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Abstract: Modern microfabrication techniques have led to a growing interest in micropillars and
pillar–pore structures. Therefore, in this paper a study of the liquid entry pressure of a hydrophobic
pillar–pore structure and the corresponding liquid–gas interface shape for the pressurized liquid
is presented. We theoretically analysed the constant mean curvature problem for the rotationally
symmetric case and determined an analytical expression for the liquid entry pressure of a hydrophobic
pillar–pore structure. Furthermore, the shape of the liquid–gas interface as well as a formula for the
location of the minimum were derived. The results are useful for designing geometries with specific
properties, such as preventing or facilitating liquid intrusion into rough structures. We compared
these results to multiphase lattice Boltzmann simulations where equilibrium contact angles in the
range of 157◦ to 102◦ were tested. In our further analysis, we compared theoretical findings from
previous works to our lattice Boltzmann simulations. The presented cases can serve as a benchmark
for the development and validation of numerical multiphase models.

Keywords: lattice Boltzmann method; multiphase flow; liquid entry pressure; constant mean
curvature surface; pillar; pore; interface shape

1. Introduction

Materials with hydrophobic surfaces are of interest for many industrial applications.
Recently, there has been a great deal of interest in so-called superhydrophobic surfaces,
which are created by a combination of chemical treatment and local roughness to increase
hydrophobicity, i.e., to reduce the wettability of a surface. Microfabrication techniques
have made it possible to produce a variety of artificial superhydrophobic surfaces with
precisely controlled local roughness on the micrometer scale [1–3]. In addition, membrane
treatments such as micropillars and hydrophobic coatings can reduce scaling and extend
the lifetime of a membrane [3]. Following Agonafer et al. [4], the ability to manipulate
fluid interfaces, such as retaining fluid behind or within porous structures, is useful in nu-
merous applications, including microfluidics and biochemical analysis. In their work they
fabricated customized pillar–pore structures at micrometer scale and analysed the wetting
behaviour. Many applications, such as oil transportation [5], water/oil separation [6,7],
and thermal management of micro/power electronic systems [8], call for porous structures
with the ability to retain low-surface-tension liquids (such as dielectric refrigerants and
oils) against an imposed pressure difference [4].

Among other properties, hydrophobic porous membranes are characterised by their
liquid entry pressure (LEP). The LEP is the pressure difference that needs to be applied
to a dry membrane in order to force the liquid to penetrate the interior of the membrane.
For structures such as a cylindrical or a torus–shaped pore, analytical expressions for the
LEP have been derived [9,10].
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The shape of the liquid–gas interface for a pressurized liquid on top of a hydrophobic
structure is governed by the Young–Laplace equation, which describes the capillary pres-
sure difference sustained across the interface between two static fluids. The three–phase
gas–liquid–solid contact line is assumed to be attached to the outer edge of the hydrophobic
structure [11]. The most general form of the Young—Laplace equation is given by [9,12]:

∆p = γ div n̂ = 2γH f = γ

(
1

R1
+

1
R2

)
(1)

Here γ is the surface tension, div n̂ is the divergence of the unit normal vector of the
liquid–gas interface, H f is the mean curvature, and R1 and R2 are the principal radii of
curvature at a given point on the liquid–gas interface.

For a static situation without body forces such as, e.g., gravity, the pressure within
each fluid phase is constant, leading to a surface of constant mean curvature (CMC) [11].
This also means that ∆p is constant at every point of the liquid–gas interface. It follows
directly that solely q := ∆p/γ and the boundary condition, in the form of the three-phase
gas–liquid–solid contact line, define the shape of the liquid–gas interface.

The LEP for a cylindrical pore is the pressure difference that is required for water to
enter a hydrophobic cylindrical pore and wet the pore wall. For a perfect cylindrical pore
with a radius (rc), the LEP can be calculated using the following formula [9,10,13]:

LEP =
−2γ cos α0

rc
(2)

Thereby α0 is the equilibrium contact angle of a water droplet on a flat surface of the
pore material. The equilibrium contact angle α0 increases with increasing hydrophobicity.
The magnitude of the contact angle can be calculated using Young’s equation [14]. A mate-
rial is considered hydrophobic if the equilibrium contact angle is bigger than 90◦. More
details regarding equilibrium contact angle determination can be found, e.g., in [15–17].

