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Analytical prediction of stress and strain in adhesive 
tube-to-tube joints under thermal expansion/contraction
Haotian Liua, Justin A. Weibelb, and Eckhard A. Grolla

aSchool of Mechanical Engineering, Purdue University, Ray W. Herrick Laboratories, West Lafayette, 
Indiana, USA; bSchool of Mechanical Engineering, Purdue University, West Lafayette, Indiana, USA

ABSTRACT
Adhesive joints are widely applied and studied for various 
industrial applications. The interest in adhesive joints has 
expanded to include heating, ventilation, air conditioning, and 
refrigeration (HVAC&R) systems having a significant number of 
joints employed for manufacturing. This study investigates an 
analytical modeling approach for predicting joint stress and 
strain distribution under static loading with thermal strain. 
A review of modeling techniques identified the need to develop 
a joint analytical model under loading conditions representative 
of HVAC&R applications. The details of the model, governing 
equations, assumptions, boundary conditions, and solution 
techniques are first reported. The model is validated via com
parison to existing results before performing parametric studies 
to provide insights on the influences of thermal expansion and 
inner tube pressure on possible failure. It is found that the joint 
overlap length plays an important role in stress distribution, 
while the adhesive thickness has less impact. Overall, the results 
indicate that static loading failure is not likely a concern for 
joints in HVAC&R systems, but the thermal strain and stress 
induced by temperature fluctuations must be carefully consid
ered. This modeling effort establishes a framework that can be 
used to generate criteria and instructions on designing adhesive 
joints across different HVAC&R
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1. Introduction

In heating, ventilation, air conditioning, and refrigeration (HVAC&R) sys
tems, a large number of tube-to-tube joints are used in manufacturing and 
assembly processes. Recently, there has been an increased interest in finding 
alternative joining techniques to ease the installation of complex vapor com
pression systems, such as supermarket refrigeration or variable refrigerant 
flow (VRV) air conditioning systems. This interest is heightened by the use 
of potentially flammable or mildly flammable alternate refrigerants that are 
more efficient and environmentally friendly. Adhesive tube-to-tube joints 
have potential energy and cost saving benefits compared to brazing, with 
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additional advantages including freedom in design and safe field installation 
with flammable refrigerants. However, the reliability of adhesive joints under 
loading conditions representative of HVAC&R systems has not been thor
oughly studied. Considering the diversity of operating conditions and applica
tions that HVAC&R systems present, it is very challenging to build physical 
test stands to explore all possible adhesive joint geometries and boundary 
conditions. Modeling tools are necessary to simulate their performance and 
potential failure.

Adhesive joint modeling tools are typically built with inputs being the 
known properties of the adhesive, as provided by the manufacturer. Due to 
the wide use of structural adhesive joints across many applications, prediction 
of adhesive joint strength, stress distribution, and failure has drawn massive 
attention over the decades. Given the variety of different joint geometries, 
many different modeling and solution methods are provided in the literature. 
Stress and strain predictions are most commonly used to investigate the joint 
safety and reliability. These analyses examine the equilibrium of the joints with 
stress–strain and compatibility equations. Solving the set of governing equa
tions thereby developed can be done either analytically or numerically; both 
techniques are reviewed in the following discussion. The specific scope and 
novelty of the current study is to build a comprehensive model for tube-to- 
tube joint geometries where not only the static loading is considered, but also 
the effect of thermal expansion under a temperature change. The developed 
model can thereby provide the basis for the design of the new adhesive joints, 
formulating equivalent strength limits, and predicting the failure of the joints. 
The model can also be used to design new adhesive joints and new fittings, as 
well as to optimize the geometry for different size fittings.

Adhesively bonded tube-to-tube joints are commonly encountered in engi
neering applications, and there are several seminal structural analyses con
sidering different loading conditions, assumptions, and geometries. One of the 
earliest models for tube-to-tube joints was developed by Lubkin and 
Reissner.[1] However, over the past several decades since, research on tube- 
to-tube joints in the technical literature is considerably less compared to 
planar geometries such as single- or double-lap joints.[2]

Several analytical models have been developed to predict the normal and 
shear stress distributions in the adhesive layer of tube-to-tube joints under 
various loading conditions. Lubkin and Reissner[1] studied joints under axial 
loading only, considering an axisymmetric configuration with several assump
tions used for flat single lap joints. The governing differential equations were 
then constructed using equilibrium equations and stress–strain relations. 
Results were reported in terms of normalized shear and peel stresses for 
various specific cases with no explicit solution provided. Terekhova and 
Skoryi[3] and Pugno and Carpinteri[4] used similar approaches and assump
tions as Lubkin and Reissner[1] to further study the effects of internal pressure 
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and the variation of tube cross-sections, respectively. Shi and Cheng[5] pro
posed a different model that considered thick-tube walls (adherends), also 
under axial loading only, providing a wider range of applications. The model 
was built in cylindrical coordinates using the equilibrium equation and com
patibility equations. A closed-form solution was not explicitly reported, but 
two numerical results were given.

