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Abstract

In this paper, we study the limiting spectral distribution of sums of independent
rank-one large k-fold tensor products of large n-dimensional vectors. In the literature,
the limiting moment sequence is obtained for the case k = o(n) and k = O(n).
Under appropriate moment conditions on base vectors, it has been showed that the
eigenvalue empirical distribution converges to the celebrated Marcenko-Pastur law if
k = O(n) and the components of base vectors have unit modulus, or k¥ = o(n). In this
paper, we study the limiting spectral distribution by allowing k& to grow much faster,
whenever the components of base vectors are complex random variables on the unit
circle. It turns out that the limiting spectral distribution is Maréenko-Pastur law.
Comparing with the existing results, our limiting setting only requires k — oco. Our
approach is based on the moment method.
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1 Introduction

Forn € N, let y = \/ig(fl, ..., &) € C, where {&;,...,&,} is a family of i.i.d. centered

random variables with unit variance, and let {yg) 1 <a<m,1 <1<k} be a family
of i.i.d. copies of y. Let Y, = y((ll) R ® yg{k) be k-fold tensor products of n-dimensional
i.i.d. vectors for 1 < a < m. Since k-fold tensor product of n-dimensional vectors can be
identify as a n*-dimensional vector, the family {Y, : 1 < a < m} is an i.i.d. family of n*-
dimensional vectors. Let {7y, 7,...} be a sequence of real numbers, and Y = (Y7,...,Y},)
be a n* x m matrix. Consider the n* x n* Hermitian matrix

Mk =Y 7aYaYy. (1.1)
a=1
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Thus, M, km is a sum of m independent rank-1 Hermitian matrices of dimension nk.

We would like to point out that the tensor Y, introduced above is the non-symmetric
random tensor model. Instead of considering the tensor product of i.i.d. vectors, the k-fold
tensor product y®* of the same random vector y € C", which can be identified as a vector
of dimension (Z) with components (Y4,)j,. . = ¥, - - - ¥, for distinct jy, ..., j, is known as
the symmetric random tensor model. The limiting spectral distribution of the Hermitian
matrix (1.1) constructed by i.i.d. copy of y®* was studied in [5,15].

In the simplest case kK = 1, where the column vector Y, = yg) has i.i.d. entries, was
studied in the paper [11] under appropriate moment conditions on &;. When 7, = 1 for all
«, the limiting spectral distribution (LSD) is the famous Marcenko-Pastur law, which is a
probability distribution with density function

VA4 veP —a)(z — (1-ve))

2rx

p(x) = (1—ve2,(va (&) + (1 = €)do(dz)Locecr, (1.2)
as n — +oo and m/n* — ¢ with some positive constant c¢. We refer the interested
readers to [2,3]. Since then, a lot of works on the Marcenko-Pastur law appeared in the
literature. See, for example, [4], [12], [13] and the reference therein. Later, the necessary
and sufficient conditions on Y; such that the Maréenko-Pastur law serves as the LSD of
M, 1,m were carried out in [14] when 7, = 1 for all a.

The case k > 2 is very different from the case k = 1. Actually, comparing with the
case k = 1, the tensor structure appears when k > 2, which results in the dependence of
the entries of Y, and non-unitary invariant. Recently, [9] obtained the LSD for the k-fold
tensor model M, i, when k is large. For the special case 7, = 1, the LSD is exactly the
Maréenko-Pastur law (1.2). A central limit theorem (CLT) is also established for a class of
linear spectral statistics following the approach of [10] when k£ = 2. The main setup [9] is
that the number of tensor fold £ must be small enough compared to the space dimension n.
More precisely, k/n — 0 is required for the validity of the LSD. Very recently, [7] dealt with
the case k = O(n) for the model (1.1). Under the setting k/n — d, the limiting moment
sequence of the empirical spectral distribution (ESD) of M, j ., was obtained assuming the
finiteness of the all moments of &;. It is interesting that, in the limiting moment sequence,
the fourth moment of & appears. If 7, = 1, the limiting moment sequence corresponds to
the Marcenko-Pastur law (1.2) if and only if either d = 0 or d > 0 and the fourth moment
of 51 is 1.

In the present paper, we study the model (1.1) with & being chosen from the unit
circle on the complex plane. Under the limiting setting k/n — d > 0 of [7], since we have
|€1]* = 1, a direct application of [7, Theorem 2.1] shows that the limiting moment sequence
coincides with the moment sequence of Mar¢enko-Pastur law (1.2). We are interested in the
limiting setting that &k goes to infinity much faster than the setting in [7]. The present paper
shows that the limiting moment sequence of the ESD of M, . ,,, is exactly the Marcenko-
Pastur law (1.2) when n, k goes to infinity. From the point of view of probability theory, our
results extend the results in [7,9] by removing the restriction on the speed of k approaching
infinity. Our results even allows that k/n does not have a limit when n — co. We would



like to add one more sentence on the limiting setting in application. In the real world, one
would expect that the dimension of a system is fixed and is reused for many times, which
leads to the setting that k& tends to infinity while n is fixed. We do not know how to study
the model (1.1) with n fixed, and we plan to consider this case as our next model. As
an variant of this real-world scenario, the results in this paper apply to the setting that
E>n>1

Another motivation to study the model (1.1) is from quantum information theory.
We consider a classical probability problem of allocating m balls randomly into n bins.
Using the terminology of matrices, this classical probability problem is equivalent to the
spectrum of the M,, 1, when Y, is chosen randomly from the canonical basis {ey, ..., e,}
of C". The eigenvalues of the M, ;,, are the frequency of the vectors ey,...,e, among
of family {Y, : 1 < a < m}. It was considered as a quantum analog for M,, 1, if the
vector Y, is chosen randomly from the unit sphere C" on the complex plane. A modified
version of the quantum problem, which is introduced in [1], is to choose the vector Y;
from the random product states in (C*)®*. When k and m/n* are fixed, and the base
vector y is Gaussian, [1] established the convergence in expectation of the normalized
trace of moments n‘kTrMﬁvk’m when n — +o00. The limiting moments coincide with
the corresponding moments of the Marcenko-Pastur law (1.2). In quantum physics and
quantum information theory, it is natural to investigate the behavior of a system with a
large number of quantum states. The paper [16] characterizes the quantum entanglement
of structured random states and studies the spectral density of the reduced state when the
number of the quantum states k is large. Besides, the asymptotic behavior of the average
entropy of entanglement for elements of an ensemble of random states associated with a
graph was studied in [6] when the dimension of the quantum subsystem is large.

