP VIA THE REFINED CATEGORICAL TORELLI THEOREM

In the case of Fano threefolds, the Torelli problem asks if the period map P, : M, — Ay
is injective, where M, is the moduli space of isomorphism classes of index one genus g prime
Fano threefolds, and A, is the corresponding moduli space of isomorphism classes of principally
polarized abelian varieties. In most cases of index one prime Fano threefolds, P, is not injective
and the fiber has positive dimension. In this section, we compute the fibers of P, over J(X) for
each genus g > 6.

Lemma 8.1. Let X be an index one prime Fano threefold of genus g > 7. Then its intermediate
Jacobian J(X) and Kuznetsov component Ku(X) are mutually determined by each other. More
precisely,

J(X) 2 J(X') = Ku(X) ~ Ku(X").

Proof.

(i) g = 7: We have J(X) = J(X) < J([I7) & JI%) <= Iy 2 I} <= D7) ~
Db(T%) <= Ku(X) ~ Ku(X'), where T'; and T} are the genus 7 curves associated to X
and X', respectively.

(i) g = 8: Assume that J(X) = J(X'). Then J(Y) = J(Y'), where Y and Y’ are Pfaffian
cubics corresponding to X and X', respectively. It follows that Y =2 Y’ by the classical
Torelli theorem for cubic threefolds. It is known that Ku(Y) ~ Ku(X) and Ku(Y’) ~
Ku(X') by [Kuz09]. Thus Ku(X) ~ Ku(X’). For the other direction, it follows that
Ku(Y) ~ Ku(Y’) where Y and Y’ are the corresponding Pfaffian cubics of X and X',
respectively. Then it follows from [BMMS12] that Y 2 Y’ so J(X) = J(Y) =2 J(Y')
J(X").

(iii) g = 9 J(X) > J(X') = J(T3) = J(I4) = T3 2T <= DI'3) ~ DY) <
Ku(X) ~ Ku(X’), where I's and I'; are the genus 3 curves associated to X and X',
respectively.
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(iv) g = 10: the argument is the same as for the g = 9 and g = 7 cases; it suffices to replace
I's by a genus 2 curve I's.
(v) g = 12: the statement is trivial since J(X) is trivial.

0

Remark 8.2. If g = 6, X is a Gushel-Mukai threefold. It is conjectured that J(X) and Ku(X)
are mutually determined by each other. By [JLLLLZ21, Proposition 11.7], this is equivalent to the
Debarre-Iliev-Manivel conjecture stated in [DIN12].

Corollary 8.3. The fiber of period map P, over J(X) is parametrised by the family of gluing
objects i'€" € Ku(X') as X' varies.

Proof. This follows from Lemma 8.1 and Theorem 1.3. O
Next, we compute the fiber of P, over J(X).

8.1. Genus 6: Gushel-Mukai threefolds. First, we give another proof of the categorical
Torelli theorem for general special Gushel-Mukai threefolds via the refined categorical Torelli
Theorem 1.3. This was proved in [JLLZ21, Theorem 10.9].

Theorem 8.4. Let X, X’ be two general special GM threefolds such that Ku(X) ~ Ku(X').
Then X = X'.

Proof. Let X and X' be two smooth general special GM threefolds. Since there is an equivalence
= Ku(X) ~ Ay, it is enough to show that Ax ~ Ax/ implies X = X’. Let ® : Ax ~ Axs be
an equivalence of the alternative Kuznetsov components. Consider the Bridgeland moduli space
M, (Ax,1 —2L) of o-stable objects of class 1 — 2L; it is a surface with a unique singular point
[2(i'E)]. We claim that ®(Z('E)) = Z(i'E’) € Axs up to a shift. First note that the numerical
class of ®(Z(i'€)) is either 1 — 2L or 2 — H + 2P up to sign. It is easy to see ®(Z(i'€)) is a
stable object in Ay for every 7T-invariant stability condition by the Weak Mukai Lemma 4.12. If
[®(2(:'€))] = 2— H+ 2P, then ®(2(i'€)) is a point in the Bridgeland moduli space M,/ (Ax,2—
H+2P) = Mx(2,1,5) by [JLLZ21, Theorem 11.13], which is a smooth irreducible surface. But
®(Z(i'E)) is a singular point since Ext?(®(Z(i'E)), ®(Z('E))) = Ext*(Z(1'E), E(1'E)) = k since ®
is an equivalence. This leads to a contradiction. Thus [®(Z(i'€))] = 1—2L. But the moduli space
Mg (Axr, 1 —2L) is everywhere smooth apart from at the point [E(i'€)’] by [JLLZ21, Theorem
7.13]. Therefore ®(Z(i'€)) = Z(i'€’). Then we have an equivalence ® : Ku(X) ~ Ku(X') such
that ®/(i'E) = i'E’. Hence by the refined categorical Torelli theorem 1.3, X = X'. O

Next, we recall a result describing the fiber of the “categorical period map” over the Kuznetsov
component of a general ordinary GM threefold, proved in [JLLZ21, Theorem 11.3]. We then study
the same problem for very general special GM threefolds.

8.1.1. Ordinary Gushel-Mukai threefolds.

Theorem 8.5 ([JLLZ21, Theorem 11.3]). Let X be an ordinary GM threefold. Then all GM
threefolds X' such that Ku(X") ~ Ku(X) in the moduli space M3 of GM threefolds are parametrised
by an open subset of the union of Cp(X)/t and MZ (2,1,5) /1, where v,/ are geometrically mean-

ingful involutions. If in addition, we assume that X is general, then all GM threefolds X' such
that Ku(X") ~ Ku(X) are parametrised by Cp(X)/t U Mx(2,1,5)/d.

8.1.2. Special Gushel-Mukai threefolds.

Lemma 8.6 ([Huy16, Chapter 16]). Let S and S’ be two smooth K3 surfaces such that D°(S) ~
D®(S"). Then their Picard numbers are equal, i.e. p(S) = p(S').