Considering the effect of adhesive thickness further complicates the predic
tions. Nayeb-Hashemi et al.[6] investigated the behavior of tube-to-tube joints 
under axial and torsional loadings and considered the variation of shear stress 
across the adhesive thickness. Nemeş et al.[7] and Nemeş and Lachaud[8] 

proposed a model considering a complex stress state with non-isotropic 
behavior of the tubes. The shear and hoop stresses in the tubes were both 
variables over the thickness, within both the tubes and adhesives. The authors 
conducted parametric studies and reported how the stresses changed with 
varying overlap length, thickness, and material properties, but no analytical 
solution was given. Furthermore, Kumar,[9] Kumar and Scanlan,[10] and 
Martinez et al.[11] developed models on the same basis to study different 
formulations and geometries. There are several additional studies that have 
contributed to the literature on analytical modeling of tube-to-tube joints, 
each with similar modeling approaches or loading conditions as those sum
marized above.[12–16]

Another powerful and common tool in predicting the stress field is the 
finite element method (FEM), which has been developed to study various 
adhesive-bonded joints.[17,18] FEM is a numerical method often applied in 
engineering situations that involve boundary value problems for partial differ
ential equations that are otherwise hard to solve analytically. Alwar and 
Nagaraja[19] used FEM to analyze the stresses in tube-to-tube single lap joints 
subjected to torsion. The time-dependent properties of the adhesive are taken 
into account by assuming that the adhesive is viscoelastic. Yadagiri et al.[20] 

also studied the viscoelastic analysis of adhesively bonded joints using FEM. 
Adams and Peppiatt[21] used FEM to calculate the stresses in an adhesive- 
bonded tube-to-tube single lap joint subjected to both axial and torsional loads 
using axisymmetric quadratic isoparametric finite elements. The axial loading 
results were compared with the published closed-form solution from Lubkin 
and Reissner.[1] Goglio and Paolino[2] performed a critical review and assess
ment of the published finite element models for predicting stress distributions 
in adhesive tube-to-tube joints under axial loading and concluded that all the 
models predicted the shear stress correctly, but only the Lubkin and 
Reissner[1] solution predicted the correct peel stress distribution.

Although significant progress has been made in the development of models 
to predict stress and strain in adhesively bonded tube-to-tube joints, an 
approach that focuses on the typical joint geometry and operating conditions 
within HVAC&R systems is still lacking. Most of the previous work has 
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focused on studying the axial or torsional loading, few have considered inter
nal pressure, and none has considered the practical combination of static 
loading with thermal expansion. In order to predict stress and strain under 
these conditions, both analytical approaches and numerical methods must be 
considered.

Analytical approaches require simplifying assumptions to reduce the com
plexity such that the formulated differential equation set can be solved, while 
numerical methods (FEM) provide an approximate estimate of the exact 
solution. In FEM, it is routinely noted that inconsistency in finite element 
results is observed due to overly coarse meshes, driven by the high computa
tional cost. The element type and mesh size need to be carefully selected, as 
discussed by Adams and Peppiatt.[22] In analytical approaches, many of them 
do not result in closed-form solutions (or they are not provided). However, 
analytical solutions are most valuable in providing insight into the stress and 
strain fields. By examining the form of the solution, the relation between the 
stresses and inputs such as geometric sizes, material properties, and loading 
conditions can be more intuitively identified. With the stresses and strains 
available, a subsequent fatigue evaluation can also be processed. Finally, 
compared to numerical approaches, the low computational cost of analytical 
approaches allows broad exploration of the design space with different inputs, 
which can be used to formally optimize or provide design guidance with 
a short turnaround.

Because the goal of the current effort is to better understand the behavior of 
the tube-to-tube joints and provide guidance on design, optimization, and 
reliability analysis, an analytical modeling approach is adopted. In particular, 
as pointed out by Goglio and Paolino,[23] the Lubkin and Reissner[1] model 
predicts both peel stress and shear stress accurately within the adhesive layer 
under the axial loading condition compared with FEM. Thus, this model is 
taken as a starting point and adapted to the more complicated boundary and 
loading conditions as experienced in HVAC&R systems.

2. Model formulation

2.1. Geometry, material, and loading condition

In HVAC&R applications, the joint connecting the two tubes uses either 
a female-to-female coupling or an expanded female tube end. In either case, 
the gap to the female tube diameter determines the adhesive layer thickness. 
Figure 1 shows a detailed schematic of the tube-to-tube joint region with the 
main geometric parameters and material properties labelled. In order to keep 
the model setup more general, the two adherends are allowed to have different 
materials denoted by subscripts 1 and 2 (e.g., r1 and r2 are the radii of the two 
tubes at the midpoint; E1 and E2 are the Young's moduli; and υ1 and υ2 are the 
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Poisson's ratios). The adhesive is the shaded region in between the tubes, 
where r is the radius at the midpoint of the adhesive, Ea is the Young's 
modulus, and Ga is the shear modulus of the adhesive. The overlap area as 
well as the adhesive length is 2l. The axial coordinate x is set to start at the 
center of the adhesive overlap region. A normalized coordinate z is defined to 
start at the left end.

The possible loading conditions are also specified in the most general 
possible setup. The axial force loading the joint is F and no torsion loading 
is applied. The tube has internal pressure of Pin and outside pressure Pout 
(usually atmospheric pressure). The temperature swing imposed for purposes 
of evaluating the effects of thermal expansion is indicated as ΔT.