In this paper, we consider the limiting spectrum distribution of M,, j ., where m,n, k
grows to infinity under the following ratio
% —c (1.3)
for some constant ¢ € (0,00). Under appropriate moment conditions on the sequence of
coefficients {7,}, we derive the limits for the spectral distribution of M,k under the
limiting scheme (1.3).

The following theorem is the first the main results of the paper, where we establish the
convergence in expectation of the moments.

Theorem 1.1. Let M, ., be in (1.1) with |{;| = 1. Suppose that for all ¢ € N,
1
—erq —>m§7), m — 4o0. (1.4)

Then for any fized p € N, we have
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Here, deg,(«) is the frequency of t in the sequence o and is given by (2.2), and Cé,l,z is a
set of sequences that is defined in Lemma 2.1.

Our approach is based on the method of moments. We associate graphs to the addends
in the sum of the moment, and com ute the moment by distinguishing the graphs that
contributes to the limit. The class CS p of sequences corresponds to the addends with the
largest leading terms, while the addends of a ¢ Cs,p are negligible. Note that the tensor
structure results in the power k of the terms. For the case k = 1, the limit of the moment
sequence can be obtained by counting the size of cty s.p, since only the leading terms in the
sum of a € Cs,p contribute to the limit. We refer the interested readers to [3, Section 3.1.3].
This is also true whenever k = o(n). See [7, Section 4]. For the case k = O(n) studied
in [7], the second leading term also contributes to the limit due to the order of the power
k=0(n) for a € c§1,2 In our limiting setting, that & can grow much faster, for o € Cﬁlg,
all terms may contrlbute to the limit. Hence, we need to characterize all the possible graph
associate to a € C) s,p- Lhis is the main novelty in methodology of the present paper.

In the next theorem, we strengthen Theorem 1.1 from convergence in expectation to
almost sure convergence.

Theorem 1.2. Assume that the conditions in Theorem 1.1 hold. Suppose that k = k(n)
1s a function of n and tends to infinity as n — oo. Then for any fized p € N,

1
i =320 3 (T )

acctl) \t=1
almost surely.

As we have the limiting moment sequence from Theorem 1.2, it is nature to expect that
the moment sequence can determine a probability measure uniquely. If so, then we can
establish the almost sure convergence of the ESD of M,,  ,,,. The following corollary pro-
vides a condition that guarantees the uniqueness of the probability measure corresponding
to the moment sequence.

Corollary 1.1. Assume that the conditions in Theorem 1.1 hold. Suppose that there exists
a positive constant A, such that |m((17)| < Alq? for all ¢ € N. Then there ezists a probability
measure 1 whose moment sequence is

/ Z > (H degt(a)> Vp € Ny. (1.5)

accty \t=1

Moreover, suppose that k = k(n) is a function of n and tends to infinity when n — oo,
then the ESD of M, . converges almost surely to .

In particular, if 7o = 1 for all 1 < o < m, then the ESD of M, i converges almost
surely to the Marcenko-Pastur law (1.2).



The rest of the paper is organized as follow. We develop the theory of graph combinato-
ries in Section 2. We first introduce some results from literature on the graph combinatorics
in Section 2.1. Then we characterize the set CLSB, which corresponding to the leading term
in the moment computation. The paired graph, which is the graph that contributes to the
limit for o € ng, is studied in Section 2.3. Then we prove the main theorems in Section
3. The proofs of Theorem 1.1, Theorem 1.2 and Corollary 1.1 are presented in Section 3.1,
Section 3.2 and Section 3.3, respectively.

2 Graph combinatorics

In this section, we study the graph combinatorics, which will be used in the proof in Section

3.

2.1 Preliminaries

In this subsection, we introduce some preliminaries on graph combinatorics, which can be
found in [3,7].

For a positive integer s, we denote by [s] the set of integers from 1 to s. We call
a = (aj,...,a,) € [m]P a sequence of length p with vertices a; for 1 < j < p. We denote
by |a| the number of distinct elements in . If s = |a|, then we call a an s-sequence. Let
Jsp(m) be the set of all s-sequences a € [m]P. Then

p
ml = Jep(m). (2.1)
s=1
For a sequence a = (ay, ..., q,) and each value ¢ in «, we count its frequency by
degy(ar) = #{j € [p] : oy = t}. (2.2)

where we use the notation #5S for the number of elements in the set S.

Two sequences are equivalent if one becomes the other by a suitable permutation on
[m]. The sequence « is canonical if oy = 1 and «,, < max{ay,...,q, 1} + 1 for u > 2. We
denote by Cs, the set of all canonical s-sequences of length p. From the definition above,
one can see that the set of distinct vertices of a canonical s-sequence is [s]. Denote by Z, ,,
the set of injective maps from [s] to [m]. For a canonical s-sequence o and a map ¢ € Zg ,,
we call p(a) the s-sequence (¢(aq),...,¢(a,)). For each canonical s-sequence, its image
under the maps in Z ,,, gives all its equivalent sequences, and hence its equivalent class of
sequences in [m|P has exactly m(m —1)---(m — s + 1) distinct elements.