Theorem 8.7. Let X be a very general special GM threefold. Then all GM threefolds X'
such that Ku(X') ~ Ku(X) in the moduli space M3 of GM threefolds form a subvariety of
Con(X)/eUMx(2,1,5)/, where Cp(X) is the contraction of the Fano surface C(X) of conics on
X along one of its irreducible components P2, and ¢,t' are geometric involutions.
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Proof. The only possible GM threefold X’ with an equivalence ® : Ku(X') ~ Ku(X) is either
a special GM threefold such that the Picard number of the branch locus B’ is one, or a non-
general ordinary GM threefold. Indeed, X’ cannot be a special GM threefold with p(B') > 2.
Otherwise the equivalence ® would induce an equivalence of equivariant triangulated categories
U : DY(B') ~ Db(B), where B and B’ are smooth K3 surfaces of degree 10. Then by Lemma 8.6,
their Picard numbers satisfy p(B') = p(B) = 1. In this case, we get B = B’ by [Ogu02, Theorem
1.10] and [HLOY03, Corollary 1.7]. Then we get X’ = X, giving a point in the fiber, which
is represented by the unique singular point ¢ on C,,,(X). If X’ is an ordinary GM threefold
such that the moduli space M, (Axs, —x) is singular but M, (Axs,y — 2z) is smooth, then the
equivalence ® identifies the moduli space M, (Ax/, —z) with Cp,(X) and M, (Axs,y — 2z) with
Mx(2,1,5). If X' is an ordinary GM threefold such that the moduli space M, (Ax/, —x) is
smooth but M, (Axs,y — 2z) is singular, then the equivalence ® identifies My (Ax/, —x) with
Mx(2,1,5) and M, (Axs,y — 2z) with C,,(X). By Corollary 6.11, X’ is uniquely determined by
the gluing object Z(i'€) € Ax/. Thus the set of such ordinary GM threefolds X’ is parametrised
by [E(i'E)] € Con(X) U Mx(2,1,5). Note that the point [Z(i'E)] is a smooth point by [JLLZ21,
Lemma 7.9]. This means the point [E(7(€))] can be any point in C,,(X) U Mx(2,1,5) except
the singular point g. Therefore the set of all GM threefolds X’ such that Ku(X") ~ Ku(X) is a
subset of {q} U (Cn(X) \ {q}) UMx(2,1,5) = C,p,(X) U Mx(2,1,5), up to involutions. O

Remark 8.8. If [GL.Z22, Theorem 4.1] holds for very general special GM threefolds X, then
we could show that the set of GM threefolds X’ with Ku(X’) ~ Ku(X) is equal to the union
Cn(X)/t U Mx(2,1,5)//. Indeed, in the upcoming paper [DIK22], the authors show that the
contraction of the Hilbert scheme of conics on any special GM threefold X along the P? as
one of its irreducible components is isomorphic to double dual EPW surface YAZE , where A :=
A(X) © A*Vs(X) is the Lagrangian subspace associated with X. Then the moduli space
Mo (Ax,—s) = Y. If in addition My(2,1,5) 2 My(Ax,t — 2s) = V7>, then by [DKI5,
Theorem 3.25, Theorem 3.27] every point in C,,,(X)/t U Mx(2,1,5)/¢ corresponds to a period
partner X’ or period dual X" of X if X is very general. Then by the Duality Conjecture [I[<P19,
Theorem 1.6], Ku(X') ~ Ku(X) ~ Ku(X").

8.2. Genus 8: degree 14 prime Fano threefolds. The gluing object Z(i'E) € Ax in the
Kuznetsov component Ay is a oj-stable object of class 2(1 — 2L) with respect to every Serre-
invariant stability condition on Ax by Proposition 4.14. Let Y be the Pfaffian cubic associated
to X. Let ¥ : Ax ~ Ku(Y) be the Kuznetsov-type equivalence from [Kuz09]. It is known
that U(ZE(#'E)) € Ku(Y) € My (Ku(Y),2(1 — L)) = Mi¥(2,0,2) by [.Z21, Theorem 1.2], where
M;}‘St(2, 0,2) is the moduli space of stable instanton sheaves on the cubic threefold Y. Indeed,
we can show that W(Z(i'€)) € Ku(Y) is a rank two stable instanton bundle.

Proposition 8.9. Let ¥ : Axy ~ Ku(Y) be an equivalence of the Kuznetsov component of
X := X4 and a corresponding Pfaffian cubic Y. Then W(E(i'E)) is a rank two stable instanton
bundle.

Before the proof, we prove several lemmas. Recall that E(i!é') € Ax is given by an exact
triangle
E[2] = 2('E) — QV[1]
and the equivalence Ax — Ku(Y) is given by the Fourier-Mukai functor
U=V, gy : DP(X) = DO(Y)

with the kernel being the Ox«y (Hy ) twist of the ideal sheaf Iy of an irreducible subvariety of
X xY of dimension 4 (see [KPS18, Remark B.6.5] and [[K<uz04]). Denote by px, py the projection
maps from X x Y to X and Y, respectively.

Lemma 8.10. Let y € Y be a closed point and X, := py' (y) = X. Then W, := WN X, is a
rational quartic curve on X,.



30 AUGUSTINAS JACOVSKIS, ZHIYU LIU AND SHIZHUO ZHANG

Proof. By definition, we know that W), is an intersection of a linear section of Gr(2,6) with a
Schubert cell corresponding to (4, 1) by standard Schubert calculus (see for example [Ful96]). In
particular, we obtain deg W, = 4. Recall the commutative diagrams defining W below:

| > /l\

—Q X><Y<—]P’yEv x Px (U A) x Px(U)

apy>< d

Then W, = (py oi) "1 (y) = P xoPx (U). By [Kuz04, Proposition 2.11], there are the following
possible cases of W:
(a) ¥(P') = pt € C. In this case W, = P! xgo Px () 2 P! x P!;
(b) If Y(P) N C = @, then we have W, = P! xg Px(U) 2 P! xg_c ¢~ (Q —C) =P In
this case W, is a smooth rational quartic curve;
(¢) Y(PYYN C = {p1,...,pm}. In this case W, is an intersection of m disjoint lines with a
line transversally. In this case W, is a reducible rational quartic curve.

Since deg W, = 4 and X, = X is a prime Fano threefold of index 1 and degree 14, case (a) is
excluded by the Lefschetz hyperplane section theorem. Thus the only possible cases are (b) and
(¢), which are both rational quartic curves. O

Lemma 8.11. Let C' C X be a rational quartic on X. Then we have:

(1) B(E®Ic) =2 and K(E® Ic) =0 fori#2;
(2) hi(EY @ Ic) =0 for all i;
(3) R(QV ®Ic) =0 for all i.

Proof.
(1) Applying I'(X, € ® —) to the exact sequence
0—=Ic—0x -0c—0

and using H*(£) = 0, we obtain H' (£ ® Ic) = H}(E ® I¢) = 0, and HH(E ® Ic) =
H(E|c) for all i. Since ch(O¢) = 4L — P, we have x(€|c) = —2. By exactly the same
argument as in [KPS18, Lemma B.3.3] we show that h°(€|¢) # 0 implies that the span
(C) = P* would be contained in X, which is impossible. Thus H°(E|¢) = HY(E® I¢) =
0, hence h2(£ ® Ic) = h'(E|c) = 2.

(2) Applying T'(X,EY ® —) to the exact sequence

0—=Ic—0x -0c—0

and since h%(£¥) = 6 and 0 in other degrees, we obtain H*(£V®I¢) = 0, and H'(£¥|¢) =
H™(EV @ I¢) for all i > 1. Moreover we have an exact sequence

0— HYEY®Ig) = HYEY) = HY(EY o) = HYEY @ Ig) — 0.

