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QUASI-CRITICAL FLUCTUATIONS FOR 2d DIRECTED POLYMERS

FRANCESCO CARAVENNA, FRANCESCA COTTINI, AND MAURIZIA ROSSI

Abstract. We study the 2d directed polymer in random environment in a novel quasi-

critical regime, which interpolates between the much studied sub-critical and critical
regimes. We prove Edwards-Wilkinson fluctuations throughout the quasi-critical regime,
showing that the diffusively rescaled partition functions are asymptotically Gaussian, un-
der a rescaling which diverges arbitrarily slowly as criticality is approached. A key chal-
lenge is the lack of hypercontractivity, which we overcome deriving new sharp moment
estimates.

1. Introduction

We consider the partition functions of the 2d directed polymer in random environment:

Z
ω
N,βpzq :“ E

“
e
řN

n“1
tβωpn,Snq´λpβqu ˇ̌

S0 “ z
‰
, (1.1)

where N P N is the system size, β ě 0 is the disorder strength, z P Z
2 is the starting point,

and we have two independent sources of randomness:

‚ S “ pSnqně0 is the simple random walk on Z
2 with law P and expectation E;

‚ ω “ pωpn, zqq
nPN, zPZ2 are i.i.d. random variables with law P, independent of S, with

Erωs “ 0 , Erω2s “ 1 , λpβq :“ logEreβωs ă 8 for β ą 0 . (1.2)

The factor λpβq in (1.1) has the effect to normalise the expectation:

E
“
Z

ω
N,βpzq

‰
“ 1 . (1.3)

Note that pZω
N,βpzqq

zPZ2 is a family of (correlated) positive random variables, depending
on the random variables ω which play the role of disorder (or random environment).

In this paper we investigate the diffusively rescaled partition functions Zω
N,βpt

?
Nxuq,

where t¨u denotes the integer part. For an integrable test function ϕ : R2 Ñ R we set

Z
ω
N,βpϕq :“

ż

R
2

Z
ω
N,βpt

?
Nxuqϕpxq dx “ 1

N

ÿ

zPZ2

Z
ω
N,βpzqϕN pzq , (1.4)

where for R ą 0 we define ϕR : Z2 Ñ R by

ϕRpzq :“
ż

rz,z`p1,1qq

ϕ
`

y?
R

˘
dy (1.5)
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(note that ϕRpzq « ϕ
`

z?
R

˘
if ϕ is continuous). We look for the convergence in distribution

of Zω
N,βpϕq as N Ñ 8, under an appropriate rescaling of the disorder strength β “ βN .

Notation. We denote by ϕ P CcpR2q the space of functions ϕ : R2 Ñ R that are contin-
uous and compactly supported. We write aN ! bN , aN „ bN , aN " bN to mean that the
ratio aN {bN converges respectively to 0, 1,8 as N Ñ 8.

1.1. The phase transition. It is known since [CSZ17b] that the partition functions

undergo a phase transition on the scale β2 “ β
2
N “ Op 1

log N
q, that we now recall.

Let RN be the expected replica overlap of two independent simple random walks S, S1:

RN :“ Eb2

„ Nÿ

n“1

1tSn“S
1
nu


“

Nÿ

n“1

PpS2n “ 0q “ logN

π
`Op1q , (1.6)

see the local limit theorem (3.8). Using the more convenient parameter

σ
2
β :“ Varreβω´λpβqs “ eλp2βq´2λpβq ´ 1 (1.7)

(note that σβ „ β as β Ó 0, since λpβq „ 1
2
β

2), we can rescale β “ βN as follows:

σ
2
βN

“ β̂
2

RN

„ β̂
2
π

logN
, with β̂ P p0,8q . (1.8)

Let us recall some key results on the scaling limit of Zω
N,βpϕq from (1.4) for β “ βN .

‚ In the sub-critical regime β̂ ă 1, after centering and rescaling by
?

logN , the averaged
partition function Z

ω
N,βN

pϕq is asymptotically Gaussian, see [CSZ17b]:†

β̂ P p0, 1q :
a

logN
 
Z

ω
N,βN

pϕq ´ ErZω
N,βN

pϕqs
( dÝÝÝÝÑ

NÑ8
N
`
0 , σ2

ϕ, β̂

˘
, (1.9)

for an explicit limiting variance σ2
ϕ, β̂

P p0,8q (which diverges as β̂ Ò 1).

‚ In the critical regime β̂ “ 1, actually in the critical window β̂
2 “ 1 ` Op 1

log N
q, the

averaged partition function Z
ω
N,βN

pϕq is asymptotically non Gaussian, see [CSZ23]:

β̂ “ 1 `O
`

1
log N

˘
: Z

ω
N,βN

pϕq dÝÝÝÝÑ
NÑ8

Z pϕq “
ż

R
2

ϕpxq Z pdxq , (1.10)

where Z pdxq is a non-trivial random measure on R
2 called the Stochastic Heat Flow.

Note that the sub-critical convergence (1.9) involves a rescaling factor
?

logN , while
no rescaling is needed for the critical convergence (1.10). In view of this discrepancy, it is
natural to investigate the transition between these regimes.

1.2. Main result. To interpolate between the sub-critical regime β̂ ă 1 and the critical
regime β̂ “ 1, we consider a quasi-critical regime in which β̂ Ò 1 but slower than the critical
window β̂

2 “ 1 `Op 1
log N

q. Recalling (1.6) and (1.8), we fix β “ βN such that

σ
2
βN

“ 1

RN

ˆ
1 ´ ϑN

logN

˙
for some 1 ! ϑN ! logN . (1.11)

†The result proved in [CSZ17b, Theorem 2.13] actually involves a space-time average, but the same result
for the space average as in (1.4) follows by similar arguments, see [CSZ20].
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(Note that ϑN “ Op1q would correspond to the critical window, while ϑN “ p1 ´ β̂
2q logN

with β̂ P p0, 1q would correspond to the sub-critical regime.)
Our main result shows that the averaged partition function Z

ω
N,βN

pϕq has Gaussian
fluctuations throughout the quasi-critical regime (1.11), after centering and rescaling by the
factor

?
ϑN , whose rate of divergence can be arbitrarily slow. This shows that non-Gaussian

behavior does not appear before the critical regime. We call this result Edwards-Wilkinson
fluctuations in view of its link with stochastic PDEs, that we discuss in Subsection 1.3.

Theorem 1.1 (Quasi-critical Edwards-Wilkinson fluctuations). Let Zω
N,βpϕq denote

the diffusively rescaled and averaged partition function of the 2d directed polymer model, see
(1.1) and (1.4), for disorder variables ω which satisfy (1.2). Then, for pβN qNPN in the quasi-
critical regime, see (1.7) and (1.11), we have the convergence in distribution

@ϕ P CcpR2q :
a
ϑN

 
Z

ω
N,βN

pϕq ´ ErZω
N,βN

pϕqs
( dÝÝÝÝÑ

NÑ8
N
`
0 , σ2

ϕ

˘
, (1.12)

where the limiting variance is given by

σ
2
ϕ :“

ż

R
2ˆR

2

ϕpxqKpx, x1qϕpx1q dxdx1 with Kpx, x1q :“
ż 1

0

1

2u
e´ |x´x

1
|
2

2u du . (1.13)

Our strategy to prove Theorem 1.1 is inspired by the recent paper [CC22]: we apply a
Central Limit Theorem under a Lyapunov condition, which requires to estimate moments
of the partition function of order higher than two (see Section 2 for a detailed explanation).
A key point is [CC22] is to bound such high moments exploiting the hypercontractivity

of polynomial chaos expansions in the sub-critical regime β̂ ă 1. Crucially, this fails in
the quasi-critical regime (1.11), because the main contribution to the partition function no
longer comes from a finite number of chaotic components (see Section 3).

This is the key technical difficulty that we face in this paper, for which we need to use
model-specific arguments to estimate high moments. To this purpose, we exploit and extend
the strategy developed in [GQT21, CSZ23, LZ21+], deriving novel quantitative estimates
which are essential for our approach (see Sections 4 and 5). We believe that these estimates
will find several applications in future research.

1.3. Relevant context and future perspectives. The Gaussian fluctuations for Zω
N,βpϕq

in Theorem 1.1 are closely connected to a stochastic PDE, the Edwards-Wilkinson equation,
also known as Stochastic Heat Equation with additive noise:

Btv
ps,cqpt, xq “ s

2
∆xv

ps,cqpt, xq ` c 9W pt, xq , (1.14)

where s, c ą 0 are fixed parameters and 9W pt, xq is space-time white noise. This equation is
well-posed in any spatial dimension d ě 1: its solution is the Gaussian process

v
ps,cqpt, xq “ v

ps,cqp0, xq ` c

ż t

0

ż

R
d
gspt´uqpx´ zq 9W pu, zq dudz ,

where gtpxq – p2πtq´d{2 e´ |x|
2

2t is the heat kernel on R
d. It is known that x ÞÑ v

ps,cqpt, xq is
a (random) function only for d “ 1, while for d ě 2 it is a genuine distribution.
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Henceforth we focus on d “ 2. The solution vps,cqpt, ¨q with initial condition vps,cqp0, ¨q ” 0,

averaged on test functions ϕ P CcpR2q, is the centered Gaussian process with covariance

E
“
v

ps,cqpt, ϕq vps,cqpt, ψq
‰

“
ż

R
2ˆR

2

ϕpxqKps,cq
t px, yqψpyq dxdy ,

where we set

K
ps,cq
t px, yq – c

2

ż t

0

g2supx´ yq du “ c
2

2s

ż 2st

0

1

2πu
e´ |x´y|

2

2u du . (1.15)

Comparing with (1.13), we can rephrase our main result (1.12): for any ϕ P CcpR2q
a
ϑN

 
Z

ω
N,βN

pϕq ´ ErZω
N,βN

pϕqs
( dÝÝÝÝÑ

NÑ8
v

ps,cqp1, ϕq with

#
s “ 1

2
,

c “ ?
π .

(1.16)

In other term, the diffusively rescaled partition functions in the quasi-critical regime con-
verge, after centering and rescaling, to the solution of the Edwards-Wilkinson equation.

Remark 1.2. Also relation (1.9), in the sub-critical regime β̂ P p0, 1q, can be rephrased as

a convergence to the Edwards-Wilkinson solution v
ps,ĉqp1, ϕq with ĉ “ ?

π β̂{
b

1 ´ β̂
2.

The reason why stochastic PDEs emerge naturally in the study of directed polymers
is that, by the Markov property of simple random walk, the diffusively rescaled partition
function uN pt, xq :“ Z

ω
tNtu,βpt

?
Nxuq solves (up to a time reversal) a discretized version of

the Stochastic Heat Equation with multiplicative noise:

Btupt, xq “ 1

2
∆xupt, xq ` β 9W pt, xqupt, xq , (1.17)

with initial condition up0, xq “ 1. This gives a hint how the Edwards-Wilkinson equation
(1.14) may arise in the scaling limit of directed polymer partition functions: intuitively, the

singular product 9W pt, xqupt, xq in (1.17) for upt, xq “ uN pt, xq converges to an independent
white noise as N Ñ 8 (see [CC22, Theorem 3.4] in the sub-critical regime).

Edwards-Wilkinson fluctuations were recently proved also for a non-linear Stochastic
Heat Equation, see [DG22, T22+], always in the sub-critical regime. It would be interesting
to extend these results in the quasi-critical regime, generalizing our Theorem 1.1.

Remark 1.3. The multiplicative Stochastic Heat Equation (1.17) in the continuum is well-
posed in one space dimension d “ 1, e.g. by classical Ito-Walsh stochastic integration, but
it is ill-defined in higher dimensions d ě 2. For this reason, directed polymer partition
functions can provide precious insight on the equation (1.17). In particular, for d “ 2,
their scaling limit in the critical regime was obtained in [CSZ23] and called the critical
2d Stochastic Heat Flow, see (1.10), as a natural candidate for the ill-defined solution of
(1.17).

In the same spirit, the log-partition function hN pt, xq :“ logZω
tNtu,βpt

?
Nxuq provides a

discretized approximation for the Kardar-Parisi-Zhang (KPZ) equation [KPZ86]:

Bthpt, xq “ 1

2
∆xhpt, xq ` 1

2
|∇hpt, xq|2 ` β 9W pt, xq ,

with initial condition hp0, xq “ 0. This equation too, in the continuum, is only fully un-
derstood in one space-dimension d “ 1, via recent breakthrough techniques of regularity
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structures [H14] or paracontrolled distributions [GIP15, GP17]; see also [GJ14, K16]. Sim-
ilar to (1.9), Edwards-Wilkinson fluctuations have been proved for hN pt, xq in the entire

sub-critical regime (1.8) with β̂ P p0, 1q [CSZ20, G20, CD20]: for ϕ P CcpR2q
a

logN
 

logZω
N,βN

pϕq ´ ErlogZω
N,βN

pϕqs
( dÝÝÝÝÑ

NÑ8
v

ps,ĉqp1, ϕq , (1.18)

with s, ĉ as in Remark 1.2. This was recently extended in [NN23], which focuses on a
mollification (rather than discretization) of the Stochastic Heat Equation (1.17): phrased
in our setting, the results of [NN23] prove Gaussian fluctuations in the sub-critical regime
for general transformations F pZω

N,βN
q, besides F pzq “ log z, with general initial conditions.

It would be very interesting to extend (1.18) to the quasi-critical regime (1.11), namely
to prove an analogue of our Theorem 1.18 for logZω

N,βN
pϕq, which we expect to hold. A

natural strategy would be to generalize the linearization procedure established in [CSZ20] to
handle the logarithm. This requires estimating negative moments of the partition function,
which is a challenge in the quasi-critical regime (since Zω

N,βN
pzq Ñ 0 for fixed z P Z

2).

Local averages on sub-diffusive scales have also been investigated for the mollified KPZ
solution in the sub-critical regime, see [C23, T23+]. Similar results can be expected for
the mollified solution of the Stochastic Heat Equation (1.17), or for the directed polymer
partition function, which should be obtainable in the sub-critical regime as in [CSZ17b]. It
would be natural to study such local averages also in the quasi-critical regime.

We finally mention that Edwards-Wilkinson fluctuations like (1.9) and (1.18) have also

been obtained in higher dimensions d ě 3, in the so-called L
2-weak disorder phase where

the partition function has bounded second moment [CN21, LZ22, CNN22, CCM21+], see
also the previous works [MU18, GRZ18, CCM20, DGRZ20]. Unlike the two-dimensional

setting, for d ě 3 the partition function admits a non-zero limit also beyond the L2-weak
disorder phase: see [J22, J22+] for recent results in this challenging regime. It would be
natural to investigate whether our approach can also be applied in higher dimensions d ě 3,
in order to prove Gaussian fluctuations slightly beyond the L2-weak disorder phase.

1.4. Organization of the paper. The paper is structured as follows.

‚ In Section 2 we present the structure of the proof of Theorem 1.1 based on two key
steps, formulated as Propositions 2.1 and 2.2.

‚ In Section 3 we prove Proposition 2.1.

‚ In Section 4 we derive upper bounds on the moments of the partition functions.

‚ In Section 5 we prove Proposition 2.2.

‚ Finally, some technical points are deferred to Appendix A.

Acknowledgements. We gratefully acknowledge the support of INdAM/GNAMPA.