For a vanishing pressure difference, the liquid–gas interface is flat. Applying a pressure
difference leads to a spherical meniscus with radius rm (see Figure 1). As the pressure
difference increases, rm shrinks. This results in an increase in the contact angle until it
reaches the critical value of α0. At this point, the hydrophobic material can no longer
prevent the intrusion of water. The corresponding formula for this LEP can be derived
directly from the Young–Laplace Equation (1) with R1 = R2 = rm and by using the
trigonometric relation − cos α = rc/rm. Equation (2) is only correct if the pressure in the
meniscus is constant and gravitational effects are negligible. In [18], we showed that a
multiphase LB method can correctly predict the LEP pressure for a cylindrical pore.

liquid

cylindrical pore

α
rc

spherical meniscus
rm

solid

p0 + Δp 

p0 z p0 
Figure 1. Side view of a cylindrical pore with spherical meniscus.
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Zheng et al. [19] showed that the critical pressure difference ∆pcrit to enter a struc-
ture decorated with periodic micropillars can be calculated with the following force bal-
ance approach:

∆pcrit(Ac − A) = −γl cos(α0) (3)

Ac is the area of the periodically repeated cell, l is the perimeter of the pillar, and A is the
pillar cross-sectional area. In this work we focus on the special case of round pillars with
radius rp. Therefore, Ac = P× P, A = πr2

p, and l = 2πrp (see Figure 2).rp

P P
(a)

rp
P

liquid
gas

α
hp

p0 + Δp 
p0 

z
(b)

Figure 2. Top view (a) and side view (b) for a periodically repeated pillar structure.

Zheng et al. [19] have addressed the issue of interfacial deformation by using a finite
element method to calculate the shape of the liquid–gas interface for a statically pressurized
liquid in contact with a superhydrophobic surface. Zheng et al. [19] found good agreement
of Equation (3) with the predictions of the finite element method (FEM). Lobaton and
Salamon [11] numerically solved a Lagrangian evolution problem to obtain the surface
of constant mean curvature for a given pressure difference. In [18] we showed that a
multiphase lattice Boltzmann method can also be used to determine the shape of the static
liquid–gas interface.

In this work we determine an analytical expression for the LEP of a combined pillar–
pore structure. This is the critical pressure difference ∆pcrit sustained across the liquid–gas
interface at which the liquid begins to enter a cylindrical pore with a cylindrical pillar
in the centre of the pore (see Figure 3). We also provide a theoretical analysis of the
liquid–gas interface shape and compare the theoretical findings with multiphase lattice
Boltzmann simulation results. A deeper understanding of the interface shape for this
specific pillar–pore structure can be useful for designing surfaces with specific properties,
such as preventing or facilitating liquid intrusion. Here we assume that the pillar and
the pore wall have the same surface properties, which leads to an identical equilibrium
contact angle.

We also compare the critical pressure difference ∆pcrit to numerical results obtained
with the lattice Boltzmann (LB) method. Furthermore, we compare the predictions of
Equation (3) from Zheng et al. [19] to numerical results obtained with the LB method.
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Figure 3. Top view (a) and side view (b) for a combined pillar–pore structure. Here rc is the radius of
the cylindrical pore and rp is the radius of the cylindrical pillar.

2. Mathematical Background

The relationship g(x, y, z) = f (x, y)− z = 0 defines a surface, and n = ∇g(x, y, z)

is a vector normal to this surface. With the norm |n| =
√

1 + (∂x f (x, y))2 + (∂y f (x, y))2,
one obtains the unit normal vector n̂ = n/|n|. Inserting this into the Young–Laplace
Equation (1), one obtains a partial differential equation (PDE) in Cartesian coordinates

∂x

 f (x, y)√
1 + (∂x f (x, y))2 + (∂y f (x, y))2

+ ∂y

 f (x, y)√
1 + (∂x f (x, y))2 + (∂y f (x, y))2

 = −∆p
γ

(4)

for a surface of arbitrary shape, as stated, e.g., in [19].
In the case of a combined pillar–pore structure, cylindrical coordinates (r, ϕ, z) are

appropriate to describe the problem. Therefore, we use the corresponding divergence div
and gradient ∇.

div n̂ =
1
r

∂

∂r
(rn̂r) +

1
r

∂n̂ϕ

∂ϕ
+

∂n̂z

∂z
(5)

∇g(r, ϕ, z) =
∂g
∂r

êr +
1
r

∂g
∂ϕ

êϕ +
∂g
∂z

êz (6)

Analogous to the expression in Cartesian coordinates, g(r, ϕ, z) = f (r, ϕ) − z = 0
defines a surface in cylindrical coordinates and n = ∇g(r, ϕ, z) is a vector normal to the
surface. For the special case of a rotationally symmetric solution, the definition of the
surface simplifies to:

g(r, z) = f (r)− z = 0 (7)

The normal vector n can be found with the gradient:

n = ∇g(r, z) =
∂ f (r)

∂r
êr − êz (8)

|n| =
(

1 +
(

∂ f (r)
∂r

)2
) 1

2

(9)
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The norm |n| can be used to derive the unit normal vector n̂:

n̂ =
n
|n| =

∂ f (r)
∂r

(
1 +

(
∂ f (r)

∂r

)2
)− 1

2

︸ ︷︷ ︸
n̂r

êr −
(

1 +
(

∂ f (r)
∂r

)2
)− 1

2

︸ ︷︷ ︸
n̂z

êz (10)

3. Numerical Methods

To capture the interface shape of a liquid under pressure, one can solve the PDE (4)
numerically, e.g., with the FEM, as done by Zheng et al. [19]. Lobaton and Salamon [11]
used a different approach and solved a Lagrangian evolution problem to obtain the static
interface shape. Both methods assume a fixed three-phase contact line or a fixed contact
angle attached to the hydrophobic solid structure, which then serves as a static boundary
condition for the PDE. To overcome this limitation, one can use a multiphase model that
includes fluid–solid interaction. Such a model makes it possible to calibrate the equilibrium
contact angle that the liquid forms with the solid walls and allows simulation of the flow of
liquid and gas. This is at the cost of increased computational complexity, as the entire fluid
is resolved, whereas in the above methods only the static interface shape is captured.

