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rough noise: Gaussian fluctuations
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Abstract

In this article, we study the hyperbolic Anderson model in dimension 1, driven by a
time-independent rough noise, i.e. the noise associated with the fractional Brownian
motion of Hurst index H ∈ (1/4, 1/2). We prove that, with appropriate normal-
ization and centering, the spatial integral of the solution converges in distribution
to the standard normal distribution, and we estimate the speed of this convergence
in the total variation distance. We also prove the corresponding functional limit
result. Our method is based on a version of the second-order Gaussian Poincaré
inequality developed recently in [27], and relies on delicate moment estimates for
the increments of the first and second Malliavin derivatives of the solution. These
estimates are obtained using a connection with the wave equation with delta initial
velocity, a method which is different than the one used in [27] for the parabolic
Anderson model.
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1 Introduction

The study of stochastic partial differential equations (SPDEs) using the random field ap-
proach originates in Walsh’ lecture notes [32], which introduced the general framework,
focusing mostly on equations driven by space-time Gaussian white noise in dimension 1.
In the seminal article [13], Dalang extended the martingale measure method of Walsh to
equations driven by spatially homogeneous Gaussian noise (white in time), and introduced
powerful techniques for analyzing these equations. Since then, this area has been growing
at an accelerated pace. One of the tools that has been used extensively is Malliavin calcu-
lus. This tool is especially useful when the noise is colored in time (or time-independent),
and Itô calculus techniques cannot be used, due to a lack of martingale structures. We
refer the reader to [7, 10, 8, 9, 14, 16, 19, 20, 17, 18, 24, 31] for a small sample of relevant
contributions related to SPDEs with various types of Gaussian noise.

In [21], a new line of investigations has been opened up in this area, focusing on the
asymptotic behaviour of the spatial integral of the solution of the stochastic heat equation
with space-time Gaussian white noise, as the size of the integration region becomes large.
The main result of [21] states that, with suitable normalization and centering, this integral
converges to the standard normal distribution, and gives the speed of this convergence in
the total variation distance. This result, called the “Quantitative Central Limit Theorem”
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(QCLT) is obtained by combining Malliavin calculus with Stein’s method for normal
approximations. Similar results and extensions have been obtained in the subsequent
papers [22, 28, 27, 6] for the solution of the stochastic heat equation with colored noise in
space/time (or with time-independent noise), respectively in [12, 15, 4, 5] for the solution
of the stochastic wave equation. In both cases, the noise enters the equation multiplied
by a Lipschitz function σ(u) of the solution. The most difficult case is when the noise is
rough in space, i.e. it behaves in space like the fractional Brownian motion (fBm) with
Hurst index H < 1/2. This case has been studied in [27] for the parabolic Anderson model
(pAm), the stochastic heat equation with a linear term σ(u) = u multiplying the noise,
using technical arguments that rely heavily on properties of the heat kernel.

The goal of the present article is to present the first study of this problem for the wave
equation with rough noise in space. We will assume that the noise is time-independent,
and we postpone the treatment of the time-dependent noise for future work. More pre-
cisely, in this article we consider the hyperbolic Anderson model (hAm) in dimension 1:





∂2u

∂t2
(t, x) =

∂2u

∂x2
(t, x) +

√
θu(t, x)Ẇ (x), t > 0, x ∈ R,

u(0, x) = 1,
∂u

∂t
(0, x) = 0.

(1)

Often, we are interested in the case θ = 1. The reason we introduce a parameter θ > 0
is the following. Our main result, the QCLT for the spatial average of the solution uθ of
(1), is obtained by applying a version of the second-order Gaussian Poincaré inequality
(Proposition 2.4 of [27]). For this, we need to estimate the fourth moment of the incre-
ments of the Malliavin derivative Duθ and of the rectangular increments of the second
Malliavin derivative D2uθ. The fact that we include a parameter θ > 0 in equation (1)
allows us to compare the p-th moment (for p > 2) of the solution uθ, of its Malliavian
derivatives, or of their increments, with the second moment of the similar quantities corre-
sponding to the solution u(p−1)θ, which are then treated using their chaos expansions. This
comparison between moments plays a crucial role in the present article, and is derived
using a hypercontractivity property for general SPDEs, which is of independent interest
and is included in Appendix A.

The noise W is time-independent and fractional in space with Hurst index H ∈ (1
4
, 1
2
),

being given by a zero-mean Gaussian process {W (ϕ);ϕ ∈ D(R)}, defined on a complete
probability space (Ω,F ,P), with covariance

E[W (ϕ)W (ψ)] = cH

∫

R

Fϕ(ξ)Fψ(ξ)|ξ|1−2Hdξ =: 〈ϕ, ψ〉P0 .

HereD(R) is the space of C∞ functions with compact support in R, Fϕ(ξ) =
∫
R
e−iξxϕ(x)dx

is the Fourier transform of ϕ, and

cH =
Γ(2H + 1) sin(πH)

2π
.

By approximation, the noise can be extended to an isonormal Gaussian process {W (ϕ);ϕ ∈
P0}, as defined in Malliavin calculus, where P0 is the Hilbert space defined as completion
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of D(R) with respect to the inner product 〈·, ·〉P0. In particular, 1[0,x] ∈ P0 for all x ∈ R,
and the process {W (x) =W (1[0,x]); x ∈ R} is a fBm of index H .

We say that a process uθ = {uθ(t, x); t ≥ 0, x ∈ R} is a (mild Skorohod) solution to
equation (1) if it satisfies the following integral equation:

uθ(t, x) = 1 +
√
θ

∫ t

0

∫

R

Gt−s(x− y)uθ(s, y)W (δy)ds

where the W (δy) corresponds to the divergence operator δ (or Skorohod integral) defined
in Section 2.2 below, and Gt is the fundamental solution of the wave equation on R+×R:

Gt(x) :=
1

2
1{|x|<t}, t > 0, x ∈ R. (2)

We let Gt(x) = 0 when t ≤ 0. Note that the Fourier transform of Gt is given by:

FGt(ξ) =

∫

R

e−iξxGt(x)dx =
sin(t|ξ|)

|ξ| , t ≥ 0. (3)

We are interested on the asymptotic behaviour as R → ∞ of the spatial average:

FR,θ(t) =

∫ R

−R

(
uθ(t, x)− 1

)
dx.

More precisely, letting σ2
R,θ(t) = Var

(
FR,θ(t)

)
, we would like to show that

FR,θ(t)

σR,θ(t)

d→ Z ∼ N(0, 1) as R → ∞,

and to give an estimate for the speed of this convergence in the total variation distance:

dTV(X, Y ) = sup
B∈B(R)

|P(X ∈ B)− P(Y ∈ B)|.

The following theorems are the main results of this article.

Theorem 1.1 (Limiting Covariance). For any θ > 0, t > 0 and s > 0

lim
R→∞

E[FR,θ(t)FR,θ(s)]

R
= Kθ(t, s), (4)

where Kθ(t, s) is finite and is given by (65) below. Moreover, for any θ > 0 and t > 0,

lim
R→∞

σ2
R,θ(t)

R
= Kθ(t, t) > 0. (5)

Theorem 1.2 (QCLT). For any θ > 0 and t > 0,

dTV

(
FR,θ(t)

σR,θ(t)
, Z

)
≤ Ct,H,θR

−1/2,

where Ct,H,θ > 0 is a constant depending on (t, H, θ) and Z ∼ N(0, 1).
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Theorem 1.3 (FCLT). For any θ > 0, the process {R−1/2FR,θ(t); t ≥ 0} has a continuous
modification which converges in distribution in C([0,∞)) as R → ∞, to a zero-mean
Gaussian process {Gθ(t); t ≥ 0} with covariance

E[Gθ(t)Gθ(s)] = Kθ(t, s),

where C([0,∞)) is equipped with the topology of uniform convergence on compact sets.

For the proof of Theorem 1.1 we use the Wiener chaos decomposition of FR,θ, by
observing that the projection on the first chaos space does not contribute to the limit,
while the projections on the other chaos spaces give rise to a convergent series. A similar
phenomena has been observed in [26] for (pAm) with rough noise in space, that is colored
in time. This is in contrast with the QCLT for equations with “regular” noise in space
(studied in [28, 27, 5]) for which only the projection on the first chaos space contributes
to the limit. In both cases, the QCLT is non-chaotic, in the sense described on page 3 of
[15], which means that not all the projections on the chaos spaces contribute to the limit.

Theorem 1.2 follows by applying a version of the second-order Gaussian Poincaré
inequality (Proposition 2.4 of [27]) for the time-independent noise. This leads to a study
of the increments of Duθ, as well as the rectangular increments of D2uθ. Analyzing these
increments requires significant effort. For this task, we use a different method than in [27]
for (pAm). In addition to the moment comparison technique mentioned above, we develop
a connection with the solution vθ of (hAm) with delta initial velocity. This introduces
a new problem, which leads us to examine the increments of uθ and vθ. A key role in
this analysis is played by some translation-invariance properties of these processes. In
addition, we exploit the fact that the increments of vθ are closely related to those of the
solution Vθ of (hAm) driven by a Gaussian noise X, which is white in time and fractional
in space with the same index H ∈ (1

4
, 1
2
). The covariance of X is given by (33) below.

For the proof of Theorem 1.3, as usually, we need to show two things : (i) tightness;
and (ii) finite-dimensional convergence. (i) follows by Kolmogorov-Centsov theorem, while
(ii) follows using the same method as in [5], based on a variance estimation that is proved
using the same arguments as for the QCLT.

This article is organized as follows. In Section 2, we include the background and some
preliminary results from Malliavin calculus, and we prove the existence of the solution
uθ. In Section 3, we examine some properties of vθ and Vθ. In Section 4, we derive
some estimates for the increments of Duθ and the rectangular increments of D2uθ. The
increments of the processes uθ and vθ are studied in Section 5. Finally, in Section 6,
we present the proofs of Theorems 1.1, 1.2 and 1.3. The moment comparison result for
a general SPDE is included in Appendix A. In Appendix B, we study two stochastic
Volterra equations driven by X, which are of the same form as the equations satisfied
by the increments of Vθ, and allow us to derive some properties of these increments.
Appendix C contains some elementary inequalities which are used in the sequel.

2 Preliminaries

In this section, we include some preliminary results related to Malliavin calculus, and we
prove the existence and uniqueness of the solution to (1). We let ‖·‖p be the Lp(Ω)-norm.
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2.1 Multiple Wiener integrals

We start by introduce some basic ingredients of Malliavin calculus, following [25].
We denote by Jn the projection from L2(Ω) to P0,n, where P0,n is the n-th Wiener

chaos space, defined at the closed linear span in L2(Ω) of {Hn(W (ϕ);ϕ ∈ P0)}, with
Hn(x) being the n-th Hermite polynomial. Let In : P⊗n

0 → P0,n be the multiple Wiener
integral of order n with respect to W , where P⊗n

0 is the n-th tensor product of P0. Since
In is surjective, for any F ∈ L2(Ω), Jn(F ) = In(fn) for some fn ∈ P⊗n

0 .
The Wiener chaos spaces P0,n are orthogonal in L

2(Ω). More precisely, for any f ∈ P⊗n
0

and g ∈ P⊗m
0 ,

E[In(f)Im(g)] =

{
n! 〈f̃ , g̃〉P⊗n

0
if n = m

0 if n 6= m

where f̃ is the symmetrization of f in all n variables:

f̃(x1, . . . , xn) =
1

n!

∑

ρ∈Sn

f(xρ(1), . . . , xρ(n)),

and Sn is the set of all permutations of {1, . . . , n}. Note that In(f̃) = In(f) and

‖f̃‖P⊗n
0

≤ ‖f‖P⊗n
0
. (6)

Every random variable F ∈ L2(Ω) which is measurable with respect to W has the
Wiener chaos expansion:

F = E(F ) +
∑

n≥1

Jn(F ) = E(F ) +
∑

n≥1

In(fn), (7)

where the series converges in L2(Ω). Moreover,

E|F |2 =
∑

n≥0

E|In(fn)|2 =
∑

n≥0

n! ‖f̃n‖2P⊗n
0
,

where I0 is the identity map on R and f0 = E(F ). Occasionally, we denote J0(F ) = E(F ).

In general, Ip+q(f ⊗ g) 6= Ip(f)Iq(g). The exact expression of Ip+q(f ⊗ g) is given by
the product formula, which will not be used in the present paper. Instead, we use the
following result.

Lemma 2.1. Let p, q ∈ N.

(a) For f ∈ P⊗p
0 , g ∈ P⊗q

0 , we have

‖Ip+q(f ⊗ g)‖22 ≤
(p+ q)!

p!q!
‖Ip(f)‖22 ‖Iq(g)‖

2
2 .

(b) For f1 ∈ P⊗p1
0 , f2 ∈ P⊗p2

0 and f3 ∈ P⊗p3
0 , we have

‖Ip1+p2+p3(f1 ⊗ f2 ⊗ f3)‖22 ≤
(p1 + p2 + p3)!

p1!p2!p3!
‖Ip1(f1)‖22‖Ip2(f2)‖22‖Ip3(f3)‖22.
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Proof. (a) Since f⊗g and f̃⊗ g̃ have the same symmetrization, Ip+q(f̃⊗ g̃) = Ip+q(f⊗g).
Hence,

‖Ip+q(f ⊗ g)‖22 =
∥∥∥Ip+q(f̃ ⊗ g̃)

∥∥∥
2

2
= (p+ q)!

∥∥∥∥
˜̃f ⊗ g̃

∥∥∥∥
2

P
⊗(p+q)
0

≤(p+ q)!
∥∥∥f̃ ⊗ g̃

∥∥∥
2

P
⊗(p+q)
0

= (p+ q)!

∫

Rp+q

∣∣∣F
(
f̃ ⊗ g̃

)
(ξ1, . . . , ξp+q)

∣∣∣
2
p+q∏

j=1

|ξj|1−2Hdξj

=(p+ q)!

∫

Rp+q

∣∣∣F f̃(ξ1, . . . , ξp)
∣∣∣
2

|F g̃(ξp+1, . . . , ξp+q)|2
p+q∏

j=1

|ξj|1−2Hdξj

=
(p+ q)!

p!q!
‖f̃‖2

P⊗p
0
‖g̃‖2

P⊗q
0

=
(p+ q)!

p!q!
‖Ip(f)‖22 ‖Iq(g)‖

2
2

(b) We use (a) twice, the first time for p = p1, q = p2 + p3, f = f1, g = f2 ⊗ f3, and
the second time for p = p2, q = p3, f = f2, g = f3.

Next, we extend Lemma 2.1 to processes indexed by elements in a measure space.

Lemma 2.2. Let (E, E , µ) be a measure space. For each θ > 0 and r ∈ E, let Fθ(r), Gθ(r)
be random variables in L2(Ω) with the Wiener chaos expansions Fθ(r) =

∑
p≥0 θ

p/2Ip(fp(·, r))
and Gθ(r) =

∑
q≥0 θ

q/2Iq(gq(·, r)). Then

∑

p≥0

∑

q≥0

θp+q

∥∥∥∥Ip+q

(∫

E

fp(·, r)⊗ gq(·, r)µ(dr)
)∥∥∥∥

2

2

≤
(∫

E

‖F2θ(r)‖2 ‖G2θ(r)‖2 µ(dr)
)2

.

Moreover, if for each θ > 0 and r ∈ E, Hθ(r) is a random variable in L2(Ω) with the
Wiener chaos expansion Hθ(r) =

∑
k≥0 θ

k/2Ik(hk(·, r)), then

∑

p≥0

∑

q≥0

∑

k≥0

θp+q+k

∥∥∥∥Ip+q+k

(∫

E

fp(·, r)⊗ gq(·, r)⊗ hk(·, r)µ(dr)
)∥∥∥∥

2

2

≤
(∫

E

‖F3θ(r)‖2 ‖G3θ(r)‖2 ‖H3θ(r)‖2 µ(dr)
)2

.

Proof. We use the same idea as in the proof of Lemma 2.1.(a). More precisely,

∥∥∥∥Ip+q

(∫

E

fp(·, r)⊗ gq(·, r)µ(dr)
)∥∥∥∥

2

2

=

∥∥∥∥Ip+q

(∫

E

f̃p(·, r)⊗ g̃q(·, r)µ(dr)
)∥∥∥∥

2

2

≤ (p+ q)!

∥∥∥∥
∫

E

f̃p(·, r)⊗ g̃q(·, r)µ(dr)
∥∥∥∥
P

⊗(p+q)
0

= (p + q)!

∫

Rp+q

∣∣∣∣
∫

E

F
(
f̃p(·, r)⊗ g̃q(·, r)

)
(ξ1, . . . , ξp+q)dr

∣∣∣∣
2 p+q∏

j=1

|ξj|1−2Hdξj

= (p + q)!

∫

Rp+q

∫

E2

F f̃p(·, r1)(ξ1, . . . , ξp)F g̃q(·, r1)(ξp+1, . . . , ξp+q)

7



× F f̃p(·, r2)(ξ1, . . . , ξp)F g̃q(·, r2)(ξp+1, . . . , ξp+q)µ(dr1)µ(dr2)

p+q∏

j=1

|ξj|1−2Hdξj

= (p + q)!

∫

E2

〈
f̃p(·, r1), f̃p(·, r2)

〉
P⊗p
0

〈g̃q(·, r1), g̃q(·, r2)〉P⊗q
0
µ(dr1)µ(dr2)

=
(p+ q)!

p!q!

∫

E2

E [Ip (fp(·, r1)) Ip (fp(·, r2))]E [Iq (gq(·, r1)) Iq (gq(·, r2))]µ(dr1)µ(dr2).

Noting that (p+q)!
p!q!

≤ 2p+q, we obtain:

∑

p≥1

∑

q≥1

θp+q

∥∥∥∥Ip+q

(∫

E

fp(·, r)⊗ gq(·, r)µ(dr)
)∥∥∥∥

2

2

≤
∫

E2

∑

p≥1

(2θ)pE [Ip (fp(·, r1)) Ip (fp(·, r2))]
∑

q≥1

(2θ)qE [Iq (gq(·, r1)) Iq (gq(·, r2))] dr1dr2

=

∫

E2

E [F2θ(r1)F2θ(r2)]E [G2θ(r1)G2θ(r2)]µ(dr1)µ(dr2) ≤
(∫

E

‖F2θ(r)‖2 ‖G2θ(r)‖2 µ(dr)
)2

,

where we used the Cauchy-Schwarz inequality for the last inequality.
The second estimate is proved in a similar way, using the inequality (p+q+k)!

p!q!k!
≤ 3p+q+k.

2.2 The operators D and δ

In this section, we recall briefly the definitions of the Malliavin derivative D and the
divergence operator δ. We refer the reader to [25] for more details.

Let S be the class of “smooth” random variables, i.e variables of the form

F = f(W (ϕ1), . . . ,W (ϕn)), (8)

where f ∈ C∞
b (Rn), ϕi ∈ P0, n ≥ 1, and C∞

b (Rn) is the class of bounded C∞-functions
on Rn, whose partial derivatives of all orders are bounded. The Malliavin derivative of a
random variable F of the form (8) is the P0-valued random variable given by:

DF :=

n∑

i=1

∂f

∂xi
(W (ϕ1), . . . ,W (ϕn))ϕi.

We endow S with the norm ‖F‖D1,2 := (E|F |2)1/2 + (E‖DF‖2P0
)1/2. The operator D can

be extended to the space D1,2, the completion of S with respect to ‖ · ‖D1,2 .
For any integer k ≥ 2, we let Dk be the Malliavin derivative of order k, whose domain

is denoted by Dk,2.
If F is a random variable in L2(Ω) with theWiener chaos expansion F =

∑
n≥0 In(fn) =∑

n≥0 Jn(F ) for some symmetric functions fn ∈ P⊗n
0 , then

DxF =
∑

n≥1

nIn−1(fn(·, x)). (9)
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In particular, DxJn(F ) = nIn−1(fn(·, x)) = Jn−1(DxF ) for any n ≥ 1, and DxJ0(F ) = 0.
In general,

DkJn(F ) =

{
Jn−k(D

kF ) if n ≥ k
0 if n < k

(10)

The divergence operator δ is the adjoint of the operator D. The domain of δ, denoted
by Dom δ, is the set of u ∈ L2(Ω;P0) such that

|E〈DF, u〉H| ≤ c(E|F |2)1/2, ∀F ∈ D1,2,

where c is a constant depending on u. If u ∈ Dom δ, then δ(u) is the element of L2(Ω)
characterized by the following duality relation:

E(Fδ(u)) = E〈DF, u〉P0, ∀F ∈ D1,2. (11)

In particular, E(δ(u)) = 0. If u ∈ Dom δ, we use the notation

δ(u) =

∫

R

u(x)W (δx),

and we say that δ(u) is the Skorohod integral of u with respect to W .