2. Proof of Theorem 1.1

Let us call XN the LHS of (1.12): recalling (1.4) and (1.3), we can write

XN :“
a
ϑN

 
Z

ω
N,βN

pϕq ´ ErZω
N,βN

pϕqs
(

“
?
ϑN

N

ÿ

zPZ2

 
Z

ω
N,βN

pzq ´ 1
(
ϕN

`
z?
N

˘
,

(2.1)

with ϕN as in (1.5). In this section, we prove Theorem 1.1 via the following two main steps:
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(1) we first approximate XN in L2 by a sum
řM

i“1X
piq
N,M of independent random variables,

for M “ MN Ñ 8 slowly enough;

(2) we then show that the random variables pXpiq
N,M q1ďiďM for M “ MN satisfy the

assumptions of the classical Central Limit Theorem for triangular arrays.

2.1. First step. In order to define the random variables X
piq
N,M , for M P N and 1 ď i ď M ,

we introduce a variation of (1.1), for ´8 ă A ă B ă 8:

Z
ω
pA,Bs,βpzq :“ E

“
e
ř

nPpA,BsXN
tβωpn,Snq´λpβqu ˇ̌

S0 “ z
‰
. (2.2)

We then define X
piq
N,M replacing Zω

N,β by Zω
p i´1

M
N, i

M
Ns,β in the definition (2.1) of XN :

X
piq
N,M “

?
ϑN

N

ÿ

zPZ2

 
Z

ω
p i´1

M
N, i

M
Ns,βN

pzq ´ 1
(
ϕN

`
z?
N

˘
. (2.3)

Note that Zω
pA,Bs,βpzq only depends on ωpn, xq for A ă n ď B, moreover ErZω

pA,Bs,βpzqs “ 1.

As a consequence, X
piq
N,M for 1 ď i ď M are independent and centered random variables.

The core of this first step is the following approximation result, proved in Section 3.

Proposition 2.1 (L2 approximation). For pβN qNPN in the quasi-critical regime, see

(1.7) and (1.11), the following relations hold for any ϕ P CcpR2q, with σ2
ϕ as in (1.13):

lim
NÑ8

E
“
X

2
N

‰
“ σ

2
ϕ , @M P N : lim

NÑ8

››››XN ´
Mÿ

i“1

X
piq
N,M

››››
L

2

“ 0 . (2.4)

From the second relation in (2.4) it follows that, for any pMN qNPN with MN Ñ 8 slowly
enough as N Ñ 8 (see [CC22, Remark 4.2]),

lim
NÑ8

››››XN ´
MNÿ

i“1

X
piq
N,MN

››››
L

2

“ 0 , (2.5)

that is we approximate XN in L2 by a sum of independent and centered random variables.
We then obtain, by the first relation in (2.4),

lim
NÑ8

E

«˜
MNÿ

i“1

X
piq
N,MN

¸2ff
“ lim

NÑ8

MNÿ

i“1

E

”`
X

piq
N,MN

˘2
ı

“ σ
2
ϕ . (2.6)

2.2. Second step. Recalling (2.1), we can rephrase our goal (1.12) as XN
dÑ N p0, σ2

ϕq.
In view of (2.5), this follows if we prove the convergence in distribution

MNÿ

i“1

X
piq
N,MN

dÝÝÝÝÑ
NÑ8

N
`
0 , σ2

ϕ

˘
. (2.7)

Since pXpiq
N,MN

q1ďiďMN
are independent and centered, we apply the classical Central Limit

Theorem for triangular arrays, see e.g. [Bil95, Theorem 27.3]: since we have convergence of
the variance by (2.6), it is enough to check the Lyapunov condition

for some p ą 2 : lim
NÑ8

MNÿ

i“1

E

”ˇ̌
X

piq
N,MN

ˇ̌pı “ 0 . (2.8)
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This follows from the next result, proved in Section 4, where we focus on the case p “ 4.

Proposition 2.2 (Fourth moment bound). For pβN qNPN in the quasi-critical regime,

see (1.7) and (1.11), and for any ϕ P CcpR2q, there is a constant C ă 8 such that

@M P N , @1 ď i ď M : lim sup
NÑ8

E

”`
X

piq
N,M

˘4
ı

ď C

M
2
. (2.9)

Since the estimate (2.9) holds for any fixed M , it follows that we can let MN Ñ 8 slowly
enough as N Ñ 8 so that

E

”`
X

piq
N,MN

˘4
ı

ď 2C

M
2
N

@i “ 1, . . . ,MN .

This shows that (2.8) holds with p “ 4 (the sum therein is ď 2C{MN Ñ 0 as N Ñ 8).

The proof of Theorem 1.1 is then completed once we prove Propositions 2.1 and 2.2. The
next sections are devoted to these tasks.

3. Second moment bounds: proof of Proposition 2.1

In this section we prove Proposition 2.1 exploiting a polynomial chaos expansion of the
partition function. We fix pβN qNPN in the quasi-critical regime, see (1.7) and (1.11), and

ϕ P CcpR2q. We denote by C,C 1
, . . . generic constants that may vary from place to place.

3.1. Polynomial chaos expansion. The partition function admits a key polynomial
chaos expansion [CSZ17a]. Let us define, for β ą 0,

ξβpn, xq :“ eβωpn,xq´λpβq ´ 1 , for n P N , x P Z
2
. (3.1)

Recalling (1.7), we note that pξβpn, xqq
nPN,xPZ2 are independent random variables with

Erξβs “ 0 , Erξ2
βs “ σ

2
β , Er|ξβ|ks ď Ck σ

k
β @k ě 3 , (3.2)

for some Ck ă 8 (for the bound on Er|ξβ|ks see, e.g., [CSZ17a, eq. (6.7)]).
We denote by qnpxq the random walk transition kernel:

qnpxq :“ PpSn “ x |S0 “ 0q . (3.3)

Then, writing e
ř

ntβωpn,xq´λpβqu “ ś
np1 ` ξβpn, xqq and expanding the product, we can

write Zω
pA,Bs,βpzq in (2.2) as the following polynomial chaos expansion:

Z
ω
pA,Bs,βpzq “ 1 `

8ÿ

k“1

ÿ

Aăn1ă...ănkďB

x1,...,xkPZ2

qn1
px1 ´ zq ξβpn1, x1qˆ

ˆ
kź

j“2

qnj´nj´1
pxj ´ xj´1q ξβpnj, xjq ,

(3.4)

where we agree that the time variables n1 ă . . . ă nk are summed in the set pA,Bs XZ (in
particular, the seemingly infinite sum over k can be stopped at B ´A).

Plugging (3.4) into (2.1), we obtain a corresponding polynomial chaos expansion for XN ,
recall (2.1) and (1.5): if we define the averaged random walk transition kernel

q
f
npxq :“

ÿ

zPZ2

qnpx ´ zq fpzq , for f : Z2 Ñ R , (3.5)
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we obtain

XN “
?
ϑN

N

8ÿ

k“1

ÿ

0ăn1ă...ănkďN

x1,...,xkPZ2

q
ϕN
n1

px1q ξβN
pn1, x1q

kź

j“2

qnj´nj´1
pxj ´ xj´1q ξβN

pnj , xjq . (3.6)

The analogous polynomial chaos expansion for the random variables X
piq
N,M , see (2.3), is

obtained from (3.6) restricting the sum to i´1
M
N ă n1 ă . . . ă nk ď i

M
N :

X
piq
N,M “

?
ϑN

N

8ÿ

k“1

ÿ

i´1

M
Năn1ă...ănkď i

M
N

x1,...,xkPZ2

q
ϕN
n1

px1q ξβN
pn1, x1q ˆ

ˆ
kź

j“2

qnj´nj´1
pxj ´ xj´1q ξβN

pnj , xjq .

(3.7)

Remark 3.1. Since the random variables pξβpn, xqq
nPN,xPZ2 are independent and centered,

see (3.1), the terms in the polynomial chaos (3.4), (3.6), (3.7) are orthogonal in L
2.

We finally recall the local limit theorem for the simple random walk on Z
2, see [LL10,

Theorem 2.1.3]: as n Ñ 8, uniformly for x P Z
2 we have†

qnpxq “ 1

n{2

´
g
´

x?
n{2

¯
` op1q

¯
21pn,xqPZ3

even

, where gpyq :“ e´ 1

2
|y|2

2π
, (3.8)

and we set Z
3
even :“

 
y “

`
y1, y2, y3

˘
P Z

3 : y1 ` y2 ` y3 P 2Z
(
.

3.2. Proof of Proposition 2.1. Note that
řM

i“1 X
piq
N,M is a polynomial chaos where all

time variables n1 ă . . . ă nk belong to one of the intervals p i´1
M
N , i

M
N s, see (3.7). It

follows that XN is a larger polynomial chaos than
řM

i“1 X
piq
N,M , i.e. it contains more terms,

hence the difference XN ´řM
i“1 X

piq
N,M is orthogonal in L

2 to
řM

i“1X
piq
N,M (see Remark 3.1):

››››XN ´
Mÿ

i“1

X
piq
N,M

››››
2

L
2

“
››XN

››2

L
2 ´

››››
Mÿ

i“1

X
piq
N,M

››››
2

L
2

“
››XN

››2

L
2 ´

Mÿ

i“1

››Xpiq
N,M

››2

L
2.

As a consequence, to prove our goal (2.4) it is enough to show that

lim
NÑ8

E
“
X

2
N

‰
“ σ

2
ϕ , @M P N : lim

NÑ8

Mÿ

i“1

E

”`
X

piq
N,M

˘2
ı

“ σ
2
ϕ , (3.9)

where we recall that σ2
ϕ is defined in (1.13). The first relation in (3.9) follows from the

second one, because XN “ X
p1q
N,1. Then the proof is completed by the next result. �

†The scaling factor in (3.8) is n{2 because the covariance matrix of the simple random walk on Z
2

is 1

2
I ,

while the factor 21
pm,zqPZ

3

even

is due to periodicity.
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Lemma 3.2 (Quasi-critical variance). Fix pβN qNPN in the quasi-critical regime, see

(1.7) and (1.11), and ϕ P CcpR2q. For any M P N, the following holds for all i “ 1, . . . ,M :

lim
NÑ8

E
“`
X

piq
N,M

˘2‰ “ σ
2
ϕ, p i´1

M
, i

M
s :“

ż

R
2ˆR

2

ϕpxqϕpx1q
ˆż i

M

i´1

M

1

2u
e´ |x´x

1
|
2

2u du

˙
dxdx1

. (3.10)

Proof. Let us fix M P N and 1 ď i ď M . We split the proof of (3.10) in the two bounds

lim sup
NÑ8

E

”`
X

piq
N,M

˘2
ı

ď σ
2
ϕ, p i´1

M
, i

M
s (3.11)

and

lim inf
NÑ8

E

”`
X

piq
N,M

˘2
ı

ě σ
2
ϕ, p i´1

M
, i

M
s . (3.12)

We first obtain an exact expression for the second moment of X
piq
N,M by (3.7): since the

random variables ξβpn, xq are independent with zero mean and variance σ2
β, we have

E

”`
X

piq
N,M

˘2
ı

“ ϑN

N
2

8ÿ

k“1

pσ2
βN

qk
ÿ

i´1

M
Năn1ă...ănkď i

M
N

x1,...,xkPZ2

q
ϕN
n1

px1q2
kź

j“2

qnj´nj´1
pxj ´ xj´1q2

.

We can sum the space variables xk, xk´1, . . . , x2 because
ř

xPZ2 qnpxq2 “ q2np0q, see (3.3),

while to handle the sum over x1 we note that, recalling (3.5),
ÿ

xPZ2

q
f
npxq2 “ q

f,f
2n where we set q

f,f
m :“

ÿ

z,z
1PZ2

qmpz ´ z
1q fpzq fpz1q . (3.13)

We then obtain

E

”`
X

piq
N,M

˘2
ı

“ ϑN

8ÿ

k“1

pσ2
βN

qk
ÿ

i´1

M
Năn1ă...ănkď i

M
N

q
ϕN ,ϕN
2n1

N
2

kź

j“2

q2pnj´nj´1qp0q . (3.14)

We then prove the upper bound (3.11). We rename n1 “ n and enlarge the sum over the
other time variables n2, . . . , nk, by letting each increment mj :“ nj ´ nj´1 for j “ 2, . . . , k

vary in the whole interval p0, N s: since
řN

m“1 q2mp0q “ RN , see (1.6), we obtain

E

”`
X

piq
N,M

˘2
ı

ď ϑN

ÿ

i´1

M
Nănď i

M
N

q
ϕN ,ϕN
2n

N
2

8ÿ

k“1

pσ2
βN

qkpRN qk´1

“ ϑN

# ÿ

i´1

M
Nănď i

M
N

q
ϕN ,ϕN
2n

N
2

+
σ

2
βN

1 ´ σ
2
βN
RN

,

(3.15)

where we summed the geometric series since σ2
βN
RN “ 1 ´ ϑN

log N
ă 1 for large N , by (1.11).

We will prove the following Riemann sum approximation, for any given 0 ď a ă b ď 1:

lim
NÑ8

ÿ

aNănďbN

q
ϕN ,ϕN
2n

N
2

“
ż

R
2ˆR

2

ϕpxqϕpx1q
ˆż b

a

1

u
g

ˆ
x´ x

1
?
u

˙
du

˙
dxdx1

, (3.16)
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where gpyq “ 1
2π

e´ 1

2
|y|2 is the standard Gaussian density on R

2, see (3.8). Plugging this

into (3.15), since 1 ´σ
2
βN
RN “ ϑN

log N
and σ2

βN
„ 1

RN
„ π

log N
as N Ñ 8 by (1.11) and (1.6),

we obtain precisely the upper bound (3.11) (note that π 1
u
gpx´x

1
?

u
q “ 1

2u
expp´ |x´x

1|2
2u

q).
Let us now prove (3.16). This is based on the local limit theorem (3.8) as n Ñ 8, hence

the case a “ 0 could be delicate, as the sum in (3.16) starts from n “ 1 and, therefore, n
needs not be large. For this reason, we first show that small values of n are negligible for

(3.16). Since ϕ is compactly supported, when we plug f “ ϕN into qf,f
2n , see (3.13), we can

restrict the sums to |z1| ď C
?
N , which yields the following uniform bound:

@m P N : |qϕN ,ϕN
m | ď }ϕ}2

8
ÿ

|z1|ďC
?

N

ÿ

zPZ2

qmpz ´ z
1q ď C

1 }ϕ}2
8 N . (3.17)

In particular, the contribution of n ď εN to the LHS of (3.16) is Opεq. As a consequence,
it is enough to prove (3.16) when a ą 0, which we assume henceforth.

Recalling (3.13) and applying (3.8), we can write the LHS of (3.16) as follows:

ÿ

aNănďbN

q
ϕN ,ϕN
2n

N
2

“ 1

N
2

ÿ

aNănďbN

ÿ

z,z
1PZ2

:

pn,z´z
1qPZ3

even

2

n

´
g
´

z´z
1

?
n

¯
` op1q

¯
ϕ
`

z?
N

˘
ϕ
`

z
1

?
N

˘
,

where op1q Ñ 0 as N Ñ 8 (because n ą aN Ñ 8 and we assume a ą 0). The additive
term op1q gives a vanishing contribution as N Ñ 8, because we can bound 2

n
ď 2

aN
and

|ϕp¨q| ď }ϕ}8, and the sums contain OpN3q terms (since |z|, |z1| ď C
?
N). Introducing the

rescaled variables u :“ n
N

and x :“ z?
N

, x1 :“ z
1

?
N

, we can then rewrite the RHS as

1

N
3

ÿ

uPpa,bsX N

N

ÿ

x,x
1P Z

2

?
N

:

pNu,
?