Mesoscopic models provide accurate solutions for complex 3D micro- and nano-scale
structures. In general, one differentiates between lattice- and particle-based methods [20].
The lattice Boltzmann (LB) framework is a promising approach since it can capture complex
boundary conditions such as rough surfaces [21] and is suitable for parallelization and
GPU-accelerated computations [20,22,23]. It allows simulations in the continuum flow
regime as well as in the slip flow regime [24].

The LB method is a popular method for which a wide range of models exist, capable
of solving non-isothermal flow, evaporation [25], and multiphysics problems where several
physical phenomena are coupled. This includes simulations of fluid–structure interactions,
where the motion of a solid body affects the fluid flow [26,27].

In this work, an isothermal multiphase lattice Boltzmann (LB) method is used to model
the liquid–gas interface. We applied a D3Q27 multiphase LB method with 27 discrete
velocities (ci, i = 0.26) at every lattice point in a 3D space [28] to validate the theoretical
findings. The LB method simulates the evolution of the discrete density distribution
function fi(x, t), which describes the probability of finding a particle at position x with
velocity ci at time t. The time evolution can be written as:

fi(x + ci∆t, t + ∆t)− fi(x, t) = − 1
τ

[
fi(x, t)− f eq

i (ρ, v, x, t)
]

(11)

The term on the right is the Bhatnagar–Gross–Krook approximation of the collision
operator, reflecting the inter-particle collisions in the fluid [29]. The relaxation time τ is
linked to the viscosity of the fluid. In the LB method, the discrete one-body distribution
function fi is relaxed towards a local equilibrium f eq

i . The term on the left represents the
propagation of the density distribution function. In this step, the fis are streamed to their
respective neighbouring cells.

The LB method is usually not simulated with SI units but as a similarity problem.
For our LB simulation, we used the common LB unit convention: the time step (ts)
was set to one, the lattice spacing (∆x) was set to one lattice unit (lu), and the mass
of one fluid particle (m) was set to one mass unit (mu). This way, the LB unit conven-
tion gave ∆t = 1 ts, ∆x = 1 lu, m = 1 mu. Therefore, the speed of sound equalled
cs = 1/

√
3 lu/ts for the D3Q27 lattice. As is typically done for such multiphase LB

simulations, e.g., in Peng et al. [30], for increased stability and faster numerical conver-
gence we chose τ = 1 ts for our simulations. This corresponds to a kinematic viscosity of
1/6 lu2/ts (ν = c2

s (τ − 0.5)∆t).
The Bond number (Bo = ∆ρgL2/γ) describes the ratio of gravitational to capillary

forces [31]: γ represents the surface tension, ∆ρ is the density difference between the liquid
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and gaseous phases, g is the gravitational acceleration, and L is the characteristic length.
In this paper, we focus exclusively on examples with Bo� 1 so that gravitational effects
can be neglected.

The LB method is designed to reproduce the Navier–Stokes equation in the hydrody-
namic limit [28]. Macroscopic quantities such as density and velocity can be calculated by
summing up the discrete populations fi and discrete velocities ci [28].

ρ =
26

∑
i=0

fi (12)

v =
1
ρ

26

∑
i=0

fici (13)

In this case, the guided equilibrium (GE) model proposed in [28,32] was used. Further
implementation details can be found in [18,28,32].

The Shan–Chen multiphase model was chosen [30,33,34]. The interaction between
fluid particles was achieved by including the following force:

F = −Gψ(x, t)
26

∑
i=0

wiψ(x + ci∆t, t)ci (14)

This leads to the non-ideal equation of state shown in Equation (15). The function
ψ(ρ) describes the interaction potential and depends on the density, whereas G describes
the interaction strength between the fluid particles and allows the surface tension to
be adjusted.

p(ρ) = ρRT +
GRT

2
(ψ(ρ))2 (15)

For the interaction between the fluid and solid, the following force is introduced,
with the function s(x) giving 1 for solid nodes and 0 for fluid nodes [30,35].

Fads = −Gadsψ(x, t)
26

∑
i=0

wis(x + ci∆t, t)ci (16)

The parameter Gads correlates linearly with the contact angle α0 for a given G value,
as shown in the contact angle benchmark in [18]. Gads allows tuning the contact angle of
a liquid droplet on the flat solid phase. Therefore, with Gads the hydrophobicity can be
controlled. Implementation details on how the forces are incorporated into the LB method
can be found in [18,30,33,34].

