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We study a two-dimensional (2D) electron system with a linear spectrum in the presence of
Rashba spin-orbit (RSO) coupling in the hydrodynamic regime. We derive a semiclassical Boltzmann
equation with a collision integral due to Coulomb interactions in the basis of the eigenstates of
the system with RSO coupling. Using the local equilibrium distribution functions, we obtain a
generalized hydrodynamic Navier-Stokes equation for electronic systems with RSO coupling. In
particular, we discuss the influence of the spin-orbit coupling on the viscosity and the enthalpy of
the system and present some of its observable effects in hydrodynamic transport.

I. INTRODUCTION

Hydrodynamic behavior of electrons in metals was first
predicted in 1963 by Gurzhi [1]. It became clear that the
hydrodynamic regime in conductors can be reached when
the electron-electron scattering time 7., is the shortest
time scale compared with the electron-impurity (7;) and
electron-phonon (7.p) scattering times. At that time it
was a challenge to fabricate samples clean enough to sat-
isfy this condition, so the first experimental observation
of the hydrodynamic regime was demonstrated only in
1995 by de Jong and Molenkamp [2]. It is well known
that the scattering times Tee, Te; and Tepp strongly de-
pend on temperature [3]. Electron-impurity scattering
processes are most essential at low temperatures, whereas
the electron-phonon mechanism becomes dominant for
high temperatures. In certain materials, a hydrodynamic
regime is thus reached at intermediate temperatures if
they are sufficiently clean.

In the recent past, the technological progress in the
fabrication of 2D materials has reignited the interest in
electron hydrodynamics [4]. In particular, monolayer
graphene with its linear Dirac-like spectrum has become
a fruitful experimental platform to investigate hydrody-
namic transport [5]. It was shown that the hydrodynamic
regime in clean graphene can be realized at tempera-
tures on the order of 100K [6]. Many peculiar transport
properties have been demonstrated in the hydrodynamic
regime [7]. For instance, Johnson thermometry measure-
ments show a significant increase in the thermal conduc-
tivity and the breakdown of the Wiedemann-Franz law
in graphene [8]. This is possible due to a decoupling
of charge and heat currents within the hydrodynamic
regime and can be regarded as a signature of a Dirac
fluid [8]. Viscous electron flow through constrictions in
graphene has revealed superballistic behavior [9], i.e., a
conductance exceeding the maximum conductance pos-
sible for ballistic electrons in the same geometry [10].

Another signature of collective viscous behavior is the
non-local negative resistance in a graphene strip [11]. A
viscous flow of the Dirac fluid in graphene was also con-
firmed using a quantum spin magnetometer [12]. Be-
sides graphene, the electron hydrodynamics regime has
been theoretically investigated and in certain cases also
experimentally confirmed in 2D anomalous Hall materi-
als [13], in anisotropic materials [14], in Coulomb drag
geometries [15-18], in Weyl semimetals [19], in gallium
arsenide [20], and in 2D electron gases with spin-orbit
interaction [21, 22].

Nowadays, it has become possible to fabricate a
plethora of hybrid systems based on graphene [23], for
instance by combining graphene with adatoms [24], two-
dimensional transition metal dichalcogenides [25], or thin
metallic substrates [26-28], which make it possible to ma-
nipulate the spin degree of freedom and are promising for
spintronics [29]. Importantly, even in these hybrid struc-
tures, graphene with globally induced spin-orbit coupling
remains essentially free from defects and impurities. The
intrinsic spin-orbit coupling in graphene is weak, but
in these hybrid structures, proximity-induced spin-orbit
interaction can be large and can change the electronic
band structure substantially. Intrinsic spin-orbit cou-
pling opens a gap at the K point and is related with
the pseudospin inversion asymmetry, whereas Rashba
spin-orbit (RSO) coupling preserves the gapless nature
of graphene [30, 31]. Typically the RSO interaction ap-
pears due to the structural inversion asymmetry brought
about by the substrate or adatoms [29]. It is worth men-
tioning that the induced RSO coupling can reach larger
values in other two-dimensional materials such as silicene,
germanene, stanene, phosphorene, arsenene, antimonene,
and bismuthene [32].

In this work we study the effect of RSO coupling on
hydrodynamic transport in graphene. We allow the spin-
orbit coupling to be on the same order as the hydrody-
namic temperature and assume that the electron-electron
scattering time remains the shortest time scale. The



intrinsic spin-orbit coupling can be tuned to small val-
ues [25, 29], so we ignore its influence on transport prop-
erties and assume that the system remains gapless. In
order to derive the hydrodynamic equations, we use the
kinetic (Boltzmann) equation in the diagonal basis of the
unperturbed Hamiltonian, which includes the Dirac spec-
trum and the RSO interaction. The collision integral
on the right-hand side of the kinetic equation accounts
for two-particle scattering. The RSO coupling results
in the appearance of so-called Dirac factors in the two-
body electron-electron interaction Hamiltonian. For our
derivation we mainly follow Ref. [33], where the necessary
calculations were performed for pristine graphene.

The rest of this article is organized as follows. In
Sec. II, we introduce the Hamiltonian of the 2D system
under consideration. In Sec. ITI, we provide the Boltz-
mann equation for the system taking into account the
spin-orbit split conduction bands. In Sec. IV, using the
kinetic equation and thermodynamic relations, we de-
rive the generalized hydrodynamic Navier-Stokes equa-
tion. Finally, we present our conclusions in Sec. V. The
details of the calculations and additional information are
presented in the Appendices. Throughout the paper, we
sete=h=kg=1.

II. SYSTEM HAMILTONIAN

In this section, we derive the Hamiltonian of the sys-
tem under consideration. Specifically, we consider a sin-
gle layer of graphene on a substrate which enhances the
RSO coupling [25]. The first-quantized one-body Hamil-
tonian of graphene near the K point in the momentum
representation is given by

Hy =v(ogks + oyky), (1)

where v ~ 10°m/s is the Fermi velocity for spinless elec-
trons, and o, are the pseudospin Pauli matrices acting
on the two-dimensional space of sublattices. This Hamil-
tonian describes a linear gapless spectrum near a given
Dirac point. The large separation in momentum space
suppresses (inter-valley) scattering between the K and
K’ points, so we focus on a single Dirac cone in the fol-
lowing.

A broken structural inversion symmetry results in the
RSO interaction Hamiltonian

HR = )\R(sty — Uysm), (2)

where Ar denotes the strength of the RSO coupling and
Sz are the Pauli matrices corresponding to the elec-
tron spin. It is worth mentioning that the RSO term
in graphene does not depend explicitly on momentum in
contrast to the general case for two-dimensional electron
gases [21, 34]. In order to simplify the calculation, we ne-
glect two additional perturbations which can be present
in graphene, namely a staggered sublattice potential and

the intrinsic spin-orbit coupling. Passing on to a second-
quantized description, the graphene Hamiltonian in the
presence of the RSO term has the form

H=Hy+ Hr = Zgnkcilkcnk- (3)
nk

The eigenstates of the single-particle Hamiltonian (3)
are denoted by |nk), where n denotes the band index
and k = (kg, k,) is the wave vector in 2D momentum
space. The annihilation and creation operators of an
electron with momentum k in band n satisfy the stan-
dard anti-commutation relations, {CIA« Cni } = Onns Okk -
The RSO coupling leaves the spectrum gapless at |k| =0
and one finds the dispersion relations for the four bands,
namely

. _ :F)\R—\/'Uzkz‘i‘A% n = v, V2, (4)
nk FAr + V0?k2 + N4 n=cy,cCo.

where the band indices ¢; 2 and v; 5 refer to the spin-split
conductance and valence bands, respectively.