Npx´x
1qqPZ3

even

2

u

´
g
´

x´x
1

?
u

¯¯
ϕpxqϕpx1q ` op1q ,

which is a Riemann sum for the integral in the RHS of (3.16). Note that the restriction

pNu,
?
Npx ´ x

1qq P Z
3
even effectively halves the range of the sum: indeed, for any given u

and x, the sum over x1 “ z
1

?
N

P Z
2

?
N

is restricted to points z1 P Z
2 with a fixed parity (even

or odd, depending on u, x). This restriction is compensated by the multiplicative factor 2,
which disappears as we let N Ñ 8. This completes the proof of (3.16).

We finally prove the lower bound (3.12). We fix ε ą 0 small enough and we bound the
RHS of (3.14) from below as follows:

‚ we rename n “ n1 and we restrict its sum to the interval
`

i´1
M
N , p1 ´ εq i

M
N
‰
;

‚ for k ě 2, we introduce the “displacements” mj :“ nj ´ n1 from n1, for j “ 2, . . . , k,

and we restrict the sum over n2, . . . , nk to the set 0 ă m2 ă . . . ă mk ď ε i
M
N .

We thus obtain by (3.14)

E

”`
X

piq
N,M

˘2
ı

ě ϑN

ÿ

i´1

M
Nănďp1´εq i

M
N

q
ϕN ,ϕN
2n

N
2

ˆ

ˆ
˜
σ

2
βN

`
8ÿ

k“2

pσ2
βN

qk
ÿ

0ăm2ă...ămkďε i
M

N

q2m2
p0q

kź

j“3

q2pmj´mj´1qp0q
¸
.

(3.18)



QUASI-CRITICAL FLUCTUATIONS FOR 2d DIRECTED POLYMERS 11

We now give a probabilistic interpretation to the sum overm2, . . . ,mk: following [CSZ19a]

and recalling (1.6), given N P N we define i.i.d. random variables pT pNq
i qiPN with distribu-

tion

P
`
T

pNq
i “ n

˘
“ q2np0q

RN

1t1,...,Nupnq , (3.19)

so that the second line of (3.18) can be written, renaming ℓ “ k ´ 1, as

σ
2
βN

˜
1 `

8ÿ

ℓ“1

pσ2
βN
RN qℓ P

´
T

pNq
1 ` . . . ` T

pNq
ℓ ď ε i

M
N
¯¸

“ σ
2
βN

˜
1

1 ´ σ
2
βN
RN

´
8ÿ

ℓ“1

pσ2
βN
RN qℓ P

´
T

pNq
1 ` . . . ` T

pNq
ℓ ą ε i

M
N
¯¸

.

(3.20)

Plugging this into (3.18) and recalling (3.17), we obtain

E

”`
X

piq
N,M

˘2
ı

ěϑN

# ÿ

i´1

M
Nănďp1´εq i

M
N

q
ϕN ,ϕN
2n

N
2

+
σ

2
βN

1 ´ σ
2
βN
RN

´
`
C

1 }ϕ}2
8
˘
ϑN σ

2
βN

8ÿ

ℓ“1

pσ2
βN
RN qℓ P

´
T

pNq
1 ` . . . ` T

pNq
ℓ ą ε

M
N
¯
.

(3.21)

The first term in the RHS is similar to (3.15), just with p1´εq i
M

instead of i
M

, therefore we

already proved that it converges to σ2
ϕ, p i´1

M
,p1´εq i

M
s as N Ñ 8, see (3.16) and the following

lines (recall also (3.10)). Letting ε Ó 0 after N Ñ 8 we recover σ2
ϕ, p i´1

M
, i

M
s, hence to prove

(3.12) we just need to show that the second term in the RHS of (3.21) is negligible:

lim
NÑ8

ϑN σ
2
βN

8ÿ

ℓ“1

pσ2
βN
RN qℓ P

´
T

pNq
1 ` . . . ` T

pNq
ℓ ą ε

M
N
¯

“ 0 . (3.22)

Recall that the random variables pT pNq
i qiPN are i.i.d. with distribution (3.19). Since

q2np0q ď C
n

by the local limit theorem (3.8), we have ErT pNq
i s “ 1

RN

řN
n“1 n q2np0q ď C N

RN

and, by Markov’s inequality, we can bound

P
´
T

pNq
1 ` . . . ` T

pNq
ℓ ą ε

M
N
¯

ď E
“
T

pNq
1 ` . . . ` T

pNq
ℓ

‰
ε

M
N

ď C ℓ
ε

M
RN

.

Since
ř8

ℓ“1 ℓ x
ℓ “ x

p1´xq2 , we obtain

ϑN σ
2
βN

8ÿ

ℓ“1

pσ2
βN
RN qℓ P

´
T

pNq
1 ` . . . ` T

pNq
ℓ ą ε

M
N
¯

ď ϑN σ
2
βN

C
ε

M
RN

σ
2
βN
RN

p1 ´ σ
2
βN
RN q2

“ CM

ε

ϑN pσ2
βN

q2

p1 ´ σ
2
βN
RN q2

.

Note that 1 ´ σ
2
βN
RN “ ϑN

log N
and σ

2
βN

„ 1
RN

„ π
log N

by (1.11) and (1.6), hence the last

term is asymptotically equivalent to CM
ε

π
2

ϑN
Ñ 0 as N Ñ 8, since ϑN Ñ 8, see (1.11).

This shows that (3.22) holds and completes the proof of Proposition 2.1. �
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4. General moment bounds

In this section we estimate the moments of the partition function Z
ω
L,β through a re-

finement of the operator approach from [CSZ23, Theorem 6.1] and [LZ21+, Theorem 1.3]
(inspired by [GQT21]). We point out that these papers deal with the critical and sub-critical
regimes, while we are interested the quasi-critical regime (1.11).

For transparency, and in view of future applications, we develop in this section a non
asymptotic approach which is independent of the regime of β: we obtain bounds with explicit
constants which hold for any given system size L and disorder strength β. Some novelties
with respect to [CSZ23, LZ21+] are described in Remarks 4.4, 4.7, 4.9. These bounds will
be crucially applied in Section 5 to prove Proposition 2.2.

The section is organised as follows:

‚ in Subsection 4.1 we give an exact expansion for the moments, see Theorem 4.5, in
terms of suitable operators linked to the random walk and the disorder;

‚ Subsection 4.2 we deduce upper bounds for the moments, see Theorems 4.8 and 4.11,
which depend on two pairs of quantities, that we call boundary terms and bulk terms;

‚ in Subsection 4.3 we state some basic random walk bounds needed in our analysis
(we consider general symmetric random walks with sub-Gaussian tails);

‚ in Subsections 4.4 and 4.5 we obtain explicit estimates on the boundary terms and
bulk terms, which plugged in Theorem 4.11 yield explicit bounds on the moments.

4.1. Moment expansion. The partition function Z
ω
pA,Bs,βpzq in (2.2) is called “point-

to-plane”, since random walk paths start at S0 “ z but have no constrained endpoint.
We introduce a “point-to-point” version, for simplicity when pA,Bs “ p0, Ls for L P N,
restricting to random walk paths with a fixed endpoint SL “ w:

Z
ω
L,βpz,wq :“ E

”
e
řL´1

n“1
tβωpn,Snq´λpβqu

1tSL“wu
ˇ̌
ˇS0 “ z

ı
(4.1)

(we stop the sum at n “ L´ 1 for later convenience).

Given two “boundary conditions” f, g : Z2 Ñ R, we define the averaged version

Z
ω
L,βpf, gq :“

ÿ

z,wPZ2

fpzqZω
L,βpz,wq gpwq , (4.2)

where we use a different font to avoid confusions with the diffusively rescaled average (1.4).
We focus on the centred moments of Zω

L,βpf, gq, that we denote by

M
h
L,βpf, gq :“ E

”`
Z

ω
L,βpf, gq ´ ErZω

L,βpf, gqs
˘h
ı

for h P N . (4.3)

Remark 4.1. Recalling (2.2), (2.3) and (1.5), (3.5), by translation invariance we have

E

”
pXpiq

N,M q4
ı

“ ϑ
2
N

N
4

M
4
N
M

,βN
pfi, gq , where

#
fipzq :“ q

ϕN
i´1

M
N

pzq ,
gpwq :“ 1 .

(4.4)

To prove Proposition 2.2, in Section 5 we will focus on M
4
L,βpf, gq.

Henceforth we fix h P N with h ě 2 (the interesting case is h ě 3). We are going to give

an exact expression for M
h
L,βpf, gq, see Theorem 4.5. We first need some notation.
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We denote by I $ t1, . . . , hu a partition of t1, . . . , hu, i.e. a family I “ tI1
, . . . , I

mu of

non empty disjoint subsets Ij Ď t1, . . . , hu with I
1 Y . . . Y I

m “ t1, . . . , hu. We single out:

‚ the unique partition I “ ˚ :“ tt1u, t2u, . . . , thuu composed by all singletons;

‚ the
`

h
2

˘
partitions of the form I “ tta, bu, tcu : c ‰ a, c ‰ bu, that we call pairs.

Example 4.2 (Cases h “ 2, 3, 4). All partitions I $ t1, 2u are I “ ˚ and I “ tt1, 2uu.
All partitions I $ t1, 2, 3u are I “ ˚, three pairs I “ tta, bu, tcuu and I “ tt1, 2, 3uu.
All partitions I $ t1, 2, 3, 4u are I “ ˚, six pairs I “ tta, bu, tcu, tduu, six double pairs

I “ tta, bu, tc, duu, four triples I “ tta, b, cu, tduu and the quadruple I “ tt1, 2, 3, 4uu.

Given a partition I “ tI1
, . . . , I

mu $ t1, . . . , hu, we define for x “ px1
, . . . , x

hq P pZ2qh

x „ I if and only if

#
x

a “ x
b if a, b P Ii for some i ,

x
a ‰ x

b if a P Ii
, b P Ij for some i ‰ j with |Ii|, |Ij | ě 2 .

(4.5)

For instance x „ tt1, 2u, t3u, t4uu means x1 “ x
2, while x „ tt1, 2u, t3, 4uu means x1 “ x

2

and x
3 “ x

4 with x
1 ‰ x

3. Note that x „ ˚ imposes no constraint. We also define

pZ2qh
I :“

 
x P pZ2qh : x “ px1

, . . . , x
hq „ I

(
, (4.6)

which is essentially a copy of pZ2qm embedded in pZ2qh.

A family I1, . . . , Ir of partitions Ii “ tI1
i , . . . , I

mi
i u $ t1, . . . , hu is said to have full support

if any a P t1, . . . , hu belongs to some partition Ii not as a singleton, i.e. a P Ij
i with |Ij

i | ě 2.

Example 4.3 (Full support for h “ 4). A single partition I1 $ t1, 2, 3, 4u with full
support is either the quadruple I1 “ tt1, 2, 3, 4uu or a double pair I1 “ tta, bu, tc, duu.
There are many families of two partitions I1, I2 $ t1, 2, 3, 4u with full support, for instance
two non overlapping pairs such as I1 “ tt1, 3u, t2u, t4uu, I2 “ tt2, 4u, t1u, t3uu.

We now introduce h-fold analogues of the random walk transition kernel (3.3) and of its

averaged version (3.5): given partitions I, J $ t1, . . . , hu, we define for x, z P pZ2qh

Q
I,J
n pz,xq :“ 1tz„I, x„Ju

hź

i“1

qnpxi ´ z
iq , q

f,J
n pxq :“ 1tx„Ju

hź

i“1

q
f
npxiq . (4.7)

Given m P N0 and J $ t1, . . . , hu ‰ ˚, we define for x, z P pZ2qh the weighted Green’s
kernel

U
J
m,βpz,xq :“

$
’’’’&
’’’’%

8ÿ

k“1

ErξJ
β sk

ÿ

0“:n0ăn1ă¨¨¨ănk:“m

y1,...,yk´1PpZ2qh

y0:“z , yk:“x

kź

i“1

Q
J,J
ni´ni´1

pyi´1,yiq if m ě 1 ,

1tz“x„Ju if m “ 0 ,

(4.8)

where for J “ tJ1
, . . . , J

mu with J ‰ ˚ we define

ErξJ
β s :“

ź

i: |Ji|ě2

Erξ|Ji|
β s . (4.9)

When J is a pair, this reduces to ErξJ
β s “ Erξ2

βs “ σ
2
β, see (3.2).
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Remark 4.4 (On the definition of U
J ). We point out that U

J was only defined in

[CSZ23, LZ21+] when J is a pair. Defining U
J for any partition J makes formulas simpler,

as it avoids to distinguish between pairs and non-pairs in the sums (4.12) and (4.18).
For a pair J “ tta, bu, tcu : c ‰ a, bu, by Chapman-Kolmogorov we can express

U
J
m,βpz,xq “ Um,βpxa ´ z

aq1tx
b“x

a
, z

b“z
au

ź

c‰a,b

qmpxc ´ z
cq , (4.10)

where we define for x P Z
2

Um,βpxq :“
8ÿ

k“1

pσ2
βqk

ÿ

0“:n0ăn1ă¨¨¨ănk:“m

x0:“0, x1,...,xk´1PZ2
, xk:“x

kź

i“1

qni´ni´1
pxi ´ xi´1q2

. (4.11)

Given two functions q
f pxq, q

gpxq and a family of matrices Uipz,xq, Qipz,xq for x, z P T,
where T is a countable set, we use the standard notation

B
q

f
, U1

" rź

i“2

Qi Ui

*
q

g

F
:“

ÿ

z1,...,zrPT
z

1
1,...,z

1
rPT

q
f pz1q U1pz1, z

1
1q
" rź

i“2

Qipz1
i´1, ziq Uipzi, z

1
iq
*

q
gpz1

rq .

We can now give the announced expansion for M
h
L,βpf, gq, that we prove in Appendix A.

Theorem 4.5 (Moment expansion). Let Z
ω
L,βpf, gq be the averaged partition function

in (4.2) with centred moments M
h
L,βpf, gq, see (4.3). For any h P N with h ě 2 we have

M
h
L,βpf, gq “

8ÿ

r“1

ÿ

0ăn1ďm1ă¨¨¨ănrďmrăL

ÿ

I1,...,Ir$t1,...,hu
with full support

and Ii‰Ii´1, Ii‰˚ @i

" rź

i“1

ErξIi

β s
*

ˆ

ˆ
B

q
f,I1

n1
, U

I1

m1´n1,β

" rź

i“2

Q
Ii´1,Ii

ni´mi´1
U

Ii

mi´ni,β

*
q

g,Ir

L´mr

F
.

(4.12)

Remark 4.6 (Sanity check). In case h “ 2, the conditions Ii ‰ Ii´1 and Ii ‰ ˚ in (4.12)
force r “ 1 and I1 “ tt1, 2uu. Then, recalling (4.10)-(4.11), formula (4.12) reduces to

M
2
L,βpf, gq “ VarrZω

L,βpf, gqs “ σ
2
β

ÿ

0ănďmăL

z,xPZ2

q
f
npzqUm´n,βpx ´ zq qg

L´mpxq ,

which is a classical expansion for the variance, see e.g. [CSZ23, eq. (3.51)].