Before introducing the forces and stresses, several important assumptions 
are discussed. The tubes are modeled as thin shells subjected to axial tension, 
shear force, and bending moments. Both tubes have axial displacement, radial 
displacement, and rotation. The adhesive is treated as an elastic medium as 
a spring layer with shear stresses and peel stresses; the axial stress σx is 
assumed negligible. The adhesive layer is thin such that the stresses are 
constant over the thickness and varying along the axial direction only. There 
is no circumferential shear stress because no torsion is applied to the joints. 
The forces, stresses, and strains should be axisymmetric due to the axisym
metric geometry. In addition, as indicated by Lubkin and Reissner,[1] the 
model developed is representative of stresses in the mid-thickness of adhe
sives. Note that it has been shown that the out-of-plane stresses are slightly 
higher at the interface between the adhesive and substrates.

A 3D view of a section of a single tube, with detailed forces and stresses 
labelled, and the elementary-free body diagrams of the joints are shown in 
Figure 2. In the tubes, the forces per unit length can be grouped into the axial 
(T1, T2), transverse (V1, V2), hoop (N1, N2) directions, and the bending 
moments per unit length are (M1, M2). In the adhesive layer, there are two 

Figure 1. Schematic diagram of the tube-to-tube joint with the key geometric variables and 
material properties labelled.
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Figure 2. 3D view of a section of the tube with forces and elementary free body diagrams of the 
joint with forces and stresses labelled.
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stresses considered, peel σy and shear τxy. Note that due to the axisymmetric 
geometry, any derivative in the circumferential direction will be zero.

2.2. Governing equations

The equilibrium stress–strain relations are examined in this section to form 
a set of governing equations to model the joint.

The axial equilibrium in adherend 1 can be written as: 

r1
dT1

dx
þ rτxy ¼ 0 (1) 

For adherend 2 the axial equilibrium simplifies similarly, noting that the shear 
stress has an opposite sign compared to adherend 1: 

r2
dT2

dx
� rτxy ¼ 0 (2) 

The transverse equilibrium for adherend 1 is: 

r1
dV1

dx
þ rσy þ Pinr1 � N1 ¼ 0 (3) 

For adherend 2 the transverse equilibrium simplifies similarly, noting that the 
pressure and the peel stresses in the adhesive have opposite signs compared to 
adherend 1: 

r2
dV2

dx
� rσy � Poutr2 � N2 ¼ 0 (4) 

The moment balances for both tubes can be written and simplify in a similar 
fashion: 

ðM1 þ dM1Þr1dθ þ τxyrdxdθ
t1

2
¼ M1r1dθ þ V1r1dxdθ (5) 

r1
dM1

dx
� r1V1 þ r

t1

2
τxy ¼ 0 (6) 

r2
dM2

dx
� r2V2 þ r

t2

2
τxy ¼ 0 (7) 

The strain and displacement relations of each adherend can be calculated as: 

εx ¼
ðduþ dxÞ � dx

dx
¼

du
dx

(8) 

εθ ¼
ðr þ vÞdθ � rdθ

rdθ
¼

v
r

(9) 
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As mentioned earlier, due to the axisymmetric geometry, the circumferential 
displacement and strain is zero. The stress–strain relation is given here to 
consider the axial, hoop, and bending deformation. The longitudinal displace
ment (u1, u2) and transverse displacement (v1, v2) can be written in terms of 
the force and thermal strain: 

εx1 ¼
du1

dx
¼

T1 � υ1N1

E1t1
þ α1T (10) 

εx2 ¼
du2

dx
¼

T2 � υ2N2

E2t2
þ α2T (11) 

εθ2 ¼
v2

r2
¼

N2 � υ2T2

E2t2
þ α2T (12) 

εθ1 ¼
v1

r1
¼

N1 � υ1T1

E1t1
þ α1T (13) 

where α1 and α2 are the thermal expansion coefficients of the adherends 1 and 
2. Note that in this model, the temperature change ΔT is considered uniform 
for the entire assembly. The transient process of heat transfer from the fluid to 
the environment, and the resulting temperature gradient within the joints, is 
not considered due to the high thermal conductivity and small thermal mass.

The bending deformation can be written as: 

d2v1

dx2 ¼ �
M1

D1
and

d2v2

dx2 ¼ �
M2

D2
(14) 

where Di is the bending stiffness for the corresponding adherend: 

Di ¼
Eiti

3

12ð1 � υi2Þ
; i ¼ 1; 2 (15) 

The adhesive layer is treated to have both normal stress σy and shear stress τxy. 
It is usually a very thin layer, and thus, bending of the adhesive is not 
considered. It is also assumed that the adhesive follows a stress–strain relation 
with linear elasticity. 

σy ¼
Ea

t
ðv2 � v1Þ (16) 

τxy ¼
Ga

t
ðu2;in � u1;outÞ (17) 

The surface displacements must coincide with those at the midpoint to ensure 
the continuity of the solid for the displacement at the outer diameter of tube 1 
and at the inner diameter of tube 2: 
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u1;out ¼ u1 � ð
dv1

dx
Þð

t1

2
Þ (18) 

u2;in ¼ u2 þ ð
dv2

dx
Þð

t2

2
Þ (19) 

A summary of all the known and unknown parameters are listed below:

• Knowns:
∘ Geometric parameters: r1, r2, r, t1, t2, t
∘ Boundary forces and pressures: Pin, Pout, F
∘ Material properties: E1, E2, υ1, υ2, α
∘ Temperature change: ΔT

• Unknowns:
∘ Stresses: τxy, σy
∘ Force terms: T1, T2, V1, V2, N1, N2, M1, M2
∘ Displacement/strain terms: u1, u2, v1, v2, u1;out, u2;in