Since HY(EV|c) = HO(E|c(—1)) € H°El¢) = 0, we get H?(EY ® I¢) = 0. But
x(€Y|c) = 6, hence hO(EY) = h°(EY|c) = 6. Therefore H*(EY ® I¢) = HY(EV®Ic) = 0.
(3) Applying I'(X, — ® I¢) to exact sequence

009" =0 =&Y =0

by (2) we obtain h*(QV ® I¢) = 0 for all i.

We define G := Z(i'€).
Lemma 8.12. RHom* (O, V1, (g,(G)) = k*[=3] for any closed point y € Y, where G := 2(i'E)
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Proof. We know that W, i,)(G) = (pv)«(pXx G @Iw(Hy)) = (py)«(pX G ®Iw @ pi Oy (1)).
Then by projection formula we have Wy g, )(G) = (py)«(p%x G @Iw)(Hy). Let S := p% G 1w .
Then ¥(G) = (py)«(S)(Hy). Thus
RHom*(Oy, ¥, (51,)(9)) = RHom* (O, (py)«(5)(Hy))
= RHom*(0y, (py)+(5)) = RHom®(py- Oy, 5)
= RHom*(j,+Ox,, S) = RHom’(OXy,j;S)
= RHom*(Ox,, G ®Iwnx,)[—3],
where j, : X, := p{,l (y) 2 X — X x Y. Here the first equality is from the projection formula,

the second is from O, @Oy (—Hy) = O,, and the fourth and fifth are from adjointness. Hence
we only need to compute RHom*(Ox,G ®Iw,). Applying — ® I to the triangle

E2] - G — QY[1]
and taking cohomology, Lemma 8.10 and Lemma 8.11 give hom(Ox,G ®Iw,) = 2. d

Proof of Proposition §.9. It follows from [BM99, Proposition 5.4] that @7, (7)(G) is a rank 2
vector bundle. Also, ¥(G) is o-stable in Ku(Y') with respect to every Serre-invariant stability
condition o by Proposition 4.14. Further note that ch(¥(G)) = 2(1 — L). Then by [LZ21,
Theorem 7.6], ¥(G) is an instanton sheaf, hence an instanton bundle. O

Theorem 8.13. Let X be an index one degree 14 prime Fano threefold. Then all index one
prime Fano threefolds X' of degree 14 such that Ax: ~ Ax are parametrised by the moduli space
of rank 2 instanton bundles of minimal charge over a cubic threefold Y .

Proof. By Proposition 8.9, all degree 14 index one prlme Fano threefolds X’ with Ay, ~ Ax are
parametrised by the famlly of gluing objects W(Z(i'E)) € Ku(Y'), which are rank two instanton
bundles on a Pfaffian cubic threefold Y associated to X := Xi4. On the other hand, any pair
(Y, E') such that E’ is a rank two instanton bundle on Y uniquely determines an index one prime
Fano threefold of degree 14 X’ such that Ax/ ~ Ku(Y) ~ Ax by [Kuz04, Theorem 2.9], [MT01]
and [IM99]. Moreover, ¥(Z(i'£")) = E’, where £’ is the tautological subbundle on X’. Then the
desired result follows. d

8.3. Genus 10: degree 18 prime Fano threefolds. Let X be an index one prime Fano
threefold of degree 18. Following [KPS18, Remark B.5.3], we recall some basic properties.

The moduli space of stable sheaves M := Mx (3, —H,9L,—2P) consists of only stable vector
bundles and M is isomorphic to a genus 2 curve 'y admitting a universal family ¢. Consider the
semiorthogonal decomposition D?(X) = (Ax,Ox,&Y) where Ax = i(D’(I's)) and i : D(I'y) —
D?(X)! is induced by the family ¢. Next, we recall the explicit formulae for the functors 4,4*
and i'. Let p and ¢ be the projection maps p: X xI's = X and ¢ : X x 'y — I'y:

i:DY(I'2) = D'(X), (=) =Rp.(q"(—) @U)
i :DP(X) = DY), (=) = Rag.(p"(—) ®@U*(wr,))[1]
i DY(X) = DV(Ty), i*(—) = Ra.(p*(—) @U*(—Hx))[3].
Lemma 8.14. Let C' be a twisted cubic on X. Then we have
(1) Hom(E,Ic) = k* and Ext'(£,1c) = 0 for i # 0,
(2) h9(X,E®Oc) =0 and h'(X,£E ® O¢) = 1.
Proof.
(1) Consider the standard exact sequence of the twisted cubic C C X:

0—Ic—0Ox = 0Oc —0.

1By abuse of notation, we still use ¢ to denote the functor
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Applying Hom(&, —), we get an exact sequence
0 — Hom(E,Ic) — H(EY) — H°(EY|c) — Ext!(&£,1c) — 0.

Note that H°(EY) = k" and H°(£V|¢) = k®, hence hom(€, I¢) > 2. Assume hom(€, 1) >
3. Then C is contained in the zero locus of at least three independent sections s €
HO(EY), i.e., C is contained in linear sections of Gr(2,4). Note that Gr(2,4) is a quardic
and X does not contain any planes. Therefore C' is contained in a conic, which is
impossible. Then Hom(&, I¢) = k? and Ext!(£,1¢) = 0 for all i # 0.

(2) A similar argument as in [KPS18, Lemma B.3.3] applies here: h?(€ ® O¢) # 0 implies
that the linear hull of twisted cubics, which is a P3, would be contained in X. But
this is impossible. Thus h°(€ ® O¢) = 0. On the other hand x(£ ® O¢) = —1, so
ht (E®0Oc)=1.

O
Corollary 8.15. There is a short exact sequence
0—=E—FE—Ic—0

where E = U, for some y € C, and E is a vector bundle.

Proof. Note that Ext!(I¢, &) = Ext?(EV,I¢) = H'(X,£ ® Og) = k. Then up to isomorphism,
the extension of I and £ (denoted by E) is unique, and we have a short exact sequence

0>&—FE—Ic—0.

Note that £ and I¢ are both p-stable with ch<;(€) = (2, —H) and ch<;(I¢) = (1,0). Then E' is
also a p-stable torsion-free sheaf, hence a Gieseker stable torsion-free sheaf with Chern character
3—H+ %P. Thus £ € M(3,—H,9L,—2P) and E = U, for some point y € C since U is the
universal family. O
Lemma 8.16. Let E =U, in M(3,—H,9L,—2P). Then we have

e hom(E, E) = 3 and Ext*(£,E) =0 for k # 0,

o ExtF(&Y, E) = Ext*(EY, &) = 0 for all k.
Proof. By Corollary 8.15, we have an exact sequence 0 — & — E — Ic — 0. Applying
Hom(&, —) to it we get an exact sequence

0 — Hom(&,€) - Hom(E, E) — Hom(E, I¢) — 0.

Since £ is an exceptional bundle, Hom(£,€) = k and thus Hom(€, E) = k3. A similar com-
putation gives that Ext’(£,E) = 0 for j # 0. On the other hand, £ = U, = i(O,). Thus
RHom*(EY,€) = RHom*(£Y,4(0,)) = 0 since i(0,) € Ax. O

We prove a proposition, which is an analogue of [BF'13, Proposition 3.10].