Additionally, a non-slip (bounce-back) boundary condition was employed for the
fluid–solid interaction. Periodic boundary conditions (PBCs) were employed at the border
of the domain. If not stated otherwise, PBCs were used in all directions, x, y, and z.

For the simulations in this work we used G = 180.0, which results in a surface
tension of: γ = 68.45 mu ts−2 in the LB unit convention. Further implementation de-
tails and validation benchmarks for the surface tension calculation can be found in [18].
Since the shape of the CMC surface depends only on the boundary conditions (three-
phase contact line) and q := ∆p/γ [lu−1], it is sufficient to ensure that q and α0 corre-
spond to the real physical problem. Dimensionalization of the problem works as follows:
∆pSI/γSI = qSI = q/∆xSI . Here ∆xSI is the lattice spacing in SI units. The convergence
criterium stated in Equation (17) was fulfilled with ε = 10−8 for all the simulations.

ε ≥ maxx,y,z

( |ρt(x, y, z)− ρt−1(x, y, z)|
ρt−1(x, y, z)

)
(17)

For the simulations, a high-performance computing code was adapted [36]. The code
uses a hybrid CUDA–MPI programming layout that enables it to be executed on several
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NVIDIA GPUs in parallel. In the D3Q27 LB method, the evolution of a 27–distribution
function has to be calculated at each lattice node. This includes three major steps: collision,
streaming, and force calculation. Since the method is explicit and all calculations are local,
multithread parallelization within the GPU can be employed efficiently.

All 3D figures in this work were created using ParaView [37], and all 2D figures were
created using the Python package Matplotlib.

4. Results
4.1. Theoretical Analysis of the Constant Mean Curvature Surface for a Combined
Pillar–Pore Structure

With Equation (10) and the the divergence in cylindrical coordinates (Equation (5)),
the Young–Laplace equation can be expressed in cylindrical coordinates. The origin of the
coordinate system is set in the centre of the pillar. In this work, we theoretically analysed
the CMC problem only for the much simpler rotationally symmetric case. Therefore, the
Young–Laplace equation simplifies to:

div n̂ =
1
r

∂

∂r

r
∂ f (r)

∂r

(
1 +

(
∂ f (r)

∂r

)2
)− 1

2
 =

∆p
γ

=: q (18)

Rearranging and integration yields:

r f ′(r)
(

1 + f ′(r)2
)− 1

2
=

1
2

qr2 + c0 with c0 ∈ R (19)

⇔ r f ′(r) =
(

1
2

qr2 + c0

)(
1 + f ′(r)2

) 1
2 (20)

Finally, one can solve for f ′(r)

f ′+/−(r) = ±
√

(0.5qr2 + c0)2

r2 − (0.5qr2 + c0)2 = ± |0.5qr2 + c0|√
r2 − (0.5qr2 + c0)2

(21)

and one finds two solutions for the original differential equation: f ′−(r) represents a solu-
tion with negative slope and f ′+(r) represents a solution with positive slope.

Assuming the extremum is at r = R > rp, then f ′+/−(r)|r=R = 0 provides the following
expression for c0:

c0 = −0.5qR2 (22)

One can also derive a dimensionless form for f ′+/−:

f ′+/−
( r

R
, qR

)
= ±

√√√√√√
(( r

R
)2 − 1

)2

4
(qR)2

( r
R
)2 −

(( r
R
)2 − 1

)2 (23)

Solving Equation (21) for q gives:

q =
2r
∣∣∣ f ′+/−(r)

∣∣∣√
1 + ( f ′+(r))2|r2 − R2|

> 0 (24)

A geometrical expression for the slope of the function f (r) in terms of α, the angle
between the z-axis and f (r), is given by Equation (25).

f ′+/−(r) = ± tan(α− π

2
) with α ∈ [90◦, 180◦] (25)
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Solving Equation (21) for R, inserting Equation (25), and applying the trigonometric
relation tan(x)/

√
1 + tan2(x) = sin(x), one can derive Equation (26).

R =

√√√√r2 −
2r f ′+/−(r)

q
√

1 + ( f ′+/−(r))
2

=

√
r2 ± 2r cos(α)

q
(26)

For a hydrophobic structure consisting of a cylindrical pore (radius rc) with a pillar
(radius rp) in the centre (see Figures 3 and 4), the solution can be constructed with f−(r) for
rp ≤ r ≤ R and f+(r) for R < r ≤ rc. To ensure continuity, f ′−(r)|r=R = f ′+(r)|r=R = 0 and
f−(R) = f+(R) have to be fulfilled; f−(r) and f+(r) both have their minimum at r = R
and share the same c0 = −0.5qR2. The expression for f ′(r) is then given by:

f ′(r) =
0.5qr2 − 0.5qR2√

r2 − (0.5qr2 − 0.5qR2)2
(27)

The integral of f ′(r) is an elliptic integral. The general form of an elliptic integral is
given by the following equation according to [38]:∫ A(r)

B(r)
√

S(r)
dr (28)

Here A(r), B(r) are polynomials in r and S(r) is a polynomial of degree 3 or 4. For our
case, it holds that A(r) = 0.5qr2 − 0.5qR2, B(r) = 1, and

S(r) = r2 − (0.5qr2 − 0.5qR2)2 (29)

The roots of S(r) are at r1 = (1 +
√

1 + q2R2)/q, r2 = (−1 +
√

1 + q2R2)/q,
r3 = (1−

√
1 + q2R2)/q, and r4 = (−1−

√
1 + q2R2)/q for q 6= 0.