There are equal number (16) of equations (1), (2), (3), (4), (6), (7), (10), (11), 
(12), (13), (14), (16), (17), (18), and (19) and unknown variables with all the 
variables as a function of the x coordinate. Hence, the problem can then be 
solved with proper boundary conditions. Moreover, the global axial equili
brium for the joints under the axial force F can be written as: 

2πðr1T1 þ r2T2Þ ¼ F (20) 

For solving purposes, an auxiliary unknown T0 is introduced to satisfy: 

rT0 ¼ r2T2 � r1T1 (21) 

Combined with Eqns. (1) and (2): 

dT0

dx
¼ 2τxy (22) 

In the simplification, τxy is replaced with dT0
dx to reduce the order of the 

differential equation. The mathematical manipulations and variable elimina
tion procedure, detailed in the Supplementary Material section S1, leads to the 
following set of three simultaneous differential equations (23), (24) and (25) 
with three unknowns v1, v2 and T0. With appropriate boundary conditions, 
this set can be solved to then further solve for the stress and strain fields in the 
joint. 

d4v1

dx4 þ 12ð1 � υ2
1Þ

1
r2

1t2
1
þ

rEa

E1t3
1r1t

� �

v1 � 12ð1 � υ2
1Þ

rEa

E1t3
1r1t

v2 � 3
ð1 � υ2

1Þr
E1t2

1r1

d2T0

dx2

� 6
ð1 � υ2

1Þrυ1

E1t3
1r2

1
T0 ¼ �

Fυ1

4πr2
1
þ

E1t1α1

r1
ΔT � Pin

� �
12ð1 � υ2

1Þ

E1t3
1

� � (23) 
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d4v2

dx4 þ 12ð1 � υ2
2Þ

1
r2

2t2
2
þ

rEa

E2t3
2r2t

� �

v2 � 12ð1 � υ2
2Þ

rEa

E2t3
2r2t

v1 � 3
ð1 � υ2

2Þr
E2t2

2r2

d2T0

dx2

þ 6
ð1 � υ2

2Þrυ1

E2t3
2r2

2
T0 ¼ �

Fυ2

4πr2
2
þ

E2t2α2

r2
ΔT þ Pout

� �
12ð1 � υ2

2Þ

E2t3
2

� � (24) 

d2T0

dx2 �
Gar

t
ð1 � υ2

1Þ

E1r1t1
þ
ð1 � υ2

2Þ

E2r2t2

� �

T0 �
Ga

t
t1

d2v1

dx2 þ t2
d2v2

dx2

� �

�
2Gaυ1

tr1
v1 þ

2Gaυ2

tr2
v2

¼
2Ga

t
�

Fð1 � υ2Þ

4πr1E1t1
þ

Fð1 � υ2
2Þ

4πr2E2t2
� ð1 � υ1Þα1ΔT þ ð1 � υ2Þα2ΔT

� � (25) 

2.3. Boundary conditions

The differential equations must be solved under appropriate boundary condi
tions. In HVAC&R systems, the joints at different locations may have different 
boundary conditions. The following boundary conditions therefore reflect the 
most common scenario for joints to seal and connect two tubes without 
significant axial force and torsion.

As shown in Figure 1, where the tube and adhesive layer both end, it is 
evident that the forces and moments must disappear: 

at x ¼ � l; T2 ¼ V2 ¼ M2 ¼ 0
at x ¼ l; T1 ¼ V1 ¼ M1 ¼ 0

(26) 

In the section where the adhesive layer ends but the tube continues, the tubes 
are subjected to bending and shear. The boundary conditions for tubes at this 
transition between the overlapping and non-overlapping areas are not simple 
axial loads and must be found by ensuring the continuity of force, moment, 
displacement, and rotation. As discussed in Goglio and Paolino (2014), the 
results can be derived by deleting the terms related to the adhesive layers or by 
referring to the theory for thin-cylinder shells with bending (Coates, 1930): 

v1;tube ¼ eλ1xðAv1 cos λ1xþ Bv1 sin λ1xÞ �
υ1F

2πE1t1
(27) 

v2;tube ¼ e� λ2xðAv2 cos λ2xþ Bv2 sin λ2xÞ �
υ2F

2πE2t2
(28) 

where λ4
i ¼

3ð1� υ2
i Þ

r2
i t2

i 
and Avi;Bvi are constants to be determined.

The continuity of force, moment, displacement, and rotation at both ends of 
the joints can be written as: 
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Force : V1;tube
�
�x ¼ � l ¼ V1jx ¼ � l; V2;tube

�
�x ¼ l ¼ V2jx ¼ l;

Moment : M1;tube
�
�x ¼ � l ¼ M1jx ¼ � l; M2;tube

�
�x ¼ l ¼ M2jx ¼ l;

Displacement : v1;tube
�
�x ¼ � l ¼ v1jx ¼ � l; v2;tube

�
�x ¼ l ¼ v2jx ¼ l;

Rotation :
dv1;tube

dx

�
�
�
�x ¼ � l ¼

dv1

dx

�
�
�
�x ¼ � l;

dv2;tube

dx

�
�
�
�x ¼ l ¼

dv2

dx

�
�
�
�x ¼ l;

(29) 

where Vi;tube ¼ � Di
d3v1
dx3 , Mi;tube ¼ � Di

d2v1
dx2 and Di ¼

Eit3
i

12ð1� υ2
i Þ
ði ¼ 1; 2Þ.

