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ABSTRACT

RESOURCE ALLOCATION IN SUBSIDY WELFARE
PROGRAMS: MANAGERIAL INSIGHTS FOR

NONPROFITS, GOVERNMENTS, AND SERVICE
PROVIDERS

SEPTEMBER 2023

WEI WEI

B.Sc., HEFEI UNIVERSITY OF TECHNOLOGY

M.Sc., FORDHAM UNIVERSITY

Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST

Directed by: Professor Senay Solak and Professor Priyank Arora

Subsidy welfare programs provide financial assistance to economically disadvan-

taged individuals and families to access essential and life-altering services (e.g., edu-

cation, child care, and housing) that they might not otherwise have access to. Access

to these services is considered critical to achieving a better and more sustainable

future for all. As such, these high-quality services are directly related to several

United Nations Sustainable Development Goals, which were adopted as “a universal

call to action to end poverty, save the planet and improve the lives and prospects of

everyone, everywhere.” In particular, the need for these affordable and high-quality

services has been underscored during the COVID-19 pandemic to facilitate a safe and

robust reopening of the economy. Inspired by this, in this dissertation, we construct,

vii



analyze, and analytically solve a spectrum of resource allocation problems involv-

ing different participants within subsidy welfare programs, including local nonprofit

organizations, government agencies, private service providers, and individuals and

families. The models we construct aim to help different participants make better op-

erational decisions that enable the generation of the most effective and/or equitable

social outcomes under these programs. The dissertation consists of three studies

addressing these decisions.

In the first study, we consider operational challenges faced by a local nonprofit or-

ganization that administers and manages the operations of a subsidy voucher program

within its service area. Specifically, motivated by a child care subsidy voucher pro-

gram, we develop an analytical model that incorporates details of the subsidy voucher

offer process and that captures the challenges faced by a Child Care Resource and

Referral Agency (CCR&R, a local nonprofit organization) when allocating funds for

its outreach and provider services activities. We analyze how a CCR&R should allo-

cate its limited funds between these two types of activities to ensure equitable access

to child care across the different regions of its service area. We show that it might

be optimal for the CCR&R to invest more funds in outreach in the region with a

lower proportion of income-eligible families. This is especially true when: the ex-

ternal considerations (e.g., public transportation and infrastructure) in that region

have a greater impact on a family’s acceptance propensity; the marginal return of

investment in outreach in that region is higher and abundant funds are available; the

socioeconomic distress experienced by families in that region is significantly higher;

or a large amount of funds is earmarked for outreach in that region. We contextualize

our study for a CCR&R in Massachusetts and conclude that the proposed investment

decisions can improve equity outcomes by 7.0%.

In the second study, we examine operational challenges faced by a government

agency in a subsidy voucher program. Specifically, we delve deeper into another

viii



important complexity within the subsidy voucher programs by studying how a gov-

ernment agency should allocate funds among several local nonprofit organizations. In

a typical subsidy voucher program, a government agency (say, the funding agency)

provides funds to multiple local nonprofit organizations (say, the service agencies) in

order to enhance the accessibility and quality of subsidized services for beneficiaries

residing in their local service areas. These service agencies invest in activities within

their areas to generate social impact for beneficiaries by enhancing the quantity and

quality of services at local providers. The funds allocation decisions in such a program

are complicated by consideration of equity in social impact generated across different

areas, intricate relationships among contextual factors in social impact generation,

and information asymmetry between different entities. Considering that additional

funds may become available for only one area, we develop a model to analyze how the

funding agency’s funds allocation decisions lead to the most overall social impact in

an equitable manner. Our analysis shows how the funding agency should incorporate

the within-area factors in addition to the between-area factors in its optimal alloca-

tion decisions. For instance, the funding agency should allocate more funds toward

an area when it has a relatively balanced mix of subsidy-accepting and non-accepting

providers, or outreach activity is more likely to yield a higher investment return and

it has fewer non-accepting providers. Also, comparing the resulting outcomes under

the equity-ensuring method with those under different funding methods, we find that:

While an efficiency-focused method leads to a higher total social impact, it could lead

to significantly high levels of inequity across the areas. Further, although a simple

formula-based method could achieve greater total social impact while not severely

sacrificing equity in certain situations, the equity-ensuring method always eliminates

inequity while not severely sacrificing the total social impact under a wide range of

values of contextual factors. Finally, using a case study based on Massachusetts’ child

care subsidy program, we illustrate that the proposed optimal decisions achieve equity
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while enhancing overall social impact by approximately 3% versus current allocation

decisions.

In the third study, we investigate operational challenges faced by a government

agency in designing subsidy welfare programs and program participation decisions

faced by service providers. Specifically, we help a government agency make a selec-

tion decision between two types of subsidy welfare programs–the subsidy voucher pro-

grams and the contracted slot programs. Although both programs are service-based

and rely on the involvement of service providers for service delivery to the benefi-

ciaries, they create social impact through different mechanisms. Under the subsidy

voucher programs, beneficiaries have access to services from a large number of service

providers (including a mix of high- and low-quality providers). Whereas, under the

contracted slot programs, beneficiaries have access to services only from high-quality

providers (even if at a fewer number of service providers). Since the government’s goal

is to deliver high levels of quantity and quality of services to the beneficiaries, which

are both influenced by the service providers’ participation decisions (based on their

payoff-driven objectives), the government’s mechanism selection decision becomes

non-trivial. We develop a game-theoretical model setup to analyze how contextual

factors impact the service providers’ participation decisions in these two programs.

Considering the interrelationship between service providers’ decisions and contextual

factors under each type of subsidy program, our analysis shows that providers are

more willing to participate in the program when: the reimbursement rate is relatively

high and the cost of managing the program is relatively low. Further, we compare the

two programs in terms of the societal outcomes generated for the beneficiaries of the

programs. To do so, we conduct numerical analysis using the child care context in

Massachusetts and identify conditions under which the level of societal outcomes un-

der a contracted slot program outperforms a subsidy voucher program or vice versa.

For example, a contracted slot program generates higher societal outcomes than a
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subsidy voucher program when: there are relatively more high-quality providers, and

they have a relatively high capacity; the reimbursement rate in the contracted slot

program is relatively high, and the demand for the high-quality providers’ services

in the private market is relatively low; or low-quality providers’ capacity is relatively

high, and the demand for the high-quality providers’ services in the private market

is relatively low. However, we find that the subsidy voucher program generally out-

performs the contracted slot program when we evaluate the two programs based on

the societal outcomes per total reimbursement expenditure by the government.

As one of the first few research studies to consider resource allocation in subsidy

welfare programs, we help nonprofit organizations, government agencies, and for-

profit service providers improve their operational decisions in order to benefit the

beneficiaries of the programs. The results of this dissertation are expected to offer

managerial insights to the participants within the subsidy welfare programs, increase

equity, efficiency, and sustainability of the programs, and benefit society at large.
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CHAPTER 1

INTRODUCTION

1.1 Background on Subsidy Welfare Programs

Subsidy welfare programs play a critical role in fostering sustainable societal

growth. Under these programs, economically disadvantaged individuals and fami-

lies receive subsidies (i.e., monetary support that subsidizes fees at partnering ser-

vice providers) that enable them to afford and access life-altering services, such as

education, health care, child care, and housing. Through increasing stability, self-

sufficiency, and skill levels of beneficiaries, these programs ensure sustainable growth

for individuals and society. The U.S. federal and state governments spend a total of

approximately $670 billion annually to fund various subsidy welfare programs (Urban

Institute 2020, Department of Housing and Urban Development 2021). According to

the latest census data, over 20 percent of the U.S. population is estimated to have

participated in at least one subsidy welfare program (U.S. Census Bureau 2015),

with reports indicating that these programs have halved the U.S. poverty rate in the

past century (Trisi and Saenz 2019). Further, access to high-quality services is a

key enabler for several United Nations Sustainable Development Goals (UN SDGs),

which were adopted as “a universal call to action to end poverty, save the planet

and improve the lives and prospects of everyone, everywhere.” These goals include

no poverty (SDG #1), quality education (SDG #4), gender equality (SDG #5), and

reduced inequalities (SDG #10), among others.

Types of Subsidy Welfare Programs: In practice, subsidy welfare programs can

be classified into two different types: (i) subsidy voucher programs, under which
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beneficiaries who are offered a subsidy voucher can use it to cover a fixed amount of

service fees at any voucher-accepting service providers that best suit their needs, and

(ii) contracted slot programs, under which governments contract with service providers

who guarantee a certain number of slots for eligible beneficiaries, and beneficiaries who

are offered a contracted slot must use it to access services at a particular contracted

slot provider (Matthews and Schumacher 2008, Adams et al. 2021, Bipartisan Policy

Center 2021).

Among all subsidy welfare programs, subsidy voucher programs constitute a sub-

stantial portion of the overall portfolio (Schumacher et al. 2003). For example, let

us consider child care subsidy welfare programs. Overall, the federal and state gov-

ernments spend more than $20 billion to fund child care subsidy welfare programs

annually. Approximately 90% of these funds are used to provide assistance to income-

eligible (IE) families through subsidy voucher programs, enabling monthly care for

over 1.4 million children (Rachidi 2017, Government Accountability Office 2019a).

Operations under Subsidy Voucher Programs: For reasons involving the conve-

nience of managing operations at a local level and delegating day-to-day operations

of these programs to agencies with local knowledge, subsidy voucher programs are

organized in a bilevel structure (Isaacs et al. 2015, Government Accountability Of-

fice 2019b). In a typical subsidy voucher program, a government agency (say, the

funding agency) provides the financial resources to multiple local nonprofit organi-

zations1 (say, the service agencies) in order to enhance the accessibility and quality

of subsidized services for beneficiaries residing in their local areas. For example, in

a typical child care subsidy voucher program, the state Department of Early Educa-

tion and Care (i.e., the funding agency) provides funds to local Child Care Resource

1Throughout the dissertation, we use the term nonprofits to refer to these organizations. In the
literature, the term NPOs is also commonly used for nonprofit organizations. Further, we use the
terms government and government agency interchangeably.
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and Referral Agencies (i.e., the service agencies) to help beneficiaries in their re-

spective service areas. Likewise, in a typical rental subsidy voucher program, the

state Department of Housing allocates funds to multiple local Public Housing Agen-

cies. The service agencies utilize the allocated funds to invest in a range of activities

to encourage and support local service providers (such as child care providers and

landlords) in delivering high-quality life-altering services to the beneficiaries of the

subsidy voucher programs. Examples of investments made by the service agencies

to support providers include hiring staff to provide assistance with accreditation and

billing-related paperwork, arranging training sessions for business and professional

development, and conducting community outreach activities.

Operations under Contracted Slot Programs: Under the contracted slot programs,

the government agency contracts directly with the service providers. Generally, ser-

vice providers must meet certain requirements (e.g., quality standards) in order to

secure a contract. Further, service providers commit to allocating specific numbers of

slots from their capacity to serve beneficiaries in the programs. Due to this commit-

ment, under many contracted slot programs, participating service providers receive a

higher reimbursement rate than voucher-accepting providers. For instance, contracted

slot providers in Georgia receive a reimbursement rate that is 50% higher than that

of voucher-accepting providers (Morrisey and Workman 2020). Consequently, con-

tracted slot providers are able to recruit and retain qualified staff in order to improve

or maintain their quality levels (Dorn 2020). Regarding subsidy recipients, unlike

those in subsidy voucher programs who have the freedom to choose any provider that

accepts vouchers, recipients of contracted slots are obligated to utilize the slot at the

designated provider when it becomes available.

In this dissertation, we study three novel operational problems related to subsidy

welfare programs. The first two studies are based on the subsidy voucher programs,

whereas the third study is based on subsidy voucher programs and contracted slot
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programs. In the remainder of this chapter, we introduce the background, motivation,

and research questions for each problem.

1.2 Resource Allocation by Service Agencies in Subsidy Vou-

cher Programs

This section provides an overview of the background, motivation, and research

questions for the first study, which is conducted in Chapter 3. In this study, we ex-

amine the resource allocation problems faced by a service agency in a subsidy voucher

program. As mentioned previously, subsidy voucher programs are implemented in var-

ious domains, such as housing, child care, and education. For ease of exploration, we

describe the resource allocation problem using the child care domain. Subsequently,

in Section 6.1.2, we illustrate how this resource allocation problem can be generalized

to other domains.

Child care is an important intervention for early childhood development and pro-

vides valuable support to families with young children (Richter et al. 2017). Past

research has shown that providing access to high-quality child care can help improve

the long-term outcomes (e.g., educational attainment, earning capacity, and reduced

anxiety and depression) of children from economically disadvantaged backgrounds

(Barnett and Masse 2007, Herbst 2017). Increasing the accessibility of child care

helps parents in low-income families maintain employment or attend school, which

in turn helps them break the cycle of poverty and contribute to the economy (Hart-

mann et al. 2003). While access to child care has these far-reaching positive effects

on children, families, and society, it is prohibitively expensive throughout the United

States (U.S.). On average, families in the U.S. spend $10,000 per year on child care,

which forms as high as 60% of their annual income (CCAoA 2018). Unable to ac-

cess affordable child care, approximately two million parents in the U.S. are forced

to make career sacrifices every year, leading the U.S. economy to lose $28.9 billion
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in wages annually (Schochet and Malik 2017, CCAoA 2018). To help people balance

the demands of work, school, and parenting, the federal and state governments in the

U.S. provide support to IE families through child care subsidy voucher programs.

For the administration and management of day-to-day operations of child care

subsidy voucher programs, almost all the state governments in the U.S. (specifically,

47 states and the District of Columbia) partner with local service agencies. These

service agencies are typically referred to as Child Care Resource and Referral Agen-

cies (CCR&Rs). CCR&Rs are state-funded nonprofits tasked with providing services

to IE families and child care providers in their designated areas. A typical CCR&R

provides the following services: adding families that are in need of subsidized child

care to a centralized waitlist; completing paperwork for families that are issued sub-

sidy vouchers; increasing the supply of child care providers; supporting providers to

ensure high-quality care; and collecting, analyzing and disseminating child care data,

among others. A CCR&R offers an available voucher to IE families on the waitlist

on a first-come, first-served (FCFS) basis.

1.2.1 Operational Challenges Faced by Service Agency

Several practitioner reports emphasize the need to address the low quantity and

low quality of voucher-accepting providers in order to ensure that eligible families are

able to access subsidized child care (Pilarz et al. 2016, Ullrich et al. 2019). Within the

context of these supply-related concerns, the fact that IE families are often unable

to accept offered vouchers is noteworthy (CCAoA 2018). Two principal factors cause

this inability to accept vouchers. First, a low number of voucher-accepting providers

that best suit IE families’ practical needs leads to a low propensity of IE families

accepting the offered vouchers. For instance, some providers may not operate during

nontraditional hours, despite the high level of need for child care during such hours

among IE families (Anderson et al. 2003). Also, immigrant IE families without cars
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are less likely to enroll at providers outside their neighborhoods (Greenberg et al.

2016). Second, research has found that, since continuity and stability of child care

are important factors for IE families, they often decline subsidy vouchers due to

potential administrative hassles or errors (Speirs et al. 2015, Isaacs et al. 2016). For

instance, Isaacs et al. (2016) state that a reduction of hassles faced by IE families

at child care providers can significantly increase the chances that eligible families are

able to accept offered vouchers.

Unable to accept the offered subsidy vouchers, such IE families continue to bear

an avoidable financial burden. This burden could take the form of having to give up

a job or drop out of school, using savings or retirement funds, or borrowing money

at high-interest rates to cover child care (Marshall et al. 2013, Banerjee et al. 2017).

Further, Malik et al. (2018) report a 3% lower maternal labor force participation

in areas that have an insufficient number of voucher-accepting providers because

mothers who would otherwise be able to accept and use vouchers cannot re-enter

the workforce. These studies underscore how IE families’ inability to accept available

vouchers adversely impacts society by exacerbating economic and gender inequalities.

To reduce these negative impacts on IE families and society, CCR&Rs undertake

two types of supply-enhancing activities: outreach and provider services. As part

of outreach, CCR&Rs invest funds in various activities to increase the number of

voucher-accepting providers across different regions within their service areas. The

rationale of this approach is that the greater the number of voucher-accepting child

care providers in a specific region, the more likely an IE family in that region will have

access to a provider that suits their needs. The outreach activities can include identi-

fying and collaborating with local stakeholders, creating public-private partnerships

that stimulate local provider participation in subsidy voucher programs, and organiz-

ing events to inspire corporate voices to speak up for promoting voucher acceptance

among local providers.
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As part of provider services, CCR&Rs dedicate funds to reduce several potential

administrative and ancillary challenges that may prohibit parents from using a sub-

sidy voucher at voucher-accepting providers. CCR&Rs can signal and ensure better

delivery of child care at voucher-accepting providers in their areas by offering several

provider services (Pilarz 2018). These services can include the following: assisting

providers with accreditation and quality improvement programs; conducting central-

ized training sessions for providers on health and safety, child development, and effec-

tive business practices; creating professional development opportunities for providers’

workforce; and purchasing technological or software tools to streamline administra-

tive processes such as reimbursements. Although these provider services require a

significant upfront investment, they potentially benefit all the affiliated providers at

a negligible additional investment. For instance, developing an online information

repository, organizing webinars by industry experts on quality improvements, or pur-

chasing a software package to automate exchange of information with providers will

require a significant amount of investment by a CCR&R; however, this support will

significantly improve service delivery at all providers in its area (e.g., see Illinois De-

partment of Human Services 2017). So, while the investment in provider services is

typically made at a service area level (unlike the regional outreach investment), its

positive benefits accrue across all regions in the area.

However, as with most nonprofits, CCR&Rs have a limited amount of funds to al-

locate to these two types of activities. The levels of investments dedicated to regional

outreach and provider services activities influence the supply (in terms of quantity

and quality) of voucher-accepting providers, which leads to disparities in access to

subsidized child care for the IE families residing in different regions of the service

areas (Chaudry et al. 2011, Pilarz et al. 2016). For example, within the Western

Massachusetts service area, the ratio of the number of voucher-accepting child care

providers to the number of children on the waitlist differs greatly across different re-
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gions, with Hampshire County having the highest ratio (0.28) and Western Worcester

having the lowest ratio (0.08). Further, research finds that residents and businesses

in certain localities (e.g., ones with higher educational levels, stronger shared iden-

tities, or close-knit communities) are more pro-social and, thus, are more likely to

help in community projects (Putnam 2001, Bierhoff 2005). As a result, the marginal

benefit of funds invested in outreach in those localities may be higher than in other

localities. Moreover, there are region-based differences in the socioeconomic burden

of distress faced by IE families when they are unable to accept offered subsidy vouch-

ers. For example, Smith and Adams (2013) find that families in rural regions face

more challenges and pay more when making child care arrangements than their urban

counterparts.

1.2.2 Motivation & Research Questions

Equity or fairness is a measure that reflects the notion that “rewards, punish-

ments, and resources should be distributed according to a combination of different

criteria: merit, need, equality, and procedural” (Leventhal 1980a). Ideally, a CCR&R

will split its budget to offer provider services in its service area and to conduct out-

reach in the regions within the service area, such that an IE family in any region

can accept the offered voucher to access subsidized child care (see, for example, the

CDBG Act of 2014 and the report by National League of Cities 2017). However, as

noted above, families are often unable to accept offered vouchers, and the probability

of acceptance may differ from one region to the other. This leads to disparities in the

distress experienced by IE families across different regions when they are unable to

accept offered subsidy vouchers. Thus, from an equity perspective, the allocation of

the CCR&R’s funds for provider services and outreach should minimize this inequity

in distress experienced by IE families. The presence of various regional asymmetries–

including transportation infrastructure and regulatory environment, marginal return
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of outreach investment, and distress experienced by families–complicates the alloca-

tion decisions, and it becomes important to answer the following research questions:

(i) What are the optimal levels of investment by a CCR&R toward outreach and

provider services activities that minimize the inequitable societal burden across dif-

ferent regions of its service area? ; and (ii) How is this optimal allocation affected by

activity- and region-specific characteristics?

1.3 Resource Allocation by Funding Agencies in Subsidy Vo-

ucher Programs

This section provides an overview of the background, motivation, and research

questions for the second study, which is presented in Chapter 4. While the first study

is motivated by and developed within the domain of child care, the management of

subsidy voucher programs is similar across various domains (e.g., housing, child care,

and education) from the perspective of the funding agencies in different domains. As

mentioned earlier, the funding agencies allocate funds to their local service agencies

who make investment decisions in activities within their service areas to assist local

service providers and beneficiaries (e.g., CCR&Rs in the child care subsidy voucher

programs, which are studied in Chapter 3). In light of this, building upon the first

study, the second study in this dissertation examines the resource allocation problem

at a higher level from the perspective of a funding agency and investigates its funds

allocation decisions among multiple service agencies.

1.3.1 Operational Challenges Faced by Funding Agency

The funds allocation decisions by the funding agency and the investment decisions

by the service agencies generate a positive impact on the beneficiaries and society by

making essential services at local providers accessible and affordable to the eligible

beneficiaries. Naturally, a higher budget would allow a service agency to generate

9



a greater social impact in its coverage area by enhancing the quantity and quality

of providers who deliver services to beneficiaries. However, due to the limited funds

available to the funding agency (Hamm 2014, Rice 2016), allocating a higher budget

to a particular service agency would limit the availability of funds for all other service

agencies. In addition to the resource constraints, based on our conversations with

practitioners and our reviews of the relevant reports, we learned that several other

complexities make it challenging for the funding agency to decide how to allocate its

scarce funds among the multiple service agencies. We explain the key complexities

faced by the funding agency below.

The first complexity stems from the growing attention within these programs on

ensuring equity in the social impact created across different service areas. Typically,

given the one-to-many structure of the funds allocation problem under study (i.e.,

one funding agency working with many service agencies), the funding agency (which

is at the upper level) aims to ensure that the most social impact is generated across

all areas, whereas the service agencies (which are the lower level) use the allocated

funds to maximize the social impact generated in their respective service areas. In

recent years, funding agencies are increasingly aiming to ensure equity in the out-

comes generated across different areas (e.g., Metropolitan Area Planning Council

2017, Hardy et al. 2018, Banghart et al. 2021). During our conversations with the

Massachusetts Department of Early Education of Care, we learned that this con-

sideration of “geographic equity” is an important concern for the funding agencies

when making operational decisions, such as funds allocation decisions. Further, in its

recommendation to the funding agencies on utilizing scarce resources toward welfare

programs, the United Nations states that “policies that allow for the equitable tar-
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geting of resources...are needed” (UNICEF 2015).2 This growing attention on equity

consideration in operational decision-making within these programs necessitates that

the funds allocation problem must take into account the distinct goals targeted by

the different entities–that is, impact-maximization by the funding agency while car-

ing about equity across all service areas, versus impact-maximization by the service

agencies in their respective areas.

The second complexity stems from the service focus of these programs. In contrast

to directly distributing food or medical supplies to beneficiaries, the service agencies

generate social impact for the beneficiaries through the provision of essential services

(in exchange for subsidies) at the partnering local service providers. In that regard,

the service agencies have the opportunity to influence the level of social impact gen-

erated in their areas by enhancing the number of service providers who are willing to

accept beneficiaries enrolled in the subsidy programs, as well as the quality of service

provided by the subsidy-accepting providers to the beneficiaries. As a result, it be-

comes critical for the funding agency to take into account the differences in the social

impact based on the types of activities undertaken by the service agency (e.g., see

different outcomes of quality-adjusted life-years under HIV treatment and prevention

activities presented in Walensky et al. 2007), and based on different targets of each

supply-enhancing activity (e.g., see differences in the number of providers accepting

versus not accepting subsidies in Garboden, Rosen, Greif, DeLuca and Edin 2018,

Department of Health and Human Services 2019). In other words, the service focus

necessitates the funding agency to explicitly include relationships between various

contextual factors in its social impact generation function.

2Equity is a measure that reflects the notion that “rewards, punishments, and resources should
be distributed according to a combination of different criteria: merit, need, equality, and procedural”
(Leventhal 1980b).
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The third complexity arises from an information asymmetry between the entities

at different hierarchical levels. The information asymmetry we focus on relates to

the availability of financial funds, which is the central focus of the resource allocation

problem under study. The funding agency provides budgets to the service agencies

from funds made available by the legislative body for the planned horizon of the

subsidy welfare program. However, in practice, there is a chance that additional

funds could be approved by the related legislative body at some instance in the future

during the planned horizon (Cameron et al. 2005, Lynch 2020, Department of Health

and Human Services 2021, Maine Department of Health and Human Services 2023).

Further, we learned from practitioners that the funding agency, which is at the upper

level, is typically closer to the legislative body; hence, it possesses more information on

the availability of these additional funds. Whereas the service agencies, which are at

the lower level, possess limited to no such information. As a result, it is important to

incorporate this asymmetry in information about the availability of such additional

funds when the funding agency distributes its initial funds, and when the service

agencies make their initial investment decisions. Moreover, these additional funds

generally come with stipulations on their use, such as restricted for use in a particular

service area only (e.g., Lynch 2020) or activity only (e.g., Maine Department of Health

and Human Services 2023), which adds further complications to the funding agency’s

funds allocation problem.

1.3.2 Motivation & Research Questions

Despite the aforementioned complexities, many funding agencies allocate funds

to service agencies using relatively simple formulas which combine service area re-

lated information. Specifically, under these formula-based methods, the amounts of

funds made available to different service agencies are calculated based on a simple

or weighted sum of proportions of multiple between-area factors (National Research
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Council 2001, Dilger and Boyd 2014). These factors include the number of eligible

beneficiaries, the number of local service providers, and the implementation cost of

service activities, among others. Formula-based methods are popular mainly for their

simplicity and ease of use. However, several researchers point out that these methods

do not fully capture the distinct objectives of agencies at multiple levels and cannot

completely reflect the intricate relationship between different contextual factors that

impact the generation of social impact (Sargrad et al. 2020). Instead, these scholars

encourage the funding agency to utilize scientific means of fund allocation by em-

ploying optimization tools (Epstein et al. 2005). Even practitioners and government

executives underscore the need to utilize mathematical models for the distribution of

intergovernmental funds. For instance, the U.S. Department of Housing and Urban

Development recognizes “optimizing service delivery and decision-making” as one of

its strategic goals (Department of Housing and Urban Development 2019).

Inspired by the call for developing scientific tools for the allocation of funds in

subsidy welfare programs and based on learnings from our close interactions with

practitioners (e.g., the Massachusetts Department of Early Education and Care), we

study the funds allocation problem by incorporating all of the complexities discussed

above. In particular, we take the perspective of a funding agency to answer the

following two research questions: (i) In a subsidy welfare program, how should the

funding agency distribute its limited funds among various service agencies in order

to maximize overall social impact while ensuring equitable outcomes across all areas?

and; (ii) How do the societal outcomes under our optimization-based equity-ensuring

method compare with those under other funding methods (specifically, one that focuses

only on efficiency and not on equity and another that is based on a proportional

formula)?
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1.4 Mechanism Selection for Subsidy Welfare Programs: Co-

ntracted Slots vs. Vouchers

This section provides an overview of the background, motivation, and research

questions for the third study, which is presented in Chapter 5. The first two studies

of this dissertation are based on a widely-popular and widely-used subsidy welfare pro-

gram, namely, subsidy voucher programs. As mentioned previously, subsidy welfare

programs are also offered as contracted slot programs. In contrast to subsidy voucher

programs that offer beneficiaries access to a large number of subsidized slots at a wide

spectrum of service providers (in terms of quality of service offered), contracted slot

programs ensure beneficiaries access to only high-quality subsidized service through

government contracting with service providers that offer high quality of service and

reserve a fixed number of subsidized slots.

The practical evidence shows that the selection between the subsidy voucher pro-

grams and contracted slot programs varies across different state governments (Rachidi

2017). For example, let us consider child care subsidy programs. While most state

governments in the U.S. (specifically, 31 states) serve all their beneficiaries through

subsidy voucher programs, California serves almost 40% of its beneficiaries through

the contracted slot programs (Department of Health & Human Services 2019). How-

ever, there is little work that can help a government scientifically select between the

two programs. Therefore, in the third study, we compare a subsidy voucher program

with a contracted slot program, examine service providers’ participation decisions in

each program, and study a government’s selection decision between the two programs.

1.4.1 Operational Complexities in Designing Subsidy Welfare Programs

While both subsidy voucher programs and contracted slot programs contribute to

positive social impact by providing economically disadvantaged individuals and fam-

ilies with affordable access to essential services (e.g., education, housing, and child
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care), the government faces a complex decision when selecting which type of the pro-

grams to implement and how to implement (Weber and Grobe 2014, Bipartisan Policy

Center 2021). This complexity arises from the fact that the underlying mechanisms

through which the government can create the social impact for beneficiaries are quite

distinct across the two programs.

The subsidy voucher programs create social impact by mainly offering a large num-

ber of service providers to the beneficiaries. This is because many service providers

are willing to participate in the subsidy voucher programs, which is due to two main

reasons. First, in the subsidy voucher programs, service providers serve beneficiaries

only when they have a vacancy. Therefore, the providers have the assurance that their

underutilized capacity (i.e., vacancies) could be filled by the beneficiaries using the

voucher. Second, voucher-accepting providers receive support from governments to

manage day-to-day coordination and engagement activities in the programs, including

help with the reimbursement procedures, training sessions, and technical assistance,

which reduces their administrative burden and costs of working with voucher-using

individuals and families. Although subsidy voucher programs can lead to a high

quantity of services (by virtue of no restriction on what type of service provider can

participate in the programs) to the beneficiaries, the delivered services in these pro-

grams can range from high to low quality (by virtue of the participation of both high-

and low-quality providers).

The contracted slot programs are an alternative to the subsidy voucher programs

wherein the government could ensure a high quality of service delivery to beneficia-

ries, albeit at fewer service providers. This is achieved by requiring service providers

to meet high-quality standards in order to participate in the contracted slot pro-

grams. By implementing this requirement, low-quality service providers are excluded

from the program, thus ensuring that beneficiaries receive services from high-quality

service providers. While contracted slot programs ensure that a high quality of ser-
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vices is offered to the beneficiaries, these programs might attract fewer participat-

ing service providers, which can be attributed to the following two main reasons.

First, contracted slot programs impose additional requirements on providers that

could be cost-prohibitive for some providers to meet (Schneider et al. 2017). For

instance, providers in these programs must allocate staff time and resources to apply

for and manage contracts. Additionally, providers awarded contracts must use the

state’s centralized subsidy waitlist to identify eligible families for their contracted

slots. These requirements lead to enhanced costs for service providers, which are in

addition to their typical operational expenses. Such cost burdens could discourage

service providers from participating, especially when the private market is very lu-

crative for these providers. Second, providers in contracted slot programs commit

to allocating specific numbers of slots from their capacity that will be reserved for

serving beneficiaries in the programs. This requirement of reserving a portion of their

capacity introduces inflexibility to their operations, which could impact their ability

to serve private market demand. Consequently, providers may be hesitant to allocate

many slots to these programs.

Irrespective of the type of subsidy welfare program, the government’s primary

goal is to ensure a high level of both quantity and quality of service in the sub-

sidy welfare programs (e.g., CCDF Act 45 CFR Part 98). Given that both types of

programs–subsidy voucher programs and contracted slot programs–lead to different

levels of quantity and quality of subsidized assistance to beneficiaries, which in turn

implies different levels of generated social impact, it becomes critical for the govern-

ment to select the type of subsidy program wisely. Moreover, since service delivery to

the beneficiaries relies on the involvement of service providers in subsidy welfare pro-

grams, the government’s selection decision is further complicated by service providers’

(privately-optimal) participation decisions. In essence, the number of participating

service providers and the quality level of these participating service providers directly
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impact the quantity and quality levels of services received by beneficiaries. This

implies that several key program-related and non-program-related factors interrelate

with the service providers’ participation decisions and the government’s mechanism

selection decision. Take reimbursement rate, for instance. At a higher reimbursement

rate, more service providers are willing to participate in both subsidy welfare pro-

grams (Schneider et al. 2017, Morrisey and Workman 2020); however, the degree of

improvement in social impact may be quite distinct in these two programs because

of the differences in underlying mechanisms through which the reimbursement rate

impacts the providers’ payoffs and participation decisions. Additionally, since these

service providers primarily serve private market demand, the private market charac-

teristics may also influence service providers’ participation decisions. For example,

market-related factors, including market prices, demand for service providers’ ser-

vices in the private market, and competition in the market, could play a key role in

providers’ decisions to participate in the programs (Turner 2003, Garboden, Rosen,

DeLuca and Edin 2018), and these factors may affect participation decisions differ-

ently across the two program types.

1.4.2 Motivation & Research Questions

As discussed above, a mechanism selection problem in this context should take

into account service providers’ participation decisions, which determine the level of

quantity and quality of service delivered to the beneficiaries in the subsidy welfare

programs. Our reviews of the related literature and conversations with government ex-

perts reveal that most state governments, in practice, select subsidy welfare programs

without scientifically comparing the resulting outcomes of these two programs by in-

corporating service providers’ participation decisions and examining how program-

and non-program-related factors impact providers’ participation decisions (Katz and

Adams 2015, Rohacek and Adams 2017). Consequently, the lack of scientific com-
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parison and the lack of consideration of participation decisions and related factors

could significantly impact the overall societal outcomes (which is impacted by both

quantity and quality of service provided) generated for the beneficiaries through the

subsidy welfare programs.

Inspired by the need to incorporate and analyze service providers’ participation

decisions in the subsidy voucher programs and contracted slot programs, as well as

to compare the resulting outcomes of these programs, we develop a game-theoretical

model setup to incorporate the features of the programs discussed above and inves-

tigate service providers’ participation decisions in these programs. In particular, we

aim to answer the following research question: (i) How do subsidy program parame-

ters impact service providers’ decisions to participate in each type of subsidy welfare

program? (ii) Under what conditions do the societal outcomes under the contracted

slot programs outperform the voucher programs, or vice versa?
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CHAPTER 2

LITERATURE REVIEW

In this chapter, we introduce the relevant literature on two main topics: (i) the

role of government interventions in subsidy welfare programs; and (ii) nonprofits and

socially responsible operations. Specifically, in the literature on subsidy welfare pro-

grams, we discuss relevant research from two streams: one focusing on government

subsidies in various contexts and the other examining the operational challenges re-

lated to resource allocation decisions within these programs. Regarding the literature

on nonprofits and socially responsible operations, we also discuss two streams: one

involving resource allocation by nonprofits and the other examining supply-side deci-

sions in socially responsible operations. After reviewing the literature on each stream,

we demonstrate how this dissertation can contribute to the existing studies.