The integral
∫

f ′(r)dr has no expression in terms of elementary functions, since S(r)
has no repeated roots. With a reduction formula, every elliptic integral can be brought
into a form that involves three elementary integrals (elliptic integrals of the first, second,
and third kind) [38]. The software Mathematica [39] can calculate the reduction for our
problem, and one finds that the solution depends on the elliptic integrals of the first and
second kind. Nevertheless, the expression for f ′(r) can be used to derive some interesting
properties. By a simple numerical integration, f (r) can be determined:

f (r) =
∫ r

rp
f ′(r̃)dr̃ + zp = I(r) + zp (30)

An interesting family of solutions are those with identical contact angles at rp < R
and r∗ > R. This condition can be expressed by the following equation:

| f ′(r)|r=rp | = | f ′(r)|r=r∗ | (31)

Solving for c0 leads to
c0 = −0.5qrpr∗ (32)

Combining Equations (22) and (32) yields the following expression for the mini-
mum’s location:

R =
√

rpr∗ (33)

This shows that the minimum’s location for this specific case is independent of the
contact angle.
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Let αp and αc be the respective contact angles between the liquid and the pillar/pore
wall. Combining Equation (26), evaluated at r = rp, and Equation (33) gives:

R =
√

rpr∗ =

√
r2

p −
2rp cos(αp)

q
(34)

⇒ r∗ = rp −
2 cos(αp)

q
(35)

Equipped with this solution, we can now derive an expression for the critical (liquid
entry) pressure of a combined pillar–pore structure. For q = 0, the liquid–gas interface is
flat. With increasing pressure, a torus-like meniscus starts to form (see Figure 3). The contact
angles between liquid and pillar wall (αp) and liquid and pore wall (αc) begin to increase.
In the beginning, water touches neither the pillar’s lateral surface nor the pore wall. If
the liquid does not wet the pillar and the pore wall it holds | f ′+(r)|r=rc | < | f ′−(r)|r=rp |,
it follows that αc < αp. For a certain q1, the equilibrium contact angle is reached at the
pillar (αp = α0); the contact angle at the pore wall is, for this state, still smaller than the
equilibrium contact angle (αc < α0). This state is plotted in Figure 4a; r∗ is marked only as
an aid line for visualisation purposes but is not part of the actual solution.

10 15 20
r [lu]

−3

−2

−1

0

1

z
[lu

]

αp αc

rp = 10 lu

R =
√
rpr∗

rc = 21.04 lu

r∗(q1) = 22.86 lu

f−(r)

f+(r)

(a)

10 15 20
r [lu]

−3

−2

−1

0

1
z

[lu
]

αp

αc

rp = 10 lu

R =
√
rpr∗

rc = r∗(qc) = 21.04 lu

f−(r)

f+(r)

(b)
Figure 4. Sketch of an intrusion of liquid into the pillar–pore structure. Solid is shown in dark blue,
liquid in red, and gas in light blue, and the equilibrium contact angle is at α0 = 130◦. Subfigure (a)
shows a situation for q1 = 0.10 lu−1, αp = 130◦, and αc < 130◦; r∗ is solely marked as an aid line for
visualisation purposes but is not part of the actual solution. Subfigure (b) shows the situation right
before the break through with qcrit = 0.12 lu−1, αp = 130◦, αc = 130◦, and r∗ = rc; f−(r) and f+(r)
form the liquid–gas interface. R is the location of the minimum, rp is the pillar radius, and rc is the
pore radius.

As the pressure increases further and q exceeds q1, liquid begins to slide down the
pillar wall. As long as αc < α0, no water will wet the pore wall. While the liquid contact
point at the pillar wall slides down, the contact angle at the pore wall increases and R
shifts towards rp. This process continues until the contact angle at the pore wall reaches
the equilibrium contact angle (αc = αp = α0). At this point, r∗ = rc (see Figure 4b), which,
inserted in Equation (35), yields:

qcrit =
−2 cos(α0)

rc − rp
(36)
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In this critical state, a complete breakthrough occurs and the LEP (qcrit) is reached.
Expressed in terms of ∆pcrit and γ, one gets:

∆pcrit =
−2γ cos(α0)

rc − rp
(37)

The location of the minimum in the critical state is

Rcrit =
√

rprc (38)

For q ≥ 2/(rc − rp), water will always intrude into the pillar–pore structure, indepen-
dent of the hydrophobicity of the solid. In the limit of rp = 0, we find the well-known
equation for the LEP of a cylindrical pore (see Equation (2)).