Proposition 8.17. Let X be a smooth prime Fano threefold of genus 10. Then the sheaf V =
g (p*(EY) @ U) is a rank 3 vector bundle over I‘g, and we have a natural isomorphism

(€).

Proof. In view of Lemma 8.16, we have qu*( &y ® U)=0for k > 1, and V is a locally free
sheaf over I'y of rank h%(X, & v ®Uy,) = Hom(€, E) = 3. By Grothendleck duality, given a sheaf
P on X xTI'y, we have the isomorphlsm

D(Rq.(P)) = Rq.(Ox(—H) ® D(P))[3].
Setting P = p*(£Y) @ U, we then have Rq.(Ox(—H) @ p*(£) @UV)[3] = i*(£) =X D(V) = V*. [

IIZ

Proposition 8.18. There are natural isomorphisms V* = i*(£) = 4'(QV)[~1].
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Proof. Applying the functor i* to the triangle in Lemma 3.4, we get

(€M) —i'(QY) = i (QY).
Note that i*(QY) = 0 by semiorthogonality in the semiorthogonal decomposition D’(X) =
(Ax,Ox,EY). Then by Proposition 8.17, the result follows. O

Now we prove several lemmas and propositions, which are essentially the same as the ones
used in [Fael3].
Lemma 8.19. Let U be the Fourier-Mukai kernel of i : D*(T'g) — Ax with Ax = (Ox,&EV)*+
and let U be the Fourier—Mukai kernel of ¥ : D*(I's) — Bx with Bx := -(Ox,EY). Let E, := U,
and F, :=U,. Then we have the following standard short exact sequences

0—E — () = E,®O0x(H) =0
and
0= E, = 0% > E/ —0.
Proof. By [Facl3], B, = F, ® Ox(—H), so the result follows from [Fael3, Theorem II.1] O

Corollary 8.20. We have the isomorphisms Lgv(E®Ox(H)) = EY[-1], Lo, EY = E[-1] and
Le E = FV[-1].

Corollary 8.21. The rank 3 vector bundle V* over the curve I's has the following property:
UV 2V where o2 C — C is the hyperelliptic involution.

Proof. By Lemma 3.4, there is a triangle £[1] — 4'(QY) — QV. Applying the anti-involution
7, we get 7(QY) — 7(ii'(QY)) — 7E&[1], which is £[1] — 7(ii'(QY)) — QY. Thus we have
7(i1'(QY) = 4'(QY). Then the result follows from Proposition 8.22. O

Proposition 8.22. The functor 7 : E — Lo, RHom(E,Ox) is an anti-autoequivalence of the
subcategory Ox, and 72(E) = E. Moreover, T fives i(D?(T'2)) and 7(i(E)) = i(RHom(.*(E), Or,)),
where i : DY(T'y) < DY(X) is the embedding functor.
Proof. Let E € Ox%. Then RHom*(Ox,E) = 0, so RHom®*(EY,0x) = Hom®*(Ox,E) = 0.
Therefore EY €+ Ox. Then Lo BV e (’))L(. To see that 72 is the identity, note that there is an
exact triangle
RHom*(Ox,EY)® Ox — EY — Lo, EY.
Dualizing it, we get
(L@X EV)V — F — RHom'(OX, EV)* & OX .
Applying Lo, to the triangle, we get 72(E) — Lo, E — 0, since Lo, Ox = 0. Hence 7%(E)
E, since E € O%. Next we show that 7 fixes i(D?(T'y)). Tt suffices to check that 7(i(k(z)) =
7(U,) € i(D*(T)). By Corollary 8.20, 7(Uy,) = Lo, EV = E[-1] 2 U,[-1] € i(D*(T';)). Further
note that it 2 Vo (Ox(—H)® —). Then
T(i(E)) = 7(V(E) ©@ Ox(-H))
= (Ox(-H)® —)or o U(E)
= U(RHom (" (E),Or,)) ® Ox(—H)
= i(RHom(:*(E), Or,))
by [IFac13, Lemma I1.7], where 7 is called the first auto-equivalence of O x(1)*, defined in [I'ac13,
Section II1.2]. O

Next we state a proposition proved in [Fael3, Theorem 2.10].

Proposition 8.23. There is a choice of & € Pic?(T'y) such that V* is a rank 3 vector bundle
over T'y with trivial determinant, and such that 0(V) lies in the Coble-Dolgachev sextic, where
0: Mr,(3,0r,) — |30] is the map defined in [Fael3, Section I1.1.4).
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Theorem 8.24. Let X be an index one degree 18 prime Fano threefold. Then the set of all
index one degree 18 prime Fano threefolds X' such that Ax: ~ Ax is parametrised by the Coble—
Dolgachev sextic.

Proof. By Proposition 8.23, the degree 18 index one prime Fano threefolds X’ with Axs ~ Ax
are parametrised by the family of gluing objects i* (E(z}cu( X)S )) € D*(T'3), which are self dual rank
three vector bundles of trivial determinant by Proposition 8.17, Corollary 8.21 and Theorem 8.23.
On the other hand, any pair (I'2,V) of a genus two curve I'y and a stable vector bundle V of
rank 3 that lies in the Coble-Dolgachev sextic uniquely reconstructs an X’ := Xjg such that
Axr ~ DP(I'g) ~ Ax by [['V22, Section 7]. Therefore the desired result follows. O

8.4. Genus 12: degree 22 prime Fano threefolds. In this section, we show that the gluing
objects i'€ € Ku(X) cut out the Hilbert scheme ¥(X) of lines from a moduli space My (2, —1,8) =
P? of semistable sheaves of rank two as a Brill-Noether locus.

Lemma 8.25. The Brigeland moduli space of o-stable objects of class u =2 — H + 3L + %P 18
the moduli space of semistable sheaves M(2,—1,8) for every Serre-invariant stability condition
o on Ku(X). They are both isomorphic to the Fano surface C(X) of conics on X.

Proof. Let E € M(2,—1,8). We show that RHom®*(Ox, F) = 0 and RHom*(&, E) = 0.

(a) If E is locally free, then the first vanishing follows from [BF14, Proposition 3.5]. Note
that there is a resolution of E given by the short exact sequence

0>FE—& — & —0,

where & and &3 are rank 5 and rank 3 vector bundles in a full strong exceptional
collection of vector bundles (£,&5, &3, Ox) on Xoo (this is actually the foundation of
a simple helix in the sense of [Poll1]). It is known that Hom(&, E) = 0 since £ and
E € M(2,—1,8) are both Gieseker semistable and pg(t) > pg(t), where p(t) is the
reduced Hilbert polynomial. It is also clear that Ext3(&, E) = Hom(E,£@0x(—H)) =0
by stability. A computation shows that the Euler character x(€,E) = 0. Applying
Hom(&, —) to the short exact sequence above, we get a long exact sequence

- = Ext} (€, B) = Ext!(£,&) — Ext!(E,83) — Ext?(E,E) — Ext?(£,&) — --- .