We fixed a canonical s-sequence a = (ay, ..., q,) € [m]P. Fori = (i) ... i®) € [n]?,
draw two parallel lines referred as the a-line and the i-line, respectively. Plot ¢, ... @
on the ¢-line and a,..., @, on the a-line. Draw p down edges from o, to i and p up
edges from i@ to a1 for 1 < wu < p with the convention that oy = a,+1. We denote the
graph by ¢(i, ) and call such graph a A(p;a)-graph. From the definition, one can easily
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see that the graph g¢(i,«) is a connected directed graph with up edges and down edges
appear alternatively. An example of the A(p; «)-graph is given in (a) of the Figure 1.

Two graphs ¢(i,«) and g(i’, ) are called equivalent if the two sequences i and i’ are
equivalent, and we write g(i, a) ~ g(¢', ) for this equivalence. For each equivalent class, we
choose the canonical graph such that i = (i(!),... ")) € [n]P is a canonical r-sequence for
some r € N;. A canonical A(p; a)-graph is denoted by A(p, r, s; ) if it has r noncoincident
1-vertices and s noncoincident a-vertices.

We call a graph A;(p, s; a)-graph if it is a A(p; a)-graphs such that each down edge
coincide with exactly one up edge and if we glue the pair of coincident edges and remove
the orientation, the resulting graph is a tree with p edges and p 4+ 1 vertices. Hence, we
have r + s = p + 1. We give an example of A;(p, s;a)-graph in (b) of Figure 1.

o] = Oy Qg = Q3 ] = Oy g = Qi3
a — line a — line
i — line i — line
i i@ i® LG )] i@
(a) A(p, a)-graph with p =3, o = (1,2,2), i = (b) Ai(p,s;a)-graph with p = 3,5 = 2, a =
(1,273). (1,2,2), 1= 1,2,1).
Figure 1

For a given sequence o € Cs ), the following lemma determines the number of sequences
i € Cpy1-sp such that g(i,a) € Ay(p, s; a).

Lemma 2.1. ([7, Lemma 3.1]) For any 1 < s < p and any sequence o € Cs,, there is at
most one sequence i € Cpi1—s,p such that g(i,a) € Ay(p, s;a). We denote by CSP) the set of
such canonical sequences ce. Then the number of the elements in CSIQ 5

%(ﬁl)@'

2.2 Characterization of Cé,lp)

In this subsection, we establish some properties of the sequences in Cg}g. We start with the
following definition.

Definition 1. A sequence a = (ai,...,qp) is called a crossing sequence if there exist
J1 < j2 < Js < ja, such that o, = o, # oy, = «aj,. A sequence is called non-crossing
sequence if it is not a crossing sequence.



The following theorem is a characterization of the set Cé,lg

Theorem 2.1. For any 1 < s < p, the set of all non-crossing sequences o € Cs,, is Cﬁ},}.

The proof of Theorem 2.1 follows directly from the two lemmas below.

Lemma 2.2. ([7, Lemma 3.4]) For any 1 < s < p and any sequence o € Cy,, if o is a
crossing sequence, then o ¢ Cﬁ}p).

Lemma 2.3. For any 1 < s < p and any sequence o € C,,, if & is a non-crossing sequence,
then o € Cé},}.

Proof. (of Lemma 2.3) We prove by induction on p. The case p = 1 is trivial, since o = (o)
and i = (i1), so g(i, ) is the graph with exactly one up edge from i) to a; and one down
edge from o to iV,

Assume that Lemma 2.3 holds for sequence of length at most p — 1 for p > 2. We
need to show Lemma 2.3 holds for any non-crossing sequence a = (ay,...,q,) € Cs,. We
consider the following two cases according to whether «; coincide with other vertices.
Case 1. There exists 1 < j < p+ 1, such that a; = ay.

In this case, we split the sequence a to two subsequences o/ = (a,...,q;_1) and
" = (ay,...,0p). For the subsequence o, it is canonical s’-sequence for some s < s.
Moreover, o/ is non-crossing and has length j — 1 < p — 1, so by induction hypothesis, we
have o/ € Cﬁ}yz,l, and thus, there exists a canonical (j — s')-sequence ¢’ of length j — 1, such
that g(7/,a’) € Ay (j — 1, ;).

For the subsequence «”, it is also non-crossing but not canonical. The non-crossing
property allows us to identify o’ to a canonical sequence. Note that the vertices of o
take values in [s'], so the vertices of o take values in {1} U {s' +1,...,s}. We define
B" = (Bj,...,0Bp) by setting B = oy, if g, = a1, and B, = ay, — 5’ + 1 if oy, # 1. Now " is
canonical non-crossing (s — s’ + 1)-sequence of length p—j+1 < p—1. Hence, by induction
hypothesis, we have 5" € Cgs,ﬂ,pﬂﬂ and there exists a canonical (p —j — s+ s + 1)-
sequence " of length p — j + 1, such that g(i", ") € Ay(p—j+1,s — s+ 1;5").

The sequence @ which satisfies ¢g(i,«) € A;(p, s;a) can be obtain by ’gluing’ the two
sequence ¢ and i”. We provide the Figure 2 part (a) for the idea of gluing two graphs.

More precisely, we define a canonical (p — s + 1)-sequence i = (i), ... i®)) by i}) = /()
for 1 <k <j—1,and i® =4"® 4§ — s for j <k < p. One can easily check that i
is a canonical (p — s + 1) sequence, and the subsequence (iV,...,iU=Y) and (i¥),... @)

has no common vertex. Thus, the subgraph of ¢(i,«) from oy to «; and the subgraph
from o to a,4+1 do not have coincide edge and satisfy the definition of A;(p, s; a)-graph.
Therefore, we can conclude that the graph g(i, ) € Aq(p, s; ) so a € CSP)

Case 2. Forany 1 < j < p+1, oj # ay. In this case, we have a; = 1, g = 2. We consider
the following two subcases.