2.3 OU semigroup and hypercontractivity

In this section, we review the definition and some properties of the Ornstein-Uhlenbeck
semigroup.

The Ornstein-Uhlenbeck (OU) semigroup is the family (Tt)t≥0 of contraction operators
on L2(Ω) defined by:

Tt(F ) =
∑

n≥0

e−ntJn(F ).

Using (10), we derive that

Dk (Tt(F )) =
∑

n≥0

e−ntDk(Jn(F )) =
∑

n≥k

e−ntJn−k(D
kF ) = e−ktTt(D

kF ). (12)

The OU semigroup has a hypercontractivity property: for any t > 0 and F ∈ Lp(Ω),

‖TtF‖q(t) ≤ ‖F‖p, where q(t) = e2t(p− 1) + 1 > p > 1. (13)

An important consequence of this property is that for any 1 < p < q < ∞, the norms
‖ · ‖p and ‖ · ‖q are equivalent on the same chaos space P0,n. More precisely,

‖F‖q ≤
(
q − 1

p− 1

)n/2

‖F‖p, for any F ∈ P0,n and 1 < p < q. (14)

The generator of the Ornstein-Uhlenbeck semigroup is given by:

LF =
∑

n≥1

nJn(F ). (15)

9



Its domain Dom L consists of random variables F ∈ L2(Ω) for which the series in (15)
converges in L2(Ω). Note that F ∈ Dom L if and only if F ∈ D1,2 and DF ∈ Dom δ, and
in this case, LF = −δ(DF ).

The pseudo-inverse of L is the operator L−1 defined by

L−1F =
∑

n≥1

1

n
Jn(F ).

For any F ∈ D1,2 with E(F ) = 0, the process u = −DL−1F belongs to Dom δ and

F = δ(−DL−1F ). (16)

2.4 Existence of solution

In this section, we show that equation (1) has a unique solution.
It is known that, if it exists, the solution to equation (1) has the Wiener chaos expan-

sion:
uθ(t, x) = 1 +

∑

n≥1

θn/2In(fn(·, x; t)), (17)

with kernel fn(·, x; t) given by:

fn(x1, . . . , xn, x; t) =

∫

Tn(t)

fn(t1, x1, . . . , tn, xn, t, x)dttt, (18)

where Tn(t) = {0 < t1 < . . . < tn < t} and

fn(t1, x1, . . . , tn, xn, t, x) = Gt−tn(x− xn) . . . Gt2−t1(x2 − x1)1{0<t1<...<tn<t}. (19)

is the kernel which appears in the chaos decomposition of the solution of (hAm) with time
dependent noise (studied in [4]). In this case,

E|uθ(t, x)|2 = 1 +
∑

n≥1

n!θn‖f̃n(·, x; t)‖2P⊗n
0
. (20)

In fact, the solution exists if and only if the series (17) converges in L2(Ω), i.e. the series
(20) converges. In this case, the solution is unique.

The next result gives the existence of the solution and provides an upper bound for
its moments. For this result, we will use the fact that for any a > 0, there exist some
constants c1 > 0 and c2 > 0 depending on a such that

∑

n≥0

xn

(n!)a
≤ c1 exp(c2x

1/a) for any x > 0. (21)

In addition, we will need the value of the following integral: for any t > 0,
∫

R

|FGt(ξ)|2|ξ|αdξ =
∫

R

sin2(t|ξ|)
|ξ|2 |ξ|αdξ = cαt

1−α. (22)

The integral converges if and only if α ∈ (−1, 1); see for instance, Lemma 3.1 of [3].
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Theorem 2.3. For any H ∈ (1
4
, 1
2
), equation (1) has a unique (Skorohod) solution. More-

over, for any θ > 0, p ≥ 2, t > 0 and x ∈ R,

‖uθ(t, x)‖p ≤ c1 exp
(
c2θ

1
2H+1p

1
2H+1 t

2H+2
2H+1

)
, (23)

where c1 > 0 and c2 > 0 are constants that only depend on H. Consequently, Cθ,p,T,u :=
sup(t,x)∈[0,T ]×R ‖uθ(t, x)‖p <∞.

Proof. Note that Ffn(t1, ·, . . . , tn, ·, t, x)(ξξξ) = e−i(ξ1+...+ξn)x
∏n

j=1FGtj+1−tj (ξ1 + . . . + ξj),
where tn+1 = t and ξξξ = (ξ1, . . . , ξn). By Cauchy-Schwarz inequality, we have

|Ffn(·, x; t)(ξξξ)|2 =
∣∣∣∣∣

∫

Tn(t)

n∏

j=1

FGtj+1−tj (ξ1 + . . .+ ξj)dttt

∣∣∣∣∣

2

≤ tn

n!

∫

Tn(t)

n∏

j=1

∣∣FGtj+1−tj (ξ1 + . . .+ ξj)
∣∣2 dttt,

where ttt = (t1, . . . , tn). By Fubini’s theorem,

‖fn(·, x; t)‖2P⊗n
0

= cnH

∫

Rn

|Ffn(·, x; t)(ξξξ)|2
n∏

j=1

|ξj|1−2Hdξξξ

≤ cnH
tn

n!

∫

Tn(t)

∫

Rn

n∏

j=1

∣∣FGtj+1−tj (ξ1 + . . .+ ξj)
∣∣2

n∏

j=1

|ξj|1−2Hdξξξdttt

= cnH
tn

n!

∫

Tn(t)

∫

Rn

n∏

j=1

∣∣FGtj+1−tj (ηj)
∣∣2 |η1|1−2H

n∏

j=2

|ηj − ηj−1|1−2Hdηηηdttt,

where for the last line, we used the change of variables ηj = ξ1 + . . .+ ξj for j = 1, . . . , n,
and we denoted ηηη = (η1, . . . , ηn). We now use the inequality |a+b|1−2H ≤ |a|1−2H+|b|1−2H ,
followed by the identity:

x1

n∏

j=2

(xj + xj−1) =
∑

a∈An

x
aj
j ,

where An is a set of multi-indices a = (a1, . . . , an) with card(An) = 2n−1 such that
a1 ∈ {1, 2}, an ∈ {0, 1}, a2, . . . , an−1 ∈ {0, 1, 2} and

∑n
j=1 aj = n. The exact description

of the set An is given in Lemma 2.2 of [2]. We obtain that:

|η1|1−2H
n∏

j=2

|ηj − ηj−1|1−2H ≤
∑

a∈An

n∏

j=1

|ηj|(1−2H)aj =
∑

α∈Dn

n∏

j=1

|ηj|αj , (24)

where Dn is the set of multi-indices α = (α1, . . . , αn) with αj = (1 − 2H)aj for all
j = 1, . . . , n and a = (a1, . . . , an) ∈ An. Therefore,

‖fn(·, x; t)‖2P⊗n
0

≤ cnH
tn

n!

∑

α∈Dn

∫

Tn(t)

n∏

j=1

(∫

R

∣∣FGtj+1−tj (ηj)
∣∣2 |ηj|αjdηj

)
dttt.
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The inner integral above is calculated using (22). In our case, αj = 2(1− 2H) < 1, since
H > 1/4. Using the rough bound (6), we infer that:

‖f̃n(·, x; t)‖2P⊗n
0

≤ ‖fn(·, x; t)‖2P⊗n
0

≤ Cn t
n

n!

∑

α∈Dn

∫

Tn(t)

n∏

j=1

(tj+1 − tj)
1−αjdttt ≤ Cn t

(2H+2)n

(n!)2H+2
,

(25)

where C > 0 is a constant that depends on H which is different in each of its appearances.
Using Minkowski inequality, hypercontractivity property (14), and (25), we obtain:

‖uθ(t, x)‖p ≤
∑

n≥0

θn/2(p− 1)n/2‖In(fn(·, x; t))‖2 =
∑

n≥0

θn/2(p− 1)n/2(n!)1/2‖f̃n(·, x; t)‖P⊗n
0

≤
∑

n≥0

θn/2(p− 1)n/2Cn/2 t(H+1)n

(n!)H+1/2
.

Relation (23) now follows using (21).

3 Wave equation with delta initial condition

In this section, we study the (hAm) on [r,∞) with zero initial condition initial velocity
given by the measure δz. The relation between the solution of this model and the Malliavin
derivative Duθ plays an important role in the present article.

For any θ > 0, r > 0 and z ∈ R fixed, we consider the following equation:





∂2v

∂t2
(t, x) =

∂2v

∂x2
(t, x) +

√
θv(t, x)Ẇ (x), t > r, x ∈ R

v(r, ·) = 0,
∂v

∂t
(r, ·) = δz.

(26)

We say that v
(r,z)
θ is a (mild Skorohod) solution of (26) if it satisfies the following equation:

v
(r,z)
θ (t, x) = Gt−r(x− z) +

√
θ

∫ t

r

∫

R

Gt−s(x− y)v
(r,z)
θ (s, y)W (δy)ds, t ≥ r. (27)

It can be proved that if a solution v
(r,z)
θ exists, then it is unique and it has the chaos

expansion:

v
(r,z)
θ (t, x) = Gt−r(x− z) +

∑

n≥1

θn/2In (gn(·, z, x; r, t)) , (28)

where

gn(x1, . . . , xn, z, x; r, t) =

∫

r<t1<...<tn<t

gn(t1, x1, . . . , tn, xn, r, z, t, x)dt1 . . . dtn, (29)

and
gn(t1, x1, . . . , tn, xn, r, z, t, x) = Gt−tn(x− xn) . . . Gt1−r(x1 − z)
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We denote g0(z, x; r, t) = g0(r, z, t, x) = Gt−r(x−z). The necessary and sufficient condition

for the existence of the solution v
(r,z)
θ is that the series in (28) converges in L2(Ω), i.e.

∑

n≥1

θnn!‖g̃n(·, z, x; r, t)‖2P⊗n
0

<∞, (30)

where g̃n(·, z, x; r, t) is the symmetrization of gn(·, z, x; r, t).
Due to the special form (2) of G, v

(r,z)
θ (t, x) satisfies the following identity:

v
(r,z)
θ (t, x) = 2Gt−r(x− z)v

(r,z)
θ (t, x). (31)

The existence of the solution vθ and some of its properties follow from a connection
with the (hAm) model with another Gaussian noise (called X), which is white in time and
fractional in space (with the same Hurst index H as the noise W ):





∂2V

∂t2
(t, x) =

∂2V

∂x2
(t, x) +

√
θV (t, x)Ẋ(t, x), t > r, x ∈ R

V (r, ·) = 0,
∂V

∂t
(r, ·) = δz.

(32)

More precisely, {X(ϕ);ϕ ∈ D(R+ ×R)} is a zero-mean Gaussian process with covariance

E[X(ϕ)X(ψ)] = cH

∫ ∞

0

∫

R

Fϕ(t, ·)Fψ(t, ·)(ξ)|ξ|1−2Hdξdt =: 〈ϕ, ψ〉H0, (33)

which can be extended to an isonormal Gaussian process X = {X(ϕ);ϕ ∈ H0}, where H0

is the completion of D(R+ × R) with respect to 〈·, ·〉H0.

We say that V
(r,z)
θ is a (mild Skorohod) solution of (32) if it satisfies:

V
(r,z)
θ (t, x) = Gt−r(x− z) +

√
θ

∫ t

r

∫

R

Gt−s(x− y)V
(r,z)
θ (s, y)X(ds, dy), t ≥ r. (34)

Using a similar method to the proof of Theorem 3.8 of [3], we show in Appendix B that

equation (32) has a unique solution V
(r,z)
θ , and its moments are uniformly bounded:

Kθ,T,p := sup
0≤r<t≤T

sup
x,z∈R

‖V (r,z)
θ (t, x)‖p <∞. (35)

See Example (B.2). Moreover, the solution V
(r,z)
θ has the following chaos expansion

V
(r,z)
θ (t, x) = Gt−r(x− z) +

∑

n≥1

θn/2IXn (gn(·, r, z, t, x)), (36)

where IXn is the nth multiple integral with respect to X. Since the solution V
(r,z)
θ exists,

the series (36) converges in L2(Ω). i.e.
∑

n≥1

n!θn‖g̃n(·, r, z, t, x)‖2H⊗n
0
<∞, (37)

where g̃n(·, r, z, t, x) is the symmetrization of gn(·, r, z, t, x).
We now establish the existence of the solution v

(r,z)
θ and we show that its moments are

also uniformly bounded.
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Theorem 3.1. For any r > 0, z ∈ R, equation (26) has a unique solution v
(r,z)
θ . Moreover,

for any θ > 0, p ≥ 2 and T > 0, we have:

Cθ,p,T,v := sup
0≤r≤t≤T

sup
z,x∈R

‖v(r,z)θ (t, x)‖p <∞. (38)

Proof. We denote ξξξ = (ξ1 . . . dξn). By Cauchy-Schwarz inequality, we have

‖gn(·, z, x; r, t)‖2P⊗n
0

= cnH

∫

Rn

∣∣∣∣
∫

r<t1<...<tn<t

Fgn(t1, ·, . . . , tn, ·, r, z, t, x)(ξξξ)dttt
∣∣∣∣
2 n∏

j=1

|ξj|1−2Hdξξξ

≤ cnH
(t− r)n

n!

∫

Rn

∫

r<t1<...<tn<t

|Fgn(t1, ·, . . . , tn, ·, r, z, t, x)(ξξξ)|2 dttt
n∏

j=1

|ξj|1−2Hdξξξ

=
(t− r)n

n!
‖gn(·, r, z, t, x)‖2H⊗n

0
.

Since gn(t1, x1, . . . , tn, xn, r, z, t, x) contains the indicator of the set t1 < . . . < tn,

‖gn(·, r, z, t, x)‖2H⊗n
0

= n!‖g̃n(·, r, z, t, x)‖2H⊗n
0
.

We obtain that:

‖g̃n(·, z, x; r, t)‖2P⊗n
0

≤ ‖gn(·, z, x; r, t)‖2P⊗n
0

≤ (t− r)n‖g̃n(·, r, z, t, x)‖2H⊗n
0
,

The converges of the series (30) follows from (37). This proves the existence of the solution

v
(r,z)
θ . Moreover,

E|v(r,z)θ (t, x)|2 =
∑

n≥0

θnn!‖g̃n(·, z, x; r, t)‖2P⊗n
0

≤
∑

n≥0

θnn!(t− r)n‖g̃n(·, r, z, t, x)‖2H⊗n
0

= E|V (r,z)
θ(t−r)(t, x)|2. (39)

To treat the higher moments, we use Lê’s hypercontractivity principle. Note that this
principle was originally developed in [23] for the heat equation, but it is in fact valid for a
larger class of SPDEs (see Theorem B.1 of [1]). From this principle, combined with (39),
we deduce that

‖v(r,z)θ (t, x)‖p ≤ ‖v(r,z)(p−1)θ(t, x)‖2 ≤ ‖V (r,z)
(p−1)θ(t−r)(t, x)‖2 ≤ ‖V (r,z)

(p−1)θT (t, x)‖2.

Relation (38) follows from (35).

We conclude this section with a uniform bound for some integrals of vθ, which will be
used in the proof of Theorem 1.2.

Lemma 3.2. For any θ > 0, p ≥ 2, q > 0 and t > 0,

sup
r∈[0,t]

sup
z∈R

∫

R

‖v(r,z)θ (t, x)‖qpdx ≤ 2tCq
θ,p,t,v and sup

r∈[0,t]

sup
x∈R

∫

R

‖v(r,z)θ (t, x)‖qpdz ≤ 2tCq
θ,p,t,v,

where Cθ,p,t,v is the constant given by relation (38).
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Proof. Using identity (31) and relation (38), we have:

∫

R

‖v(r,z)θ (t, x)‖qpdx = 2q
∫

R

Gq
t−r(x− z)‖v(r,z)θ (t, x)‖pdx

≤ Cq
θ,t,p,v2

q

∫

R

Gq
t−r(x− z)dx = 2Cq

θ,t,p,v(t− r).

The other statement is proved similarly.

4 Estimates for the Mallivian derivatives

In this section, we give some estimates for Duθ(t, x) and D
2uθ(t, x) and their increments,

which are obtained using a connection with vθ. If we denote by Uθ the solution of (hAm)

with white noise in time X, it can be shown that Dr,zUθ(t, x) = Uθ(r, z)V
(r,z)
θ (t, x). This

relation does not hold for the time-independent noise. Luckily, with the help of Lemmas
2.2 and 2.1, we can still develop a connection between Duθ(t, x) and vθ.

We start by observing that for any fixed z ∈ R, Dzuθ(t, x) has the chaos expansion:

Dzuθ(t, x) =
∑

n≥1

θn/2nIn−1(f̃n(·, z, x; t)). (40)

See (9). For any z ∈ Rd fixed, we have the decomposition:

f̃n(·, z, x; t) =
1

n

n∑

j=1

h
(n)
j (·, z, x; t), (41)

where h
(n)
j (·, z, x; t) is the symmetrization of the function f

(n)
j (·, z, x; t) given by:

f
(n)
j (x1, . . . , xn−1, z, x; t) = fn(x1, . . . , xj−1, z, xj , . . . , xn−1, x; t)

=

∫

{0<t1<...<tj−1<r<tj<...<tn−1<t}

Gt−tn−1(x− xn−1) . . .Gtj−r(xj − z)Gr−tj−1
(z − xj−1) . . .

Gt2−t1(x2 − x1)dt1 . . . dtn−1dr.

If the series (40) converges in L2(Ω), then uθ(t, x) ∈ D1,2 and D·uθ(t, x) is a function
in z. In this case,

Dzuθ(t, x) =
∑

n≥1

θn/2
n∑

j=1

In−1(f
(n)
j (·, z, x; t)). (42)

For the proof of the QCLT in Section 6.2 below, we will need some estimates for the
increments of the Malliavin derivatives of uθ. We include these estimates in the next
two theorems. Parts a) of these theorems give some estimates which are not needed in
the present paper. We include these estimates for the sake of comparison with similar
results that exist in the literature, e.g. Theorem 1.3 of [4] for the colored noise in time,
respectively Theorems 3.1-3.2 of [5] for the time-independent noise.
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Theorem 4.1. a) For any θ > 0, p ≥ 2, 0 ≤ t ≤ T and x, z ∈ R,

‖Dzuθ(t, x)‖p ≤ C

∫ t

0

Gt−r(x− z)dr, (43)

where C = 2
√
θC4(p−1)θ,2,T,uC4(p−1)θ,2,T,v, and Cθ,p,T,u, Cθ,p,T,v are the constants given by

Theorems 2.3 and 3.1.
b) For any θ > 0, p ≥ 2, 0 ≤ t ≤ T and x, z, z′ ∈ R,

‖Dzuθ(t, x)−Dz+z′uθ(t, x)‖p ≤
√
2θ

∫ t

0

I1(z, z
′, x; r, t)dr,

where

I1(z, z
′, x; r, t) = ‖uη(r, z)− uη(r, z + z′)‖2

∥∥v(r,z)η (t, x)
∥∥
2
+

‖uη(r, z + z′)‖2
∥∥∥v(r,z)η (t, x)− v(r,z+z′)

η (t, x)
∥∥∥
2

and η = 4(p− 1)θ.