Note that Ext!(€,&3) = Ext?(£,&5) = 0. Thus Ext*(£,E) = 0. Then Ext!(£,E) =
0 since x(£,E) = 0. This implies that F € Ku(X). By [Fael4, Proposition 4.2],
M(2,-1,8) = C(X) = P%. In particular, M (2, —1,8) is smooth and hence Ext!(E, E) =
2. Hence by [LZ21, Lemma 3.14], F' is o-stable in Ku(X) with respect to every Serre-
invariant stability condition o.

(b) If E is not locally free, then by [BF14, Proposition 3.5] it fits into the short exact
sequence

0—>E—E&—0L(-1)—0.

Applying Hom(Ox, —) and Hom(&, —) to it, we get RHom®*(&, F) = RHom®*(Ox, E) =
0. Hence E € Ku(X). The same argument as in (1) shows that E is o-stable.

Note that ch(E) =2 — H + 3L+ 2P and x(ch(E® OL)) = x((2— H + 3L + +P)(L + 3P)) =
Xo(2L) = 1. This implies that the moduli space M (2, —1,8) admits a universal family by [HL10,
Theorem 4.6.5]. Then the projection functor i* := Lg Lo, induces a morphism p : M (2, —1,8) —
Mo (Ku(X),u). As in [LZ21, Section 4], it is easy to check that p is an injective, étale and
proper morphism, hence a closed and open embedding. On the other hand, because x(u,u) =
—1, by [LZ21, Corollary 4.2] the following moduli spaces are isomorphic: M, (Ku(X),u) =
Mg (Ku(Y),v) = P2, where Y is del Pezzo threefold of degree 5, v = 1 — L € N(Ku(Y)) and
o’ is any Serre-invariant stability condition on Ku(Y). Then M, (Ku(X),u) is irreducible and

My (Ku(X),u) = M(2,—1,8) as required. O
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Proposition 8.26. The projection i*(Or(—1)) is in the Brill-Noether locus
BN :={F € M,(Ku(X),—u) | Ext'(F,i'€) = k}.

Moreover, the projection functor i* induces an embedding of the Hilbert scheme of lines 3(X) on

X into BN

Proof. Since RHom®*(Ox,Or(—1)) = 0, we have i*(Op(—1)) = Lg Or(—1). It is given by the
exact triangle

RHom®*(€,0L(—1)) ® € = Op(—1) = Lg O (—1).
Thus Lg Or(—1) = EJ1], and by [BF14, Proposition 3.5] we have E € M(2,—1,8). Thus
ch(Lg Or(—1)) = —u. Applying Hom(—, ) to this triangle, we get an exact sequence

0 — Hom(Lg O (—1),&) — Hom(Or(-1),&) — Hom(&, )
— Ext!(Lg Op(—-1),E) — Ext'(Op(—1),E) — -

Then we have Ext!(Lg Op(—1),€) = Ext!(Lg Op(—1),i'E) = k. It is clear that Lg Op(—1) =

E[1] is o-stable by E € M(2,—1,8) and Lemma 8.25. It is also clear that ¥(X) admits a

universal family. Then by a similar argument as in Lemma 8.25, there is a morphism (X)) 2,

My (Ku(X), —u). It is easy to see that p is injective since *(Ofr(—1)) is uniquely determined by
the line L C X (cf. [BEF14, Proposition 3.5]). Applying Hom(Or(—1), —) to the exact triangle
defining Lg O (—1), we get an exact sequence

0 = Ext (O1(=1),01(=1)) P Ext! (*(O1(~1)),5* (Or(~1))) — ---

The map dp is exactly the tangent map of p: ¥(X) — M, (Ku(X), —u) at the point [L], and it
is injective. Since both moduli spaces are proper, p is a closed embedding. O

Theorem 8.27. The Hilbert scheme of lines of a degree 22 prime Fano threefold X of index
one can be exhibited as the Brill-Noether locus of the Bridgeland moduli space of stable objects
in Ku(X) with respect to i'E € Ku(X), where i : Ku(X) < D¥(X) is the inclusion. In other
words, we have X(X) = BN

Proof. It remains to show that if ' € BN, then F = i*(Or(—1)). Assume that F' € BN.
Then F € M, (Ku(X),—u). By Lemma 8.25, F = E][1] for some E € M(2,—1,8). By [Fael4,
Proposition 4.2], E is either locally free or non-locally free. If E is locally free, then Hom(FE, &) =
0. Indeed, there is a resolution of E given by the short exact sequence 0 - F — & — &3 — 0.
Now, applying Hom(—, &) we get a long exact sequence

0 — Hom(&3,&) — Hom(Es, ) — Hom(E, E) — Ext!(£5,€) — - -
But Hom(&;,&) = Ext!(£3,6) = 0 since (£,E5,83,O0x) is an exceptional collection. Then
Ext!(F,i'€) = Hom(FE,i'E) = Hom s (x)(E, &) = 0, which is a contradiction. Therefore F' = EI1]
where F fits into the short exact sequence

0—>F—&—05(-1) =0,
which implies F' = i*(Or(—1)). O

Theorem 8.28. Let X be a general index one degree 22 prime Fano threefold. Then the set of
index one degree 22 prime Fano threefolds X' such that Ku(X) ~ Ku(X") is the moduli space of
smooth plane quartic curves.

Proof. All degree 22 index one prime Fano threefolds X’ with Cu(X’) ~ Ku(X) are parametrised
by the family of gluing objects i'€ € Ku(X), which gives a Hilbert scheme of lines on X as a
plane quartic (by Theorem 8.27). On the other hand, every plane quartic given as a Hilbert
scheme of lines on a general X995 and a theta characteristic on it determines this Fano threefold
up to isomorphism by [Kuz97] and [Muk92]. Then the desired result follows. O

8.5. Odd genus. In this section, we include results for the fiber of period map for odd genus
index one prime Fano threefolds. For details, we refer to the works [BF13] and [BF14].
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8.5.1. Genus 7: degree 12 prime Fano threefolds. By Mukai’s theorem [Muk01], every genus 7
prime Fano threefold X is reconstructed as Brill-Noether locus in a moduli space of rank two
vector bundles over a genus 7 curve I'7, i.e. X & {F € Mr.(2, Kr,) | Hom(Or,, F) = k°}. Thus
X is uniquely determined by I'7, so every genus 7 prime Fano threefold X’ with Ku(X') ~ Ku(X)
is isomorphic to X since Ku(X’) ~ D*(I'}) and D*(T%) ~ D?(I';) implies that I';, = T';. Note that
the gluing object is given by Or, by [BI13, Lemma 2.9] or [[Kuz05, Lemma 5.6], so whenever
Ku(X'") ~ Ku(X), T, 2 T'7, such a gluing object is fixed.

