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X. INTRODUCTION
Consider the linear differential equation:

x = A(t)x (1)

where A(t) is an n * n continuous matrix function.
The object of this study is the stability of the trivial solu­
tion.

For the estimate of the solutions, W.A. Coopel gave the 
formula :
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where
V is positive definite Hermetian and

* y
X - X the conjugate transposed of x.

Examp le 1 Let be -1 0
4 -

0 -2

In this case, of course, lim\x(t)\=0 which can be prooved 

with Coppel's estimate too because у (4) - -1.

Example 2 Let be
4 -

-1 0

- 2

, then

lim jr(t)| - 0 nevertheless y (4 ) > 0.
£->-oo

Coppel's estimate is, generally, not good enough. This is the 
problem I am going to treat. 2

2, ONE SOLUTION OF THE PROBLEM
I have found that transforming the variable x the 

estimate can be improved.

Suppose the system (1) is asymptotically stable.

Let be K(t) a continuously differentiable, positive definite, 
Hermitian matrix function and v(tsx) a Lyapunov function 
such that
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*
V ( t } X )  = X  V(t)x ,

a 2 |x|^ <_ v ( t j x )  <_ 32 |x|^ ,

• 2
V  ̂  J (tjX) <_ -y2 |x I

Now we choose a continuously differentiable regular 
matrix function such that

V - W* W.

Note : IW 1 (£)| is bounded.

The transformation

y = W(t) X

carries (1) into a new system:

У = C{t) у

and applying Coppel's formula for this case:

\Ht) 2\\W(to)~2\ 1 e

t t
- /  у ( -C (x )dx  7y(C(x)dx

t1ШЧ| - îvii 0
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where
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if in the definition of y we use the Euclidean norm.
(Inversely: from а ргоиег transformation matrix Wit) we can 
get a positive definite quadratic Lyapunov function v it,x) = x* W* Wxs 
the derivative of which alonge the solution of (1) is negative 
definite.)

3, FURTHER IMPROVEMENT OF THE METHOD
The transformation matrix can be restricted to a part of

the unterval it .»] and a countable set of transformationо
matrices can be chosen in the following way:

tо < tj < VVc\]
-4̂

Ьг •* * '

I .г = it . iг-1 - V  '
-P<1 II Vf V*. 1

bi-i '

иSi h ct) x if t 6 Ti '

where W .it) is continuously differentiable, regular in !..
Ъ

This kind of transformation has proved to be more efficient 
tnan applying only one continuously differentiable, regular 
imatrix function Wit) in the whole interval Zt^,œ ).

Examp le 3

Let be A it)
0 1 

-1 -pit)

t >‘ o ,

p it) >_ 0 ; pit) is continuous.
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For lower estimate Copnel's formula is very good.

CO
If / p(t)dt < 00 then Ъгт |x(t)| > 0.

t f-»-00о

For upper estimate the formula is very rough:

uM(t)) = 0

and so the only fact what can be stated is that
|x(£) I <_ \x(tß) \ for t _> t .

With proper transformations (see below) I could prove 
the following

Theorem :

Let be 0 < 6 . < 1 and 0 < e .г г

0 < p (t) < in ifг
t 6 J .. and Ő .г г

where ki
I .го = I . \  U I ..г \  y=1 гс

some constants such that

< p(t) <-í- if t e i io 
г

i i 0 if J 0 l
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then

implies

At . >го

|x (t .) I-----1---  <
I

where

and

к .гAt . - At . - 3 E At . . > 0го г гл
3=1

1
> Ат . . - т . .1-J > 0.

Coro t £ary

The asymptotical stability holds if

í < p(t) < t for 1 < t < t. t —  c — — o —

For proving the theorem I applied the following matrices

where

D .г

W . = D . M .г г г
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M .г
q . 14 г

-1 q .4 г

»

With these:

I Wi W w T 1 I = - qt and

- 7  6 •
V (W. A (t) W f 1) < - -± if

6 г 1 P(*> 1 t :
г

or

Vi(WiA{t)Wi 2) < -1 if

0 <_ p ( t ) < 6^ .

= *M(t) V. 2)Is Is
Applying (2)(considering that in this case C (t) 
we have the proof of the theorem.



For proving the corollary we need only to choose I. in
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the following way:
t . n+4 

 ̂i > 1 - 4 e

where 0 < e < 1/4 is arbitrary and - г for every i.
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