The dominant scattering mechanism to reach the
hydrodynamic regime is the electron-electron interac-
tion [7, 33]. In second quantization, the electron-electron
interaction in the eigenbasis of the diagonal Hamilto-
nian (3) can be written as

1
_ Mmin3g pnang
Hee =55 >, > > Vel Fih,
ning nang q

kiks koky

T T
X Ok +a,ks Oka —a, ki Cpyy ks Oy Cioks Cna ks s (5)

where S is the 2D system volume. The interac-
tion potential Vg is given by the Fourier transform
of the real-space interaction potential, V(ry — ra) =
(1/8) Yo Vqe'a®1772) and has the symmetry V_q = Vq.
The Dirac factors in the presence of RSO interaction are
represented by the following matrix element (see App. A
for details)

’ 1 ’ ’
e = GG L+ gy (g ,)”

T gtalgir o) +rn'gita(o )] (6)
where
—1/2
& =14 (¢&)?] ; Ge = enk/(v[K]),
iy = iCire ", Gieo = Glre "%,
it = i 2K, (7)

and 6y denotes the angle of the 2D vector k with respect
to the k, axis. The superscript n denotes the band and
n =41 (n = —1) corresponds to the vy, ¢1 (v2, c2) bands.
It is worth mentioning that (F%)* = ., which guar-
antees the hermiticity of the electron-electron interaction
Hamiltonian.



IIT. BOLTZMANN EQUATION

The kinetic equation can be obtained by applying the
Keldysh technique to the total Hamiltonian given in pre-
vious section and applying perturbation theory and a
semiclassical approximation. The details of these steps
are standard and explained in many reviews [35-37].
Choosing a chemical potential above the charge neutral-
ity point, we need to consider only the two conduction
bands. We denote the corresponding semiclassical distri-
bution functions as fn,k;, = fnik, (r,t), where n; = +1
(n1 = —1) corresponds to the lower (upper) conduction
band ¢1 (¢2). The exact form of the distribution functions
obtained from the Keldysh Green’s functions is provided
in Refs. [35] and [36]. In our effective two-band system,
the Boltzmann equation for the distribution functions
can be written as

8f7l1k1 85n1k1 8fn1k1 - %8fmkl .
ot "ok or or ok LWml (8

where ¢(r,t) is an external field applied to the sys-
tem and Z[f,,k,] is the electron-electron collision in-
tegral, which is a functional of the distribution func-
tions. Our main interest is in the hydrodynamic regime
where electron-electron interactions dominate. For sim-
plicity, we therefore omit the scattering integrals related
to electron-hole recombination as well as the scattering
integrals related to impurity and phonon scattering. In
the two-particle scattering approximation the scattering
integral has the form

I[A] = —2aN Y Wis [GE - G337, (9)
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where we used the shorthand notation 1 = (n1k;) etc.
The outgoing and incoming fluxes are denoted by G4 =
f1f2(1—f3)(1— f4) and the valley degeneracy factor N =
2. The two-particle scattering rate is given by Fermi’s
golden rule

Wiy = (34| Hee|12)[*6(E; — Ey), (10)

2s1
8t coll.

J

where {n} = (n1,n2,n3,n4) and k; y, and E; y denote
the total momentum and energy, respectively, of the ini-
tial and final states. Analogous expressions have been
already derived for different systems, in particular for
Fermi liquids and (non-linear) Luttinger liquids [36, 38].
Using the property (Gif — G33)log(Gi2/G33) > 0, one
obtains indeed [0S/0t]con. > 0 and the local distribu-
tion function (12) can be deduced from the zero entropy
production condition, i.e., [0S/t con. = 0. The kinetic

where ¢ = |12) and f = |34) denote, respectively, the ini-
tial and final states of the scattering process. Moreover,
E; = ep,x, +€n,k, is the initial state energy, the subscript
c means that only connected diagrams are taking into ac-
count, and the delta function is a consequence of energy
conservation. Applying Wick’s theorem, we obtain the
following expression for the two-particle transition ma-
trix element

1 1. mnomn
(34|H,.12), = 5 Vi -k, Fylps Fs (11)

mnins mnomng
- Vkl_k3Fk1k3 Fk2k4 ] 5k1+k27k3+k47

where the Kronecker-delta ensures momentum conser-
vation in the two-particle collision process. It is worth
mentioning that in Ref. [33] only the first term of
Eq. (11) is kept, thus ignoring the interference effects.
In this case, at zero spin-orbit coupling, our results re-
produce those of Ref. [33], namely [(34|H,..|12).|*> =
|Vk1,k3\QGQiﬁs@ﬁzﬁﬁkﬁk%kﬁh with Dirac factors for
pristine graphene O, = (1 4+ nn'ex - ex/)/2, where
ex = k/|k| is a unit vector in the direction of the mo-
mentum.

The strong interactions cause the electrons to relax on
a short time scale to local equilibrium distributions

o) = {1+ exp [ ) () K] }(12)

where p is the chemical potential and u and T are the lo-
cal drift velocity and the temperature, respectively. This
form of the distribution function is a general consequence
of Boltzmann’s H-theorem, which states that in local
equilibrium the entropy production must vanish. The
latter is defined as

54 Gai
12] IOg g34 ) (13)

12

(

equation (8) and the local distribution function (12) will
be used in the next section to derive the hydrodynamic
equations.

IV. NAVIER-STOKES EQUATION

In principle, hydrodynamic equations can be formu-
lated on the basis of the conservation laws of parti-



cle number, momentum and energy [39]. Moreover, it
is known that the hydrodynamic equations can be de-
rived explicitly from the kinetic equation, as was done in
Ref. [33] for graphene without spin-orbit coupling. We
proceed along similar lines and start by considering the
continuity equations and conservation laws arising from
the Boltzmann equation (8).

The continuity equation for the particle number can be
obtained by integrating Eq. (8) over momentum. In this
case the right-hand side of the kinetic equation vanishes
and introducing the particle number and current

n(e,) = Y [ Gz et
j(I‘, t) = Z / él?f)zvmkfmk(ry t)7

where v,k = Oemi/0k = v?k/\/v?k? + A%, one arrives
at the continuity equation for the particle density

on
8t+v j=0. (15)

Similarly, introducing the imbalance particle number and
the imbalance current

1(r,t) = Z/%mfmk(r,t),
1(r,t) Z/(Z;mvmkfmk(r,t),

one straightforwardly obtains the continuity equation for
imbalance quantities

871[
a9t +V-jr=0. (17)

To obtain the continuity equation for the energy den-
sity ng(r,t) and the energy (heat) current jg(r,t), both
sides of Eq. (8) are multiplied by £,x and integrated over
momentum. As a result, one finds

8nE
=E- 1

where the Joule heat term on the right-hand side contains
the electric field E = —V.