8.5.2. Genus 9: degree 16 prime Fano threefolds. By [BF14, Proposition 3.10] the family of
gluing objects i'€ € Ku(X) is parametrised by a moduli space of rank 2 vector bundles W over
a genus 3 curve I'3 such that any section of ruled surface Pr, (V) has self intersection at least 3.
On the other hand, by Mukai’s theorem [Muk01], the pair (I's, W) determines a degree 16 prime
Fano threefold X’ up to isomorphism such that Ku(X’) ~ Ku(X).

APPENDIX A. COMPUTATIONS

A.1. Wall-crossing computations for ¢ = 7 and 9. In this subsection, we compute potential
walls for £ and £;(—H)[1]. The lemmas here are used in the proof of Proposition 4.9.

Lemma A.1 ([Lil8, Proposition 3.2]). Let X := X135 and F € D*(X) be a 0, s-semistable object

for some B and a > O

(a) If |n(F)| < 5.5, then %2((”) <o,

Hechy(F)

(b) va < ‘N( ) <1— 2\/5; then ﬁ = ’N( )‘2 - %;
Hcho(
(C)Ifl— <|,u(F)|<1+2ﬁ,thenW<|,u( )|—l
Hchy(F)
(d) If 1+ 555 < |u(F)| <2 - 55, then 2B < 3P — 4.

Lemma A.2. Let X := X5 and § = _6 or —@. Let E € CohB(X) be a 0, g-semistable object
for some a > 0 with ch<a(E) = ch<a(E7). Then E is o, g-semistable for all a > 0.

Proof. We only do computations for § = —% here. Since —5—4 is very close to —% = —%, the
argument is almost the same.
We are going to show that there is no wall for £ when § = —%. As in Section 4.3, a wall

would be given by a short exact sequence
0—-A—-FE—-B—0
in Coh™6 (X) such that following conditions hold:

(2) Ho,—3(A) = po 5 (E) = o _5(B);
(b) A(A) >0 and A(B) > 0;
(c) A(4) < A(E) and A(B) < A(E);

3

(d) ch, ® (A) > 0 and ch, ° (B) = ch, © ( ) — chl_%(A) > 0.

Note that ch; 6(E) > 0, thus the inequalities in (d) are actually strict. We can assume that
ch<(A) = (a,bH,cL) and so ch<3(B) = (5—a, (—2—b)H, —cL) for some a, b, c € Z. If we divide
the discriminant A(—) by (H?3)?2, the conditions above can be rewritten as

(a) —36aa’425a+60b+6c __ 518002,

12(5a+6b) = T 156
(b) b — %€ >0 and (—2 — b)? — =99 > o,
(c) b¥* — % <4and (—2—b)* — 7(5_‘2(_6) < 4;

(d) %>b+%a>0.
Since o > 0 and 6b + 5a > 0 by (d), (a) implies
(14) (50a + 125b + 13¢)(2a + 5b) < 0
Now (a) and (d) imply the following four cases:



BRILL-NOETHER THEORY FOR KUZNETSOV COMPONENTS 37

i) a> a< < c>—— a—+
5, —2a < b< 13550 22(2a + 5b);
ii <a< Sq < < ac> a+
0 5, = b 332 5b);
(i) 0 <a <5, —2a<b< 1365“ c< —ﬁ(2a—|—5b)
(iv) <0, —2a < b < 5% ¢ < —23(2q + 5b).

Combined with (b) and (d), each case (i) to (iv) gives the following:

(i) pb<a<i® 1 p<—2(a+/(a—5)a), — 25(2a+5b)<c§62;o1r5<a<169
—2(a++/(a—5)a) <b< 1852 224 4 5p) < ¢ < (b+?

(i) 0 < a <5, 10a<b<——“,——(2a—|—5b)<c<6b

(i) 0<a<5 2 <b< - 2(5‘1312), 60+2° < ¢ < —23(2q + 5b);

(iv) 144<a<0 % <b< 2(—a++/(a—5)a), @<c< 2 (2a+45b); or — 1 < a <0,
2(—a+/la— ))<b<—2<5qglz>,6<gt§> < ¢ < —2(2a+5b).

Now by a careful computation for each case (i) to (iv), we obtain all possible truncated Chern
characters of A and B:

(1) (—11,10H, —54L) and (16, —12H,54L);
_5,5H,—29L) and (10, —7H, —29L);

—4,4H,—24L) and (9, —6H, 24L);
~3,3H, —18L) and (8, —5H, 18L);
~3,4H, —27L) and (8, —6H, 27L);
~2,2H,-12L) and (7, —4H,12L);
—1,H,—6L) and (6, —3H, 6L);

—1,2H,—16L) and (6,—4H,16L);

,H,—10L) and (5, —3H,10L);
,0,—6L) and (4, —2H,6L);
,0,—5L) and (4, —2H,5L);
,0,—4L) and (4, —2H,4L);
,—H, 2L) and (3,—H,—2L);

2,—H,3L) and (3,—H,—3L);
(15) (2,0, —8L) and (3, —2H, 8L).

Since A and B are both o, _s-semistable for some a > 0, the cases (13) and (14) are ruled
out by using Lemma A.l on the first character. The other cases are ruled out by using Lemma
A.1 on the second character. This implies that there are no walls when 8 = —¢ > for E, and E is

o, _s-semistable for every a > 0.
76

When 5 = 8 4,
ch<2(B) are the same as those When B = —32. Thus from the same argument using Lemma A.1,

the computation argument is similar, and the solutions for ch<s(A) and
there are no walls when § = — % for E, and E is 0, _n-semistable for every a > 0. g
84

Lemma A.3. Let X := X5 and 8 = _6 or —5—4 Let E € CohB(X) be a o, g-semistable object
for some a > 0 with ch<s(E) = ch<o(E7(—H)[1]). Then E is 0, g-semistable for all o > 0.

Proof. We assume that there is a wall when g = —% or —8—4 for F, and that it is given by
A — E — B. Then a similar computation as in Lemma A.2 shows that all possible truncated

Chern characters of A and B are:

(1) (=6, 7H, —49L) and (1, 0 5L)

(2) (—5,6H,—43L) and (0, 11L)
(3) (—4,5H, —37L) and (—1,2H, —17L);
(4) (=3.4H,—32L) and (2, 3H —22L);
(5) (—3,4H,—31L) and (—2,3H, —23L).
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Now using Lemma A.1 on the first character in each case, all of the cases (1) to (5) are
ruled out. This means that there are no walls for £ when 8 = —% or _g_}p and hence F is

04 p-semistable for every a > 0. g

Lemma A.4 ([Li18, Proposition 3.2]). Let X := X165 and F € D*(X) be a 0,, 3-semistable object

for some B and o > 0. If u(F) = —%, then % < %.
Lemma A.5. Let X := X4 and 8 = —% or —%. Let E € CohB(X) be a o, g-semistable object
for some a > 0 with ch<s(E) = ch<a(&). Then E is o, g-semistable for all a > 0.