2.1 Literature on Subsidy Welfare Programs

In this section, we review relevant literature on subsidy welfare programs involving

two major streams of research. First, we discuss current studies on subsidy welfare

programs conducted in various contexts, as well as the distinctive contributions of this

dissertation. Next, we provide a summary of the operational challenges associated

with resource allocation decisions in subsidy welfare programs and explain how our

study complements the existing literature.

2.1.1 Subsidy Welfare Programs in Various Contexts

Taylor and Xiao (2014), Levi et al. (2017), Yu et al. (2018), Alizamir et al. (2019),

Martin et al. (2020), Nagurney et al. (2021), and Olsder et al. (2022) have studied
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government support mechanisms in various settings, including health care, agricul-

ture, humanitarian, technology, etc. Many focus on the health care setting. For

example, Taylor and Xiao (2014) study whether a donor should subsidize malaria

drugs through the purchases and/or the sales of the private-sector distribution chan-

nel. They formulate a model in which the donor wants to maximize average sales to

customers subject to a budget constraint and determine the optimal size and type of

subsidies dependent on the perishability of the product. They find that the donor

should only subsidize purchases instead of sales when the products have a long shelf

life. Levi et al. (2017) complement Taylor and Xiao (2014) by studying the setting

of a central planner who aims to increase market consumption. The authors examine

the effectiveness of uniform co-payments and derive the optimality condition for the

uniform subsidies offered to malaria drug firms. Some scholars focus on the agri-

culture sector. Take Alizamir et al. (2019) for instance. They examine two subsidy

welfare programs the U.S. government offers to farmers in order to protect and raise

their income, including the Price Loss Coverage (PLC) program and the Agriculture

Risk Coverage (ARC) program. They find that ARC may have unintended outcomes

under which farmers may plant fewer acres, which leads to a lower crop supply. Also,

even though one might expect ARC generally dominates PLC, they find that both

farmers and consumers may be better off under PLC. Several studies evaluate subsidy

programs that aim to alleviate poverty in emerging markets. For example, Yu et al.

(2018) examine the government subsidy welfare programs for home appliances. Sim-

ilarly, Besley and Kanbur (1988) study the food subsidies in the context of poverty

alleviation. Several other papers investigate the utilization of subsidies in the human-

itarian domain. For example, Nagurney et al. (2021) demonstrate how governments

can employ subsidies as policy interventions to moderate the flow of human migra-

tions and enhance societal welfare. They outline a procedure that assists governments

in determining the subsidies for the different migrant classes and locations to achieve
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the system-optimizing population distribution pattern across multiple locations and

user-optimizing.

Several economists and sociologists have addressed the importance and exam-

ined factors that can improve short-term outcomes (e.g., performance on tests) and

long-term outcomes (e.g., educational attainment and earning capacity) in education

and child care subsidy welfare programs (Barnett and Masse 2007, Herbst 2017).

However, only a few studies have considered operational challenges faced by orga-

nizations under these programs (Kretschmer et al. 2014, Slaugh et al. 2016). In

particular, Kretschmer et al. (2014) study food distribution across different regions

through school feeding programs. Using a theoretical framework, they state that

incorporating equity considerations is necessary for strategic resource planning be-

cause remote regions are often the most impoverished and are logistically difficult to

access. Also, a few recent papers analyzing the operational decisions of education

systems have focused on issues of inequitable access (Bertsimas et al. 2019, Nguyen

and Vohra 2019). Meanwhile, several reports by U.S. government agencies and media

organizations call for studying education and child care programs. In particular, they

emphasize the importance of increasing the number of voucher-accepting providers,

better allocating limited funds for more outreach across different regions, and enhanc-

ing the participation of low-income families, all to reduce the societal burden resulting

from inequitable access to subsidized child care (Department of Health and Human

Services 2016, Keith 2019, Williams 2020). In their review of the gap between practi-

tioner needs and academic publications, Besiou and Van Wassenhove (2020) find that

operations management researchers have not paid much attention to the operational

aspects of voucher programs.

Motivated by this, Chapters 3 and 4 of this dissertation analyze enhancing the

positive impact of the subsidy voucher programs, especially those focusing on pro-

viding essential services. Unlike the studies mentioned earlier that concentrate on
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product-based subsidy welfare programs such as vaccines, food, and green technology,

Chapters 3 and 4 of this dissertation specifically examine service-based social subsidy

welfare programs. Through these service-based subsidy welfare programs, the govern-

ments make essential services (e.g., housing and child care) affordable and accessible

to economically disadvantaged people. However, the service nature of these programs

makes allocation decisions of the social planner and participation decisions of benefi-

ciaries and service providers more complicated as compared with those product-based

programs. We will expand on this in the following section.

Specifically, in Chapter 3, we study how to split the limited financial resources

between different activities to reduce discrepancies in the distress experienced by

low-income families residing in different regions under a particular subsidy voucher

program. To the best of our knowledge, Chapter 3 is the first study to analyze the

impact of operational decisions on equity outcomes within subsidy voucher programs.

Given resource constraints and region-specific differences in contextual parameters,

such operational decisions constitute a resource allocation problem for the local agen-

cies that administrate these programs. Building upon Chapter 3, Chapter 4 adds

to existing studies by taking the perspective of a government agency that has the

task of funding a subsidy welfare program across multiple service areas. This per-

spective allows us to focus on the following key challenge: any feasible distribution

of financial resources (by the upper-level agency) is socially beneficial but leads to

a different level of inequity in the societal outcomes generated (by the lower-level

agencies) across different areas.

Although still focusing on the service-based subsidy welfare programs, Chapter

5 differs from Chapters 3 and 4. Instead of solely focusing on a specific type of

service-based program (i.e., subsidy voucher programs), Chapter 5 stands at a dif-

ferent perspective by comparing two types of subsidy welfare programs, including

subsidy voucher programs and contracted slot programs. The two programs create
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social impact through different mechanisms–the subsidy voucher programs mainly

offer a large number of service providers (including a mix of high- and low-quality)

to the beneficiaries, while the contracted slot programs ensure beneficiaries receive

only high-quality service (even if at a limited number of service providers). Further-

more, Chapter 5 investigates service providers’ decisions regarding participation in

these two programs and the government’s selection decision between the two pro-

grams (to ensure a high quantity and quality of service delivered to the beneficiaries).

As explained in Section 1.4, service providers are key enablers for achieving a high

quantity and quality level of service delivered to the beneficiaries in the subsidy wel-

fare programs. To our knowledge, Chapter 5 is the first to study and compare service

providers’ participation decisions in the two types of subsidy welfare programs.

2.1.2 Operational Challenges under Subsidy Welfare Programs

Besiou and Van Wassenhove (2020) underscore the need to study operational

aspects of cash and voucher programs that are aimed at alleviating poverty and en-

hancing the lives of under-served beneficiaries. A series of papers have considered

operational challenges within social subsidy welfare programs. For example, Cohen

et al. (2016) examine the impact of consumer subsidy on the manufacturer’s re-

sponse by incorporating demand uncertainty in a newsvendor setting. They show

that the government can miss the desired adoption target level if it ignores demand

uncertainty when designing consumer subsidies. Taylor and Xiao (2014) consider one

manufacturer selling malaria drugs to multiple heterogeneous retailers facing stochas-

tic demand. Their analysis focuses on the placement of the subsidy by the central

planner in the supply chain, comparing the possibility of subsidizing either sales or

purchases (from the retailer’s point of view). Whereas Levi et al. (2017) consider

multiple heterogeneous manufacturers and focus on the effectiveness of uniform sub-

sidies. While several of these papers study design of optimal subsidies offered to

23



manufacturers and/or consumers to increase access to lifesaving products, there are a

few recent papers that analyze additional ways (other than the choice of subsidy lev-

els) to enhance the positive impact of the subsidy welfare programs, especially those

focusing on providing essential services. For instance, Arnosti and Shi (2020) study

allocation of housing vouchers to low-income families to maximize social welfare.

Chapter 3 complements this latter set of studies by studying how to split the

limited financial resources between different activities to reduce discrepancies in the

distress experienced by low-income families residing in different regions. This is mo-

tivated by the unique challenges local agencies face when managing subsidy welfare

programs. That is, even if being offered a voucher, IE families might not be able

to accept the offered subsidy vouchers due to the low quantity and low quality of

voucher-accepting providers (Pilarz et al. 2016, Ullrich et al. 2019). Unable to accept

the offered subsidy vouchers, such IE families continue to bear an avoidable financial

burden. This burden could take the form of having to give up a job or drop out of

school, using savings or retirement funds, or borrowing money at high-interest rates

to cover child care, which adversely impacts society by exacerbating economic and

gender inequalities (Marshall et al. 2013, Banerjee et al. 2017).

A few case- and survey-based studies in the domain of public policy have high-

lighted ways to improve decision-making tools for intergovernmental transfers of funds

in social welfare programs (McKeown 1996, Guthrie 2006, Banful 2011). These studies

underscore the need to: (i) combine operational as well as geographical and demo-

graphic factors in mathematical programming applications; (ii) recognize the different

sets of goals, constraints, and information pertaining to entities at different levels of

governmental programs; and (iii) address inequity issues related to societal outcomes

across different geographical areas. Chapter 4 adds to this set of studies by taking the

perspective of a state agency that has the task of funding a subsidy welfare program

across multiple service areas. This perspective allows us to focus on the following key
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challenge: any feasible distribution of financial resources (by the upper-level agency)

is socially beneficial but leads to a different level of inequity in the societal outcomes

generated (by the lower-level agencies) across different areas.

Chapter 5 complements Chapter 3 and 4 by studying the operational decisions

of both nonprofit entities (i.e., government agencies) and for-profit entities (i.e., ser-

vice providers) within subsidy welfare programs. That is, government agencies select

between subsidy voucher programs and contracted slot programs. Service providers

decide whether they should participate in each type of subsidy welfare program or not.

Further, Chapter 5 also captures the interconnectedness of the operational decisions

of these two different entities. Government agencies rely on service providers to par-

ticipate in the subsidy welfare program to generate positive social impact by offering

beneficiaries affordable essential services. Service providers’ participation decisions

are impacted by program-related factors (e.g., the reimbursement rate for providers

in the programs and service providers’ cost of participating in the programs) that are

decided by government agencies.

Given the societal objectives of the considered entities, this dissertation also relates

to the literature stream that studies resource allocation in nonprofits. In the following

section, we review this literature in detail.

2.2 Literature on Nonprofits and Socially Responsible Oper-

ations

There is a growing interest within the field of Operations Management (OM) to

study various aspects of nonprofits and socially responsible operations (Besiou and

Van Wassenhove 2015, Lee and Tang 2017, Berenguer and Shen 2020). In particular,

an emerging body of work within OM sheds light on challenges faced by nonprof-

its that help alleviate economic burdens on society by providing critical products or

services to under-served populations (Feng and Shanthikumar 2016). The review of

25



relevant literature involves two major streams of research. First, we describe cur-

rent studies on the complexity of resource allocation by nonprofits and discuss how

our study complements existing ones. Then, we summarize supply-side decisions in

socially responsible operations and the uniqueness of this dissertation.

2.2.1 Resource Allocation by Nonprofits

There is an emerging stream of literature within OM that analyzes the distinct op-

erational challenges faced by nonprofits in their quest to create the most social impact

(Berenguer and Shen 2020). The studies in this stream have offered solutions related

to various operational aspects, such as fundraising (Burkart et al. 2016), volunteer

management (Urrea et al. 2019), project management (Devalkar et al. 2017), inven-

tory rationing (Natarajan and Swaminathan 2017), and resource allocation (Kotsi

et al. 2020). Considering a macro-level view, several studies (e.g., Arya and Mit-

tendorf 2016, Kotsi et al. 2020) have analyzed how nonprofits should allocate their

resources between fundraising, administration, and programs. While such studies

offer interesting insights into when to prioritize program activities over fundraising

and administrative tasks, they omit contextual details of how program activities cre-

ate societal value. Considering the salient trade-offs nonprofits are forced to make,

a few studies offer insights into nonprofits that face the challenge of allocating lim-

ited resources across various program activities (de Véricourt and Lobo 2009, McCoy

and Lee 2014, Arora et al. 2022). For instance, McCoy and Lee (2014) study the

equitable allocation of limited resources for conducting outreach across different sites

within the service area. Further, Arora et al. (2022) consider the trade-off between

investing funds in providing advisory support to help beneficiaries identify best-suited

services and the delivery of each of those services. A few other papers capture compe-

tition among nonprofits for financial funds from donors into nonprofits’ operational

decisions. For example, Nagurney et al. (2018) build upon the work of Nagurney
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et al. (2016) by developing a Generalized Nash Equilibrium network model. This

model captures the competition among nonprofit organizations for financial funds

and the delivery of relief items. Each nonprofit aims to maximize its utility, which

depends on its financial gain from donations and the weighted benefit resulting from

doing good through delivering relief items minus the related delivery costs. Chapter

3 complements these studies by examining how a nonprofit organization should incor-

porate geographical differences and economic burdens on economically disadvantaged

families and society into its resource allocation problems.

Chapter 4 complements the following two sets of papers within this literature

stream: First, the set of papers that focus on pro-social settings with more than one

entity and study the effect of the interplay between decisions of those entities on the

societal outcomes (Kraft et al. 2013, Arora and Subramanian 2019). For instance,

by considering the information asymmetry between the donor and the nonprofit,

Privett and Erhun (2011) and Sharma et al. (2021) analyze ways to improve societal

outcomes by promoting transparency between the two entities. Second, the set of

papers that consider earmarking of funds and study the impact of restricting the use

of funds (say, for investments in a specific zone or activity only) on the operations

of nonprofits (Toyasaki and Wakolbinger 2014, Besiou et al. 2014, Pedraza-Martinez

et al. 2020). For instance, Toyasaki and Wakolbinger (2014) compare equilibrium

under two fundraising modes, including allowing for earmarked funds and not allowing

for earmarked funds, to examine the conditions under which each mode is preferable

for donors and nonprofits.

In light of the distinct features of the subsidy welfare programs under study, the

resource allocation model setup in Chapter 4 incorporates a unique combination of

complexities–specifically, the interconnectedness of decisions of the funding and mul-

tiple service agencies (one-to-many setup), information asymmetry between entities

at the two different hierarchical levels, and use of funds allocation decisions as a lever
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to achieve equity in the system outcomes. Concerning information asymmetry, the

context under study differs from the context of donors and nonprofit agencies studied

by several previous studies, which typically consider that the donors have limited

knowledge about the efficiency (in terms of investment returns) of nonprofit agencies.

In this context, while the funding agencies (which are at the upper level) and the

service agencies (which are at the lower level) have the same information about the

efficiency of service agencies (see the Housing Act 310 ILCS 105 of 2005, and the

Child Care CCDF Ruling 45 CFR 98 of 2016), the entities at different hierarchical

levels have asymmetry of information on the chance of approval of additional funds

in the future for the welfare program (McCarty 2014, Lynch 2020).

Further, by focusing on decisions that influence the supply-side of subsidy welfare

programs, our dissertation adds to the nascent literature on the supply-side decisions

in socially responsible operations, which are reviewed next.

2.2.2 Supply-Side Decisions in Socially Responsible Operations

Organizations that engage in socially responsible operations face unique chal-

lenges, owing to their distinct objectives and the significant gap between demand and

supply of lifesaving products or services they offer (see Lien et al. 2014, Atasu et al.

2017, Martin et al. 2020). When the demand for these products or services is uncer-

tain, a series of papers, including Urrea et al. (2019), Pedraza-Martinez et al. (2020),

and Zhang et al. (2020), have examined how mechanisms can be designed to ensure

the right amount or the right type of products provided to beneficiaries. When de-

mand is known, several studies have analyzed allocation policies that maximize social

or individual welfare, with supply assumed to be exogenous. For instance, in the con-

text of offering an available organ to patients on a waitlist, Ata et al. (2016) consider

geographic disparities, Bertsimas et al. (2013) consider fairness and flexibility, and

Su and Zenios (2006) consider efficiency-equity trade-off to analyze health outcomes
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resulting from different policies for organ allocation. Under the subsidy voucher pro-

grams studied in Chapter 3, while the demand for vouchers is known in the form of

data collected by the government agencies, an IE family’s acceptance of the available

voucher can be influenced by investments of resources in supply-side activities. Thus,

in Chapter 3, we focus on the following distinguishing elements of subsidy voucher

programs. Since some low-income families cannot accept the offered vouchers (due

to inadequate quantity and quality of the supply base), local nonprofit agencies can

significantly reduce socioeconomic burdens through investments in provider services

and outreach activities. Similarly, in Chapter 4, we focus on studying how govern-

ment agencies can reduce inequitable societal outcomes generated across different

geographic service areas through supply-side decisions, including funds allocation de-

cisions made by government agencies and investment decisions made by nonprofits.

Most nonprofits depend on altruistic donations for their products or services,1

which leads to several limitations and challenges for nonprofits when attempting to

enhance their levels of supply (e.g., as studied in Solak et al. 2018, Arora and Subra-

manian 2019, and Mehrotra and Natarajan 2020). Except for a study by Mehrotra

and Natarajan (2020), most related studies in this stream do not consider other so-

cially beneficial activities undertaken by nonprofits, such as community outreach and

partner development, to enlarge their supply of critical products or services. Mehrotra

and Natarajan (2020) study the monetary incentive design problem of a healthcare

provider in a developing country that aims to improve its delivery of services and

encourage more patients to seek care. Whereas, in the supply-side decision problem

considered in Chapters 3 and 4 of this dissertation, decision-makers (e.g., nonprofits

or governments) need to allocate their limited financial funds between different types

1In addition to products or services, cash is an important supply item for nonprofits. We
refer readers to Burkart et al. (2016) for a detailed review of fundraising and cash donations in
humanitarian settings.
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of supply-enhancing activities (instead of offering monetary incentives) to increase

the quantity and quality of service delivered to IE families in their service areas.

In many cases, social planners rely on for-profit service providers to deliver prod-

ucts or services to the beneficiaries. Thus, the level of service or products received

by the beneficiaries under such situations is directly influenced by service providers’

participation decisions. In that regard, several papers examine the participation de-

cisions of these for-profit entities. For example, Kotsi et al. (2022) study whether

humanitarian organizations should provide refugee in-kind donations (e.g., food) or

cash assistance that allows refugees to spend at local retail stores. They incorporate

retailer’s pricing decision and investigate the impact of retailer’s market power on the

welfare of refugees and local residents. Korpeoglu et al. (2023) study the market entry

of a food cooperative, which is a nonprofit and aims to improve food supply in its lo-

cal community. Specifically, they incorporate strategic interactions between this food

cooperative and a for-profit retailer and analyze participation decisions of this food

cooperative (e.g., pricing decisions and entry conditions). Chapter 5 contributes to

existing literature and complements Chapter 3 and 4 by incorporating participation

decisions by for-profit entities and examining the impact of contextual complexities

on their decisions, which influence the level of quantity and quality of services to the

beneficiaries in the programs.
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CHAPTER 3

IMPROVING OUTCOMES IN CHILD CARE SUBSIDY
VOUCHER PROGRAMS UNDER REGIONAL

ASYMMETRIES

In this chapter, we develop an analytical model that incorporates details of the

subsidy voucher offer process and captures the challenges faced by a CCR&R when

allocating funds for its outreach and provider services activities in the child care

subsidy voucher program. This chapter analyzes how a CCR&R should allocate its

limited funds between these two types of activities to ensure equitable access to child

care across the different regions of its service area. Analytical results are presented

along with a case study which is based on a CCR&R in Massachusetts.

The remainder of this chapter is organized as follows. Section 3.1 describes the

model of a CCR&R’s resource allocation problem. The results are discussed in Section

3.2. Section 3.3 presents a case study based on a real-world example of the CCR&R

that operates in Western Massachusetts. Table A.1 in Appendix A.1 summarizes the

key notation of this chapter.

3.1 Model

In this section, we present our model of a CCR&R’s allocation of funds between

provider services and outreach activities in its designated service area. For these

supply-enhancing activities, the CCR&R has limited funds, denoted by F > 0. Next,

we describe the key elements of the model in detail.
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3.1.1 Region- and Activity-Specific Elements of Model

Types of Regions in a Service Area: Differences in geography, income levels, and

racial/ethnic compositions lead to differences in demand for vouchers across the var-

ious regions within a CCR&R’s service area (Swenson 2008). Further, since the

outreach activity is conducted at a local level, the extent of its impact is dependent

on these region-specific differences. In order to capture the heterogeneity of regions

within the CCR&R’s service area, we consider that the service area comprises two

types of regions, namely, region 1 and region 2. Let γ ∈ (0, 1) denote the proportion

of IE families in region 1 and 1 − γ denote the proportion of IE families in region 2

(for simplicity, we assume one child per eligible family). In Section 3.3, we present a

case study to generalize our model and results for a service area with more than two

types of regions.

Types of Supply-Side Activities: We consider that the CCR&R invests x amount

of funds in provider services-related activities in its service area. As noted in Chapter

1.2, these activities are undertaken at the service area level (for all voucher-accepting

providers in the service area) because of the large amount of funds required to, say,

hire quality management consultants, and purchase attendance and workflow manage-

ment software tools (Isaacs et al. 2016). Also, given that the investments in provider

services are aimed at improving administrative and business practices at voucher-

accepting providers, they are made at an area level to ensure a standardized quality

of child care. However, since investments in outreach-related activities are targeted at

promoting voucher-acceptance among local providers at a regional level, we consider

that the CCR&R invests y1 amount of funds for outreach in region 1 and y2 in region

2.
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Note: The node VO denotes the voucher offer to an IE family in the service area. The voucher is
offered to a family in region 1 (2), denoted by node 1 (2), with probability γ (1− γ). The node CC
denotes acceptance of the voucher with probability p (x, yi) by the family in region i ∈ {1, 2}.

Figure 3.1. Progression of a Voucher Offered by the CCR&R to IE Families in
Different Regions

Voucher Offer to IE Families: When the state agency makes a voucher available

for an IE family in the CCR&R’s service area,1 the CCR&R goes down the waitlist

of the IE families until a family accepts the voucher and enrolls for child care at the

voucher-accepting provider that best suits family’s needs. Although the demand for

vouchers in the service area is known in the form of a waitlist, the waitlist data is

typically inaccurate, imperfect, and not up-to-date. Isaacs et al. (2015) emphasize

that the poor quality of waitlist data on IE families makes it difficult to estimate the

caseload of CCR&Rs (as the basis for making operational decisions) and suggest using

the U.S. Census Bureau data instead. Accordingly, in our model, the proportions of

IE families in regions 1 and 2 (γ and 1−γ, respectively) also represent the probabilities

that IE families that are offered the voucher reside in one region or the other. The

probability that an IE family residing in region i accepts the offered voucher is denoted

1Due to budgetary constraints, state agencies typically fund a fixed number of vouchers. A
voucher is made available for offering to an IE family only when an existing voucher-utilizing fam-
ily’s placement is terminated for failure to meet any eligible requirements (Pilarz et al. 2016, Mas-
sachusetts Department of Early Education and Care 2019). From the CCR&R’s perspective, avail-
ability of a voucher is unknown, whereas the number of vouchers being utilized in its area remains
at a fixed level.
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by p (x, yi), where i ∈ {1, 2}. Accordingly, 1−p (x, yi) denotes the probability that the

family is unable to accept the voucher, under which the CCR&R offers the voucher

to the next eligible family in its service area. Figure 3.1 illustrates the progression of

a voucher offered by the CCR&R to the IE families.

Acceptance Probability: Consistent with the discussion above, we consider that

the probability p (x, yi) increases in the levels of investment made by the CCR&R in

provider services as well as outreach activities, i.e., ∂p(x,yi)
∂x

> 0 and ∂p(x,yi)
∂yi

> 0 for

i ∈ {1, 2}. Further, investing more in provider services yields a large benefit when

the investment in outreach is high, and vice versa (CCAoA 2018, p. 21–23). Based

on our conversations with officials at different CCR&Rs, it is observed in practice

that any increase in the likelihood of IE family’s voucher acceptance that results

from an increased provider services investment is greatly enhanced by an increased

outreach investment. This is because improvements in administrative and business

practices at voucher-accepting providers will be beneficial for the IE families (in the

form of ease of doing business) when they are more likely to find the local voucher-

accepting provider that best suits their needs. Mathematically, this implies that the

probability p (x, yi) exhibits the supermodularity property: ∂2p(x,yi)
∂x∂yi

> 0. Finally, it is

reasonable to assume that the probability exhibits diminishing returns with respect

to the CCR&R’s investments in each of the two types of activities, i.e., ∂2p(x,yi)
∂x2

< 0

and ∂2p(x,yi)

∂y2i
< 0.

A function of the form of the Cobb-Douglas function, xαyβii with 0 < α < 1 and

0 < βi < 1, satisfies these mathematical properties. Within OM, this specific func-

tional form is commonly used in situations in which the output is co-produced by

two inputs (e.g., Roels et al. 2010, Andritsos and Tang 2018), which is true for this
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context.2 Also, it allows for the analytical characterization of the effect of different

marginal returns of investments from different activities, which is an important con-

sideration for nonprofits. Specifically, we consider p (x, yi)
.
= min{pi + poix

αyβii , 1},

in which 0 < pi < 1 and 0 < poi < 1 for i ∈ {1, 2}. The parameter pi denotes the

baseline acceptance probability in region i, i.e., the probability that an IE family

accepts the offered voucher when the CCR&R invests no amount of funds toward

either provider services or outreach in that region. In Section 3.2.3, we explore how

the magnitudes of p1 and p2 affect the optimal investments.

External Environmental Factors: The parameters po1 and po2 capture the impact

of external environmental factors on the probability that an offered voucher will be

accepted by an IE family in regions 1 and 2, respectively. The term “external en-

vironmental factors” is commonly used in marketing parlance to refer to external

legal, regulatory, and technical considerations that have an impact on the entity’s

decisions (Kotler and Armstrong 2017). In this context, in addition to the supply-

enhancing activities of the CCR&R, several reports underscore the role of external

environmental factors, such as transportation infrastructure and regulatory environ-

ment, in determining an IE family’s ability to accept an available subsidy voucher.

For instance, Chaudry et al. (2011) explain that a wider coverage of the local public

transportation network, higher service frequency of buses, and greater lobbying ef-

forts by social activists to reduce paperwork requirements of immigrant IE families

can increase the IE family’s propensity to accept the offered voucher. In essence, the

parameter poi captures those considerations that are external to the CCR&R’s two

activities, yet they have an influence on the probability of an IE family’s acceptance

of an offered voucher in region i. Further, to analyze the effect of region-based asym-

2Our numerical studies show that insights obtained by using other functional forms that capture
diminishing returns (e.g., exponential functions) are qualitatively similar to the ones obtained by
using the Cobb-Douglas function.
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metry in these external environmental factors on the optimal investments, we allow

for po1 to be different from po2. We consider po
.
= po2

po1
and refer to po as the relative

external environmental factor.

Provider Services and Outreach Elasticities: The parameters α and βi capture the

elasticity of an IE family’s probability of accepting a voucher with respect to levels

of investment in provider services and regional outreach activities, respectively. To

relate with practice the relative magnitudes of α and βi, consider a service area in

which parents in most IE families work on a daily-wage basis (e.g., a metro service

area). In such an area, ease of doing business with child care providers (say, in terms

of billing processes and limited unplanned shut-down of centers) is a more prominent

factor when parents decide whether to accept a voucher for child care (i.e., α > βi)

(Adams et al. 2003). In contrast, consider a service area with a significant lack of

infrastructure. In such an area, the inconvenience of lengthy commute times plays

a significantly greater role in determining a family’s decision to accept or decline a

voucher, as compared to the factors related to the ease of doing business with a child

care provider (i.e., βi > α) (Walker and Reschke 2004).

Socioeconomic Burden of Distress: In practice, a family may decline an offered

voucher due to an inadequate supply of voucher-accepting providers that best suit

the family’s child care needs. In such a scenario, the family faces a financial burden

because a family member may have to give up a job, drop out of school, or use

savings and retirement funds in order to take care of the child (Marshall et al. 2013,

Banerjee et al. 2017). Meanwhile, society suffers from loss in productivity (e.g.,

absenteeism from work due to unavailability of reliable child care) and increased

unemployment rates among parents in IE families (CCAoA 2018). Let ξi > 0 denote

the socioeconomic burden of distress borne by an IE family in region i that is unable

to accept an offered voucher. Further, to capture region-based differences in distress,

we allow ξ1 and ξ2 to be different.

36



3.1.2 The CCR&R’s Resource Allocation Problem

The CCR&R operates under the state mandate that allows it to go down the

waitlist on a FCFS basis until an IE family accepts an available subsidy voucher

(Massachusetts Department of Early Education and Care 2019). This implies that

one of the IE families on the list is able to access child care using the available voucher.

In that regard, any feasible distribution of funds among its supply-enhancing activities

will generate a positive societal outcome (since the acceptance probability increases

in x and yi). With no constraint on its resources, the CCR&R should be able to

build the supply-base to the extent that each IE family on the top of the waitlist can

accept the subsidy voucher when it becomes available (i.e., p (x, yi) = 1). However,

due to the scarcity of resources and various regional asymmetries, the CCR&R’s

investment decisions lead to regional differences in the probability of accepting the

offered voucher. Thus, in terms of equity, each feasible distribution of funds leads

to varying levels of disparities in the distress experienced by IE families in different

regions of the service area.

According to the World Health Organization, the term inequity refers to “avoid-

able or remediable differences among groups of people, whether those groups are

defined socially, economically, demographically, or geographically” (WHO 2023). In

our context, these differences arise when, because of CCR&R’s levels of investments

in each activity, an IE family in a given region is unable to accept an offered subsidy

voucher. As per government regulations (the CDBG Act of 2014 and the CCDF

Ruling 45 CFR 98.46(b) on September 30, 2016) and based on our interviews with

experts in the field of child care subsidy voucher programs, the CCR&R must make

operational decisions that ensure equitable access to affordable child care in different

regions of its service areas. Moreover, several reports have underscored the need to

address inequitable access to affordable child care across different parts of the nation

(e.g., Malik et al. 2018).
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Thus, the CCR&R should allocate its limited funds between x, y1, and y2 such

that the resulting inequity in distress experienced by IE families (that are unable

to accept the offered voucher) across different regions is minimized. We formulate

an expectation based measure of inequity in distress to ensure that the allocation of

funds is based on an assessment of disparities across IE families in different regions

of its service area. Next, we describe the formulation of this measure, which is in line

with the relative equity principle that views the FCFS policy as the most equitable

policy.

Objective Function: We consider that the CCR&R decides on investment levels x,

y1, and y2 such that when a voucher becomes available within the planning horizon,

the expected measure of inequity in distress, denoted by MI (x, y1, y2), is minimized.

Recall that with probability γ, the CCR&R offers the available voucher to an IE

family residing in region 1. With probability 1 − p (x, y1), this family declines the

voucher. In this scenario, since an IE family is unable to accept the subsidy voucher,

the CCR&R increments the inequity measure by the magnitude of distress ξ1. Next,

the voucher is offered to an IE family in either region 1 (with probability γ) or region

2 (with probability 1−γ). This voucher offer process continues till an IE family in the

service area accepts the available voucher (see Figure 3.1). Using the probabilities γ

and p (x, yi), and the magnitude of distress ξi, the expected value of the measure of

inequity in distress–as a function of the CCR&R’s investment levels–can be expressed

as follows:

MI (x, y1, y2)
.
=

γ(1− p (x, y1))[ξ1 + γ(1− p (x, y1))(ξ1 + ...) + (1− γ)(1− p (x, y2))(ξ2 + ...)︸ ︷︷ ︸
Per progression of voucher offer after the first rejection in region 1

]+

(1− γ)(1− p (x, y2))[ξ2 + γ(1− p (x, y1))(ξ1 + ...) + (1− γ)(1− p (x, y2))(ξ2 + ...)︸ ︷︷ ︸
Per progression of voucher offer after the first rejection in region 2

],

which can be re-written in a recursive form as
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MI (x, y1, y2) =

γ(1− p (x, y1))[ξ1 +MI (x, y1, y2)] + (1− γ)(1− p (x, y2))[ξ2 +MI (x, y1, y2)].

And, on simplification, we obtain the following:

MI (x, y1, y2) =(
γ (1− p (x, y1))

γp (x, y1) + (1− γ)p (x, y2)

)
︸ ︷︷ ︸
Conditional rejection probability in region 1

ξ1 +

(
(1− γ) (1− p (x, y2))

γp (x, y1) + (1− γ)p (x, y2)

)
︸ ︷︷ ︸
Conditional rejection probability in region 2

ξ2. (3.1)

The terms within parentheses in equation (3.1) capture the probability that an IE

family in region i is unable to accept the offered voucher conditioned on the voucher

being eventually accepted by an IE family in one of the regions. This implies that

the expression for MI (x, y1, y2) yields the expected distress value in the CCR&R’s

service area when the IE families in its different regions are unable to accept the

offered voucher. In essence, the objective function ensures that the limited funds for

the regional outreach activities are allocated proportionally between the two regions,

wherein these proportions are governed by the contextual parameters. Furthermore,

it turns out that the formulated measure MI (x, y1, y2) captures the notion of pro-

portional fairness. One of the first definitions of a proportional fairness objective was

presented by Mo and Walrand (2000) in their model of equitable congestion controls.