In order to derive the continuity equation for the mo-
mentum density, one needs to multiply the kinetic equa-
tion by the components of k and integrate over momen-
tum. Therefore, the continuity equation in this case has
the form

(14)

(16)

oI

(9nk Z _

where the momentum density and momentum flux tensor

are given by
dk
t) = Z/Wkifmk(r7t)a

% (r Z / dk S kit s ke (1, 1),

i,j€{x,yt,  (19)

(20)

Next we derive the macroscopic expressions which re-
late the currents with the densities and the drift velocity
u(r,t). Using the local distribution functions (12) and
the definitions of the densities and the currents, one can
show the following relations (see App. B for details)

j=nu, jr=mnmu, jg=Wu,
nx = v (W + Agns)u, (21)
IV = P;; + v~ 2 (W + Agnp)uguy + 117, (22)

where W is the enthalpy per volume (it has a dimension
of pressure and we will call it enthalpy instead of enthalpy
density below) and P is the pressure. They are related
with each other through the energy density [39], namely

W=ng+ P, (23)

and, according to thermodynamics, the pressure in the
local equilibrium state is given by

_1 dk Bk —p—wk)

where 8 = 1/T is a local inverse temperature. Finally,
17 in Eq. (21) is a dissipative contribution which is re-
lated to the electron shear viscosity (see App. C),

VW

II; = [(8 Uy — Oyty )T — (Optty + Oyuy) T, (25)

where 7, . are Pauli matrices, W=W+ Arny, and v is
the (static) kinematic viscosity

2
y=F_ (26)

—1°
47t

with 7., being the electron-electron scattering time and
U = Ok€nk|e, =y 1S the Fermi velocity.

First, we investigate how spin-orbit coupling affects
7.1 In order to evaluate the scattering integral, we lin-
earize the Boltzmann equation (8) by assuming small u
and a nonequilibrium distribution function which is lo-
calized near the Fermi level. We refer to App. C for the
detailed derivation.

The electron-electron (e-e) interactions conserve parti-
cle number, energy and momentum which, respectively,
correspond to the zeroth and the first-harmonic an-
gular function of the nonequilibrium distribution [see
Eq. (C5)]. Thus, the relaxation originates from second
harmonics or higher. It is known that even harmonics
decay faster than the odd ones [40] and here we assume
that the viscosity only comes from the second harmonic.
We then obtain 7., = Y, +3"/g% where 73" is the e-
e scattering rate of the second harmonic nonequilibrium
distribution and g} is the density of states at the Fermi
energy of the conduction band m. Note that the electron
wave functions inside the Dirac factor of the Coulomb
matrix elements (6) play a crucial role in determining



the dependence of v5* on Agr. Eventually one finds that
73" scales with T2 as

w326~ ~
72 :E ! 7" (AR, d), (27)
where
P-4
+ (3, d) / d~q d/ {M—c}? (25)
(q+

-7

1—1—)\2

o ()

is a dimensionless function whose value depends on
Ar = Ar/(vkp) and the (dimensionless) inverse screen-

ing length d = d/kp, where kp is the Fermi wavevector.
For this derivation, we have used a screened Coulomb
potential with V, = 2me?/(q + d). We note that the +
sign in Eq. (28) originates from the electron wavefunc-
tion which encodes the different dispersions of two con-
duction bands. Moreover, for determining 7,.!, we need
g7 = (uEAg)/(mv?h?) for c1 and ¢y respectively. Using
as parameters Ag = 0.01 eV, u = 0.1 eV, v = 10° m/s,
and T = 100 K, we obtain a typical electron-electron
scattering rate of 7.;! ~ 0.3/fs. This leads to a static
viscosity vy &~ 0.7 nm? /fs.

We illustrate the dependence of v4* on Agr and d in
Fig. 1(a). Dash-dotted lines denote the contribution from
the ¢; (m = —1) band, the dashed lines are from the ¢z
(m = +1) band, and the solid lines denote the average de-
fined asv5"® = 2 3" 44" As Ap increases, the scattering
rate can be non-monotonic and this non-trivial behavior
originates from the electron wave functions. We note that
the scaled values )\d and d can in principle be different in
the two bands as they will have different Fermi momenta
kr. Here, however, we assume p > Ag so that this dis-
parity is negligible. We also plot the static viscosity as
a function of Ag in Fig. 1(b). Based on these results, we
predict that the viscosity can change significantly due to
spin-orbit coupling.

Now, we have all ingredients to derive the Navier-
Stokes equation. We find

8tnk = 1)72 (W@tu + u@tW) N
oI 9P
aj  0i

(29)

1 (~ —
+ e {W [(u-V)u; —vV3u] +u;V - (Wu)
Then, from Egs. (23) and (17) one obtains

(W —P)+V-(Wu)=E-j. (30)

Finally, substituting Egs. (29) and (30) into Eq. (19), we

arrive at the hydrodynamic Navier-Stokes equation
W0 +u-V — vV u+v*VP +ud P+ (E-ju
+Arnr(0; +u-V —vV?u = v’nE. (31)

b

D

-

w
T

scattering rate, o / Vém
N

1
O L L L
0.01 0.1 1 10
SO coupling, A\g/(vkr)
b

®) 7
g
=<
z-; —d=0.1
g —d=1
E —d=10

0

0.01 0.1 1
SO coupling, Ar/(vkr)

10

FIG. 1. (a) Electron-electron scattering rate of the ¢; band
(dash-dotted lines), the ¢z band (dashed lines), and their av-
erage (solid lines). (b) Static viscosity as a function of RSO
strength for several values of the dimensionless inverse screen-
ing length d = d/kp. Here, fyéo) and 1o denote the respective
values of the scattering rate and viscosity for Ar = 0.

This is the second main result of the paper. Compared to
the case of pristine graphene without RSO coupling [33],
one finds a new term on the left-hand side of the equation.
Since the spin-orbit coupling gives rise to an additional
term in the enthalpy (21), it affects the time derivative
and the convective term.