Using the force-balance approach of Zheng et al. [19], one can directly derive the
expression of the LEP, but without gaining any information about the shape of the liquid–
gas interface.

Fz = ∆pcrit (πr2
c − πr2

p)︸ ︷︷ ︸
cross sectional
area of pillar–
pore structure

+γ (2πrp + 2πrc)︸ ︷︷ ︸
three-phase
contact line

length

cos(α0)︸ ︷︷ ︸
projection

along z-axis

= 0 (39)

With the third binomial formula, one gets the following:

∆pcritπ(rc − rp)(rc + rp) = −2γπ cos(α0)(rp + rc) (40)

Simplification leads again to Equation (37).

One can also generalise this for the case where the pillar and the pore material have
different equilibrium contact angles, α

p
0 and αc

0, respectively. In the critical state, it holds
that at location rp, α = α

p
0 , and at location rc, α = αc

0. Combining these two conditions with
Equation (26) gives:

R2
crit = r2

p +
2rp cos(αp

0 )

qcrit

= r2
c −

2rc cos(αc
0)

qcrit
(41)

Solving Equation (41) for qcrit, one can derive a generalised expression for the LEP of
the pillar–pore structure:

qcrit = −2
rp cos(αp

0 ) + rc cos(αc
0)

r2
c − r2

p
(42)

Inserting Equation (42) into Equation (26) with r = rp and α = α
p
0 , one can derive a

generalised form for R in the critical state.

Rcrit =

√√√√r2
p +

rp cos(αp
0 )(r

2
c − r2

p)

rp cos(αp
0 ) + rc cos(αc

0)

=

√√√√ rprc(rc cos(αp
0 ) + rp cos(αc

0))

rp cos(αp
0 ) + rc cos(αc

0)
(43)
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The location of the minimum in the critical state depends on the two equilibrium
contact angles. For the special case α

p
0 = αc

0 = α0, the cosines cancel out and one finds
again Equation (38). Combining Rcrit and qcrit gives:

c0,crit = −0.5qcritR2
crit =

rprc(rc cos(αp
0 ) + rp cos(αc

0))

r2
c − r2

p
(44)

4.2. Numerical Calculation of the Constant Mean Curvature Surface and the Liquid Entry Pressure
with the Lattice Boltzmann Method
4.2.1. Single Circular Pillar with Periodic Boundary Conditions

As a validation benchmark, we simulated a single pillar with periodic boundary
conditions in the x- and y-directions and a closed boundary in the z-direction. At z = 0 lu,
the domain boundary was closed with a slice of solid voxels, as well as on the opposite side
of the domain at z = 149 lu. The total domain size was 200× 200× 150 lu3 (see Figure 5).
These boundary conditions mimic a domain with periodically repeated pillars, as shown
in Figure 2. The domain was initialized partly with water density and partly with gas
density. Initially, the water was already surrounding part of the pillar and filled the entire
upper part above the pillar. The simulation was then run until a static equilibrium state
was reached. For the equilibrium state, the contact angle around the pillar was equal to
the equilibrium contact angle and therefore the pressure difference between liquid and gas
corresponded to the critical pressure calculated with Equation (3) from Zheng et al. [19].

(a) (b)
Figure 5. (a) Solid domain structure with a single round pillar with PBC in x- and y-directions and a
closed boundary in z-direction. At z = 0 lu, the domain boundary was closed with a slice of solid
voxels, as well as on the other side of the domain at z = 149 lu. Boundary at z = 149 lu is not
shown for better visibility. (b) Example of the density field after convergence of the multiphase LB
simulation. Equilibrium state of the liquid (in red) for rp = 20 lu and α0 = 156.61◦. Gas and solid are
not shown for better visibility.

As can be seen in Figure 6, we found that our LB simulations produced results which
were in good agreement with the predictions from Equation (45) from Zheng et al. [19].

qZheng
crit =

∆pcrit
γ

= −2πrp cos(α0)

P2 − πr2
p

(45)

The value of qcrit from the LB simulation in Figure 6 was calculated with the equation
of state (15) and qcrit = (p(ρl)− p(ρg))/γ. Here ρl is the density field of the liquid phase
and ρg is the density field of the gas phase from the LB simulations; p(ρl) and p(ρg)
represent the mean values of the liquid and gas pressure fields, respectively. This pressure
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variation across the same phase emerges from the spurious velocities at the interface typical
for this class of models. To reduce this effect, pressure values close to the interface were
omitted. For more information on spurious currents, see Section 5. The errors for qcrit in
Figure 6 are based on the standard deviation of the pressure field within each phase.
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(c)
Figure 6. Values of qcrit for three different equilibrium contact angles and three different rp values
with P = 200 lu. Comparison between the LB results and Equation (45) from Zheng et al. [19].
In (a), α0 = 156.61◦; in (b), α0 = 129.51◦, and in (c), α0 = 102.40◦.