Specifically, they establish that a proportionally fair vector maximizes the (weighted)

sum of logarithmic utility functions. In Lemma A.4 in Appendix A.5, we illustrate the

equivalence of the vector of optimal levels of investments resulting from our objective

function with their definition.3

3This equivalence also implies that the vector of optimal investments satisfies the four axioms
pertaining to proportional fairness–namely, Pareto Optimality, Symmetry, Affine Invariance, and
Independence of Irrelevant Alternatives (Bertsimas et al. 2011).
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Optimization Problem: The measure MI (x, y1, y2) obtains the highest value of

γ(1−p1)ξ1+(1−γ)(1−p2)ξ2
γ(p1)+(1−γ)(p2)

> 0 when x = 0 or y1 = y2 = 0. For a given amount of funds

F , the CCR&R can minimize MI (x, y1, y2) by solving the following optimization

problem:

min
{x,y1,y2}

MI (x, y1, y2) =
γξ1 + (1− γ)ξ2 − γξ1p (x, y1)− (1− γ)ξ2p (x, y2)

γp (x, y1) + (1− γ)p (x, y2)
(3.2)

s.t., x+ y1 + y2 ≤ F, (3.3)

x ≥ 0, y1 ≥ 0, y2 ≥ 0, (3.4)

where the expression for the objective function is obtained by re-arranging terms in

equation (3.1). The optimal investments in provider services and outreach activities

are denoted by (x∗, y∗1, y
∗
2).

In the next section, we analyze the CCR&R’s optimal levels of investments in

each activity, and investigate the effect of contextual parameters on these optimal

decisions. Proofs of the main analytical results are presented in Appendix A.4. Also,

additional technical details are available in Appendix A.4. Throughout the rest of this

chapter, the analysis is restricted to those combinations of parameters that ensure the

probability p (x, yi) is less than unity, for i ∈ {1, 2}. This allows for a focus on non-

trivial optimal decisions and on scenarios that are interesting as well as practically

relevant. For instance, proof of Proposition 3.4 shows that p (x∗, y∗i ) < 1 when the

amount of funds available to the CCR&R for supply-enhancing activities is low, which

is true for most, if not all, CCR&Rs (CCAoA 2018).

3.2 Results

Proposition 3.1 shows how activity-specific characteristics impact CCR&R’s op-

timal levels of investment in each activity. To highlight the relative role of provider

40



services and outreach elasticities in the allocation decision, we initially consider situ-

ations with no regional differences (specifically, po = 1, ξ1 = ξ2, and β1 = β2
.
= β).

Proposition 3.1 The CCR&R’s optimal levels of investment for 0 < α < 1 and

0 < β < 1 are: x∗ = Fα
α+β

> 0, y∗1 = Fβγ
1

1−β

(α+β)

(
γ

1
1−β +(1−γ)

1
1−β

) > 0, and y∗2 =

Fβ(1−γ)
1

1−β

(α+β)

(
γ

1
1−β +(1−γ)

1
1−β

) > 0. In addition,

(i) x∗ > y∗1 + y∗2 if α > β; and x∗ ≤ y∗1 + y∗2 otherwise;

(ii) There exists a threshold α̂
.
= β

(
γ

1
1−β + (1− γ)

1
1−β

)−1

min
{
γ

1
1−β , (1− γ)

1
1−β

}
such that, x∗ < min {y∗1, y∗2} if and only if α < α̂.

The analytical finding in Proposition 3.1 that the inequity-minimizing split of

funds depends on the relative magnitude of marginal returns is in line with the general

view of the extant OM literature. As such, in practical terms, this finding is useful

for nonprofits that aim toward generating societal impact in resource-constrained

environments, a conclusion also noted by McCoy and Lee (2014) and Kotsi et al.

(2020) in their baseline analyses of optimal investment decisions by nonprofits. In

our context, it is particularly important because most CCR&Rs neglect outreach

activities in the presence of scarcity of resources (CCAoA 2018, p. 22). Proposition

3.1 shows that when α < β, it is optimal for the CCR&R to invest less in provider

services than the total investment in outreach in regions 1 and 2. Moreover, when

the provider services elasticity is below a threshold (α̂), it is optimal for the CCR&R

to spend more on outreach in each region. This is because of the relatively higher

impact of outreach on a family’s propensity to accept an offered voucher.4

4It is possible that the CCR&R may possess knowledge only on the probability distributions
of the elasticities α and βi. In such a scenario, our extensive numerical studies show that: (i) the
first-order insights (based on point estimates) generated in this chapter remain unchanged, and (ii)
the CCR&R should hedge against a higher uncertainty in the estimate of elasticity of its investment
in an activity by increasing its investment in that activity.
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We next analyze the effects of various region-based asymmetries on the CCR&R’s

optimal levels of investments–specifically, we consider region-based asymmetries in:

external environmental factors (Section 3.2.1); outreach elasticity (Section 3.2.2); IE

family’s distress (Section 3.2.3); and earmarking of funds for outreach in a region (Sec-

tion 3.2.4). To simplify exposition and understand the pure effect of each asymmetry,

we present our analytical findings by introducing one asymmetry in each subsection

(with other factors considered to be symmetric). We later show in Section 3.3 that

similar insights hold for a general setting.

3.2.1 Effect of Region-Based Asymmetry in External Environmental Fac-

tors

In this subsection, we study how differences in the external environmental factors

in regions 1 and 2 (captured by the relative external environmental factor po = po2/po1)

affect the optimal levels of investments in outreach activities in each region. Our

analysis shows that the effect of po on the optimal outreach investments (y∗1 and y∗2)

depends on the mix of families in each region and outreach elasticity, as presented in

the following proposition.

Proposition 3.2 Define p̂o
.
= γ

1−γ . Then, (i) y∗1 is decreasing in po, and y
∗
2 is in-

creasing in po; (ii) y
∗
1 < y∗2 if and only if po > p̂o; (iii) y

∗
1 is unimodal with respect

to β, and y∗2 increases in β when po > p̂o, and y
∗
1 increases in β, and y∗2 is unimodal

with respect to β when po ≤ p̂o.

Proposition 3.2(i) shows that as po gets larger, i.e., when the external environ-

mental factors in region 2 play an increasingly positive role as compared with those

in region 1, the CCR&R should increase its outreach investment in region 2, at the

expense of outreach investment in region 1. Next, when the effect of the external

environmental factors in region 2 is significantly higher than in region 1 (i.e., when

po > p̂o), Proposition 3.2(ii) shows that the CCR&R should invest more funds in
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conducting outreach in region 2 than that in region 1. By doing so, it can further

reduce the chances that the IE families in region 2 will reject offered vouchers, and

as a result, improve the overall societal outcomes in the service area. This analytical

finding implies that the optimal outreach investment in region 2 (y∗2) can be greater

than the optimal outreach investment in region 1 (y∗1), even when the majority of IE

families reside in region 1.

Also, in situations when po > p̂o, Proposition 3.2(iii) shows that the CCR&R

should respond to an increase in the outreach elasticity β by increasing y∗2. Whereas,

an increase in β has a more nuanced effect on y∗1. When β increases, but remains

below a threshold, the optimal investment y∗1 increases. However, when β increases

beyond a threshold, y∗1 undergoes a decrease. This happens because, for a significantly

high marginal benefit of outreach investment, the CCR&R should optimally channel

its funds toward outreach in region 2 instead of region 1 (since po > p̂o).

Further, based on expressions for optimal outreach investments, we obtain that

the optimal balancing ratio of the CCR&R’s investments in outreach activities, i.e.,

y∗1/y∗2, is equal to
(

γ
po(1−γ)

) 1
1−β

. This expression shows that the optimal outreach invest-

ments in both region are more balanced when the outreach elasticity is low. Whereas,

when the outreach elasticity is high (β is large), the ratio of optimal investments be-

comes more skewed. Eventually, when β → 1, the CCR&R should invest in outreach

activity in only one region. The linear returns to scale reduce the proportional fair-

ness objective to a utilitarian objective, and it becomes optimal for the CCR&R to

conduct outreach in only the more “efficient” region (based on γ ≶ po(1− γ)).5

5In Appendix A.2, we analyze the CCR&R’s funds allocation problem using a max-min fairness
objective. Based on the preliminary analysis, we find that effects of the region-specific characteristics
on the optimal investments are qualitatively similar under both proportional and max-min notions
of fairness.
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3.2.2 Effect of Region-Based Asymmetry in Outreach Elasticity

In this subsection, we analyze the effect of asymmetry in outreach elasticities on

the CCR&R’s optimal investments. Our analysis reveals that, when β1 ̸= β2, the

CCR&R should determine the optimal balancing ratio of investments in outreach

activities in its two regions, not only by considering the proportion of IE families and

the outreach elasticity in each region, but also by taking into account the available

funds and provider services elasticity. This finding is characterized in the following

proposition.

Proposition 3.3 When the outreach elasticity is different for different regions, there

exists a unique allocation strategy (x∗, y∗1, y
∗
2) > 0, such that x∗ = F − y∗1 − y∗2,

y∗2 =
(

(1−γ)β2
γβ1

) 1
1−β2 (y∗1)

1−β1
1−β2 , and y∗1 is the unique solution to the following equation:

F −
(
1 + α

β1

)
y1 −

(
1 + α

β2

)(
(1−γ)β2
γβ1

) 1
1−β2 (y1)

1−β1
1−β2 = 0. Further, (i) ∂

∂F

(
y∗1
y∗2

)
> 0 if

and only if β1 > β2, and (ii) ∂
∂α

(
y∗1
y∗2

)
< 0 if and only if β1 > β2.

Proposition 3.3 shows that, when the total amount of available funds increases

(i.e., F increases), the CCR&R should increase its investment in outreach in the

region with the higher outreach elasticity relative to the outreach investment in the

other region. In contrast, when the provider services elasticity is high (i.e., α is large),

it becomes optimal for the CCR&R to raise its investment in outreach in the region

with the lower outreach elasticity relative to the region with the higher outreach

elasticity. This is because, for a large α, the joint impact of investments in provider

services and outreach activities on a family’s acceptance probability would be higher

when the levels of each investment are higher. This implies that the CCR&R would

be able to overcome the adverse impact of smaller outreach elasticity in the region by

investing more funds in outreach (in relative terms) in that region, when its provider

services elasticity is high.

Another implication of asymmetry in outreach elasticities is that, under certain

conditions, it may be optimal for the CCR&R to invest more funds in outreach activity
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in the region with a lower proportion of IE families. Specifically, when the CCR&R

has a sufficiently high amount of funds (F ), it should invest more funds in outreach

in the region with a higher outreach elasticity, even when a higher proportion of IE

families reside in the other region.6 This finding can be explained as follows: When

the CCR&R has an abundance of resources, the effect of higher marginal returns of

investment in outreach is more dominant in reducing the overall inequity as compared

to the effect of having a higher proportion of IE families (since F is large). As a result,

in such scenarios, it is beneficial to invest more funds toward outreach in a region with

a higher marginal return than in a region with a higher proportion of IE families.

3.2.3 Effect of Region-Based Asymmetry in IE Family’s Distress

In this section, we study the impact of asymmetry in socioeconomic burden of the

distress experienced by IE families in regions 1 and 2. Without loss of generality, we

consider the situations in which ξ2 > ξ1. To parse out the pure effect of asymmetry

in distress, we conduct analysis by considering the absence of other activity- and

region-specific differences. We later show in Section 3.3 that the generated insights

are robust to situations in which other parameters are asymmetric.

Proposition 3.4 Consider α = β = 1/2, γ = 1/2, po1 = po2
.
= po, and p1 = p2

.
=

p. Then, (x∗, y∗1, y
∗
2) =

(
F
2
, F
2

(
k21

k21+k
2
2

)
−
√

F
2

(
k21

k21+k
2
2

)
− (po)2F 3(1−ξ)2

2(k21+k22)
, F
2

(
k21

k21+k
2
2

)
+√

F
2

(
k21

k21+k
2
2

)
− (po)2F 3(1−ξ)2

2(k21+k22)

)
, where k1

.
= 2

(
(p+ 1)ξ − p+ 1

)
> 0, k2

.
= 2
(
(1− p)ξ +

1 + p
)
> 0, and ξ

.
= ξ2

ξ1
. Also, y∗1 is decreasing in ξ, and y∗2 is increasing in ξ.

Proposition 3.4 shows that a relative increase in the distress experienced by fami-

lies in a particular region makes it optimal for the CCR&R to increase its investment

6We characterize these conditions for a special case when either β1 or β2 is equal to 1⁄2 (See
details in Lemma A.9 in Appendix A.5). However, our numerical studies show that similar insights
hold for any general case where β1 ̸= β2.
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in outreach in that region. This allows the CCR&R to increase the propensity of an

IE family in such a region to accept an offered voucher, and, as a result, to mini-

mize the adverse impact on the families in that region and on society. This finding

also implies that, when the regional disparity in distress is large, it may be optimal

for the CCR&R to allocate more funds to outreach in the region with the relatively

higher socioeconomic burden of distress, even when the proportion of IE families in

that region is lower. Consider that the majority of IE families reside in region 1.

Then, per Proposition 3.4, it may be optimal for the CCR&R to invest a relatively

higher amount of funds in outreach in region 2 as compared to region 1 when ξ2 is

substantially larger than ξ1.

Further, we find that such a scenario (i.e., y∗1 < y∗2, even when γ > 1/2) is more

likely to arise in the following two situations. First, when the provider services elas-

ticity α increases: This is because, when α is high, it is optimal for the CCR&R to

increase investment in provider services by reducing investment in outreach in region

1 relatively more than the outreach investment in region 2 (since ξ2 > ξ1). Second,

when the baseline acceptance probabilities increase: Consider that the baseline ac-

ceptance probability in region 1
(
p1
)
increases, i.e., the chance that an IE family in

region 1 will reject an offered voucher reduces. As a result, the CCR&R should de-

crease outreach investment in region 1, and utilize those funds to increase its outreach

investment in region 2 (since ξ2 > ξ1). The explanation for the effect of the baseline

probability p2 is analogous.

3.2.4 Effect of Region-Based Earmarking of Funds for Outreach Activity

In most humanitarian and nonprofit settings, additional funds that are made

available by a donor agency may be earmarked for investment in a specific activity

only (Toyasaki and Wakolbinger 2014, Pedraza-Martinez et al. 2020). In our context,

the CCR&R may receive funds that can only be invested in outreach in a certain
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region (Keith 2019). Without loss of generality, we consider the case in which the

CCR&R receives δ > 0 additional funds to invest exclusively in outreach in region 1.

Accordingly, the CCR&R’s resource allocation problem described in Section 3.1 can

be modified by replacing the previous resource constraint (in equation (3.3)) with the

following two constraints: x + y1 + y2 ≤ F + δ and y1 ≥ δ. The latter constraint

implies that the funds earmarked for outreach in region 1 cannot be invested in

provider services or outreach in region 2. The analysis of this modified optimization

problem shows that the earmarked funds have a non-trivial impact on the CCR&R’s

optimal decisions (as stated in the proposition below).

Proposition 3.5 Suppose δ > 0 units of additional funds are earmarked for outreach

in region 1. Then, there exists a unique threshold δ̄ > 0, such that: (i) When δ ≤ δ̄:

(x∗, y∗1, y
∗
2) =

(
(F+δ)α
α+β

, (F+δ)βγ
1

1−β

(α+β)

(
γ

1
1−β +(1−γ)

1
1−β

) , (F+δ)β(1−γ)
1

1−β

(α+β)

(
γ

1
1−β +(1−γ)

1
1−β

)
)

and; (ii) When

δ > δ̄: y∗1 = δ, x∗ = F − y∗2, and y
∗
2 is the unique solution to the equation (1− γ)(α+

β)y2 + γαδβy1−β2 − (1− γ)βF = 0.

Further, y∗2 is increasing in δ if δ ≤ δ̄, and decreasing otherwise.

When the amount of earmarked funds is below the threshold δ̄, it remains optimal

for the CCR&R to allocate the total funds (F + δ) between provider services and

outreach activities in the same fashion as shown in Proposition 3.1. In contrast,

when the amount of earmarked funds is greater than δ̄, it is optimal for the CCR&R

not to invest anything more than the amount earmarked for investing in outreach

in region 1. This is because, when the amount of earmarked funds for outreach in

region 1 is sufficiently high, the CCR&R should utilize the remaining funds (F ) to

reduce the overall inequity outcomes through outreach in region 2 and improvement

of service experiences delivered by the providers in its service area.

Another implication of the availability of the earmarked funds is that, when the

amount of earmarked funds is substantially large, the CCR&R’s optimal investment in
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outreach in the non-earmarked region reduces. The intuition behind this implication is

as follows: Recall that large amounts of investment in provider services and outreach

in a region will lead to a significant improvement in the propensity of IE families

to accept offered vouchers. As a result, with large amounts of earmarked funds for

one region, the CCR&R can reduce the inequity outcomes in its area by increasing

investment in provider services, even at the expense of investment in outreach in the

other region. Thus, while additional funds always help reduce inequity outcomes,

the funds earmarked for outreach in one region may crowd out the investment in

outreach in the non-earmarked region. This finding on the unintended consequences

of earmarked funds is consistent with findings in the existing literature on counter-

productive effects of earmarked funds (Besiou et al. 2014, Arora et al. 2022). For

instance, Besiou et al. (2014) show that earmarked funds for use in a specific zone

can decrease the fleet size available for disaster response in the other zones.

Key Takeaways for CCR&Rs: Figure 3.2 summarizes the results discussed in

Sections 3.2.1–3.2.4. In general, investing more funds in outreach in a region with

more IE families is optimal (as depicted by portions I and III in Figure 3.2(a)).

However, as depicted by portion II, it might be optimal for the CCR&R to invest

relatively more funds in outreach in, say, region 2, even when the majority of IE

families reside in region 1. This is especially true in the following situations, which

are also presented in Figure 3.2(b):

(i) The external considerations (e.g., public transportation and infrastructure) in

region 2 have a greater impact on a family’s acceptance propensity;

(ii) The rate of return of investment in outreach in region 2 is higher and funds are

in abundance;

(iii) The socioeconomic distress experienced by families in region 2 is significantly

higher; or
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(iii) Socioeconomic burden of distress (𝜉𝜉𝑜 > 𝜉𝜉1)

(iv) Earmarked funds for outreach (𝑦𝑦𝑜 > 𝛿𝛿 > ̅𝛿𝛿)

When Region 2 has higher:

(b) Impact of Regional Asymmetries

Figure 3.2. Key Takeaways for CCR&Rs

(iv) A large amount of funds is earmarked for outreach in region 2.

Additionally, portion II expands (and portion III shrinks) when the marginal return

of investment in provider services is high, or when the baseline probability that an

IE family accepts the offered voucher is high.

3.3 Practical Illustration Using a Case Study

In this section, we illustrate how the results discussed in Section 3.2 can apply in

practice. We present a case study based on the real-world example of the CCR&R

operating in the Western Massachusetts service area. We use data collected from

the U.S. Census Bureau, the child care literature, and our interviews with multiple

officials (director and front-line staff) at the CCR&R under study, to estimate values

of the model parameters. Over a period of two years, we conducted 10 semi-structured

interviews with multiple field experts to elicit the CCR&R-specific parameters.

Based on the U.S. Census Bureau’s categorization of the U.S. landscape, we cat-

egorize the CCR&R’s service area into three types of regions: urbanized (denoted
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by 1), urban clusters (denoted by 2), and rural (denoted by 3). Table 3.1 lists the

considered values of parameters and the sources used to estimate them. Appendix

A.3 presents a generalized optimization model (for n ≥ 2 different types of regions)

and describes the steps taken to estimate the model parameters.

Table 3.1. Case Study: Estimated Values of Parameters

Parameter Value Sources/Methods

(see details in Appendix A.3)

γ1 = 0.27, γ2 = 0.05, γ3 = 0.68 The U.S. Census Bureau data on number of
households and household income, and the state’s
income eligibility criteria

α = 0.55 Expert elicitation approach

β1 = 0.26, β2 = 0.22, β3 = 0.23 Expert elicitation approach, child care literature,
the local wage rate, and the local general election
data on voting

p1 = 0.3, p2 = 0.3, p3 = 0.2 Field interviews

po1 = po2 = 6 x 10−7, po3 = 4 x 10−7 Field interviews, and child care literature

ξ1 = 1, ξ2 = 1.41, ξ3 = 1.87 The U.S. Census Bureau data on household income

F = $260, 000 The Massachusetts Department of Early Education
and Care’s data on the CCR&R’s budget

Note: We also conduct sensitivity analysis by varying values of α from 0.25 to 0.85, β3 from 0.20 to
0.30, ξ2 from 1.41 to 7.05, ξ3 from 1.87 to 9.35, and F from $260, 000 to $780, 000. See the summary
description of model parameters in Table A.1 in Appendix A.1.

3.3.1 Optimal Investment Decisions for the CCR&R in Western Mas-

sachusetts

We solve the optimization problem by using the estimated parameters to compute

the optimal levels of investments in provider services and outreach activities. We find

that the optimal amounts of investment are as follows: $180, 681 for provider services

(x∗), $33, 362 for outreach in region 1 (y∗1), $1, 972 for outreach in region 2 (y∗2), and

$43, 985 for outreach in region 3 (y∗3). For different values of the available funds F ,

we find that the optimal amounts of investments in provider services and outreach

activities as a percentage of F remain almost identical: approximately, x∗/F = 70%

and (y∗1 + y∗2 + y∗3)/F = 30%.
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Notably, while the ratio of the distress faced by IE families scaled by the proportion

of IE families and the external environmental factors in regions 3 and 1
(
γ3po3ξ3
γ1po1ξ1

)
is

equal to 3.14, the ratio of optimal investments in outreach activities in regions 3

and 1
(
y∗3
y∗1

)
to minimize overall inequity outcomes is around 1.32. The difference in

this magnitude arises because the outreach elasticity in region 3 is lower than the

outreach elasticity in region 1. Further, even though the proportion of IE families

residing in region 2 is quite low and the outreach elasticity in that region is the lowest,

the optimal outreach investment in region 2 is a non-trivial percentage value of the

CCR&R’s total investment in all outreach activities in its service area (this is due to

the fact that ξ2 = 1.41ξ1). This optimal investment y∗2, although relatively smaller in

magnitude, in practice can cover the expenses of a few visits to the region to identify

and reach out to influential voices within the local community. The next subsection

discusses how the optimal investments change as estimates of the model parameters

vary.

We perform sensitivity analysis by varying estimates of provider services elasticity,

outreach elasticities, and socioeconomic burdens of distress. As a summary measure

of the CCR&R’s allocation of funds, we consider the ratio of optimal investment in

provider services to available funds, as well as the ratio of optimal investment in

outreach in region i to total investment in outreach activities in all three regions, i.e.,

x∗/F and y∗i / (y
∗
1 + y∗2 + y∗3), respectively. Figure 3.3 illustrates the findings, which

are discussed below.

Estimation of provider services elasticity: The estimate of the provider services

elasticity α is based on the relationship between increments in funding provided to

the team focusing on provider services and the increase in the chance of an IE fam-

ily accepting an offered voucher. The plots in Figure 3.3(a) depict changes in the

CCR&R’s optimal investments with respect to the required increment in investment

of funds toward the service team to improve the acceptance chances from 1/5 to 1/4,
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(a) Related to Estimation of α (b) Related to Estimation of β3 (c) Related to Estimation of ξ2,
ξ3

Note: Other parameters are same as listed in Table 3.1. Also, since the ratio y∗2/ (y
∗
1 + y∗2 + y∗3) is

relatively smaller in magnitude and follows same behavior as the ratio y∗3/ (y
∗
1 + y∗2 + y∗3), we omit

its plot for clarity of exposition.

Figure 3.3. Sensitivity Analysis of the CCR&R’s Optimal Investments with Respect
to Model Parameters

which we refer to as the provider services return factor. Naturally, the optimal invest-

ment in provider services is reduced when the provider services return factor increases

(because α decreases as a function of this factor). Interestingly, we find that a higher

portion of freed up resources (due to reduction in x∗) should be directed to outreach in

the urbanized region rather than in the urban clusters and the rural regions (because

β1 is greater than both β2 and β3).

Estimation of outreach elasticity: The estimate of outreach elasticity β3 is based on

the information that the hourly wage rate of the personnel specializing in outreach-

related events is $30.2 per hour. The plots in Figure 3.3(b) depict changes in the

CCR&R’s optimal investments as the hourly wage rate changes. As expected, the

optimal investment in provider services increases when the hourly wage rate increases

(because the outreach elasticities decrease with this hourly wage rate). However, the

decrease in the total optimal outreach investments (to free up resources to increases

x∗) is such that the CCR&R takes away funds from its outreach investments in the

urbanized and rural regions only. This can be explained as follows: Since the opti-

mal amount of outreach investment in the urbanized clusters is already significantly
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smaller (due to low γ2), the effect of diminishing returns of the outreach investment

is not as pronounced in the urbanized clusters as it is in the urbanized and rural

regions. As a result, the CCR&R will find it optimal to use a portion of freed-up

resources from y∗1 and y∗3 toward outreach investment in urbanized cluster y∗2.

Estimation of distress: The estimate of distress ξi is based on the U.S. Census

Bureau data on household income in region i. Additional reasons (other than the cost

of living) can amplify these quantified values of an IE family’s distress. The plots in

Figure 3.3(c) depict changes in the CCR&R’s optimal investments for larger values

of the relative distress factors in the urban clusters and the rural region (specifically,

when both ξ2 and ξ3 are amplified by a factor of 2, 3, and so on). We find that it

becomes optimal for the CCR&R to increase its investment in outreach in the rural

region, even at the expense of reducing its investment in outreach in the urbanized

region despite the latter having both a larger outreach elasticity (β1 > β3) and a

greater impact of external environmental factors (po1 > po3).

We also perform sensitivity analysis by varying the amount of additional funds (δ)

that are earmarked for conducting outreach in the rural region. We find that, when

δ is greater than $52, 000, the optimal outreach investment in the rural region (y∗3)

is equal to the amount of the earmarked funds. Moreover, at such large values of δ,

it becomes optimal to reduce the outreach investments in both the urbanized region

and the urban clusters in order to invest more funds in the provider services. This

specific finding with regard to the reduction in both y∗1 and y∗2 stands in contrast to

the finding discussed above, wherein it is optimal for the CCR&R to use a portion

of the freed-up resources (from the reduction in y∗1) to increase y∗2. This result is

due to the complementary nature of the provider services and outreach activities.

These findings can help donors make informed decisions on donating earmarked funds

when earmarking might be unavoidable due to regulatory, accounting, or monitoring

considerations of the donor entity.
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3.3.2 Value of Optimal Allocation of Funds

To quantify the value of the proposed optimal allocation of funds, we calculate

the percent value reduction in inequity outcomes by comparing values of the inequity

measure under both the optimal and the current fund allocation strategies. The

CCR&R currently allocates only 10% of the total working hours of an existing em-

ployee (working at a wage rate of $15.44 per hour). Considering 2080 working hours

in a year, the CCR&R’s investment in outreach in its rural region (denoted by, say,

ŷ3) is $3,211.52. In the current scenario, the interviews with the CCR&R officials

indicate that the outreach investments in different regions are only proportional to

the number of IE families residing in each region. Thus, the CCR&R’s current invest-

ments in outreach in the urbanized (ŷ1) and urban cluster (ŷ2) regions are $1,275.16

and $236.14, respectively. Next, to calculate the improvement in MI (x∗, y∗1, y
∗
2, y

∗
3)

relative to MI (F − ŷ1 − ŷ2 − ŷ3, ŷ1, ŷ2, ŷ3), we run a simulation experiment using

ranges of practical values for the activity- and region-specific parameters (formulated

around the specific values estimated above). We find the CCR&R can achieve an

average improvement of 7.0% in the equity outcomes, with a 95% confidence inter-

val of [6.0%, 8.0%], by using the optimal allocation strategy instead of the current

allocation strategy.7

As emphasized in SDGs, such a reduction in inequity in access to child care,

especially for children in low-income families, plays a pivotal role in determining the

future performance of the children and the lowering of the socioeconomic burden

(Education Above All 2016). In particular, SDG #4 emphasizes the need to address

7We obtain these values of the percentage improvement in inequity outcomes by using uniform
distributions for the model parameters. As a robustness check, we instead use censored normal dis-
tributions for these model parameters, and find that the CCR&R can improve the inequity outcomes,
on an average, by 5.6%, with a 95% confidence interval of [4.7%, 6.5%]. Further, the magnitude of
improvement (7.0% or 5.6%) is consistent with the improvement estimate of yearly societal benefits
(in the range of 6.0-10.0%) in the study by Heckman (2012), which focuses on the effectiveness of
child development programs, such as birth-to-five and preschool programs.
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equity issues related to opportunities provided to rural children. In that regard,

the estimated value of the improvement in equity outcomes in the CCR&R’s service

area is related to the SDG Indicator 4.2, which includes reducing inequity in “access

to quality early childhood development, care, and pre-primary education” for rural

versus urban recipients (SDG 2017). Furthermore, the magnitude of benefit of the

proposed optimal allocation of funds should motivate all CCR&Rs (nearly 700 of them

in the U.S.) to utilize this chapter to estimate the model parameters and calculate

their optimal levels of investment in provider services and outreach in their service

areas.
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CHAPTER 4

ALLOCATION OF FUNDS IN BILEVEL SUBSIDY
WELFARE PROGRAMS

In this chapter, we develop a bilevel, one-to-many, and forward-looking optimiza-

tion model to analyze a funding agency’s optimal funds allocation decisions in a

subsidy voucher program. Our model includes the following three key features of

such a program: (i) the funding agency’s equity consideration, such that while all

the involved entities are motivated to enhance the social impact generated by the

programs, the funding agency’s objective is to maximize the total expected social

impact under an equity-based constraint, while the service agencies aim to maximize

the social impact in their respective areas; (ii) the intricate relationship between the

contextual factors (such as rates of investment return of activities and mix of different

types of service providers) and the service agencies’ investments that generate social

impact; and (iii) the asymmetry of information, wherein the funding agency is bet-

ter informed on the possibility of additional funds, if any, becoming available in the

future. In our main analysis, we solve this model by considering a practical scenario

in which additional funds may be approved by the funding source in the future for a

certain service area only.

The remainder of this chapter is organized as follows. Section 4.1 outlines the

model setup. Section 4.2 presents our main results on the optimal allocation decisions

and the optimal outcomes. An illustrative case study is presented in Section 4.3. A

summary of key notation in our study is provided in Table B.1 in Appendix B.1.
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4.1 Model

In this section, we present our model for the allocation of funds in a subsidy

voucher program by incorporating the bilevel hierarchical structure, wherein the fund-

ing agency distributes its available funds among all of its service agencies. We consider

a stylized setup in which the funding agency works with two service agencies, with

each service agency conducting provider-facing activities in its designated service area

i, where i ∈ {1, 2}. We consider that the funding agency has a limited amount of

financial resources, say F > 0, committed by the legislative body for investments

in various activities during the planned horizon (e.g., a fiscal year) of the subsidy

voucher program (Congressional Research Service 2015). Later in Section 4.3, we use

a case study to show that insights based on our analytical results remain qualitatively

similar for a general setup with more than two service areas.

In practice, additional funds are often expected to be sanctioned for a particu-

lar area at some future instances during the planned horizon. For example, given

the exogenous activism and pressure to uplift certain minority communities, the leg-

islative bodies could sanction additional funds to improve operations of the subsidy

voucher program in a particular area (say, the one where a relatively larger propor-

tion of beneficiaries reside) (Department of Health and Human Services 2021, Lynch

2020). To match with evidence and observations from practice, we consider not only

a probabilistic availability of such additional funds, but also an information asym-

metry between the funding agency and the service agencies about the availability

of such funds. This is mainly because, due to the proximity to the funding source,

the funding agency generally has more information on the likelihood and amount of

additional funds that may become available. Accordingly, in our model, the fund-

ing agency considers there is a probability p ≥ 0 that f > 0 amount of additional

funds will be approved by the legislative body for investments in area 2 at a future
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instance (therefore, no additional funds will be available with a probability 1 − p).1

However, we consider that the service agencies make their investment decisions with-

out incorporating any such likelihood of additional funds becoming available.2 While

our main model and analysis consider that additional funds are for investments in a

particular area only, our analysis shows that our main insights remain qualitatively

similar under a setting where the additional funds are for investment in both areas

for a particular activity only.

Next, we explain the mathematical formulations of the service agencies’ social

impact generation functions (in Section 4.1.1), and the funding agency’s objective

function and the equity consideration (in Section 4.1.2). Thereafter, we outline the

optimization setup that captures the funds allocation problem in the bilevel subsidy

voucher program (in Section 4.1.3).

4.1.1 Service Agencies’ Model Elements

The provision of funds is a form of contract between the funding agency and

the service agencies in terms of exchanging financial resources for positive social

impact (Brest and Harvey 2008). A key feature of subsidy voucher programs under

study is that service agencies rely on local service providers to improve the lives of

beneficiaries in their respective areas. In particular, a service agency uses the funds

received from the funding agency to invest in provider-facing activities – namely,

quality improvement and outreach – with the goal of maximizing the total social

1The modeling choice of additional funds becoming available for area 2 is without the loss of
generality. Later, in Section 4.2.2, we relate our findings on the optimal outcomes under differ-
ent funding methods to the relative number of beneficiaries residing in area 2, which is often the
motivation behind sanctioning of additional funds for an area.

2The modeling choice that the service agencies consider zero probability of additional funds
becoming available is for analytical tractability only. All the analytical insights are qualitatively
similar as long as there is information asymmetry between the entities at two different levels such
that, the funding agency considers a probability p and the service agencies consider a probability
p′ ≤ p that f amount of additional funds will become available in the future.
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impact generated in its area through those investments. Although the interventions

under each of these two activities benefit the beneficiaries and society at large, they do

so through distinct mechanisms. Specifically, investments in the quality improvement

lead to a greater social impact by enhancing the quality of the essential services

delivered to beneficiaries at subsidy-accepting providers; whereas, investments in the

outreach lead to a greater social impact by increasing the ease of accessibility of the

program for beneficiaries by enrolling additional providers to accept subsidies in that

service area.3

Let Bi denote the budget provided by the funding agency from its available (ini-

tial) funds F to service agency i ∈ {1, 2}. Using the provided budget, we consider

that service agency i invests Xi and Ψi amount of funds in quality improvement and

outreach, respectively. Consistent with the view of the extant literature on return on

investment in nonprofit settings (Privett and Erhun 2011, Sharma et al. 2021) and

service settings (Gandjour 2010, Karaer et al. 2017), we consider that the return on

investment toward each activity exhibits a diminishing rate of return. Further, we

consider that the investment in different types of activities leads to different social

returns. That is, quality improvement and outreach investments have different effi-

ciencies in terms of how well they enhance the generated social impact. Accordingly,

we model the social impact from investments in quality improvement and outreach

activities as
√
αXi and

√
βΨi, where α and β denote how efficiently investments in

quality improvement and outreach activities, respectively, lead to generation of social

impact. In essence, in our model, α and β capture the rate of return of investment

3Our model can be generalized to more than two types of activities (wherein, the social impact
generation function will have an additional term corresponding to each additional activity type). We
focus on the aforementioned two types of provider-facing activities because several subsidy voucher
programs often categorize providers into subsidy-accepting versus non-accepting when planning their
operational activities (Garboden, Rosen, Greif, DeLuca and Edin 2018, Department of Health and
Human Services 2019).
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in quality improvement and outreach activities, respectively.4 The use of square root

functional form to capture diminishing returns in the generation of social impact is in

line with the formulation of social impact generation functions in the related studies

in the nonprofit settings. Note that the overall insights from our analysis remain qual-

itatively similar when using other functional forms that capture diminishing returns

(e.g., exponential or logarithmic form).