2.4. Solution method

The original study by Lubkin and Reissner[1] provides no details on the 
solution procedure beyond a remark that the equation set is linear with 
constant coefficients and thus can be solved with standard methods. 
Nevertheless, in the pursuit of an explicit closed-form solution, the high 
order of the set of differential equations is a major practical difficulty. While 
it is possible to achieve approximate solutions without particular difficulty by 
numerical integration, we seek an analytical solution as discussed in the 
introduction. Goglio and Paolino[23] revisit the Lubkin and Reissner[1] 

model and provide a solution method using Laplace transforms. A similar 
solution approach using Laplace transforms is applied in this study, but the 
procedure of finding the partial fraction decomposition is modified to simplify 
the calculation. The solution process is evaluated using Mathematica. The 
algorithm used to solve the set of governing equations is shown in Figure 3, 
where f(z), g(z), and h(z) are three dimensionless functions and z ¼ xþ lð Þ=2l 
is a dimensionless variable such that z ¼ 0 x ¼ � lð Þ at the left end of the 
adhesive and z ¼ 1 x ¼ lð Þ at the right end of the adhesive. The detailed 
expressions of the dimensionless functions and their functions can be found 
in the Supplementary Material section S2.

Figure 3. Flow chart of the solution algorithm using Laplace transforms with boundary conditions.
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The final closed-form solution is summarized as follows with the detailed 
steps that are reported in the Supplementary Material section S2. 

σyðzÞ ¼
F

2πr
Ea

Ga

B2
2

t2

n2;0

d0
�

B2
1

t1

n1;0

d0

� �

þ
F

4πrl
Ea

Ga

X3

i¼1
ðcoshðrjzÞ � ðcσ;i;1 cosðmizÞ

þ cσ;i;2sinðmizÞÞþ sinhðrizÞ � ðcσ;i;3 cosðmizÞ þ cσ;i;4sinðmjzÞÞÞ

τxyðzÞ ¼
F

8πrl

X3

i¼1
ðcoshðrjzÞ � ðcτ;i;1 cosðmizÞ þ cτ;i;2sinðmizÞÞ þ sinhðrizÞ

� ðcτ;i;3 cosðmizÞ þ cτ;i;4sinðmjzÞÞÞ
(30) 

where ri and mi are defined based on the non-zero roots defined in equations 
(S37) in the Supplementary Material and the rest of the coefficients can be 
expressed as: 

cσ;i;j ¼ B2
2

2l
t2

ci;j;2 � B2
1

2l
t2

ci;j;2 i ¼ 1; 2; 3

cτ;2k� 1;j ¼ rici;2k� 1;3 þmici;2k;3 j ¼ 1; 2; 3; 4
cτ;2k;j ¼ rici;2kþ1;3 � mici;2k� 1;3 k ¼ 1; 2

(31) 

3. Results and discussion

3.1. Model validation

The model developed here is based on the previous model by Lubkin and 
Reissner,[1] but with the additional consideration of the effects of pressure and 
thermal expansion. Goglio and Paolino[23] revisited the model of Lubkin and 
Reissner[1] to develop an explicit closed-form solution and analyzed the same 
loading condition with finite element analysis. They compared the original 
solution of Lubkin and Reissner,[1] their explicit closed-form analytical solu
tion, and the finite element analysis solution and concluded that all three 
solutions are consistent.

In this study, the solution method also uses Laplace transforms, as suggested 
by Goglio and Paolino.[23] In order to validate the implementation of the 
current model and its solution method, a validation case using the same 
loading condition as reported in the literature is considered here. Note that 
in the validation case, an externally axial force is given without considering the 
effects of pressure and thermal expansion. The geometric parameters, material 
properties, and axial loading for the validation cases are reported in Table 1, 
which were first studied by Lubkin and Reissner[1] and then reproduced by 
Goglio and Paolino[23] with numerical values reported for the solution. Note 
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that in Dragoni and Goglio,[2] the geometric parameters for r1 ¼ 48:625mm 
and r2 ¼ 51:375mm do not match with the numerical values reported in the 
later validation details. After back-calculation using the results, the values are 
corrected to r1 ¼ 48:75mm, r2 ¼ 51:25mm, as shown in Table 1.

The validation is done by first comparing the key resulting numerical values 
as shown in Table 2. The same values for the initial boundary conditions (write 
symbols here), as well as the coefficients for the final solution (write symbols 
here), are achieved with extremely minimal error attributed to the number of 
significant figures used in the calculation process.

For further verification, an overlay of the normalized stress predictions is 
plotted in Figure 4. As shown, the normalized normal and shear stresses are all 
identically matching with the reported data in the literature, which are solved 
both analytically and using finite element methods as reported in Dragoni and 
Goglio.[2] This demonstrates that the current solution approach successfully 
solves the equation set. Because the model developed is an analytical model, 
with the added internal pressure and thermal stress treated as boundary 

Table 1. Geometric sizes, material properties, and loading conditions of the validation case from 
the literature[2].