Proof. a) Using notations (18) and (29), we can write

f
(n)
j (·, z, x; t) =

∫ t

0

fj−1(·, z; r)⊗ gn−j(·, z, x; r, t)dr. (44)

By stochastic Fubini’s theorem, we can commute the dr integral with the multiple
Wiener integral In−1. We obtain:

In−1(f
(n)
j (·, z, x; t)) =

∫ t

0

In−1(fj−1(·, z; r)⊗ gn−j(·, z, x; r, t))dr. (45)

By the definition (29) and the special form 2Gt(x) = 1|x|≤t = 4G2
t (x), we have the

identity gn−j(·, z, x; r, t) = 2Gt−r(x − z)gn−j(·, z, x; r, t). Hence, by (45) and Cauchy-
Schwarz inequality, as well as the Lemma 2.1, we have

∥∥∥In−1(f
(n)
j (·, z, x; t))

∥∥∥
2

2
= E

[(∫ t

0

2Gt−r(x− z)In−1(fj−1(·, z; r)⊗ gn−j(·, z, x; r, t))dr
)2
]

≤
∫ t

0

2Gt−r(x− z)dr

∫ t

0

‖In−1(fj−1(·, z; r)⊗ gn−j(·, z, x; r, t))‖22 dr

≤
(
n− 1

j − 1

)∫ t

0

2Gt−r(x− z)dr

∫ t

0

‖Ij−1(fj−1(·, z; r))‖22 ‖In−j(gn−j(·, z, x; r, t))‖22 dr.

Thus, by (42), orthogonality and Cauchy-Schwarz inequality as well as the inequalities
(
∑n

j=1 aj)
2 ≤ n

∑n
j=1 a

2
j , n ≤ 2n−1 and

(
n−1
j−1

)
≤ 2n−1, we have

‖Dzuθ(t, x)‖22 =
∑

n≥1

θn

∥∥∥∥∥

n∑

j=1

In−1(f
(n)
j (·, z, x; t))

∥∥∥∥∥

2

2

≤
∑

n≥1

θnn
n∑

j=1

∥∥∥In−1(f
(n)
j (·, z, x; t))

∥∥∥
2

2
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≤
∫ t

0

2Gt−r(x− z)dr
∑

n≥1

4n−1θn
n∑

j=1

∫ t

0

‖Ij−1(fj−1(·, z; r))‖22 ‖In−j(gn−j(·, z, x; r, t))‖22 dr

= θ

∫ t

0

2Gt−r(x− z)dr

∫ t

0

∑

j≥1

(4θ)j−1 ‖Ij−1(fj−1(·, z; r))‖22

(
∑

n≥j

(4θ)n−j ‖In−j(gn−j(·, z, x; r, t))‖22

)
dr

= θ

∫ t

0

2Gt−r(x− z)dr

∫ t

0

‖u4θ(r, z)‖22‖v
(r,z)
4θ (t, x)‖22dr.

Using identity (31), and Theorems 2.3 and 3.1, we have

‖Dzuθ(t, x)‖22 ≤4θ

∫ t

0

Gt−r(x− z)dr

∫ t

0

‖u4θ(r, z)‖22‖v
(r,z)
4θ (t, x)‖22Gt−r(x− z)dr

≤4θC2
4θ,2,T,uC

2
4θ,2,T,v

(∫ t

0

Gt−r(x− z)dr

)2

.

By Lemma A.1, we have

‖Dzuθ(t, x)‖p ≤
1√
p− 1

‖Dzu(p−1)θ(t, x)‖2 ≤ 2
√
θC4(p−1)θ,2,t,uC4(p−1)θ,2,t,v

∫ t

0

Gt−r(x− z)dr.

b) By Lemma A.1, (42), orthogonality, Cauchy-Schwarz inequality, the inequality
n ≤ 2n−1, Lemma 2.2, we have:

‖Dzuθ(t, x)−Dz+z′uθ(t, x)‖2p ≤
1

p− 1

∥∥Dzu(p−1)θ(t, x)−Dz+z′u(p−1)θ(t, x)
∥∥2
2

=
1

p− 1

∑

n≥1

(
(p− 1)θ

)n
∥∥∥∥∥

n∑

j=1

In−1

(
f
(n)
j (·, z, x; t)− f

(n)
j (·, z + z′, x; t)

)∥∥∥∥∥

2

2

≤ 1

p− 1

∑

n≥1

(
(p− 1)θ

)n
n

n∑

j=1

∥∥∥In−1

(
f
(n)
j (·, z, x; t)− f

(n)
j (·, z + z′, x; t)

)∥∥∥
2

2

≤ θ
∑

n≥1

(
2(p− 1)θ

)n−1
n∑

j=1

∥∥∥In−1

(
f
(n)
j (·, z, x; t)− f

(n)
j (·, z + z′, x; t)

)∥∥∥
2

2
.

Let τ = 2(p− 1)θ. Using (44) for expressing f
(n)
j (·, z, x; t) and f (n)

j (·, z+ z′, x; t), we have:

‖Dzuθ(t, x)−Dz+z′uθ(t, x)‖2p ≤ 2θ(T1 + T2),

where

T1 =
∑

n≥1

τn−1

n∑

j=1

∥∥∥∥In−1

(∫ t

0

(
fj−1(·, z; r)− fj−1(·, z + z′; r)

)
⊗ gn−j(·, z, x; r, t)dr

)∥∥∥∥
2

2
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T2 =
∑

n≥1

τn−1
n∑

j=1

∥∥∥∥In−1

(∫ t

0

fj−1(·, z + z′; r)⊗
(
gn−j(·, z, x; r, t)− gn−j(·, z + z′, x; r, t)

)
dr

)∥∥∥∥
2

2

.

We now use the fact that for any θ > 0 and for any functions (hn)n≥0 and (h′n)n≥0 for
which the integrals below are well-defined, by Lemma 2.2, we have:

∑

n≥1

θn−1
n∑

j=1

∥∥∥∥In−1

(∫ t

0

hj−1(·, r)⊗ h′n−j(·, r)dr
)∥∥∥∥

2

2

=
∑

p≥0

∑

q≥0

θp+q

∥∥∥∥Ip+q

(∫ t

0

hp(·, r)⊗ h′q(·, r)dr
)∥∥∥∥

2

2

≤



∫ t

0

∥∥∥∥∥
∑

p≥0

(2θ)p/2Ip
(
hp(·, r)

)
∥∥∥∥∥
2

∥∥∥∥∥
∑

q≥0

(2θ)q/2Iq
(
h′q(·, r)

)
∥∥∥∥∥
2

dr




2

.

The conclusion follows using the chaos decomposition of uθ(t, x) and v
(r,z)
θ (t, x).

We now examine the second Malliavin derivative. For any fixed w, z ∈ R, we have the
following chaos expansion

D2
w,zuθ(t, x) =

∑

n≥2

n(n− 1)θn/2In−2

(
f̃n(·, w, z, x; t)

)
. (46)

Note that

f̃n(·, w, z, x; t) =
1

n(n− 1)

n∑

i,j=1,i 6=j

h
(n)
ij (·, w, z, x; t), (47)

where h
(n)
ij (·, w, z, x; t) is the symmetrization of the function f

(n)
ij (·, w, z, x; t) defined as

follows. If i < j,

f
(n)
ij (x1, . . . , xn−2, w, z, x; t)

= fn(x1, . . . , xi−1, w, xi, . . . , xj−2, z, xj−1, . . . , xn−2, x; t)

=

∫

{0<t1<...<ti−1<s<ti<...<tj−2<r<tj−1<...<tn−2<t}

Gt−tn−2(x− xn−2) . . .Gtj−1−r(xj−1 − z)

Gr−tj−2
(z − xj−2) . . . Gti−s(xi − w)Gs−ti−1

(w − xi−1) . . .Gt2−t1(x2 − x1)dt1 . . . dtn−2drds

=

∫

0<s<r<t

drdsfi−1(x1, . . . , xi−1, w; s)gj−i−1(xi, . . . , xj−2, w, z; s, r)gn−j(xj−1, . . . , xn−2, z, x; r, t).

If j < i,

f
(n)
ij (x1, . . . , xn−2, w, z, x; t)

=

∫

0<s<r<t

drdsfj−1(x1, . . . , xj−1, z; s)gi−j−1(xj , . . . , xi−2, z, w; s, r)gn−i(xi−1, . . . , xn−2, w, x; r, t)

In both cases, w is on position i and z is on position j. Consequently,

D2
w,zuθ(t, x) =

∑

n≥2

θn/2
n∑

i,j=1,i 6=j

In−2

(
f
(n)
ij (·, w, z, x; t)

)
. (48)
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Theorem 4.2. a) For any θ > 0, p ≥ 2, 0 ≤ t ≤ T and x, z, w ∈ R,

‖D2
w,zuθ(t, x)‖p ≤ Cf̃2(w, z, t, x) (49)

where C = 4θC6θ(p−1),2,T,uC
2
6θ(p−1),2,T,v.

b) For any θ > 0, p ≥ 2, 0 ≤ t ≤ T and x, z, z′, w, w′ ∈ R,

∥∥D2
z,yuθ(t, x)−D2

z,y+y′uθ(t, x)−D2
z+z′,yuθ(t, x) +D2

z+z′,y+y′uθ(t, x)
∥∥
p

≤ 4θ

∫

0<s<r<t

(
I2(z, z

′, y, y′, x; s, r, t) + I2(y, y
′, z, z′, x; s, r, t)

)
dsdr, (50)

where I2(z, z
′, y, y′, x; s, r, t) =

∑4
k=1 I2,k(z, z

′, y, y′, x; s, r, t) and

I2,1(z, z
′, y, y′, x; s, r, t) = ‖uη(s, z)− uη(s, z + z′)‖2

∥∥v(s,z)η (r, y)
∥∥
2

∥∥∥v(r,y)η (t, x)− v(r,y+y′)
η (t, x3)

∥∥∥
2

I2,2(z, z
′, y, y′, x; s, r, t) = ‖uη(s, z + z′)‖2

∥∥∥v(s,z)η (r, y)− v(s,z+z′)
η (r, y)

∥∥∥
2

∥∥∥v(r,y)η (t, x)− v(r,y+y′)
η (t, x)

∥∥∥
2

I2,3(z, z
′, y, y′, x; s, r, t) = ‖uη(s, z)− uη(s, z + z′)‖2

∥∥v(s,z)η (r, y)− v(s,z)η (r, y + y′)
∥∥
2

∥∥∥v(r,y+y′)
η (t, x)

∥∥∥
2

I2,4(z, z
′, y, y′, x; s, r, t) = ‖uη(s, z + z′)‖2∥∥∥v(s,z)η (r, y)− v(s,z)η (r, y + y′)− v(s,z+z′)

η (r, y) + v(s,z+z′)
η (r, y + y′)

∥∥∥
2

∥∥∥v(r,y+y′)
η (t, x)

∥∥∥
2
.

and η = 6(p− 1)θ.

Proof. a) The proof is similar to the proof of Theorem 4.1.a). We omit the details.
b) By Lemma A.1, (48), orthogonality, and the inequality (

∑N
k=1 ak)

2 ≤ N
∑N

k=1 a
2
k,

∥∥D2
z,yuθ(t, x)−D2

z,y+y′uθ(t, x)−D2
z+z′,yuθ(t, x) +D2

z+z′,y+y′uθ(t, x)
∥∥2
p

≤ 1

(p− 1)2
∥∥D2

z,yu(p−1)θ(t, x)−D2
z,y+y′u(p−1)θ(t, x)−D2

z+z′,yu(p−1)θ(t, x) +D2
z+z′,y+y′u(p−1)θ(t, x)

∥∥2
2

=
1

(p− 1)2

∑

n≥2

(
(p− 1)θ

)n
∥∥∥∥

n∑

i,j=1,i 6=j

In−2

(
f
(n)
ij (·, z, y, x; t)− f

(n)
ij (·, z, y + y′, x; t)

− f
(n)
ij (·, z + z′, y, x; t) + f

(n)
ij (·, z + z′, y + y′, x; t)

)∥∥∥∥
2

2

≤ 1

(p− 1)2

∑

n≥2

(
(p− 1)θ

)n
n(n− 1)

n∑

i,j=1,i 6=j

∥∥∥∥In−2

(
f
(n)
ij (·, z, y, x; t)− f

(n)
ij (·, z, y + y′, x; t)

− f
(n)
ij (·, z + z′, y, x; t) + f

(n)
ij (·, z + z′, y + y′, x; t)

)∥∥∥∥
2

2

=:
1

(p− 1)2
(S1 + S2). (51)

where S1, S2 denote the sums corresponding to i < j, respectively j < i.
We first treat the sum S1. When i < j, we can write

f
(n)
ij (·, z, y, x; t) =

∫

0<s<r<t

fi−1(·, z; s)⊗ gj−i−1(·, z, y; s, r)⊗ gn−j(·, y, x; r, t)dsdr.
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Besides, we have the following decomposition (we pair the first two terms and the last
two terms in the first step, and then pair the first and the third term in the second step):

az ⊗ bz,y ⊗ cy − az ⊗ bz,y+y′ ⊗ cy+y′ − az+z′ ⊗ bz+z′,y ⊗ cy + az+z′ ⊗ bz+z′,y+y′ ⊗ cy+y′

=az ⊗ bz,y ⊗ (cy − cy+y′) + az ⊗ (bz,y − bz,y+y′)⊗ cy+y′

− az+z′ ⊗ bz+z′,y ⊗ (cy − cy+y′)− az+z′ ⊗ (bz+z′,y − bz+z′,y+y′)⊗ cy+y′

=(az − az+z′)⊗ bz,y ⊗ (cy − cy+y′) + az+z′ ⊗ (bz,y − bz+z′,y)⊗ (cy − cy+y′)

+ (az − az+z′)⊗ (bz,y − bz,y+y′)⊗ cy+y′ + az+z′ ⊗ (bz,y − bz,y+y′ − bz+z′,y + bz+z′,y+y′)⊗ cy+y′ .

Hence, for any 1 ≤ i < j ≤ n,

f
(n)
ij (·, z, y, x; t)− f

(n)
ij (·, z, y + y′, x; t)− f

(n)
ij (·, z + z′, y, x; t) + f

(n)
ij (·, z + z′, y + y′, x; t)

=

4∑

k=1

∫

0<s<r<t

A
(n)
ij,k(s, r)dsdr,

where

A
(n)
ij,1(s, r) :=

(
fi−1(·, z; s)− fi−1(·, z + z′; s)

)
⊗ gj−i−1(·, z, y; s, r)

⊗
(
gn−j(·, y, x; r, t)− gn−j(·, y + y′, x; r, t)

)

A
(n)
ij,2(s, r) := fi−1(·, z + z′; s)⊗

(
gj−i−1(·, z, y; s, r)− gj−i−1(·, z + z′, y; s, r)

)

⊗
(
gn−j(·, y, x; r, t)− gn−j(·, y + y′, x; r, t)

)

A
(n)
ij,3(s, r) :=

(
fi−1(·, z; s)− fi−1(·, z + z′; s)

)
⊗
(
gj−i−1(·, z, y; s, r)− gj−i−1(·, z, y + y′; s, r)

)

⊗ gn−j(·, y + y′, x; r, t)

A
(n)
ij,4(s, r) := fi−1(·, z + z′; s)⊗

(
gj−i−1(·, z, y; s, r)− gj−i−1(·, z, y + y′; s, r)− gj−i−1(·, z + z′, y; s, r)

+ gj−i−1(·, z + z′, y + y′; s, r)
)
⊗ gn−j(·, y + y′, x; r, t)

Using inequality n(n− 1) ≤ 2n and the inequality (
∑4

k=1 ak)
4 ≤ 4

∑4
k=1 a

2
k we have

S1 ≤
∑

n≥2

∑

1≤i<j≤n

(
2(p− 1)θ

)n
∥∥∥∥In−2

(
f
(n)
ij (·, z, y, x; t)− f

(n)
ij (·, z, y + y′, x; t)− f

(n)
ij (·, z + z′, y, x; t)

+ f
(n)
ij (·, z + z′, y + y′, x; t)

)∥∥∥∥
2

2

≤ 16(p− 1)2θ2
4∑

k=1

∑

n≥2

(
2(p− 1)θ

)n−2
∑

1≤i<j≤n

∥∥∥In−2

(∫

0<s<r<t

A
(n)
ij,k(s, r)drdr

)∥∥∥
2

2
.

We now use the fact that for any θ > 0 and for any functions hn, h
′
n, h

′′
n for which the

integrals below are well-defined, by Lemma 2.2, we have:

∑

n≥2

θn−2

n∑

i,j=1,i<j

∥∥∥∥In−2

(∫

0<s<r<t

hj−1(·, s)⊗ h′j−i−1(·, s, r)⊗ h′′n−j(·, r)dsdr
)∥∥∥∥

2

2
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=
∑

p≥0

∑

q≥0

∑

k≥0

θp+q+k

∥∥∥∥Ip+q+k

(∫

0<s<r<t

hp(·, s)⊗ h′q(·, s, r)⊗ h′′k(·, r)dsdr
)∥∥∥∥

2

2

≤



∫

0<s<r<t

∥∥∥∥∥
∑

p≥0

(3θ)p/2Ip(hp(·, s))
∥∥∥∥∥
2

∥∥∥∥∥
∑

q≥0

(3θ)q/2Iq(h
′
q(·, s, r))

∥∥∥∥∥
2

∥∥∥∥∥
∑

k≥0

(3θ)k/2Ik(h
′′
k(·, r))

∥∥∥∥∥
2

dsdr




2

.

Using the chaos decompositions of uθ(t, x) and v
(r,z)
θ (t, x), we infer that:

S1 ≤ 16(p− 1)2θ2
4∑

k=1

(∫

0<s<r<t

I2,k(z, z
′, y, y′, x; s, r, t)dsdr

)2

.

Using the inequality
∑4

i=1 a
2
i ≤ (

∑4
i=1 ai)

2 for ai > 0, we obtain:

S1 ≤
(
4(p− 1)θ

∫

0<s<r<t

I2(z, z
′, y, y′, x; s, r, t)dsdr

)2

. (52)

A similar formula holds for the sum S2 (which corresponds to the case j < i), which
is obtained by swapping (y, y′, i) and (z, z′, j):

S2 ≤
(
4(p− 1)θ

∫

0<s<r<t

I2(y, y
′, z, z′, x3; s, r, t)dsdr

)2

. (53)

Relation (71) follows from (51), (52) and (53).

5 Increments of uθ and vθ

In this section, study some integrals involving the increments of the solutions uθ and vθ,
which will be used in the proof of the QCLT. A key role is played by some stationarity
properties of these processes.

The first result examines the increments of uθ.

Lemma 5.1. For any θ > 0, p ≥ 2 and T > 0,

C ′
u,p,H,T,θ := sup

(t,x)∈[0,T ]×R

∫

R

‖uθ(t, x)− uθ(t, x+ h)‖2p|h|2H−2dh <∞.

Proof. By Theorem 2.3, since H < 1/2, we have:

sup
(t,x)∈[0,T ]×R

∫

|h|>1

‖uθ(t, x)− uθ(t, x+ h)‖2p|h|2H−2dh ≤ 2Cθ,p,T,u

∫

|h|>1

|h|2H−2dh <∞.

It remains to treat the integral over the set |h| ≤ 1.
We use the chaos expansion uθ(t, x) − uθ(t, x + h) =

∑
n≥1 θ

n/2In(fn,h(·, x; t)) where
fn,h(·, x; t) = fn(·, x; t)− fn(·, x+ h; t). By hypercontractivity property (14),

‖u(t, x)− u(t, x+ h)‖p ≤
∑

n≥1

(p− 1)n/2θn/2‖In(fn,h(·, x; t))‖2 =
∑

n≥1

(p− 1)n/2θn/2[Jn,h(t)]
1/2

(54)
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where Jn,h(t) = n!‖f̃n,h(·, x; t)‖2P⊗n
0

. Note that

fn,h(x1, . . . , xn, x; t) =

∫

Tn(t)

fn,h(t1, x1, . . . , tn, xn, t, x)dt,

where fn,h(·, t, x) = fn(·, t, x) − fn(·, t, x + h) and fn(·, t, x) is given by (19). Using the
rough bound (6), followed by the Cauchy-Schwarz inequality, we have

Jn,h(t) ≤ n!‖fn,h(·, x; t)‖2P⊗n
0

=cnHn!