Further, we allow for the return rate of investment in outreach activity to be

uncertain. This is because, in practice, service providers’ willingness to participate in

subsidy voucher programs is impacted by multiple external factors that are outside

the service agencies’ purview (e.g., prosocial environment, providers’ closeness to the

community, or private child care market) and thus, it is typically difficult to assess

investment returns of outreach activity (Putnam 2001, Bierhoff 2005). Accordingly,

we consider that outreach investment return rate can be either βH with a probability

of ρ or βL (where βL ≤ βH) with a probability of 1− ρ.

As discussed earlier, we consider there is a likelihood that the legislative body

could sanction additional funds f for investments in area 2 only. We next outline

the social impact generated by the service agencies 1 and 2 if no additional funds

become available in the future. Then we outline the social impact generated in area

2 if additional funds become available in the future.

Social Impact Generated If No Additional Funds Become Available: Let Vi (·)

denote the social impact generated by service agency i through investments to-

ward service providers operating in its designated area. Vi(·) can be expressed as

a combination of expected social impact from investments in the two activities:

4Since all service agencies follow the government’s mandate to deliver standardized subsidy
assistance, we reasonably assume the same efficiency of investment in quality improvement and
outreach activities in all areas, i.e., αi = α and βi = β, ∀i ∈ {1, 2}. Later, we allow for asymmetry
in the efficiency of investment in the activities across the two service areas, and find that all main
insights remain qualitatively similar (see Appendix B.4.6).
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Vi (Xi,Ψi)
.
= qi

√
αXi + (1− qi)

(
ρ
√
βHΨi + (1− ρ)

√
βLΨi

)
, where 0 < qi < 1. The

parameter qi appropriately weighs the contributions from investments in quality im-

provement and outreach activities in social impact generation. For example, contri-

bution of investment in quality improvement would be higher than that in outreach

(i.e., qi > 1/2), when the number of service providers that accept subsidies is greater

than the number of providers that do not yet accept subsidies (Department of Health

and Human Services 2019).

Social Impact Generated If Additional Funds Become Available: Since the addi-

tional funds are restricted for investments in area 2 only, the social impact generated

by service agency 1 is as given by the function V1 (X1,Ψ1) outlined above. How-

ever, using the additional funds f , the service agency 2 makes additional investments

in each of the two activities on top of the previously made investments. Accord-

ingly, we consider that the service agency 2 invests χ2 and ψ2 in quality improvement

and outreach, respectively, on top of the previous respective investments X2 and Ψ2.

Let v2(·) denote the overall social impact generated by service agency 2 using initial

and additional budgets. Therefore, v2(·) can be expressed as: v2 (X2,Ψ2, χ2, ψ2)
.
=

q2
√
α (X2 + χ2) + (1− q2)

(
ρ
√
βH (Ψ2 + ψ2) + (1− ρ)

√
βL (Ψ2 + ψ2)

)
.

Before we proceed with describing the funding agency’s model elements, two re-

marks are in order. First, the function v2(·) assumes the previously-made investments

(X2 and Ψ2) are already committed and cannot be altered by the service agency when

the additional funds are made available. This is a reasonable assumption considering

that the service agencies generally sign contracts and leases (and pay upfront) for the

duration of the planned horizon (New England Farm Workers Council 2017). Second,

the function v2(·) also assumes that the outreach investment return rate remains to

be uncertain when the additional funds become available. While this is a reasonable

assumption (due to the features of outreach activity, as explained above), it is pos-

sible that the funding and service agencies will obtain a better understanding of the
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outreach investment return when the additional funds become available (due to the

temporal gap between the availability of F and f). To this end, we also examine

the scenario under which this uncertainty gets resolved when future additional funds

arrive (see Section B.4.4 in Appendix B.4).5

4.1.2 Funding Agency’s Model Elements

The funding agency distributes its initial funds F between service agencies 1 and 2

with the goal of maximizing the overall expected social impact, while also ensuring the

equitable social impact generation across service areas 1 and 2. We capture this goal

of the funding agency by formulating its objective function and equity consideration

as follows.

Total Expected Social Impact: Recall that the funding agency possesses infor-

mation on the likelihood of additional funds f becoming available to area 2 in the

future. Accordingly, the funding agency incorporates this information in the allo-

cation of its initial funds F to maximize the total expected social impact across

both service areas, which we denote by TSI. Mathematically, we have: TSI
.
=

V1 (·) + (1− p)V2 (·) + pv2 (·) , where V1(·), V2(·), and v2(·) are as outlined in Section

4.1.1.

The expression of TSI assumes there is no time value associated with the gener-

ated social impact, i.e., there is no difference in delivering benefits to the beneficiaries

sooner (using initial funds) than later (using additional funds). This is a reasonable

assumption because, the temporal gap between allocation of initial funds and addi-

tional funds if available is quite small as compared to the lifelong nature of the benefits

5Although the social impact generation function captures key activity- and area-specific differ-
ences (e.g., as captured by α, β{H,L}, ρ, θi, and qi), a few practitioner reports highlight disparities
in the number of service providers between different regions, say predominantly rural and predom-
inantly urban regions, within a service area (Department of Health and Human Services 2023).
Accordingly, we extend our model and analysis to also consider such regional differences between
the areas (see Appendix B.4.5).
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delivered under the considered programs (see Barnett and Masse 2007, Herbst 2017).

Nevertheless, for completeness, we present an extension in Appendix B.4 (in Section

B.4.2), where we use a discount factor to capture the time value of the generated

social impact.

Expected Inequity: As discussed in Section 1.3, in addition to achieving a greater

overall social impact, there is a growing attention by the funding agencies on ensuring

equity in the outcomes generated across different geographic areas (here, service ar-

eas). To capture the funding agency’s equity consideration, we first define a measure

of inequity as ‘the sum of the absolute deviations of the expected social impact gener-

ated between all pairs of service agencies based on initial and future additional funds

allocation’. This inequity measure has been previously used by operations manage-

ment scholars to capture the inequity in outcomes across different geographic areas

in a variety of resource allocation problems, including organ allocation (Zenios et al.

2000), emergency medical services (Zhu et al. 2019), and facility location (Ohsawa

et al. 2008). We denote the inequity in the expected social impact generated across

areas 1 and 2 by I, which can be written as: I
.
=
∣∣∣V1(·)θ1

− (1−p)V2(·)+pv2(·)
θ2

∣∣∣. The parame-

ter θi allows for a meaningful comparison between the social impact generated across

different areas by normalizing the generated social impact in each area by the size of

its pool of targeted beneficiaries. This is because, due to differences in geographic,

demographic, and cost of living related factors, the mix of beneficiaries varies across

different areas (Massachusetts Department of Early Education and Care 2017), and

the funding agency needs to appropriately scale the generated social impact in dif-

ferent areas before comparing them. We refer to θi as the volume adjustment factor

of service area i, such that θi > θj implies that the size of the pool of beneficiaries in

service area i is larger as compared to that of service area j.

Finally, we consider that the funding agency utilizes a constraint, given by I = 0,

to ensure that social impact is generated in an equitable manner across the two service
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areas. This constraint ensures perfect equity, which is consistent with the equity

policy used in similar settings that focus on distribution of critical products and

services (e.g., Orgut et al. 2018), and it is widely accepted that “the most equitable

policy is one that completely eliminates outcome discrepancies across the various

... groups” (Zenios et al. 2000). However, later in Appendix B.4.3, we relax this

constraint and modify it as I ≤ K to examine how the level of the maximum allowed

inequity deviation K ≥ 0 impacts the funding agency’s optimal funds allocation.

4.1.3 Bilevel Funds Allocation Problem

Combining all of the aforementioned details, the funding agency’s funds allocation

problem can be expressed as the following sequential optimization model. For the ease

of understanding, we describe these stages in the reverse order (since they are solved

using the backward induction approach). If and when the additional funds f become

available for the area 2, the service agency 2 makes two activity-specific investment

decisions χ2 and ψ2 to maximize the overall social impact generated based on initial

and additional funds. The optimal investment levels χ∗
2 and ψ∗

2, for a given level of

investments X2 and Ψ2 made using the initial funds provided by the funding agency,

can be obtained by solving the following optimization problem:

χ∗
2, ψ

∗
2 ∈ argmax

{χl
2,ψ

l
2}

{
v2
(
X2,Ψ2, χ

l
2, ψ

l
2

)
: χl2 + ψl2 ≤ f, χl2, ψ

l
2 ≥ 0

}
. (4.1)

The funding agency’s initial funds allocation problem–the distribution of F to

provide budgets B1 and B2 to the service agencies 1 and 2, respectively–must incor-

porate the service agency 2’s optimal investment decision using the additional funds

f (if any). As given by the solution to equation (4.1), the optimal (additional) in-

vestment levels χ∗
2 and ψ

∗
2 are functions of X2 and Ψ2 and hence, functions of B1 and
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B2. Thus, the optimal budget levels B∗
1 and B∗

2 to service agencies 1 and 2 can be

obtained by solving the optimization problem shown below:

max
{B1,B2}

TSI = V1 (X1,Ψ1) + (1− p)V2 (X2,Ψ2) + pv2 (X2,Ψ2, χ
∗
2, ψ

∗
2) , (4.2)

s.t.

∣∣∣∣V1 (X1,Ψ1)

θ1
− (1− p)V2 (X2,Ψ2) + pv2 (X2,Ψ2, χ

∗
2, ψ

∗
2)

θ2

∣∣∣∣ = 0, (4.3)

Xi,Ψi ∈ argmax
{Xl

i ,Ψ
l
i}

{
Vi(X

l
i ,Ψ

l
i) : X

l
i +Ψl

i ≤ Bi, X l
i ,Ψ

l
i ≥ 0

}
, ∀i ∈ {1, 2},

(4.4)

B1 +B2 ≤ F, (4.5)

Bi ≥ 0, ∀i ∈ {1, 2}. (4.6)

4.2 Results

We first present and discuss how the funding agency should take into account area-

and activity-specific differences in its equity-ensuring funds allocation strategy (in

Section 4.2.1). Thereafter, in Section 4.2.2, we examine how “valuable” our proposed

equity-ensuring funds allocation strategy is. We do this by comparing and contrasting

the resulting levels of equity and total social impact under that strategy with those

under different funds allocation methods (specifically, the one that has no equity

consideration, and the one that is based on a simple formula).

4.2.1 Optimal Budget Allocation Decisions

We solve the optimization problem outlined in Section 4.1–wherein the funding

agency has equity consideration–to obtain the optimal budget allocated to each service

agency, i.e., B∗
1 andB

∗
2 as characterized in Lemma 4.1. Note that our analytical results

are derived by setting p = 1/2, which is the most variable case in terms of the chances
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of additional funds becoming available or not.6 (Hereafter, we use the terms “higher,”

“lower,” “increasing”, and “decreasing” in the weak sense.)

Lemma 4.1 Consider the optimization problem outlined in equations (4.2)-(4.6) (i.e.,

with the equity consideration). Suppose p = 1
2
and f < ḟ . Then, the funding

agency’s optimal levels of initial funds to service agencies 1 and 2 (B∗
1 , B

∗
2) are:

B∗
1 =

√
N1(4FN1(F+f)θ22−f2)+(2F+f)θ2N1

4θ2N1(θ22N1+1)
and B∗

2 = F − B∗
1 , where ḟ

.
= 4θ22N1F > 0

and N1
.
=

αq21+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q1)2

αq22+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2

> 0. Further, B∗
1 increases in f .

Lemma 4.1 formalizes the intuition that when the level of additional funds (f)

that may become available for area 2 increases, the funding agency should increase

the amount of budget allocated to area 1 (B∗
1) from its initial funds F in order to

ensure equity in the social impact generated across both service areas. Increase in

B∗
1 (at the expense of B∗

2) with an increase in f keeps the expected inequity between

the two areas to the minimum by taking into account the possibility of more funds

being sanctioned during the planning horizon for area 2 only.7 Using the optimal

budget levels shown in Lemma 4.1, we next shine light on the effects of area- and

activity-specific factors on the funding agency’s optimal funds allocation strategy.

The proposition below characterizes the effect of the mix of subsidy-accepting

versus non-accepting service providers in an area (captured by qi), uncertainty in

rate of return in outreach investment (captured by ρ), and rate of investment return

6This is required only for the analytical tractability of our sensitivity analyses of the optimal
budget levels with respect to the contextual factors. In our case study, we numerically show that all
insights discussed in Section 4.2.1 continue to hold for any value of p (e.g., see Figure 4.3).

7To examine the role played by information asymmetry in the funding agency’s optimal funds
allocation strategy, we also obtain the optimal budget decisions under the scenario when there is
no information asymmetry between the funding and service agencies on the likelihood of additional
funds becoming available. Comparing these with the optimal budget levels in Lemma 4.1, our
analysis reveals that, under the information asymmetry scenario versus no information asymmetry
scenario, the increase in B∗

1 as f increases is more pronounced. This is because, when the service
agencies have no or limited information on the likelihood of additional funds becoming available, the
initial funds allocation is the lever at the funding agency’s disposal to ensure equity while achieving
the highest total expected social impact (additional details are presented in Appendix B.4.4).
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in quality improvement activity (captured by α) on the optimal budget allocated from

initial funds F to the service agency i ∈ {1, 2}.

Proposition 4.1 Consider the optimal budget levels B∗
i and B∗

3−i i ∈ {1, 2} in

Lemma 4.1.

(i) With Respect To Area-specific factors. Denote a threshold q̂. Then, B∗
i

increases in qi and B
∗
3−i decreases in qi if qi < q̂, and B∗

i decreases in qi and B
∗
3−i

increases in qi otherwise, where q̂
.
=

(ρ
√
βH+(1−ρ)

√
βL)

2

α+(ρ
√
βH+(1−ρ)

√
βL)

2 .

(ii) With Respect To Activity-specific factors. B∗
i decreases in ρ and B∗

3−i

increases in ρ if qi < q3−i, and B
∗
i increases in ρ and B∗

3−i decreases in ρ otherwise.

Further, B∗
i increases in α and B∗

3−i decreases in α if qi < q3−i, and B
∗
i decreases α

and B∗
3−i increases α otherwise.

Proposition 4.1(i) states that to ensure equity in the social impact generated across

both service areas, the funding agency should increase the funds allocated toward the

area in which qi is not quite low or high. Recall that qi captures the relative weight of

investments in quality improvement versus outreach in the social impact generation

function. Thus, based on the practical interpretation of qi, these results imply that

as the mix of subsidy-accepting versus non-accepting service providers within an area

becomes less skewed (say, qi is closer to the threshold q̂ rather than to either 0 or

1), the funding agency should increase the optimal budget allocated to the service

agency serving that area. On the other hand, when the mix of providers becomes

skewed (say, qi is closer to either 0 or 1), the funding agency should decrease the

budget provided to the service agency i and provide these funds to the other service

agency instead. We explain the intuition behind this finding next.

Consider that the ratio of subsidy-accepting providers to non-accepting ones within

a particular area i is high (i.e., qi ≥ q̂). Given that the service agency i aims to

maximize the social impact in its area, an increase in qi implies that investing in

quality improvement (instead of outreach) would generate more social impact within
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its area. As a result, this service agency finds it optimal to take away funds from

outreach to invest toward quality improvement. However, doing so would lead to

a greater disparity between the social impact generated in these two areas, ceteris

paribus. Consequently, the funding agency responds by reducing the budget allo-

cated to this service agency. By reducing B∗
i in this situation, the funding agency is

able to nudge service agency i toward achieving a more balanced split of its budget

between the two types of activities within its area. This balanced split at the service

agency level is assured because of the presence of diminishing returns on investments

in provider-facing activities (note that diminishing returns have a salient effect when

the amount of budget is smaller).

We also investigate how this non-monotonic effect of qi on the optimal decisions

interacts with the effect of the level of additional funds f expected to be available

for area 2. Consider the optimal budget B∗
1 allocated to area 1 under the equity

consideration setting. We find that, when f increases, the largest increment in the

optimal budget B∗
1 happens when there is a less skewed mix of subsidy-accepting

versus non-accepting service providers in area 1. This finding suggests that the level

of additional funds and the balanced mix of service providers have a complementary

effect on the initial budget allocated to the area that will not get additional funds,

and this effect is primarily driven by the equity consideration of the funding agency.

Next, Proposition 4.1(ii) states that to ensure equity in the social impact gen-

erated across the two service areas, the funding agency should decrease the funds

allocated toward the area that has a relatively lower (higher) proportion of subsidy-

accepting (non-accepting) providers when the chance that outreach investment yields

high investment return (ρ) increases. The intuition is as follows: When ρ becomes

high, both service agencies find it optimal to increase investment in outreach. How-

ever, this increase in outreach investment is more beneficial for the service agency

that serves the area with a relatively higher proportion of non-accepting providers
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(who benefit from outreach investment), which can potentially lead to a wider gap in

the social impact generated across the two areas. Therefore, by strategically reducing

the optimal budget to that service agency, the funding agency is able to ensure a

more balanced investment between the two types of activities, and hence, reduce the

equity gap.

Finally, the results on the rate of investment return of the quality improvement

activity (α) in Proposition 4.1(ii) follow from the fact that the interaction between

the rate of investment return in quality improvement and the relative weight qi is

mathematically opposite of the interaction between the rate of investment return in

outreach activity and the relative weight qi in the social impact generation functions

(see the expressions of V1, V2, and v2 in Section 4.1.1). Therefore, we omit the related

discussion for brevity.

In sum, these results show how the funding agency should take into account the

differences between service areas (e.g., additional funds expected for an area only)

and within service areas (e.g., mix of providers accepting subsidies versus those not

accepting) in its funds allocation decisions. Also, they help understand how the

optimal funds allocation decisions by the funding agency can serve as an important

lever to reduce inequity in the social impact generated by different service agencies

in their respective areas.

Note that all the aforementioned insights are drawn from our analysis of the

optimization-based funds allocation method in which the funding agency aims to

ensure equity in the social impact generated across both service areas. We conduct

additional analysis to compare and contrast the results for an equity-ensuring funding

agency in Proposition 4.1 with the corresponding results for an efficiency-focused

funding agency–i.e., an agency that focuses only on maximizing the total expected

social impact across both areas with no equity consideration. (See Lemma B.2 in

Appendix B.2 for formal characterization.) This exercise reveals that the mix of
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providers, the uncertainty in outreach investment return, and investment return rate

of quality improvement have a completely opposite impact on the optimal budget

levels when the funding agency considers versus does not consider equity within its

funds allocation strategy. Overall, these comparative results signify that the funding

agencies that plan to move away from their focus on efficiency only (by considering

equity) should carefully adjust their funds allocation strategies to ensure maximum

impact is generated in an equitable manner.

4.2.2 Comparisons of the Outcomes under Different Funds Allocation

Methods

While the results above provide implications for the funding agency’s optimal

budgetary decisions, it is instructive to analyze how the societal outcomes–i.e., the

levels of inequity and total social impact–resulting from equity-ensuring method com-

pare against those resulting from efficiency-focused and formula-based methods. We

discuss such comparative results below.

4.2.2.1 Equity-Ensuring Versus Efficiency-Focused Methods.

We first present our results on how the key parameters affect the gap between

the resulting inequity outcomes and the difference between the resulting total so-

cial impact under the equity-ensuring (denoted by the use of Eq superscript) and

efficiency-focused (denoted by the use of Ef superscript) methods of funds alloca-

tion. Note that both these methods are optimization-based, with the difference being

that the former considers equity and the latter does not consider equity in the social

impact generated in the two service areas.

All analytical results in this section are derived by setting f = 0. This sim-

plification allows analytical tractability, as an analytical comparison of the optimal

levels of equity and total social impact in our multi-stage optimization model becomes

intractable when two additional activity-specific variables are introduced due to f .
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However, to ensure the robustness of insights discussed in this section, we undertake

extensive numerical analysis to establish that all the discussed insights continue to

hold for f > 0 (e.g., see Figure 4.3).

Proposition 4.2 There exists a unique threshold θ̂2 > 0 such that, when θ2 = θ̂2,

the resulting inequity outcomes and the total social impact are equal under the equity-

ensuring and efficiency-focused methods, i.e., IEf = IEq and TSIEf = TSIEq, where

θ̂2
.
= 1

N1
, and N1 is characterized in the statement of Lemma 4.1. Otherwise, the

differences IEf − IEq > 0 and TSIEf − TSIEq > 0 decrease in θ2 if θ2 < θ̂2 and

increase in θ2 otherwise. Further, θ̂2 increases in q1 if q1 < q̂ and decreases in q1

otherwise; θ̂2 decreases in q2 if q2 < q̂ and increases in q2 otherwise, where q̂ is

defined in Proposition 4.1.

The results in Proposition 4.2 indicate that the efficiency-focused funding agency

enhances the total social impact at the expense of inequity outcomes. Specifically,

we show that the optimal funds allocation strategy that focuses only on maximizing

efficiency can lead to high levels of inequity in the social impact generated in the

two services areas when the disparity in the size of the pool of beneficiaries across

different areas is high. This is because, the efficiency-focused funding agency takes

into account only the efficiency of the use of its funds, which is determined by the

relationships between the investment return rate of different activities and the mix of

service providers. Whereas, the equity-ensuring funding agency carefully adjusts its

optimal funds allocation strategy to ensure that the optimal social impact generated

across different areas, normalized by the size of their respective pool of targeted

beneficiaries, are not significantly different from each other. Given this, in situations

when θ2 is sufficiently high or low compared to the threshold θ̂2, the efficiency-focused

funding method results in greater inequity.

Further, the results in Proposition 4.2 state how the threshold θ̂2 changes with

respect to the area-specific factor qi. However, to fully understand the impact of
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qi on the comparisons of inequity outcomes and total social impact under the two

optimization-based methods, we present the following lemma on how the differences

IEf−IEq and TSIEf−TSIEq change with respect to qi when there is a large disparity

in the size of the pool of beneficiaries across different areas.

Lemma 4.2 When θi is sufficiently small (large) compared with θ3−i, the differences

IEf − IEq > 0 and TSIEf − TSIEq > 0 first decrease (increase) and then increase

(decrease) in qi.

Consider that the service area 2 has a relatively large number of beneficiaries

(i.e., θ2/θ1 is sufficiently large) and has a mix of service providers that is quite skewed

toward one type of service providers (say, q2 is closer to zero or one). Then, when the

mix of service providers becomes more balanced (i.e., when q2 moves away from zero

and one), the efficiency-focused funding agency should optimally take away funds

from the budget allocated to area 2, which otherwise would get distributed more

evenly between the two types of activities within the area 2 due to a balanced mix

of service providers in this area. This will ensure that the most total social impact is

generated, but at the expense of higher inequity outcomes. In contrast, the equity-

ensuring funding agency should respond to the mix of service providers becoming

more balanced by channeling more funds toward area 2 to maintain a balance in the

social impact generated across the two areas (this boost is needed because area 2 has

a large number of beneficiaries).

In sum, we show that our optimization-based model (as outlined in Section 4.1)

helps the equity-ensuring funding agency generate the most overall social impact in an

equitable manner. Without such equity consideration, the optimal funds allocation

strategy results in a greater inequity especially when there is a large disparity in the

size of the pool of beneficiaries across different areas. Moreover, in such situations,

the level of inequity enhances further when the area with relatively more (fewer)
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beneficiaries has a quite balanced (skewed) mix of service providers. Also, the above-

discussed comparative results, based on the two optimization setups, indicate that

the goals of efficiency and equity are in contrast with each other. In practice, several

funding agencies use relative simple formulas to allocate funds among service areas,

which could possibly achieve better efficiency while not sacrificing equity (to some

extent). We investigate this next.

4.2.2.2 Equity-Ensuring Versus Formula-Based Methods.

As discussed in Section 1.3, for simplicity and ease of use, the funding agencies

under many subsidy voucher programs rely on a simple or weighted sum of proportions

of multiple between-area factors to allocate funds among service agencies serving those

areas (National Research Council 2001, Dilger and Boyd 2014). Consistent with

this observation, we define a benchmark formula-based method within our resource

allocation problem setup to investigate whether and when the optimization-based

equity-ensuring method leads to improved inequity outcomes and total social impact.

Specifically, we consider that the funding agency obtains the proportion of its budget

that should be made available to the service agency by using the relative size of the

pool of beneficiaries across different areas. After receiving this budget, under the

formula-based method, we consider that each service agency distributes it between

different activities within its service area based on the proportion of subsidy-accepting

and non-accepting service providers. Additional technical details of the resulting

allocation decisions and outcomes are provided in Section B.2.2 in Appendix B.2.

Given that ensuring equity in the social impact generated is the central focus

of our proposed optimization-based funds allocation strategy, we first analyze how

the inequity outcomes compare between this equity-ensuring method (denoted by the

use of Eq superscript) and the formula-based method (denoted by the use of Fo

superscript). The proposition below presents how IFo − IEq changes with respect
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to the size of the pool of beneficiaries (θi) and the mix of subsidy-accepting and

non-accepting service providers in service area i ∈ {1, 2} (qi).

Proposition 4.3 Denote thresholds θ and θ̄ as defined in the proof, where 0 < θ < θ̄.

Then,

(i) When θi/θ3−i ≤ θ, the difference IFo − IEq ≥ 0 first decreases and then increases

in qi;

(ii) When θ < θi/θ3−i < θ̄, the difference IFo − IEq ≥ 0 increases in qi if qi ∈(
q
i
, q̄i

)
∪ (q̇i, 1) and decreases in qi otherwise, where q̄i =

(ρ
√
βH+(1−ρ)

√
βL)

2

α+(ρ
√
βH+(1−ρ)

√
βL)

2 , and the

existence of q
i
and q̇i are shown in the proof;

(iii) When θi/θ3−i ≥ θ̄, the difference IFo − IEq ≥ 0 first increases and then decreases

in qi.

Proposition 4.3 states that, depending on the the relative size of the pool of

beneficiaries in a service area, the mix of subsidy-accepting and non-accepting service

providers in the service areas has a nuanced and non-monotonic effect on the gap

between inequity outcomes under the formula-based method and the optimization-

based equity-ensuring method. In particular, per Proposition 4.3(i) and (iii), when a

service area has a relatively small (large) pool of beneficiaries, then the formula-based

method versus the optimization-based method leads to a greater level of inequity

when this area has a skewed (balanced) mix of service providers. The explanation

for this implication stems from the following: To begin with, the role of the size of

the pool of beneficiaries in determining the funds allocation strategy is aligned under

both methods–specifically, the funding agency should allocate more funds toward

the service area with a larger pool of beneficiaries. However, the optimization-based

method ensures that the funding agency increases the budget allocated to the service

area with the balanced mix of service providers to ensure the social impact is generated

across the two in a balanced manner (as shown in Proposition 4.1). The formula-

based method is unable to account for such optimal balancing of the budget levels to
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curtail the gap in the social impact generated across both service areas (because it

relies on a simple weight-driven distribution of funds that does not explicitly consider

equity).

The results in part (ii) of Proposition 4.3 state that, when there is a moder-

ate disparity in the pool of beneficiaries in the two service areas, the formula-based

method leads to a greater deviation from equitable outcomes (achieved under the

optimization-based method) when the service areas have either a very balanced or a

very skewed mix of service providers. This is primarily driven by the key role played

by the area-specific factor qi in carefully adjusting the optimal funds allocation strat-

egy (by increasing or decreasing the budget, respectively) to ensure that the most

social impact is created in an equitable manner (as shown in Proposition 4.1). Our

analysis reveals that this deviation of equitable outcomes under the formula-based

method versus the optimization-based method is further pronounced when the rate

of return of investing in quality improvement or outreach is high. In sum, all of these

results underscore the value of using our proposed optimization-based method toward

ensuring equitable allocation of funds among service agencies by the funding agency.

While this is an important finding, it still remains to be investigated how the

formula-based method compares with the optimization-based method in terms of the

total social impact generated across both areas. We answer the following specific

question in our Proposition 4.4 below: While the difference of inequity outcomes is

high when the service area 2 has a large pool of beneficiaries and the other service area

has a skewed mix of service providers (see Proposition 4.3), does the formula-based

method achieves higher total social impact but not significantly sacrifice equity under

these situations? These specific considerations in Proposition 4.4–that is, θ2 ≥ θ̌2 and

q1 ≤ q2 =
1
2
–are only for the ease of explanation of insights.
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Proposition 4.4 Consider θ2/θ1 ≥ θ̌, q1 ≤ q2 = 1
2
, and

√
α = ρ

√
βH + (1− ρ)

√
βL,

where the existence of θ̌ is shown in the proof.8

(i) The difference TSIFo − TSIEq first increases and then decreases in θ2.

(ii) Denote a threshold θ̇2 as defined in the proof, then: (ii-a) When θ2/θ1 ≤ θ̇,

TSIFo ≤ TSIEq if and only if q̃1 < q1 < ˜̃q1, where 0 < q̃1 ≤ ˜̃q1 ≤ 1
2
and; (ii-b)

When θ2/θ1 > θ̇, TSIFo ≥ TSIEq for any q1, where the existence of q̃1 and ˜̃q1 are

shown in the proof.

Proposition 4.4 states the conditions under which the optimization-based method,

as compared to the formula-based method, generates a higher total social impact

across both service areas; however, we restrict the following discussion on highlight-

ing those situations when the total social impact is higher under the formula-based

method (despite it using a simple weight-driven method). One such situation arises

when there is a significantly large disparity in the size of the pool of beneficiaries

across service areas; see Proposition 4.4(ii-b). This is driven by the fact that, under

a quite large disparity in the pool of beneficiaries, the optimization-based method

focuses mainly on balancing equity in the social impact generated across the two ar-

eas. To ensure equity, the funding agency allocates a large amount of budget to the

service area with a large pool of beneficiaries, but this does not translate to a higher

total social impact because of the salient impact of diminishing returns of investment

at such higher levels of budget. Another such situation (i.e., TSIFo ≥ TSIEq) arises

when the disparity in the size of the pool of beneficiaries between two areas is not too

large (i.e., θ2 has a moderate value) and the mix of service providers in service area

8The assumption
√
α = ρ

√
βH+(1− ρ)

√
βL allows to analytically parse out the pure effects of θi

and qi on the difference in the levels of total expected social impact under the two methods, without
taking into account any activity-related differences. This is a useful scenario for the comparative
analysis, because allocation decisions under the formula-based method are made based on area-
related differences, as captured by the size of the pool of beneficiaries (θ2) and mix of service
providers (qi) in our model. Later, our numerical analysis in the case study (in Section 4.3) shows
that all main insights continue to hold when this assumption is relaxed.
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1 is either very balanced or very skewed (i.e., q1 is closer to 1/2 or 0); see Proposition

4.4(ii-a). It follows a similar explanation as the situation mentioned above.

Next, combining the findings in Propositions 4.3 and 4.4, it can be concluded

that, although the formula-based allocation method generates non-negligible inequity

outcomes, it may enable the funding agency to generate greater total social impact

(with only a moderate level of inequity outcomes) than the proposed equity-ensuring

method. This is particularly true when the difference in the size of beneficiaries

between areas is sufficiently large, and the area with a relatively large size of benefi-

ciaries has a highly skewed distribution of service providers; or when both areas have

a large proportion of one particular type of service providers, and the investment re-

turn rate of activity targeting that type of service providers is not too high. Overall,

we have the following two practical takeaways for the funding agency: It is possible

based on the contextual factors that an allocation of funds using a simple formula

could achieve better efficiency while not severely sacrificing equity. On the flip side,

our proposed optimization-based method ensures equity while not severely sacrificing

efficiency under a wide range of values of contextual factors.

4.3 Practical Illustration Using a Case Study

In this section, we present a calibrated numerical study using data from the

child care subsidy voucher program in Massachusetts to provide an illustration of

how the insights discussed above can apply to practice. Under this program, the

funding agency–Massachusetts Department of Early Education and Care (MEEC)–

partners with different service agencies–CCR&Rs (i.e., Child Care Resource and Re-

ferral Agencies)–that serve IE families and local child care providers within their

designated areas. These n = 7 service areas correspond to different geographic ar-

eas within Massachusetts, including Western, Central, Northeast, Southeast, Cape,

Metro, and Boston, and we denote them by 1 to 7, respectively. MEEC has state-
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issued annual funds (F ) of approximately $6.31 million, which it allocates among the

seven areas using a formula described below.

Current Allocation Method: MEEC uses a formula-based method that combines

several area-specific factors to distribute its funds among the seven service areas.

These factors include number of IE families, number of child care providers that

accept vouchers, and total number of child care providers. For a given area, MEEC

obtains a percentage of its budget that should be made available to the CCR&R in

that area as follows: It calculates the relative proportions pertaining to each of the

above-mentioned factors in that area, and then computes the simple average (equal-

weighted and linear sum) of these proportions to arrive at the requisite percentage

value.9 As can be noted, the proportion-based funding formula currently used by

MEEC does not explicitly capture equity considerations by the funding agency and

the interrelationships between contextual factors in the generation of social impact.