Case 2(a). If for any 2 < k < p+1, ay # as. We consider the sequence 5 = (81, ..., fp-1)
given by 51 = ag and By = a1 — 1. Then f§ is a non-crossing canonical (s — 1)-sequence
of length p — 1. By induction hypothesis, § € Cs(l,)lyp,l, and ¢(1,8) € Ai(p— 1,5 — 1; )
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Q41 ) = @ (03]

a — line

a — line
o(i", o)
g(i,a")
i — line 1 — line

B¢ BRS¢ NP i® §i“’ =i®
(a) Combine two A;(p, s; )-graphs g(i’, o’) and (b) Insert the coincident edges i") — ay and
g(i”, o). ag — i)

Figure 2

for some canonical (p — s+ 1)-sequence i = (;(1), ...,i®7V). The sequence i which satisfies
g(i,a) € Aq(p,s;a) can be obtained by ’inserting’ the vertex of value 1 to the sequence
i between i) and i®. The part (b) of Figure 2 is provided for the idea of inserting the
coincident edges between i) = i and ay. More precisely, we define a canonical (p—s41)-
sequence i = (1M, ..., i®) by i) =4® =1 and i® = ;*=D for 3 < k < p. One can easily
check that i is a canonical (p — s+ 1)-sequence of length p, and there are exactly two edges
with vertex ao: an up edge i) — ay and a down edge oy, — i®®. Noting that i? = (M),
the up edge and down edge coincide, but they do not coincide with other edges. Thus, we
have g(i, ) € Aq(p, s; ), which means that « € ng.

Case 2(b). If there exist 2 < k < p, such that aj, = ay. Then we can split the sequence
a into two subsequences o, a”, where o/ = (ag,..., 1), and o = (a1, Wt1,- .., Q).
One can use the argument of Case 1 to deduce that there are two canonical sequences
i1,19 of length k — 2 and p — k + 1 respectively, such that the graph g(iy, ) and g(is, o)
satisfy the definition of Aj-graph. We shift the sequence 7; by adding 1 to the value of
each vertex, and denote by ¢] the sequence after shifting. We also shift the sequence i
by adding |i;| to all vertices that do not have value 1. We write i, for the sequence after
shifting. Then one can glue the two sequences 7} and 7/, using the argument in Case 1. More
precisely, the canonical sequence i = (i(V),...,i(®)) can be defined by i) = 1, i) = i'l(j_l)
for2<j7<k—1, and i) = i’Q(j_kH) for £ < j < p. The non-crossing of the sequence «
ensure that the graph g(i,a) € Aq(p, s; ). O

In the following, we study the graph ¢(i,«) for non-crossing sequence a. We first
introduce the conception of paired graph and single graph.

Definition 2. Let «, i be two sequences. The A(p; a)-graph (i, «) is called a paired graph
if for any two vertices, between which the number of up edges equals to the number of
down edges. The graph g(i,a) is called a single graph if there exist two vertices, such that
difference of the number of up edges and down edges between the two vertices is exactly
one.



Remark 2.1. For a A(p;«a)-graph g(i,«), if one reduces the graph by removing an up
edges with one of the coincident down edges at the same time (but keep the vertices), then
a paired graph is the graph which can be reduced to a graph without edges, while a single
graph is the graph that can be reduced to a graph with at least one single edge.

Remark 2.2. 1. A Aq(p, s;)-graph is always a paired graph. Figure 3 provides two
examples of paired graphs that are not Aq(p, s; «)-graph.

2. Single graphs exist for any sequence o. Figure 1 (a) is an example of single graph.
Indeed, one only need to choose i to have distinct vertices.

3. There are A(p; «)-graphs which is neither a paired graph nor a single graph. See for
example Figure J where the multiple edges in g(i,«) have the same orientation.

o] = Qg ] = (3 gy = (g
a — line a — line
i — line i — line
0 = ;@ i) =@ i@ = ;6
(a) paired graph withp=2, a=1= (1, 1) (b paired graph with p =4, a = (1, 2,1, )’
i=(1,2,2,1).
Figure 3
) = 3 Q2 = g
a — line
i — line

i = ;3 i@ = ;@
Figure 4: g(i, ) with p =4 and o =i = (1,2, 1, 2).

Next, we establish the following proposition for the A(p;a)-graph for non-crossing
sequence o.

Proposition 2.1. Forany 1 < s <p, and o € ng, for any canonical sequence i of length
p, the graph g(i,«) is either a paired graph or a single graph.
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In order to prove Proposition 2.1, we need to introduce the conception of consecutive
down (resp. up) edges. Let «,i be two canonical sequences. For any two coincide down
edges a;, — iU1) and aj, — iU2) with some 1 < j; < jp < p, if all up edges {i/) — Qjqq
Jj1 < j < jo} between the two down edges do not coincide with them (without considering
the orientation), then we call the two down edges aj, — iVV) and «;, — iU2) are consecutive
down edges with distance j, — j1. Similarly, for any two coincide up edges iUt — Q41
and %2 — a1y with 1 < j; < jy < p, if down edge o; — i) does not coincide with
them for any j; +1 < 5 < jo, then we call the two up edges consecutive up edges with
distance j5 — j;. In the graph given by Figure 4, the two coincident down edges a; — (V)
and a3 — i® are consecutive down edges with distance 2, while the two coincident up
edges iV — ay and i® — a4 are consecutive up edges with distance 2.