4.2.2. Combined Pillar–Pore Structure

To validate our findings in Section 4.1, we ran 3D LB simulations. The upper boundary
of the domain at z = 0 lu as well as the lower boundary at z = 149 lu were closed with
a slice of solid voxels. In the centre we placed a cylindrical pore with radius rc = 99 lu
and a cylindrical pillar with radius rp = 20 lu. The heights of the pillar and the pore were
h = 90 lu. Above and below the pillar–pore structure was void space (see Figure 7). The to-
tal domain size was 200× 200× 150 lu3. For the simulations, the pillar and pore material
had identical surface properties and therefore had the same equilibrium contact angle.

The domain was initialized partly with water density and partly with gas density.
Initially, the water already filled part of the pillar–pore space and the entire upper part
above the pillar–pore structure. The simulation was then run until a static equilibrium state
was reached.
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rc
rp

(a)

rc rp

z

(b)
Figure 7. Geometry of the combined pillar–pore structure: (a) top view and (b) side view. Solid is in
red and void space in blue.

In an equilibrium state, the contact angles at the pillar wall and the pore wall will
reach the equilibrium contact angle α0. This is analogous to a droplet on a flat surface,
for which the contact angle also becomes the equilibrium contact angle α0 for the static
state. The pressure difference will exactly be the critical pressure difference predicted by
Equation (36) (see Figure 8).

Figure 8. Liquid–gas interface within a combined pillar–pore structure. Example of the density field
after convergence of the multiphase LB simulation for α0 = 156.61◦, rp = 20 lu, rc = 99 lu, and a
domain size of 200× 200× 150 lu3. Liquid is in red; gas and solid are not shown for better visibility.

Based on α0, pill radius rp = 20 lu, and pore radius r∗ = rc = 99 lu, we used
Equation (36) to compute qcrit analytically and compared it to the LB simulation results (see
Table 1); qLB

crit from the LB simulation was again calculated with qcrit = (p(ρl)− p(ρg))/γ.
The results are displayed in Table 1.
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Table 1. Comparison between the LB simulation results and Equation (36). Respective qcrit values
for rp = 20 lu, rc = 99 lu, and three different equilibrium contact angles. The error in parentheses
was calculated based on the standard deviation of the pressure field within each phase. The last row
shows the absolute deviation between LB simulation and theory.

Gads −80.0 −180.0 −280.0
α0 (◦) 156.61 129.51 102.40

qLB
crit (lu−1) 0.02461 0.01781 0.00762

(0.00042) (0.00047) (0.00035)
Equation (36) qcrit (lu−1) 0.02324 0.01610 0.00544

deviation (lu−1) 0.00137 0.00171 0.00218

To compare the shape of the interfaces with the LB simulation results, we numeri-
cally integrated Equation (27) with c0 = −0.5qrprc and q = qLB

crit to obtain f (r). These
results are plotted together with the LB simulation results in Figure 9. For the numerical
integration, we used the cumulative trapezoid method from the python3 package scipy
(version 1.9.1) [40] with 1× 104 points.
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(c)
Figure 9. Shape of the liquid–gas interface for three different equilibrium contact angles. For a
pillar radius of rp = 20 lu and a pore radius of rc = 99 lu. Cross-sections through x = 99 lu of
the 3D density field from the multiphase LB simulation. The liquid is visualized in red, the gas in
light blue, and the solid in dark blue; f (r) shows the results based on the integral of Equation (27).
In (a), α0 = 156.61◦, in (b), α0 = 129.51◦, and in (c), α0 = 102.40◦.

To quantify the difference in the interface shape between the LB simulation and f (r)
from Equation (30), we calculated the normalised root mean square deviation (NRMSD)
given in Equation (46). The lattice points right next to the solid walls were omitted because
the boundary condition disturbs the density field close to the walls.

NRMSD =
100 %

zmax − zmin
×

√√√√∑rc−2
j=rp+2[zIF,LB(j)− f (j)]2

rc − rp − 3
(46)

First, we extracted the location of the liquid–gas interface (IF) from the LB simulation
results. Based on the two-dimensional slice of the density field (ρj,k) shown in Figure 9 and
the linear interpolation given in Equation (47), we were able to calculate the z positions of
the liquid–gas interface from the LB simulations (zIF,LB).

zIF,LB(j) = k +
ρc − ρj,k

ρj,k+1 − ρj,k
with ρj,k < ρc < ρj,k+1 (47)
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Here ρc = 0.5× (ρl + ρg) describes a critical density that defines the liquid–gas inter-
face, j ∈ [0, 1, . . . , 99] is the position on the lattice in the r-direction, and k ∈ [0, 1, . . . , 149] is
the position on the lattice in the z-direction.

zp =
∑rc−2

j=rp+2[zIF,LB(j)− I(j)]

rc − rp − 3
(48)

The integral I(r) in Equation (30) can be solved numerically, but zp = f (rp) must also
be determinant. To compute zp, we used Equation (48), which minimizes the NRMSD in
Equation (46). The results are shown in Figure 10.