Numerical Illustration Setup: We illustrate how the MEEC should distribute its

pool of funds among the seven service agencies using our optimization model setup

that incorporates all of these above-mentioned complexities. We also compare and

contrast the inequity outcomes and the total social impact under three distinct fund-

ing methods: current allocation (i.e., formula-based), optimization-based allocation

with equity consideration (i.e., equity-ensuring), and optimization-based allocation

without equity consideration (i.e., efficiency-focused). Further, we shed light on how

the MEEC’s funds allocation decisions and the two outcomes of interest are impacted

by the different levels of the likelihood and amount of any future additional funds.

To estimate the values of the model parameters for our numerical illustrations, we

use data provided by the MEEC and data collected from the U.S. Census Bureau, the

9In our stylized benchmark formula-based method, these proportions (here, percentages of the
MEEC’s budget that should be made available to CCR&Rs) are captured by the volume adjustment
factor θi.

78



Table 4.1. Case Study: Estimated Values of Area-Related Parameters

Area-Related Parameters

Service Area (i)

Western Central Northeast Southeast Cape Metro Boston
(1) (2) (3) (4) (5) (6) (7)

θi 1.192 1.125 1.215 1.146 1.000 1.022 1.187
qi 0.593 0.253 0.316 0.412 0.464 0.342 0.416

Table 4.2. Case Study: Estimated Values of Other Parameters

Other Parameters

α = 1.176x10−6 βH = 1.818x10−6 βL = 0.556x10−6 ρ = 0.5 p = 0.5 f = $600K

Note: See the summary description of model parameters in Table Note: We also conduct sensitivity
analysis by varying values of the parameters ρ, f , and p; see Figure 4.3.

child care literature, and our interviews with multiple officials at the various CCR&Rs

under study. Over a period of four years, we conducted about 14 semi-structured

interviews with multiple field experts to elicit the CCR&R-specific parameters. For

brevity, the detailed descriptions of the estimation of parameters are relegated to

Appendix B.3. Tables 4.1 and 4.2 summarize the estimated values for the model

parameters. Next, we discuss a few selected findings from our numerical analysis.

Findings Related to Budgets for Service Agencies: We solve the optimization prob-

lems outlined in Section 4.1 by using the estimated parameters, and obtain the optimal

levels of funds toward each service area when: (i) no additional funds are expected

to become available (i.e., f = 0); and (ii) $600, 000 additional funds are expected to

become available for an area only (i.e., f = 600, 000 for i = 7). Figure 4.1 depicts

the budget levels provided by MEEC to the seven CCR&Rs under the three different

funding methods. We first restrict our attention to the funding levels depicted by

the first bar (i.e., corresponding to Eq) for each service area. We find that, to en-
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sure equitable social impact among all seven service areas, MEEC should allocate a

relatively higher level of funds from its pool of funds toward Western and Northeast

areas, and a relatively lower level of funds toward Cape and Metro areas. This finding

is driven in part by the fact that MEEC can reduce inequity across all service areas by

allocating more funds to CCR&Rs serving a larger pool of beneficiaries (since θ1 and

θ3 are relatively high). Also, this is driven by the insight presented in Section 4.2 that

MEEC should allocate more funds toward areas that have a relatively balanced mix

of subsidy voucher-accepting and non-accepting service providers (see the estimated

values of qi).

We next compare the budget levels depicted in the first and second bars for each

service area in Figure 4.1 (i.e., Ef versus Eq). In contrast to the findings above, in the

absence of equity consideration (i.e., when focus is on efficiency only), MEEC should

allocate more funds to areas that have a skewed distribution of voucher-accepting

and non-accepting providers (e.g., Central and Metro areas). In line with the in-

sights presented in Section 4.2.1, these comparative findings highlight that MEEC

should carefully adjust the budgets provided to CCR&Rs in the presence of equity

considerations.

We finally compare the budget levels depicted in the first and third bars for each

service area in Figure 4.1 (i.e., Eq versus Fo). We find that, while both Western

and Northeast areas receive relatively higher levels of funds (from the initial pool of

funds) under the equity-ensuring and current formula-based methods, MEEC should

deviate from its current allocation of a large amount of funds to Northeast area,

and instead provide more funds to Western area under the equity-ensuring method.

The explanation for this difference is as follows: Since investment in outreach yields

a higher expected return rate than quality improvement and Northeast area has

relatively less subsidy-accepting providers, MEEC should allocate more initial funds
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Note: Eq, Ef , and Fo refer to equity-ensuring, efficiency-focused, and formula-based funding meth-
ods, respectively. These budget levels are also summarized in Table B.2 in Appendix B.3.

Figure 4.1. Budgets for Service Areas under Different Funding Methods

to Western area in order to balance the social impact generated in these two areas

(as shown in Proposition 4.1).

Findings Related to Inequity Outcomes and Total Expected Social Impact: Using

the estimated parameters above, we also compare values of the inequity outcomes

(I) and the total expected social impact (TSI) generated across all service areas

under different funding methods. See Figure 4.2. In particular, we find that I = 0

and TSI = 5.275 under the equity-ensuring method as compared with I = 3.199

and TSI = 5.113 under the current method. Thus, the proposed optimal decisions

help achieve equitable outcomes while enhancing the overall social impact by approx-

imately 3% versus current allocation decisions.10

10Contrasting the societal outcomes under the equity-ensuring method with the corresponding
outcomes under the efficiency-focused method (in Figure 4.2), we find that, when the MEEC con-
siders equity, the decrease in the total social impact is quite small (5.275 versus 5.293) but the
reduction in the inequity outcomes is sizeable (0 versus 1.481). This finding implies that, for the
child care subsidy program under study, the proposed equity-ensuring method for funds allocation
achieves equitable outcomes with only a relatively small loss in the overall social impact.
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(a) Total Social Impact (TSI) (b) Inequity Outcomes (I)

Note: Eq, Ef , and Fo refer to equity-ensuring, efficiency-focused, and formula-based funding meth-
ods, respectively. Additional funds (f) and other model parameters are as estimated in Tables 4.1
and 4.2.

Figure 4.2. Comparing Outcomes under Different Funding Methods

Next, we perform sensitivity analysis with respect to a few key contextual pa-

rameters to remark on how the value (in terms of TSI and I) of using our pro-

posed equity-ensuring method over the current formula-based method for allocation

of funds changes. This analysis also helps generalize insights based on the formal

results presented in Section 4.2.2.2, which are derived by considering simplifications

for analytical tractability. For ease of interpretation, we use a combination of tabu-

lar and heat map formats to concurrently depict magnitudes of both TSI and I for

different parameter values. In Figure 4.3, the numerical values present the percent-

age change in the magnitude of TSI if the funding agency uses the equity-ensuring

method instead of the formula-based method for funds allocation. Whereas, the heat

map presents changes in the magnitude of I such that a lighter (darker) hue captures

a lower (higher) gap in the inequity outcomes under the formula-based method versus

the equity-ensuring method (note that IFo − IEq ≥ 0; see Proposition 4.3).

Consider Figure 4.3(a). We find that a higher total expected social impact is

generated when the funding agency uses our forward-looking optimization setup that

incorporates the asymmetry of information between MEEC and CCR&Rs on likeli-

hood (p) and amount of additional funds (f) becoming available for Boston instead of
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(a) With Respect to f and p (b) With Respect to f and q1 (c) With Respect to f and ρ

Note: The percentage values are equal to TSIEq−TSIFo

TSIFo × 100%, where Eq and Fo refer to equity-
ensuring and formula-based funding methods, respectively. The heat map corresponds to variations
in the magnitude of I, such that a lighter (darker) hue captures a lower (higher) value of IFo − IEq.

Figure 4.3. Sensitivity Analysis of Outcomes under Equity-Ensuring and Formula-
Based Funding Methods

the current formula-based funding method. Further, it can be seen that an increase

in p or f exacerbates the inequity outcomes under the formula-based method (versus

the equity-ensuring method). This is because, unlike the formula-based method, the

equity-ensuring method helps generate the most social impact in an equitable man-

ner by allocating less initial funds to Boston area, and instead increasing the level of

initial funds allocated to all other areas when p or f increases.

Further, consider Figure 4.3(b). Given the enhanced attention of communities to

make child care affordable and accessible in the far-flung rural areas, there is a practi-

cal possibility of an increase in the proportion of voucher-accepting service providers

in the rural service area (say, Western). We find that as the proportion of voucher-

accepting providers increases in the Western service area, the formula-based method

(as compared with the equity-ensuring method) significantly hurts the inequity out-

comes even though the gap between the overall social impact under both methods

reduces. Similarly, we can see in Figure 4.3(c) that, as the likelihood of outreach in-

vestment return being high increases (say, due to enhanced awareness of how access to

affordable child care is essential for sustainability for all), the equity-ensuring method

performs better in terms of both I and TSI as compared with the formula-based
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method. This, in particular, indicates the significance of incorporating differences in

investment return rates and the diminishing nature of return of investment in the

social impact generation functions (as also highlighted in Section 4.2).
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CHAPTER 5

SUBSIDIZING SOCIAL WELFARE PROGRAMS:
CONTRACTED SLOTS OR VOUCHERS?

In this chapter, we develop a game-theoretical model setup to study the mech-

anism selection for two types of subsidy welfare programs faced by a government

agency, including the subsidy voucher programs and the contracted slot programs.

Our model includes three key considerations in this selection: (i) the government

agency’s objective of providing both high-quantity and high-quality services to ben-

eficiaries in subsidy welfare programs; (ii) the distinct mechanisms of creating social

impact for beneficiaries of the two programs, with subsidy voucher programs pri-

marily offering a large number of service providers (including a mix of high- and

low-quality) to the beneficiaries and contracted slot programs ensuring beneficiaries

receive only high-quality service (even if at a fewer of service providers); and (iii)

the impact of program-related factors (e.g., cost of managing the programs) and non-

program-related factors (e.g., demand for service providers in the private market) on

service providers’ participation decisions. This chapter analyzes whether and how

service providers participate in these two programs and how the government selects

the subsidy welfare program based on the resulting societal outcomes of the programs.

The remainder of this chapter is organized as follows. Section 5.1 outlines the

model setup and presents our main results in a subsidy voucher program. Section 5.2

outlines the model setup and presents our main results in a contracted slot program.

Later, in Section 5.3, we present a numerical illustration of comparisons of the societal

outcomes under these two programs. A summary of key notation in this chapter is

provided in Table C.1 in Appendix C.1.
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5.1 Analysis of Subsidy Voucher Programs

In this section, we model low- and high-quality service providers’ decisions on

participating in a subsidy voucher program in Section 5.1.1 and present related results

in Section 5.1.2.

5.1.1 Modeling of Service Providers’ Participation Decisions

Service providers vary in terms of the quality level and availability of the services

they provide to their clients (Workman and Ullrich 2017, Schneider and Gibbs 2022,

Howden-Chapman et al. 2023). Without loss of generality, we consider two types

of service providers in the market: low-quality providers and high-quality providers.

Further, we consider each low-quality provider to have a capacity of KL and charge a

market price of pL per private-pay client. Each high-quality provider has a capacity

of KH and market price per private-pay client pH .

Consider that the government offers a subsidy voucher program. Suppose a service

provider chooses not to participate in this voucher program. In that case, it only

serves clients from the private market, i.e., those who do not participate in government

subsidy welfare programs. On the other hand, if a service provider opts to participate

in this voucher program, it provides services to clients from both the private market

and the voucher program. Hence, to decide whether it should participate in the

subsidy voucher program, the service provider compares its expected payoff if it does

not participate with if it participates in the voucher program. Figure 5.1 illustrates

low- and high-quality service providers’ participation decisions in a subsidy voucher

program. Next, we describe the key elements of the model in detail.

Private Market Demand Distribution for Service Providers: We consider that the

demand for service providers in the private market follows a uniform distribution with

probability density function gvi∈{L,H}(·). Hereinafter, we refer to low-quality service

providers by the use of L subscript and high-quality service providers by the use of H
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Note: The nodes L-Type and H-Type denote low- and high-quality service providers, respectively.
The node P denotes a service provider not participating in the subsidy voucher program, thus, only
serving clients from the private market. The node P&V denotes a service provider participating in
the subsidy voucher program, thus, serving clients from both the private market and the subsidy
voucher program.

Figure 5.1. Service Providers’ Participation Decisions in a Subsidy Voucher Program

subscript in the notations. Next, we describe the respective demand distribution for

low- and high-quality service providers. Specifically, we denote dL as the demand for

each low-quality provider in the private market, which is uniformly distributed within

the interval
[
DL, D̄L

]
. Denote dH by demand for each high-quality provider in the

private market, which is uniformly distributed within
[
δDL, δD̄L

]
. The parameter

δ > 0 represents the relative demand for high-quality providers compared to low-

quality providers, such that δ > 1 implies that the demand for each high-quality

provider is higher than that for each low-quality provider.

Service Providers’ Expected Payoff under No Participation: By combining the

expected payoff of a low-quality provider when its demand in the private market

is no more than its capacity (dL ≤ KL) and when its demand exceeds its capacity

(dL > KL), we obtain the expected payoff of each low-quality provider if it does not

participate in the voucher program, denoted as Πv0
L (·), as follows:

Πv0
L (·) =

∫ KL

DL

pLdLg(dL) ddL +

∫ D̄L

KL

pLKLg(dL) ddL.
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To focus on the impact of program-related factors, we normalize service providers’

cost of managing each client in the private market to zero. Our analysis shows that

all the analytical insights remain qualitatively similar in the presence of such a cost.

Similar to the low-quality provider, we denote the expected payoff of a high-quality

provider if it does not participate in the voucher program as Πv0
H (·). It is given by:

Πv0
H (·) =

∫ KH

δDL

pHdHg(dH) ddH +

∫ δD̄L

KH

pHKHg(dH) ddH .

Service Providers’ Expected Payoff under Participation: Suppose a low-quality

provider participates in the voucher program. In that case, it will accept a voucher

only if it still has available slots after serving clients in the private market, which

occurs when dL < KL. Further, it receives reimbursement from the government for

each beneficiary it serves in this program, which we denote by svL. It is important

to note that beneficiaries in the voucher program can choose any voucher-accepting

provider. Therefore, even if a voucher-accepting provider has an available slot, it may

not all be filled by beneficiaries. To account for this, we introduce the fill-out rate

ρL, which represents the chance that a slot at a low-quality provider can be filled

by beneficiaries. Consequently, the low-quality provider’s expected reimbursement is

calculated as the expected number of slots filled by beneficiaries multiplied by the

reimbursement rate. Furthermore, in line with practical considerations, each voucher-

accepting provider incurs a fixed cost associated with managing the voucher program.

This cost encompasses expenses related to accreditation, paperwork management,

or hiring additional employees responsible for reimbursement-related administrative

tasks (Schneider et al. 2017). Accordingly, we denoted the cost of managing the

offered subsidy voucher program by cv. Taking all these factors into account, the

expected payoff of a low-quality provider if it joins the voucher program, denoted as

Πv1
L (·), can be expressed as follows:
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Πv1
L (·) = Πv0

L (·) +
∫ KL

DL

svL (KL − dL) ρLg(dL) ddL − cv.

Similarly, we normalize the cost of managing each client, including those in the private

market and voucher program, to zero.

Denote the expected payoff of the high-quality provider if it participates in the

voucher program as Πv1
H (·). Following similar steps, we have:

Πv1
H (·) = Πv0

H (·) +
∫ KH

δDL

svH (KH − dH) ρHg(dH) ddH − cv.

In the equation above, ρH represents the fill-out rate at a high-quality provider. In

practice, the reimbursement rate for high-quality providers is higher than that for

low-quality providers. Accordingly, we denote the reimbursement rate for a high-

quality provider for each beneficiary it serves by svH . Further, it is worth noting

that since service providers adhere to governments’ standardized guidelines when

managing subsidy voucher programs, we reasonably assume that both low-quality

and high-quality providers have the same cost of managing the voucher program.

Service Providers’ Participation Decisions: Each low-quality provider aims to

maximize its expected payoff. By comparing its expected payoff if it does not par-

ticipate versus if it participates in the voucher program, i.e., Πv0
L (·) versus Πv1

L (·),

a low-quality provider decides whether it should participate in the offered voucher

program or not.

Similarly, by comparing Πv0
H (·) versus Πv1

H (·), a high-quality provider makes its

participation decision.

5.1.2 Results

We solve the game theoretical model outlined in Section 5.1.1 to obtain low-

and high-quality service providers’ optimal participation decisions. We present our
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Note: L-Type and H-Type represent low-quality and high-quality providers, respectively.

Figure 5.2. Impact of cv and s
v
{H,L} on Service Providers’ Participation Decisions in

Subsidy Voucher Program

results on the impact of the cost of managing the subsidy voucher program and reim-

bursement rate in the voucher program in Proposition 5.1 below. Service providers’

participation decisions are also depicted in Figure 5.2.

Proposition 5.1 Denote thresholds cv
.
= min

{
svHρH(KH−δDL)

2

2δ(D̄L−DL)
,
svLρL(KL−DL)

2

2δ(D̄L−DL)

}
, c̄v

.
=

max

{
svHρH(KH−δDL)

2

2δ(D̄L−DL)
,
svLρL(KL−DL)

2

2δ(D̄L−DL)

}
, and ṡ

.
= δ

(
ρL
ρH

)(
KL−DL

KH−δDL

)2
. Then,

(i) When cv ≤ cv: All of the low- and high-quality service providers participate in the

subsidy voucher program;

(ii) When cv < cv < c̄v: All of the low-quality providers and none of the high-quality

providers participate in the subsidy voucher program if svH/svL < ṡ, and none of the

low-quality providers and all of the high-quality providers participate in the subsidy

voucher program otherwise;

(iii) When cv ≥ c̄v: None of the low- and high-quality service providers participate in

the subsidy voucher program.
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Proposition 5.1 states how the cost of managing the voucher program and the

reimbursement rate for voucher-accepting providers can impact service providers’

participation decisions. Specifically, if the cost of managing the voucher program

is sufficiently low (high), both high-quality and low-quality providers decide to par-

ticipate (not participate) in the subsidy voucher program. This can be explained as

follows. In the subsidy voucher program, providers prioritize the private market and

accept a voucher only when they have available capacity, which implies that service

providers may be able to mitigate the risk of unmet demand by participating in the

voucher program. Suppose the cost of managing the voucher program is low. In

that case, service providers may choose to participate, even if the reimbursement rate

is low, as they can still earn a relatively low expected payoff compared to earning

nothing at all (if they choose not to participate). Suppose the cost of managing the

voucher program is moderate (i.e., cv < cv < c̄v), service providers’ participation de-

cisions become more nuanced, which also depends on the reimbursement rate for the

service providers. Specifically, if the reimbursement rate for high-quality (low-quality)

providers is relatively high, then high-quality (low-quality) choose to participate in

the voucher program. Otherwise, they opt not to participate. This decision-making

process reflects service providers’ consideration of balancing the cost and benefit of

participating in the program.

To examine how non-program-related factors impact service providers’ participa-

tion decisions, we focus on provider-related factors, KH and KL. We find that, as

the capacity of high- and low-quality providers increase (i.e., KH and KL), cv and c̄v

increase. This implies that service providers are more likely to choose participation.

The rationale behind this relationship is that with a larger capacity, service providers’

need to use participation in the voucher program to hedge against uncertainty in the

private market increases. Consequently, service providers become more willing to

participate in the voucher program.
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Overall, the analysis that we conduct in this section sheds light on the impact

of program-related factors (e.g., the reimbursement rate) and non-program-related

factors (e.g., the capacity of service providers) on service providers’ participation

decisions in a subsidy voucher program. Our results suggest that government can use

the cost of managing the subsidy voucher program and the reimbursement rate as joint

levers to influence the participation of high- and low-quality providers. Moreover, the

government should also take into account the impact of non-program-related factors

on providers’ participation decisions.

5.2 Analysis of Contracted Slot Programs

So far, our analysis has focused on subsidy voucher programs. Recall that gov-

ernments also implement other subsidy welfare programs known as contracted slot

programs. These programs are designed to ensure beneficiaries access to only high-

quality service providers through government contracting with fewer service providers

who reserve a fixed number of subsidized slots only for the beneficiaries in the con-

tracted slot programs. Consider the same setting of low- and high-quality service

providers outlined at the beginning of Section 5.1. In this section, we model low- and

high-quality service providers’ decisions on participating in a contracted slot program

in Section 5.2.1 and present related results in Section 5.2.2.

5.2.1 Modeling of Service Providers’ Participation Decisions

Consider that the government offers a contracted slot program. If a service

provider opts not to participate in this contracted slot program, it only serves clients

from the private market. Conversely, if a service provider chooses to participate in

this contracted slot program, it serves clients from both the private market and the

contracted slot program. Hence, to decide whether it should participate in a con-

tracted slot program, the service provider compares its expected payoff if it does not
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participate versus if it participates in the contracted slot program. Figure 5.3 illus-

trates low- and high-quality service providers’ participation decisions in a contracted

slot program. Next, we describe the key elements of the model in detail.

Note: The nodes L-Type and H-Type denote low- and high-quality service providers, respectively.
The node P denotes a service provider not participating in the contracted slot program, thus, only
serving clients from the private market. The node P&C denotes a service provider participating in
the contracted slot program, thus, serving clients from both the private market and this contracted
slot program.

Figure 5.3. Service Providers’ Participation Decisions in a Contracted Slot Program

Private Market Demand Distribution for Service Providers: Recall that the gov-

ernment has quality requirements on service providers participating in the contracted

slot programs. As a result, low-quality providers are not initially eligible to partici-

pate in the offered contracted slot program. In order to become eligible, they must

enhance their quality levels to match those of high-quality providers. To align with

observations from practice, we consider low-quality providers heterogeneous in terms

of the costs of improving their quality levels. Such a variation arises from various

external factors such as the availability of external support from umbrella agencies

or the willingness of their employees to participate in quality improvement initiatives

(Grunewald and Stepick 2022). We denote the cost of improving quality levels as

cimprove and assume it follows a uniform distribution, specifically cimprove ∼ U [0, C].

Due to the difference in cost improvement, not all low-quality providers may be

willing to participate in the contracted slot program. Let f ∈ [0, 1] represent the

proportion of low-quality providers who choose to improve their quality levels and
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participate in the contracted slot program. We refer to these providers as low-to-

high-quality providers. Consequently, the remaining 1− f proportion of low-quality

providers decide not to invest in improving their quality levels and continue only to

serve private-pay clients.

After improving their quality, the low-to-high-quality providers in the contracted

slot program receive the same level of demand as the high-quality providers. However,

in contrast to the subsidy voucher program, wherein the mix of low- and high-quality

providers in the market is unchanged, the presence of low-to-high-quality providers

in the contracted slot program alters the mix of low- and high-quality providers.

Specifically, with f proportion of low-quality providers improving their quality levels

and participating in the contracted slot program, there are relatively fewer low-quality

providers and more high-quality providers in the private market. As a result, the

demand for each type of provider in the private market within the contracted slot

program needs to be adjusted accordingly. We describe as follows.

For low-quality providers, with fewer low-quality providers in the market, each

has less competition. Thus, the demand for each low-quality provider in the private

market is higher in the contracted slot program than in the subsidy voucher program.

Denote dcL by the demand for each low-quality provider in the private market in the

contracted slot program. We have dcL ∼ U
[
DL + dlof, D̄L + dlof

]
. The parameter

dlo > 0 appropriately adjusts the increased demand for each low-quality provider,

with f proportion of low-quality providers improving their quality levels. Whereas,

for high-quality providers, with more high-quality providers in the market, demand

for each high-quality provider is diluted. Denote dcH by the demand for each high-

quality provider in the private market in the contracted slot program. Accordingly, we

have dcH ∼ U
[
δDL − dhof, δD̄L − dhof

]
. Similarly, we introduce parameter dho > 0

to appropriately adjust the decreased demand for each high-quality provider, with f

proportion of low-quality providers improving their quality levels.
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Service Providers’ Expected Payoff under No Participation: Consider f proportion

of low-quality providers to improve their quality levels. Using the revised demand

distributions for each low-quality provider as described above and by combining its

expected payoff when its demand in the private market is no more than its capacity

with its expected payoff when its demand in the private market is more than its

capacity, we have a low-quality provider’s expected payoff if it does not participate

in the contracted slot program, denoted by Πc0
L (·), as follows:

Πc0
L (·) =

∫ KL

DL+dlof

pLd
c
Lg(d

c
L) dd

c
L +

∫ D̄L+dlof

KL

pLKLg(d
c
L) dd

c
L.

Similarly, denote a high-quality provider’s expected payoff if it does not participate

in the contracted slot program by Πc0
H (·). It can be written as follows:

Πc0
H (·) =

∫ KH

δDL−dhof
pHd

c
Hg(d

c
H) dd

c
H +

∫ δD̄L−dhof

KH

pHKHg(d
c
H) dd

c
H .

Service Providers’ Expected Payoff under Participation: After investing cimprov

to improve its quality level, a low-quality provider becomes a high-quality provider.

This low-to-high-quality provider can enter into a contract with the government and

serve beneficiaries in the contracted slot program. As part of this arrangement, the

provider must reserve a certain number of slots only for beneficiaries in the contracted

slot program. We denote the number of slots reserved by the low-to-high-quality

provider as xcL. Due to the commitment to the contracted slot program, the low-

to-high-quality provider serves clients from the private market using its remaining

capacity (i.e., when KL − xcL > 0). The provider receives reimbursement denoted as

scH for each beneficiary it serves. In addition to serving beneficiaries in the contracted

slot program, the low-to-high-quality provider also serves clients from the private

market using its remaining capacity, which occurs when KL − xcL > 0. Participating

in the contracted slot program, service providers incur a fixed cost of managing the
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program, denoted as cc. It is important to note that the cost of managing a contracted

slot program is typically higher compared to managing a voucher program (Schneider

et al. 2021). This difference arises from the fact that under voucher programs, the

government often contracts with nonprofits to assist local voucher-accepting providers

in managing administrative tasks related to the vouchers, thus alleviating a significant

amount of effort and cost for the voucher-accepting providers. In contrast, contracted

slot providers manage the program themselves, leading to higher associated costs.

Combining all those details, a low-to-high-quality provider’s expected payoff if it

participates in the contracted slot program, denoted by Πc1
L (·), can be written as:

Πc1
L (·) =scHxcL +

∫ KL−xcL

δDL−dhof
pHd

c
Hg(d

c
H) dd

c
H +

∫ δD̄L−dhof

KL−xcL
pH (KH − xcL) g(d

c
H) dd

c
H

− cc − cimprove.

The optimal number of slots reserved by this low-to-high-quality provider, xc∗L ,

can be obtained by solving the following optimization problem:

xc∗L ∈ argmax
{xclL}

{
Πc1
L

(
xclL , f

)
: xclL ≥ 0, xclL ≤ KL

}
.

Since the high-quality provider already meets quality requirements for partici-

pation in the contracted slot program, it does not need to invest in improving its

quality level. Therefore, its cost of improving quality is zero, i.e., cimprov = 0. De-

note xcH the number of slots the high-quality provider reserves for the contracted slot

program. Similar to the low-to-high-quality provider, the expected payoff for a high-

quality provider participating in the contracted slot program, denoted as Πc1
H (·), can

be expressed as follows:

Πc1
H (·) = scHx

c
H+

∫ KH−xcH

δDL−dhof
pHd

c
Hg(d

c
H) dd

c
H+

∫ δD̄L−dhof

KH−xcH
pH (KH − xcH) g(d

c
H) dd

c
H−cc.
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The optimal number of slots reserved by this high-quality provider, xc∗H , can be

obtained by solving the following optimization problem:

xc∗H ∈ argmax
{xclH}

{
Πc1
H (·) : xclH ≥ 0, xclH ≤ KH

}
.

Service Providers’ Participation Decisions: Each provider aims to maximize its

expected payoff. For each low-quality provider, it uses xc∗L (f) to compare its ex-

pected payoff if it does not participate versus if it participates in the contracted

slot program, i.e., Πc0
L (·) versus Πc1

L (·), to decide whether it should participate or

not. Similarly, for each high-quality provider, it uses xc∗H (f) to compare Πc0
H (·) with

Πc1
H (·) to make participation decision. We denote by f ∗ the proportion of low-quality

providers that improve their quality levels in equilibrium, which is an outcome of the

aforementioned simultaneous game (in terms of participation and capacity reservation

decisions) among the service providers.

5.2.2 Results

We solve the game theoretical problem outlined in Section 5.2.1 to obtain low-

and high-quality service providers’ optimal participation decisions and present in

Lemma 5.1 and Proposition 5.2 below, respectively. To match with the observation

from practice and for analytical tractability, we consider the reimbursement rate for

providers in the contracted slot program relatively high (i.e., scH > scH as characterized

in Lemma C.4.2 in Appendix C.4.). Our numerical analysis shows that the main

insights still hold under a wide range of scH .

Lemma 5.1 Denote a threshold ĉc. High-quality service providers participate in the

contracted slot program if and only if cc < ĉc, where existence of ĉc is defined in the

proof.
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Lemma 5.1 above shows that the high-quality service providers’ participation de-

cisions in the contracted slot program depend on the cost of managing the contracted

slot program–high-quality providers participate only when such a management cost

is not too high. On the other hand, since the low-quality providers might invest in

quality improvement to participate in the contracted slot program, their participa-

tion decisions are more nuanced. Proposition 5.2 and Figure 5.4 show how the cost of

managing the contracted slot program and the reimbursement rate in the contracted

slot program jointly impact service providers’ participation decisions.

Proposition 5.2 Denote thresholds cc, c̄c, and ŝ
c
H as defined in the proof. Then,

(i) When cc ≤ cc: All of the low-quality service providers participate in the contracted

slot program if scH > ŝcH ; f ∈ (0, 1) proportion of low-quality service providers partic-

ipate in the contracted slot program otherwise.

(ii) When cc < cc < c̄c: f ∈ (0, 1) proportion of low-quality service providers partici-

pate in the contracted slot program.

(iii) When cc ≥ c̄c: None of the low-quality service providers participate in the con-

tracted slot program.

Proposition 5.2 shows that a certain proportion of low-quality providers are willing

to enhance their quality levels and participate in the contracted slot program when the

cost of managing the contracted slot program is not too high (i.e., cc < c̄c). In the case

where cc is relatively low (i.e., cc < cc), all low-quality providers would improve their

quality levels and participate in the program if the reimbursement rate is sufficiently

high (scH > ŝcH). However, as the cost of managing the program is sufficiently high

(say, cc ≥ c̄c), none of the low-quality providers choose to participate, regardless of

the reimbursement rate. We also examine how non-program-related factors impact

low-quality service providers’ participation decisions. To do so, we focus on market-

related factors. Our analysis shows that when there is greater demand for high-quality

providers in the private market (i.e., δ increases), cc and c̄c increase, which implies that
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Note: L-Type and H-Type represent low-quality and high-quality providers, respectively.

Figure 5.4. Impact of cc and scH on Service Providers’ Participation Decisions in
Contracted Slot Program

low-quality providers are more inclined to improve their quality levels and participate

in the contracted slot program. This is because, after improving their quality level,

low-quality service providers can achieve a higher expected payoff from serving more

clients in need of high-quality service as well as beneficiaries in the contracted slot

program.

Combining Lemma 5.1 and Proposition 5.2, we conclude that the cost of man-

aging the contracted slot program has a large impact on both high- and low-quality

providers’ participation decisions in the contracted slot program. In practice, one of

the main challenges that providers face is that they have a much higher cost of man-

aging a contracted slot program as compared with that of a subsidy voucher program.

Providers participating in the contracted slot program are responsible for managing

the waitlist, contacting eligible individuals and families to inquire about their interest

in the available slot, and handling administrative tasks related to reimbursements,

among other responsibilities (Schneider et al. 2021). Therefore, to encourage more

providers to participate in the contracted slot program, aside from offering a rela-
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(a) Related to Program-Related Factor scH (b) Related to Market-Related Factor δ

Note: Here, we consider KH > KL. The scenario of KH ≤ KL follow similar pattern.

Figure 5.5. Sensitivity Analysis of the Optimal Ratio of Slots Service Providers
Reserve for Contracted Slot Program with Respect to Program- and Market-Related
Factors

tively high reimbursement rate, governments can also use the participation cost as an

additional lever to influence providers’ participation decisions. For example, govern-

ments can conduct training sessions to help providers streamline the administrative

process, offer providers technical support to increase their efficiency, and even rely on

the outside party to help providers alleviate the cost of managing the contracted slot

program.

In the contracted slot program, aside from deciding whether it should participate

in the program or not, each service provider also needs to decide how many slots it

should reserve for the program if it participates. Therefore, we examine the impact

of program-related factors and market-related factors on the optimal allocation of

slots by high-quality providers and low-to-high-quality providers in the contracted

slot program (i.e., xc∗H and xc∗L , respectively). As shown in Figure 5.5(a), as the

reimbursement rate for the contracted slot program (scH) increases, both xc∗H and

xc∗L increase. This is because, unlike the uncertain demand in the private market,

reimbursements that service providers receive from the government in the contracted
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slot program are a relatively reliable and stable source of revenue. Therefore, when

scH is relatively high, the service providers are more willing to reserve more slots

for the program to maximize their expected payoff. On the other side, despite the

uncertainty of demand in the private market, Figure 5.5(b) reveals that when the

demand for high-quality providers in the private market increases, both high-quality

providers and low-to-high-quality providers reserve fewer slots from their capacities

to the contracted slot program.

In summary, the results in this section suggest that the government can use

program-related factors (e.g., reimbursement rate and cost of managing program)

to encourage more high-quality providers to participate in the contracted slot pro-

grams as well as incentivize more low-quality providers to improve their quality levels

and participate in the programs. Further, these program-related factors, along with

non-program-related factors (e.g., demand for high-quality providers in the private

market), can influence the degree of participation of service providers.

5.3 Practical Illustration Using a Case Study: Comparison

of Subsidy Voucher Programs and Contracted Slot Pro-

grams

In the preceding two sections of this chapter, we examined service providers’ par-

ticipation decisions in a subsidy voucher program and a contracted slot program. To

help the government agency evaluate these two types of subsidy welfare programs, we

compare the resulting societal outcomes under these two programs using a case study

in this section. First, we define the societal outcomes generated for the beneficiaries

under each program.