V. CONCLUSIONS

To summarize, we have derived the hydrodynamic
Navier-Stokes equation for two-dimensional graphene-
like materials in the presence of RSO coupling. Com-
pared to the result without spin-orbit coupling, the RSO
interaction modifies the viscosity and gives rise to an
additional term in the Navier-Stokes equation, which is
similar to the convective term. The reason for this is
the modification of the spectrum of the system due to
the presence of the RSO interaction, which results in the
addition of a term Agn; to the enthalpy. As the mo-
mentum continuity equation is sensitive to the explicit
form of the spectrum, this influences the final form of
the hydrodynamic Navier-Stokes equation. In addition,
we have derived the two-particle scattering rate explicitly
in the presence of RSO coupling. This has allowed us to
derive the corrections to the effective kinematic viscosity
resulting from the RSO coupling.
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Appendix A: Calculation of matrix element (n'k’|ed"|nk)

In this Appendix we calculate the form of the matrix element (n'k’|e?d®|nk) [41]. First we demonstrate the calcu-
lations for pristine graphene and then generalize the results for RSO interactions. The orthonormal eigenvectors of
Hamiltonian (1) have the form

1 ALY
2 |Heale) =m o)

Yr(r) = Ue(r)|, Uk, \ﬁ Ze’k(R T (r - Ry — 1), j=AB, (A1)

where n = +1 (n = —1) corresponds to the conduction (valence) band, the subscripts A and B correspond to the two
atoms in the unit cell, the pre-factor is a complex number g(k) = k, + ik, = |k|e!, where 0y defines the direction of
the 2D vector k and N is a normalization coefficient (number of unit cells). The localized function ¢, (r) corresponds
to a p, orbital of atoms A and B, R/ is a lattice vector, and 7; denotes the position of the atom j € {A4, B} within
the unit cell. For instance, one can set 74 = 0, in which case 75 denotes the vector from atom A to B. The p, orbitals
are approximated by hydrogen wave functions with an effective core charge Z ~ 3.2 and Bohr radius ay = 5.3A [42],
namely

Z3?  Zr _z
3/2 Te % cos 0. (A2)
4/27a,

To calculate the matrix element F}, we insert the projection operator [ dr|r)(r| = 1, so that we have

|g*<k>||g<k'>|> Hakk),  (A3)

where it is assumed that the orbitals of the atoms A and B are orthogonal, and the auto-correlation term is given by
the following integral expression

Oz (I‘) = Pn=2,l=1,m=0 (T7 97 SO)

1
I?kn' _ /dr nk/ zqr ‘nk /drz/)k, 7qrwk< ) B (1+

) . 1 . ,
I(q; k. k') = /druﬁ',A(r)elqruk,A(r) = /drult’,B(r)ezqruk,B(r) =N Zel(lﬁqfk RiZ(q), (A4)
R;
where the inner integral is denoted by Z(q) = [drd se™p,(r)e'p,(r + §) with § = R; — R;. The main
contribution to this integral comes from § = 0 SO we appr0x1mate the integral as follows

1 __61QP
1+1QP)»?  (+1Qy)[*

At small momentum transfer |Q| < 1, the expression (A5) is of the order of unity, and taking into account the
conservation of momentum in the scattering process, i.e., (1/N) 3} g exp[i(k + q — k')R;] =1, we arrive at the final

Z(q) ’:/dwz( )e' ¥, (r) = ( Q| = lalao/Z. (A5)

result for matrix element in Eq. (A3), namely

L 8 0000)
Faw =3 (1 * |g*<k>||g<k'>|) | (A6)

In presence of RSO interaction the orthonormal eigenvectors of Eq. (3) are given by

1
P (r) = ﬁfﬁ [Uhe, a1(x) + ngic 1 Ui, a1 (¥) + g ol 51 () + ngic sl 5y (r)] (A7)
where & = /1 + (¢*)? and (! = €,/ (v|k|). Further ignoring the cross correlations and repeating the same steps as

in case of pristine graphene above, we arrive at Eq. (6) of the main text.



Appendix B: Derivation of the macroscopic Egs. (21)

In this Appendix we derive the expressions which relate the macroscopic densities and currents using the local
equilibrium distribution function (12) and the definitions of particle, heat, momentum densities and currents. In
our derivations we omit a degeneracy factor N/ = 2 due to the valley degeneracy. First, we demonstrate that
j(r,t) = n(r,t)u(r,t) by considering the following difference

J—nu—Z/ dk fnkak (enk —u-k—p) 52/ log(l—ke_ﬂ e~ wk— “])} =0, (B1)

where we used that e,x = FAp+/v2k? + /\% > u-k, since the Fermi velocity is larger then the drift velocity, v > |ul.
An analogous calculation leads to jr(r,t) = ny(r,t)u(r,t). Next, we turn to the energy current where we need to
prove that jp = Wu. Since W = ng + P this is equivalent to jg — ngu = Pu. This is shown by straightforward
calculations

dk dk
jE —ngu= Z/ snkfnkak(enk u-k—p) ﬂZ/ snkaklog [1+e Benk—u-k— u)} (B2)

52
ﬂ§:/ bg1+e”““‘*“ﬂ B}:/)dk O(enk — uk — mbgﬁ+eﬁ®*“kw} Pu,

=uP =0

log 1+e Alenk—uk— “)}8 (enk — uk + uk — p)

where the definition of pressure in Eq. (24) was used. Thus we obtained the third expression of Egs. (21) in the main
text. Next, we derive the expression for the momentum density, which can be presented as a product of enthalpy,
imbalance density, and drift velocity. Let us consider the z component of the energy current

dk nAR )
E / 271' b) Enk 2k2 +)\2 fnk Z/ ( %[)21{2 +)\%%> v kmfnk
2 E / dk k fnk )\R g / t nkfnk = UZ”ﬁ - AR]}:
/U2k2 + /\2

x x
T J1

and analogously for the y component. Therefore, we get the fourth relation of Egs. (21) of main text, i.e.,
ne = v g + v 2 Agjr = v 2 (W + Agny)u. (B3)

Finally, we derive the last relation of Eqgs. (21) for the stress tensor. By definition, the diagonal element II3" of the
stress tensor is given by

dk dk
1% = Za o v x nk — T o valk nk T Wgxhgy — x n
E En /(27T)2k Upie Sk En /(27T)2k Ok, (Enk — ugk uyky — 0+ ugksy) frx
dk 1 dk
= E — — E = 1 1 —B(enk—Uske—uyky—p)
Uy : /(27T)2k:cfnk ﬂ ~ /(27_(_)2]{3081% Og|: +e

nx

k
Uy Ny log 1 + e~ (E"k*““'kw*“yky*“)} =P+ U*QWumuz, B4
P4y Z I (B4)

v 2Waugug

P



where W = W + Arny. Moreover, the off-diagonal component IT7Y of the stress tensor is given by
© dk dk
HEy = zn: / szvgkfnk = zn:/ kaaky (Enk — uyky — ugky —p + Uyky)fnk

B dk 1 dk dky —B(Enk—Uzke —Uyky —p1)
— Y [ Gmppteln 5 32 [ b | GOt 4 e 5

=0

ni
= npuy, = v_Z[W + ARNI]UgUy. (B5)

and similar expressions can be obtained for II%/ and II%’. In summary, this leads to the last lines in Egs. (21) of the
main text.