Proof. (of Proposition 2.1) We prove by contradiction. We fix the sequence o € ng.
Assume that there exists a canonical sequence i = (i), ..., i®), such that the graph
g(i, «) is neither a paired graph nor a single graph. By definition, there exist two vertices,
such that the numbers of the up and down edges between the two vertices are different by
at lease two. Thus, there are consecutive up edges or consecutive down edges. We choose
the pair of consecutive edges with the smallest distance and consider the case that they
are up edges and down edges separately. If there are more than one pair of consecutive
edges with the smallest distance, we can choose any one of them.

Case 1. The pair of consecutive edges with smallest distance are down edges a;, — it
and a;, — iU2) with some 1 < j; < jo < p.

We restrict out attention to the path P : aj, — iUt) — a4 — ... — iU27D — . For
all vertices that coincides with "), we denote by A the collection of their neighbourhoods
among the collection {c; : j1+1 < j < jo—1} and E the corresponding collection of edges.
We denote by B the collection {o, ..., o), aj,,...,p11}. We keep the multiplicity for
coincide vertices (resp. edges) for A (resp. FE).

Note that vertices in A do not coincide with o, by the definition of consecutive down
edges, and do not coincide with any vertex in B since « is non-crossing. Thus, A and B
are disjoint. Since the vertex iUV is not the endpoint of the path P, the numbers of the
up edges and down edges within P associated with iU1) are the same. Noting that on the
path P, the edge o — iU1) is the only edge associated with iU1) that are not in E, so
the number of edges in F is odd. Hence, there exist the coincide edges in E consist of
different number of up edges and down edges. If the difference of up and down coincident
edges is exactly one, then the graph is a single graph, which is a contradiction. If the up
and down coincident edges differ by at least two, then there is another pair of consecutive
edges. This also leads to a contradiction since the consecutive down edges a;, — i) and
aj, — U2 should have the smallest distance.

Case 2. The pair of consecutive edges with smallest distance are up edges ") — Q41
and iU2) — aj,; with 1 < j; < ja < p.

The argument is similar to the Case 1, and is sketched below. We consider the path
P :aj— ... — aj, —i92) — aj, 1. For all vertices that coincides with iU2), we denote
by A’ the collection of their neighbourhoods among {¢; : j1 +2 < j < jo} and E’ the
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corresponding collection of edges. We also denote B’ = {aq,..., 0,41, ®jps1, .-, Qi1 }-
Then by the definition of consecutive up edges and the fact that « is non-crossing, one can
deduce that A’ and B’ are disjoint. Besides, by analyzing the neighbourhood of i?) in the
path P’, one can deduce that the number of edges in E’ is odd. This contradicts to either
the condition that g(i,a) is not a single graph or the assumption that consecutive edges
have distance at least jo — ;. ]

2.3 Paired graph

In this subsection, we study the paired graph, which contributes to the moments in Section
3. For graphs that are not single graph, we have the following proposition for the number
of vertices.

Proposition 2.2. Forany1 <r,s <p, for anya € Cs, andi € C,,, we have the following
statements:

1. If (i, @) is a paired graph, then r+s < p+1. The equality holds if and only if g(i, «)
is a Aq(p, s; a)-graph.

2. 1If g(i, ) is neither a paired graph nor a single graph, then r + s < p.

Proof. Tf g(i,«) is not a single graph, then all edges must coincide with at least one other
edges. If we remove the orientation and glue all the coincide edges, it results in non-
directed connected graph with at most p edges and exactly r + s vertices, which implies
that r + s < p+ 1. The equality holds if and only if the resulting graph is a tree with
exactly p edges. In this case, all edges in the graph ¢(i, «) must coincide with exactly one
other edge. If there are two coincident edges that have the same orientation, then directed
graph ¢(i, ) is disconnected, which is a contradiction. Thus, the equality only happens
when the graph ¢(i, ) is a Aq(p, s; a)-graph. ]

Next, we introduce the Stirling number of the second kind with the notation S(n, k),
which is defined as the number of ways to partition a set of n objects into £ non-empty
subsets. For non-crossing sequence «, the following proposition counts the number of
paired graph associate to a.

Proposition 2.3. For any 1 < s < p and any sequence o € Cég, the number of sequence
i € Crp such that g(i,a) is a paired graph is S(p+1 —s,r) ifr <p+1—s, and is 0 if
r>p+1—s.

Proof. The case r > p+ 1 — s is straightforward from Proposition 2.2. In the following, we
only consider the case r < p+ 1 — s. We fix a sequence « € Cg}g.

Firstly, we will show that any paired graph ¢(i, «) can be transferred to a A;(p, s; «)-
graph by splitting the vertices in the sequence i¢. By definition, one can easily see that
paired graphs may have more than one pair of up and down edges between two vertices,
and may have cycles if the multiple edges are glued and orientation are removed. Thus,
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our strategy is to remove the multiple pairs of up and down edges in the first step, and
then remove the cycles in the second step.

Step 1. For any two vertices vy, v in the paired graph g(i,«), we denote by m,, ,, the
number of the up edges between v; and vy. We define

K(g(i,0)) = ) (M0, —1)

V1,02

where the sum », is over all pairs of vertices (vy, v2) that are neighbourhood in g(i, @).
One can easily check by definition that K(g(i,a)) = 0 if and only if every edge in ¢(i, @)
coincides with exactly one edge, and the two coincident edges have different orientation.
For the case K(g(i,)) = 1, there exists two vertices, between which there are two up
edges and two down edges. We will split the corresponding i-vertex can into two vertices
and resulting in a new i-sequence ', such that the the graph ¢(i’, ) is a paired graph
without coincident edges of the same orientation. The argument is similar to [7, Lemma
3.3], and is sketched below in two cases.
Case 1. If we scan the edges from «a; to a4, the first appearance of the four coincident
edges is an down edges. In this case, the coincident edges are the jth down edge a; — i0),
the Ith down edge oy — i, the j'th up edge 1Y) — a;,; and the I'th up edge i) — ay
for some j < j/+1 <1< l' + 1. We split the vertex i® into two vertices 74! and i),
The edges from oy — ™M to i~ — q; that connects i) are plotted to connect -V while
the edges from a; — i) to i® — a,,; that connects i) are plotted to connect i 12) See
Figure 5 below.