Remark 4.7 (Boundary conditions). In [CSZ23, LZ21+], the quantity q
f,I1

n1
in (4.12) is

expanded as Q
I1,˚
n1

f
bh (recall (4.7) and (3.5)); similarly for q

g,Ir

L´mr
. We keep these quantities

unexpanded in order to derive tailored estimates, see Subsection 4.4, which could not be

derived by simply applying operator norm bounds on Q
I1,˚
n1

as in [CSZ23, LZ21+].
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4.2. Moment upper bounds. We next obtain upper bounds from (4.12). For L P N we
define the summed kernels

pQI,J
L pz,xq :“

Lÿ

n“1

Q
I,J
n pz,xq , pqf,I

L pxq :“
Lÿ

n“1

q
f,I
n pxq . (4.13)

Recalling (4.8) and (4.9) we set, with some abuse of notation,

|U|Jm´n,βpz,xq :“ U
J
m´n,βpz,xq from (4.8) with ErξJ

β s replaced by |ErξJ
β s| . (4.14)

Then, for L P N and λ ě 0, we define the Laplace sum

|pU|JL,λ,βpz,xq :“ 1tz“x„Ju `
Lÿ

m“1

e´λm |U|Jm,βpz,xq . (4.15)

Finally, we introduce a uniform bound on the right boundary function q
g,Ir

L´mr
in (4.12):

sqg,J
L pzq :“ max

1ďnďL
q

g,J
n pzq . (4.16)

We can now state our first moment upper bound.

Theorem 4.8 (Moment upper bound, I). Let Z
ω
L,βpf, gq denote the averaged partition

function in (4.2) with centred moment M
h
L,βpf, gq, see (4.3), for h P N with h ě 2. For any

λ ě 0 we have the upper bound

ˇ̌
M

h
L,βpf, gq

ˇ̌
ď eλL

8ÿ

r“1

Ξprq (4.17)

with

Ξprq :“
ÿ

I1,...,Ir$t1,...,hu
with full support

and Ii‰Ii´1, Ii‰˚ @i

" rź

i“1

ˇ̌
ErξIi

β s
ˇ̌*B

pq|f |,I1

L , |pU|I1

L,λ,β

" rź

i“2

pQIi´1,Ii

L |pU|Ii

L,λ,β

*
sq|g|,Ir

L

F
. (4.18)

Proof. Replacing ErξIi

β s, f , g, U in (4.12) respectively by |ErξIi

β s|, |f |, |g|, |U|, every term

becomes non-negative. We next replace q
|g|,I
L´mr

by the uniform bound sq|g|,I
L and then enlarge

the sum in (4.12), allowing increments ni ´mi´1 and mi ´ ni to vary freely in t1, . . . , Lu.

Plugging 1 ď eλL e´λmr ď eλL e´λ
řr

i“1
pmi´niq, we obtain (4.17). �

Remark 4.9 (On the right boundary condition). The function q
g,Ir

L´mr
in (4.12) is

controlled in [CSZ23, LZ21+] by introducing an average over L, which forces the function g

to be estimated in ℓ
8. Our approach avoids such averaging, via the quantity sqg,J

L from
(4.16): this lets us estimate the function g in ℓ

q also for q ă 8 (see Proposition 4.21).

We next bound Ξprq in (4.18), starting from the scalar product. Let us recall some
functional analysis: given a countable set T and a function f : T Ñ R, we define

}f}ℓ
ppTq “ }f}ℓ

p :“
ˆÿ

zPT
|fpzq|p

˙ 1

p

for p P r1,8q . (4.19)
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For a linear operator A : ℓqpTq Ñ ℓ
qpT1q, with p, q P p1,8q such that 1

p
` 1

q
“ 1, we have

}A}ℓ
qÑℓ

q :“ sup
gı0

}A g}
ℓ

qpT1q
}g}ℓ

qpTq
“ sup

}f}
ℓ
p

pT
1
q
ď1, }g}

ℓ
q

pTq
ď1

xf,A gy . (4.20)

By Hölder’s inequality |xg, hy| ď }g}ℓ
p }h}ℓ

q , so the scalar product in (4.18) is bounded by

››pq|f |,I1

L

››
ℓ

p

››|pU|I1

L,λ,β

››
ℓ

qÑℓ
q

" rź

i“2

››pQIi´1,Ii

L

››
ℓ

qÑℓ
q

››|pU|Ii

L,λ,β

››
ℓ

qÑℓ
q

* ››sq|g|,Ir

L

››
ℓ

q . (4.21)

Remark 4.10 (Restricted ℓ
q spaces). Due to the constraint 1tz„I,x„Ju in (4.7), we

may regard pQI,J
L as a linear operator from ℓ

qppZ2qh
J q to ℓ

qppZ2qh
I q, see (4.6). Similarly, we

may view |pU|JL,λ,β as a linear operator from ℓ
qppZ2qh

J q to itself.

To make the bound (4.21) more useful, we introduce a weight W : pZ2qh Ñ p0,8q, that
we also identify with the diagonal operator Wpxq1tx“yu, so that in particular

`
W A 1

W

˘
px,yq :“ Wpxq Apx,yq 1

Wpyq .

Inserting pW 1
W

q between each pair of adjacent operators in (4.17), we improve (4.21) to

››pq|f |,I1

L
1

W

››
ℓ

p

››W |pU|I1

L,λ,β
1

W

››
ℓ

qÑℓ
q ˆ

ˆ
" rź

i“2

››W pQIi´1,Ii

L
1

W

››
ℓ

qÑℓ
q

››W |pU|Ii

L,λ,β
1

W

››
ℓ

qÑℓ
q

* ››W sq|g|,Ir

L

››
ℓ

q .
(4.22)

In view of (4.17)-(4.18), this leads directly to our second moment upper bound.

Theorem 4.11 (Moment upper bound, II). Let Z
ω
L,βpf, gq be the averaged partition

function in (4.2) with centred moment M
h
L,βpf, gq ď eλL ř8

r“1 Ξprq, see (4.3) and (4.17),

for λ ě 0 and h ě 2. For any weight W : pZ2qh Ñ p0,8q and for p, q P p1,8q with
1
p

` 1
q

“ 1, we have the following upper bound on Ξprq from (4.18):

Ξprq ď
´

max
I‰˚

››pq|f |,I
L

1
W

››
ℓ

p

¯´
max
J‰˚

››W sq|g|,J
L

››
ℓ

q

¯
Ξbulkprq (4.23)

with

Ξbulkprq :“
ÿ

I1,...,Ir$t1,...,hu
with full support

and Ii‰Ii´1, Ii‰˚ @i

" rź

i“1

ˇ̌
ErξIi

β s
ˇ̌* `

C
Q,ℓ

q

L

˘r´1 `
C

U,ℓ
q

L,λ,β

˘r
, (4.24)

where we set for short

C
Q,ℓ

q

L :“ max
I,J‰˚
I‰J

››W pQI,J
L

1
W

››
ℓ

qÑℓ
q , C

U,ℓ
q

L,λ,β :“ max
I‰˚

››W |pU|IL,λ,β
1

W

››
ℓ

qÑℓ
q . (4.25)

Note that the bound (4.23)-(4.24) depends on two pairs of quantities, that we call

boundary terms

$
&
%

››pq|f |,I
L

1
W

››
ℓ

p

››W q
|g|,J
L

››
ℓ

q

and bulk terms

$
&
%

››W pQI,J
L

1
W

››
ℓ

qÑℓ
q

››W |pU|IL,λ,β
1

W

››
ℓ

qÑℓ
q

. (4.26)
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We will estimate these terms in Subsections 4.4 and 4.5 respectively, exploiting some basic
random walk bounds that we collect in Subsection 4.3.

Remark 4.12 (Choice of the weight). We will choose a weight W “ Wt : pZ2qh Ñ
p0,8q which is exponential of rate t ě 0, that is for x “ px1

, . . . , x
hq P pZ2qh

Wtpxq :“
hź

i“1

wtpxiq where wtpxq :“ e´t|x| for x P Z
2
. (4.27)

Note that by the triangle inequality we can bound, for all x, z P pZ2qh,

Wtpzq
Wtpxq ď

hź

i“1

et|zi´x
i|
. (4.28)

We will later need to consider an additional weight V
I
s , see (4.42) below.

We finally bound the product
 śr

i“1

ˇ̌
ErξIi

β s
ˇ̌(

in (4.24). Recall σβ from (1.7) and (3.2)
and note that limβÓ0 σβ “ 0.

Proposition 4.13 (Moments of disorder). For any h P N there are β0phq ą 0 and
Cphq ă 8 (which depend on the disorder distribution) such that for β ă β0phq we have

ˇ̌
ErξI

βs
ˇ̌

ď
#
σ

2
β if I “ tta, bu, tcu : c ‰ a, bu is a pair

Cphqσ3
β if I ‰ ˚ is not a pair

ď σ
2
β if I ‰ ˚ . (4.29)

Moreover

if I1, . . . , Ir $ t1, . . . , hu have full support:
rź

i“1

ˇ̌
ErξIi

β s
ˇ̌

ď Cphqr
σ

maxt2r,hu
β . (4.30)

Proof. We have |ErξI
βs| “ σ

2
β if I is a pair, while |ErξI

βs| “ Opσ3
βq if I ‰ ˚ is not a pair.

Indeed, if }I} :“ řm
i“1 |Ii|1t|Ii|ě2u denotes the number of a P t1, . . . , hu which are not

singletons in I “ tI1
, . . . , I

mu $ t1, . . . , hu, by (3.2) and (4.9) we have |ErξI
βs| “ Opσ}I}

β q
(note that }I} “ 2 if I is a pair while }I} ě 3 if I ‰ ˚ is not a pair).

Since limβÓ0 σβ “ 0, we see that (4.29) holds for β ą 0 for small enough, depending on h

(it suffices that Erξk
βs ď Erξ2

βs “ σ
2
β ď 1 for all k P t3, . . . , hu, see (3.2)). Finally, if I1, . . . , Ir

have full support, then each a P t1, . . . , hu is a non-trivial element (i.e. not a singleton)

of some partition Ii, hence }I1} ` . . . ` }Ir} ě h which yields
śr

i“1

ˇ̌
ErξIi

β s
ˇ̌

“ Opσh
βq. This

proves (4.30) because
śr

i“1

ˇ̌
ErξIi

β s
ˇ̌

“ Opσ2r
β q by (4.29). �

4.3. Random walk bounds. In this subsection we collect some useful random walk
bounds, stated in Lemmas 4.16, 4.17 and 4.18. The proofs are deferred to Appendix B.

Instead of sticking to the simple random walk on Z
2, we can allow for any symmetric

random walk with sub-Gaussian tails, in the following sense.

Assumption 4.14 (Random walk). We consider a random walk S “ pSnqně0 on Z
2

with a symmetric distribution, i.e. q1pxq “ PpS1 “ xq “ q1p´xq for any x P Z
2, and with
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sub-Gaussian tails, i.e. for some c ą 0 we have, writing x “ px1
, x

2q,

@t P R, @a “ 1, 2 : E
“
et S

a
1

‰
“

ÿ

xPZ2

etx
a

q1pxq ď ec t
2

2 . (4.31)

Remark 4.15. The simple random walk on Z
2 satisfies (4.31) with c “ 1: indeed, we can

compute
ř

xPZ2 etx
a

q1pxq “ 1
2

p1 ` coshptqq ď exppt2{2q (because coshptq ď exppt2{2q).

We derive useful bounds for the random walk transition kernel qnpxq “ PpSn “ xq.

Lemma 4.16 (Random walk bounds). Let Assumption 4.14 hold. There is c P r1,8q
such that for all t ě 0 and n P N

@a “ 1, 2 :
ÿ

xPZ2

etx
a

qnpxq ď ec t
2

2
n
,

ÿ

xPZ2

etx
a qnpxq2

q2np0q ď ec t
2

2
n
. (4.32)

Moreover, recalling wtpxq “ e´t|x| from (4.27), we can bound

››››
qn

wt

››››
ℓ

1

“
ÿ

xPZ2

et|x|
qnpxq ď c e2ct

2
n
,

››››
qn

wt

››››
ℓ

8
“ sup

xPZ2

!
et|x|

qnpxq
)

ď c e2ct
2
n

n
. (4.33)

We next extend the bounds in (4.33) to the averaged random walk transition kernel

q
f
npxq, see (3.5), for any f : Z2 Ñ R. Let us agree that a

1

8 :“ 1 for any a ą 0.

Lemma 4.17 (Averaged random walk bounds). Let Assumption 4.14 hold and let c

be the constant from Lemma 4.16. For any t ě 0 and n P N we have, with wtpxq “ e´t|x|,

@p P r1,8s :

››››
q

f
n

wt

››››
ℓ

p
ď c e2c t

2
n

››››
f

wt

››››
ℓ

p
,

››››
q

f
n

wt

››››
ℓ

8
ď c e2c t

2
n

n
1

p

››››
f

wt

››››
ℓ

p
. (4.34)

We finally consider the maximal averaged random walk transition kernel qf
L : Z2 Ñ R:

q
f
Lpxq :“ max

1ďnďL
q

f
npxq . (4.35)

We prove a variant of Hardy-Littlewood maximal inequality, see Appendix B for the details.

Lemma 4.18 (Maximal random walk bounds). Let Assumption 4.14 hold and let c

be the constant from Lemma 4.16. For any t ě 0 and L P N we have, with wtpxq “ e´t|x|,

@p P p1,8s :
››qf

L wt

››
ℓ

p ď p
p´1

25
1

p C
››f wt

››
ℓ

p with C :“ 200π c
2 e4c t

2
L (4.36)

(with 8
8´1

:“ 1).

4.4. Boundary terms. In this section we estimate the boundary terms appearing in
(4.23), see (4.26). The proofs are deferred to Appendix C.

We recall that the weight Wt : pZ2qh Ñ p0,8q is defined in (4.27) for t ě 0. Our estimates
contain the following constants (with c from Lemma 4.16):

C :“ c e2c t
2
L
, C :“ 5000π c

2 e4c t
2
L
, (4.37)
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where L is the “time horizon”, see (4.26). We anticipate that we will take

t “ 1?
N

with N ě L . (4.38)

hence the constants C and C are uniformly bounded in this regime.

We start estimating the left boundary term which involves pq|f |,I
L (see (4.13) and (4.7)). It

was proved† in [LZ21+, Proposition 3.4], extending [CSZ23, Proposition 6.6], that for any
h ě 2 there is C “ Cphq ă 8 such that, for any p P p1,8q,

max
I‰˚

›››pq|f |,I
L

1
Wt

›››
ℓ

p
ď p

p´1
C L

1´ 1

p

››››
f

wt

››››
h

ℓ
p
. (4.39)

For our goals it will be fundamental to have a linear dependence in L, which would amount
to take p “ 8 in (4.39), but this is not allowed by our approach. To solve this problem,
we improve the estimate (4.39), showing that for p P p0,8q we can still have a linear

dependence in L in the RHS, provided we replace one factor } f
wt

}ℓ
p by } f

wt
}ℓ

8 .