Parameters r1 mmð Þ r2 mmð Þ r mmð Þ t mmð Þ t1 mmð Þ t2 mmð Þ l mmð Þ

Values 48.75 51.25 50 0.25 2.5 2.5 12.5
Parameters E1 GPað Þ E2 (GPa) ν1 �ð Þ ν2 ( � ) Ea (MPa) Ga MPað Þ F Nð Þ
Values 200 200 0.3 0.3 1000 375 7854

Table 2. Comparison of the numerical values of the initial conditions at z = 0 of the reported data 
in the literature with the model in this study.

Parameters f0 f0
I g0 g0

I h0
I

Dragoni and Goglio[2] 0.00459 0.02978 0.02384 −0.17159 2.70675
Solver in this study 0.0045952 0.0297451 0.0238371 −0.171582 2.7068

Figure 4. Comparison of the normalized stress field with the Lubkin-Reissner [1] solution and 
Goglio-Paolino solution[23] using the input conditions given in Table 1.
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conditions that only change the constants in the differential equation sets with 
otherwise the same order and coefficients of the unknown variables, the 
developed analytical model and its solution procedure are equally valid.

3.2. Setup of parametric case studies

Using a modeling framework developed and validated, the stresses in tube-to- 
tube adhesive joints are studied for practical operating parameters occurring 
in HVAC systems. There are various possible combinations of material and 
geometries for different such applications. A representative example joint is 
selected matching the geometry of the joints tested in a previously experi
mental study[24] to carry out parametric studies and understand the influence 
of key parameters on the joint performance. The first case study focuses on the 
adhesive geometric design, namely, the overlap bonding length and adhesive 
layer thickness, which are important parameters to determine before using 
adhesive bonds in manufacturing processes. Note that the pressure and tem
perature effects are not considered during this initial variation of the geo
metric sizing. After these geometric variations are explored, a second case 
study investigates the effect of thermal expansion on the stress and strain 
fields.

The baseline case is defined in Table 3, where the geometric parameters are 
measured from the actual joints and the material properties of the adhesive 
(3 M DP420) are collected from the manufacturer’s data. Note that Ea and Ga 
of the selected adhesives were not available, and so the manufacturer suggested 
a similar alternative adhesive (3 M DP460) having these properties available 
from experimental measurements; these properties will provide similar trends 
and guidance on the application of adhesives for HVAC&R system joints. The 
adherend is made of copper, which is the most common material used for 
tubes in HVAC&R systems.

An internal pressure of 30 bars is selected based on the operating pressure of 
typical HVAC&R systems using common refrigerants. The external pressure is 
set to be 1 bar as atmospheric pressure. Among these common refrigerants, 
R410A has a relatively high operating pressure of ~30 bar (~435 kPa) at the 
compressor discharge. There are other refrigerants that operate at much 
higher pressures (e.g., CO2), but these require a corresponding tube material 
with higher strength (e.g., stainless steel). The loading boundary conditions are 

Table 3. Baseline geometric sizes, material properties, and loading conditions of the adhesive joint 
characterized in this study.

Parameters r1 mmð Þ r2 mmð Þ r mmð Þ t mmð Þ t1 mmð Þ t2 mmð Þ l mmð Þ

Values 9.1186 9.9514 9.545 0.1 0.8128 0.8128 4
Parameters E1 GPað Þ E2 (GPa) ν1 �ð Þ ν2 ( � ) Ea (MPa) Ga MPað Þ α 1=Kð Þ

Values 117.2 117.2 0.33 0.33 2135 375 1.7 � 10� 5
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defined specifically for joints in HVAC&R systems that are usually not struc
tural parts and do not have a large external force applied.

Figure 5 shows the force balance in the axial direction with the pressure 
difference across the tubes. The main purpose of these joints is to connect 
components without leakage under the operating pressure. Thus, in the para
metric case studies, the axial force is calculated based on the pressure differ
ence acting on the tubes in the axial direction. 

Fout ¼ Pout � π ðr2þ
t2

2
Þ

2
� ðr �

t
2
Þ

2� �

Fin ¼ Pin� π ðr þ
t
2
Þ

2
� ðr1 �

t1

2
Þ

2� �
(32) 

Nevertheless, in some applications, there may be a different external force on 
these joints (e.g., if they are load-bearing) in the system, and the generality of 
the model would allow for the same analysis as long as the force is along the 
axial direction. In such a case where an additional external force needs to be 
considered, it can be trivially added as: 

F ¼ Fin � Fout (33) 

Figure 5. HVAC&R adhesive tube-to-tube joint axial force balance with pressure difference across 
the tubes.
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3.3. Influence of adhesive bonding overlap length and thickness

For tube-to-tube joints, there are two critical adhesive dimensions that need to 
be determined for a given tube size and materials: the bonding overlap length 
(2l) and adhesive thickness (t). The bonding overlap length 2l is first varied 
over a viable range from 2 mm to 16 mm (compared to the baseline of 8 mm), 
while the rest of the parameters are kept the same. The predicted stress 
distribution in the adhesive layer is plotted along the previously defined 
dimensionless axial coordinate variable z in Figure 6.

It is observed that two peak stresses appear at both ends of the adhesive with 
the maximum stress at location z ¼ 0. Decreasing the bonding length signifi
cantly increases both the maximum shear and normal stresses in the adhesive 
layer. The normal stress profile changes with the bonding length, while the 
shear stress profile stays relatively consistent in shape. With decreasing the 
length, comparing l = 4 mm with l ¼ 2mm, two local minima move to the 
center point and merge as one global minimum, and the compressive stress 
becomes largest at the center point.