O = Ojry1 = = Q41 = Qi = = Q41
« — line — line (\
i — line i — line /

i) = 40 = — 4@ iD= ;0) — ;G ;02

Figure 5: Case 1-Split an ¢ vertex to cancel multiple pairs of edges.

Case 2. If we scan the edges starting from oq — iV, the first appearance of the four
coincident edges is an up edges In this case, the coincident edges are the jth up edge
i) — Qjg1, the Ith up edge i) — a;,1, the j'th down edge Qe — iU") and the Ith down
edge oy — i) for some j < j' <1 < I'. We split the vertex i) into two vertices i(*!) and
i2) . The edges from ajr — iU") to i® — ayyq that connects i) are plotted to connect
i) while the rest of the edges that connects i) are plotted to connect iV, See Figure
6 below.
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Q1 = Q= = qy Qjy] = Qi = = Qy

o — line o — line
1 — line 1 — line -

10 = ;0 = ;) = ;) (G — ;0) — ;@) 02 — ;00

Figure 6: Case 2-Split an 7 vertex to cancel multiple pairs of edges.

In both cases, one could check that after splitting the vertex i), the graph is still
connected, and is paired graph. Moreover, the number of edges between any two vertices
is either 0 or 2, which implies that K (g(i', a)) = 0.

One can use induction to show that there exists a sequence 7', such that K(g(i',«)) =0

and the paired graph ¢(i’, a) can be obtained from g(i, a) by splitting some of the vertices
in 7. Indeed, by scanning all edges starting from o — i), we can find the first coincident
directed edges. Then we can apply the argument above to split the i-vertex associated to
the coincident directed edges into two i-vertices. We denote the resulting i-sequence by 7.
Then we have K(g(7,a)) = K(g(i,a)) — 1. By the induction hypothesis, we can find a
sequence 4 by splitting ¢/, such that K (g(i’,)) = 0. Moreover, the i-sequence i’ can also
be obtained by splitting the sequence ;.
Step 2. Let g(i', ) be a paired graph such that K(g(¢,«)) = 0. Then every up edge
coincides with exactly one down edge. Denote by C(g(7',«)) the number of cycles when
gluing all the pairs of coincident up edge and down edge and removing the orientation. By
definition, C(g(i', )) = 0 if and only if g(i, @) is a A;(p, s; «)-graph.

If C(g(i,)) = 1, then there is exactly one cycle when gluing the pair of coincident up
edge and down edge. We will split one vertex in i’ and denote by " the new i-sequence, such
that g(i”, «) is still a paired graph without any cycle when gluing all pairs of coincident up
edge and down edge, and ¢(i”, ) does not have coincident edges of the same orientation.
That is, g(i”, ) is a Ay (p, s; a)-graph. The argument is similar to [7, Lemma 3.6], and is
sketched below.

We scan the edges starting from oy — i, and find the first edge that results in a
cycle without considering orientation and removing the multiplicity of the edges. Using
the non-crossing property of «, one can show that this edge must be a down edge. We
denote the down edge by o; — iU). We split the vertex i¥) into two vertices iU and 2.
The edges in the path a; — i) — ... — «; that connects i) are plotted to connect iU,
while the edges in the path o; — i0) =i a4 that connects iU) are plotted to
connect 72, See Figure 7. Once could check that after splitting the vertex i), there is
no multiple up edge or multiple down edge. Besides, there is no cycle without considering
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the orientation and gluing pairs of coincident up edge and down edge. Hence, if we denote
by i" the new i-sequence, then K (g(i',a)) =0 = C(g(7, )).

Q; Q41 Q; Q41
a — line - : a — line Ay
. . N J . .
i — line ; i — line >

i@ GD) §62)

Figure 7: Split an ¢ vertex to cancel cycle.

One can use induction to show that there exists a sequence ", such that C(g(i", ) =
K(g(i",«)) = 0 and the paired graph g(i”,«a) can be obtained from g¢(i’,«) by splitting
some of the vertices in 7. Indeed, we can scan all edges from a; — /() and find the
first edge which forms a cycle when gluing coincident edges and removing orientation.
Then we can use the argument above to split one of the i-vertex in the cycle into two
i-vertices. We denote the resulting i-sequence by i”. The splitting procedure will not lead
to coincident up edges nor coincident down edges, nor new cycle when gluing all pairs of
coincident edges. Thus, we have C(g(i",a)) < C(g(7,«)) — 1 and K(g(i",@)) = 0. Then
by induction hypothesis, we can split vertices in 7" to obtain i”, such that g(i”, @) is paired
graph and C(g(i", ) = K(g(i",«)) = 0. Moreover, the i-sequence i” can also be obtained
by splitting vertices in the sequence 7'.

Therefore, joining the two steps above, we show that for any paired graph g(i, o), we
can split vertices on i to obtain ¢”, such that g(i”, ) is a Aq(p, s; a)-graph.

Secondly, we will establish a bijective map from the set of all partitions of [p + 1 — 5]
to the set of the canonical r-sequence that form a paired graph with a.

By Lemma 2.1, there exists a unique canonical (p + 1 — s)-sequence i = (i(!), ... i®),
such that g(i,«) is a Aq(p, s;a)-graph. Let P(p + 1 — s) be the set of all partitions of
[p+1—s], and P(p+ 1 —s,q) be the set of all partitions of [p + 1 — s] with ¢ blocks.
For a partition 7 € P(p+ 1 — s, q) with blocks Vi, V3, ..., V,, without loss of generality, we
assume that

min{a:a € V1} <... <min{a:a € Vj}.