Consider there are NL number of low-quality providers and NH number of high-

quality providers in the private market. Each low-quality provider has a quality level

of QL. Each high-quality provider has a quality level of QH . We evaluate each sub-
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sidy welfare program based on the societal outcomes generated for the beneficiaries

of the programs. For this, we define the resulting societal outcomes under a sub-

sidy program by combining the levels of quantity and quality of services provided

by subsidy-accepting providers to the beneficiaries in the program. We calculate

the resulting societal outcomes in each type of subsidy welfare program as follows.

For the subsidy voucher program, we multiply the number of each type of service

provider (i.e., NL or NH), the quality level of each type of service provider (i.e.,

QL or QH), and the expected number of beneficiaries served by each type of service

provider (i.e.,
∫ KL

DL
(KL − dL) ρLg(dL) ddL or

∫ KH

δDL
(KH − dH) ρHg(dH) ddH). For the

contracted slot program, we multiply the number of low-to-high-quality providers or

the number of high-quality providers (i.e., f ∗ ×NL or NH), the quality level of high-

quality providers (i.e., QH), and the number of slots that each low-to-high-quality

or high-quality provider reserves for the program (i.e., xc∗L or xc∗H )
1. Denote societal

outcomes generated under the subsidy voucher program and contracted slot program

by SOv and SOc, respectively. Accordingly, we have:

SOv = NLQL

∫ KL

DL

(KL − dL) ρLg(dL) ddL +NHQH

∫ KH

δDL

(KH − dH) ρHg(dH) ddH ,

SOc = f ∗NLQHx
c∗
L +NHQHx

c∗
H .

5.3.1 Case Study Setup

We present a calibrated numerical study using child care context in Boston, Mas-

sachusetts, to compare societal outcomes in the subsidy voucher programs versus the

contracted slot programs. In Boston, the Massachusetts Department of Early Edu-

cation and Care (MEEC) offers IE individuals and families access to affordable child

care through a subsidy voucher program and a contracted slot program. Based on

1Since our model considers that all low-to-high-quality providers are identical after they have
improved their service quality, thus, we have that each of them reserves the same number of slots
for the contracted slot program.
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reports by child care literature, we categorize service providers in the Boston area

into two types of service providers: low-quality providers and high-quality providers.

Further, we use data collected from MEEC, the child care literature, and our inter-

views with managers in several daycare providers in Boston to estimate the values of

the model parameters. The values of the parameters considered and the sources used

for estimation are listed in Table 5.1. Appendix C.2 describes details of the steps to

estimate the model parameters.

Table 5.1. Case Study: Estimated Values of Parameters

Parameter Value Sources/Methods
(see details in Appendix C.2)

NL = 725, NH = 97 MEEC, child care literature, interviews

QL = 1, QH = 1.5 MEEC, child care literature, interviews

KL = 60, KH = 100 MEEC, child care literature, interviews

pL = $22, 880, pH = $31, 200 Child care literature

svL = $22, 880, svH = $24, 440 MEEC

scH = $29, 380 MEEC

ρL = 0.35, ρH = 0.55 Child care literature

cv = $50, 000 Child care literature, child care accreditation associations

DL = 40, D̄L = 70 Child care literature, expert elicitation approach

δ = 1.6 Child care literature, expert elicitation approach

dlo = 15.2, dho = 15.2 Child care literature, expert elicitation approach

Note: We allow values of cimprove to be uniformly distributed between $800, 000 to $1, 000, 000, and
cc to be uniformly distributed $50, 000 to $200, 000.

5.3.2 Numerical Findings

We solve the game-theoretical model using the estimated parameters to compute

societal outcomes under the subsidy voucher and contracted slot programs–i.e., SOv

and SOc as described above. Note that in our case study, we consider cimprove and cc

to be uniformly distributed. For robustness, we run simulations with 300 iterations,

where values of cimprove and cc parameters are drawn from the considered uniform dis-

tributions. Then, we compute the values of SOv and SOc by taking the average value
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of the resulting societal outcomes under the subsidy voucher program and contracted

slot program, respectively, under these 300 iterations.

We find that the societal outcomes under subsidy voucher and contracted slot

programs are SOv = 2772.00 and SOc = 5818.09, respectively. These values sug-

gest that the contracted slot program can generate more societal outcomes than the

subsidy voucher program in the scenario considered in the case study. This can be

explained as follows. On one side, the reimbursement rate for providers in the con-

tracted slot program is relatively high compared to the subsidy voucher program.

Hence, for high-quality providers, they are willing to participate and reserve as high

as around 40% of their capacity (i.e., xc∗H/KH ≈ 40%) for the contracted slot program;

For low-quality provider, similarly, almost 12% of them (i.e., f ∗ ≈ 12%) improve their

quality and participate in the contracted slot program. On the other side, although

both low- and high-quality providers participate in the subsidy voucher program, the

voucher-accepting providers serve beneficiaries only when they have a vacancy after

serving clients from the private market. Since the expected demand for child care

for both types of providers in the private market is relatively high in Boston (e.g.,

DL = 40 and D̄L = 70 as compared with KL = 60), voucher-accepting providers can

only serve a limited number of beneficiaries in the subsidy voucher program, which

limits the level of societal outcomes generated under the subsidy voucher program.

From a practical perspective, it is instructive to understand how the conclusion

above (i.e., the contracted slot program is a more desirable outcome in our case study

setup) changes with respect to a few key contextual factors. For this, we conduct sensi-

tivity analysis by varying the values of a few program-, market-, and service-provider-

related factors. These factors include the reimbursement rate for the contracted slot

program, relative demand for high-quality providers to low-quality providers, capac-

ity of providers, and number of providers in the market. Figure 5.6 illustrates the

findings, which are discussed below. These numerical analyses capture scenarios un-
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(a) Related to scH and δ (b) Related to KL⁄KH and δ (c) Related to NH and KH

Figure 5.6. Comparison of Subsidy Voucher and Contracted Slot Programs Based
on Societal Outcomes

der which the contracted slot program can generate more societal outcomes than the

subsidy voucher program and vice versa. However, given a growing interest within the

operations of subsidy welfare programs to implement the contracted slot programs,

we restrict the following discussion to highlighting those situations when the level of

societal outcomes is higher under the contracted slot program.

Impact of program- and market-related factors: We examine how program-related

and market-related factors jointly impact the comparison of societal outcomes un-

der the two programs. In particular, we focus on the reimbursement rate for the

contracted slot program (scH) and the relative demand for high-quality providers to

low-quality providers (δ). As shown in Figure 5.6(a), the contracted slot program

generates a relatively higher level of societal outcomes as compared with the subsidy

voucher program when scH is relatively high and δ is relatively low. This is because,

with a relatively more stable and higher payoff for the reserved slots (as compared with

the private market), the contracted slot program can attract more high-quality ser-

vice providers to participate as well as incentivize more low-quality service providers

to improve their quality levels and participate. Further, as explained in Section 5.2.2,

when the demand for high-quality providers in the private market is relatively low,

both high- and low-to-high-quality service providers reserve more slots for the con-
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tracted slot program in order to maximize their expected payoff. As a result, with a

greater improvement in the quantity side of service delivered in the contracted slot

program, the contracted slot program can generate much higher societal outcomes

than the subsidy voucher program.

Impact of market- and provider-related factors: We also investigate the joint im-

pact of market-related and provider-related factors on the comparison of societal

outcomes under the two programs. Specifically, we focus on the ratio of capacity

for low-quality providers versus high-quality providers (KL/KH) and the relative de-

mand for high-quality providers to low-quality providers (δ). Figure 5.6(b) shows

that the contracted slot program can generate relatively more societal outcomes than

the subsidy voucher program when KL/KH is relatively high, and δ is relatively low.

We explain it as follows. When low-quality service providers have a relatively large

capacity, there is an increased likelihood that they cannot full fill their capacity using

clients from the private market. Therefore, to maximize their expected payoff, low-

quality providers participate in the subsidy voucher program (as explained in Section

5.1.2) as well as improve quality levels (i.e., become low-to-high-quality providers) and

participate in the contracted slot program. Although participating in both programs,

low-to-high-quality service providers can further maximize their payoff by reserving

more slots for the program. On the other hand, as explained above, high-quality ser-

vice providers are willing to reserve more slots for the contracted slot program when

δ is relatively low. As a result, the extent of improvement in the societal outcomes

in the contracted slot program (due to improvement in the quantity side of services

delivered to the beneficiaries) exceeds that of the subsidy voucher program.

Impact of provider-related factors: Finally, we examine how the characteristics

of service providers impact societal outcomes under the two programs. To do so, we

study the joint impact of the capacity of high-quality providers (KH) and the number

of high-quality providers in the market (NH). The plot in Figure 5.6(c) suggests that
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the contracted slot program can generate higher societal outcomes when KH and NH

are relatively high. It can be explained as follows. As explained above, providers

are more willing to participate in both subsidy welfare programs when they have a

larger capacity, which allows them to mitigate the risk of the private market not fully

filling their capacity. However, high-quality providers can reserve more slots under the

contracted slot program as their capacity increases because the reserved slots bring

guaranteed reimbursement from the government. Hence, similar to the explanations

above, the contracted slot program can generate higher societal outcomes by offering

the beneficiaries a higher level of quantity (through more participation) and quality

(through quality requirements on the participating providers) of services. Moreover,

the improvement of societal outcomes under the contracted slot program is further

enhanced in the presence of a larger number of high-quality providers in the private

market.

The aforementioned discussion is based on the societal outcomes delivered to the

beneficiaries, who are the economically-disadvantaged and vulnerable entities in this

context. In what follows, we remark on the relative benefit of the two types of subsidy

welfare programs by considering the efficiency of the government’s expenditure in the

program. To do so, we compare two programs based on societal outcomes per total

reimbursement expenditure. We calculate it by dividing societal outcomes in each

type of program (as described above) by the total expected amount of reimbursement

that government pays to participating service providers in each type of program.

Denote societal outcomes per total reimbursement expenditure by SOEv and SOEc,

respectively. Therefore, we have:

SOEv =
SOv

svLNL

∫ KL

DL
(KL − dL) ρLg(dL) ddL + svHNH

∫ KH

δDL
(KH − dH) ρHg(dH) ddH

,

SOEc =
SOc

scH (f ∗NLxc∗L +NHxc∗H )
.
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Using the estimated parameters, we compute societal outcomes per total reim-

bursement expenditure under the subsidy voucher program and contacted slot pro-

gram in Boston, Massachusetts, and have SOEv = 0.0118 and SOEc = 0.0050.

Therefore, we conclude that implementing a subsidy voucher program is more cost-

efficient than a contracted slot program in the considered setup. To check the robust-

ness of this finding, we also perform sensitivity analysis with respect to the same sets

of factors as above to compare the societal outcomes per government total reimburse-

ment expenditure under the subsidy voucher program and contracted slot program.

Our analysis shows that the subsidy voucher program is more likely to have higher

societal outcomes per expenditure than the contracted slot program under a large

range of values of related factors. We find that this is more likely to happen when

the difference in the quality level between low and high-quality providers is not too

large (as shown in Table 5.1, QL = 1 and QH = 1.5). Conversely, our analysis shows

that in a region with a large disparity in the quality level between high- and low-

quality providers, the contracted slot program can generate higher societal outcomes

per total reimbursement expenditure than the subsidy voucher program.

108



CHAPTER 6

CONCLUSIONS AND FUTURE RESEARCH

In this dissertation, we study a series of resource allocation problems that non-

profits, government agencies, and service providers face in subsidy welfare programs.

Specifically, we conduct three studies in order to help these participants make better

operational decisions that enable the generation of the most effective and/or equi-

table social outcomes under these programs. In this chapter, we describe conclusions

and generalization of our studies in Section 6.1. In Section 6.2, we conclude with

directions for future research.

6.1 Conclusions and Generalization of Results

In this section, we summarize three studies in this dissertation (conducted in

Chapters 3, 4, and 5) and their managerial insights in Section 6.1.1. We discuss how

these studies can be generalized to a broader context in Section 6.1.2.

6.1.1 Conclusions

In Chapter 3, we study optimal funds allocation decisions faced by a nonprofit that

is tasked with providing services to its local beneficiaries and service providers in a

subsidy voucher program. Using a child care subsidy voucher program as a motivated

example, we help a CCR&R (a local nonprofit) decide how to allocate its limited funds

between outreach and provider services activities so that beneficiaries in different

regions within its service area can have equitable access to child care. We develop

an analytical model which includes details of the subsidy voucher offer process and
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captures the challenges faced by the CCR&R when allocating funds for these two types

of activities. We show that when the marginal return of provider services investment

is higher (lower) than the marginal return of outreach investment, the CCR&R should

invest more (less) in provider services than in outreach. While, in general, investing

more funds in outreach in regions with more IE families is optimal, this may not

be the case when regional asymmetries are incorporated into the funds allocation

problem. Specifically, a CCR&R should invest more funds in outreach in a region with

a relatively lower proportion of IE families in the following situations: (i) when the

external considerations (those exogenous to the CCR&R) in that region have a greater

impact on the IE family’s propensity of acceptance; (ii) when the marginal return of

outreach investment in that region is higher, and abundant funds are available; or

(iii) when the distress faced by IE families in that region is significantly higher.

We also extend our model and analysis to understand the impact of the infu-

sion of additional funds earmarked for outreach in one region. The related analysis

shows that a substantially large amount of such earmarked funds may crowd out a

CCR&R’s investment in outreach in the non-earmarked region, irrespective of the

relative proportion of the IE families in each region. Further, we contextualize these

insights within a practical setting using a case study of a service area in Massachusetts.

Through this real-world application of our model, we conclude that the proposed in-

vestment decisions can improve equity outcomes by approximately 7.0%. Notably,

this estimated value of the improvement in equity outcomes is directly related to the

SDG Indicator 4.2, which includes reducing inequity in “access to quality early child-

hood development, care, and pre-primary education” for rural versus urban recipients

(SDG 2017).

Most recently, the COVID-19 pandemic has underscored the need to ensure equi-

table access to affordable and high-quality child care in order to facilitate a safe and

robust reopening of the economy. As a result, a CCR&R like this should appropri-
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ately allocate its funds to offering provider services, such as cleaning and sanitation

and other safety-related programs, and to conduct outreach, especially in rural re-

gions (Johnson-Staub 2020, Williams 2020). We view this chapter as the first step

in exploring the operational complexities on the supply-side of child care subsidy

voucher programs. At a broader level, this chapter can also help any organization

administering and operating subsidy voucher programs in other pro-social settings to

allocate its limited funds across different supply-enhancing activities optimally. We

provide a detailed discussion in Section 6.1.2.

In Chapter 4, we stand at a higher level by studying optimal funds allocation

decisions faced by a government agency (whom we refer to as the funding agency)

among several local nonprofits (whom we refer to as the service agencies) in a sub-

sidy voucher program. The funding agency’s funds allocation decisions in such a

program are complicated by: (i) distinct goals considered by the funding and service

agencies–i.e., impact-maximization while caring about equity across all service areas

versus impact-maximization in their respective areas; (ii) the intricate relationship

between contextual factors due to service focus of assistance–since the service agencies

make investments to improve the quantity and quality of services received by bene-

ficiaries at service providers, differences in the investment returns significantly affect

social impact generation; and (iii) asymmetry of information–given its closeness to

the funding source (such as legislative bodies), the funding agency is better informed

on the possibility of future additional funds, if any, becoming available.

We introduce an optimization-based method that incorporates the above complex-

ities and analyzes how the funding agency should allocate funds equitably among its

partnering service agencies. We develop a bilevel, one-to-many, and forward-looking

optimization model to analyze a practical scenario in which additional funds may be

sanctioned by the funding source in the future (during the planned horizon) for a

particular service area only. Our analysis reveals how the funding agency can use
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funds allocation as a strategic lever to ensure equitable social impact across different

areas. In particular, we recommend that the funding agency should allocate more

funds toward a service area when: the level of additional funds expected to become

available for the other area is higher, the mix of service providers (that are targeted

by different activities) in this area is more balanced, or investment toward an activity

by the service agency is more likely to yield a better rate of return and this area has

fewer providers targeted by such an activity.

We also compare the societal outcomes–i.e., the levels of inequity and total social

impact–under the optimization-based equity-ensuring method with those under the

optimization-based efficiency-focused method (that has no equity consideration) and

a formula-based method (that is based on proportions of contextual factors). Our

comparative analysis reveals the following insights. First, the goals of efficiency and

equity are in contrast with each other, such that the optimal funds allocation strategy

based on the efficiency-focused method (versus the equity-ensuring method) results in

a greater inequity, especially in the presence of a large disparity in the size of the pool

of beneficiaries across different areas. Second, although the formula-based method

could achieve greater total social impact than the equity-ensuring method while not

severely sacrificing equity, our proposed equity-ensuring method help reduce inequity

while not severely sacrificing the overall expected social impact under a wide range

of contextual factors.

Further, we contextualize these insights in a practical setting using a real-world

case study, which is based on the child care subsidy voucher program in Massachusetts.

Our numerical studies reveal that, compared with the current formula-based method,

the proposed optimization-based method can help the funding agency not only elimi-

nate the inequity outcomes but also increase the overall social impact across all service

areas by approximately 3%. Finally, we extend our model and analysis in several di-
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rections (e.g., when considering regional asymmetries and maximum allowed inequity

deviation) to show that our insights remain robust under alternative model settings.

In Chapter 5, we study the government agency’s selection decision for subsidy

welfare programs between the subsidy voucher programs and the contracted slot pro-

grams as well as service providers’ participation decisions in each program type. Such

a selection decision is complicated by: (i) each type of program creating social impact

through different mechanisms–beneficiaries have access to services from a large num-

ber of service providers (including a mix of high- and low-quality providers) under the

subsidy voucher programs while beneficiaries have access to services from only high-

quality providers (even if at a fewer number of service providers) under the contracted

slot programs; (ii) the government agency’s goal of ensuring both high-quantity and

high-quality services in the subsidy welfare program, which are impacted by the ser-

vice providers’ participation decisions (in order to maximize their expected payoff);

and (iii) the intricate impact of contextual factors (e.g., reimbursement rate of the

programs and demand for service providers’ services in the private market) on ser-

vice providers’ participation decisions. We develop a game-theoretical model setup

to analyze service providers’ participation decisions in each type of subsidy welfare

program and how contextual factors impact their decisions. Our analysis suggests

that the government agency can use program-related factors as levers to influence

service providers’ participation decisions. In particular, service providers are more

willing to participate in the program when the reimbursement rate is relatively high

and the cost of managing the program is relatively low.

As the first study to incorporate service providers’ participation decisions into

the comparison of two different types of subsidy welfare programs, we compare the

resulting societal outcomes for the beneficiaries of these programs through a case

study based on child care subsidy programs in Massachusetts. In this case study,

we examine how program-, market-, and service-provider-related factors impact the
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comparison of societal outcomes under the two programs and identify conditions under

which the level of societal outcomes under a contracted slot program outperforms a

subsidy voucher program or vice versa. We find that a contracted slot program can

generate higher societal outcomes under certain situations. For example, it happens

when: (i) there are relatively more high-quality providers in the market, and high-

quality providers have a relatively high capacity; (ii) the reimbursement rate for

providers in the contracted slot programs is relatively high, and the demand for high-

quality providers’ services in the private market is relatively low; or (iii) low-quality

providers’ capacity is relatively high, and the demand for high-quality providers’

services in the private market is relatively low. On the other side, our comparison of

the two programs based on the societal outcomes per expenditure shows that when

there is a relatively small disparity in the quality level between low- and high-quality

providers, a subsidy voucher program is more likely to outperform a contracted slot

program.

6.1.2 Generalization of Results

As summarized above, in this dissertation, we study three operational problems

within subsidy welfare programs that are motivated by our close interactions with

experts in the context of child care in the U.S. However, the models we formulate are

general, and the generated insights can also be applied to subsidy welfare programs

in other contexts. Next, we discuss the generalization of these studies.

In the first study (Chapter 3) of this dissertation, we look at a specific opera-

tional problem faced by nonprofits managing child care subsidy voucher programs.

However, similar problem contexts exist in other subsidy welfare programs, such as

those related to housing, maternity care, and education. Therefore, we outline the

similarities between the problem context addressed in this study and other subsidy

welfare programs and discuss how the insights from our study can be applied to
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these programs. As addressed earlier, there is a supply-side concern in a child care

subsidy voucher program–beneficiaries are often unable to accept offered vouchers

due to the inadequate number of service providers in different regions and the low

quality of service delivery by the voucher-accepting providers. Low acceptance of

offered vouchers is also observed in several other subsidy voucher programs. For in-

stance, Wykstra (2014) underscore the low utilization of housing vouchers offered to

low-income families in the U.S. Also, Hatt et al. (2010) and Ir et al. (2010) provide

empirical evidence on families’ inability to accept maternity care vouchers offered to

low-income households in Bangladesh and Cambodia, respectively. Also, Jones et al.

(2006) discuss barriers faced by recipients in Tanzania to accept the available subsidy

vouchers to purchase insecticide-treated bed nets to prevent malaria. Low accep-

tance in these contexts is due to supply-side concerns similar to child care context.

In fact, Ir et al. (2010) recommend investing funds toward conducting outreach (“[to]

allow the voucher recipients to select a provider convenient to them”) and partner

development (“to improve the quality of their services”) to increase chances that ben-

eficiaries accept the available vouchers for maternity care, and hence, mitigate the

adverse impact on beneficiaries and the society.

Due to a similar problem context, our first study can help nonprofits operating

in the aforementioned contexts make informed decisions on how to allocate their lim-

ited financial funds between different types of supply-side activities to increase the

quantity and quality of service delivered to beneficiaries in their service areas. Note

that our findings in the first study show that, when balancing investments in outreach

investment across different regions within its area, the local nonprofit managing the

child care voucher program under study should take into account regional asymme-

tries (e.g., differences in transportation infrastructure and regulatory environment,

marginal return of outreach investment, and distress experienced by families). Given

that region-based socioeconomic and demographic differences play a similar role in
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contexts including housing, health care, and maternity care, the insights generated in

the first study on the effects of regional asymmetries can also be applied to balancing

investments in outreach activities across different regions in these contexts.

In the second (Chapter 4) and third (Chapter 5) studies of this dissertation, al-

though their case studies are based on child care subsidy programs, problem contexts

addressed in these two studies share similarities with those in several other subsidy

welfare programs. First, consider the second study, wherein we analyze the funds

allocation problem in a bilevel hierarchical subsidy voucher program. Similar funding

structures can be observed in subsidy voucher programs in other domains. One such

example is the rental subsidy voucher programs implemented by state governments

in the U.S. to enable beneficiaries to afford apartments from private landlords. The

government agencies spend more than $30 billion annually on these rental voucher

programs, which assist 2 million households (Center on Budget and Policy Priorities

2009, Department of Housing and Urban Development 2023d). In a typical rental

subsidy voucher program, the government (i.e., the funding agency) provides funds

to several local Public Housing Agencies (PHAs) (i.e., the service agencies) to serve

beneficiaries in their respective service areas (e.g., see Connecticut Department of

Housing 2019). Similarly, these PHAs also undertake two types of provider-facing ac-

tivities: quality improvement and outreach activities (Illinois Housing Development

Authority 2017). Quality improvement activities conducted by these PHAs involve

investing funds to provide ongoing assistance to enhance program quality (e.g., mon-

itoring housing standards and providing landlords access to education and training

sessions) (Illinois Housing Development Authority 2017). On the other hand, out-

reach activities by these PHAs include investing funds toward community outreach to

attract more private landlords to participate in the rental subsidy voucher programs.

Furthermore, in these rental programs, governments often use a formula-based alloca-

tion method to distribute their limited funds among different PHAs (e.g., see details
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in Department of Housing and Urban Development 2023a), and additional funds may

also be approved by the legislative body at some instance during the planned hori-

zon (Lynch, 2020; HHS, 2021b). Hence, given these similarities between child care

voucher programs and rental voucher programs (both of which offer critical essential

services), the findings discussed in our second study can also help government agen-

cies in rental voucher programs to allocate their limited budget among PHAs such

that the most social impact can be generated across different service areas equitably.

Next, consider the third study, wherein we consider operational challenges faced

by the government agency in selecting between two types of subsidy welfare pro-

grams. Similar program selection decisions also arise in several other subsidy welfare

programs, for example, rental assistance programs. There are two different rental

assistance programs: tenant-based rental assistance (TBRA) programs and project-

based rental assistance (PBRA) programs. TBRA programs are similar to subsidy

voucher programs under study in this dissertation, as eligible tenants participating

in a TBRA program can choose to use offered vouchers at any participating property

owners (Department of Housing and Urban Development 2023b). PBRA programs

are similar to the contracted slot programs under study in this dissertation, as the

governments contract directly with private property owners who guarantee to reserve

a certain number of units for beneficiaries in the programs (National Housing Law

Project 2023). Similarly, the two programs create social impact through different

mechanisms. TBRA programs mainly offer a large amount of housing (including a

mix of high- and low-quality housing) to the beneficiaries (Chinchilla et al. 2019).

In contrast, PBRA programs ensure beneficiaries have access to only high-quality

housing (even if at a limited amount of housing) as they usually locate in higher-

quality neighborhoods and provide health service and support networks (Department

of Housing and Urban Development 2017, Chinchilla et al. 2019). Similarly, govern-

ments also face complex challenges in selecting rental assistance programs in order
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“to offer more housing options... [and] quality affordable homes” for their beneficia-

ries (Department of Housing and Urban Development 2023c). Therefore, the findings

in our third study can be generalized to help government agencies understand how

contextual factors can impact property owners’ decisions on joining TBRA programs

and PBRA programs and when TBRA programs can generate more societal outcomes

than PBRA programs or vice versa.

6.2 Future Research

In this dissertation, while the operational problems in the subsidy welfare pro-

grams we study can be applied to a general setting (as discussed in Section 6.1),

there are still several possible extensions for future research. Next, we discuss these

extensions for each stakeholder, namely nonprofits, government agencies, and service

providers.

First, we outline a few future research directions for the local nonprofits man-

aging the subsidy voucher programs as studied in Chapter 3. In this chapter, we

consider a local nonprofit has an equity-based objective such that beneficiaries can

have equitable access to service across the different regions within the service area.

While efficiency considerations are implicitly captured through marginal returns, fu-

ture research can consider a multi-objective structure that explicitly combines equity

and efficiency. For example, a multi-objective problem setup that considers the social

benefits and operational costs of various supply-enhancing interventions can help un-

derstand the effect of other efficiency-related factors on investment decisions. Also,

we consider the mandated FCFS allocation policy. Accordingly, our equity-based

measure captures the resulting disparities between the families in different regions in

terms of the likelihood of acceptance of an offered voucher. Future research can con-

sider alternative allocation policies, wherein it might also be meaningful to capture

disparities within the families in each region by using, say, a combination of mean
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waiting time until acceptance and the likelihood of acceptance. Finally, we believe

capturing the interplay between demand- and supply-side factors will be valuable to

further improving societal outcomes.

Next, we discuss some future research directions for the government agencies

managing the subsidy voucher programs as studied in Chapter 4. In this chapter, we

study the funds allocation decisions of a government agency (whom we refer to as the

funding agency) to several local nonprofits (whom we refer to as the service agencies).

Consistent with studies that analyze the equitable allocation of resources within so-

cially responsible operations (e.g., Zenios et al. 2000, Orgut et al. 2018), we consider

that the funding agency aims to maximize overall social impact while ensuring eq-

uitable outcomes across all areas. However, in certain governmental programs (such

as Property Assessed Clean Energy programs), the funding agency may partner with

service agencies that aim to maximize their profits, which could introduce additional

challenges stemming from a combination of revenue- and mission-oriented objectives.

Therefore, future research can explore the funding agency’s funds allocation decisions

under such a multi-objective problem setup. Further, in emergency situations (such

as the COVID-19 pandemic), our model can be used to equitably allocate relief funds

among different service agencies so that they can assist their local service providers

in providing healthy, safe, and uninterrupted services to beneficiaries. However, the

setup may need to be modified as the social impact generation function in such

emergency situations may exhibit an increased rate of investment return or include

beneficiary-specific differences, which can be another interesting direction for future

work. Finally, future researchers can also extend our optimization model to capture

operational complexities due to unique aspects of such welfare programs in emerging

economies (e.g., bureaucratic complexities and corruption).

Last, we provide several future research directions for the government agencies

that make program selection decisions as well as the service providers that make
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program participation decisions as studied in Chapter 5. In this chapter, we study how

a government agency should select between two types of subsidy welfare programs–

the subsidy voucher programs and the contracted slot programs and how service

providers should make program participation decisions in each program type. We

analyze service providers’ participation decisions based on a given set of contextual

factors without taking into account decisions made by other participants, for example,

nonprofits. However, as studied in Chapters 3 and 4, nonprofits participate in and

make allocation decisions in the subsidy voucher programs, which could add another

layer of complexities to service providers’ participation decisions. Therefore, future

research can extend our work and explore the impact of the interplay between the

decisions made by nonprofits, service providers, and government agencies. Further, in

the subsidy voucher programs, the beneficiaries can use their vouchers at any service

provider that suits their preferences. Such beneficiaries’ choices are not explicitly

captured in this chapter. (Instead, we capture them through parameters, the fill-out

rates.) Hence, it would be interesting to incorporate such a choice by beneficiaries and

examine its impact on service providers’ participation decisions and the government

agency’s selection decision. Finally, while we identify conditions under which the level

of societal outcomes under a contracted slot program outperforms a subsidy voucher

program or vice versa, it would be interesting if future research could study how the

government agency should design the optimal portfolio of subsidy welfare programs

to maximize societal outcomes.
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APPENDIX A

APPENDIX FOR CHAPTER 3: IMPROVING
OUTCOMES IN CHILD CARE SUBSIDY VOUCHER
PROGRAMS UNDER REGIONAL ASYMMETRIES

A.1 Notation

Table A.1. Description of Model Notation

Notation

F Funds available with the CCR&R
γ Proportion of IE families that reside in region 1
α Elasticity of family’s probability of acceptance with respect to investment

in provider services (referred to as provider services elasticity)
βi Elasticity of family’s probability of acceptance with respect to investment

in outreach in region i (referred to as outreach elasticity)
pi Baseline acceptance probability in region i
poi Impact magnitude of exogenous factors on acceptance probability in re-

gion i
ξi Socioeconomic burden of distress faced by IE family residing in region i

that is unable to accept the offered voucher

Decision Variables and Functions

x Level of investment in provider services
yi Level of investment in outreach in region i
p (x, yi) Probability of acceptance of voucher by an IE family in region i
MI (x, y1, y2) Total expected value of the inequity measure

A.2 Optimal Investment Decisions and Outcomes under Max-

Min Fairness Objective

Among the various notions of fairness, a proportional fairness objective has a

higher promise of acceptability (Mo and Walrand 2000) and it is a relatively cheaper
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notion, in terms of deviation from the resulting inequity under a fully efficient allo-

cation scheme (Bertsimas et al. 2011). In this section, we analyze how the CCR&R

should allocate its funds among various activities under a max-min fairness objective,

which is another well-accepted notion of fairness in the literature.

Given that the CCR&R’s aim is to minimize the inequity outcomes, the notion of

max-min fairness–to maximize the minimum utility among all entities–translates into

a min-max optimization problem in our context. Specifically, we consider that the

CCR&R aims to minimize the highest socioeconomic burden of distress among its re-

gions when the IE families are unable to accept the offered voucher. The CCR&R can

obtain its optimal levels of investments in provider services and outreach activities,

denoted by
(
xM , yM1 , y

M
2

)
, by solving the following optimization problem:

min
{x,y1,y2}

max {MI1 (x, y1, y2) ,MI2 (x, y1, y2)} (A.1)

s.t., x+ y1 + y2 ≤ F, (A.2)

x ≥ 0, y1 ≥ 0, y2 ≥ 0, (A.3)

where MIi (x, y1, y2) denotes the resulting distress in region i, for i ∈ {1, 2}, when

the IE families in that region are unable to accept the offered voucher, conditional

on the voucher being accepted by an IE family in either region 1 or 2. By follow-

ing similar steps as described before equation (3.1) in Section 3.1, we have MI1
.
=(

γ(1−p(x,y1))
γp(x,y1)+(1−γ)p(x,y2)

)
ξ1, and MI2

.
=
(

(1−γ)(1−p(x,y2))
γp(x,y1)+(1−γ)p(x,y2)

)
ξ2.

Lemma A.1 For the optimization problem outlined in equations (A.1)–(A.3), there

exists ¯̄F > 0 such that, MI1
(
xM , yM1 , y

M
2

)
̸= MI2

(
xM , yM1 , y

M
2

)
if F < ¯̄F , and

MI1
(
xM , yM1 , y

M
2

)
=MI2

(
xM , yM1 , y

M
2

)
otherwise.

Lemma A.1 shows that when the CCR&R has a sufficiently low amount of available

resources (F is below a threshold), it is optimal to allocate funds in such a manner that
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the resulting distress in one region is reduced to a larger extent than the resulting

distress in the other region. However, when the CCR&R is not severely resource

constrained, the optimal allocation of funds is such that it results in same levels

of distress faced by IE families in both regions. This is because, when F is small,

the max-min fairness objective forces the CCR&R to use these limited resource to

prioritize reducing the distress in the region that has a higher proportion of IE families

or higher socioeconomic burden of distress when IE families are unable to accept the

voucher. In contrast, when F is high, the effect of diminishing returns of outreach

investments becomes dominant and as a result, the CCR&R cannot further reduce

distress in one region without a significant adverse impact on the other region.

In addition, the findings illustrated in Figures A.1(a) and A.1(b) are consistent

with the insights generated through results in Propositions 3.1 and 3.4 in Section 3.2,

respectively. Based on this preliminary analysis, we find that effects of the region-

specific characteristics on the optimal levels of investment are qualitatively similar

under both notions of fairness. Next, we compare and contrast the total distress faced

by the IE families in the service area when funds are allocated based on proportional

and max-min fairness objectives.

We find that, in the presence of regional asymmetries, the measure of inequity (i.e.,

the total expected distress experienced by the IE families that are unable to accept

the voucher) has a lower optimal value under the proportional fairness objective as

opposed to the max-min fair objective. This is because, under proportional fairness,

the CCR&R allocated funds proportionally between the two regions by appropriately

balancing the impact of regional asymmetries. In contrast, under max-min fairness,

the CCR&R can prioritize outreach investment in one region, say, with higher pro-

portion of IE families or higher socioeconomic burden of distress, after ensuring that

the resulting distress in the other region is only at a modicum level.
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(a) α = 0.2 and β = 0.3 (b) α = 0.6 and β = 0.7

Note: Other parameters: F = 40 and p1 = p2 = 0.25, with ξ = 1 in (a), and γ = 0.6 and po = 1 in
(b).