In this situation where the joints are not load-bearing components, with 
relatively high internal pressure (30 bars), the magnitude of these stresses is 
very low compared to the adhesive strength (usually >20 MPa). Therefore, 
static loading failure is not a concern for normal operating pressures. In the 
case of external loading where static failure might be a concern, the length 
should be selected such that the maximum stress is smaller than the allowed 
material strength for both normal and shear stress.

The influence of adhesive bondline thickness (t) is studied next while 
keeping the rest of the geometric parameters constant. Note that the model 
assumes that the adhesive is a thin layer without considering bending, which 
limits the applicability of thick adhesive layers. In general, for epoxy-type 
adhesives, a thin layer is always recommended by the manufacturer due to 
the fact that epoxies have been shown to have higher shear strength in 
standardized testing with relatively thin layers (da Silva et al., 2006). Also, 
a thicker bondline may have more voids and pre-cracking in the manufactur
ing process. For example, for DP420 the manufacturer-recommended bond
line thickness is in the range of 0.1 mm to 0.2 mm. Thus, the thickness t is 
varied from 0.06 mm to 0.2 mm in the parametric case study (where the value 
of 0.1 mm is the baseline). In the simulation results, shown in Figure 7, both 
normal and shear stresses stay relatively constant with changing bondline 
thickness; the effect of thickness is much less significant compared to the 
bonding length. In practice, these results suggest that the manufacturer 
recommendation for bondline thickness should be followed.
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3.4. Influence of thermal expansion

Robustness under repeated thermal expansion and contraction is key to joint 
reliability in HVAC&R applications. Large temperature changes are expected 
to occur periodically throughout the life of the system as it cycles on/off or 
changes operating conditions. The current model adds thermal strain due to 
the thermal expansion such that it can capture the influence of temperature 
change on the stress fields in the adhesive layer.

Based on the common operating conditions in HVAC&R systems, the 
change in temperature varies from ΔT ¼ � 100K to þ 100K. An absolute 
temperature change of 100 K is an extreme case that would only happen in 
some start-up and shutdown operations of the system. A positive temperature 
change indicates an increase in the temperature compared to the initial 
temperature, while a negative change indicates a decrease. It is important to 

Figure 6. Variation of stress distributions in the adhesive layer with the change of bonding overlap 
length (2l) plotted against the dimensionless variable z: (a) normal stress; and (b) shear stress.
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consider this when dealing with joints in different locations of the systems. For 
example, considering a vapor compression system working at room tempera
ture, the joints on the condensing side will usually experience a positive 
temperature change, while the joints on the evaporating side will see 
a negative temperature change.

The effect of a temperature change on the stress distributions in the 
adhesive layer is shown in Figure 8. Comparing Figure 8 with Figure 6, first 
note the very different scales for vertical axes showing the magnitude of the 
stress. The thermal–expansion-induced stresses are significantly larger com
pared to the contribution of the internal pressure to the stress field. Due to the 
symmetries in the joint, the thermal–expansion-induced stress fields are 
centrosymmetric around z = 0.5, and both normal and shear stress values at 

Figure 7. Variation of stress distributions with the change of adhesive thickness (t) while keeping 
the axial force constant. The results are plotted against the dimensionless variable z: (a) normal 
stress; (b) shear stress.
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z = 0 that do not change with temperature. Moving away from the center (z = 
0.5) towards both ends (z = 0 and z = 1), thermal expansion has an increasing 
impact on the stress distributions such that the peak stresses appear at both 
ends. These maximum stresses increase as the change in temperature becomes 
larger (such as from 50 K to 100 K in the results shown here). It is worth noting 
that for positive temperature changes, positive values for both stresses appear 
at location z ¼ 1 and negative values for both stresses appear at z ¼ 0. 
A negative temperature change has the opposite influence on the stress fields; 
however, the maximum and minimum stresses are not exactly the same with 
opposite temperature changes due to the pre-existing stress fields from axial 
loading. This behavior is expected as the expansion versus contraction has 
opposite impacts on the thermal strain. Overall, the magnitude of the stresses 
is very sensitive to only small changes in temperature.

Note that the stresses will be different if the joints are used as load-bearing 
structures. In the previous results shown in Figure 6 and Figure 8, the axial 
force is calculated using Eqn. (32) and Eqn. (33) with the parameters given in 

Figure 8. Variation of stress distributions in the adhesive layer with a change of temperature 
(ΔT ¼ � 100Ktoþ 100K) plotted against the dimensionless variable z: (a) normal stress; and (b) 
shear stress.
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Table 3. The axial force due to the internal pressure is only 152 N. A heavily 
loaded case with an axial force of 5,000 N is presented to further illustrate the 
major influence of the thermal stresses at an intermediate temperature change 
of ΔT ¼ �50K, which is realistic and common in HVAC&R systems such as 
in ice makers or frozen storage applications. A summary of the peak stresses at 
both ends of the adhesive joint for low (152 N) and high (5,000 N) axial loads 
is shown in Table 4 with temperature changes from −50 K to +50 K.

Recall that these stresses have two sources, namely, the axial-force-induced 
stress and thermal–expansion-induced stress. At low axial force (F = 152 N), 
the thermal stresses dominate the stress profile with respect to the baseline 
(0 K); the baseline axial stresses induced by pressure alone are close to zero. It 
requires a very high axial force (F = 5,000 N) before both the axial force and 
thermal stress play important roles.