Appendix C: Effects of spin-orbit coupling on electron-electron scattering rate and viscosity

We consider the Boltzmann equation including only the electron-electron scattering integral,

afn1k1 857111(1 af’ﬂlkl 890 af7l1k1
_ =7 1
ot ok or or ok LUmml (D)

where the scattering integral is given by

I[f1] = 27N - 1284 Wi [f1f2(1 = f3)(1 = fa) = (1 = f1)(1 = f2) fafal, (C2)
where N/ = 2 accounting valley degeneracy. We have shortened the indices for simplicity as {1,2,3,4} =
{n1ki, noka,n3(ks + q),na(ka — q)} and 01234 contains the Dirac delta functions for both energy and momentum
conservation. We simplify the band index degrees of freedom by neglecting interband transitions (nq = ng) and inter-
band scattering (n; = ng). The interband transition normally occurs on fast time scales w > 1/7,. relevant, e.g., to
optics which is not amenable for hydrodynamics. Interband scattering between the lower and upper conduction band
will give mutual drags that cancel each other in the Navier-Stokes equation [summing up two ¢ bands contribution
in Eq. (C1)]. To simplify the calculation of scattering integral, we assume a small drift velocity so that the local
equilibrium distribution is given by,

) _ 1
A = T ealBec— ) )

We linearize the collision integral (C2) by writing

(0)
fio = KO+ or = 10 - P p oy (1)

where the nonequilibrium distribution ¢ f is assumed to be valid at low temperatures where —0, flgo) can be approxi-
mates as a delta function peaked at p and the k dependence on F' only depends on the azimuthal angle 6y between
k and its component k,. We further expand the nonequilibrium part of distribution into angular harmonics:

F(r,oi) = Y e"™F,(r) (C5)
We see that Fy is related to the density fluctuations
n(r,t) = /ko (f(r, k,t) — f(o)(sk)) = grpFo(r,t), (C6)

where gp = f d2k6(u — ex) is the local density of states at the Fermi level. Moreover, the functions F1; are related
to the current density,

i) = [ v (5 - 1)
1 < Fi(r,t) + F_1(r,t) )

Il
3

= —grup u(r,t), (Cn

2 i[Fi(r,t) — F_1(r,t)]
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where n = [ d’kf (0)(5k) = gpu is the equilibrium density and this equation defines the drift velocity u(r,t). The
functions F4o are related to the stress tensor,

0 = [ @k b (1) = 19 ),

grkrpvup

I%* = T (2_/—-'0(1', t) =+ .7-"2(r, t) + f—?(r, t)) ’
k
%Y — [[¥% — % (F_a(r,t) — Fa(r, 1)), (C8)
k
vy = % (2]:0(1‘, t) - fg(r, t) - -F—2(r, t)) 3

We can express this tensor in a compact form as

_ grkrvr
4

I1 [2]:0 + (]:2 + F o)1, + i(fg — F,Q)Tm] , (CQ)
where 7, , are the Pauli matrices. .
Next, we multiply Eq. (C1) by e~""% and integrate over k to obtain

815.7:»,”(1‘, t) + U7F [ax(fm—l + ]:m+1) - iay(]:m—l - -/—"m-&-l)}

eV . m
_TF [Ex(dm,l + 5m,—1) - ZEy((Sm,l - 5m,—1)} = _’;7]:m (CIO)

It will be obvious later that we can obtain the right hand side from linearization of the scattering integral and only
even harmonics |m| > 1 give nonzero 7,,. For m = 0, we obtain the continuity equation

Byfi + Vj = 0. (C11)

For m = £1, we obtain the linearized Navier-Stokes equation

. _
O+ ¥ TI— %E:O, (C12)

where p = nkp/vp is the mass density and in graphene p = W/UQ. We can approximately close the recursion
relation (C10) by setting F,,, = 0 for |m| > 3 [7, 43]. For n = 2 and considering components at frequency w, i.e.,
0y Fn = —iwF,, we obtain

%F 0. F1 — i0,F1] = — <72 - iw) F (C13)

gr

_ (7—2 ~ iw) Foo. (C14)

ar

[0 F 1 + 0, ]

We will see later that v = y_5. Using the relationship in Eq. (C14), the stress tensor in Eq. (C9) becomes
II = P — pv[(0pug — Oyuy)T> — (Opty + Oytis)Ta] (C15)

and the Navier-Stokes equation becomes
du+ VP — vV?u— “E =0, (C16)
p
where P = pun(r,t) is the pressure gradient, u = kpv% /2 is the chemical potential and the kinematic viscosity is given
by
v gF
V= 1 N Tee = - (C].?)
4 (Tee - zw) Y2

The stress tensor in Eq. (C15) does not contain the convective term because we focus on linear term but it captures
the dissipative term induced by relaxation of the second harmonics Fio.
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Next, we discuss the linear collision integral. Linearizing the collision integral means retaining the linear order of
the distribution function products,

Jifa (1= f3) (1 — fa)

(A + )57 +02) (1= (B +8f)) (1= (1 +65)
~ KO0 (- 57) (- 1) wons? (1 1) (1- 17
w1000 (1= 17) (1= A7) + KO8 on) (1= 1)
OO (1= 1) (-o 1), (C18)
Analogously, we obtain

(1= )1 = fo)fsfs ~ (1— 1“”)(1— SNEO L 4 (=)@ = £ 150 1O
F(1 = FN 0L 01O+ (1= £ = )6 f3) £
+(1 = AN = SOV 0. (C19)

Therefore,

fife(W=f3) (1= fa) = (1= f1)(1 = f2) f3fa

Q

if (17 (1= 17) (1= 17) + = B0 1)
+3f2 [0 (1= A7) (1= 1) + (1= 70 17
<5 (1R (L= 1)+ (1= A7) (1= 17) 17
<5f [HOR (1= 1)+ (1= A7) (- 57) 57

~ 1(o) 2(0) (1 _ f3(0)) (1 _ in)) [—hy — hg + hg + ha , (C20)
where we have used fl(o)féo)(l — féo))(l — fio)) —(1- fl(o))(l — féo))féo)f(o) 0 as a consequence of energy and
number conservation, and df; = —hlflo (1- flo ), where hy = SF(r,0;1). The linearized collision integral reads
_ 34 £(0) p(0) 1 _ £(0) _ £(0)y,34
Ifr] =4m Sr23aWin f17 fo " (1= f37)(1 4 )by, (C21)
234

where h$3 = (hy + ha) — (hs + hs). Now we substitute the harmonic expansion into h;, we can write down the nth
eigenmode as

o[ 1] = 4mBFu(x) / Sr23aWis i £ (1= i) (1 = f7) (€0 4 &m0 — et — o), (C22)
234
Thus, this leads to the following definition of the electron-electron scattering rate

o =478 [ Sroaa Wi AV L7 (1 = B7) (1 = f0) (14 OO — gm0 ety (023)
1234
where the last factor in Eq. (C23) comes from taking the integral [, e "1 Z[f,].

We schematically look at the possible electron-electron (e-e) collisions in Fig. 2 [40]. In Fig. 2, we consider a
momentum transfer q along the k, axis. We can do so without loss of generality because we can rotate Fig. 2 around
an angle 6y and the resulting e-e collision rate is invariant. The kinematic restrictions due to momentum and energy
conservations leave only a few possibilities for scattering processes. The first type is a head-on collision with ko = —k;
or 0o =+ 61, 03 = —6, and 04 = m — 0 as depicted in Figs. 2(a) and (b). The second type is an exchange process
where k1 = k4 and ky = k3. Using this condition in Eq. (C22), we find that the exchange process gives Z,[f1] = 0
and thus does not relax the e-e scattering. Focussing on the head-on process, we note that n = 0 and n = 1 also give
Z,[f1] = 0. This is expected as a result of particle number, energy (n = 0) and momentum (n = 1) conservation.
Further calculations show that all odd n modes give zero Z,[f1]. For even n, we obtain

€_in91hi’§(n) — (1 + ein‘n’ _ ein(—201) _ ein(Tr—Qal)) +ec.c.