Figure A.1. The CCR&R’s Optimal Investments under Max-Min Fairness Objective

A.3 Additional Details of the Case Study

A.3.1 Generalized Optimization Problem

Consider that the CCR&R’s service area comprises of n ≥ 2 different types of

regions. For a given region i, where i ∈ {1, 2, ..., n}, we denote the proportion of IE

families by γi, the outreach elasticity by βi, the amount of funds invested in outreach

activity by yi, the probability of an IE family accepting the offered voucher by p(x, yi),

and the socioeconomic burden of distress faced by an IE family that is unable to accept

the offered voucher by ξi, such that p (x, yi) = pi + poix
αyβii and

∑n
i=1 γi = 1. Thus,

the CCR&R’s resource allocation problem can be expressed as follows:

min
{x,y1,y2,...,yn}

MI (x, y1, y2, ..., yn) =
n∑
i=1

((
γi (1− p (x, yi))∑n

j=1 γjp (x, yj)

)
ξi

)

s.t., x+
n∑
i=1

yi ≤ F,

x ≥ 0, yi ≥ 0, for i ∈ {1, 2, ..., n}.

We denote by (x∗, y∗1, y
∗
2, ..., y

∗
n) the optimal levels of investments in provider services

and outreach activities in each region within the service area.
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A.3.2 Estimation of Parameters

We use data from the U.S. Census Bureau, the child care literature, and our

interviews with multiple CCR&R officials to estimate values of the model parameters

needed to solve the above-mentioned optimization problem for the CCR&R that

operates in the service area under study.

Types of Regions and Proportion of IE Families in Each Region. Based on various

criteria, such as population density, land use, and distance between settlements, the

U.S. Census Bureau categorizes the U.S. landscape into three types, namely urban-

ized, urban clusters and rural (Ratcliffe et al. 2016). Many federal assistance programs

use this information on region type to determine eligibility for participation as well

as funding levels for different regions across the U.S. (Hotchkiss and Phelan 2017). In

the context of child care subsidy welfare programs, since the CCR&Rs operate under

the mandate of the federal and state governments, we utilize the aforementioned in-

formation from the bureau to categorize the CCR&R’s service area into n = 3 types of

regions–urbanized (denoted by 1), urban clusters (denoted by 2), and rural (denoted

by 3).

Next, the proportion of IE families residing in each of these three regions can be

estimated by considering the number of households that satisfy the income criteria

required for a family to be eligible for child care subsidy welfare programs in that

state. For the Western Massachusetts service area, we combine information on the

(i) number of households and median household income in each region (from the U.S.

Census Bureau), and (ii) threshold household income for the family to be eligible

for child care subsidy welfare programs in Massachusetts (Massachusetts Department

of Early Education and Care 2019). Based on these information, we estimate the

proportion of IE families residing in each region as: γ1 = 0.27, γ2 = 0.05, and

γ3 = 0.68.
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Provider Services Elasticity. The parameter α in our model captures the marginal

improvement in the propensity of an IE family accepting the offered subsidy voucher

due to funds invested by the CCR&R in provider services. Hence, the estimation of

the parameter is based on determination of this marginal improvement level through

an expert elicitation approach. Based on our extensive interviews with the CCR&R

official (at the director-level) for the Western Massachusetts service area, we estimate

the provider services elasticity as follows: with a 50% increase in investment of funds

toward the service team (that focuses on assisting providers to improve their quality of

service delivery), the chance of an IE family accepting the offered voucher will increase

from 1 out of 5 to 1 out of 4. Using this information in the ratio of probabilities of

acceptance of the offered voucher when the team is made available 1.5 times the

current level of funds, we calculate the provider services elasticity as α = ln(5/4)
ln(1.5)

=

0.55.

Outreach Elasticities. The parameter βi in our model captures the marginal im-

provement in the propensity of an IE family residing in region i accepting the offered

subsidy voucher due to funds invested by the CCR&R in outreach in that region.

Thus, the procedure to estimate the values of these parameters is similar to the ex-

pert elicitation approach described above for the provider services elasticity.

Considering the rural region in the Western Massachusetts area, the CCR&R

official states that by hiring an additional personnel who specializes in organizing and

managing outreach related events (as opposed to the current allocation of requiring

only 10% of the total working hours of an existing employee), the chance of an IE

family accepting the offered voucher will be doubled. Using this information and

the hourly wage rate of the requisite personnel ($30.2 per hour) and the existing

personnel ($15.44 per hour), we calculate the outreach elasticity in rural region (i.e.,

region 3) for the Western Massachusetts service area as β3 ≈ ln(2)
ln(20)

= 0.23. We next

present a procedure for estimating the value of outreach elasticity in each region based
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on a benchmark level determined for any one of the regions (in our case study, we

determine it for the rural region).

Recall that the CCR&R’s outreach activity in a region is aimed at increasing the

number of voucher-accepting providers in that region. As part of the related litera-

ture that identifies factors that can help explain differences in marginal rates of return

of investments in outreach activities in different regions, Bartels (2018) empirically

finds that democratic voters are more favorable to the use of government’s funds to

provide child care subsidies to low-income families. Specifically, on a scale from zero

(extremely unfavorable) to 100 (extremely favorable), on average, the democratic vot-

ers rate the government’s child care subsidy program at 76.5 as opposed to the 39.5

rating by the republican voters. Combining this empirical evidence with the distri-

bution of votes in the 2016 U.S. general election, which we obtain using data from

the MIT Election Lab (https://electionlab.mit.edu/), we calculate the compos-

ite rating in favor of the government’s child care subsidy program in each region

as follows: (% Democratic votes in the region)∗(76.5)+(% Republican votes in the

region)∗(39.5). For the Western Massachusetts area, the composite ratings are: 65.44

for the urbanized region, 56.97 for the urban clusters region, and 58.37 for the rural

region. We consider that the composite ratings capture the relative willingness of

local communities (and child care providers) to make available subsidized child care

to the low-income families. Using these rating, we calculate the outreach elasticities

in the urbanized region and the urban clusters as follows: β1 =
(
65.44
58.37

)
∗ β3 = 0.26

and β2 =
(
56.97
58.37

)
∗ β3 = 0.22.

External Environmental Factors. To obtain estimates of external environmental

factors, we rely on inputs from experts who possess knowledge on these external en-

vironmental considerations that influence the IE family’s propensity to accept the

offered voucher. Research finds that improvements in public transportation in a re-

gion can enhance chances that an IE family may accept the offered subsidy voucher
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(Chaudry et al. 2011). Therefore, investing funds toward increasing the number of

buses and lobbying the government officials to expand the coverage area of public

transportation in region i will lead to an increase in probability p (x, yi) through a

larger poi, though such investments are exogenous to the CCR&R’s investment deci-

sions. For fixed amounts of investments in provider services and outreach activities,

our interviews with experts and survey of the related reports (e.g, Chaudry et al. 2011

and Isaacs et al. 2015) reveal that an investment of $2.5 million toward improvements

in external environmental factors in the rural region will increase family’s probability

of acceptance by one point, which implies that po3 = 1
2.5x106

= 4 x 10−7. We reason-

ably assume that the corresponding degree of improvement in acceptance probability

will be higher in the two non-rural regions (because of presence of external network

of charities that can potentially lower barriers for IE families to accept vouchers).

Accordingly, we use po1 = po2 = 6 x 10−7.

Socioeconomic Burden of Distress. When the IE family remains in distress due to

their inability to accept the offered subsidy voucher, costs are incurred not only by the

individual family, but also by the society. This could be in the form of having to give

up a job or drop out of school, using savings or retirement funds, borrowing money at

high-interest rates in order to take care of the child, loss of productivity for the U.S.

economy, among others. While it is difficult to completely and accurately quantify

the overall distress faced by IE families, child care experts consider this socioeconomic

burden to be correlated with the cost of living in the region where the IE family resides

(Austermuhle 2015, CCAoA 2018). Therefore, we use the U.S. Census Bureau’s data

on household income in each region in the Western Massachusetts service area as a

proxy for the socioeconomic burden of distress faced by IE families in that region.

Dividing each of the three household income values by the household income value in

the urbanized region (i.e., normalizing distress of IE families in the urbanized region

to 1), we estimate ξ1 = 1, ξ2 = 1.41, and ξ3 = 1.87. As shown in Proposition 3.4 in
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Section 3.2, the ratios of distress in regions are sufficient to determine the CCR&R’s

optimal investments.

Other Parameters. The total budget of the CCR&R under study is $1.75 million.

Recall that the parameter F captures the amount of financial resources available

for investments in the two supply-enhancing activities, i.e., provider services and

outreach. Upon consultation with experts in the context of child care subsidy welfare

programs, we use 15% of this total budget to estimate value of F as $260, 000. Further,

based on our interviews with the front-line staff and the director at the CCR&R, we

have that the IE family’s probability of acceptance when there is no investment of

funds in either provider services or outreach is about 20% in the rural region (i.e.,

p3 = 0.2). Based on the existing network of child care providers, these experts

posit that the baseline acceptance probability is higher for IE families residing in

the non-rural regions (urbanized and urban clusters). Thus, we reasonably assume

p1 = p2 = 0.3.

A.4 Proofs of Analytical Results

Additional technical lemmas, which help us outline proofs below, are available in

Appendix A.5.

Proof of Proposition 3.1. This proof uses Lemmas A.3 and A.5 (presented in

Appendix A.5). Using Lemma A.3(i), we have x = F − y1 − y2. Substituting this in

equation (3.2), we obtain MI (y1, y2)
.
=
(
γp1 + (1− γ)p2 +Ψ(y1, y2)

)−1 − 1, where

Ψ (y1, y2)
.
= γ

(
po1 (F − y1 − y2)

α yβ1

)
+(1−γ)

(
po2 (F − y1 − y2)

α yβ2

)
. Further, using

Lemma A.3(ii), we have that x∗ > 0, which implies that y1+y2 < F . For y1+y2 < F

and po = 1, by Lemma A.5 it follows that there exist unique y∗1 > 0 and y∗2 > 0

that minimize (Ψ (y1, y2))
−1 − 1. Next, since the constant term γp1 + (1 − γ)p2

is greater than 0 (because 0 < γ, p1, p2 < 1) and Ψ (y1, y2) ≥ 0, we can conclude

that the aforementioned y∗1 and y∗2 minimize MI (y1, y2). By applying the first-order
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conditions on MI (y1, y2) with respect to y1 and y2, we obtain expressions of y∗1 and

y∗2 as presented in the statement of proposition. Also, x∗ = F − y∗1 − y∗2 = Fα
α+β

.

Next, considering the optimal efforts derived above, we obtain y∗1 + y∗2 = Fβ
α+β

.

Comparing this with x∗, we have x∗ > y∗1 + y∗2 if α > β and x∗ ≤ y∗1 + y∗2 otherwise.

Similarly, comparing the expression of min {y∗1, y∗2} with x∗, we have x∗ < min {y∗1, y∗2}

if and only if α < α̂. □

Proof of Proposition 3.2: This proof uses Lemmas A.6 and A.8 (presented in

Appendix A.5). The optimal outreach investments y∗1 and y∗2 are characterized in

Lemma A.6.

(i) Differentiating y∗1 and y∗2 with respect to po, respectively, we have ∂
∂po
y∗1 (po) =

− Fβ(poγ(1−γ))
1

1−β

po(α+β)(1−β)
(
γ

1
1−β +(po(1−γ))

1
1−β

)2 < 0 and ∂
∂po
y∗2 (po) =

Fβ(poγ(1−γ))
1

1−β

po(α+β)(1−β)
(
γ

1
1−β +(po(1−γ))

1
1−β

)2

> 0 (because F > 0, 0 < α < 1, 0 < β < 1, 0 < γ < 1, and po > 0).

(ii) Comparing the expressions of y∗1 with y∗2, we have y∗1 < y∗2 if and only if po > p̂o,

where p̂o
.
= γ

1−γ .

(iii) Differentiating y∗1 with respect to β, we obtain ∂
∂β
y∗1 (β) = FRq(β)

(α+β)2(1−β)(1+R)2
,

∂
∂β
y∗2 (β) =

FRq(β)

(α+β)2(1−β)(1+R)2
, where R

.
=
(

γ
po(1−γ)

) 1
1−β

, q(β)
.
= α (1− β) (1 + R) +

αβ ln (R) + β2 ln (R), and q(β)
.
= α (1− β) (1 + 1

R
) + αβ ln

(
1
R

)
+ β2 ln

(
1
R

)
. Since

F > 0, 0 < α < 1, 0 < β < 1, 0 < γ < 1, and po > 0, we have that signs of ∂
∂β
y∗1 (β)

and ∂
∂β
y∗2 (β) depend on the sign of q(β) and q(β), respectively. Next, we consider the

following two cases based on the magnitude of po.

First, consider po > p̂o. We have R < 1, which implies that ln (R) < 0. Using

Lemma A.8(i), we have that there exists a unique β̂ ∈ (0, 1) such that q(β) > 0 if

β < β̂ and q(β) ≤ 0 otherwise. Therefore, we can conclude that ∂
∂β
y∗1 (β) > 0 if β < β̂

and ∂
∂β
y∗1 (β) ≤ 0 otherwise. Next, using Lemma A.8(i), we have q(β) > 0 for any β,

which implies that ∂
∂β
y∗2 (β) > 0.
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Second, consider po ≤ p̂o. The proof for this case follows similar steps as for the

case when po > p̂o. Therefore, we omit it for brevity. □

Proof of Proposition 3.3. Using Lemma A.3(i) (presented in Appendix A.5),

we have x = F − y1 − y2. Substituting x = F − y1 − y2, po = 1, and ξ1 = ξ2

in equation (3.2) in Section 3.1, and applying the first-order conditions, we obtain

y2 (y1) =
(

(1−γ)β2
γβ1

) 1
1−β2 y

1−β1
1−β2
1 . After replacing y2 (y1) in equation (3.2), and using

similar steps as in the proof of Proposition 3.1, we have that the resultant objective

function MI (y1) has a unique global minimum (y∗1). Therefore, equating
∂
∂y1
MI (y1)

to zero, it follows that y∗1 is the unique solution to the equation stated within the

proposition. Next, denote R̄
.
=

y∗1
y∗2

=
(

γβ1
(1−γ)β2

) 1
1−β1 (y∗2)

β1−β2
1−β1 .

(i) Before analyzing ∂
∂F
R̄(F ), we show that ∂

∂F
y∗1(F ) > 0 and ∂

∂F
y∗2(F ) > 0. Ap-

plying the Implicit Function Theorem to the equation that y∗1 solves, we obtain

∂
∂F
y∗1(F ) =

((
1 + α

β1

)
+
(
1 + α

β2

)(
(1−γ)β2
γβ1

) 1
1−β2

(
1−β1
1−β2

)
y

β2−β1
1−β2
1

)−1

> 0, where the

inequality holds because 0 < α < 1, 0 < β1 < 1, 0 < β2 < 1, and 0 < γ < 1, and

y∗1 > 0.

Similarly, differentiating y∗2 with respect to F , we obtain ∂
∂F
y∗2(F ) =

(
(1−γ)β2
γβ1

) 1
1−β2(

1−β1
1−β2

)
(y∗1)

β2−β1
1−β2

∂
∂F
y∗1(F ) > 0, where the inequality holds because 0 < α < 1, 0 <

β1 < 1, 0 < β2 < 1, and 0 < γ < 1, y∗1 > 0, and ∂
∂F
y∗1(F ) > 0. Next, differentiating

R̄ with respect to F , we have ∂
∂F
R̄(F ) =

(
γβ1

(1−γ)β2

) 1
1−β1

(
β1−β2
1−β1

)
(y∗2)

β1−β2
1−β1

−1 ∂
∂F
y∗2(F ),

from which we can conclude that the sign of ∂
∂F
R̄(F ) depends on the sign of (β1 − β2)

(because ∂
∂F
y∗2(F ) > 0). Therefore, it follows that ∂

∂F
R̄(F ) > 0 if β1 > β2 and

∂
∂F
R̄(F ) ≤ 0 otherwise.

(ii) Following similar steps as in (i) above, we can show that ∂
∂α
y∗1(α) < 0, which

helps show that ∂
∂α
y∗2(α) < 0. Next, differentiating R̄ with respect to α, we have

∂
∂α
R̄(α) =

(
γβ1

(1−γ)β2

) 1
1−β1

(
β1−β2
1−β1

)
(y∗2)

β1−β2
1−β1

−1 ∂
∂α
y∗2(α), from which we can conclude
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that the sign of ∂
∂α
R̄(α) depends on the sign of (β2 − β1) (because ∂

∂α
y∗2(α) < 0).

Therefore, it follows that ∂
∂α
R̄(α) < 0 if β1 > β2 and ∂

∂α
R̄(α) ≥ 0 otherwise. □

Proof of Proposition 3.4. Denote ξ
.
= ξ2

ξ1
and po

.
= po1 = po2. Before presenting

the steps of the proof, we state the bound on F , which is needed to ensure p (x, yi) ≤ 1

for all the feasible values of x and yi, when α = β = 1
2
and ξ ̸= 1. We assume

that F ≤ 2(1−p)
po

, because in the extreme cases (i.e., ξ → 0 or ξ → ∞), we have

p
(
x = F

2
, yi =

F
2

)
= p+ poF

2
. The proof below uses Lemmas A.3 and A.10 (presented

in Appendix A.5).

Using Lemma A.3(i), we have x = F − y1 − y2. Substituting α = β = γ = 1
2
,

po = 1, and x = F−y1−y2 in equation (3.2) presented in Section 3.1, and applying the

first-order conditions with respect to y1 and y2, we have y1 = F
2
− y2, which implies

that x∗ = F
2
. Using these relationships in equation (3.2), we obtain MI (y2) =

4(1+ξ)(1−p)−po
√
2F(2ξ√y2+

√
2F−4y2)

8p+
√
2Fpo(

√
2F−4y2+2

√
y2)

. Differentiating MI (y2) with respect to y2, it can be

shown that the extreme points of MI (y2), if any, must satisfy the equation poF (1−

ξ)
√
2F −

(
k1
√
2F − 4y2 − 2k2

√
y2
)
= 0, such that k1

.
= 2

(
(p+ 1)ξ − p+ 1

)
> 0 and

k2
.
= 2

(
(1− p)ξ + 1 + p

)
> 0 (inequalities hold because 0 < p < 1).

Using Lemma A.10, we have that only one of the two extreme points of the

above-mentioned equation is a feasible solution. Thus, the extreme point, given

by F
2

(
k21

k21+k
2
2

)
+

√
F
2

(
k21

k21+k
2
2

)
− (po)2F 3(1−ξ)2

2(k21+k22)
, is the unique minimum y∗2 of MI (y2).

Accordingly, y∗1 can be obtained using F
2
− y∗2. Next, differentiating y∗1 and y∗2 with

respect to ξ, it follows that ∂
∂ξ
y∗1(ξ) < 0 and ∂

∂ξ
y∗2(ξ) > 0, in which both inequalities

hold because k1 > k2 > 0, 0 < p < 1, po > 0, F > 0, and ξ > 1. □

Proof of Proposition 3.5. Let us denote, δ̄
.
= max

{
δ| (F+δ)βγ

1
1−β

(α+β)

(
γ

1
1−β +(1−γ)

1
1−β

) ≥ δ

}
= βγ

1
1−β F

(α+β)(1−γ)
1

1−β +αγ
1

1−β
. Consider the following two cases based on the magnitude of δ.
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(i) Suppose δ ≤ δ̄. Following similar steps as in the proof of Proposition 3.1, we

have that the solution of the first-order conditions for the optimization problem is

as presented in the statement of proposition. Since y∗1 ≥ δ (by definition of δ̄), this

constitutes the optimal solution.

(ii) Suppose δ > δ̄. In this scenario, the solution obtained in case (i) above no longer

constitutes the optimal solution, because y∗1 = (F+δ)βγ
1

1−β

(α+β)

(
γ

1
1−β +(1−γ)

1
1−β

) < δ (by definition

of δ̄), which violates the constraint y1 ≥ δ. Therefore, we re-solve the optimization

problem after replacing y1 = δ. Substituting y1 = δ and x = F − y2 in equation (3.2)

presented in Section 3.1, the objective function remains convex in y2. Applying the

first-order condition, we obtain that y∗2 is the unique solution to the equation stated

in the statement of proposition.

Further, (a) When δ ≤ δ̄, differentiating y∗2, as characterized in case (i) above,

with respect to δ, we obtain
∂y∗2
∂δ

= β(1−γ)
1

1−β

(α+β)

(
γ

1
1−β +(1−γ)

1
1−β

) > 0 and; (b) When δ > δ̄,

applying the Implicit Function Theorem on the equation that y∗2 solves, we obtain

∂y∗2
∂δ

=
−αγβδβ−1y∗2(δ)

(1−γ)(α+β)(y∗2(δ))
β
+γα(1−β)δβ

< 0. □

A.5 Proofs of Lemmas Referred in Appendices A.2 And A.4

Proof of Lemma A.1: Suppose Ω ≥ 0. Then, the min-max optimization problem

outlined in equations (A.1)–(A.3) presented in Appendix A.2 can be re-written as the

following minimization problem:

min
{x,y1,y2,Ω}

Ω (A.4)

s.t., ξ1

(
γ (1− p (x, y1))

γp (x, y1) + (1− γ)p (x, y2)

)
≤ Ω, (A.5)

ξ2

(
(1− γ) (1− p (x, y2))

γp (x, y1) + (1− γ)p (x, y2)

)
≤ Ω, (A.6)

x+ y1 + y2 ≤ F, (A.7)

x ≥ 0, y1 ≥ 0, y2 ≥ 0,Ω ≥ 0. (A.8)
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Since MI1 (x, y1, y2) and MI2 (x, y1, y2) are decreasing in each of their arguments, we

have that constraint in equation (A.7) binds. Using this, for any x > 0, it can be

shown that MI1(.) and MI2(.) are decreasing in F . Also, MI1(F = 0) > 0 and

MI2(F = 0) > 0. Combining these properties, we can conclude that there exists

a unique ¯̄F > 0 such that one of the two constraints (A.5) and (A.6) binds when

F < ¯̄F . In that scenario, we have either MI1 (x, y1, y2) = Ω > MI2 (x, y1, y2) or

MI2 (x, y1, y2) = Ω > MI1 (x, y1, y2). Otherwise, when F ≥ ¯̄F , MI1 (x, y1, y2) =

MI2 (x, y1, y2) = Ω. The result stated in lemma (for the vector of optimal invest-

ments) follows from the fact that the optimization problem outlined in equations

(A.4)–(A.8) minimizes Ω. □

Lemma A.2 Consider g(s)
.
= (α+β)(1+α+β)s2− 2Fβ(1+α+β)s+F 2β(1+β),

where 0 < α < 1, 0 < β < 1, and F > 0. Then, g(s) > 0 ∀s.

Proof of Lemma A.2: The discriminant of g(s) is equal to −4F 2αβ(1 + α + β) < 0,

where the inequality holds because 0 < α < 1, 0 < β < 1, and F > 0. This implies

that g(S) = 0 has no real roots. Since the coefficient of s2 in g(S) = (α+β)(1+α+β) >

0, we can conclude that g(s) > 0 ∀s. □

Lemma A.3 For the optimization problem outlined in equations (3.2)-(3.4) in Sec-

tion 3.1, (i) the constraint in equation (3.3) binds, and (ii) x∗ > 0, and y∗1 and y∗2 are

not zero simultaneously.

Proof of Lemma A.3: (i) For given y1 and y2, the objective function in equation (3.2)

strictly decreases in x, and the left-hand side of the constraint (3.3) increases in x.

Hence, the constraint (3.3) binds.
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(ii) Suppose x = ϵ > 0. Using equation (3.2), for given y1 and y2, we haveMI (ϵ, y1, y2)

< MI (0, y1, y2), where MI (ϵ, y1, y2) =
ξ1γ

(
1−p1−po1ϵαy

β1
1

)
+ξ2(1−γ)

(
1−p2−po2ϵαy

β2
2

)
γ
(
p1+po1ϵαy

β1
1

)
+(1−γ)

(
p2+po2ϵαy

β2
2

) and

MI (0, y1, y2) =
ξ1γ(1−p1)+ξ2(1−γ)(1−p2)

γ(p1)+(1−γ)(p2)
.

Thus, by proof by contradiction, we can conclude that x∗ > 0. Using similar steps,

we can show that y∗1 and y∗2 are not zero simultaneously. □

Lemma A.4 Consider ξ = 1 and β1 = β2
.
= β, i.e., the CCR&R’s optimization

problem in Section 3.1. For any given x > 0, the objective function in equation (3.2)

in Section 3.1 is equivalent to the proportional fairness objective as defined in Mo and

Walrand (2000).

Proof of Lemma A.4: This proof uses Lemma A.3 above. Substituting ξ = 1,

β1 = β2 = β, and y2 = F − x − y1 (by Lemma A.3(i)) in equation (3.2) in Sec-

tion 3.1, the objective function, for any given x > 0, can be expressed as: MI (y1) =(
γ
(
p1 + po1x

αyβ1

)
+ (1− γ)

(
p2 + po2x

α (F − x− y1)
β
))−1

− 1, which is convex in

y1. Next, applying first-order condition with respect to y1 after substituting po =
po1
po2

,

we have γpo1y
∗
1
β−1 − (1− γ) po2 (F − x− y∗1)

β−1 = 0. Using po =
po2
po1

and simplifying

this equation, it follows that y∗1 = w1(F−x)
w1+w2

and y∗2 = w2(F−x)
w1+w2

, where w1
.
= (γ)

1
1−β and

w2
.
= (po(1− γ))

1
1−β .

Next, consider MIo (y1, y2)
.
= w1 ln y1 + w2 ln y2, where w1 and w2 are as defined

above. Let us denote the vector that maximizes MIo (y1, y2) subject to y1 + y2 ≤

F − x by
(
yPF1 , yPF2

)
. On solving this optimization problem, we have yPF1 ≡ y∗1 and

yPF2 ≡ y∗2. Mo and Walrand (2000) generalize the concept of proportional fairness as

follows: “a proportionally fair vector is one that maximizes the [weighted] sum of all

the logarithmic utility functions.” Since (y∗1, y
∗
2) maximize MIo (·), using the afore-

mentioned definition, we conclude that these optimal investments are proportionally

fair.
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Remark: The objective function in equation (3.2) in Section 3.1 ensures that the

available funds for regional outreach activities are allocated proportionally between

the two regions, wherein these proportions
(

w1

w1+w2
and w2

w1+w2

)
are governed by con-

textual parameters, such as γ, poi, βi, and ξi. Our analytical findings in Section 3.2

present and discuss the impact of these contextual parameters on optimal allocation

decisions. □

Lemma A.5 Consider Γ (y1, y2)
.
= 1

γpo(F−y1−y2)αyβ1+(1−γ)po(F−y1−y2)αyβ2
− 1, where 0 <

α < 1, 0 < β < 1, 0 < γ < 1, and 0 < po < 1. For y1 + y2 < F , Γ(·) is jointly convex

in y1 and y2.

Proof of Lemma A.5: For a given y2, twice differentiating Γ (y1, y2) with respect to

y1, we have ∂2

∂y21
Γ (y1, y2)

.
= p2o(Γ1(y1,y2)+Γ2(y1,y2)+Γ3(y1,y2))

Γ4(y1,y2)
> 0, where,

Γ1 (y1, y2)
.
= αyβ2 (1− α) (1− γ)

(
γyβ1 + (1− γ) yβ2

)
> 0,

Γ2 (y1, y2)
.
= 2

(
α
(
γyβ1 + (1− γ) yβ2

)
− βγ (F − y1 − y2) y

β−1
1

)2
> 0,

Γ3 (y1, y2)
.
= γyβ−2

1

(
γyβ1 + (1− γ) yβ2

)(
α (1− α) y21

+ β (F − y1 − y2) ((1− β) (F − y1 − y2) + 2αy1)
)
> 0,

Γ4 (y1, y2)
.
= (F − y1 − y2)

2−2α
(
po (F − y1 − y2)

α (γyβ1 + (1− γ)yβ2 )
)3
> 0,

in which inequalities hold because 0 < α < 1, 0 < β < 1, 0 < γ < 1, 0 <

po < 1, and y1 + y2 < F . Since Γ1 (y1, y2) > 0, Γ2 (y1, y2) > 0, Γ3 (y1, y2) >

0, and Γ4 (y1, y2) > 0, we can conclude that ∂2

∂y21
Γ (y1, y2) > 0. Next, we show

that the determinant of the Hessian of Γ (y1, y2), denoted by H (y1, y2), is greater

than 0. Using expressions of ∂2

∂y21
Γ (y1, y2),

∂2

∂y22
Γ (y1, y2), and

∂2

∂y1∂y2
Γ (y1, y2), we ob-

tain H (y1, y2) =
α(1+α+β)(γyβ1 y2−(1−γ)y1yβ2 )

2
+γ(1−γ)(1−β)yβ1 y

β
2 h(y1,y2)

p2oy
2
1y

2
2(F−y1−y2)2α+2(γyβ1+(1−γ)yβ2 )

4 , where h (y1, y2) =

(α + β) (1 + α + β) (y1 + y2)
2 − 2Fβ (1 + α + β) (y1 + y2) + F 2β (1 + β). Denoting
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s
.
= (y1 + y2), by Lemma A.2 it follows that h (y1, y2) > 0. Using h (y1, y2) > 0,

0 < α < 1, 0 < β < 1, 0 < γ < 1, po > 0, and y1 + y2 < F , we have that

H (y1, y2) > 0. Finally, combining ∂2

∂y21
Γ (y1, y2) > 0 and H (y1, y2) > 0, we can con-

clude that Γ (y1, y2) is jointly convex in y1 and y2. □

Lemma A.6 Suppose ξ = 1 and β1 = β2 = β. Then, the CCR&R’s optimal levels of

investment (x∗, y∗1, y
∗
2) =

(
Fα
α+β

, Fβγ
1

1−β

(α+β)

(
γ

1
1−β +(po(1−γ))

1
1−β

) , Fβ(po(1−γ))
1

1−β

(α+β)

(
γ

1
1−β +(po(1−γ))

1
1−β

)
)
>

0.

Proof of Lemma A.6. The proof follows similar steps as in the proof of Proposition

3.1 in Section 3.2. We therefore omit it for brevity. □

Lemma A.7 Consider the optimal efforts (x∗, y∗1, y
∗
2) in Propositions 3.1, 3.3, and

3.5 in Section 3.2. For each set of the optimal efforts, there exists a unique F̄ > 0,

such that both p1 + po1 (x
∗)α (y∗1)

β1 and p2 + po2 (x
∗)α (y∗2)

β2 are less than unity if and

only if F < F̄ .

Proof of Lemma A.7: We outline steps of proof below by using one set of optimal

efforts. The proof for all other sets of optimal efforts follows similar steps, and we omit

it for brevity. Consider the optimal efforts in Proposition 3.1 in Section 3.2. First,

we show that pi+ poi (x
∗)α (y∗i )

βi is increasing in F , for i ∈ {1, 2}. Since ∂
∂F
x∗(F ) > 0

and ∂
∂F
y∗i (F ) > 0 (because poi > 0, 0 < α < 1, 0 < βi < 1, and F > 0), we have

∂
∂F
poi (x

∗(F ))α (y∗i (F ))
βi > 0. Next, we show existence and uniqueness of F̄ . Since

poi (x
∗(F = 0))α (y∗i (F = 0))βi = pi < 1 and poi (x

∗(F ))α (y∗i (F ))
βi increases in F , it

follows max
{
po1
(
x∗(F = F̄ )

)α (
y∗1(F = F̄ )

)β1 , po2 (x∗(F = F̄ )
)α (

y∗2(F = F̄ )
)β2} =

1, where F̄
.
=

(
1
po1

(
α+β
α

)α ( (α+β)
β

(
γ

1
1−β + (1− γ)

1
1−β

))β
ζ1

) 1
α+β

> 0 and

ζ1
.
= min

{
(1− p1)

(
1
γ

) β
1−β

,
(
1− p2

) (
1

1−γ

) β
1−β
}
> 0.
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This implies that p1 + po1 (x
∗)α (y∗1)

β1 < 1 and p2 + po2 (x
∗)α (y∗2)

β2 < 1 if F < F̄ , and

max{p1 + po1 (x
∗)α (y∗1)

β1 , p2 + po2 (x
∗)α (y∗2)

β2} = 1 otherwise.

Similarly, using the optimal efforts in Lemma A.6, we have F̄
.
=

(
1
po1

(
α+β
α

)α ( (α+β)
β(

γ
1

1−β +
(
po(1 − γ)

) 1
1−β

))β
ζ1

) 1
α+β

in that scenario. Next, using the optimal efforts

in Propositions 3.3 and 3.5 in Section 3.2, the proof of existence and uniqueness of

F̄ follows similarly, however, F̄ can only be implicitly defined in both these scenarios

(because we do not have closed-form expressions of the optimal efforts). □

Lemma A.8 Consider q(β)
.
= α (1− β) (1 + R) + αβ ln (R) + β2 ln (R) and q(β)

.
=

α (1− β) (1 + 1
R
) + αβ ln

(
1
R

)
+ β2 ln

(
1
R

)
, where 0 < α < 1, 0 < β < 1, 0 < γ < 1,

po > 0, and R =
(

γ
po(1−γ)

) 1
1−β

. Then, (i) For po >
γ

1−γ , there exists a unique threshold

β̂ > 0 such that q(β) > 0 if and only if β < β̂ and q(β) ≤ 0 otherwise; q(β) > 0 for

any β; and (ii) For po ≤ γ
1−γ , q(β) > 0 for any β; there exists a unique threshold

β̃ > 0 such that q(β) > 0 if and only if β < β̂.