Proof. We assume that there is a wall when g = —% or —% for F, and that it is given by

A — E — B. Then a similar computation as in Lemma A.2 shows that all of the possible
truncated Chern characters of A and B are:
(1) (-=1,H,—6L) and (4,—2H,6L);
(2) (1,0,—3L) and (2, —H,3L).
Now using Lemma A.4 on the second character in eagh caseg,lboth cases (1) and (2) are ruled

out. This means that there are no walls for F'on 8 = —% or —35, and hence F is 0, g-semistable

for every a > 0. g
Lemma A.6. Let X := X4 and 8 = —% or —%. Let E € CohB(X) be a 0, g-semistable object
for some a > 0 with ch<a(E) = ch<a(E(—H)[1]). Then E is 04 g-semistable for all o > 0.

Proof. We assume that there is a wall when § = —% or —% for F, and that it is given by

A — FE — B. Then a similar computation as in Lemma A.2 shows that there are no such

truncated Chern characters of A and B. This means there are no walls for ¥ when § = —% or

—%, and hence F is 0, g-semistable for every o > 0. g

A.2. Ext groups of gluing objects. Let X be an index one prime Fano threefold of even genus
10 > g > 6. In this subsection, we compute the self-Ext groups of the gluing object i'E € Ku(X).

Proposition A.7. Let X be prime Fano threefold of indexr one and even genus 6 < g < 10.
Then

(a) g="6:ext'(i'€,i') =2 or 3,
(b) g =8 :ext!(i'E,i'E) =5,
(c) g=10:ext!(i'€,i'E) = 10.

Proof. If g = 6, the result follows from [JLLZ21, Lemma 5.7]. If g = 8, we consider the triangle
QV[-1] — &[] — i'&[-1]
and apply the spectral sequence in [Pir20, Lemma 2.27]. We have:

Ext?(E[1], QV[-1]) = Ext?"%(£,QY), p= -1

gra _ JEXIEE) @ Ext?(QY, QY), p=0
b ExtU(QVI-1].€[1) = ExtTT3(QY,€), p=1
07 p 2 27p S _2
By convergence of the spectral sequence and Lemma A.8, we have extl(z'lé',z'!é’) = 5 and

ext?(i'E,i'E) = ext?(i'€,i'E) = 0. Since '€ is a (—4)-class, we have hom(i'&,i'E) = 1. If g = 10,
ch(i'€) = =3(1 — 2L) and x(i'E,i'E) = —9, so ext!(i'€,i'E) = hom(i'E,i'E) — x(i'E,4'E) = 10
since hom(i'€,4'€) = 1 by a similar computation as in Lemma A.8. O

Lemma A.8. Let X be an index one prime Fano threefold of degree 14 and let £ and Q be the
tautological sub and quotient bundles, respectively. Then we have

(a) hom(E,QY) =5 and ext'(£,QV) =0 fori > 1;

(b) hom(&,&) = hom(QY, QY) =1 and ext(£,&) = ext’(QY,QY) =0 fori > 1;

(c) ext?(QV,E) =1 and hom(Q",€) = ext!(QY, &) = ext3(QY,&) = 0.
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Proof.

(a) Applying Hom(€, —) to the standard exact sequence 0 — QY — O?ﬁ-ﬁ — &Y =0, we get
an exact sequence

0 — Hom(&,QY) — HY(EV)® - HY(X, &V 0 &Y) - HY(X,EV ® QY) — 0.

We claim that H'(X,EY®QY) =0 and H*(X,EV®EY) =0 for k > 1. Since x(£,EY) =
31 and h°(£Y) = 6, we get Hom(&, Q") = C°. The claim on vanishing of H'(X,&Y ® Q)
and H*1(X,&Y ® £Y) = 0 follows from applying the Borel-Bott-Weil theorem to the
cohomologies of the vector bundles £Y ® €Y and €Y ® QY over Gr(2,6), via the Koszul
complex associated to X — Gr(2,6).

(b) This follows from the exceptionality of £ and Q.

(c) Note that ext!(QV,&) = ext371(&£, QY (1)) = ext37(£(1),QY) = ext374(EY,QY) =
ext34(Q, £). Applying Hom(Q, —) to the tautological short exact sequence, the state-
ment follows from (2).

O
A.3. Inequalities in Theorem 5.9. In this subsection, we compute inequalities used in the

proof of Proposition 5.9.
Recall that

e g=6: (a0, 50) = (55, —15),
o g="T: (g, Bo) = (15, —2),
o g=28: (ag, o) = (5, 2),
e g="9: (ag,Bo) = (3,—32),

o g= 10: (ao,,@()) = (%,—%),
e g=12: (a0, P0) = (5, —2).

Lemma A.9. Let X := Xy, 9. If we assume that [A] = av + bw and [B] = cv + dw for
a,b,c,d € 7, then the solutions of inequalities

(1) [4)+ [B] = i O[]

(2) ImZ, 5 (A) -ImZ

ao,Bo
(3) He,50(A) > 1oy 5, (B
(4) 1= x(A, A) + 1 — x(B, B) < ext!(i* O, i* Oy)
are listed below:
(i) g =6 and ordinary: (a,b,c,d) = (—2,1,-3,2);
(i) g = 6 and special: (a,b,c,d) = (—=2,1,-3,2) or (a,b,c,d) = (—4,2,—1,1);
(i1i) g = T7: there are no solutions;
(iv) g =8: (a,b,c,d) = (-2,1,-5,3) or (a,b,c,d) = (—4,2,-3,2);
(v) g =9: there are no solutions;
(vi) g = 10: there are no solutions;
(vii) g = 12: there are no solutions.

(* Oz]—1]) > 0 and Im Zgo,ﬁo(B) Im Z9

a0,B0

(i* Og[~1]) > 0;

Proof. Note that for genus g = 6, 8 and 12, there are only finitely many (a, b, ¢, d) € Z%* satisfying
the conditions (1) and (4). Thus from a simple computation we obtain solutions to (7), (i%), (iv)
and (vii).

e g="T: (1) and (4) give

1
6
From (2) we obtain

(—6a — V33 —6) < b< =(—6a + /33— 6).

=2

1 13a + 160
— — > 0.
(16) B > 5 >0
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The combination of (15) and (16) implies —11 < a < —1. Then it is not hard to check
that the only possible solution (a,b) for (15) and (16) is (a,b) = (—6,5). But this
contradicts (3).

e g=9: (1) and (4) give

(17) i(—Za—\/g—2)§b§

From (2) we obtain

(—2a + V3 —2).

B~ =

1 11a+32620

1 il
(18) 16 ~ 128

The combination of (17) and (18) implies =7 < a < —1. Then it is not hard to check

that there are no integer solutions (a,b) for (17) and (18).

e g=10: (1) and (4) give
1 1
(19) 6(—4a—\ﬁ—3)g <5 da + V7 - 3).
From (2) we obtain
167 611 12006

(20) S olet >0

1875 5625 -
The combination of (19) and (20) implies —8 < a < —1. Then it is not hard to check
that there are no integer solutions (a,b) for (19) and (20).