∫

Rn

∣∣∣∣
∫

Tn(t)

Ffn,h(t1, ·, . . . , tn, ·, t, x)(ξ1, . . . , ξn)dttt
∣∣∣∣
2 n∏

j=1

|ξj|1−2Hdξξξ

≤cnHtn
∫

Tn(t)

∫

Rn

|Ffn,h(t1, ·, . . . , tn, ·, t, x)(ξ1, . . . , ξn)|2
n∏

j=1

|ξj|1−2Hdξξξdttt

≤cnHtn
∫

Tn(t)

∫

Rn

|1− e−i(ξ1+...+ξn)h|2
n∏

j=1

|FGtj+1−tj (ξ1 + . . .+ ξj)|2
n∏

j=1

|ξj|1−2Hdξξξdttt

=cnHt
n

∫

Tn(t)

∫

Rn

|1− e−iηnh|2
n∏

j=1

|FGtj+1−tj (ηj)|2
n∏

j=1

|ηj − ηj−1|1−2Hdηηηdttt,

where we change the variable ξ1 + . . .+ ξj = ηj with the convention tn+1 = t and η0 = 0.
The product above is estimated as usually, using inequality (24). Then, using identity

(22), we obtain:

Jn,h(t) ≤ cnHt
n
∑

α∈Dn

∫

Tn(t)

∫

Rn

|1− e−iηnh|2
n∏

j=1

∫

R

|FGtj+1−tj (ηj)|
n∏

j=1

|ηj|αjdηηηdttt

≤ cntn
∑

α∈Dn

∫ t

0

(∫

R

|1− e−iηnh|2|FGt−tn(ηn)|2|ηn|αnηn

)

(∫

Tn−1(tn)

n−1∏

j=1

(tj+1 − tj)
1−αjdt1 . . . dtn−1

)
dtn

≤ ct,H
cntn

(n!)2H+1

∫ t

0

∫

R

|1− e−iηnh|2(1 + |ηn|1−2H)
sin2((t− tn)|ηn|)

|ηn|2
t(2H+1)n−2
n dηndtn,

where ct,H = t1−2H + 1 and c > 0 is a constant depending on H (which may be different
from line to line). Using the bound sin2((t− tn)|ηn|) ≤ 1, we obtain:

Jn,h(t) ≤ ct,H
cntn

(n!)2H+1
t(2H+1)n−1

∫

R

|1− e−iηh|2(1 + |η|1−2H)
1

|η|2dη

≤ ct,H
cn

(n!)2H+1
t(2H+2)n−1(|h|+ |h|2H).
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The estimate above is now inserted in (54). We obtain:

‖u(t, x)− u(t, x+ h)‖p ≤ c
1/2
t,H

∑

n≥1

(p− 1)n/2θn/2
cn/2

(n!)H+1/2
t(H+1)n−1/2(|h|1/2 + |h|H)

=: Ct,p,θ,H(|h|1/2 + |h|H),
where Ct,p,θ,H > 0 is a constant which depends in t, p, θ,H and is increasing in t. Hence,

∫

|h|≤1

‖u(t, x)− u(t, x+ h)‖2p|h|2H−2dh ≤ C2
t,p,θ,H

∫

|h|≤1

(|h|+ |h|2H)|h|2H−2dh.

The last integral is finite due to the condition H > 1/4.

The following lemma gives some translation invariance properties of uθ and vθ.

Lemma 5.2. For any θ > 0, 0 ≤ r ≤ t, x, z, h ∈ R, we have:

uθ(t, x)− uθ(t, x+ h)
d
= uθ(t, 0)− uθ(t, h)

v
(r,z)
θ (t, x)− v

(r,z+h)
θ (t, x)

d
= v

(r,0)
θ (t, x− z)− v

(r,h)
θ (t, x− z)

v
(r,z)
θ (t, x)− v

(r,z)
θ (t, x+ h)

d
= v

(r,0)
θ (t, x− z)− v

(r,0)
θ (t, x+ h− z)

Moreover, for the rectangular difference, we have:

v
(r,z)
θ (t, x)− v

(r,z+h)
θ (t, x)− v

(r,z)
θ (t, x+ k) + v

(r,z+h)
θ (t, x+ k)

d
=

v
(r,0)
θ (t, x− z)− v

(r,h)
θ (t, x− z)− v

(r,0)
θ (t, x+ k − z) + v

(r,h)
θ (t, x+ k − z). (55)

Proof. The lemma follows using the chaos expansions of these differences and the fact that

the noise W is spatially homogeneous, i.e. W
d
= W (x) for any x ∈ R, where W (x)(ϕ) =

W (ϕ(· − x)).

Remark 5.3. For any r ∈ [0, t], h ∈ R, the following integrals do not depend on x, z ∈ R:
∫

R

∥∥∥v(r,z)θ (t, x′)− v
(r,z+h)
θ (t, x′)

∥∥∥
q

p
dx′ =

∫

R

∥∥∥v(r,z
′)

θ (t, x)− v
(r,z′+h)
θ (t, x)

∥∥∥
q

p
dz′ = I

(θ,p,q)
r,t,h ,

(56)∫

R

∥∥∥v(r,z)θ (t, x′)− v
(r,z)
θ (t, x′ + h)

∥∥∥
q

p
dx′ =

∫

R

∥∥∥v(r,z
′)

θ (t, x)− v
(r,z′)
θ (t, x+ h)

∥∥∥
q

p
dz′ = J

(θ,p,q)
r,t,h ,

where

I
(θ,p,q)
r,t,h =

∫

R

∥∥∥v(r,0)θ (t, x)− v
(r,h)
θ (t, x)

∥∥∥
q

p
dx, J

(θ,p,q)
r,t,h =

∫

R

∥∥∥v(r,0)θ (t, x)− v
(r,0)
θ (t, x+ h)

∥∥∥
q

p
dx.

To see this, we apply Lemma 5.2, followed by the changes of variables x′′ = x′− z (for the
integrals on the left), respectively z′′ = x − z′ (for the integrals on the right). Moreover,
the same argument shows that the two integrals below also do not depend on x, z ∈ R:

∫

R

∥∥∥v(r,z)θ (t, x′)− v
(r,z+h)
θ (t, x′)− v

(r,z)
θ (t, x′ + k) + v

(r,z+h)
θ (t, x′ + k)

∥∥∥
q

p
dx′

=

∫

R

∥∥∥v(r,z
′)

θ (t, x)− v
(r,z′+h)
θ (t, x)− v

(r,z′)
θ (t, x+ k) + v

(r,z′+h)
θ (t, x+ k)

∥∥∥
q

p
dz′.
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The next result examines the increments of vθ. Its proof uses the connection between
vθ and Vθ, and the fact that similar inequalities hold for Vθ.

Lemma 5.4. For any θ > 0, p ≥ 2 and t > 0,

a) sup
r∈[0,t]

sup
z∈R

∫

R2

∥∥∥v(r,z)θ (t, x)− v
(r,z+h)
θ (t, x)

∥∥∥
2

p
|h|2H−2dxdh ≤ Cv,p,H,t,θ,

b) sup
r∈[0,t]

sup
x∈R

∫

R2

∥∥∥v(r,z)θ (t, x)− v
(r,z+h)
θ (t, x)

∥∥∥
2

p
|h|2H−2dzdh ≤ Cv,p,H,t,θ,

c) sup
r∈[0,t]

sup
z∈R

∫

R2

∥∥∥v(r,z)θ (t, x)− v
(r,z)
θ (t, x+ h)

∥∥∥
2

p
|h|2H−2dxdh ≤ Cv,p,H,t,θ,

d) sup
r∈[0,t]

sup
x∈R

∫

R2

∥∥∥v(r,z)θ (t, x)− v
(r,z)
θ (t, x+ h)

∥∥∥
2

p
|h|2H−2dzdh ≤ Cv,p,H,t,θ,

e) sup
r∈[0,t]

sup
z∈R

∫

R3

∥∥v(r,z)θ (t, x)− v
(r,z+h)
θ (t, x)− v

(r,z)
θ (t, x+ k) + v

(r,z+h)
θ (t, x+ k)

∥∥2
p

|h|2H−2|k|2H−2dxdhdk ≤ Cv,p,H,t,θ,

f) sup
r∈[0,t]

sup
x∈R

∫

R3

∥∥v(r,z)θ (t, x)− v
(r,z+h)
θ (t, x)− v

(r,z)
θ (t, x+ k) + v

(r,z+h)
θ (t, x+ k)

∥∥2
p

|h|2H−2|k|2H−2dzdhdk ≤ Cv,p,H,t,θ,

where Cv,p,H,t,θ > 0 is a constant that depends on (p,H, t, θ) and is increasing in t.

Proof. Due to Remark 5.3 and (55), we only have to prove a), c) and e).
a) We use the following fact: for any x, z ∈ R,

∥∥∥v(r,z)θ (t, x)− v
(r,z+h)
θ (t, x)

∥∥∥
2

p
≤
∥∥∥V (r,z)

(p−1)θt(t, x)− V
(r,z+h)
(p−1)θt (t, x)

∥∥∥
2

2
. (57)

This can be shown as in the proof of Theorem 3.1: we first prove it for p = 2 (replac-
ing gn(·, z, x; r, t) by gn(·, z, x; r, t) − gn(·, z + h, x; r, t)), and then we use the fact that

‖v(r,z)θ (t, x) − v
(r,z+h)
θ (t, x)‖p ≤ ‖v(r,z)(p−1)θ(t, x) − v

(r,z+h)
(p−1)θ (t, x)‖2, due to Lê’s hypercontrac-

tivity principle (Theorem B.1 of [1]), noting that v
(r,z)
θ (t, x) − v

(r,z+h)
θ (t, x) satisfies an

equation of the form given in Appendix B.1 of [1].
Then, the inequality in part a) follows from relation (98) (Example B.5), with the

constant Cv,p,H,t,θ = CV,2,H,t,(p−1)θt, where CV,p,H,t,θ is given by (100).
c) For any x, z ∈ R,

∥∥∥v(r,z)θ (t, x)− v
(r,z)
θ (t, x+ h)

∥∥∥
2

p
≤
∥∥∥v(r,z)(p−1)θ(t, x)− v

(r,z)
(p−1)θ(t, x+ h)

∥∥∥
2

2

≤
∥∥∥V (r,z)

(p−1)θt(t, x)− V
(r,z)
(p−1)θt(t, x+ h)

∥∥∥
2

2
,

where the first inequality is due to Lemma A.1 and the second inequality is proved similarly
to (57). Therefore, it suffices to show that the integral

∫

R2

∥∥∥V (r,z)
θt (t, x)− V

(r,z)
θt (t, x+ h)

∥∥∥
2

2
|h|2H−2dxdh
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is uniformly bounded, for all r ∈ [0, t] and z ∈ R. To treat this integral, we cannot use

the method of Example B.5, since V
(r,z)
θ (t, x)−V

(r,z)
θ (t, x+h) does not satisfy an integral

equation similar to the one given in Theorem B.4. So we need to proceed differently. The
idea is to move the increment from the x variable to the z variable, and then use the
bound given by (98) for the resulting integral. From the chaos expansion, we have:

∥∥∥V (r,z)
θt (t, x)− V

(r,z)
θt (t, x+ h)

∥∥∥
2

2
=
∣∣Gt−r(x− z)−Gt−r(x+ h− z)

∣∣2+
∑

n≥1

(θt)nn! ‖g̃n(·, r, z, t, x)− g̃n(·, r, z, t, x+ h)‖2H⊗n .

By direct calculation, it can be shown that

‖g̃n(·, r, z, t, x)− g̃n(·, r, z, t, x+ h)‖2H⊗n = ‖g̃n(·, 0, x, t− r, z)− g̃n(·, 0, x+ h, t− r, z)‖2H⊗n ,

and hence
∥∥∥V (r,z)

θt (t, x)− V
(r,z)
θt (t, x+ h)

∥∥∥
2

2
=
∥∥∥V (0,x)

θt (t− r, z)− V
(0,x+h)
θt (t− r, z)

∥∥∥
2

2
.

We conclude that for any z, x ∈ R,
∫

R2

∥∥∥V (r,z)
θt (t, x′)− V

(r,z)
θt (t, x′ + h)

∥∥∥
2

2
|h|2H−2dx′dh

=

∫

R2

∥∥∥V (0,x′)
θt (t− r, z)− V

(0,x′+h)
θt (t− r, z)

∥∥∥
2

2
|h|2H−2dx′dh

=

∫

R2

∥∥∥V (0,x)
θt (t− r, z′)− V

(0,x+h)
θt (t− r, z′)

∥∥∥
2

2
|h|2H−2dz′dh,

where the last equality is proved exactly as (56), using some translation invariance prop-
erties of Vθ (similar to those given in Lemma 5.2 for vθ). Finally, due to relation (98), the
last integral above is bounded by the constant CV,2,H,t,θt.

e) For fixed r > 0, z ∈ R and h ∈ R, the process U
(r,z,h)
θ (t, x) := v

(r,z)
θ (t, x)−v(r,z+h)

θ (t, x)
satisfies the following equation: for any t ≥ r and x ∈ R,

U
(r,z,h)
θ (t, x) = Gt−r(x− z)−Gt−r(x− z − h) +

∫ t

r

∫

R

Gt−s(x− y)U
(r,z,h)
θ (s, y)W (δy)ds.

Therefore, by applying Lemma A.1, we infer that

‖U (r,z,h)
θ (t, x)− U

(r,z,h)
θ (t, x+ k)‖p ≤ ‖U (r,z,h)

(p−1)θ(t, x)− U
(r,z,h)
(p−1)θ(t, x+ k)‖2,

which reduces the problem to the case p = 2. Next, we use the fact that for any x, z ∈ R,

∥∥∥v(r,z)θ (t, x)− v
(r,z+h)
θ (t, x)− v

(r,z)
θ (t, x+ k) + v

(r,z+h)
θ (t, x+ k)

∥∥∥
2

2
≤

∥∥∥V (r,z)
θt (t, x)− V

(r,z+h)
θt (t, x)− V

(r,z)
θt (t, x+ k) + V

(r,z+h)
θt (t, x+ k)

∥∥∥
2

2
,

which is proved similarly to (57). The conclusion follows from relation (99).
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The next result is derived using Lemma 5.4.

Lemma 5.5. For any θ > 0, p ≥ 2 and t > 0,

a) sup
r∈[0,t]

∫

R

sup
z∈R

(∫

R

∥∥∥v(r,z)θ (t, x)− v
(r,z+h)
θ (t, x)

∥∥∥
p
dx

)2

|h|2H−2dh ≤ C ′
v,p,H,t,θ,

b) sup
r∈[0,t]

∫

R

sup
x∈R

(∫

R

∥∥∥v(r,z)θ (t, x)− v
(r,z+h)
θ (t, x)

∥∥∥
p
dz

)2

|h|2H−2dh ≤ C ′
v,p,H,t,θ,

c) sup
r∈[0,t]

∫

R

sup
z∈R

(∫

R

∥∥∥v(r,z)θ (t, x)− v
(r,z)
θ (t, x+ h)

∥∥∥
p
dx

)2

|h|2H−2dh ≤ C ′
v,p,H,t,θ,

d) sup
r∈[0,t]

∫

R

sup
x∈R

(∫

R

∥∥∥v(r,z)θ (t, x)− v
(r,z)
θ (t, x+ h)

∥∥∥
p
dz

)2

|h|2H−2dh ≤ C ′
v,p,H,t,θ,

e) sup
r∈[0,t]

∫

R2

sup
z∈R

(∫

R

∥∥∥v(r,z)θ (t, x)− v
(r,z+h)
θ (t, x)− v

(r,z)
θ (t, x+ k) + v

(r,z+h)
θ (t, x+ k)

∥∥∥
p
dx

)2

× |h|2H−2|k|2H−2dhdk ≤ C ′
v,p,H,t,θ

f) sup
r∈[0,t]

∫

R2

sup
x∈R

(∫

R

∥∥∥v(r,z)θ (t, x)− v
(r,z+h)
θ (t, x)− v

(r,z)
θ (t, x+ k) + v

(r,z+h)
θ (t, x+ k)

∥∥∥
p
dz

)2

× |h|2H−2|k|2H−2dhdk ≤ C ′
v,p,H,t,θ,

where C ′
v,p,H,t,θ > 0 is a constant that depends on (p,H, t, θ) and is increasing in t.

Proof. By Remark 5.3, it suffices to prove a), c) and e).
a) We denote by I the integral appearing in the this inequality. Then I = I1 + I2,

where I1 and I2 are the integrals on |h| > 1, respectively |h| ≤ 1. By triangle inequality
and Lemma 3.2, we have
∫

R

∥∥∥v(r,z)θ (t, x)− v
(r,z+h)
θ (t, x)

∥∥∥
p
dx ≤

∫

R

∥∥∥v(r,z)θ (t, x)
∥∥∥
p
dx+

∫

R

∥∥∥v(r,z+h)
θ (t, x)

∥∥∥
p
dx ≤ 4tCθ,p,t,v,

and hence I1 ≤ (4t2Cθ,p,t,v)
2
∫
|h|>1

|h|2H−2dh <∞.

It remains to treat I2. For this, we insert artificially the G function, using identity
(31). Then, by triangle inequality,

∥∥∥v(r,z)θ (t, x)− v
(r,z+h)
θ (t, x)

∥∥∥
p
≤ 2Gt−r(x− z)

∥∥∥v(r,z)θ (t, x)− v
(r,z+h)
θ (t, x)

∥∥∥
p

+ 2
∣∣Gt−r(x− z)−Gt−r(x− z − h)

∣∣
∥∥∥v(r,z+h)

θ (t, x)
∥∥∥
p
.

Hence I2 ≤ 8
(
I2,1 + I2,2

)
, where

I2,1 =

∫

|h|≤1

(∫

R

Gt−r(x− z)
∥∥∥v(r,z)θ (t, x)− v

(r,z+h)
θ (t, x)

∥∥∥
p
dx

)2

|h|2H−2dh

I2,2 =

∫

|h|≤1

(∫

R

∣∣Gt−r(x− z)−Gt−r(x− z − h)
∣∣
∥∥∥v(r,z+h)

θ (t, x)
∥∥∥
p
dx

)2

|h|2H−2dh.
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We treat I2,1. The the presence of G allows us to apply the Cauchy-Schwarz inequality
to bring the square inside the integral. Using the fact that

∫
R
G2

t−r(x− z)dx = (t− r)/2,
we obtain:
(∫

R

Gt−r(x− z)
∥∥∥v(r,z)θ (t, x)− v

(r,z+h)
θ (t, x)

∥∥∥
p
dx

)2

≤ t

∫

R

∥∥∥v(r,z)θ (t, x)− v
(r,z+h)
θ (t, x)

∥∥∥
2

p
dx.

The desired bound for I2,1 follows now from Lemma 5.4.a).
For I2,2, we use Theorem 3.1, and

∫
R

∣∣Gt−r(x− z)−Gt−r(x− z − h)
∣∣dx ≤ |h|. Hence,

I2,2 ≤ C2
θ,p,t,v

∫

|h|≤1

(∫

R

∣∣Gt−r(x− z)−Gt−r(x− z − h)
∣∣dx
)2

|h|2H−2dh

≤ C2
θ,p,t,v

∫

|h|≤1

|h|2Hdh <∞.

c) We use the same argument as in part a), using Lemma 5.4.c).
e) We denote by I ′ the integral appearing in this inequality. Inserting artificially the

term Gt−r(x− z) (using identity (31)), we obtain:

v
(r,z)
θ (t, x)− v

(r,z+h)
θ (t, x)− v

(r,z)
θ (t, x+ k) + v

(r,z+h)
θ (t, x+ k) =

2Gt−r(x− z)v
(r,z)
θ (t, x)− 2Gt−r(x− z − h)v

(r,z+h)
θ (t, x)−

2Gt−r(x+ k − z)v
(r,z)
θ (t, x+ k) + 2Gt−r(x+ k − z − h)v

(r,z+h)
θ (t, x+ k).

We now use the following identity:

a1b1 − a2b2 − a3b3 + a4b4

= a1(b1 − b2) + (a1 − a2)b2 − a3(b3 − b4)− (a3 − a4)b4

= a1(b1 − b2 − b3 + b4) + (a1 − a3)(b3 − b4) + (a1 − a2 − a3 + a4)b2 + (a3 − a4)(b2 − b4).