Proposition 4.19 (Left boundary term, I). Recall the weights Wt and wt from (4.27).
For any h ě 2, t ě 0, L P N we have, for any p P p1,8q and C as in (4.37),

max
I‰˚

›››pq|f |,I
L

1
Wt

›››
ℓ

p
ď 4 C

h
L

››››
f

wt

››››
ℓ

8

››››
f

wt

››››
h´1

ℓ
p

. (4.40)

More generally, for any r P r1,8s we have (with 1
0

:“ 8, 8
8´1

:“ 1)

max
I‰˚

›››pq|f |,I
L

1
Wt

›››
ℓ

p
ď 4 C

h mint r
r´1

, p
p´1

uL1´ 1

r

››››
f

wt

››››
ℓ

r

››››
f

wt

››››
h´1

ℓ
p

. (4.41)

We further improve the bound (4.40) through a restricted weight V
I
s : pZ2qh Ñ p0,8q,

defined for a pair I $ t1, . . . , hu and s ě 0 by

V
I
s pxq :“ wspxa ´ x

bq “ e´s|xa´x
b| for I “ tta, bu, tcu : c ‰ a, bu . (4.42)

Note that
ˇ̌
|za ´ z

b| ´ |xa ´ x
b|
ˇ̌

ď |za ´ x
a| ` |xb ´ z

b|, therefore we can estimate

V
I
s pzq

V
I
s pxq

ď es|za´x
a|`s|zb´x

b|
. (4.43)

In analogy with (4.38), we anticipate that we will take

s “ 1?
L
. (4.44)

Proposition 4.20 (Left boundary term, II). For any h ě 3, t ě 0, s P p0, 1s, L P N

we have, for any p P p1,8q and C as in (4.37),

max
J pair

I‰˚, IĞJ

›››pq|f |,I
L

V
J
s

Wt

›››
ℓ

p
ď 36

1

p C
h L

s
2

p

››››
f

wt

››››
2

ℓ
8

››››
f

wt

››››
h´2

ℓ
p

, (4.45)

where I Ğ J , for I “ tI1
, . . . , I

mu and J “ tta, bu, tcu : c ‰ a, bu, means Ij Ğ ta, bu @j.

†The factor q “ p

p´1
in the RHS of (4.39), first identified in [LZ21+], is essential to allow for p which

can vary with the system size L.
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We next estimate the right boundary term which involves sq|g|,J
L , see (4.16) and (4.7),

obtaining estimates analogous to (4.41) and (4.45).

Proposition 4.21 (Right boundary term). For any h ě 2, t ě 0, L P N we have, for
any q P p1,8q and C as in (4.37),

max
J‰˚

››q|g|,J
L Wt

››
ℓ

q ď
`

q
q´1

C
˘h }g wt}2

ℓ
2q }g wt}h´2

ℓ
q

ď
`

q
q´1

C
˘h }g wt}ℓ

8 }g wt}h´1

ℓ
q .

(4.46)

Moreover, for any h ě 3, s P p0, 1s we have, for C as in (4.37),

max
I pair

J‰˚, JĞI

››q|g|,J
L Wt V

I
s

››
ℓ

q ď
`

q
q´1

C
˘h 1

s
2

q

}g wt}2
ℓ

8 }g wt}h´2

ℓ
q . (4.47)

where J Ğ I, for J “ tJ1
, . . . , J

mu and I “ tta, bu, tcu : c ‰ a, bu, means J i Ğ ta, bu @i.

Remark 4.22. We can bound }g wt}ℓ
8 ď }g}ℓ

8 }wt}ℓ
8 and }g wt}ℓ

q ď }g}ℓ
8 }wt}ℓ

q . By a
direct computation, see (C.16), we have

}wt}ℓ
8 “ 1 , }wt}ℓ

q “
ˆ ÿ

zPZ2

e´qt|z|
˙ 1

q

ď 36
1

q

t
2

q

, (4.48)

therefore we obtain from (4.46)

max
J‰˚

››sq|g|,J
L Wt

››
ℓ

q ď
`

q
q´1 36

1

q C
˘h }g}h

ℓ
8

t
2

q
ph´1q .

(4.49)

Similarly, from (4.47) we deduce that

max
I pair

J‰˚, JĞI

››q|g|,J
L Wt V

I
s

››
ℓ

q ď
`

q
q´1

36
1

q C
˘h }g}h

ℓ
8

s
2

q t
2

q
ph´2q . (4.50)

4.5. Bulk terms. In this section we estimate the the bulk terms appearing in (4.24), i.e.

the constants C
Q,ℓ

q

L and C
U,ℓ

q

L,λ,β from (4.25). The proofs are also given in Appendix C.

We recall the weights Wt and V
I
s , see (4.27) and (4.42). We will choose the parameters

t, s “ Op 1?
L

q, see (4.38) and (4.44), hence the following constants are uniformly bounded:

xC :“ 4000 c
2 e8c t

2
L
,

xxC :“ 4000 c
2 e8c pt`2sq2

L
,

|C :“ 2 e4c t
2
L
,

||C :“ 2 e4c pt`sq2
L
.

(4.51)

We first estimate the “bulk random walk term” C
Q,ℓ

q

L which involves pQI,J
L , see (4.25).

Proposition 4.23 (Bulk random walk term). For any h ě 2, t ě 0, L P N we have,

for any q P p1,8q and xC from (4.51),

C
Q,ℓ

q

L :“ max
I,J‰˚, I‰J

››Wt
pQI,J

L
1

Wt

››
ℓ

qÑℓ
q ď h!xC h

q q
q´1

. (4.52)
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Moreover, for s ě 0 and
xxC from (4.51),

max
I,J pairs, I‰J

››Wt

V
J
s

pQI,J
L

1

Wt V
I
s

››
ℓ

qÑℓ
q ď h!

xxC h
q q

q´1
. (4.53)

(note that the weights V
J
s ,V

I
s appear in the denominator on both sides).

We next focus on the quantity C
U,ℓ

q

L,λ,β in (4.25), which depends on the operator |pU|IL,λ,β,

see (4.8) and (4.14). Recalling RN from (1.6) and qnpxq from (3.3), we define

R
pλq
N :“

Nÿ

n“1

e´λn
q2np0q , (4.54)

which reduces to RN for λ “ 0. In the next result we are going to assume that |ErξI
βs| ď σ

2
β

for any partition I ‰ ˚, which holds for β ą 0 small enough (see Proposition 4.13).

Proposition 4.24 (Bulk interacting term). Let β ą 0 satisfy maxI‰˚ |ErξI
βs| ď σ

2
β.

For any h ě 2, t ě 0, L P N, λ ě 0 such that σ2
β R

pλq
L ă 1 we have, for any q P p1,8q and

|C from (4.51),

C
U,ℓ

q

L,λ,β :“ max
I‰˚

››Wt |pU|IL,λ,β
1

Wt

››
ℓ

qÑℓ
q ď 1 ` |C h σ

2
β R

pλq
L

1 ´ σ
2
β R

pλq
L

. (4.55)

Moreover, for any s ě 0 we have, for a P t`1,´1uand
||C from (4.51),

max
J pair
I‰˚

›› pVJ
s qa

Wt |pU|IL,λ,β
1

Wt pVJ
s qa

››
ℓ

qÑℓ
q ď 1 ` ||C h σ

2
β R

pλq
L

1 ´ σ
2
β R

pλq
L

. (4.56)

5. Proof of Proposition 2.2

In this section we prove Proposition 2.2. The key difficulty is that our goal (2.9) involves

the (optimal) 1{M2 dependence on the width of the time interval p i´1
M
N, i

M
N s (recall the

definition (3.7) of the random variable X
piq
N,M ). This requires sharp ad hoc estimates.

5.1. Setup. By formula (4.4) from Remark 4.1, for l “ 1, . . . ,M we can write

E

”
pXplq

N,M q4
ı

“ ϑ
2
N

N
4

M
4
L,βpf, gq (5.1)

where L, β, f, g are given as follows:

L “ N

M
, β “ βN in p1.11q , fp¨q “ q

ϕN
l´1

M
N

p¨q in (1.5)-(3.5) , gp¨q ” 1 . (5.2)

We can bound M
4
N
M

,βN
pf, gq exploiting (4.17) for h “ 4 and λ “ 0, which yields

E
“
pXplq

N,M q4
‰

ď ϑ
2
N

N
4

ˆ
Ξp1q ` Ξp2q `

8ÿ

r“3

Ξprq
˙
, (5.3)
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where Ξprq is defined in (4.18). We show that the only non-negligible term in (5.3) is Ξp2q:
more precisely, we will prove that there is C ă 8 such that, for any M P N,

lim sup
NÑ8

ϑ
2
N

N
4 Ξp2q ď C

M
2 , (5.4)

while

lim
NÑ8

ϑ
2
N

N
4

Ξp1q “ 0 and lim
NÑ8

ϑ
2
N

N
4

8ÿ

r“3

Ξprq “ 0 . (5.5)

This will complete the proof of Proposition 2.2.
We estimate Ξprq exploiting the bound (4.23)-(4.24) with the choice

p “ q “ 2 .

We need to control the boundary terms and the bulk terms, see (4.26). We recall that the

weights Wt and V
I
s are defined in (4.27) and (4.42), and we fix

t “ 1?
N
, s “ 1?

L
“
b

M
N
. (5.6)

For notational lightness, we write a À b whenever a ď C b for some constant 0 ă C ă 8.

We also denote by }ϕ}p :“ p
ş
R

2 ϕpxqp dxq1{p the usual Lp norm of a function ϕ : R2 Ñ R.

5.2. Boundary terms. We estimate the left boundary term
››pq|f |,I

L
1

Wt

››
ℓ

2 applying (4.40).

We recall from (5.2) that fp¨q “ q
ϕN
l´1

M
N

p¨q for 1 ď l ď M . Let us estimate } f
wt

}ℓ
8 and } f

wt
}

ℓ
2 ,

starting from the former. By (4.34), for l ď M and t “ 1?
N

we have
››››
f

wt

››››
ℓ

8
ď c e2c t

2 l´1

M
N

››››
ϕN

wt

››››
ℓ

8
ď c e2c

››››
ϕN

wt

››››
ℓ

8
.

Since ϕ is compactly supported, say in a ball Bp0, Rq, we have that ϕN is supported in

Bp0, R
?
N `

?
2q Ď Bp0, 2R

?
Nq, see (1.5). By wtpxq “ e´t|x|, we then obtain

››››
ϕN

wt

››››
ℓ

8
ď et 2R

?
N
››ϕN

››
ℓ

8 ď e2R }ϕ}8 À 1 , hence

››››
f

wt

››››
ℓ

8
À 1 , (5.7)

because }ϕN }ℓ
8 ď }ϕ}8. We next estimate } f

wt
}

ℓ
2 . By a Riemann sum approximation, we

see from (1.5) that }ϕN }
ℓ

2 À
?
N }ϕ}2, hence by (4.34) we obtain

››››
f

wt

››››
ℓ

2

ď c e2c

››››
ϕN

wt

››››
ℓ

2

ď c e2c e2R
››ϕN

››
ℓ

2 À
?
N . (5.8)

We can finally apply the estimate (4.40) for p “ 2 and h “ 4 to get, since L “ N
M

,

max
I‰˚

›››pq|f |,I
L

1
Wt

›››
ℓ

2
ď 4 C

h
L

››››
f

wt

››››
ℓ

8

››››
f

wt

››››
3

ℓ
2

À N
5

2

M
. (5.9)

We now estimate the right boundary term
››q|g|,J

L Wt

››
ℓ

2 : applying (4.49) for q “ 2 and

h “ 4, since g ” 1 and t “ 1?
N

, we obtain

max
J‰˚

››q|g|,J
L Wt

››
ℓ

2 ď
`
12 C

˘4 }g}4
8

t
3

À N
3

2 . (5.10)
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Overall, we have shown that

´
max
I‰˚

››pq|f |,I
L

1
W

››
ℓ

p

¯´
max
J‰˚

››W sq|g|,J
L

››
ℓ

q

¯
À N

4

M
. (5.11)

In view of (4.23), it remains to estimate Ξbulkprq defined in (4.24).

5.3. Bulk terms. We next estimate the bulk terms, see (4.25). For the first term C
Q,ℓ

2

L ,
we apply directly the estimate (4.52) with q “ 2 and h “ 4 to get

C
Q,ℓ

2

L “ max
I,J‰˚, I‰J

››Wt
pQI,J

L
1

Wt

››
ℓ

2Ñℓ
2 ď 4!xC 4

4 À 1 . (5.12)

(Also note that C
Q,ℓ

2

L ě Wtp0q pQI,J
L p0, 0q 1

Wtp0q ě Q2p0, 0q Á 1.)

We then focus on the second term C
U,ℓ

2

L,λ,β. For L “ N
M

ď N and β “ βN as in (1.11)

1 ´ σ
2
βN
RL ě 1 ´ σ

2
βN
RN ě ϑN

logN
ą 0 , in particular σ

2
βN
RL ă 1 . (5.13)

Then by (4.55) with λ “ 0 (so that R
pλq
N “ RN ) we obtain, recalling that ϑN ! logN ,

C
U,ℓ

2

L,λ,β :“ max
I‰˚

››Wt |pU|IL,λ,β
1

Wt

››
ℓ

2Ñℓ
2 ď 1 ` |C 4 σ

2
βN
RL

1 ´ σ
2
βN
RL

À logN

ϑN

. (5.14)

Since βN Ñ 0, we can apply (4.29) which ensures that |ErξI
βN

s| ď σ
2
βN

ď 1
RN

“ Op 1
log N

q
for any I ‰ ˚ and N large, therefore there is C ă 8 such that

´
max
I‰˚

ˇ̌
ErξI

βN
s
ˇ̌¯

C
Q,ℓ

2

L C
U,ℓ

2

L,λ,β ď C

ϑN

. (5.15)

5.4. Terms r ě 3. We are ready to prove the second relation in (5.5), which shows that

the terms r ě 3 give a negligible contributions to E
“
pXplq

N,M q4
‰
, recall (5.3).

Let us denote by cphq P N the number of partitions I $ t1, . . . , hu with I ‰ ˚. Then by
(4.24) we have the geometric bound

Ξbulkprq ď
`
C

Q,ℓ
2

L

˘´1
!
cphq

´
max
I‰˚

ˇ̌
ErξI

βN
s
ˇ̌¯

C
Q,ℓ

2

L C
U,ℓ

2

L,λ,β

)r

,

and note that the term in brackets is ă 1
2

for large N , by (5.15) and ϑN Ñ 8, therefore

8ÿ

r“3

Ξbulkprq À Ξbulkp3q À 1

ϑ
3
N

.

Applying (4.23) and (5.11), we then obtain the second relation in (5.5):

ϑ
2
N

N
4

8ÿ

r“3

Ξprq ď ϑ
2
N

M

8ÿ

r“3

Ξbulkprq À 1

M ϑN

ÝÝÝÝÑ
NÑ8

0 .

Remark 5.1. The same arguments can be applied to show that in the quasi-critical regime,

the contribution of the terms r ą
X

h
2

\
for the h-th moment of X

plq
N,M is negligible as N Ñ 8.
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5.5. Term r “ 1. We now prove the first relation in (5.5). A partition I $ t1, 2, 3, 4u
with full support is either a double pair I “ tta, bu, tc, duu or the quadruple I “ t1, 2, 3, 4u,

hence ErξI
βN

s À σ
4
βN

for large N , by (4.9) and (3.2) (see also Proposition 4.13). Then, by
(4.24),

Ξbulkp1q “
ÿ

I$t1,...,hu
with full support

ˇ̌
ErξI

βN
s
ˇ̌
C

U,ℓ
q

L,λ,β À σ
4
βN

C
U,ℓ

2

L,λ,β À 1

plogNqϑN

,

where we applied (5.14) and σ
2
βN

ď 1
RN

“ Op 1
log N

q. Applying (4.23) and (5.11), and

recalling that ϑN ! logN , we obtain the first relation in (5.5):

ϑ
2
N

N
4

Ξp1q ď ϑ
2
N

M
Ξbulkp1q À ϑN

M logN
ÝÝÝÝÑ
NÑ8

0 .

5.6. Term r “ 2. We finally prove (5.4), which completes the proof of Proposition 2.2.
We recall that Ξp2q, defined by (4.18), is a sum over two partitions I1, I2 $ t1, . . . , hu with
I1 ‰ ˚, I2 ‰ ˚ and I1 ‰ I2. We then split Ξp2q “ Ξpairsp2q ` Ξothersp2q where:

‚ Ξpairsp2q is the contribution to (4.18) when both I1, I2 are pairs;

‚ Ξothersp2q is the complementary contribution when I1 and/or I2 is not a pair.