= 4(1 — cos(2nf;)), where sinf; = 1
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(a) (b)

(c) (d)

1 3
4 2

FIG. 2. Possible states for e-e collision. (a) and (b) are head-on collisions while (c) and (d) are exchange processes.

For n = 2, we obtain

(C25)

2 4
—in01 13470\ _ q _(_4
e=infh 3 (2) — 39 K%F> (%F>

Next, we will consider the actual e-e interaction matrix element Wi = |[V3? = |V, (3[1) (4]2) |?, neglecting the
interference term of Eq. (11). For the 4 x 4 Hamitonian of graphene with SOC we use the corresponding eigenstate,

1 —ibk , NT
k) = R — (ie‘wk, —ig—k, a—k, e“gk) . (C26)
V2 /T + (ex/vk)? vk’ vk
For different bands, the eigenstates differ by energy dispersion. For simplicity, we can suppress the band index unless
we explicitly write the dispersion, i.e. 51% = +Agr + VA% + (vk)2, where — for ¢; and + for cs.
We obtain
U2k1 ‘kl + q| COS(9k1 - 9k1+q) + €k, €k 4q
vk ks + a1+ (51, /vk1)? /14 (61 4a/vlK1 + )2
v2kalka — q| cos(Ok, — Oky—q) + EksEka—q
v?kalke — aly/1+ (ex, /vk2)?\/1 + (ex,—q/v[kz — q)?

We need to express cos(fx,+q — Ok, ) in terms of ¢ = 0q — bk, ,

(ki +qlky)|” =

(ko — qlks)|?

cos(fk, +q — Ox,) = c0sOk, 1qCosbk, + sinby, +qsin by,
k w k
_ (kita) Gatdly ;g
k1 + q k1 +q
k cos Oy, + qcosfq k1 sin by, + gsinfq
= cos O,
k1 +q k1 +qf
k1 4 q(cos O cos Ok, + sin O sin Oy, )

ki + q

cos Oy, +

sin Oy,

ki +gcosp
= =177 C27
ki + q| (©217)

In the same way, we obtain cos(fk,—q — Ok,) = (k2 — gcos2)/|kz — q|, where @9 = 0q — Oi,. As a result, we have
02k (k1 4+ qcos @) + ex, €k +q
vk lka + aly/1+ (e, /op)? /1 + (1, +a/ V1 + )2

v?ka (k2 — ¢ cos 03) + EkyEley g
v2kolks — ql\/1 4 (6k, /0k2)? /T + (1y—q/v[k2 — q[)?

|(k1 +qlky)|* =

(k2 — qlks)|* =
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The energy conservation in the delta function of Eq. (C23) controls the allowed transitions. We split the delta function
into two,

5(5k1 + €ky — €ki+q — 5k2—q) = /dwé(ekl — €ky4q — w)5(5k2 — €ky—q T w) (028)
With the aid of two delta functions, we change the product of Fermi distribution into a difference,
(0)
0 o S~ faka
Sy U= fi'ig) = ﬁ (C29)
(0)
O 0 _ ha o
IO ) = Pt (C30)
Now the e-e scattering rate becomes
d2k1 d2k2 d2q
=4 di
w =4 [ G5 [ o [ oy |
(C31)
2k (k
X 0(€k, — Ekytq — W) 2 1lby + 9008 ) + Ci i
kilki +aly/1 + (ex, /0k1)2\/T + (e1,+q/v]k1 + af)?
v2ka(ka — qcos ©2) + €k, Eky—
X 0(ky, — Ekp—q + W) 2 = 4 Val?
T T 0kalke — a1+ (B [0R2)?y/ T+ (B —a/0Tke —a])?
0 0 0 0
A P fliz)—q32 e\ (a) (C32)
1 —ePw 1 — e Bw 2kp 2kp

We shift the vector p + q — —p so that

/d2k1 (fl(c fk1+q) (Ekl — €ki+q — w) ( : ) = /d2k1 |:fl((?)6<€k1 — €ki+q — W) - fgolzlé(gfquq I S W) ( :

and to get the last line, we used the symmetry of €y, and fl((?). Similarly for ko, we get,

[ s (5 = L) e —eea ) () = [ A B~ b )~ Sk e 49 ).
(C34)

Now we examine the energy conservation during the scattering process,

Eki+q — Ek, = \/)\% +v2(k? 4 ¢2 + 2k1q cos p) — \//\% + (vkp)?

€ky—q — Eky = \/)\% +v2(k3 4 q? — 2kaq cos p2) — \/)\% + (vk2)? (C35)

and perform the delta function integrations over angles,
/d<pg(<p)5 (\/x\% +v2(k? + ¢ + 2k1q cos ) — \/)\% + (vk1)?2 + w) —(w— —w)

A2 vk1)? —w N+ (vk1)? 4w

Y Gt ) |2+ k) — g(%)|\ﬁl |

P leqblngaj v?kigsing;

(C36)

where cp;t are the solutions that make the arguments in the delta function become zero

SD+ == COS_1 <UJ2 — ,U2q2 — 2w V )\%? + (vk1)2>
J )

202k 1q

2 2% + 2w /A% + (vk1)2
go{::l:cos_l <w VTG 20/ AR + (vky) ) (C37)

202k 1q

)

= [ XA Bers ~ et~ )~ Serg a1 )] (). (C3)
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The form of Eq. (C37) makes the integration over w, ¢ and p rather intricate. To simplify the expression further,
firstly we assume that w o< T' is very small compared to the Fermi energy. Then, Eq. (C37) will become

q

+_ _ 91
cos i = o

(C38)

This simplifies the expression in Eq. (C32)

ki ~ ki +q (—AR + \/)\%{ +02(k? 4+ ¢2 + 2k1qcos<p)>

= (nt P ) (€39)

Performing the radial integration over ki yields,

A2+ (vkp)? — W VAL + (vk1)? + w)
dkyky £ ot | VAR oty |VR
/ 1 1fk1 J:zl;zg (‘p‘]) ’Uzk‘lqsingo;' g (90]) U2/<;1qsin<pj_
k
e —4w
= [ ik 994 0) |
q/2 q 2
Uleq 1-— Tkl
74ka ~ _ \/4*62 —1 XR 4762
= V4—g —q|tan ! | Y——— | Ftan — = C40
2qv® { [ q 7\ 142 (0
where
(o) 0%k (ky + qcos @) + &ic €y 1q
SO =
vhalks + a1+ (o, /okn)? 1+ (65, o/ vl + al)?
2 2
=1- v (C41)

2 )
2 [v%% + (:FAR + /A% + (vk1)2) }

and ¢ = ¢/kp, and i = Ar/(vkp). The lower bound of the integral k1 = ¢/2 is placed so that sin ¢ is well defined.