Using this identity together with triangle inequality, we have
∥∥∥v(r,z)θ (t, x)− v

(r,z+h)
θ (t, x)− v

(r,z)
θ (t, x+ k) + v

(r,z+h)
θ (t, x+ k)

∥∥∥
p

≤ 2Gt−r(x− z)
∥∥∥v(r,z)θ (t, x)− v

(r,z+h)
θ (t, x)− v

(r,z)
θ (t, x+ k) + v

(r,z+h)
θ (t, x+ k)

∥∥∥
p

+ |2Gt−r(x− z)− 2Gt−r(x+ k − z)|
∥∥∥v(r,z)θ (t, x+ k)− v

(r,z+h)
θ (t, x+ k)

∥∥∥
p

+ |2Gt−r(x− z)− 2Gt−r(x− z − h)− 2Gt−r(x+ k − z) + 2Gt−r(x+ k − z − h)|
∥∥∥v(r,z+h)

θ (t, x)
∥∥∥
p

+ |2Gt−r(x+ k − z)− 2Gt−r(x+ k − z − h)|
∥∥∥v(r,z+h)

θ (t, x)− v
(r,z+h)
θ (t, x+ k)

∥∥∥
p

:=

4∑

j=1

Fj(x, h, k).

Using the inequality (
∑4

j=1 ej)
2 ≤ 4

∑4
j=1 e

2
j , we have

I ′ ≤ 4
4∑

j=1

∫

R2

(∫

R

Fj(x, h, k)dx

)2

|h|2H−2|k|2H−2dhdk =: 4
4∑

j=1

I ′j .
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Since Fj is a product of two terms (which involve G, respectively vθ), we bound(∫
R
Fj(x, h, k)dx

)2
using the Cauchy-Schwarz inequality. For I ′1, we use Lemma 5.4.e)

and
∫
R
G2

t−r(x− r)dx = (t− r)/2. For I ′2, we use Lemma 5.4.a), and
∫

R2

|Gt−r(x− z)−Gt−r(x+ k − z)|2|k|2H−2dxdk = cH(t− r)2H , (58)

where cH > 0 is a constant depending on H . For I ′3, we use Lemma 3.2 and
∫

R3

|Gt−r(x− z)−Gt−r(x− z − h)−Gt−r(x+ k − z) +Gt−r(x+ k − z − h)|2

|h|2H−2|k|2H−2dhdkdx = c′H(t− r)4H−1, (59)

where c′H > 0 is a constant that depends on H . For I ′4, we use Lemma 5.4.c) and (58).

Remark 5.6. As stated in Remark 5.3, the integral dx which appears in part a) of Lemma
5.5 does not depend on z, so instead of taking the supremum over z ∈ R, we could have
evaluated this integral at one particular point z0, for instance z0 = 0. We chose to present
the result in this way, since this will be the form that we will use in Section 6.2 below,
for the proof of the QCLT. The same comment applies to parts b)-f).

6 Proofs of the main results

In this section, we include the proofs of Theorems 1.1, 1.2 and 1.3.

6.1 Limiting covariance

In this section, we give the proof of Theorem 1.1. Let

ρt,s,θ(x− y) := E
[(
uθ(t, x)− 1

)(
uθ(s, y)− 1

)]
=
∑

n≥1

1

n!
θnαn(x− y; t, s), (60)

where

αn(x− y; t, s) = (n!)2〈f̃n(·, x; t), f̃n(·, y; s)〉P⊗n
0

= (n!)2〈fn(·, x; t), f̃n(·, y; s)〉P⊗n
0

=n!
∑

σ∈Sn

cnH

∫

Rn

Ffn(·, x; t)(ξ1, . . . , ξn)Ffn(·, y; s)(ξσ(1), . . . , ξσ(n))
n∏

j=1

|ξj|1−2Hdξξξ

=n!
∑

σ∈Sn

cnH

∫

Rn

e−i
∑n

j=1 ξj(x−y)
n∏

j=1

|ξj|1−2Hdξ1 . . . dξn

∫

Tn(t)

dttt

∫

Tn(s)

dsss

×
n∏

j=1

FGtj+1−tj (ξ1 + . . .+ ξj)

n∏

j=1

FGsj+1−sj(ξσ(1) + . . .+ ξσ(j)). (61)

Here we use the convention tn+1 = t and sn+1 = s. This shows that αn(x − y; t, s)
and ρt,s(x − y) depend on x and y only through the difference x − y. In particular,
{u(t, x); x ∈ R} is a (wide-sense) stationary process with covariance function ρt,s,θ.
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By Fubini theorem,

1

R
E[FR,θ(t)FR,θ(s)] =

1

R

∫ R

−R

∫ R

−R

ρt,s,θ(x− y)dxdy =
∑

n≥1

θn
1

Rn!

∫ R

−R

∫ R

−R

αn(x− y; t, s)dxdy

=:
∑

n≥1

θnQn,R(t, s), (62)

The application of Fubini theorem is justified by (25), using that fact that:

αn(x− y; t, s) ≤ (n!)2‖fn(·, x; t)‖P⊗n
0

‖f̃n(·, y; s)‖P⊗n
0

≤ cn
t(2H+2)n

(n!)2H
.

We now show that the first term in series (62) does not contribute to the limit.

Lemma 6.1. For any t, s > 0,

Q1,R(t, s) =
1

R

∫ R

−R

∫ R

−R

α1(x− y; t, s)dxdy → 0 as R → ∞.

Proof. By Fubini theorem,

α1(x− y; t, s) = cH

∫

R

(∫ t

0

e−iξx sin((t− t1)|ξ|)
|ξ| dt1

)(∫ s

0

eiξy
sin((s− s1)|ξ|)

|ξ| ds1

)

= cH

∫ t

0

∫ s

0

∫

R

e−iξ(x−y) sin((t− t1)|ξ|)
|ξ|

sin((s− s1)|ξ|)
|ξ| dξds1dt1.

The application of this theorem is justified using the inequality:

| sin((t− t1)|ξ|)|
|ξ|

| sin((s− s1)|ξ|)|
|ξ| ≤ (t− t1)(s− s1)1{|ξ|≤1} +

1

|ξ|21{|ξ|>1}. (63)

Another application of Fubini theorem, justified also by (63), shows that:

∫ R

−R

∫ R

−R

α1(x− y; t, s)dxdy

= cH

∫ t

0

∫ s

0

∫

R

4 sin2(R|ξ|)
|ξ|2

sin((t− t1)|ξ|)
|ξ|

sin((s− s1)|ξ|)
|ξ| |ξ|1−2Hdξds1dt1,

where we used the fact that:

(∫ R

−R

∫ R

−R

e−iξ(x−y)dxdy

)
=

∣∣∣∣
∫ R

−R

e−iξxdx

∣∣∣∣
2

=
4 sin2(R|ξ|)

|ξ|2 := 4πRℓR(ξ),

We denote

I1(t1, s1) :=

∫

R

sin2(R|ξ|)
|ξ|2

sin((t− t1)|ξ|)
|ξ|

sin((s− s1)|ξ|)
|ξ| |ξ|1−2Hdξ = I1(t1, s1) + I2(t1, s1),
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where I1(t1, s1) and I2(t1, s1) correspond to the integration regions {|ξ| ≤ ε}, respectively
{|ξ| > ε}. To estimate I2(t1, s1), we bound all three sin functions by 1, obtaining

|I2(t1, s1)| ≤
∫

|ξ|>ε

|ξ|−3−2Hdξ =: Cε,H.

To bound I1(t1, s1), we choose ε > 0 such that (t+ s)ε < π
2
, and hence sin((t− t1)|ξ|) ≥ 0

and sin((s−s1)|ξ|) ≥ 0 for any t1 ∈ [0, t], s1 ∈ [0, s] and ξ with |ξ| ≤ ε. Using the inequality
| sin(x)| ≤ |x| for the last two sin functions, followed by the inequality | sin x| ≤ |x|θ with
θ ∈ [0, 1] for the last sin function, we obtain that:

I1(t1, s1) ≤ (t− t1)(s− s1)

∫

|ξ|≤ε

sin2(R|ξ|)
|ξ|2 |ξ|1−2Hdξ

≤ (t− t1)(s− s1)R
2θ

∫

|ξ|≤ε

|ξ|2θ−2H−1dξ =: (t− t1)(s− s1)R
2θCε,θ,H,

provided that θ > H . Summarizing, for any t1 ∈ [0, t], s1 ∈ [0, s] and θ ∈ (H, 1],

|I(t1, s1)| ≤ (t− t1)(s− s1)R
2θCε,θ,H + Cε,H.

Therefore,

∣∣∣∣
∫ R

−R

∫ R

−R

α1(x− y; t, s)dxdy

∣∣∣∣ ≤ 4cH

∫ t

0

∫ s

0

|I(t1, s1)|ds1dt1 ≤ C(t2s2R2θ + ts).

Then |Q1,R(t, s)| ≤ C(t2s2R2θ−1 + tsR−1) → 0 as R→ ∞, if we choose θ ∈ (H, 1
2
).

Next, we study the terms corresponding to n ≥ 2. We use the fact that the function

ℓR(ξ) =
sin2(R|ξ|)
πR|ξ|2 , ξ ∈ R

is an approximation of the identity, when R → ∞ (see Lemma 2.1 of [28]).

Lemma 6.2. For any t > 0 and s > 0,

Kθ(t, s) := lim
R→∞

∑

n≥2

θnQn,R(t, s) exists and is finite.

Proof. We use expression (61) for αn(x−y; t, s), and we integrate dxdy on [−R,R]2. Using
Fubini’s theorem, we obtain the following expression for Qn,R(t, s):

Qn,R(t, s) =
1

R

1

n!

∫ R

−R

∫ R

−R

αn(x− y; t, s)dxdy

= 4πcnH
∑

σ∈Sn

∫

Tn(t)

∫

Tn(s)

∫

Rn

ℓR(ξ1 + . . .+ ξn)

n∏

j=1

|ξj|1−2H

× sin((t− tn)|ξ1 + . . .+ ξn|)
|ξ1 + . . .+ ξn|

sin((s− sn)|ξ1 + . . .+ ξn|)
|ξ1 + . . .+ ξn|
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×
n−1∏

j=1

sin((tj+1 − tj)|ξ1 + . . .+ ξj|)
|ξ1 + . . .+ ξj|

n−1∏

j=1

sin((sj+1 − sj)|ξσ(1) + . . .+ ξσ(j)|)
|ξσ(1) + . . .+ ξσ(j)|

dξξξdsssdttt

:= 4πcnH
∑

σ∈Sn

∫

Tn(t)

∫

Tn(s)

Qn,R(ttt, sss, σ)dsssdttt (64)

To evaluate Qn,R(ttt, sss, σ), we use the change the variables ξn → ηn = ξ1 + . . . + ξn. For
any fixed permutation σ, we denote j0 = σ−1(n), so that σ(j0) = n. Then for all j < j0,
the sum ξσ(1) + . . . + ξσ(j) does not involve the variable ξn, and remains the same when
we perform the change of variables. For j ≥ j0, the sum ξσ(1) + . . .+ ξσ(j) contains ξn and
will be replaced after the change of variables by

j0−1∑

k=1

ξσ(k) +
(
ηn −

n−1∑

j=1

ξj
)
+

j∑

k=j0+1

ξσ(k) = ηn − ξσ(j+1) − . . .− ξσ(n),

where
∑

∅ = 0. Using the convention
∏

∅ = 1, we obtain the expression:

Qn,R(ttt, sss, σ) =

∫

Rn

ℓR(ηn)
sin((t− tn)|ηn|)

|ηn|
sin((s− sn)|ηn|)

|ηn|

×
n−1∏

j=1

sin((tj+1 − tj)|ξ1 + . . .+ ξj|)
|ξ1 + . . .+ ξj|

∏

j<σ−1(n)

sin((sj+1 − sj)|ξσ(1) + . . .+ ξσ(j)|)
|ξσ(1) + . . .+ ξσ(j)|

×
∏

j≥σ−1(n)

sin((sj+1 − sj)|ηn − ξσ(j+1) − . . .− ξσ(n)|)
|ηn − ξσ(j+1) − . . .− ξσ(n)|

×
n−1∏

j=1

|ξj|1−2H |ηn − ξ1 − . . .− ξn−1|1−2Hdξ1 . . . dξn−1dηn :=
(
ℓR ∗ g(n)

t,s,σ

)
(0),

where the function g
(n)
ttt,sss,σ is given by:

g
(n)
ttt,sss,σ(x) :=

sin((t− tn)|x|)
|x|

sin((s− sn)|x|)
|x|

×
∫

Rn−1

n−1∏

j=1

sin((tj+1 − tj)|ξ1 + . . .+ ξj|)
|ξ1 + . . .+ ξj |

∏

j<σ−1(n)

sin((sj+1 − sj)|ξσ(1) + . . .+ ξσ(j)|)
|ξσ(1) + . . .+ ξσ(j)|

×
∏

j≥σ−1(n)

sin((sj+1 − sj)|x− ξσ(j+1) − . . .− ξσ(n)|)
|x− ξσ(j+1) − . . .− ξσ(n)|

×
n−1∏

j=1

|ξj|1−2H |x− ξ1 − . . .− ξn−1|1−2Hdξ1 . . . dξn−1.

To define gt,s,σ(0), we use the convention sinx
x

∣∣
x=0

= 1.
Since ℓR is an approximation of the identity as R → ∞, by the Dominated Convergence

Theorem, we obtain that

∑

n≥2

θnQn,R(t, s) = 4π
∑

n≥2

θncnH

∫

Tn(t)

∫

Tn(s)

∑

σ∈Sn

(ℓR ∗ gt,s,σ) (0)dsdt
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→ 4π
∑

n≥2

θncnH

∫

Tn(t)

∫

Tn(s)

∑

σ∈Sn

gt,s,σ(0)dsdt =: Kθ(t, s), as R→ ∞.

(65)

It remains to justify the application of the Dominated Convergence Theorem. For
this, we will prove that there exists a function Hn(ttt, sss) such that

∣∣∣∣∣
∑

σ∈Sn

(ℓR ∗ gt,s,σ) (0)
∣∣∣∣∣ ≤ Hn(ttt, sss)

for any n ≥ 2, R ≥ 1, ttt ∈ Tn(t), sss ∈ Tn(s), and

∑

n≥2

θncnH

∫

Tn(t)

∫

Tn(s)

Hn(ttt, sss)dtttdsss <∞. (66)

In particular, this will imply that the limit Kθ(t, s) is finite.
We will use the following inequality: for any functions h1, h2 on Rn and for any

symmetric measure µn on Rn,
∣∣∣∣∣
∑

σ∈Sn

∫

Rn

h1(ξ1, . . . , ξn)h2(ξσ(1), . . . , ξσ(n))µn(dξ1, . . . , dξn)

∣∣∣∣∣ ≤

n!

2

{∫

Rn

|h1(ξ1, . . . , ξn)|2µn(dξ1, . . . , dξn) +

∫

Rn

|h2(ξ1, . . . , ξn)|2µn(dξ1, . . . , dξn)

}
,

which can be proved applying the inequality ab ≤ 1
2
(a2 + b2). It follows that

∣∣∣∣∣
∑

σ∈Sn

(ℓR ∗ gt,s,σ) (0)
∣∣∣∣∣ ≤

n!

2

{∫

Rn

ℓR(ξ1 + . . .+ ξn)

n∏

j=1

sin2((tj+1 − tj)|ξ1 + . . .+ ξj |)
|ξ1 + . . .+ ξj |2

n∏

j=1

|ξj|1−2Hdξξξ

+

∫

Rn

ℓR(ξ1 + . . .+ ξn)
n∏

j=1

sin2((sj+1 − sj)|ξ1 + . . .+ ξj|)
|ξ1 + . . .+ ξj|2

n∏

j=1

|ξj|1−2Hdξξξ

}

=:
n!

2

(
In,R(ttt) + In,R(sss)

)
.

We only evaluate the first integral, the second one being similar. We use the change of
variables ηj = ξ1 + . . .+ ξj for j = 1, . . . , n (with η0 = 0), followed by inequality (24):

In,R(ttt) ≤
∑

α∈Dn

n−1∏

j=1

(∫

R

sin2((tj+1 − tj)|ηj|)
|ηj|2

|ηj|αjdηj

)(∫

R

sin2((t− tn)|ηn|)
|ηn|2

ℓR(ηn)|ηn|αndηn

)

≤ cn−1
∑

α∈Dn

n−1∏

j=1

(tj+1 − tj)
1−αj (t− tn)

2 1

πR

∫

R

sin2(R|ηn|)
|ηn|2

|ηn|αndηn

= cn
∑

α∈Dn

n−1∏

j=1

(tj+1 − tj)
1−αj (t− tn)

2R−αn ≤ cn
∑

α∈Dn

t1+αn

n∏

j=1

(tj+1 − tj)
1−αj
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Therefore, assuming that s ≤ t, we obtain:

∣∣∣∣∣
∑

σ∈Sn

(ℓR ∗ gt,s,σ) (0)
∣∣∣∣∣ ≤ n!cn

∑

α∈Dn

t1+αn

( n∏

j=1

(tj+1 − tj)
1−αj +

n∏

j=1

(sj+1 − sj)
1−αj

)
=: Hn(ttt, sss).

To see that (66) holds, we note that

∫

Tn(t)

∫

Tn(s)

Hn(ttt, sss)dsssdttt ≤ 2cn
∑

α∈Dn

t1+αn

∫

Tn(t)

n∏

j=1

(tj+1 − tj)
1−αjdttt

≤ 2cn
∑

α∈Dn

t1+αn
t(2H+1)n

Γ((2H + 1)n+ 1)
.

Finally, we prove that when s = t, the limit Kθ(t, t) is non-zero. For this, we use the
following lemma.

Lemma 6.3. If h is a measurable function on (Rd)n and µn is a symmetric measure on
(Rd)n, then

∑

σ∈Sn

∫

(Rd)n
h(ξ1, . . . , ξn)h(ξσ(1), . . . , ξσ(n))µn(dξ1, . . . , dξn) (67)

=
1

n!

∫

(Rd)n
|h̃(ξ1, . . . , ξn)|2µn(dη1, . . . , dηn).

Proof. We denote by I the left-hand side of (67). For any ρ ∈ Sn, let hρ(ξ1, . . . , ξn) =

h(ξρ(1), . . . , ξρ(n)). Then for any ρ ∈ Sn, I = n!
∫
hh̃dµn = n!

∫
hρh̃dµn, where the second

equality is due to the symmetry of µn. Taking the sum over all ρ ∈ Sn, we obtain
n!I = n!

∫ ∑
ρ∈Sn

hρh̃dµn = (n!)2
∫
h̃2dµn.

Lemma 6.4. For any t > 0, Kθ(t, t) > 0.

Proof. We will first prove that Qn,R(t, t) ≥ 0 for all n ≥ 1 and R > 0. For this, we use
(64). Applying Lemma 6.3 to the measure

µn(dξ1, . . . , dξn) = ℓR(ξ1 + . . .+ ξn)

n∏

j=1

|ξj|1−2Hdξ1 . . . dξn

and the function

h(ξ1, . . . , ξn) =

∫

Tn(t)

sin((t− tn)|ξ1 + . . .+ ξn|)
|ξ1 + . . .+ ξn|

n−1∏

j=1

sin((tj+1 − tj)|ξ1 + . . .+ ξj|)
|ξ1 + . . .+ ξj|

dttt,
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we obtain:

Qn,R(t, t) = 4πcnHn!

∫

Rn

|h̃(ξ1, . . . , ξn)|2µn(dξ1, . . . , dξn) ≥ 0.

This implies that Qn(t, t) := limR→∞Qn,R(t, t) ≥ 0 for all n ≥ 1, and hence Kθ(t, t) =∑
n≥2 θ

nQn(t, t) ≥ θ2Q2(t, t). Therefore, it is enough to prove that Q2(t, t) > 0.
To show this, we will use an alternative expression ofQn(t, t). We denoteH(ξ1, . . . , ξn) =

|h̃(ξ1, . . . , ξn)|2
∏n

j=1 |ξj|1−2H , and we use the change of variables ξn 7→ ηn = ξ1 + . . .+ ξn:

Qn,R(t, t) = 4πcnHn!

∫

Rn

H(ξ1, . . . , ξn)ℓR(ξ1 + . . .+ ξn)dξ1 . . . dξn

= 4πcnHn!

∫

Rn

H(−ξ1, . . . ,−ξn)ℓR(ξ1 + . . .+ ξn)dξ1 . . . dξn

= 4πcnHn!