We first focus on Ξothersp2q and on the corresponding quantity Ξbulk
othersp2q, see (4.24). If

either I1 or I2 is not a pair, by Proposition 4.13 we can bound |ErξI1

βN
sErξI2

βN
s| À σ

5
βN

, hence

Ξbulk
othersp2q À σ

5
βN

C
Q,ℓ

q

L

`
C

U,ℓ
q

L,λ,β

˘2 À 1

plogNq5{2

ˆ
logN

ϑN

˙2

À 1

ϑ
2
N

?
logN

,

where we applied (5.12), (5.14) and σ2
βN

ď 1
RN

“ Op 1
log N

q. Then, by (4.23) and (5.11),

ϑ
2
N

N
4

Ξothersp2q ď ϑ
2
N

M
Ξbulk

othersp2q À 1

M
?

logN
ÝÝÝÝÑ
NÑ8

0 ,

which shows that the contribution of Ξothersp2q to (5.4) is negligible.

It only remains to focus on Ξpairsp2q: since ErξI
βs “ σ

2
β when I is a pair, we can write

Ξpairsp2q :“
ÿ

I1‰I2$t1,...,hu
pairs with full support

σ
4
β

A
pq|f |,I1

L , |pU|I1

L,λ,β
pQI1,I2

L |pU|I2

L,λ,β sq|g|,Ir

L

E
.

Besides inserting 1
Wt

Wt as above, we also insert V
I2

s
1

V
I
2

s

on the left of pQI1,I2

L and |pU|I1

L,λ,β,

while we insert 1

V
I
1

s

V
I1

s on the right of pQI1,I2

L and |pU|I2

L,λ,β (recall (4.42)): we thus obtain

Ξpairsp2q ď
ÿ

I1‰I2$t1,...,hu
pairs with full support

σ
4
β

›››pq|f |,I1

L
V

I
2

s

Wt

›››
ℓ

p

››› Wt

V
I
2

s

|pU|I1

L,λ,β
V

I
2

s

Wt

›››
ℓ

qÑℓ
q
¨

¨
››› Wt

V
I
2

s

pQI1,I2

L
1

Wt V
I
1

s

›››
ℓ

qÑℓ
q

›››Wt V
I1

s |pU|I2

L,λ,β
1

Wt V
I
1

s

›››
ℓ

qÑℓ
q

›››Wt V
I1

s sq|g|,Ir

L

›››
ℓ

q
.

(5.16)

It remains to estimate these norms. Let us recall that h “ 4, p “ q “ 2 and t “ 1?
N

,

s “ 1?
L

, where L “ M
N

. We start with the boundary terms:
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‚ applying the estimate (4.45), in view of (5.7)-(5.8), we improve the estimate (5.9):

max
I,J pairs

I‰J

›››pq|f |,I
L

V
J
s

Wt

›››
ℓ

2
ď 6 C

4 L

s

››››
f

wt

››››
2

ℓ
8

››››
f

wt

››››
2

ℓ
2

À L
3

2 N À N
5

2

M
3

2

; (5.17)

‚ applying the estimate (4.50), since g ” 1, we improve the estimate (5.10):

max
I,J pairs

I‰J

››Wt V
I
s q

|g|,J
L

››
ℓ

2 ď
`
12 C

˘4 }g}4
ℓ

8

s t
2

À
?
LN À N

3

2

?
M

. (5.18)

Overall, the product of the two boundary terms is À N
4

M
2 , which improves on the previous

estimates by an essential factor 1
M

, thanks to the use of the restricted weight V
I
s .

We next estimate the bulk terms:

‚ applying (4.53) with p “ q “ 2 and h “ 4, we obtain an analogue of (5.12):

max
I,J pairs

I‰J

››Wt

V
J
s

pQI,J
L

1

Wt V
I
s

››
ℓ

2Ñℓ
2 ď 4!

xxC 4 4 À 1 ; (5.19)

‚ applying (4.56) for both a “ `1 and a “ ´1, we obtain an analogue of (5.14):

max
I,J pairs

›› pVJ
s qa

Wt |pU|IL,λ,β
1

Wt pVJ
s qa

››
ℓ

2Ñℓ
2 ď 1 ` ||C 4 σ

2
βN
RL

1 ´ σ
2
βN
RL

À logN

ϑN

. (5.20)

Plugging the previous estimates into (5.16), since σ2
βN

ď 1
RN

“ Op 1
log N

q, we finally obtain

Ξpairsp2q À 1

plogNq2

N
5

2

M
3

2

ˆ
logN

ϑN

˙2
N

3

2

?
M

“ N
4

M
2
ϑ

2
N

,

which completes the proof of (5.4), hence of Proposition 2.2. �

Appendix A. Some technical proofs

We give the proof of Theorem 4.5. We recall that the averaged partition function
Z

ω
L,βpf, gq is defined in (4.1)-(4.2). In analogy with (3.4) and (3.6), by (4.1)-(4.2) we can

write

Z
ω
L,βpf, gq ´ ErZω

L,βpf, gqs “
8ÿ

k“1

ÿ

0ăn1ă...ănkăL

x1,...,xkPZ2

q
f
n1

px1q ξβpn1, x1qˆ

ˆ
" kź

j“2

qnj´nj´1
pxj ´ xj´1q ξβpnj, xjq

*
q

g
L´nk

pxkq ,

(A.1)

where we recall the random walk kernels (3.3) and (3.5). Recalling (4.3), we obtain

M
h
L,βpf, gq “ E

«˜ 8ÿ

k“1

ÿ

0ăn1ă...ănkăL

x1,...,xkPZ2

q
f
n1

px1q ξβpn1, x1qˆ

ˆ
" kź

j“2

qnj´nj´1
pxj ´ xj´1q ξβpnj , xjq

*
q

g
L´nk

pxkq
ḩ ff

.

(A.2)
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When we expand the h-th power, we obtain a sum over h families of space-time points
Ai :“ tpni

1, x
i
1q, . . . , pni

ki
, x

i
ki

qu for i “ 1, . . . , h. These points must match at least in pairs,

i.e. any point pni
ℓ, x

i
ℓq in any family Ai must coincide with at least another point pnj

m, x
j
mq

in a different family Aj for j ‰ i, otherwise the expectation vanishes (since ξβpn, xq are
independent and centered). In order to handle this constraint, following [CSZ23, Theorem
6.1], we rewrite (A.2) by first summing over the set of all space-time points

A :“
hď

i“1

Ai “
hď

i“1

tpni
1, x

i
1q, . . . , pni

ki
, x

i
ki

qu Ď N ˆ Z
2

and then specifying which families each point pn, xq P A belongs to.
Let us fix the time coordinates n1 ă . . . ă nr of the points in A. For each such time

n P tn1, . . . , nru, we have pn, xq P A for one or more x P Z
2 (there are at most h{2 such x,

by the matching constraint described above). We then make the following observations:

‚ if pn, xq “ pni
j , x

i
jq belongs to the family Ai, then we have in (A.2) the product of a

random walk kernel “entering” pn, xq and another one “exiting” pn, xq:

q
n´n

i
j´1

px´ x
i
j´1q ¨ q

n
i
j`1´n

pxi
j`1 ´ xq ;

‚ if pn, xq does not belong to the family Ai, then we have in (A.2) a random walk

kernel “jumping over time n”, say q
n

i
j´n

i
j´1

pxj ´ xj´1q with n
i
j´1 ă n ă n

i
j : we can

split this kernel at time n by Chapman-Kolmogorov, writing

q
n

i
j´n

i
j´1

pxi
j ´ x

i
j´1q “

ÿ

zPZ2

q
n´n

i
j´1

pz ´ x
i
j´1q ¨ q

n
i
j´n

pxi
j ´ zq . (A.3)

Then, to each time n P tn1, . . . , nru, we can associate a vector y “ py1
, . . . , y

hq P pZ2qh

with h space coordinates, where yi “ x if the family A
i contains pn, xq and y

i “ z from

(A.3) otherwise. The constraint that a point pn, xq P A belongs to two families Ai and A
i
1

means that the corresponding coordinates of the vector y must coincide: yi “ y
i
1

. In order
to specify which families Ai share the same points, we assign a partition I $ t1, . . . , hu to
each time n P tn1, . . . , nru and we require that y „ I, see (4.5).

We are now ready to provide a convenient rewriting of (A.2) by first summing over the
number r ě 1 and the time coordinates n1 ă . . . ă nr, then on the corresponding space
coordinates y1, . . . ,yr and partitions I1, . . . , Ir $ t1, . . . , hu with yi „ Ii. Recalling the

definitions of Q
I,J
n and q

f,J
n from (4.7), we can rewrite (A.2) as follows:

M
h
L,βpf, gq “

8ÿ

r“1

ÿ

0ăn1ă¨¨¨ănrăL

y1,...,yrPpZ2qh

ÿ

I1,...,Ir$t1,...,hu
with full support

and Ii‰˚ @i

q
f,I1

n1
py1qErξI1

β s ˆ

ˆ
" rź

i“2

Q
Ii´1,Ii

ni´ni´1
pyi´1,yiqErξIi

β s
*

q
g,Ir

L´nr
pyrq .

(A.4)

Finally, formula (4.12) follows from (A.4) grouping together stretches of consecutive

repeated partitions, i.e. when Ii “ J for consecutive indexes i. The kernel U
J
m´n,βpz,xq

from (4.8) does exactly this job, which leads to (4.12). �
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Remark A.1. Formula (4.12) still contains the product of ErξIi

β s because these factors

from (A.4) are only partially absorbed in U
J
m´n,βpz,xq: indeed, in (4.8) we have k ` 1

points n0 ă n1 ă . . . ă nk, but the factor ErξJ
β s therein is only raised to the power k.

Appendix B. Random walk bounds

In this section we prove the random walk bounds from Lemmas 4.16, 4.17 and 4.18. We
also prove a heat kernel bound, see Lemma B.1 below.

B.1. Proof of Lemma 4.16. We prove each of the four bounds in (4.32)-(4.33) for a
different constant c (it then suffices to take the maximal value).

The first bound in (4.32) with c “ c follows by (4.31), thanks to the independence of the
increments of the random walk. This directly implies the first bound in (4.33): it suffices to

estimate
ř

xPZ2 et|x|
qnpxq ď ř

xPZ2 e2t|x1|
qnpxq (by |x| ď |x1| ` |x2|, Cauchy-Scwharz and

symmetry) and then e|z| ď ez ` e´z, hence
ř

xPZ2 et|x|
qnpxq ď 2 e2ct

2
n.

To get the second bound in (4.33), we fix ℓ ă n and write qnpxq “ ř
yPZ2 qℓpyq qn´ℓpx´yq

by Chapman-Kolmogorov. We next decompose the sum in the two parts xy, xy ą 1
2
|x|2 and

xy, xy ď 1
2
|x|2: renaming y as x´ y in the second part, we obtain

qnpxq ď
ÿ

yPZ2
: xy,xyě 1

2
|x|2

 
qℓpyq qn´ℓpx´ yq ` qn´ℓpyq qℓpx´ yq

(
. (B.1)

We can bound qkpx´ yq ď sup
zPZ2 qkpzq ď c

k
by the local limit theorem (any random walk

satysfying Assumption 4.14 is in L
2 with zero mean). We next observe that xy, xy ě 1

2
|x|2

implies |x| ď 2|y| by Cauchy-Schwarz, therefore the first bound in (4.33) yields

@x P Z
2 : et|x|

qnpxq ď c
ÿ

yPZ2

e2t|y|
"
qℓpyq
n´ ℓ

` qn´ℓpyq
ℓ

*
ď 2c e8ct

2
n

mintn´ ℓ, ℓu .

If we choose ℓ “ tn
2

u, we obtain the second bound in (4.33) renaming c.

It remains to prove the second bound in (4.32). We first note that qnpxq2{q2np0q ď c qnpxq
for some c P r1,8q, because qnpxq2 ď }qn}ℓ

8 qnpxq and }qn}ℓ
8 ď c q2np0q by the local limit

theorem. Since qnpxq “ qnp´xq, we get

ÿ

xPZ2

etx
a qnpxq2

q2np0q ´ 1 “
ÿ

xPZ2

´
e

tx
a

`e
´tx

a

2
´ 1

¯ qnpxq2

q2np0q ď c
ÿ

xPZ2

´
e

tx
a

`e
´tx

a

2
´ 1

¯
qnpxq

ď c
`
ec t

2

2
n ´ 1

˘
“ c

8ÿ

k“1

1
k!

`
c t

2

2
n
˘k ď

8ÿ

k“1

1
k!

`
c

2 t
2

2
n
˘k “ ec

2 t
2

2
n ´ 1 ,

which proves the second bound in (4.32) if we rename c
2 as c. �

B.2. Proof of Lemma 4.17. For any y P Z
2 and p P r1,8s we can write, recalling (3.5),

q
f
npyq
wtpyq “ q

f
npyq et|y| ď

ÿ

zPZ2

et|z| |fpzq|
 
et|y´z|

qnpy ´ zq
(

ď
››››
f

wt

››››
ℓ

p

››››
qn

wt

››››
ℓ

q
,

where q P r1,8s is such that 1
p

` 1
q

“ 1. Since } qn

wt
}q

ℓ
q ď } qn

wt
}q´1

ℓ
8 } qn

wt
}

ℓ
1 , it suffices to apply

the bounds in (4.33) to obtain the second bound in (4.34).
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We next prove the first bound in (4.34), assuming p P r1,8q: we have, by Jensen,

››››
q

f
n

wt

››››
p

ℓ
p
“

ÿ

xPZ2

etp|x|
ˇ̌
ˇ̌ ÿ

zPZ2

fpzq qnpx´ zq
ˇ̌
ˇ̌
p

ď
ÿ

xPZ2

ˇ̌
ˇ̌ ÿ

zPZ2

et|z|
fpzq et|x´z|

qnpx´ zq
ˇ̌
ˇ̌
p

ď
ÿ

xPZ2

˜ ÿ

zPZ2

ˇ̌
et|z|

fpzq
ˇ̌p

et|x´z|
qnpx´ zq

¸# ÿ

zPZ2

et|x´z|
qnpx´ zq

+p´1

,

and the sum in the last brackets is at most c e2ct
2
n, by the first bound in (4.33). Bringing

the sum over x inside the parenthesis and applying again (4.33), the proof is completed. �

B.3. Proof of Lemma 4.18. We state two key bounds, from which our goal (4.36) follows.

Let Bpx, rq :“ ty P R
2 : |y´x| ď ru denote the Euclidean ball and let Bpx, rq :“ Bpx, rqXZ

2

be its restriction to Z
2. For g : Z2 Ñ R, define the maximal function M

g : Z2 Ñ r0,8s by

M
gpxq :“ sup

0ără8

#
1

|Bpx, rq|
ÿ

yPBpx,rq
|gpyq|

+
. (B.2)

Setting tM
g ą tu :“ ty P Z

2 : M
gpyq ą tu for short, we are going to prove the following

discrete version of Hardy-Littlewood maximal inequality:

@λ ą 0 : |tM
g ą λu| ď 25

}g}
ℓ

1

λ
. (B.3)

We are also going to prove the following upper bound on q
f
L, defined in (4.35):

@L P N, @x P Z
2 :

ˇ̌
q

f
Lpxqwtpxq

ˇ̌
ď C

ˇ̌
M

fwtpxq
ˇ̌

with C :“ 200π c
2 e4c t

2
L
. (B.4)

Since }M
g}ℓ

8 ď }g}ℓ
8 , this implies }qf

Lwt}ℓ
8 ď C }fwt}ℓ

8 , which is our goal (4.36) for
p “ 8. Also note that combining (B.3) and (B.4) we obtain

@λ ą 0 :
ˇ̌ 
q

f
Lwt ą λ

(ˇ̌
ď 25 C

}fwt}ℓ
1

λ
,

hence our goal (4.36) for p P p1,8q follows by Marcinkiewicz’s Interpolation Theorem, see
e.g. [Gra14, Theorem 1.3.2 and Exercise 1.3.3(a)]. It remains to prove (B.3) and (B.4).