The upper bound of the integral k1 = kg is due to the low-temperature limit fl(,o) = (1 —ex, ). The radial integration
over ko gives the opposite sign of Eq. (C40). The opposite signs of the k; and ko integrals will result in a positive
value of w integral,

> —w? 272
IR e (C42)

After performing the ki, ko and w integrals, we are left with a ¢ integral as follows,

~ 2
4 2m2 A(2m)3etk2, [PhF 1 _ N Ar [4—q2
+ F -1 -1
= = =2/ R dg—=<VA—@—q|t A -
72 h 3[32 h4v4(27r)6 /0 q qu q q an E]v + tan ~

q \ 143

g\’ g \* 1
X?’Z[(%F) (5) | v
32e(kpT)? . ~ ~
= 2Bl e G, 4 (C43)

We plot the viscosity as a function of Ag in Fig. 1(b).

[1] R. N. Gurzhi, Minimum of resistance in impurity free [2] M. J. M. de Jong and L. W. Molenkamp, Hydrodynamic
conductors, Zh. Eksp. Teor. Fiz. 44, 771 (1963).


http://www.jetp.ac.ru/cgi-bin/e/index/e/17/2/p521?a=list

electron flow in high-mobility wires, Phys. Rev. B 51,
13389 (1995).

[3] A. A. Abrikosov, Fundamentals of the Theory of Metals
(North Holland, Amsterdam, 1988).

[4] M. Polini and A. K. Geim, Viscous electron fluids,
Physics Today 73, 28 (2020).

[5] J. Zaanen, Electrons go with the flow in exotic material
systems, Science 351, 1026 (2016).

[6] D.Y. H. Ho, I. Yudhistira, N. Chakraborty, and S. Adam,
Theoretical determination of hydrodynamic window in
monolayer and bilayer graphene from scattering rates,
Phys. Rev. B 97, 121404 (2018).

[7] A. Lucas and K. C. Fong, Hydrodynamics of electrons
in graphene, Journal of Physics: Condensed Matter 30,
053001 (2018).

[8] J. Crossno, J. K. Shi, K. Wang, X. Liu, A. Harzheim,
A. Lucas, S. Sachdev, P. Kim, T. Taniguchi, K. Watan-
abe, T. A. Ohki, and K. C. Fong, Observation of the
Dirac fluid and the breakdown of the Wiedemann-Franz
law in graphene, Science 351, 1058 (2016).

[9] H. Guo, E. Ilseven, G. Falkovich, and L. S. Levi-
tov, Higher-than-ballistic conduction of viscous electron
flows, Proceedings of the National Academy of Sciences
114, 3068 (2017).

[10] R. Krishna Kumar, D. A. Bandurin, F. M. D. Pel-
legrino, Y. Cao, A. Principi, H. Guo, G. H. Auton,
M. Ben Shalom, L. A. Ponomarenko, G. Falkovich,
K. Watanabe, T. Taniguchi, I. V. Grigorieva, L. S. Lev-
itov, M. Polini, and A. K. Geim, Superballistic flow of
viscous electron fluid through graphene constrictions, Na-
ture Physics 13, 1182 (2017).

[11] L. Levitov and G. Falkovich, Electron viscosity, current
vortices and negative nonlocal resistance in graphene,
Nature Physics 12, 672 (2016).

(12] M. J. H. Ku, T. X. Zhou, Q. Li, Y. J. Shin, J. K.
Shi, C. Burch, L. E. Anderson, A. T. Pierce, Y. Xie,
A. Hamo, U. Vool, H. Zhang, F. Casola, T. Taniguchi,
K. Watanabe, M. M. Fogler, P. Kim, A. Yacoby, and
R. L. Walsworth, Imaging viscous flow of the Dirac fluid
in graphene, Nature 583, 537 (2020).

[13] E. H. Hasdeo, J. Ekstrom, E. G. Idrisov, and T. L.
Schmidt, Electron hydrodynamics of two-dimensional
anomalous Hall materials, Phys. Rev. B 103, 125106
(2021).

[14] G. Varnavides, A. S. Jermyn, P. Anikeeva, C. Felser, and
P. Narang, Electron hydrodynamics in anisotropic mate-
rials, Nature Communications 11, 4710 (2020).

[15] S. S. Apostolov, A. Levchenko, and A. V. Andreev, Hy-
drodynamic Coulomb drag of strongly correlated electron
liquids, Phys. Rev. B 89, 121104 (2014).

[16] W. Chen, A. V. Andreev, and A. Levchenko, Boltzmann-
langevin theory of Coulomb drag, Phys. Rev. B 91,
245405 (2015).

[17] E. H. Hasdeo, E. G. Idrisov, and T. L. Schmidt, Coulomb
drag of viscous electron fluids: Drag viscosity and neg-
ative drag conductivity, Phys. Rev. B 107, L121107
(2023).

[18] B. Coquinot, L. Bocquet, and N. Kavokine, Quantum
feedback at the solid-liquid interface: Flow-induced elec-
tronic current and its negative contribution to friction,
Phys. Rev. X 13, 011019 (2023).

[19] S. Zhu, G. Bednik, and S. Syzranov, Weyl hydrodynamics
in a strong magnetic field, Phys. Rev. B 105, 125132
(2022).

14

[20] A. C. Keser, D. Q. Wang, O. Klochan, D. Y. H. Ho, O. A.
Tkachenko, V. A. Tkachenko, D. Culcer, S. Adam, I. Far-
rer, D. A. Ritchie, O. P. Sushkov, and A. R. Hamilton,
Geometric Control of Universal Hydrodynamic Flow in a
Two-Dimensional Electron Fluid, Physical Review X 11,
031030 (2021).

[21] R. J. Doornenbal, M. Polini, and R. A. Duine,
Spin—vorticity coupling in viscous electron fluids, Jour-
nal of Physics: Materials 2, 015006 (2019).

[22] M. Matsuo, D. A. Bandurin, Y. Ohnuma, Y. Tsut-
sumi, and S. Maekawa, Spin hydrodynamic generation in
graphene (2020), arXiv:2005.01493 [cond-mat.mes-hall].

[23] X. Chen, K. Shehzad, L. Gao, M. Long, H. Guo, S. Qin,
X. Wang, F. Wang, Y. Shi, W. Hu, Y. Xu, and X. Wang,
Graphene hybrid structures for integrated and flexible
optoelectronics, Advanced Materials 32, 1902039 (2020).

[24] A. Castro Neto, V. Kotov, J. Nilsson, V. Pereira,
N. Peres, and B. Uchoa, Adatoms in graphene, Solid
State Communications 149, 1094 (2009), recent Progress
in Graphene Studies.

[25] M. Gmitra and J. Fabian, Graphene on transition-metal
dichalcogenides: A platform for proximity spin-orbit
physics and optospintronics, Phys. Rev. B 92, 155403
(2015).

[26] Y. S. Dedkov, M. Fonin, U. Riidiger, and C. Laubschat,
Rashba effect in the graphene/Ni(111) system, Phys.
Rev. Lett. 100, 107602 (2008).