∫

Rn

H(−ξ1, . . . ,−ξn−1, ξ1 + . . .+ ξn−1 − ηn)ℓR(ηn)dξ1 . . . dξn−1dηn

= 4πcnHn!

∫

Rn−1

(
H(−ξ1, . . . ,−ξn−1, ·) ∗ ℓR

)
(ξ1 + . . .+ ξn−1)dξ1 . . . dξn−1.

Taking R → ∞, we obtain:

Qn(t, t) = 4πcnHn!

∫

Rn−1

H(−ξ1, . . . ,−ξn−1, ξ1 + . . .+ ξn−1)dξ1 . . . dξn−1.

We consider now the case n = 2. In this case,

h̃(ξ1, ξ2) =
1

2

∫

T2(t)

sin((t− t2)|ξ1 + ξ2|)
|ξ1 + ξ2|

(
sin((t2 − t1)|ξ1|)

|ξ1|
+

sin((t2 − t1)|ξ2|)
|ξ2|

)
dt1dt2

and

H(ξ1, ξ2) =
1

4

(∫

T2(t)

sin((t− t2)|ξ1 + ξ2|)
|ξ1 + ξ2|

(
sin((t2 − t1)|ξ1|)

|ξ1|
+

sin((t2 − t1)|ξ2|)
|ξ2|

)
dt1dt2

)2

|ξ1|1−2H |ξ2|1−2H .

Using the convention sinx
x
|x=0 = 1, by direct calculation, we have:

H(−ξ1, ξ1) =
1

4

(∫

T2(t)

sin((t2 − t1)|ξ1|)
|ξ1|

dt1dt2

)2

|ξ1|2(1−2H) =

(
t− sin(t|ξ1|)

|ξ1|

)2

|ξ1|−4H−2.

Since H(−ξ1, ξ1) > 0 for almost all ξ1 ∈ R, Q2(t, t) =
∫
R
H(−ξ1, ξ1)dξ1 > 0.

6.2 Quantitative CLT

In this section, we prove Theorem 1.2. We divide the proof into several steps. To simplify
the notation, we drop the dependence on θ in this part, and we write FR(t) and σR(t)
instead of FR,θ(t) and σR,θ(t).
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Step 1. By applying a version of Proposition 2.4 of [27] for the time-independent
noise, to F = FR(t), we get:

dTV

(
FR(t)

σR(t)
, Z

)
≤ 2

√
3

σ2
R(t)

√
C3

HA∗,

where Z ∼ N(0, 1) and

A∗ =

∫

R6

‖DzFR(t)−Dz′FR(t)‖4‖DwFR(t)−Dw′FR(t)‖4

‖D2
z,yFR(t)−D2

z,y′FR(t)−D2
z′,yFR(t) +D2

z′,y′FR(t)‖4
‖D2

w,yFR(t)−D2
w,y′FR(t)−D2

w′,yFR(t) +D2
w′,y′FR(t)‖4

|y − y′|2H−2|z − z′|2H−2|w − w′|2H−2dydy′dzdz′dwdw′.

By applying Minkowski’s inequality to the four norms and change of variables y′ →
y + y′, z′ → z + z′, w′ → w + w′, we have

A∗ ≤ A =

∫

[−R,R]4

∫

R6

‖Dzuθ(t, x1)−Dz+z′uθ(t, x1)‖4 ‖Dwuθ(t, x2)−Dw+w′uθ(t, x2)‖4
∥∥D2

z,yuθ(t, x3)−D2
z,y+y′uθ(t, x3)−D2

z+z′,yuθ(t, x3) +D2
z+z′,y+y′uθ(t, x3)

∥∥
4∥∥D2

w,yuθ(t, x4)−D2
w,y+y′uθ(t, x4)−D2

w+w′,yuθ(t, x4) +D2
w+w′,y+y′uθ(t, x4)

∥∥
4

|y′|2H−2|z′|2H−2|w′|2H−2dydy′dzdz′dwdw′dx1dx2dx3dx4. (68)

Since σ2
R(t) ∼ CtR as R→ ∞, it is enough to prove that A ≤ CtR.

For the first two norms, we use Theorem 4.1.b) with p = 4 (and hence η = 12θ). We
obtain:

‖Dzuθ(t, x1)−Dz+z′uθ(t, x1)‖4 ≤
√
2θ

∫ t

0

I1(z, z
′, x1; r, t)dr (69)

‖Dwuθ(t, x2)−Dw+w′uθ(t, x2)‖4 ≤
√
2θ

∫ t

0

I1(w,w
′, x2; r, t)dr. (70)

For the last two norms, we use Theorem 4.2.b) with p = 4 (and hence η = 18θ). We
obtain:

∥∥D2
z,yuθ(t, x3)−D2

z,y+y′uθ(t, x3)−D2
z+z′,yuθ(t, x) +D2

z+z′,y+y′uθ(t, x3)
∥∥
4

≤ 4θ

∫

0<s<r<t

(
I2(z, z

′, y, y′, x3; s, r, t) + I2(y, y
′, z, z′, x3; s, r, t)

)
dsdr (71)

∥∥D2
w,yuθ(t, x4)−D2

w,y+y′uθ(t, x4)−D2
w+w′,yuθ(t, x4) +D2

w+w′,y+y′uθ(t, x4)
∥∥
4

≤ 4θ

∫

0<s<r<t

(
I2(w,w

′, y, y′, x4; s, r, t) + I2(y, y
′, w, w′, x4; s, r, t)

)
dsdr. (72)

Hence, substituting the identities (69), (70), (71) and (72) to (68), we have

A ≤(4θ)3
∫

[−R,R]4
dx1dx2dx3dx4

∫

R3

dydzdw

∫

R3

|y′|2H−2|z′|2H−2|w′|2H−2dy′dz′dw′
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∫ t

0

dr1

∫ t

0

dr2

∫

0<s3<r3<t

ds3dr3

∫

0<s4<r4<t

ds4dr4I1(z, z
′, x1; r1, t)I1(w,w

′, x2; r2, t)

×
(
I2(z, z

′, y, y′, x3; s3, r3, t) + I2(y, y
′, z, z′, x3; s3, r3, t)

)

×
(
I2(w,w

′, y, y′, x4; s4, r4, t) + I2(y, y
′, w, w′, x4; s4, r4, t)

)
. (73)

Step 2. In this step, we evaluate the spatial integral in (73). We have

∫

[−R,R]4
dx1dx2dx3dx4

∫

R3

dydzdw

∫

R3

|y′|2H−2|z′|2H−2|w′|2H−2dy′dz′dw′

I1(z, z
′, x1; r1, t)I1(w,w

′, x2; r2, t)
(
I2(z, z

′, y, y′, x3; s3, r3, t) + I2(y, y
′, z, z′, x3; s3, r3, t)

)

×
(
I2(w,w

′, y, y′, x4; s4, r4, t) + I2(y, y
′, w, w′, x4; s4, r4, t)

)

≤
∫

[−R,R]

dx4

∫

R3

|y′|2H−2|z′|2H−2|w′|2H−2dy′dz′dw′

sup
z∈R

∫

R

I1(z, z
′, x1; r1, t)dx1 sup

w∈R

∫

R

I1(w,w
′, x2; r2, t)dx2

× sup
y∈R

∫

R2

(
I2(z, z

′, y, y′, x3; s3, r3, t) + I2(y, y
′, z, z′, x3; s3, r3, t)

)
dzdx3

×
∫

R2

(
I2(w,w

′, y, y′, x4; s4, r4, t) + I2(y, y
′, w, w′, x4; s4, r4, t)

)
dwdy

≤
∫

[−R,R]

dx4

(∫

R2

(
sup
z∈R

∫

R

I1(z, z
′, x1; r1, t)dx1 sup

w∈R

∫

R

I1(w,w
′, x2; r2, t)dx2

)2

|z′|2H−2|w′|2H−2dz′dw′

)1/2

(∫

R2

(
sup
y∈R

∫

R2

(
I2(z, z

′, y, y′, x3; s3, r3, t) + I2(y, y
′, z, z′, x3; s3, r3, t)

)
dzdx3

)2

|y′|2H−2|z′|2H−2dy′dz′

)1/2

(∫

R2

(∫

R2

(
I2(w,w

′, y, y′, x4; s4, r4, t) + I2(y, y
′, w, w′, x4; s4, r4, t)

)
dwdy

)2

|y′|2H−2|w′|2H−2dy′dw′

)1/2

.

(74)

where for the last inequality, we use Lemma 6.5 for the integral
∫∫∫

dy′dz′dw′

Next, we need to compute the three integrals dz′dw′, dy′dz′, dy′dw′ one by one. We
start with the integral dz′dw′. By Theorem 2.3, Lemma 3.2 and Lemma 5.2, for any
r ∈ [0, t]

∫

R

I1(z, z
′, x1; r, t)dx1 =

∫

R

‖u12θ(r, z)− u12θ(r, z + z′)‖2
∥∥∥v(r,z)12θ (t, x1)

∥∥∥
2
dx1

+

∫

R

‖u12θ(r, z + z′)‖2
∥∥∥v(r,z)12θ (t, x1)− v

(r,z+z′)
12θ (t, x1)

∥∥∥
2
dx1

≤2tC12θ,2,t,v ‖u12θ(r, 0)− u12θ(r, z
′)‖2

+ C12θ,2,t,u

∫

R

∥∥∥v(r,z)12θ (t, x1)− v
(r,z+z′)
12θ (t, x1)

∥∥∥
2
dx1.
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By Remark 5.3, the integral on the right-hand side does not depend on z. Hence, by
Lemma 5.1 and Lemma 5.5, we have

∫

R

(
sup
z∈R

∫

R

I1(z, z
′, x1; r, t)dx1

)2

|z′|2H−2dz′

≤8t2C2
12θ,2,t,v

∫

R

‖u12θ(r, 0)− u12θ(r, z
′)‖22 |z′|2H−2dz′

+ 2C2
12θ,2,t,u

∫

R

(
sup
z∈R

∫

R

∥∥∥v(r,z)12θ (t, x1)− v
(r,z+z′)
12θ (t, x1)

∥∥∥
2
dx1

)2

|z′|2H−2dz′

≤8t2C2
12θ,2,t,vC

′
u,2,H,t,12θ + 2C2

12θ,2,t,uC
′
v,2,H,t,12θ.

Similarly, for any r ∈ [0, t], we have

∫

R

(
sup
w∈R

∫

R

I1(w,w
′, x2; r, t)dx2

)2

|w′|2H−2dw′ ≤ 8t2C2
12θ,2,t,vC

′
u,2,H,t,12θ + 2C2

12θ,2,t,uC
′
v,2,H,t,12θ.

Therefore, for any r1, r2 ∈ [0, t], we have

∫

R2

(
sup
z∈R

∫

R

I1(z, z
′, x1; r1, t)dx1 sup

w∈R

∫

R

I1(w,w
′, x2; r2, t)dx2

)2

|z′|2H−2|w′|2H−2dz′dw′

≤
(
8t2C2

12θ,2,t,vC
′
u,2,H,t,12θ + 2C2

12θ,2,t,uC
′
v,2,H,t,12θ

)2
. (75)

Secondly, we deal with the integral dy′dz′, which consist of two terms. For the first
term, by Theorem 2.3, Lemma 3.2 and Lemma 5.2, for any 0 ≤ s < r ≤ t,
∫

R2

I2(z, z
′, y, y′, x3; s, r, t)dzdx3

≤2tC18θ,2,t,v ‖u18θ(s, 0)− u18θ(s, z
′)‖2

∫

R

∥∥∥v(r,y)18θ (t, x3)− v
(r,y+y′)
18θ (t, x3)

∥∥∥
2
dx3

+ C18θ,2,t,u

∫

R

∥∥∥v(s,z)18θ (r, y)− v
(s,z+z′)
18θ (r, y)

∥∥∥
2
dz

∫

R

∥∥∥v(r,y)18θ (t, x3)− v
(r,y+y′)
18θ (t, x3)

∥∥∥
2
dx3

+ 2tC18θ,2,t,v ‖u18θ(s, 0)− u18θ(s, z
′)‖2

∫

R

∥∥∥v(s,z)18θ (r, y)− v
(s,z)
18θ (r, y + y′)

∥∥∥
2
dz

+ 2tC18θ,2,t,vC18θ,2,t,u

∫

R

∥∥∥v(s,z)18θ (r, y)− v
(s,z)
18θ (r, y + y′)− v

(s,z+z′)
18θ (r, y) + v

(s,z+z′)
18θ (r, y + y′)

∥∥∥
2
dz.

(76)

For the second term, we integrate dx3 first and then dz. We have
∫

R2

I2(y, y
′, z, z′, x3; s, r, t)dzdx3

≤2tC18θ,2,t,v ‖u18θ(s, 0)− u18θ(s, y
′)‖2 sup

z∈R

∫

R

∥∥∥v(r,z)18θ (t, x3)− v
(r,z+z′)
18θ (t, x3)

∥∥∥
2
dx3

+ C18θ,2,t,u

∫

R

∥∥∥v(s,y)18θ (r, z)− v
(s,y+y′)
18θ (r, z)

∥∥∥
2
dz sup

z∈R

∫

R

∥∥∥v(r,z)18θ (t, x3)− v
(r,z+z′)
18θ (t, x3)

∥∥∥
2
dx3
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+ 2tC18θ,2,t,v ‖u18θ(s, 0)− u18θ(s, y
′)‖2

∫

R

∥∥∥v(s,y)18θ (r, z)− v
(s,y)
18θ (r, z + z′)

∥∥∥
2
dz

+ 2tC18θ,2,t,vC18θ,2,t,u

∫

R

∥∥∥v(s,y)18θ (r, z)− v
(s,y)
18θ (r, z + z′)− v

(s,y+y′)
18θ (r, z) + v

(s,y+y′)
18θ (r, z + z′)

∥∥∥
2
dz.

(77)

One can see from the Remark 5.3 that the integrals on the right-hand side of (76) and (77)
do not depend on y. Hence, by Lemma 5.1 and Lemma 5.5 together with the inequality
(
∑4

i=1 ai)
2 ≤ 4

∑4
i=1 a

2
i , we have

max

{∫

R2

(
sup
y∈R

∫

R2

I2(z, z
′, y, y′, x3; s3, r3, t)dzdx3

)2

|y′|2H−2|z′|2H−2dy′dz′,

∫

R2

(
sup
y∈R

∫

R2

I2(y, y
′, z, z′, x3; s3, r3, t)dzdx3

)2

|y′|2H−2|z′|2H−2dy′dz′
}

≤8 (2tC18θ,2,t,v)
2C ′

u,2,H,t,18θC
′
v,2,H,t,18θ + 4C2

18θ,2,t,u(C
′
v,2,H,t,18θ)

2 + 4 (2tC18θ,2,t,vC18θ,2,t,u)
2C ′

v,2,H,t,18θ.

Therefore, using the inequality (a1 + a2)
2 ≤ 2a21 + 2a22, we have

∫

R2

(
sup
y∈R

∫

R2

(
I2(z, z

′, y, y′, x3; s3, r3, t) + I2(y, y
′, z, z′, x3; s3, r3, t)

)
dzdx3

)2

|y′|2H−2|z′|2H−2dy′dz′

≤ 32 (2tC18θ,2,t,v)
2C ′

u,2,H,t,18θC
′
v,2,H,t,18θ + 16C2

18θ,2,t,u(C
′
v,2,H,t,18θ)

2 + 16 (2tC18θ,2,t,vC18θ,2,t,u)
2C ′

v,2,H,t,18θ.

(78)

Thirdly, we deal with the integral dy′dw′. By change of variables (w,w′) ↔ (y, y′),
one has

∫

R2

(∫

R2

I2(w,w
′, y, y′, x4; s4, r4, t)dwdy

)2

|y′|2H−2|w′|2H−2dy′dw′

=

∫

R2

(∫

R2

I2(y, y
′, w, w′, x4; s4, r4, t)dwdy

)2

|y′|2H−2|w′|2H−2dy′dw′.

Thus, it is enough to compute the first integral. Let 0 ≤ s < r ≤ t be arbitrary. By
Theorem 2.3, Lemma 3.2 and Lemma 5.2, we integrate dw first and then dy to obtain

∫

R2

I2(w,w
′, y, y′, x4; s, r, t)dwdy

≤ 2tC18θ,2,t,v ‖u18θ(s, 0)− u18θ(s, w
′)‖2

∫

R

∥∥∥v(r,y)18θ (t, x4)− v
(r,y+y′)
18θ (t, x4)

∥∥∥
2
dy

+ C18θ,2,t,u sup
y∈R

∫

R

∥∥∥v(s,w)
18θ (r, y)− v

(s,w+w′)
18θ (r, y)

∥∥∥
2
dw

∫

R

∥∥∥v(r,y)18θ (t, x4)− v
(r,y+y′)
18θ (t, x4)

∥∥∥
2
dy

+ 2tC18θ,2,t,v ‖u18θ(s, 0)− u18θ(s, w
′)‖2 sup

y∈R

∫

R

∥∥∥v(s,w)
18θ (r, y)− v

(s,w)
18θ (r, y + y′)

∥∥∥
2
dw

+ 2tC18θ,2,t,vC18θ,2,t,u sup
y∈R

∫

R

∥∥∥v(s,w)
18θ (r, y)− v

(s,w)
18θ (r, y + y′)− v

(s,w+w′)
18θ (r, y) + v

(s,w+w′)
18θ (r, y + y′)

∥∥∥
2
dw.
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Thus, using Lemma 5.1 and Lemma 5.5 with the inequality (
∑4

i=1 ai)
2 ≤ 4

∑4
i=1 a

2
i , we

have

∫

R2

(∫

R2

I2(w,w
′, y, y′, x4; s4, r4, t)dwdy

)2

|y′|2H−2|w′|2H−2dy′dw′

≤8 (2tC18θ,2,t,v)
2C ′

u,2,H,t,18θC
′
v,2,H,t,18θ + 4C2

18θ,2,t,u(C
′
v,2,H,t,18θ)

2 + 4 (2tC18θ,2,t,vC18θ,2,t,u)
2C ′

v,2,H,t,18θ.

(79)

Therefore, using the inequality (a1 + a2)
2 ≤ 2a21 + 2a22, we have

∫

R2

(∫

R2

(
I2(w,w

′, y, y′, x4; s4, r4, t) + I2(y, y
′, w, w′, x4; s4, r4, t)

)
dwdy

)2

|y′|2H−2|w′|2H−2dy′dw′

≤ 32 (2tC18θ,2,t,v)
2C ′

u,2,H,t,18θC
′
v,2,H,t,18θ + 16C2

18θ,2,t,u(C
′
v,2,H,t,18θ)

2 + 16 (2tC18θ,2,t,vC18θ,2,t,u)
2C ′

v,2,H,t,18θ.

(80)

Lastly, substituting (75), (78) and (80) to (74), we have the following estimate for
spatial integral:

∫

[−R,R]4
dx1dx2dx3dx4

∫

R3

dydzdw

∫

R3

|y′|2H−2|z′|2H−2|w′|2H−2dy′dz′dw′

I1(z, z
′, x1; r1, t)I1(w,w

′, x2; r2, t)
(
I2(z, z

′, y, y′, x3; s3, r3, t) + I2(y, y
′, z, z′, x3; s3, r3, t)

)

×
(
I2(w,w

′, y, y′, x4; s4, r4, t) + I2(y, y
′, w, w′, x4; s4, r4, t)

)

≤
∫

[−R,R]

dx4
(
8t2C2

12θ,2,t,vC
′
u,2,H,t,12θ + 2C2

12θ,2,t,uC
′
v,2,H,t,12θ

)

×
(
32 (2tC18θ,2,t,v)

2C ′
u,2,H,t,18θC

′
v,2,H,t,18θ + 16C2

18θ,2,t,u(C
′
v,2,H,t,18θ)

2 + 16 (2tC18θ,2,t,vC18θ,2,t,u)
2C ′

v,2,H,t,18θ

)
.

Therefore, coming back to (73), we obtain A ≤ C(θ, t, H)R, where C(θ, t, H) is a positive
constant only depends on θ, t, H and is increasing in t. This concludes the proof.

In the argument above, we used the following generalized version of the Cauchy-
Schwarz inequality.