Proof of (B.3). We follow closely the classical proof of the Hardy-Littlewood maximal

inequality, see [Gra14, Theorem 2.1.6], which is stated on R
d instead of Zd. By definition

of M
g, see (B.2), for every point x P tM

g ą λu there is rx ą 0 such that
ÿ

yPBpx,rxq
|gpyq| ą λ |Bpx, rxq| . (B.5)

It suffices to fix any finite set K Ď tM
g ą λu and prove that (B.3) holds with the LHS

replaced by |K|. From the family of balls F :“ tBpx, rxq : x P Ku we extract a disjoint
sub-family F

1 :“ tBpz, rzq : z P K
1u with K

1 Ď K by the greedy algorithm, see [Gra14,
Lemma 2.1.5]: we first pick the ball of largest radius, then we select the ball of largest radius
among the remaining ones which do not intersect the balls that have already been picked,
and so on. By construction, if a ball Bpx, rxq is not included in F

1, then it must overlap
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with some ball Bpz, rzq of larger radius rz ě rx, which implies that Bpx, rxq Ď Bpz, 3rzq. In
other terms, tripling the radii of the balls in F

1 we cover all the balls in F , hence

|K| ď
ÿ

zPK
1

|Bpz, 3rzq| ď c
ÿ

zPK
1

|Bpz, rzq| ď c

λ

ÿ

zPK
1

ÿ

yPBpz,rzq
|gpyq| ď c

λ
}g}

ℓ
1 ,

where we estimated |Bpz, 3rq| ď c |Bpz, rq| (see below), we applied (B.5) and we boundedř
zPK

1
ř

yPBpz,rzq |gpyq| ď }g}
ℓ

1 , because the balls Bpz, rzq for z P K
1 are disjoint. To com-

plete the proof of (B.3), we claim that we can take c “ 25, i.e. |Bpz, 3rq| ď 25 |Bpz, rq|.
Note that for 0 ă r ă 1 the Euclidean ball Bpx, rq contains just the point x, while

Bpx, 3rq contains at most 25 integer points, i.e. x ˘ pa, bq with ´2 ď a, b ď `2 (all these
points are inside Bpx, 3rq when r is close to 1). Next we note that each integer point

y “ py1
, y

2q P Bpx, rq is the center of a square with vertices yi ˘ 1
2
: the union of these

squares covers the Euclidean ball Bpx, r ´
?

2
2

q and is included in Bpx, r `
?

2
2

q. Denoting
by mp¨q the Euclidean area (i.e. the 2-dimensional Lebesgue measure), we obtain

|Bpx, 3rq| ď m
`
Bpx, 3r `

?
2

2
q
˘

“
`
3 `

?
2

r

˘2
m
`
Bpx, r ´

?
2

2
q
˘

ď
`
3 `

?
2

r

˘2 |Bpx, rq| ,

hence also for r ě 1 we have
`
3 `

?
2

r

˘2 ď p3 `
?

2q2 ď 25 as claimed.

Proof of (B.4). We claim that for all 1 ď n ď L and x P Z
2

qnpxq et|x| ď q̃npxq :“ C
1

n
e´ |x|

2

16c n where C
1 :“ 6c e4c t

2
L
. (B.6)

Indeed, we prove in Lemma B.1 below that qnpxq ď 6c
n

e´ |x|
2

8c n , see (B.7), therefore

qnpxq et|x| ď 6c

n
et|x|´ |x|

2

8c n ď 6c

n
e´ |x|

2

16c n ¨
´

sup
γě0

etγ´ γ
2

16c n

¯
“ 6c

n
e´ |x|

2

16c n e4c t
2
n
,

which shows that (B.6) holds for n ď L.

Let us now deduce (B.4) from (B.6). Since wtpxq
wtpzq ď et|x´z|, by (3.5) we can estimate

ˇ̌
q

f
npxqwtpxq

ˇ̌
ď

ÿ

zPZ2

|fpzqwtpzq| qnpx ´ zq et|x´z| ď
ÿ

zPZ2

|fpzqwtpzq| q̃npx ´ zq ,

hence, writing q̃npyq “
ş8
0
1tsďq̃npyqu ds, we obtain

ˇ̌
q

f
npxqwtpxq

ˇ̌
ď

ż 8

0

ds
ÿ

zPZ2
: q̃npx´zqěs

|fpzqwtpzq| .

Since x ÞÑ q̃npxq is radially decreasing, the set tq̃np¨q ě su “
 
z P Z

2 : q̃npx ´ zq ě s
(

is a
ball Bpx, rq of suitable radius r “ rpn, sq. Recalling (B.3), we then obtain

ˇ̌
ˇ max

1ďnďL
q

f
npxqwtpxq

ˇ̌
ˇ ď M

fwtpxq ¨ max
1ďnďL

ż 8

0

ds
ˇ̌
tq̃np¨q ě su

ˇ̌
“ M

fwtpxq ¨ max
1ďnďL

}q̃n}
ℓ

1 ,

where the equality holds because
ş8
0

ds
ˇ̌
tq̃np¨q ě su

ˇ̌
“
ř

yPZ2

ş8
0

ds1tsďq̃npyqu “
ř

yPZ2 q̃npyq.
It remains to evaluate }q̃n}

ℓ
1 : by monotonicity we can bound

ÿ

aPZ
e´ a

2

16c n ď 1 `
ż

R

e´ x
2

16c n dx “ 1 `
?

16π cn ,
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hence writing x “ pa, bq, so that |x|2 “ a
2 ` b

2, we obtain

}q̃n}
ℓ

1 “
ÿ

xPZ2

q̃npxq “ C
1

n

ˆ ÿ

aPZ
e´ a

2

16c n

˙2

ď C
1 2p1 ` 16π cnq

n
ď p2 ` 32πq c C

1 ď C ,

where the two last inequalities hod since n ě 1 and c ě 1, hence 1 ` 16π cn ď p1 ` 16πqcn,
and 2 ` 32π ď 33π ď 200

6
π, recalling the definition (B.4) of C. The proof is completed. �

Lemma B.1 (Heat kernel bound). Let Assumption 4.14 hold and let c be the constant

from Lemma 4.16. Then for every n P N and x P Z
2 we have

qnpxq ď 6c

n
e´ |x|

2

8cn . (B.7)

Proof. We assume that n ě 2, since the case n “ 1 is easier. Let us apply the formula
(B.1) with ℓ “ tn

2
u, so that n

3
ď ℓ ď n

2
: by (4.33) (with t “ 0) we have qkpx ´ yq ď c

k
ď 3c

n
for both k “ ℓ and k “ n´ ℓ, therefore for any ̺ ě 0

qnpxq ď 3c

n
e´̺|x| ÿ

yPZ2
: xy,xyě 1

2
|x|2

e
2̺ xy, x

|x| y 
qℓpyq ` qn´ℓpyq

(
, (B.8)

where we bounded 1 ď e´̺|x|e2̺ xy, x
|x| y

because xy, xy ě 1
2

|x|2 (with x
|x| :“ 0 for x “ 0). For

any w “ pw1
, w

2q P R
2, by (4.32) and Cauchy-Schwarz we can bound

ÿ

yPZ2

exy,wy
qℓpyq ď

gffe
ÿ

yPZ2

e2y
1
w

1

qℓpyq ¨
ÿ

yPZ2

e2y
2
w

2

qℓpyq ď ec |w|2ℓ
,

and similarly for qn´ℓp¨q, therefore for maxtℓ, n´ ℓu ď n
2

we obtain by (B.8)

qnpxq ď 6c

n
e´̺|x|`2c ̺

2
n
.

Optimising over ̺ leads us to choose ̺ “ |x|
4cn

, which yields (B.7). �

Appendix C. Estimates on boundary and bulk terms

In this section we prove the estimates on the boundary terms (Propositions 4.19 and 4.20
for the left boundary, Proposition 4.21 for the right boundary) and on the bulk terms
(Proposition 4.23 and Proposition 4.24).

C.1. Proof of Propositions 4.19. By the triangle inequality we can bound

››››
pq|f |,I

L

Wt

››››
ℓ

p
ď

Lÿ

n“1

››››
q

|f |,I
n

Wt

››››
ℓ

p
. (C.1)

Writing I “ tI1
, . . . , I

mu we can write

››››
q

|f |,I
n

Wt

››››
p

ℓ
p

“
ÿ

xPpZ2qh

q
|f |,I
n pxqp

Wtpxqp ď
mź

j“1

# ÿ

yPZ2

q
|f |
n pyqp|Ij | ept|Ij | |y|

+
“

mź

j“1

››››
q

|f |
n

wt

››››
p|Ij|

ℓ
p|I

j
|
. (C.2)
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Since
›› ¨

››pk

ℓ
pk ď

›› ¨
››ppk´1q

ℓ
8

›› ¨
››p

ℓ
p , from

řm
j“1 |Ij | “ h we get (raising to 1{p)

››››
q

|f |,I
n

Wt

››››
ℓ

p
ď
››››
q

|f |
n

wt

››››
h´m

ℓ
8

››››
q

|f |
n

wt

››››
m

ℓ
p

ď
››››
q

|f |
n

wt

››››
ℓ

8

››››
q

|f |
n

wt

››››
h´1

ℓ
p

, (C.3)

where the last inequality holds since m ď h ´ 1 for I ‰ ˚. By (4.34), for any r P r1,8s,
››››
q

|f |
n

wt

››››
ℓ

8
ď c e2c t

2
n

n
1

r

››››
f

wt

››››
ℓ

r
,

››››
q

|f |
n

wt

››››
ℓ

p
ď c e2c t

2
n

››››
f

wt

››››
ℓ

p
, (C.4)

hence we obtain for n ď L, recalling the definition of C in (4.41),
››››
q

|f |,I
n

Wt

››››
ℓ

p
ď C

h

n
1

r

››››
f

wt

››››
ℓ

r

››››
f

wt

››››
h´1

ℓ
p

. (C.5)

Plugging this into (C.1), since
řL

n“1
1

n
a ď

şL

0
1

x
a dx “ L

1´a

1´a
, we obtain

max
I‰˚

››››
pq|f |,I

L

Wt

››››
ℓ

p
ď r

r´1
C

h
L

1´ 1

r

››››
f

wt

››››
ℓ

r

››››
f

wt

››››
h´1

ℓ
p

, (C.6)

which proves (4.41) for r ě p (so that mint r
r´1

, p
p´1

u “ r
r´1

). More generally, if r ě 3p
1`2p

,

then r
r´1

ď 3 p
p´1

hence (C.6) still proves (4.41).

It remains to prove (4.41) for r P r1, 3p
1`2p

s Ď r1, pq. Let us obtain an estimate alternative

to (C.5). Since } ¨ }p

ℓ
p ď } ¨ }p´r

ℓ
8 } ¨ }r

ℓ
r for r ă p, by (4.34) we obtain

››››
q

|f |
n

wt

››››
ℓ

p
ď
››››
q

|f |
n

wt

››››
1´ r

p

ℓ
8

››››
q

|f |
n

wt

››››
r
p

ℓ
r

ď c e2c t
2
n

n
1

r
´ 1

p

››››
f

wt

››››
ℓ

r
, (C.7)

which we can use to estimate one factor of } q
|f |
n

wt
}ℓ

p appearing in (C.3) (recall that h ě 2):

applying again the first bound in (C.4), for n ď L we obtain from (C.3)
››››
q

|f |,I
n

Wt

››››
ℓ

p
ď C

h

n
γ

››››
f

wt

››››
2

ℓ
r

››››
f

wt

››››
h´2

ℓ
p

with γ :“ 2
r

´ 1
p

“ 1
r

` p´r
pr

. (C.8)

The RHS of (C.8) is smaller than the RHS of (C.5) if and only if

1

n
γ

››››
f

wt

››››
ℓ

r
ă 1

n
1

r

››››
f

wt

››››
ℓ

p
ðñ n ą ñ :“

˜
} f

wt
}ℓ

r

} f
wt

}ℓ
p

¸ pr

p´r

. (C.9)

Note that for r P r1, 3p
1`2p

s we have γ ą 1, indeed γ ´ 1 ě 2p1`2pq
3p

´ 1`p
p

“ p´1
3p

. Then
ř8

nąñ
1

n
γ ď

ş8
ñ

1
x

γ dx “ 1
γ´1

ñ
1´γ ď 3p

p´1
ñ

1´γ , hence by (C.8) we can bound

ÿ

nąñ

››››
q

|f |,I
n

Wt

››››
ℓ

p
ď 3p

p´1
C

h
ñ

1´γ

››››
f

wt

››››
2

ℓ
r

››››
f

wt

››››
h´2

ℓ
p

“ 3p
p´1

C
h

››››
f

wt

››››
rpp´1q

p´r

ℓ
r

››››
f

wt

››››
h´ rpp´1q

p´r

ℓ
p

,

where the equality follows by the definitions of ñ in (C.9) and γ in (C.8). For the contribu-
tion of n ď ñ, the previous bound (C.5) with r “ p yields, as in (C.6),

ñÿ

n“1

››››
q

|f |,I
n

Wt

››››
ℓ

2

ď p
p´1

C
h
ñ

1´ 1

p

››››
f

wt

››››
h

ℓ
p

“ p
p´1

C
h

››››
f

wt

››››
rpp´1q

p´r

ℓ
r

››››
f

wt

››››
h´ rpp´1q

p´r

ℓ
p

,
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having used the definition of ñ in (C.9). Overall, see (C.1), for r P r1, 3p
1`2p

s we have

max
I‰˚

››››
pq|f |,I

L

Wt

››››
ℓ

p
ď 4p

p´1
C

h

››››
f

wt

››››
1

α

ℓ
r

››››
f

wt

››››
h´ 1

α

ℓ
ploooooooooooooomoooooooooooooon

A

with α :“ p´r
rpp´1q P p0, 1s . (C.10)

At the same time, we can apply again the previous bound (C.6) with r “ p to estimate

max
I‰˚

››››
pq|f |,I

L

Wt

››››
ℓ

p
ď p

p´1
C

h
L

1´ 1

p

››››
f

wt

››››
h

ℓ
plooooooooooomooooooooooon

B

. (C.11)

Combining these bounds we get maxI‰˚
››pq|f |,I

L

Wt

››
ℓ

2 ď A
α
B

1´α, hence

@r P r1, 3p
1`2p

s : max
I‰˚

››››
pq|f |,I

L

Wt

››››
ℓ

p
ď 4p

p´1
C

h
L

1´ 1

r

››››
f

wt

››››
ℓ

r

››››
f

wt

››››
h´1

ℓ
p

,

which coincides with our goal (4.41), since mint r
r´1

, p
p´1

u “ p
p´1

for r ă p. �

C.2. Proof of Proposition 4.20. We follow the proof of Proposition 4.19. By the trian-
gle inequality, as in (C.1), it is enough to show that

››››
q

|f |,I
n

Wt

V
J
s

››››
ℓ

p
ď 36

1

p C
h

s
2{p

››››
f

wt

››››
2

ℓ
8

››››
f

wt

››››
h´2

ℓ
p

. (C.12)

We assume for ease of notation that J “ tt1, 2u, t3u, . . . , thuu. Let us fix a partition

I “ tI1
, . . . , I

mu such that I Ğ J , say 1 P I1 and 2 P I2. In analogy with (C.2), we have

››››
q

|f |,I
n

Wt

V
J
s

››››
p

ℓ
p

ď pΣp1,2q
n ¨

mź

j“3

››››
q

|f |
n

wt

››››
p|Ij|

ℓ
p|I

j
|
. (C.13)

where

pΣp1,2q
n :“

ÿ

y
1
,y

2PZ2

`
q

|f |
n py1q et|y1|˘p|I1| `

q
|f |
n py2q et|y2|˘p|I2|

e´ps|y1´y
2|
. (C.14)

By a uniform bound, we can estimate

pΣp1,2q
n ď

››››
q

|f |
n

wt

››››
p|I1|

ℓ
8

ÿ

y
1
,y

2PZ2

ˆ
q

|f |
n py2q
wtpy2q

˙p|I2|
e´ps|y1´y

2|

“
››››
q

|f |
n

wt

››››
p|I1|

ℓ
8

››››
q

|f |
n

wt

››››
p|I2|

ℓ
p

ˆ ÿ

yPZ2

e´ps|y|
˙
.