[27] D. Marchenko, A. Varykhalov, M. R. Scholz,
G. Bihlmayer, E. I. Rashba, A. Rybkin, A. M. Shikin,
and O. Rader, Giant Rashba splitting in graphene due
to hybridization with gold, Nature Communications 3,
1232 (2012).

[28] D. Marchenko, J. Sénchez-Barriga, M. R. Scholz,
O. Rader, and A. Varykhalov, Spin splitting of Dirac
fermions in aligned and rotated graphene on ir(111),
Phys. Rev. B 87, 115426 (2013).

[29] W. Han, R. K. Kawakami, M. Gmitra, and J. Fabian,
Graphene spintronics, Nature Nanotechnology 9, 794
(2014).

[30] C. L. Kane and E. J. Mele, Quantum spin Hall effect in
graphene, Phys. Rev. Lett. 95, 226801 (2005).

[31] C. L. Kane and E. J. Mele, Z5 topological order and the
quantum spin Hall effect, Phys. Rev. Lett. 95, 146802
(2005).

[32] M. Kurpas, P. E. Faria Junior, M. Gmitra, and J. Fabian,
Spin-orbit coupling in elemental two-dimensional mate-
rials, Phys. Rev. B 100, 125422 (2019).

[33] B. N. Narozhny, Electronic hydrodynamics in graphene,
Annals of Physics 411, 167979 (2019).

[34] A. V. Shytov, E. G. Mishchenko, H.-A. Engel, and B. 1.
Halperin, Small-angle impurity scattering and the spin
Hall conductivity in two-dimensional semiconductor sys-
tems, Phys. Rev. B 73, 075316 (2006).

[35] J. Rammer and H. Smith, Quantum field-theoretical
methods in transport theory of metals, Rev. Mod. Phys.
58, 323 (1986).

[36] T. Kita, Introduction to Nonequilibrium Statistical Me-
chanics with Quantum Field Theory, Progress of Theo-
retical Physics 123, 581 (2010).

[37] P. I. Arseev, On the nonequilibrium diagram technique:
derivation, some features, and applications, Physics-
Uspekhi 58, 1159 (2015).

[38] E. G. Idrisov and T. L. Schmidt, Entropy production
in one-dimensional quantum fluids, Phys. Rev. B 100,


https://doi.org/10.1103/PhysRevB.51.13389
https://doi.org/10.1103/PhysRevB.51.13389
https://doi.org/10.1063/PT.3.4497
https://doi.org/10.1126/science.aaf2487
https://doi.org/10.1103/PhysRevB.97.121404
https://doi.org/10.1088/1361-648x/aaa274
https://doi.org/10.1088/1361-648x/aaa274
https://www.science.org/doi/10.1126/science.aad0343
https://doi.org/10.1073/pnas.1612181114
https://doi.org/10.1073/pnas.1612181114
https://doi.org/10.1038/nphys4240
https://doi.org/10.1038/nphys4240
https://doi.org/10.1038/nphys3667
https://doi.org/10.1038/s41586-020-2507-2
https://doi.org/10.1103/PhysRevB.103.125106
https://doi.org/10.1103/PhysRevB.103.125106
https://doi.org/10.1038/s41467-020-18553-y
https://doi.org/10.1103/PhysRevB.89.121104
https://doi.org/10.1103/PhysRevB.91.245405
https://doi.org/10.1103/PhysRevB.91.245405
https://doi.org/10.1103/PhysRevB.107.L121107
https://doi.org/10.1103/PhysRevB.107.L121107
https://doi.org/10.1103/PhysRevX.13.011019
https://doi.org/10.1103/PhysRevB.105.125132
https://doi.org/10.1103/PhysRevB.105.125132
https://doi.org/10.1103/PhysRevX.11.031030
https://doi.org/10.1103/PhysRevX.11.031030
https://doi.org/10.1088/2515-7639/aaf8fb
https://doi.org/10.1088/2515-7639/aaf8fb
https://arxiv.org/abs/2005.01493
https://doi.org/https://doi.org/10.1002/adma.201902039
https://doi.org/https://doi.org/10.1016/j.ssc.2009.02.040
https://doi.org/https://doi.org/10.1016/j.ssc.2009.02.040
https://doi.org/10.1103/PhysRevB.92.155403
https://doi.org/10.1103/PhysRevB.92.155403
https://doi.org/10.1103/PhysRevLett.100.107602
https://doi.org/10.1103/PhysRevLett.100.107602
https://doi.org/10.1038/ncomms2227
https://doi.org/10.1038/ncomms2227
https://doi.org/10.1103/PhysRevB.87.115426
https://doi.org/10.1038/nnano.2014.214
https://doi.org/10.1038/nnano.2014.214
https://doi.org/10.1103/PhysRevLett.95.226801
https://doi.org/10.1103/PhysRevLett.95.146802
https://doi.org/10.1103/PhysRevLett.95.146802
https://doi.org/10.1103/PhysRevB.100.125422
https://doi.org/https://doi.org/10.1016/j.aop.2019.167979
https://doi.org/10.1103/PhysRevB.73.075316
https://doi.org/10.1103/RevModPhys.58.323
https://doi.org/10.1103/RevModPhys.58.323
https://doi.org/10.1143/PTP.123.581
https://doi.org/10.1143/PTP.123.581
https://doi.org/10.3367/ufne.0185.201512b.1271
https://doi.org/10.3367/ufne.0185.201512b.1271
https://doi.org/10.1103/PhysRevB.100.165404

165404 (2019).

[39] L. D. Landau and E. M. Lifshitz, Fluid Mechanics (Perg-
amon Press, London, 1959).

[40] P. J. Ledwith, H. Guo, and L. Levitov, The hierarchy
of excitation lifetimes in two-dimensional Fermi gases,
Annals of Physics 411, 167913 (2019).

[41] K. W. K. Shung, Dielectric function and plasmon struc-
ture of stage-1 intercalated graphite, Phys. Rev. B 34,

15

979 (1986).

[42] C. Zener, Analytic atomic wave functions, Phys. Rev. 36,
51 (1930).

[43] F. M. D. Pellegrino, I. Torre, and M. Polini, Nonlocal
transport and the Hall viscosity of two-dimensional hy-
drodynamic electron liquids, Phys. Rev. B 96, 195401
(2017).


https://doi.org/10.1103/PhysRevB.100.165404
https://doi.org/https://doi.org/10.1016/j.aop.2019.167913
https://doi.org/10.1103/PhysRevB.34.979
https://doi.org/10.1103/PhysRevB.34.979
https://doi.org/10.1103/PhysRev.36.51
https://doi.org/10.1103/PhysRev.36.51
https://doi.org/10.1103/PhysRevB.96.195401
https://doi.org/10.1103/PhysRevB.96.195401

	Hydrodynamic Navier-Stokes equations in two-dimensional systems with Rashba spin-orbit coupling
	Abstract
	Introduction
	System Hamiltonian
	Boltzmann equation
	Navier-Stokes equation
	Conclusions
	Acknowledgments
	Calculation of matrix element 
	Derivation of the macroscopic Eqs. (21)
	Effects of spin-orbit coupling on electron-electron scattering rate and viscosity
	References