Lemma 6.5. Let n1, n2, n3 ∈ N, and let f ∈ L2(Rn1+n2), g ∈ L2(Rn2+n3), h ∈ L2(Rn3+n1).
Then the following inequality holds.

∫
f(x1, x2)g(x2, x3)h(x3, x1)dx1dx2dx3

≤
(∫

f 2(x1, x2)dx1dx2

)1/2(∫
g2(x2, x3)dx2dx3

)1/2(∫
h2(x3, x1)dx3dx1

)1/2

.

Proof. Applying Cauchy-Schwarz inequality for the integral dx1dx2 first, and then Cauchy-
Schwarz inequality to dx3, we have

∫
f(x1, x2)g(x2, x3)h(x3, x1)dx1dx2dx3
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≤
(∫

f 2(x1, x2)dx1dx2

)1/2
(∫

dx1dx2

(∫
g(x2, x3)h(x3, x1)dx3

)2
)1/2

≤
(∫

f 2(x1, x2)dx1dx2

)1/2(∫
dx1dx2

(∫
g2(x2, x3)dx3

)(∫
h2(x3, x1)dx3

))1/2

=

(∫
f 2(x1, x2)dx1dx2

)1/2(∫
g2(x2, x3)dx2dx3

)1/2(∫
h2(x3, x1)dx3dx1

)1/2

.

6.3 Functional CLT

In this section, we give the proof of Theorem 1.3.

Step 1. (tightness) For this, we show that for any p ≥ 2, 0 ≤ s < t ≤ T and R ≥ 1,

‖FR(t)− FR(s)‖p ≤ CR1/2(t− s), (81)

where C = Cp,θ,T > 0 is a constant that depends on (p, θ, T ). By Kolmogorov’s continuity
theorem, it will follow that the process FR = {FR(t)}t∈[0,T ] has a continuous modification
(which we denote also by FR). Moreover, by Kolmogorov-Censtov Theorem (Theorem
12.3 of [11]), the family {FR}R>1 is tight in C([0, T ]).

To prove (81), we proceed as in Section 4.3 of [5]. Using the chaos expansion, we have:
FR(t)− FR(s) =

∑
n≥1 θ

n/2In(gn,R(·; t, s)), where

gn,R(x1, . . . , xn; t, s) =

∫

BR

(
fn(x1, . . . , xn, x; t)− fn(x1, . . . , xn, x; s)

)
dx.

By hypercontractivity, for any p ≥ 2,

‖FR(t)− FR(s)‖p ≤
∑

n≥1

θn/2(p− 1)n/2(n!)1/2‖g̃n,R(·; t, s)‖P⊗n
0
. (82)

Using the same argument as for (54)-(55) of [5], followed by the change of variables
ηj = ξ1 + . . .+ ξj and inequality (24), we obtain:

n!‖g̃n,R(·; t, s)‖2P⊗n
0

≤ (t− s)2tncnH

×
∫

Tn(t)

∫

Rn

|F1[−R,R](ξ1 + . . .+ ξn)|2
∣∣∣∣∣

n−1∏

j=1

FGtj+1−tj (ξ1 + . . .+ ξj)

∣∣∣∣∣

2 n∏

j=1

|ξj|1−2Hdξξξdttt

≤ cnH(t− s)2tn
∑

α∈Dn

∫

Tn(t)

n−1∏

j=1

(∫

R

∣∣FGtj+1−tj (ηj)
∣∣2 |ηj|αjdηj

)(∫

R

|F1[−R,R](ηn)|2|ηn|αndηn

)
dttt.

Note that F1[−R,R](η) =
2 sin(ηR)

η
. Using Lemma C.2 and the fact that αn ∈ {0, 1− 2H},

we obtain:
∫

R

|F1[−R,R](ηn)|2|ηn|αndηn =

∫

R

∣∣∣∣
2 sin(ηnR)

ηn

∣∣∣∣
2

|η|αndη = 4R1−αn

∫

R

sin2 ηn
|ηn|2

|ηn|αn
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≤ 8R1−αn

(
1

1− αn
+

1

1 + αn

)
≤ 8R

(
1

H
+ 1

)
.

Similarly, for any j = 1, . . . , n− 1, using Lemma C.2, we have:

∫

R

∣∣FGtj+1−tj (ηj)
∣∣2 |ηj|αjdηj =

∫

R

sin2 ((tj+1 − tj)|ηj |)
|ηj|2

|ηj|αjdηj ≤
2

1− αj
+

2(tj+1 − tj)
2

1 + αj

≤ 2

(
1

4H − 1
+ 1

)
(1 + t2),

since αj ∈ {0, 1− 2H, 2(1− 2H)} and H ∈ (1
4
, 1
2
). Hence,

n!‖g̃n,R(·; t, s)‖2P⊗n
0

≤ (t− s)2t2nCn
H(1 + t2)n−1 1

n!
R, (83)

where CH > 0 is a constant that depends on H . Relation (81) follows from (82), (83) and
Stirling’s formula.

Step 2. (finite-dimensional convergence) Let QR(t) = R−1/2FR(t). We have to
show that for any m ≥ 1, 0 ≤ t1 < . . . < tm ≤ T ,

(
QR(t1), . . . , QR(tm)

) d→
(
G1(t1), . . . ,Gm(tm)

)

Using the same argument as in the proof of Theorem 1.3.(iii) (Step 2) of [5], it is enough
to prove that for any i, j = 1, . . . , m,

Var
(
〈DFR(ti),−DL−1FR(tj)〉P0

)
≤ CR.

To estimate this variance, we use Proposition B.1 of [6]. It remains to show that

∫

[−R,R]4

∫

R6

‖Dzuθ(tj , x1)−Dz+z′uθ(tj , x1)‖4 ‖Dwuθ(tj , x2)−Dw+w′uθ(tj , x2)‖4
∥∥D2

z,yuθ(ti, x3)−D2
z,y+y′uθ(ti, x3)−D2

z+z′,yuθ(ti, x3) +D2
z+z′,y+y′uθ(tj , x3)

∥∥
4∥∥D2

w,yuθ(ti, x4)−D2
w,y+y′uθ(ti, x4)−D2

w+w′,yuθ(ti, x4) +D2
w+w′,y+y′uθ(ti, x4)

∥∥
4

|y′|2H−2|z′|2H−2|w′|2H−2dydy′dzdz′dwdw′dx1dx2dx3dx4 ≤ CR.

This can be proved using the same argument as for A∗ ≤ CR in Section 6.2. We omit
the details.

A Moment comparison using hypercontractivity

In this section, we provide a moment comparion result for the solution of a general SPDE,
in the spirit of Theorem B.1 of [1].

Let W = {W (ϕ);ϕ ∈ H} be an isonormal Gaussian process, associated to a Hilbert
space H. Assume that either one of the following conditions hold:
(i) H consists of functions (or distributions) on R+ × Rd, i.e. W is time-dependent; and
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(ii)H consists of functions (or distributions) on Rd, i.e. W is time-independent.

Let L be a second-order pseudo-differential operator of R+×Rd and uθ be the solution
of the SPDE:

Lu(t, x) =
√
θu(t, x)Ẇ , t > 0, x ∈ Rd (84)

with (deterministic) initial condition. By definition, the (mild Skorohod) solution to (84)
is an adapted square-integrable process uθ = {uθ(t, x); t > 0, x ∈ Rd} which satisfies

uθ(t, x) = w(t, x) +
√
θ

∫ t

0

∫

Rd

G(t− s, x− y)uθ(s, y)W (δs, δy),

if the noise W is time-dependent, respectively

uθ(t, x) = w(t, x) +
√
θ

∫ t

0

∫

Rd

G(t− s, x− y)uθ(s, y)W (δy)ds,

if the noise W is time-independent, provided that these integrals are well-defined. Here
W (δs, δy) (respectively W (δy)) denotes the Skorohod integral with respect toW , G is the
fundamental solution of L on R+×Rd, and w is the solution of the deterministic equation
Lu = 0 on R+ × Rd, with the same initial condition as (84).

Lemma A.1. Suppose that for any θ > 0, equation (84) has a unique solution Uθ and
E|Uθ(t, x)|p <∞ for any t > 0, x ∈ Rd and p > 1.

(a) For any θ > 0, q > p > 1, t > 0, x ∈ Rd and h ∈ Rd, we have:

∥∥∥U p−1
q−1

θ(t, x+ h)− U p−1
q−1

θ(t, x)
∥∥∥
q
≤ ‖Uθ(t, x+ h)− Uθ(t, x)‖p .

In particular, for any θ > 0, p > 2, t > 0, x ∈ Rd and h ∈ Rd, we have:

‖Uθ(t, x+ h)− Uθ(t, x)‖p ≤
∥∥U(p−1)θ(t, x+ h)− U(p−1)θ(t, x)

∥∥
2
.

(b) Assume that for any θ > 0, t > 0 and x ∈ Rd, Uθ(t, x) is Malliavin differentiable
of order k, its Malliavin derivative is a function in H, and E|DzUθ(t, x)|p < ∞ for any
z and p > 1. Then, for any q > p > 1, t > 0, x ∈ Rd, l ∈ N, for any real numbers
{a(j) : 1 ≤ j ≤ l} and for any {z(j)i : 1 ≤ i ≤ k, 1 ≤ j ≤ l} (chosen in R+ × Rd if the
noise is time-dependent, or in Rd if the noise is time-independent), we have:

∥∥∥∥∥

l∑

j=1

a(j)Dk

z
(j)
1 ,...,z

(j)
k

U p−1
q−1

θ(t, x)

∥∥∥∥∥
q

≤
(
p− 1

q − 1

)k/2
∥∥∥∥∥

l∑

j=1

a(j)Dk

z
(j)
1 ,...,z

(j)
k

Uθ(t, x)

∥∥∥∥∥
p

.

In particular, for any θ > 0, p > 2, t > 0 and x ∈ Rd, we have:

∥∥∥∥∥

l∑

j=1

a(j)Dk

z
(j)
1 ,...,z

(j)
k

Uθ(t, x)

∥∥∥∥∥
p

≤
(

1

p− 1

)k/2
∥∥∥∥∥

l∑

j=1

a(j)Dk

z
(j)
1 ,...,z

(j)
k

U(p−1)θ(t, x)

∥∥∥∥∥
2

.
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Proof. From the proof of Theorem B.1 of [1], for any τ > 0, t > 0 and x ∈ Rd, we have:

Tτ (Uθ(t, x)) = Ue−2τ θ(t, x) a.s. (85)

where (Tt)t≥0 is the Ornstein-Uhlenbeck semigroup (see relation (B.6) of [1]).
(a) Using (85) and the fact that Tτ is a linear operator, we have:

Tτ (Uθ(t, x+ h)− Uθ(t, x)) = Ue−2τ θ(t, x+ h)− Ue−2τ θ(t, x).

Hence, using the hypercontractivity property (13) of the OU semigroup, we obtain:

‖Ue−2τ θ(t, x+ h)− Ue−2τ θ(t, x)‖q(τ) = ‖Tτ (Uθ(t, x+ h)− Uθ(t, x))‖q(τ)
≤‖Uθ(t, x+ h)− Uθ(t, x)‖p ,

where q(τ) = e2τ (p−1)+1. We choose τ such that q(τ) = q, which means that e2τ = q−1
p−1

.

(b) By (85) and 12,

Dk

z
(j)
1 ,...,z

(j)
k

Ue−2τ θ(t, x) = Dk

z
(j)
1 ,...,z

(j)
k

(Tτ (Uθ(t, x))) = e−kτTτ (D
k

z
(j)
1 ,...,z

(j)
k

Uθ(t, x)).

Since Tτ is a linear operator,

l∑

j=1

a(j)Dk

z
(j)
1 ,...,z

(j)
k

Ue−2τ θ(t, x) = e−kτTτ

(
l∑

j=1

a(j)Dk

z
(j)
1 ,...,z

(j)
k

Uθ(t, x)

)
.

Using the hypercontractivity property (13) of the OU semigroup, we obtain:

∥∥∥∥∥

l∑

j=1

a(j)Dk

z
(j)
1 ,...,z

(j)
k

Ue−2τ θ(t, x)

∥∥∥∥∥
q(τ)

=e−kτ

∥∥∥∥∥Tτ

(
l∑

j=1

a(j)Dk

z
(j)
1 ,...,z

(j)
k

Uθ(t, x)

)∥∥∥∥∥
q(τ)

≤e−kτ

∥∥∥∥∥

l∑

j=1

a(j)Dk

z
(j)
1 ,...,z

(j)
k

Uθ(t, x)

∥∥∥∥∥
p

,

where q(τ) = e2τ (p − 1) + 1. We choose τ such that q(τ) = q, which means that e2τ =
q−1
p−1

.

Remark A.2. Using the same argument as above, one can prove the following extension
of Lemma A.1. Consider a family L(1), . . . ,L(l) of operators, and let U

(j)
θ be the unique

solution of equation (84) with operator L replaced by L(j), and some initial data w(j).
Then

∥∥∥∥∥

l∑

j=1

ajU
(j)
p−1
q−1

θj
(t, xj)

∥∥∥∥∥
q

≤
∥∥∥∥∥

l∑

j=1

ajU
(j)
θj

(t, xj))

∥∥∥∥∥
p

,

∥∥∥∥∥

l∑

j=1

a(j)Dk

z
(j)
1 ,...,z

(j)
k

U
(j)
p−1
q−1

θ
(t, xj)

∥∥∥∥∥
q

≤
(
p− 1

q − 1

)k/2
∥∥∥∥∥

l∑

j=1

a(j)Dk

z
(j)
1 ,...,z

(j)
k

U
(j)
θ (t, xj)

∥∥∥∥∥
p

.
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B Stochastic Volterra equations with white noise in

time

In this section, we study two models involving parametric families of stochastic Volterra
equations driven by the Gaussian noise X with covariance (33), with H ∈ (1

4
, 1
2
). This

study will allow us to develop some properties of the solution Vθ of the (hAm) model (32)
with noise X and delta initial velocity, which are needed in the sequel.

The stochastic heat and wave equations with noise X and affine function σ(u) = au+b
multiplying the noise were studied in [3]. Several facts from [3] will be needed here. For
instance, from Theorem 2.9 of [3] and Minkowski’s inequality, we have: for any p ≥ 2,

∥∥∥∥
∫ T

0

∫

R

S(t, x)X(dt, dx)

∥∥∥∥
2

p

≤ Cp,H

∫ T

0

∫

R2

‖S(t, x)− S(t, y)‖2p|x− y|2H−2dxdydt, (86)

where Cp,H > 0 is a constant which depends on p and H .
Let T > 0 be arbitrary. For each t ∈ [0, T ], let Γt be a deterministic non-negative

function on R. Consider the following functions:

J1(t) :=

∫

R2

|Γt(x)− Γt(x+ h)|2|h|2H−2dxdh

J2(t) :=

∫ t

0

J3(s)J4(t− s)ds

J3(t) :=

∫

R3

|
(
Γt(x+ h)− Γt(x)

)
−
(
Γt(x+ h + k)− Γt(x+ k)

)
|2|h|2H−2|k|2H−2dhdkdx

J4(t) :=

∫

R

Γ2
t (x)dx.

We impose the following assumption:

Assumption A. Ji(t) <∞ for any t ∈ [0, T ] and i = 1, 2, 3, 4, and

Qi(T ) :=

∫ T

0

Ji(t)dt <∞ for i = 1, 2.

Assumption A holds when Γt(x) = Gt(x) is the fundamental solution of the wave
equation (given by (2)), or when Γt(x) = gt(x) := (2πt)−1/2 exp(−x2

2t
) is the fundamental

solution of the heat equation: by Lemmas 3.1 and 3.3 of [3],

J1(t) = C

∫

R

|FΓt(ξ)|2|ξ|1−2Hdξ =

{
Ct2H for wave equation

CtH−1 for heat equation

J3(t) = C

∫

R

|FΓt(ξ)|2|ξ|2(1−2H)dξ =

{
Ct4H−1 for wave equation

Ct2H−3/2 for heat equation

J4(t) =

{
Ct for wave equation

Ct−1/2 for heat equation
and J2(t) =

{
Ct4H+1 for wave equation

Ct2H−1 for heat equation
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Here C is a constant that depends on H and may be different in each of its appearances.

Let p ≥ 2 be arbitrary. For any r ∈ [0, T ], let Xr be the space of predictable processes
{X(t, x); t ∈ [r, T ], x ∈ R} such that ‖X‖Xr

:= ‖X‖Xr,1 + ‖X‖Xr,2 <∞, where

‖X‖Xr,1 = sup
(t,x)∈[r,T ]×R

‖X(t, x)‖p

‖X‖Xr,2 = sup
(t,x)∈[r,T ]×R

(∫ t

r

∫

Rd

Γ2
t−s(x− y)‖X(s, y)−X(s, y + h)‖2p|h|2H−2dhdyds

)1/2

.

Theorem B.1. Suppose Assumption A holds. Let Λ be an arbitrary set.
a) For any r ∈ [0, T ] and α ∈ Λ, the family of stochastic Volterra equations:

X(t, x) = X
(r,α)
0 (t, x) +

∫ t

r

∫

R

Γt−s(x− y)X(s, y)X(ds, dy), (87)

with t ∈ [r, T ] and x ∈ R, has a unique solution X(r,α) in Xr, provided that X
(r,α)
0 ∈ Xr.

b) If in addition,

sup
r∈[0,T ]

sup
α∈Λ

‖X(r,α)
0 ‖Xr

<∞, (88)

then
sup

r∈[0,T ]

sup
α∈Λ

‖X(r,α)‖Xr
<∞. (89)

Proof. a) For any n ≥ 0, we define the Picard iterations:

Xn+1(t, x) = X
(r,α)
0 (t, x) +

∫ t

r

∫

R

Γt−s(x− y)Xn(s, y)X(ds, dy), (90)

for all t ∈ [r, T ] and x ∈ R. Note that Xn = X
(r,α)
n depends on (r, α). To simplify the

writing, we omit writing the upper index (r, α) in the first part of the argument.
The recurrence relation (90) also holds for n = −1, letting X−1(t, x) = 0. For any

n ≥ 0 and t ∈ [r, T ], we define

Vn(t) = sup
x∈R

‖Xn(t, x)−Xn−1(t, x)‖2p

Wn(t) = sup
x∈R

∫ t

r

∫

Rd

Γ2
t−s(x− y)

‖
(
Xn(s, y)−Xn−1(s, y)

)
−
(
Xn(s, y + h)−Xn−1(s, y + h)

)
‖2p|h|2H−2dhdyds.

As in the proof of Theorem 3.8 of [3], for any t ∈ [r, T ] and n ≥ 0, we have:

Vn+1(t) ≤ 2Cp,H

(∫ t

r

Vn(s)J1(t− s)ds+Wn(t)

)

Wn+1(t) ≤ 2Cp,H

(∫ t

r

Vn(s)J2(t− s)ds+

∫ t

r

Wn(s)J1(t− s)ds

)
,
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where Cp,H is the constant from (86). Letting fn(t) = Vn(t) +Wn(t), we have: for n ≥ 1,

fn+1(t) ≤ 2Cp,H(Cp,H + 1)

∫ t

r

(
fn(s) + fn−1(s)

)
ds, for all t ∈ [r, T ].

Note that this is precisely the recurrence relation appearing in Lemma 3.10 of [3]. To
apply this lemma, we need to show that f0 and f1 are uniformly bounded. For n = 0,

sup
t∈[r,T ]

√
f0(t) ≤ sup

t∈[r,T ]

√
V0(t) + sup

t∈[r,T ]

√
W0(t) = ‖X(r,α)

0 ‖Xr
=:M0

For n = 1, using the recurrence relations above, we have:

V1(t) ≤ 2Cp,H

(∫ t

r

V0(s)J1(t− s)ds+W0(t)

)
≤ 2Cp,H‖X(r,α)

0 ‖2Xr

(
Q1(t− r) + 1

)

W1(t) ≤ 2Cp,H

(∫ t

r

V0(s)J2(t− s)ds+

∫ t

r

W0(s)J1(t− s)ds

)

≤ 2Cp,H‖X(r,α)
0 ‖2Xr

(
Q1(t− r) +Q2(t− r)

)
,

and hence

sup
t∈[r,T ]

f1(t) ≤ 2Cp,H‖X(r,α)
0 ‖2Xr

(
2Q1(T − r) +Q2(T − r) + 1

)
=:M1.