0

A.4. Inequalities in Proposition 6.7. In this subsection, we compute the inequalities used in
the proof of Proposition 6.7.

Lemma A.10. Let the notation and assumptions be as in Case 1.2 of the proof of Proposition
6.7. If we assume [B] = av + bw + c[£], then the inequalities

Im(Z) 5 (4)) >0,Im(Z) 5 (B)) >0,
Im(Zgg 3, (ker()\))) >0,
oy, (ker (V) < il 5, (€),

° Mg‘gvﬁg (C) > ’uggvﬁg (B) > 'ugégvﬁg (5)7
e c>0,a<0.

imply that g > u(&) for g # 7 and i > u(&) when g=17.

Proof. We assume that 3 u(&y) for g # 7 and 2a < u(&y) when g = 7, and we will show that

there are no such integers a, b, c € Z. Recall that (a7, 57) = (\é—z_l, —g—}l), (ag, fg) = (%, —%),

() = (488, —38), (10, Bn0) = (b —29), and (rz,Fra) = (3.~ 1)
First we assume that g is even. In this case (&) = —3 and ch<s(B) = (a+2c, (b—c)H, (%c—
a— %b)L). We have:

—Ae—ga— (39— at9e 2_42
o 0 < e BBl 5, (b — ) 4 #522(87 — o) < Py,

g
2

—ga—(39—6)b a(n2 2

o 0> =200 00 _ g+ 4(82 — o),
. Bga—b 1428,

—0 Oo O _Bob+ 4 (83—a3) g +BatBi—a’
. 2Bg2 > Bg(a+2c)—(b—c) . 14284

_ a —6)b a -

B3 —ag W—%(b—cﬁr%c(ﬁﬁ—aﬁ) 49974"'59"‘53_@37
e a <0,
° —%a <b.

When g = 8, we have:
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(a) 0 < 2332a+ilg§518+1458c < % 7
(b) b < —1a,
(¢) —3omm00 i;; <2_$“v
(@) 289 > St > 3L
(e) ¢>0,a <0, o
(f) —2a<b
Now (b), (¢), (e) and (f) imply
(21) - %a <b< —éa.

Also (a) is equivalent to

| 583(da+7b) _ _ 583(da+ 7h) — 5832
1458 - 1458
Thus (21), (22) and (d) imply

110773008 < 66479 a b _4(2654501a—13846626)

(22)

(23) T 11281063 %S Tomse 2 SUS 32517071 ’
| 213500 + 115550 _ _ 583(da + Tb) — 5832
256419 €= 1458
or
66479 a 4 2135000 + 1155598 583(4a + Tb) — 5832
_ 7 _z 24 — < _
(24) o5ss 0 <0 g <b<—za, 256419 <€s 1458

Thus we have —9 < a < 0, and it is not hard to see that there are no such integers a,b,c
satisfying either (23) or (24).
When g = 10 or 12, the computation is similar to the g = 8 case, so we omit the details.
Now we assume that g = 7, thus ch<2(B) = (2a + 5¢, (b — 2¢)H, (—5a — 6b)L). In this case we
have:

290a-+348b4-71c 335
(a) 0< 1008 < 008"
(b) b < —2a,
(c) =380 < b < —2a,
71
2244 _ — gy (2a+5c)—(b—2c) 12
(d) Tl < 84290a+348b+71c < )
1008
(e) ¢>0,a <0,
() —%a <b

Now (b), (¢), (e) and (f) imply

4
(25) —go< b < —ga.
Also (a) is equivalent to
58(5a + 6b) 58(5a + 6b) — 335
. A < — .
(26) - <c< 1
Thus (25), (26) and (d) imply
804 4 5 —3ba —6b 58(5a + 6b) — 335
= _Ca<b< g 22— < _
(27) 1 <a<0, 5a< < 6a’ = <c< 1

or
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(28) — 24120 < 804 —ﬁa b 4824 — 3679a —35a — 6b o< ~ 58(5a + 6b) — 335
1309 - 717 5 4926 ’ 72 - 71 '
It is not hard to see that the only possible solution of (27) and (28) is (a,b,c) = (—11,9,5),
i.e. ch<o(B) = (3,—H,L). But since B is aggﬁg—semis‘cable, this contradicts Lemma A.1.
Finally we assume that g = 9. Then ch<s(B) = (a + 3¢, (b — ¢)H, (—3a — 8b)L). In this case
we have:
( ) 0 < 33a+88b431c 93

(b) b 320 = 320
b
509
(c) 3703a < b< —
3 (a+30)— (b C)
(d) — W > —432—14,
(e) ¢> 0 a <0,

1 3

Also (a) is equivalent to

CU@Ba+8h) __ 11(3a+8h) 93

(30) 31 - 31

Thus (29), (30) and (d) imply

1 3 _15a—8b 330 — 88b + 93
31 _3 0 tacpe g 12080
(31) <a <0, 30 <b<—za, 3 <ec< 31
or
2976 1 992 — 1974 —15a — 8b 330 — 88b + 93
39 L P WL, <
(32) 265 ~ S TO T30SV Ty 0T 33 S¢S 31

Then it is not hard to see that there are no integers a, b, ¢ satisfying either (31) or (32). O

Lemma A.11. Let the notation and assumptions be as in Case 2 of the proof of Proposition
6.7. If we assume [B] = av + bw + c[£], then the inequalities

. Im(Z%gﬂg(,g)) > 0,Im(Zy 45 (B)) >0,
e Im(Z, g (i"(4))) =0,
b Mggﬁg(o) > ,U(Olg,gg(B) > Ngg,ﬁg(g),
e c>0,a<0.
imply that & > (), or (a,b) = (—1,1),(=3,2).

Proof. We assume that 2 < u(&), i —1a < b. In this case we have g = 6 and ch<s(B) =
(a+2¢,(b—c)H, (c — 30— Gb) )- We have

(a) 0< 83a+§618b+6c < %,

(b) b < Bz,

(0) 38 > ~ialti 09 > a0,

(d) ¢>0,a<0,

(e) —3a<b
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Now (a), (b), (¢), (d) and (e) imply

1 305 — 83a  216a + 107b 83a + 2400 — 323

33 -5 0,—= b < — < -
(33) R N R 6

or

253 1 253 — 6la  216a + 1075 83a + 2400 — 323

4 S < -5 —= — < - .
(34) 3 <a< =5, 2a<b< 86 553 <c< 5

It is not hard to see that the only possible values of a,b € Z are (a,b) = (—1,1) and (a,b) =
(—3,2). O

From a similar computation as in Lemma A.2, we have the following lemma:
Lemma A.12. Let X := Xq39. Then there are no walls for the class 3v — 2w on the line
B =0 = —1% with respect to Og— 2
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