(C.15)

Since 2|z| ě |z1| ` |z2| for z “ pz1
, z

2q P Z
2 and 1 ´ e´x ě 2

3
x for 0 ď x ď 1

2
, we can bound

ÿ

zPZ2

e´ps|z| ď
ÿ

zPZ2

e´s|z| ď
ˆ ÿ

xPZ
e´s

|x|
2

˙2

ď
ˆ

2

1 ´ e´ s
2

˙2

ď 36

s
2
. (C.16)
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Plugging these estimates into (C.13) and bounding
››¨
››pk

ℓ
pk ď

››¨
››ppk´1q

ℓ
8

››¨
››p

ℓ
p , since

řm
j“1 |Ij | “

h and m ď h ´ 1, we obtain (raising to 1{p)
››››
q

|f |,I
n

Wt

V
J
s

››››
ℓ

p
ď 36

1

p

s
2{p

››››
q

|f |
n

wt

››››
h´m`1

ℓ
8

››››
q

|f |
n

wt

››››
m´1

ℓ
p

ď 36
1

p

s
2{p

››››
q

|f |
n

wt

››››
2

ℓ
8

››››
q

|f |
n

wt

››››
h´2

ℓ
p

.

Applying the estimates in (C.4), we obtain (C.12). �

C.3. Proof of Proposition 4.21. The second line of (4.46) follows by the first line

because } ¨ }2

ℓ
2q ď } ¨ }ℓ

8 } ¨ }ℓ
q . Let us prove the first line of (4.46). Writing J “ tJ1

, . . . , J
mu

and arguing as in (C.2), we can write

››q|g|,J
L Wt

››q

ℓ
q “

ÿ

xPpZ2qh

q
|g|,J
L pxqq

Wtpxqq ď
mź

j“1

# ÿ

yPZ2

`
q

|g|
L pyqwtpyq

˘q|Jj |
+

“
mź

j“1

››q|g|
L wt

››q|Jj |

ℓ
q|J

j
|
,

where q
|g|
L pyq :“ max1ďnďL q

|g|
n pyq, see (4.35). Since J ‰ ˚, we have |Jj | ě 2 for at least one

j, say for j “ 1, hence for k “ |J1| we bound
›› ¨

››qk

ℓ
qk ď

›› ¨
››qpk´2q

ℓ
8

›› ¨
››2q

ℓ
2q , while for all other

k “ |Jj | ě 1 we simply bound
›› ¨

››qk

ℓ
qk ď

›› ¨
››qpk´1q

ℓ
8

›› ¨
››q

ℓ
q . Since

řm
j“1 |Jj | “ h, we obtain

››q|g|,J
L Wt

››q

ℓ
q ď

››q|g|
L wt

››2q

ℓ
2q

››q|g|
L wt

››qpm´1q
ℓ

q

››q|g|
L wt

››qph´m´1q
ℓ

8 ď
››q|g|

L wt

››2q

ℓ
2q

››q|g|
L wt

››qph´2q
ℓ

q ,

because m ď h´ 1 for J ‰ ˚. In order to obtain the first line of (4.46), it suffices to apply

the estimate (4.36), where we can bound 2q
2q´1

25
1

2q C ď q
q´1

25
1

q C ď q
q´1

25 C “ q
q´1

C .

We next prove (4.47). We may assume that I “ tt1, 2u, t3u, . . . , thuu. Let us fix a parti-

tion J “ tJ1
, . . . , J

mu with J Ğ I, say 1 P J1 and 2 P J2. In analogy with (C.13), we can
write

max
J‰˚
JĞI

››q|g|,J
L Wt V

I
s

››q

ℓ
q ď Σ

p1,2q
M ¨

mź

j“3

››q|g|
L wt

››q|Jj|

ℓ
q|J

j
|
,

where, as in (C.14)-(C.15), we have

Σ
p1,2q
M :“

ÿ

y
1
,y

2PZ2

`
q

|g|
L py1qwtpy1q

˘q|J1| `
q

|g|
L py2qwtpy2q

˘q|J2|
wspy1 ´ y

2qq

ď
››q|g|

L wt

››q|J1|
ℓ

8

››q|g|
L wt

››q|J2|
ℓ

q

››ws

››q

ℓ
q .

Bounding
››q|g|

L wt

››q|Jj |

ℓ
q|J

j
|

ď
››q|g|

L wt

››qp|Jj |´1q
ℓ

8

››q|g|
L wt

››q

ℓ
q for j ě 2, we then obtain

max
J‰˚
JĞI

››q|g|,J
L Wt

››q

ℓ
q ď

››q|g|
L wt

››qph´m`1q
ℓ

8

››q|g|
L wt

››qpm´1q
ℓ

q

››ws

››q

ℓ
q

ď
››q|g|

L wt

››2q

ℓ
8

››q|g|
L wt

››qph´2q
ℓ

q

››ws

››q

ℓ
q ,

because
řm

j“1 |Jj | “ h and m ď h´1 for J ‰ ˚. We conclude applying (4.36) and (4.48). �
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C.4. Proof of Proposition 4.23. Let us set for short p :“ q
q´1

(so that 1
p

` 1
q

“ 1). We

are going to use a key functional inequality from [CSZ23, Lemma 6.8], in the improved
version from [LZ21+, eq. (3.21) in the proof of Proposition 3.3]:

ÿ

zPpZ2qh
I , xPpZ2qh

J

fpzq gpxq
p1 ` |x ´ z|2qh´1

ď C1 p q }f}ℓ
p }g}ℓ

q where C1 :“ 22hp1 ` πqh
. (C.17)

(The value of C1 is extracted from [LZ21+, proof of Proposition 3.3] whereC1 ď 23h`1p c
2

qh´1
pq

with c ď 1 ` π from [LZ21+, proof of Lemma A.1], hence C1 ď 22h`2 p1 ` πqh´1.)

We show below the following bound on pQ˚,˚
L pz,xq “ řL

n“1

śh
i“1 qnpxi ´ z

iq:

pQ˚,˚
L pz,xq ď C2 e´ |x´z|

2

16c L

p1 ` |x ´ z|2qh´1
where C2 :“ h! p200 c

2qh
. (C.18)

Recalling (4.28), since pQI,J
L pz,xq “ pQ˚,˚

L pz,xq1tz„I,x„Ju, see (4.7)-(4.13), we obtain

`
Wt

pQI,J
L

1
Wt

˘
pz,xq ď

C2 1tz„I,x„Ju

p1 ` |x ´ z|2qh´1

hź

i“1

et|zi´x
i|´ |z

i
´x

i
|
2

16c L ď
C2 e8cht

2
L
1tz„I,x„Ju

p1 ` |x ´ z|2qh´1
,

because maxaPRtta ´ a
2

16c L
u “ 8c t

2
L. Applying (C.17), get (4.52) since 800p1 ` πq ď 4000.

We next prove (4.53). Let I, J be pairs, say I “ tta, bu, tcu : c ‰ a, c ‰ bu and J “
ttã, b̃u, tcu : c ‰ ã, c ‰ b̃u. For z „ I and x „ J we have za “ z

b, hence

1

V
I
s pxq

ď es|xa´x
b| ď est|xa´z

a|`|za´z
b|`|zb´x

b|u “ es|xa´z
a| es|zb´x

b|
,

and similarly 1

V
J
s pzq

ď es|xã´z
ã| es|zb̃´x

b̃|. Arguing as above, we obtain (4.53):

`
Wt

V
J
s

pQI,J
L

1

Wt V
I
s

˘
pz,xq ď

C2 1tz„I,x„Ju

p1 ` |x ´ z|2qh´1

hź

i“1

ept`2sq|zi´x
i|´ 1

16c L
|zi´x

i|2

ď
C2 e8chpt`2sq2

L
1tz„I,x„Ju

p1 ` |x ´ z|2qh´1
.

Let us prove (C.18). By the bound qnpxq ď 6c
n

e´ |x|
2

8c n proved in Lemma B.1 we obtain

Q
˚,˚
n pz,xq “

hź

i“1

qnpxi ´ z
iq ď p6cqh

n
h

e´ |x´z|
2

8c n ,

hence for x “ z we get pQ˚,˚
L px,xq “ řL

n“1 Q
˚,˚
n pz,xq ď p6cqh ř8

n“1
1

n
2 “ p6cqh π

2

6
ď 2 p6cqh

which is compatible with (C.18). We next assume that x ‰ z: note that for A “ |x´z|2
8c

ą 0

Lÿ

n“1

e´ A
n

n
h

ď e´ A
2L

A
h´1

"
1

A

8ÿ

n“1

ϕ
`

n
A

˘*
where ϕptq :“ e´ 1

2t

t
h
.

Since ϕp¨q is unimodal, we can bound 1
A

ř8
n“1 ϕ

`
n
A

˘
ď

ş8
0
ϕptq dt ` 1

A
}ϕ}8 and note thatş8

0
ϕptq “ 2h´1 ş8

0
s

h´2 e´s ds “ 2h´1 ph ´ 2q! while }ϕ}8 “ p2hqh e´h ď 2h
h!{

?
2πh ď
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1
2
2h
h!, therefore for A ě 1 we get 1

A

ř8
n“1 ϕ

`
n
A

˘
ď 2h

h!. Overall, recalling (4.13), we have
for x ‰ z

pQ˚,˚
L pz,xq ď

Lÿ

n“1

Q
˚,˚
n pz,xq ď p48 c

2qh e´ |x´z|
2

16c L

|x ´ z|2ph´1q 2h
h! ď h! p200 c

2qh e´ |x´z|
2

16c L

p1 ` |x ´ z|2qh´1
,

where we last bounded |x ´ z|2 ě 1
2
p1 ` |x ´ z|2q for x ‰ z. We have proved (C.18). �

C.5. Proof of Proposition 4.24. Let us define p :“ q
q´1

so that 1
p

` 1
q

“ 1. Since

}A}ℓ
qÑℓ

q :“ sup
f,g : }f}

ℓ
p ď1, }g}

ℓ
q ď1

ÿ

z,xPpZ2qh
I

fpzq Apz,xq gpxq ,

we can bound
ř

z,x fpzq |pU|I pz,xq gpxq ď
`ř

z,x fpzqp |pU|Ipz,xq
˘1{p`ř

z,x |pU|Ipz,xq gpxqq
˘1{q

by Cauchy-Schwarz, hence we obtain

}A}ℓ
qÑℓ

q ď max

#
sup

zPpZ2qh
I

ÿ

xPpZ2qh
I

Apz,xq , sup
xPpZ2qh

I

ÿ

zPpZ2qh
I

Apz,xq
+
. (C.19)

We will prove (4.55) and (4.56) exploiting this bound.
We recall that Un,βpxq is defined in (4.11) and we define

Un,β :“
ÿ

xPZ2

Un,βpxq “
8ÿ

k“1

pσ2
βqk

ÿ

0“:n0ăn1ă¨¨¨ănk:“n

kź

i“1

q2pni´ni´1qp0q . (C.20)

When we sum Un,β for n “ 1, . . . , L, if we enlarge the sum range in (C.20) by letting each
increment mi :“ ni ´ ni´1 vary freely in t1, . . . ,Mu, recalling (4.54) we obtain

Lÿ

n“1

e´λn
Un,β ď

8ÿ

k“1

pσ2
βqk

ˆ Lÿ

m“1

e´λm
q2mp0q

˙k

“
8ÿ

k“1

pσ2
β R

pλq
L qk “ σ

2
β R

pλq
L

1 ´ σ
2
β R

pλq
L

. (C.21)

We next estimate the exponential spatial moments of Un,βpxq. Pluggin the second bound

from (4.32) into (4.11), writing x “ px1
, x

2q and xa “ řk
i“1pxa

i ´ x
a
i´1q, we obtain

@a “ 1, 2 :
ÿ

xPZ2

etx
a

Un,βpxq ď ec t
2

2
n
Un,β .

From this, by |x| ď |x1| ` |x2|, Cauchy-Schwarz and et|xa| ď etx
a

` e´tx
a

, we deduce that

ÿ

xPZ2

et|x|
Un,βpxq ď 2 e2c t

2
n
Un,β . (C.22)

We now fix a partition I “ tI1
, . . . , I

mu ‰ ˚ and a pair J “ tta, bu, tcu : c ‰ a, bu. Our
goal is to prove (4.56), which also yields (4.55) for s “ 0. By (4.28) and (4.43) we have the
following rough bound, for any a P t´1,`1u:

Wtpzq V
J
s pzqa

Wtpxq V
J
s pxqa

ď e2pt`sq|xa´z
a| ź

c‰a,b

ept`sq|xc´z
c|
. (C.23)
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We may order |I1| ě |I2| ě . . . ě |Im|, so that |I1| ě 2. Given z,x P pZ2qh
I , denoting by

x
I

j

the common value of xa for a P Ij , by (4.7) we can write

Q
I,I
n pz,xq “ qnpxI

1

´ z
I

1

q|I1|
mź

j“2

qnpxI
j

´ z
I

j

q|Ij | ď qnpxI
1

´ z
I

1

q2
mź

j“2

qnpxI
j

´ z
I

j

q ,

because qnp¨q ď 1. Since |ErξI
βs| ď σ

2
β by assumption, from (4.8) we can bound

|U|In,βpz,xq ď Un,βpxI
1

´ z
I

1

q
mź

j“2

qnpxI
j

´ z
I

j

q ,

therefore by (C.22), (C.23) and the first bound in (4.33) we obtain

ÿ

xPpZ2qh
I

ˆ
|U|In,βpz,xq Wtpzq Vspzqa

Wtpxq Vspxqa

˙
ď 2h e4hc pt`sq2

n
Un,β , (C.24)

which yields, recalling (4.15),

sup
zPpZ2qh

I

ÿ

xPpZ2qh
I

|pU|JL,λ,βpz,xq Wtpzq Vspzqa

Wtpxq Vspxqa ď 1 ` 2h e4hc pt`sq2
L

Lÿ

n“1

e´λn
Un,β , (C.25)

and the same holds exchanging x and z by symmetry (note that the bound (C.23) is
symmetric in x Ø z). Recalling (C.19) and (C.21), we obtain (4.56) (hence (4.55)). �
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