20 40 60 80 100
r [lu]

30

40

50

60

70

80

z
[lu

]

zIF,LB

f(r)

R =
√
rprc

(a)

20 40 60 80 100
r [lu]

40

50

60

z
[lu

]

zIF,LB

f(r)

R =
√
rprc

(b)

20 40 60 80 100
r [lu]

45.0

47.5

50.0

52.5

55.0

z
[lu

]

zIF,LB

f(r)

R =
√
rprc

(c)
Figure 10. Shape of the liquid–gas interface for three different equilibrium contact angles: f (r) shows
the results based on the integral of Equation (27), and zIF,LB is the position of the interface predicted
by the LB simulation. In (a), α0 = 156.61◦, NRMSD = 1.53 %; in (b), α0 = 129.51◦, NRMSD = 0.98 %,
and in (c), α0 = 102.40◦, NRMSD = 2.76 %.

5. Discussion

In this paper, we have derived an analytical expression for the liquid entry pressure
of a combined pillar–pore structure and found good agreement with the predictions of
the LB method. In all cases, the predictions for qcrit by the LB simulations were larger
than the values predicted by the analytical analysis (see Table 1 and Figure 6). The largest
deviation for qcrit was found for the smallest equilibrium contact angle (α0 = 102.40◦; see
Table 1). We identified three main sources of error. One error originates from the numerical
limitations of the multiphase LB simulation, which was estimated by the standard deviation
of the pressure field within each phase. This error in the pressure field originates from the
spurious currents close to the interface that are typical for pseudo potential multiphase
models [41]. This error could be minimized by an improved LB multiphase model and/or
a higher resolution, which increases the computational cost of the simulation. Possible
improvements are multi relaxation time [42] or entropic [43] LB models. A detailed discus-
sion of contact angles in the pseudo-potential lattice Boltzmann modelling can be found
in [17]. Changing model parameters such as the G parameter could also lead to smaller
spurious currents and reduce the perturbation in the pressure field. However, this can only
partially explain the deviation between the values of qcrit reported in Table 1. Other sources
of error are the equilibrium contact angle calculations and the surface tension calculations
based on benchmarks to calibrate the model. These systematic errors explain why we
found consistently higher values in Table 1 and Figure 6 for the LB results compared to
the theory. Moreover, the cos(α0) dependence of qcrit (see, e.g., Equation (36)) explains
why the biggest error was found for the smallest equilibrium contact angle in Table 1.
The equilibrium contact angle calculation can have an uncertainty of several degrees, and
for values close to 90◦, this error is amplified much more since the cosine has its largest
derivative at 90◦. Error propagation gives ∆qcrit = |2 sin(α0)/(rc − rp)|∆α0. For more
information on the equilibrium contact angle and surface tension calculations for the LB
simulation results, see [18]. The shape of the interface and the location of the minimum
calculated with Equations (30) and (38), respectively, agree very well with the predictions
of the LB simulation. The NRMSD of the interface shape lies, for all three test cases, below
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3 %, where the largest deviation was found, again, for the smallest equilibrium contact
angle (See Figures 9 and 10).

In this paper, we only considered the case for which the cylindrical pore and the pillar
have the same height. However, the reasoning in Section 4.1 can be applied in a similar
way to a structure for which the pillar height exceeds or falls below that of the pore height,
so that Equation (42) is universally applicable to any hydrophobic rotationally symmetric
pillar–pore structure. Moreover the presented pillar–pore structure case can serve as a
benchmark for the development and validation of numerical multiphase models.
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Abbreviations

CMC Constant mean curvature
PDE Partial differential equation
∆pcrit Liquid entry pressure (LEP)
γ Surface tension
q ∆p/γ

rp Pillar radius
rc Pore radius
R Location of the minimum
αp Contact angles between the liquid and the pillar wall
αc Contact angles between the liquid and the pore wall
α0 Equilibrium contact angle between liquid and solid
P Pitch pillar (periodicity in x- and y-directions)
Ac Area of the periodically repeated cell (Ac = P× P)
A Top area of the pillar (A = πr2

p)
l Perimeter of the pillar (l = 2πrp)
n̂ Unit normal vector of the liquid–gas interface
LB lattice Boltzmann
NRMSD normalised root mean square deviation
p Pressure
ρ Density
ρl Liquid density
ρg Gas density
F Force
∆x Lattice spacing
∆t Time step
m Fluid particle mass
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Gads LB parameter to tune the equilibrium contact angle
G LB parameter to control the fluid–fluid interaction strength
τ Relaxation time
ν Kinematic viscosity
cs Speed of sound
g Gravitation acceleration
v Velocity
ci Discrete lattice velocity
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