LetM =M0+M1. Applying now Lemma 3.10 of [3], we infer that there exists a sequence

(an)n≥0 of positive numbers with the property
∑

n≥0 a
1/p
n <∞ for any p > 1, such that

sup
t∈[r,T ]

fn(t) ≤Man for all n ≥ 0.

It follows that ‖Xn −Xn−1‖Xr
= supt∈[r,T ]

√
Vn(t) + supt∈[r,T ]

√
Wn(t) ≤ 2

√
Man. Hence

(Xn)n≥0 is a Cauchy sequence in Xr. Its limit X is the unique solution of (87) in Xr.
b) We now prove the last statement regarding the uniform bound in (r, α). We include

the upper indices (r, α) in this part. We have:

‖X(r,α)
n ‖Xr

≤ ‖X(r,α)
0 ‖Xr

+

n∑

k=1

‖X(r,α)
k −X

(r,α)
k−1 ‖Xr

≤ ‖X(r,α)
0 ‖Xr

+ 2(M (r,α))1/2
∑

n≥1

a1/2n .

Relation (89) follows letting n→ ∞, using the fact that M (r,α) is uniformly bounded for
all r ∈ [0, T ] and α ∈ Λ, due to condition (88).

Example B.2. As an application of Theorem B.1, we consider the (hAm) model (32)
with noise X and Dirac delta initial velocity. For any r ∈ [0, T ] and z ∈ R fixed, the

solution V
(r,z)
θ satisfies the integral equation (34). This is precisely the stochastic Volterra

equation (87) with initial condition X
(r,z)
0 (t, x) = Gt−r(x − z) and Γt =

√
θGt. In this

application of Theorem B.1, α = z and Λ = R. Condition (88) clearly holds since:

‖X(r,z)
0 ‖2Xr,1

= sup
(t,x)∈[r,T ]×R

G2
t−r(x− z) ≤ 1

4
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‖X(r,z)
0 ‖2Xr,2

= θ sup
(t,x)∈[r,T ]×R

∫ t

r

∫

R2

G2
t−s(x− y)|Gs−r(y − z)−Gs−r(y + h− z)|2|h|2H−2dhdyds

≤ 1

4
θCH,1 sup

t∈[r,T ]

∫ t

r

(s− r)2Hds = θC ′
H,1(T − r)2H+1.

We conclude that
sup

r∈[0,T ]

sup
z∈R

‖V (r,z)
θ ‖Xr

<∞. (91)

Remark B.3. Theorem B.1 cannot be applied to the (pAm) model with Dirac delta
initial condition, since supt∈[0,T ] supx∈R gt(x) = ∞, where gt(x) = (2πt)−1/2e−x2/t is the
heat kernel. For any x 6= 0, the function t 7→ gt(x) attains its maximum at t = x2, and if
|x| ≤ T , this maximum value is c|x|−1 for some constant c > 0.

We study now a second parametric family of stochastic Volterra equations, which will
be useful for treating the increments of Vθ. We introduce the following assumption.

Assumption B. For any i = 1, 3, 4, Ji(t) <∞ for any t ∈ [0, T ] and

Qi(T ) :=

∫ T

0

Ji(t)dt <∞.

Let p ≥ 2 be arbitrary. For any r ∈ [0, T ], let Yr be the set of all processes
{Y (t, x, z, h); t ∈ [r, T ], (x, z, h) ∈ R3} such that the map (ω, t, x, z, h) 7→ Y (ω, t, x, z, h) is
P × B(R2)-measurable and ‖Y ‖Yr

:= ‖Y ‖Yr,1 + ‖Y ‖Yr,2 <∞, where

‖Y ‖Yr,1 = sup
t∈[r,T ]

sup
z∈R

(∫

R2

‖Y (t, x, z, h)‖2p|h|2H−2dxdh

)1/2

‖Y ‖Yr,2 = sup
t∈[r,T ]

sup
z∈R

(∫

R3

‖Y (t, x, z, h)− Y (t, x+ k, z, h)‖2p|h|2H−2|k|2H−2dxdhdk

)1/2

.

Here P is the predictable σ field on Ω× R+ × R.

Theorem B.4. Suppose Assumption B holds.
a) For any r ∈ [0, T ], the family of stochastic Volterra equations:

X(t, x, z, h) = X
(r)
0 (t, x, z, h) +

∫ t

r

∫

R

Γt−s(x− y)X(s, y, z, h)X(ds, dy), (92)

with t ∈ [r, T ] and (x, z, h) ∈ R3, has a unique solution X(r) in Yr, provided that X
(r)
0 ∈ Yr.

b) If in addition,

M := sup
r∈[0,T ]

‖X(r)
0 ‖Yr

<∞,

then
sup

r∈[0,T ]

‖X(r)‖Yr
≤ CT,H,pM, (93)

where CT,H,p > 0 is a constant that depends on (T,H, p).
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Proof. a) We fix r ∈ [0, T ]. To illustrate the main ideas, assume first that a solution X(r)

exists. Denote X(r,z,h)(t, x) := X(r)(t, x, z, h).
We use the notation a . b if a ≤ Cb and C > 0 is a constant that depends on p and

H . By the BDG inequality (86) and triangular inequality,

∥∥X(r,z,h)(t, x)
∥∥2
p
.
∣∣X(r,z,h)

0 (t, x)
∣∣2+

∫ t

r

∫

R2

∥∥Γt−s(x− y)X(r,z,h)(s, y)− Γt−s(x− y − k)X(r,z,h)(s, y + k)
∥∥2
p
|k|2H−2dkdyds

.
∣∣X(r,z,h)

0 (t, x)
∣∣2 +

∫ t

r

∫

R

(
Γt−s(x− y)− Γt−s(x− y − k)

)2∥∥X(r,z,h)(s, y)
∥∥2
p
|k|2H−2dkdyds

+

∫ t

r

∫

R

Γ2
t−s(x− y − k)

∥∥X(r,z,h)(s, y)−X(r,z,h)(s, y + k)
∥∥2
p
|k|2H−2dkdyds.

We multiply by |h|2H−2 and we integrate dxdh on R2. For the second term, we use

∫

R2

(
Γt−s(x− y)− Γt−s(x− y − k)

)2|k|2H−2dxdk = J1(t− s),

and for the third term, we use
∫
R
Γ2
t−s(x− y − k)dx = J4(t− s). We obtain:

∫

R2

∥∥X(r,z,h)(t, x)
∥∥2
p
|h|2H−2dxdh .

∫

R2

∣∣X(r,z,h)
0 (t, x)

∣∣2 |h|2H−2dxdh

+

∫ t

r

J1(t− s)

(∫

R2

∥∥X(r,z,h)(s, y)
∥∥2
p
|h|2H−2dydh

)
ds

+

∫ t

r

J4(t− s)

(∫

R3

∥∥X(r,z,h)(s, y)−X(r,z,h)(s, y + k)
∥∥2
p
|h|2H−2|k|2H−2dydhdk

)
ds.

Taking the supremum over z ∈ R, we obtain that for any t ∈ [r, T ],

α(r)(t) .
∥∥X(r)

0

∥∥2
Yr,1

+

∫ t

r

(
J1(t− s)α(r)(s) + J4(t− s)β(r)(s)

)
ds, (94)

where

α(r)(t) = sup
z∈R

∫

R2

∥∥X(r,z,h)(t, x)
∥∥2
p
|h|2H−2dxdh

β(r)(t) = sup
z∈R

∫

R3

∥∥X(r,z,h)(t, x)−X(r,z,h)(t, x+ k)
∥∥2
p
|h|2H−2|k|2H−2dxdhdk.

To make this argument work, relation (94) should be paired with a similar inequality
for β(r)(t). We show below how to obtain this. Again, by BDG inequality (86) and
triangle inequality,

∥∥X(r,z,h)(t, x)−X(r,z,h)(t, x+ k)
∥∥2
p
.
∣∣X(r,z,h)

0 (t, x)−X
(r,z,h)
0 (t, x+ k)

∣∣2+
∫ t

r

∫

R2

∥∥(Γt−s(x− y)− Γt−s(x+ k − y)
)
X(r,z,h)(s, y)−
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(
Γt−s(x− y − w)− Γt−s(x+ k − y − w)

)
X(r,z,h)(s, y + w)

∥∥2
p
|w|2H−2dwdyds

. |X(r,z,h)
0 (t, x)−X

(r,z,h)
0 (t, x+ k)|2 +

∫ t

r

∫

R2

∣∣(Γt−s(x− y)− Γt−s(x+ k − y)
)
−

(
Γt−s(x− y − w)− Γt−s(x+ k − y − w)

)∣∣2 ∥∥X(r,z,h)(t, x)
∥∥2
p
|w|2H−2dwdyds+

∫ t

r

∫

R2

∣∣Γt−s(x− y − w)− Γt−s(x+ k − y − w)
∣∣2 ∥∥X(r,z,h)(s, y)−X(r,z,h)(s, y + w)

∥∥2
p

|w|2H−2dwdyds.

We multiply by |h|2H−2|k|2H−2 and we integrate dxdhdk on R3. For the second term, we
use

∫

R3

∣∣(Γt−s(x− y)− Γt−s(x+ k − y)
)
−
(
Γt−s(x− y − w)− Γt−s(x+ k − y − w)

)∣∣2

|k|2H−2|w|2H−2dwdxdk = J3(t− s),

and for the third one,
∫
R2

∣∣Γt−s(x−y−w)−Γt−s(x+k−y−w)
∣∣2 |k|2H−2dxdk = J1(t−s).

We obtain:
∫

R3

∥∥X(r,z,h)(t, x)−X(r,z,h)(t, x+ k)
∥∥2
p
|h|2H−2|k|2H−2dxdhdk .

∫

R3

∣∣X(r,z,h)
0 (t, x)−X

(r,z,h)
0 (t, x+ k)

∣∣2 |h|2H−2|k|2H−2dxdhdk+

∫ t

r

J3(t− s)

(∫

R2

∥∥X(r,z,h)(t, x)
∥∥2
p
|h|2H−2dydh

)
ds+

∫ t

r

J1(t− s)

(∫

R3

∥∥X(r,z,h)(s, y)−X(r,z,h)(s, y + w)
∥∥2
p
|h|2H−2|w|2H−2dydwdh

)
ds.

Taking the supremum over z ∈ R, we obtain that for any t ∈ [r, T ],

β(r)(t) .
∥∥X(r)

0

∥∥2
Yr,2

+

∫ t

r

(
J3(t− s)α(r)(s) + J1(t− s)β(r)(s)

)
ds. (95)

We now prove the existence of solution of equation (92), for fixed r ∈ [0, T ]. For n ≥ 0,
we define the Picard iterations:

Xn+1(t, x, z, h) = X
(r)
0 (t, x, z, h) +

∫ t

r

∫

R

Γt−s(x− y)Xn(s, y, z, h)X(ds, dy),

for all t ∈ [r, T ] and x, z, h ∈ R. Denote X
(r,z,h)
n (t, x) := X

(r)
n (t, x, z, h). Letting X

(r,z,h)
−1 =

0, we see that the following recurrence relation holds for any n ≥ 0:

(
X

(r,z,h)
n+1 −X(r,z,h)

n

)
(t, x) =

∫ t

r

∫

R

Γt−s(x− y)
(
X(r,z,h)

n −X
(r,z,h)
n−1

)
(s, y)X(ds, dy).

For any n ≥ 0 and t ∈ [r, T ], we define

α(r)
n (t) = sup

z∈R

∫

R2

∥∥(X(r,z,h)
n −X

(r,z,h)
n−1 )(t, x)

∥∥2
p
|h|2H−2dxdh

49



β(r)
n (t) = sup

z∈R

∫

R3

∥∥(X(r,z,h)
n −X

(r,z,h)
n−1 )(t, x)− (X(r,z,h)

n −X
(r,z,h)
n−1 )(t, x+ k)

∥∥2
p

|h|2H−2|k|2H−2dxdhdk.

Similarly to (94) and (95), we obtain that for any n ≥ 0 and t ∈ [r, T ],

α
(r)
n+1(t) ≤ Cp,H

∫ t

r

(
J1(t− s)α(r)

n (s) + J4(t− s)β(r)
n (s)

)
ds

β
(r)
n+1(t) ≤ Cp,H

∫ t

r

(
J3(t− s)α(r)

n (s) + J1(t− s)β(r)
n (s)

)
ds,

where Cp,H is a constant depending on p and H . Denote f
(r)
n = α

(r)
n + β

(r)
n and J =

J1 + J3 + J4. Then, for any n ≥ 0 and t ∈ [r, T ],

f
(r)
n+1(t) ≤ Cp,H

∫ t

r

f (r)
n (s)J(t− s)ds.

For the initial term, we have:

M
(r)
0 := sup

t∈[r,T ]

(
α
(r)
0 (t) + β

(r)
0 (t)

)
≤ ‖X(r)

0 ‖2Yr
. (96)

By Assumption A, Q(T ) := Cp,H

∫ T

0
J(t)dt < ∞. By Lemma 15 of [13] (an extension

of Gronwall Lemma), there exists a sequence (an)n≥0 of non-negative real numbers with

the property
∑

n≥1 a
1/q
n <∞ for any q ≥ 1, such that

f (r)
n (t) ≤M

(r)
0 an for all t ∈ [r, T ].

More precisely,
an = an(p,H, T ) = Q(T )nP (Sn ≤ T ),

where Sn =
∑n

i=1Xi and (Xi)i≥1 are i.i.d. random variables with values in [0, T ] of law

J(·)/
∫ T

0
J(t)dt. It follows that:

‖X(r)
n −X

(r)
n−1‖Yr

= sup
t∈[r,T ]

(
α(r)
n (t)

)1/2
+ sup

t∈[r,T ]

(
β(r)
n (t)

)1/2 ≤ 2(M
(r)
0 )1/2a1/2n . (97)

From this, we deduce that
∑

n≥0 ‖X
(r)
n −X

(r)
n−1‖Yr

<∞. Therefore, (X
(r)
n )n≥0 is a Cauchy

sequence in Yr. Its limit X(r) is a solution of equation (92). Uniqueness follows by
standard methods.

b) From (96) and (97), we obtain that ‖X(r)
n −X

(r)
n−1‖Yr

≤ 2‖X(r)
0 ‖Yr

a
1/2
n . Hence,

‖X(r)
n ‖Yr

≤ ‖X(r)
0 ‖Yr

+

n∑

k=1

‖X(r)
k −X

(r)
k−1‖Yr

≤
(
1 + 2

n∑

k=1

a
1/2
k

)
‖X(r)

0 ‖Yr
.

Letting n→ ∞, we deduce that ‖X(r)‖Yr
≤
(
1+2

∑
n≥1 a

1/2
n

)
‖X(r)

0 ‖Yr
for any r ∈ [0, T ].

Relation (93) follows with

Cp,H,T = 1 + 2
∑

n≥1

a1/2n
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Example B.5. As an application of Theorem B.4 we consider the (hAm) model (32)
with noise X and Dirac delta initial velocity. For any r ∈ [0, T ] and z ∈ R fixed, the

solution V
(r,z)
θ satisfies the integral equation (34). Then

X(r)(t, x, z, h) = X(r,z,h)(t, x) = V
(r,z)
θ (t, x)− V

(r,z+h)
θ (t, x)

is the unique solution of the stochastic Volterra equation (92) with Γt :=
√
θGt and initial

condition:
X

(r)
0 (t, x, z, h) = Gt−r(x− z)−Gt−r(x− z − h).

In this case, the functions J1, J3, J4 are replaced, respectively, by

J̄1(t) = θCH,1t
2H , J̄3(t) = θCH,3t

4H−1, J̄4(t) = θCH,4t,

and the constant an is replaced by

an = an(p,H, T, θ) = Q̄(T )nP (Sn ≤ T )

= Cn
p,Hθ

n
(
C ′

H,1T
2H+1 + C ′

H,3T
4H + C ′

H,4T
2
)n
P (Sn ≤ T ),

where Q̄(T ) := Cp,H

∫ T

0
J̄(t)dt and J̄ = J̄1 + J̄3 + J̄4. Here Sn =

∑n
i=1Xi where (Xi)i≥1

are i.i.d. random variables on [0, T ] of law J̄(·)/
∫ T

0
J̄(T ) (which does not depend on θ).

As for the bound for the initial condition, we have:

‖X(r)
0 ‖2Yr,1

= sup
t∈[r,T ]

sup
z∈R

∫

R2

∣∣Gt−r(x− z)−Gt−r(x− z − h)
∣∣2 |h|2H−2dxdh

= CH,1 sup
t∈[r,T ]

(t− r)2H = CH,1(T − r)2H

‖X(r)
0 ‖2Yr,2

= sup
t∈[r,T ]

sup
z∈R

∫

R3

∣∣(Gt−r(x− z)−Gt−r(x− z − h)
)
−

(
Gt−r(x+ k − z)−Gt−r(x+ k − z − h)

)∣∣2 |h|2H−2|k|2H−2dxdhdk

= CH,3 sup
t∈[r,T ]

(t− r)4H−1 = CH,3(T − r)4H−1,

and hence

M := sup
r∈[0,T ]

‖X(r)
0 ‖Yr

= sup
r∈[0,T ]

(
C

1/2
H,1(T − r)H +C

1/2
H,3(T − r)2H−1/2

)
≤ C

1/2
H (TH + T 2H−1/2),

where CH = max(CH,1, CH,3). By Theorem B.4, we infer that:

sup
0≤r≤t≤T

sup
z∈R

∫

R2

∥∥V (r,z)
θ (t, x)− V

(r,z+h)
θ (t, x)

∥∥2
p
|h|2H−2dxdh ≤ CV,p,H,T,θ (98)

sup
0≤r≤t≤T

sup
z∈R

∫

R3

∥∥V (r,z)
θ (t, x)− V

(r,z+h)
θ (t, x)− V

(r,z)
θ (t, x+ k) + V

(r,z+h)
θ (t, x+ k)

∥∥2
p

|h|2H−2|k|2H−2dxdhdk ≤ CV,p,H,T,θ, (99)

where

CV,p,H,T,θ = 2CH(T
2H + T 4H−1)

(
1 + 2

∑

n≥1

an(p,H, T, θ)
1/2
)2
. (100)
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Remark B.6. Theorem B.4 also holds if we consider processes {Y (t, x, z,hhh)} with multi-
parameter hhh = (h1, . . . , hm) ∈ Rm instead of h, and we replace the integral |h|2H−2dh
on R by the integral

∏m
i=1 |hi|2H−2dhhh on Rm in the definitions of the norms ‖ · ‖Yr,1 and

‖ · ‖Yr,2 , In addition, Theorem B.4 holds if we remove h from the parametrization, i.e. we
consider processes {Y (t, x, z)}, and we drop the integral |h|2H−2dh from the definitions of
the norms ‖ · ‖Yr,1 and ‖ · ‖Yr,2.

C Integral inequalities

In this section, we give some basic inequalities related to the function FGt(ξ) =
sin(t|ξ|)

|ξ|
.

Lemma C.1. Let ϕ ∈ L1(R). For β ∈ (0, 2) and t, s ∈ R, we have

∫

R

| sin(t|x|) sin(s|x|)|
|x|2 |ϕ(x)||x|βdx ≤ (1 + |ts|)‖ϕ‖L1(R).

Proof. We denote by I1, I2 the integrals over the regions |x| ≤ 1, respectively |x| > 1. In
these regions, we use the inequalities | sin(x)| ≤ |x|, respectively | sin(x)| ≤ 1. Then,

I1 ≤ |ts|
∫

|x|≤1

|ϕ(x)||x|βdx ≤ |ts|
∫

|x|≤1

|ϕ(x)|dx

I2 ≤
∫

|x|>1

|ϕ(x)||x|β−2dx ≤
∫

|x|>1

|ϕ(x)|dx.

The next result is obtained by a similar method.

Lemma C.2. For β ∈ (0, 1) and t, s ∈ R, we have

∫

R

| sin(t|x|) sin(s|x|)|
|x|2 |x|βdx ≤ 2

1− β
+

2|ts|
1 + β

.
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