We identify the partition 7 with the mapping 7 : [p+1—s] — [¢] given by w(a) = bif € V.
We abuse the notation for partition and the corresponding mapping. By the definition, one
can easily check that 7 maps canonical sequence to canonical sequence. For fixed a € ng ,
let P(a) be the set of all canonical sequence ¢ such that g(/,«) is a paired graph. We
write P(a, 1) for the set of all canonical r-sequence ' in P(«). We consider the following
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mapping:

where 7(i) = (7(iM),..., 7(i®)).

Note that for any 7 € P(p+ 1 — s), g(m(i), @) can be obtained from ¢(i, ) by gluing
the i-vertices according to the partition 7. Since ¢(i, «) is a paired graph, so is g(7 (i), @),
which implies that ® is well-defined. As we have proved in the first part that any paired
graph can be transferred to a A(p, s; «)-graph by appropriately splitting the vertices in
the i-sequence, we can conclude that ® is surjective. Moreover, for two different partitions
m,m € P(p+1—s), the two canonical sequence 7 () and 7wy (i) are different. Thus, ® is
injective. Therefore, ® is bijective.

To conclude, we consider the following restriction of ®:

Q. :Plp+1—s,r) — Pla,r).

Since the bijectivity of ®|,. inherites from ®, by the definition of Stirling number of the
second kind, we have

#P(O&,T’):#P(p+1—S,T)ZS(p+1—S,T).
O]

We end this subsection by collecting some properties of the Stirling number of the
second kind. We refer the readers to [8] for more details.

Lemma 2.4. 1. We have S(n,n) = S(n,1) =1 forn>1. For 1 <k <mn, we have

k -1 k—iin
S(n, k) = z_; (“(k)—_z)'

2. For positive integers n > k > 1, we have
Sn+1,k)=S(n,k—1)+kS(n, k).

3. For positive integers n, we have

n

> Snk)-a(z—1).. (x—k+1)=a"

k=1
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3 Convergence of spectral moments

3.1 Proof of Theorem 1.1

We compute the moment
for any p € N;. By convention, a1 = a;. We have

1 1 5 * * *
S = S (T e ) B[Te(V YoV, Yo Yo, Yoy

| T (64" 64" 4|

k
()5 62|

p
I I Toy
t=1
p
P (Il (E
= — Ta
nk !
at,...,ap=1 \t=1
p
I I Toy
t=1

k
RN ™)
:E Z E Z H( yo‘t i) yOét)-‘rl)z(i)) )
at,...,0p=1 i) ,..i(P =1 t=1
(3.1)
where we used the i.i.d. setting in the third equality.
For two sequences o = (ay, ..., q,) € [m]P and i = (i), ... i) € [n]P, let
p _
. 1
E(i,a) =E H <(yét)>¢<t> (y«(llt)H)i(t))] . (3.2)
t=1

!/

By the i.i.d. setting, E(i,a) = E(i', ') if the two sequences i and « are equivalent to @
and o/, respectively. By (3.1) and (2.1), we have

k
1 12 p
temar, 53 ¥ (s (%
s=1 aeJs,p(m) \t=1 r=14¢eJ, p(n)
k
12 p p
:EZ Z Z HT¢(at) Z n—'r’—l— Z E(z’,a)
s=1 a€ls,p \ PE€Ls,m t=1 r=1 i€Crp
=1 + Iy, (3.3)
where
k
12 P p
I :ﬁz S DY Treten | [ Don-n=r+1) > EGa)] |
s=1 aGCg}g, pELs,m t=1 r=1 1€Crp



—%Z S Y [T Zn (n—r+1) S E(i,a)

aecs’p\cg}g QOEIs,m t=1 ZECr,p

Note that the component of the base vector satisfies

(9),69),= 5 [E(6))]

Recall the definition of paired graph and single graph in Definition 2. For any sequence
a € C,yp and i € C, ), we have

< L (3.4)

- np/2

E(i,a) =n"?,  g¢(i,«) is a paired graph,
E(i,a) =0, g(i, ) is a single graph, (3.5)
|E(i,a)] <n7P, g(i, ) otherwise.

Firstly, we deal with I;. For any «a € Cs(,lp), by Proposition 2.1, formula (3.5) and
Proposition 2.3, we have

Z E(i,a) =n"?-#{i € C,, : g(i,a) is paired graph}

iGCT,p

P Sp+1-s71), r<p+1-s,
0, r>p+1—s,

where we use the notation #5 for the number of elements in the set S. Thus, by Lemma
2.4, we have

p+1—s

Zn (n—r+1) ZEza )=n"" Z n---(n—r+1)-Sp+1-s7)=n""

ZEC'rp
Thus, we have

lei(%f 3 mi 3 ﬁwat) . (3.6)

s=1 aec(n @el-s,m t=1

Next, we deal with I,. For any o € Cs, \ CSZB, by Lemma 2.1 and Proposition 2.2, if
the graph ¢(i, ) is not a single graph for ¢ € C, ,, then r+s < p. Hence, by (3.5), we have

p p—s

Zn e(n=—r+1) Z E(i,a)| < Zn*p” -#{i € C,p : g(i,a) is not a single graph}.

r=1 1€Crp r=1
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Thus, we have

k

12 p p .
=S I SR D3R | E7|) SYIRTNt SPetas
=1 aec, p\clly [PELsm 1=1 r=1 i€Crp
P 1 p
> () X | 2 e
s=1 aecs,p\cgg 0ELs m t=1
p—s k
X Zn_’””s_l -#{i € C,,, : g(i,a) is not a single graph}| . (3.7)
r=1

By the assumption (1.4), we have the following convergence:
(7)
Y [ H Mg (e M 00
PELs,m t=1

Hence, under the limiting setting (1.3), when n,k — oo, we can deduce from (3.6) and
(3.7) that

p s
L—=Y ¢y (H megt(a)> , I, —0. (3.8)
s=1 aecg}g t=1

Therefore, the proof is concluded by taking limit n, k — oo in (3.3) and using (3.8).