The thermal stresses together with axial force loading can create com
plicated stress distributions. It can be noticed that the maximum normal 
and shear stresses have different values and locations after experiencing 
temperature change. To explain this, several values in Table 4 deserve 
special attention. For example, at F ¼ 150N and ΔT ¼ 50K, the normal 
stress at z = 0 is  12.1 MPa, which is similar to the normal stress at the 
same location at F ¼ 5; 000N and ΔT ¼ 0K: A 50 K temperature change 
can induce the same amount of stress at the same location as an axial 
force of 5,000 N. Depending on the loading condition and location within 
the adhesive, the thermal stress can significantly increase the maximum 
stress, which is especially critical with pre-existing loading as shown in 
Table 4. At F ¼ 5; 000N and ΔT ¼ � 50K, the normal stress at z = 0 
reaches a very high value of 24.5 MPa, which doubles the value when 
considering the thermal stress and is close to the safe limit on shear stress 
for some adhesives. Both the positive and negative temperature changes, 
as well as the direction of the external loading conditions, must therefore 
be carefully considered in the system design phase.

3.5. Discussion

The above analyses clearly show that, in adhesive tube-to-tube joints, thermal– 
expansion-induced stresses play a critical role in determining the overall stress 

Table 4. Normal and shear stresses at both ends of the joints under various axial forces and 
temperature changes.

F (N) 152 5000

ΔT (K) � 50 0 +50 −50 0 +50
σz¼0 (MPa) 12.1 0.39 −11.4 24.5 12.7 0.94
σz¼1 (MPa) 10.5 0.17 10.8 −4.9 5.7 16.3
τz¼0 (MPa) 3.5 0.45 −2.6 17.9 14.8 11.7
τz¼1 (MPa) −2.6 0.39 3.4 9.8 12.8 15.8
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distribution. Variations in joint temperatures can significantly change the 
stress distribution. In HVAC&R systems, these large temperature swings will 
occur frequently with typical system operations. Thermal stress and strain 
must be included in the stress analysis.

Note that additional model validation should be conducted through experi
mental investigation as future work. The usefulness of this analytical model 
depends on whether the applied boundary conditions are realistic reflections 
of what would occur in adhesive joints in HVAC&R applications. This can 
only be investigated with experimental measurements of the stress and strain 
in the joints within these applied settings for subsequent comparison to the 
model predictions.

Fatigue failure can occur with stress cycling at values much lower than the 
static strength limit. If the system experiences temperature cycling, these 
thermally induced stresses will appear cyclically. The most accurate method 
to predict the failure of adhesives is the evaluation of crack initiation and crack 
propagation. However, the material behavior of adhesives, especially the 
fatigue crack growth, must be obtained using costly and time-consuming 
experiments. For example, the cohesive zone model requires accurate mea
surements to define the traction-separation behavior. It is extremely difficult 
to measure some of the required input parameters such as the initial displace
ment δ0, failure displacement δf , and fracture toughness G, which are not 
readily available properties for many adhesives. It is also critical to check that 
no pre-existing defect below the detectable size will grow during the lifetime of 
the joints, further complicating this approach. Alternatively, the model frame
work developed here can be combined with damage growth methods such as 
Paris’ Law, where the needed input parameters, Δσy;max and Δτxy;max under 
cyclic temperature changes,[25] can be retrieved from the model to provide 
guidance for reliability design for thermal fatigue without exhaustive testing.

4. Summary and conclusions

In this study, an analytical model for predicting normal and shear stress 
distributions in the adhesive layers of tube-to-tube adhesive joints is devel
oped, validated, and applied to parametric case studies. A classical model for 
this situation is modified to add the influence of thermal expansion and 
contraction, which is necessary due to the constantly changing temperatures 
in HVAC&R systems. A solution process using Laplace transforms is imple
mented to provide an explicit closed-form solution. The solution is validated 
against published data from the literature, and an exact match is achieved.

Applying the developed model to tube-to-tube joints, the relation between the 
joint stress and strain distributions and critical geometric and operating para
meters was probed. In particular, parametric case studies investigated the 
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influence of the adhesive overlapping length, adhesive bondline thickness, and 
temperature change experienced by the joints. Several key conclusions can be 
drawn:

● The peak stresses usually appear at both ends of the adhesive where failure 
may happen. Decreasing the bonding length will largely increase the 
maximum stress for both the shear and normal stresses in the adhesive 
layer. On the contrary, adhesive layer thickness plays a less important role 
in determining the stress fields and the manufacturer recommended 
thickness should be followed.

● Thermally induced expansion and contraction play a critical role in the 
determination of the stress distributions of adhesive joints, especially in 
HVAC&R systems that will have large temperature swings. Based on the 
existing loading, even a small temperature change can cause significant 
stresses. The positive and negative temperature changes should be con
sidered individually. From both static and fatigue failure perspectives, 
thermal expansion must be considered in the joint stress analysis.

In summary, this paper reports the first tube-to-tube adhesive joint model of 
stress and strain distributions aiming to consider the working conditions of 
HVAC&R applications. All of these results provide a detailed guidance for the 
use of adhesive joints across different applications and locations in HVAC&R 
systems. The model serves as a framework to evaluate and compare the 
performance of different adhesives, as long as the adhesive properties can be 
determined as inputs.
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