3.2 Proof of Theorem 1.2

For any p € N, for £ > 2, we compute the variance

Var (1 TrMﬁkm).

The idea is similar to [7], and is sketched below. By the computation of [7, Section 3.2],
we have

Var (%Tngkm) Z (H TatTBt)
P

a,ﬁ‘e[m
anpB#0
k k
< || D EleiB) | —| Y. BEGaEGS) | |,
i,j€n]P i,j€n]P
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where E(-,-) is given in (3.5), and E’(i, a; 7, 3) is defined by

p -
H ((yg‘l’f))i(t) (yg}tll)m (yfa?) J0) (Yg)ﬂ) () >] :

t=1

E'(i,a;7,8) =E

Next, we join the two graphs ¢(i, @) and g(j, 5) together and keep the coincident edges.
We denote by g(i, ) Ug(j, ) the resulting graph. If there is an edge in the graph g(i, a) U
g(j, B) that does not coincide with any other edges, then this edge must belong to g(i, a)
or g(j, ), which implies

E'(i, 034, 8) = E(i, @) E(j, 8) = 0.

Thus, we only need to consider the indices such that all edges in g(i, ) U g(j, 8) coincide
with other edges. Noting that o N 3 # (), the graph g(i, &) U g(j, 8) is connected with 4p
edges. Hence, if we remove orientation and glue coincident edges for the graph g(i,a) U
g(7,B), it results in a non-directed connected graph with at most 2p edges, which implies
that

[(a, B)] + (4, 5)] < 2p + L.
Hence, we have

p

1 1 &
Var (ﬁTng,k,m) :ﬁz Z Z HTSO(OLt)TSO(/Bt)

s=1 (07/6)605,2;7 QOEIs,m t=1

anpB#0
2p+1—s F
X Z n...(n—r+1) Z E'(i,;7, 8)
r=1 (4,5)€Cr,2p
2ptl—s F
—| > n..tn=r+1) ) E(i,0)E(B)
r=1 (4,3)€Cr,2p
By (3.4), for any sequence «, (3,1, j, we have
|E'(i, 03, B)], |E(i,0)E(j, B)| < n~?,
which implies that
2p+1—s
max Z n...(n—r-+1) Z E(i,a)E(5,0)|,
r=1 (4,5)€Cr,2p
2p+1—s
Z n...(n—r+1) Z E'(i,a;7,5)
r=1 (4,5)€Cr,2p
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2p+1—s
< Z 2P Z 1 < Cn' (1 + 0,(1)),
r=1

(izj)ec'f,?p

where C), is a positive number that only depends on p, and 0,(1) is a quantity that tends
to 0 as n — oo. Thus, we have

1 Ck 2p p
Var ( Tfoka) <—Z > Y T meeomee | n7 @ +oa(1)*

s=1 (a,B)€Cy ,2p ‘Pel-s,m t=1
aﬁﬂ#@

205 2p m\ S 1 degt(a +degt(6) k
=2 (e XX Hm o (1+ 0u(1))F.

s=1 (a,B)€Cs2p \ 9ELs m t=1
anB#0

By assumption (1.4), we have
1 deg )+deg, (8
> H e - Hmdegt(awdegt(ﬁ)v m = o0.
PELs,m = 1
Together with (1.3), we have

1 Ck 2p s
(1) k s
Var (1, ) < 2 Y XTI ersacn ) (14 0a(0)55

s=1 (a,B)€ECs 2p t=1
anpB#0

Therefore, for k£ > 2, we have

ZVar ( TrMﬁkm> < 400.

n>2

The proof is concluded by Borel-Cantelli’s Lemma, noting that £ = k(n) tends to infinity
as n — oo.

3.3 Proof of Corollary 1.1
We start with the uniqueness of p. We have

Z 2 <H >) <Z 2 (f[Adeg*@degt(a)degt(@)

accll) \t=1 accty)

20—y degy(a)
<Z Z A2 iz degy(a (Z deg,(« ) .

aEC(l)
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By definition (2.2), for a € Cy,, we have >_;_, deg,(a) = p. Hence, by Lemma 2.1, we have

SED O (I CERRENTD 2D SEEP D w R [4]

acctl) \t=1 acch)

Using the inequality ( ) < 2P for all 0 < s < p, we have

Z Z (H mdeg > S 4pApppZC;j S 4pAp(1 + C)ppp.

aec(l) t=1 s=1

Hence,

-1/p

Sl g N P AP p 1/p S 1
S50 5 (o] 2 St =3 gl -

p=1 |s=1 OCEC(1> p=1

Thus, the Carleman’s condition is satisfied, which implies that there exists a unique prob-
ability measure 1 whose moments are given by (1.5).

The uniqueness of the probability measure u corresponding to the moments in (1.5)
guarantees the almost sure convergence of the ESD of M,, ;, ,,, towards u

If 7, = 1 for all 1 < a < m, then the condition (1.4) holds with mq =1 for all ¢ € N.
In this case, the moment sequence (1.5) for u becomes

[ = ¥ 1= (7)) wen

where we use Lemma 2.1 in the last equality. By [3, Lemma 3.1}, this moment sequence
coincides with the moment sequence of the Marcenko-Pastur law (1.2). Therefore, the
uniqueness of p implies that p is exactly the Marcenko-Pastur law (1.2).
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