Proof of Lemma A.8: (i) First, we show that q(β) is decreasing in β. Differentiating

q(β) with respect to β, we have ∂
∂β
q(β) = α (ln (R)− 1) (1 +R)+ αβ ln (R)

1−β + β(2−β) ln (R)
1−β .

When po >
γ

1−γ , we have R < 1, which implies that ln (R) < 0. Using ln (R) < 0

and 0 < β < 1, we have ∂
∂β
q(β) < 0. Next, we show existence and uniqueness of β̂.

We have that limβ→0 q(β) =
α

1−γ > 0 and limβ→1 q(β) = −∞. Based on these values,

and the above result that q(β) is decreasing in β, we can conclude that there exists

a unique β̂ ∈ (0, 1) such that q(β) > 0 if β < β̂ and q(β) ≤ 0 otherwise. Next, using

0 < α, β < 1, and ln
(
1
R

)
> 0, we can conclude that q(β) > 0. (ii) The proof for the

case when po ≤ γ
1−γ follows similar steps as above. For brevity, we omit it. □

Lemma A.9 Suppose β2 =
1
2
. When α < β1, there exists F̂

.
=

(
(α+ 1

2)(1−γ)2

41−β1β1(β1−α)γ2

) 1
β1

> 0 such that, y∗2 <
F
2
< y∗1 if and only if F > F̂ for all γ ∈ (0, 1) and β1 ∈ (0, 1).
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Proof of Lemma A.9. Using β2 = 1
2
, and following similar steps as in the proof

of Proposition 3.3 in Section 3.2, we have y∗1 is the unique solution to the following

equation (which crosses zero from above): F −
(
1 + α

β1

)
y1−

(
(1+2α)(1−γ)2

4β1
2()2

)
y1

2(1−β1) =

0. Considering α < β1, and substituting y1 =
F
2
in the equation above, we have that

y∗1 > F
2
if and only if F > F̂ , where F̂ is as defined in the statement of lemma.

Further, since x∗ = F − y∗1 − y∗2 > 0 (by Lemma A.3), we can conclude that y∗2 <
F
2
.

□

Lemma A.10 Consider ξ > 1, k1 > 0, k2 > 0, and poF ≤ 2
(
1− p

)
. Then,

there exists a unique y2 > F
2

(
k21

k21+k
2
2

)
that solves the equation poF (1 − ξ)

√
2F −(

k1
√
2F − 4y2 − 2k2

√
y2
)
= 0.

Proof of Lemma A.10: Since ξ > 1, we have poF (1− ξ)
√
2F < 0. Further, we can see

that
(
k1
√
2F − 4y2 − 2k2

√
y2
)
> 0 is decreasing in y2. Using these two results in the

equation poF (1 − ξ)
√
2F −

(
k1
√
2F − 4y2 − 2k2

√
y2
)
= 0, we have that at least one

extreme point will exist if only if po(1−ξ)F
√
2F ≥ miny2

{
k1
√
2F − 4y2 − 2k2

√
y2
}
=

−2k2
√
F/2. On simplification, we have that this always holds because poF ≤

2
(
1− p

)
. Next, re-arranging the terms in the equation, we have poF (1 − ξ)

√
2F

= k1
√
2F − 4y2 − 2k2

√
y2. Since poF (1− ξ)

√
2F < 0 (because ξ > 1), we have that

the extreme points must satisfy k1
√
2F − 4y2 < 2k2

√
y2 or y2 >

F
2

(
k21

k21+k
2
2

)
.

Re-arranging terms in the equation, and taking square on both sides, we obtain

a quadratic equation with two roots: F
2

(
k21

k21+k
2
2

)
+

√
F
2

(
k21

k21+k
2
2

)
− (po)2F 3(1−ξ)2

2(k21+k22)
and

F
2

(
k21

k21+k
2
2

)
−
√

F
2

(
k21

k21+k
2
2

)
− (po)2F 3(1−ξ)2

2(k21+k22)
. It can be seen that only the former root is

greater than F
2

(
k21

k21+k
2
2

)
. □
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APPENDIX B

APPENDIX FOR CHAPTER 4: ALLOCATION OF
FUNDS IN BILEVEL SUBSIDY WELFARE PROGRAMS

B.1 Table

Table B.1. Description of Model Notation

Notation

F Initial funds available to the funding agency
f Additional funds that may become available in the future
p Probability that the additional funds become available in the future
α Rate of return on investment in quality improvement activities
βj={H,L} High (Low) rate of return on investment in outreach activities
ρ Probability that the return rate of outreach investment is βH
qi Activity-specific factor in service area i

θi Volume adjustment factor in service area i

Decision Variables and Functions

Xi Service agency i’s investment in quality improvement activities using
initial funds

Ψi Service agency i’s investment in outreach activities using initial funds
χ2 Service agency i’s investment in quality improvement activities using

additional funds
ψ2 Service agency i’s investment in outreach activities using additional funds
Bi Service agency i’s budget under initial budget allocation
Vi(·) Social impact generated through investments in service agency i’s desig-

nated area using initial budget
v2(·) Social impact generated through investments in service agency 2’s desig-

nated area using initial and additional budget
I Inequity in the expected social impact generated across service areas 1

and 2
TSI Total expected social impact across service areas 1 and 2
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B.2 Technical Details of Efficiency-Focused and Formula-Ba-

sed Funding Methods

B.2.1 Efficiency-Focused Funding Method: Optimal Decisions and Out-

comes

We present the budget allocation decisions under the efficiency-focused funding

method and compare its resulting levels of inequity and total social impact with those

under the equity-ensuring allocation method. The optimal levels of budget provided

by the efficiency-focused funding agency from its initial budget, denoted by BEf
1 and

BEf
2 , can be solved by the optimization problem outlined in equations (4.2)-(4.6) in

Section 4.1 by removing the constraint in equation (4.3). They are characterized in

Lemma B.1 below.

Lemma B.1 Consider the optimization problem outlined in equations (4.2)-(4.6)

without the constraint in equation (4.3) (i.e., without the equity consideration) pre-

sented in Section 4.1. Suppose p = 1
2
. Then, the funding agency’s optimal levels of

initial funds to service agency 1 and 2
(
BEf

1 , BEf
2

)
are: BEf

1 is the unique solution

to the equation B1

(
1√

F−B1
+ 1√

F+f−B1

)2
= N1 and BEf

2 = F − BEf
1 , where N1 is as

characterized in Lemma 4.1 presented in Section 4.2.

Next, Lemma B.2 presents effects of several contextual factors, including qi, ρ,

and α, on the optimal level of initial funds allocated to service agency i ∈ {1, 2}

under the efficiency-focused funding method.

Lemma B.2 Consider the funding agency has no equity consideration, then:

With Respect To Area-specific factors. (i) BEf
i decreases in qi and BEf

3−i

increases in qi if qi < q̂, and BEf
i increases in qi and B

Ef
3−i decreases in qi otherwise,

where q̂ is defined in Proposition 4.2 in Section 4.2.

With Respect To Activity-specific factors. (ii) BEf
i increases in ρ and BEf

3−i

decreases in ρ if qi < q3−i, and B
Ef
i decreases in ρ and BEf

3−i increases in ρ otherwise.
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Further, BEf
i decreases in α and BEf

3−i increases in α if qi < q3−i, and B
Ef
i increases

α and BEf
3−i decreases α otherwise.

Finally, Lemma B.3 below presents differences in inequity outcomes and total ex-

pected social impact between the efficiency-focused (denoted by the use of Ef super-

script) and equity-ensuring (denoted by the use of Eq superscript) funding methods.

Lemma B.3 Consider f = 0. (i) The difference in the inequity outcomes, IEf−IEq,

is

∣∣∣∣(N1 − 1
θ2

)√
F

N+1

√
αq22 +

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q2)
2

∣∣∣∣ and; (ii) The differ-

ence in the total expected social impact, TSIEf−TSIEq, is F
(√

(N1 + 1) (N1θ22 + 1)−

(θ2 + 1)
√
N1

)√αq22+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2

N1θ22+1
> 0, where N1 is as characterized in the

statement of Lemma 4.1 presented in Section 4.2.

B.2.2 Formula-Based Funding Method: Allocation Decisions and Out-

comes

Based on the description of the formula-based funding method considered in Sec-

tion 4.2.2.2, we have that the funding agency allocates initial funds (from F ) to service

agency i, denoted by BFo
i , based on the relative size of the pool of the families who

need subsidy assistance in service area i. Therefore, we have BFo
i =

(
θi

θ1+θ2

)
F . After

receiving initial funds, each service agency distributes those funds between quality im-

provement and outreach activities based on the proportion of subsidy-accepting and

non-accepting service providers in its area, denoted by XFo
i and ΨFo

i , respectively.

Therefore, we have XFo
i = qi

(
θi

θ1+θ2

)
F and ΨFo

i = (1− qi)
(

θi
θ1+θ2

)
F . Along the

same lines, when additional funds f become available to service agency 2 in the future,

service agency 2 distributes f between two provider-facing activities within its area

proportionally, denoted by χFo2 and ψFo2 , such that ψFo2 = q2f and χFo2 = (1− q2) f .

Finally, Lemma B.4 below presents differences in inequity outcomes and total

expected social impact between the formula-based (denoted by the use of Fo super-

script) and equity-ensuring (denoted by the use of Eq superscript) funding methods.
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Lemma B.4 (i) The difference in the inequity outcomes, IFo−IEq, is
∣∣∣∣ 1
2θ2

√
1

1+θ2

(
2θ2

n1

√
F − n2

(√
θ2F +

√
θ2F + (1 + θ2) f

))∣∣∣∣ and; (ii) The difference in the total so-

cial impact, TSIFo−TSIEq, is n5−n4

(
2
√
N1

(
n3 +

√
N1θ2 (2F + f)

)
+
√
n6 − n3+

√
n7 − n3

)
, where N1 is as characterized in Lemma 4.1 presented in Section 4.2, and

ni∈{1..7} is as characterized in the proof of this lemma.

B.3 Additional Details of the Case Study

In this section, we describe the steps taken to estimate the model parameters that

are needed to solve the optimization problems in the case study. We rely on the

following three sources for inputs in our estimation steps: (i) Detailed data made

available by the Massachusetts Department of Early Education and Care (MEEC);

(ii) The child care literature; and (iii) Our interviews with managers at multiple Child

Care Resource and Referral Agencies (CCR&Rs) in Massachusetts.

Volume Adjustment Factor (θi). The parameter θi captures the size of the pool

of the families who need subsidy assistance in service area i relative to the area with

the smallest size of pool of families who need subsidy. As per the MEEC’s data on

the number of families who need child care subsidy assistance in each area (tabulated

based on the U.S. Census Bureau), service area 5 (i.e., Cape area) has the lowest

number of such families. Therefore, we estimate θ5 = 1.000. Next, normalizing

the number of families who need subsidy assistance in area i = {1, ..., 7}\{5} by the

number of families who need subsidy assistance in area 5, followed by taking a natural

logarithm of the resulting fraction (to account for high dispersion in the numbers of

families across all areas), we have: θ1 = 1.192, θ2 = 1.125, θ3 = 1.215, θ4 = 1.146,

θ6 = 1.022, and θ7 = 1.187.

Area-specific Factor (qi). The parameter qi captures the distribution of subsidy-

accepting and non-accepting providers operating in service area i. Using the MEEC’s
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data on the total numbers of subsidy voucher-accepting and non-accepting child care

providers in each service area, we estimate qi as the percentage of subsidy voucher-

accepting providers among all providers in area i. Accordingly, we have q1 = 0.593,

q2 = 0.253, q3 = 0.316, q4 = 0.412, q5 = 0.464, q6 = 0.342, and q7 = 0.416.

Rate of Return of Investment in Quality Improvement (α). The parameter α cap-

tures the efficiency of a service agency’s investment in the quality improvement activ-

ity (i.e., it is a measure of how well the quality improvement investment enhances the

resulting social impact). Based on our reviews of practitioner and governmental re-

ports and using inputs provided by managers at different CCR&Rs in Massachusetts,

we estimate that it costs a CCR&R approximately $850, 000 to assist providers with

accreditation related paperwork, organize training sessions and workshops, and pur-

chase software tools to help all providers in its area to achieve the highest child care

quality rating on the state-approved quality rating system (Massachusetts Depart-

ment of Early Education and Care 2017, Department of Health and Human Services

2021). Without loss of generality, we normalize the highest social impact by 1 (since

it will end up as a scaling factor in expressions of Vi(·) and vi(·), and hence, will

not affect our analysis). Therefore, by using the relationship
√
α× 850, 000 ≈ 1, we

estimate the value of α as 1.176× 10−6.

Rate of Return of Investment in Outreach (β{L,H}). Estimation of β{L,H} follows

the similar steps as those of α above. Combining cost analysis reports and inputs

from experts in the domain of child care subsidies, we estimate that it costs a CCR&R

$550, 000 to $1, 800, 000 toward outreach to advertise in local media sources, organize

community development fairs, hire additional staff or specialists to travel to local

communities, and communicate with local stakeholders routinely in order to propel

all child care providers in its area to accept subsidies (Massachusetts Department

of Early Education and Care 2005). Therefore, by using
√
βL × 1, 800, 000 ≈ 1 and

√
βH × 550, 000 ≈ 1, we estimate βL = 0.556 × 10−6 and βH = 1.181 × 10−6. While
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it is evidenced that outreach investment has uncertain rate of return (as discussed

in Chapter 3), it is difficult to quantify the degree of uncertainty. For our numerical

illustration in Chapter 3, we reasonable assume the maximum level of variance, which

implies ρ = 0.5. Later, in the next section, we conduct sensitivity analysis by varying

the estimate of ρ and a few other model parameters.

Amount and Probability of Future Additional Funds (f and p). Given the re-

cent political spotlight on child care related issues (such as low availability and poor

quality of care) and the prominent adverse effect of COVID-19 pandemic on child

care in the U.S., there are several politician- and community-driven campaigns to

ensure infusion of additional funds toward child care subsidy voucher programs in a

particular area (that has been adversely impacted) or a particular type of activity

(that can enhance quality of care); see Johnson-Staub (2020) and Lynch (2020). Our

interviews with the MEEC executives revealed that they expect additional funds to

become available during the current planned horizon of the program. However, they

shared past instances of additional funds becoming available for the Boston service

area (e.g., under housing rental program; Department of Health and Human Services

2021) or for quality improvement activity (e.g., under the child care subsidy welfare

program in a neighboring state; Maine Department of Health and Human Services

2023), which motivated us to consider the following two practical scenarios in our nu-

merical illustration: (i) area-only case, wherein the additional funds f are expected

to become available for the Boston area only, and (ii) activity-only case, wherein

the additional funds f are expected to become available for investment in quality

improvement only across all seven areas. In practice, additional funds if available

in the future are typically less than the funding agency’s initial total budget. Here,

based on our conversations with the MEEC executives, we assume the amount of

future additional funds to be approximately 10% of F and estimate f = $600, 000.

In line with our previous discussions, we consider the most variable case in terms of
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chances of additional funds becoming available. That is, p = 0.5. For robustness and

sensitivity analyses, Within our case study, we discuss sensitivity analysis based on

varying the estimates of both f and p.

Summary of Optimal Allocation Decisions (B∗
i ). Table B.2 presents the optimal

levels of funds toward the seven service areas under different funding methods dis-

cussed in the study.

Table B.2. Case Study: Summary of Funding Levels

Panel A. No Additional Funds (in $ million)

Service Agency (i)

1 2 3 4 5 6 7

Optimal Funds (Eq) 1.023 0.789 1.003 0.972 0.754 0.731 1.045

Optimal Funds (Ef) 0.885 1.021 0.937 0.860 0.845 0.910 0.859

Funds under Current Method 1.326 1.055 1.334 0.809 0.423 0.321 1.049

Panel B. Area-only Additional Funds (in $ million)

Service Agency (i)

1 2 3 4 5 6 7

Optimal Initial Funds (Eq) 1.068 0.824 1.048 1.015 0.787 0.763 0.812

Optimal Initial Funds (Ef) 0.917 1.058 0.971 0.891 0.875 0.943 0.661

Initial Funds under Current Method 1.326 1.055 1.334 0.809 0.423 0.321 1.049

Additional Funds 0 0 0 0 0 0 0.600

Note: “Eq” refers to equity-ensuring method, and “Ef” refers to efficiency-focused method. These
results are also depicted pictorially in Figure 4.2 in Section 4.3.

B.4 Extensions

B.4.1 Uncertainty in Outreach Investment Return Gets Resolved

In our base model, we consider an uncertainty in the rate of investment return

of outreach (captured by ρ; see Section 4.1). To derive our main analytical results

in Section 4.2, we also consider that this outreach investment related uncertainty re-

mains unresolved when the additional funds become available. Given the temporal

gap between the initial allocation of funds and the availability of additional funds, it is
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possible that the funding agency and the service agencies obtain a better understand-

ing on the rate of return of outreach investments. Accordingly, for completeness, we

extend our model to analyze how resolution of the uncertainty in outreach investment

return rate affects the funding agency’s optimal funds allocation decisions.

Since we consider that all entities will know whether outreach investment return

is either βH or βL when additional funds become available for service area 2, we need

to modify our model to include investment decisions (when distributing f) by the

service agency 2 under two different possibilities. Specifically, we denote by χH2 and

ψH2 (χL2 and ψL2 ) the optimal levels of investment that the service agency 2 makes

toward quality improvement and outreach activities when the outreach investment

return rate is βH (βL), respectively, on top of the initial respective investments X2

and Ψ2. Further, we denote by v
H
2 (·) and vL2 (·) the overall social impact generated by

service agency 2 using the initial and additional funds under βH and βL, respectively.

Then, we have: vH2
(
X2,Ψ2, χ

H
2 , ψ

H
2

) .
= q2

√
α (X2 + χH2 ) + (1− q2)

√
βH (Ψ2 + ψH2 ),

and vL2
(
X2,Ψ2, χ

L
2 , ψ

L
2

) .
= q2

√
α (X2 + χL2 ) + (1− q2)

√
βL (Ψ2 + ψL2 ).

Following similar steps as described in Section 4.1, the optimal levels of invest-

ment χH∗
2 , ψH∗

2 , χL∗2 , and ψL∗2 can be obtained by solving the following two opti-

mization problems: χH∗
2 , ψH∗

2 ∈ argmax{χlH
2 ,ψlH

2 }
{
vH2
(
X2,Ψ2, χ

H
2 , ψ

H
2

)
: χlH2 + ψlH2 ≤

f, χlH2 , ψlH2 ≥ 0
}

and χL∗2 , ψ
L∗
2 ∈ argmax{χlL

2 ,ψlL
2 }
{
vL2
(
X2,Ψ2, χ

L
2 , ψ

L
2

)
: χlL2 + ψlL2 ≤

f, χlL2 , ψ
lL
2 ≥ 0

}
.

Next, the funding agency’s objective function, the total expected social impact,

will be revised as: TSI = V1 (X1,Ψ1)+(1− p)V2 (X2,Ψ2)+p
(
ρvH2

(
X2,Ψ2, χ

H∗
2 , ψH∗

2

)
+(1− ρ) vL2

(
X2,Ψ2, χ

L∗
2 , ψ

L∗
2

))
. The modification can be noted in the last part of this

expression, which represents the expectation of the overall social impact generated

by service agency 2 using initial and additional funds over the realization of outreach

investment return rate. Incorporating these changed elements of the funding agency

and service agency 2’s investment problems, we solve the modified optimization prob-
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lem to characterize the optimal levels of initial funds allocated to each service agency

(i.e., B∗
1 and B∗

2) in Lemma B.5 below.

Lemma B.5 Consider that uncertainty in investment return rate of outreach gets

resolved for the funding and service agencies when additional funds become available

for service area 2. Then, the funding agency’s optimal levels of initial funds to service

agencies 1 and 2 (B∗
1 , B

∗
2) are:

B∗
1 =

m2m4(m1F−2f)+F 2N2
b1

(
N4

b1(N2
b2+1)+(N2

b2−1)
2
(2m3−N2

b2−1)
)
+f(m1F−f)(m2

2−4N2
b1N

2
b2)

(m2
3−4N2

b2)(Fm3N2
b1−m4−fm2)

and

B∗
2 = F − B∗

1 , respectively, where Nb1
.
=

2θ2

√
αq21+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q1)2

ρ
√
αq22+βL(1−q2)

2+(1−ρ)
√
αq22+βH(1−q2)2

> 0,

Nb2
.
=

√
αq22+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q2)2

ρ
√
αq22+βL(1−q2)

2+(1−ρ)
√
αq22+βH(1−q2)2

> 0, m1
.
= N2

b1+N
2
b2−1, m2

.
= N2

b1−N2
b2+1,

m3
.
= N2

b1 +N2
b2 + 1, and m4

.
= 2Nb1Nb2 −

√
N2
b1F

2 + fm1F − f 2.

Using the optimal budget decisions presented in the lemma above, we conduct

extensive numerical studies and find that in such a setting, the funding agency should

allocate more initial budget to area 1 (B∗
1) as compared to our base setting where the

uncertainty remains unresolved. This is because if the additional funds arrive, the

funding agency will know for certain whether the outreach investment return is βH

or βL, and thus, it will know for certain the level of social impact generated in area 2

using the initially allocated budget as well as using the additional funds. As a result,

the need to allocate a higher initial budget to area 2 to hedge against an uncertain

outreach investment is less salient, which in turn implies that B∗
1 is higher.

We also compare inequity outcomes and total expected social impact under the

formula-based versus equity-ensuring methods and find that insights presented in Sec-

tion 4.2 (i.e., based on Propositions 4.3 and 4.4) continue to hold under this model

extension. Further, we find that our proposed optimization-based equity-ensuring

method is more valuable for the funding agency, that is, IFo − IEq increases and

TSIEq is significantly higher than TSIFo, when the uncertainty in outreach invest-

148



ment return gets resolved and the disparity in the mix of service providers across

different areas is not too large.

Finally, we also use this extension to consider another form of information asym-

metry between the funding agency and service agencies. Although our review of the

related literature of subsidy welfare programs and our interviews with practitioners

reveal that the funding and service agencies have same knowledge about contextual

parameters, it is possible that the service agencies could gain more clarity on the

investment return rate of community outreach by the time additional funds arrive (as

the service agencies are closer to their local communities). Thus, we take our model

extension one step further by considering that when additional funds are available

to service agency 2 (if at all), its uncertainty about outreach investment return gets

resolved, whereas the funding agency gets no such resolution. Under such a setting,

although the funding agency should allocate the same amount of funds to the service

agency 2 (as in the setting without the information asymmetry on outreach invest-

ment return), the resulting level of inequity in the social impact between areas 1 and

2 increases as outreach investment is more likely to yield a higher investment return

rate, or service area 2 has a skewed mix of service providers.

B.4.2 Time Value of Social Impact

In this section, we extend our model and analysis to consider situations with

time value of the generated social impact. Given that there is a temporal time gap

(even if it may be small) between investments using initial funds and additional

funds, it is possible that under certain subsidy welfare programs (say, healthcare

related), it is beneficial to create the social impact sooner than later. Accordingly,

we use a discount factor, denoted by δ with 0 ≤ δ ≤ 1, to capture the time value

of the generated social impact. In particular, we consider that the funding agency

discounts the social impact generated using additional funds by δ in the total expected
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social impact and expected inequity formulations. That is, we modify the expressions

outlined in Section 4.1.1 by replacing the term v2 (·) with V2 (·) + δ (v2 (·)− V2 (·)),

such that TSI = V1 (·) + (1− p)V2 (·) + p [V2 (·) + δ (v2 (·)− V2 (·))] and I =
∣∣∣V1(·)θ1

−
(1−p)V2(·)+p[V2(·)+δ(v2(·)−V2(·))]

θ2

∣∣∣. Then, if and when additional funds become available

to service agency 2 in the future, the service agency 2 decides the optimal level of

investment by solving the same optimization model as presented in equation (4.1) in

Section 4.1. Lemma B.6 characterizes the optimal levels of initial funds allocated to

each service agency (i.e., B∗
1 and B∗

2).

Lemma B.6 In the presence of time value of the generated social impact, the funding

agency’s optimal levels of initial funds to service agencies 1 and 2 (B∗
1 , B

∗
2) are: B

∗
1 =√

(δ2−2)2δ2θ22N1(4FN1(F+f)θ22+4(1−δ)fF−δ2f2)+fδ3+(2F+f)θ22δ
2N1+4(1−δ)(θ22N1+1−δ)F−δ2f

4(θ22N1+1)(θ22N1+(1−δ)2)
and B∗

2

= F −B∗
1 , respectively, where N1 is as characterized in the statement of Lemma 4.1.

Combining both analytical and numerical analyses, we find that the key insights

presented in Section 4.2 are robust to the inclusion of a discount factor in our model

setup. As expected, we find that the optimal level of budget allocated by the funding

agency to service agency 1 from its initial pool of funds (B∗
1) decreases when the time

value of the social impact is quite large (i.e., when δ is low). This is because, at low

values of δ, the funding agency puts relatively less emphasis on the social impact that

can be generated from the expected additional funds versus the initial pool of funds.

Therefore, the need to hedge against such additional funding becoming available by

increasing B∗
1 is less pronounced when δ is low. Further, this decrement is the largest

when the mix of subsidy-accepting and non-accepting service providers in area 1 is

more balanced.

We also numerically verify that the insights on comparisons of outcomes under

different funding methods continue to hold in the presence of time value of social

impact. Further, consider the area not receiving any additional funds has a rela-

tively skewed mix of service providers. Then, when the time value of social impact
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is relatively low, we find that the equity-ensuring method (versus the formula-based

method) can generate relatively more social impact while eliminating inequity. Over-

all, we can conclude that our proposed optimization-based equity-ensuring method

is more valuable for the funding agency when the time value of social impact is low,

which as we remarked earlier is the case in most subsidy programs under study.

B.4.3 Maximum Allowed Inequity Deviation

In this extension, we consider that instead of ensuring perfect equity (i.e., I = 0)

the funding agency allows a maximum K ≥ 0 amount of inequity deviation between

the social impact in the two service areas. Since we consider that only service agency

2 is expected to receive additional funds, if any, we only need to update the inequity

related constraint (given by equation (4.3) in the base model) under this extension.

Note that there are two solution regimes under this optimization setup: specifically,

the inequity constraint, given by

∣∣∣∣V1(X1,Ψ1)
θ1

− (1−p)V2(X2,Ψ2)+pv2(X2,Ψ2,χ∗
2,ψ

∗
2)

θ2

∣∣∣∣ ≤ K, either

binds or does not not bind. In the next lemma, we characterize the optimal levels of

funds allocated to each service agency under each of these two regimes.

Lemma B.7 Denote K ≥ 0 as the maximum amount of inequity deviation. (i)

When the inequity constraint binds, the funding agency’s optimal levels of initial funds

to service agencies 1 and 2 (B∗
1 , B

∗
2) are: B∗

1 =

√
N1(4FN1(F+f)θ22−f2)+(2F+f)θ2N1

4θ2N1(θ22N1+1)
and

B∗
2 = F − B∗

1 . (ii) When the inequity constraint does not bind, B∗
1 is the unique

solution the equation B1

(
1√

F−B1
+ 1√

F+f−B1

)2
= N1 and B∗

2 = F − B∗
1 , where N1 is

as characterized in the statement of Lemma 4.1 presented in Section 4.2.

We use the characterizations outlined in Lemma B.7 to conduct extensive numer-

ical experiments that help us to generate the following insights. When the allowed

inequity deviation is smaller, the funding agency allocates budgets from its initial pool

of funds to ensure that the social impact generated in the two areas deviates exactly

by K. However, when the allowed deviation in inequity is above a threshold K̄, the
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funding agency focuses on efficiency (i.e, maximizing the total expected social impact

across both areas) in its funds allocation strategy as it is able to satisfy the equity

consideration (since K is large). While this is an expected finding, it is interesting

to note that this situation is more likely to arise when the mix of service providers

in area 1 (which is not expected to receive any additional funds) is more balanced.

The explanation is as follows: Consider that the allowable inequity constraint binds

(i.e., I = K). Then, when q1 moves away from either 0 or 1, the funding agency

should increase the budget B∗
1 provided to the service agency 1 at the expense of the

budget B∗
2 provided to the service agency 2 (as shown in Proposition 4.1 in Section

4.2). However, when q1 moves farther away from either 0 or 1 (i.e., the mix of service

providers in area 1 becomes more balanced), any additional increase in B∗
1 will lead

to a less pronounced increment in the total expected social impact due to the salient

effect of diminishing returns at higher values of B∗
1 . As a result, in such situations,

the funding agency finds it more valuable to increase the budget B∗
2 at the expense

of the budget B∗
1 , as it can achieve a greater total expected social impact without

violating the allowable inequity constraint I ≤ K.

Next, we highlight a few selected findings based on our numerical comparison

of outcomes (levels of inequity and total social impact) under formula-based versus

equity-ensuring methods. When K is sufficiently large, the equity-ensuring method

generates greater social impact than the formula-based always. This is because,

under a relatively high level of allowed inequity deviation, the equity-ensuring funding

agency will focus on an efficiency objective (instead of its equity consideration). On

the other hand, whenK is not too large, the equity-ensuring method generates greater

social impact than the formula-based only under certain conditions (same as the

conditions in Proposition 4.4 in Section 4.2). Thus, we can say that our proposed

optimization-based equity-ensuring method is more valuable for the funding agency
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when the maximum allowed inequity deviation is not too low and the disparity in the

size of the pool of beneficiaries across service areas is not too large.

B.4.4 No Information Asymmetry Between the Funding and Service Age-

ncies

Our main model and analysis consider an information asymmetry (about the

availability of such funds) between the entities at the two different hierarchical levels

of the subsidy welfare programs. Recall that, we consider that the funding agency

considers that f > 0 amount of additional funds will be approved by the legislative

body for investments in area 2 at a future instance during the planned horizon of

the program with a probability p ≥ 0; whereas, the service agencies make their

investment decisions without incorporating any such likelihood of additional funds

becoming available.

In this section, as a benchmark setup, we model and analyze the funds allocation

problem when there is no information asymmetry between the funding and service

agencies. That is, both the funding and service agencies have the same informa-

tion on the likelihood and amount of additional funds that may become available

for area 2 in the future. Accordingly, we consider that service agency 2 incorporates

such information by making allocation decisions between the two provider-facing ac-

tivities at the beginning of the planning horizon based on the total expected funds

(given by, B2 + pf). Denote by Xf
2 and Ψf

2 the optimal levels of investment service

agency 2 makes toward quality improvement and outreach activities, respectively.

They can be obtained by solving the following optimization problem: Xf
2 ,Ψ

f
2 ∈

argmax{Xlf
2 ,Ψlf

2 }
{
V2

(
Xf

2 ,Ψ
f
2

)
: X lf

2 +Ψlf
2 ≤ B2 + pf, X lf

2 ,Ψ
lf
2 ≥ 0

}
. Incorporat-

ing these modified model elements, Lemma B.8 presents the optimal levels of initial

funds allocated by the funding agency to service agencies 1 and 2. (A footnote in

Section 4.2 explains the insights based on the results below.)
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Lemma B.8 Consider there is no information asymmetry between the funding and

service agencies on the future additional funds. Then, the funding agency’s optimal

levels of initial funds to service agencies 1 and 2 (B∗
1 , B

∗
2) are: B∗

1 = 2F+f

2(θ22N1+1)
and

B∗
2 = F − B∗

1 , respectively, where N1 is as characterized in the statement of Lemma

4.1 presented in Section 4.2. Further, B∗
1 (B∗

2) is higher (lower) when there is no

information asymmetry versus when there is an information asymmetry between the

funding and service agencies.

Further, our comparative analysis of outcomes (levels of inequity and total social

impact) under the formula-based method and equity-ensuring method reveal that the

insights presented in Section 4.2 continue to hold in the absence of the information

asymmetry on the future additional funds between the funding and service agencies.

Naturally, we also find that our proposed optimization-based equity-ensuring method

is more valuable for the funding agency when there is no information asymmetry

on future additional funds between entities at two different levels (because of the

forward-looking feature in the setup).

B.4.5 Regional Asymmetry within Service Areas

A few practitioner reports highlight disparities in the number of service providers

between different regions, say predominantly rural and predominantly urban regions,

within a service area (Department of Health and Human Services 2023). In this

section, we extend our model and analysis to consider the regional differences be-

tween the areas in addition to the activity- and area-specific differences considered

in our base model (e.g., as captured by α, β{H,L}, ρ, θi, and qi). This can be

done by including different values of the scaling factors associated with the social

impact of investment in a specific type of activity across different regions within

areas. We consider two types of regions, denoted by r and u, within each area.

Therefore, each service agency makes four activity- and region-specific decisions, in-
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cluding quality improvement and outreach related investment in regions r and u.

In particular, we denote by Xir, Ψir, Xiu, and Ψiu the levels of investment ser-

vice agency i ∈ {1, 2} makes toward quality improvement in region r, outreach

in region r, quality improvement in region u, and outreach in region u, respec-

tively, using its initially allocated funds. As an example, the social impact gen-

erated in area i using the budget provided from the initial funds will be modified

as: Vi (Xir,Ψir, Xiu,Ψiu) = qiri
√
αXir + (1− qi) ri

(
ρ
√
βHΨir + (1− ρ)

√
βLΨir

)
+

qi (1− ri)
√
αXiu + (1− qi) (1− ri)

(
ρ
√
βHΨiu + (1− ρ)

√
βLΨiu

)
, where the param-

eter ri ∈ (0, 1) adjusts the scaling factors qi and 1−qi to account for the region-specific

differences within area i. For example, the more service providers operating in region

r as compared to those in region u within area i, the higher the value of ri.

If and when additional funds become available in the future to service agency 2,

we denote by χ2r, ψ2r, χ2u, and ψ2u the four investment decisions that service agency

2 makes using the additional funds on top of the initial respective investments X2r,

Ψ2r, X2u, and Ψ2u. Then, the overall social impact generated by service agency 2

using the initial and additional funds, v2(·), can be revised as:

v2 (X2r,Ψ2r, X2u,Ψ2u, χ2r, ψ2r, χ2u, ψ2u) =

q2r2
√
α (X2r + χ2r) + q2 (1− r2)

√
α (X2u + χ2u)

+ (1− q2) r2

(
ρ
√
βH (Ψ2r + ψ2r) + (1− ρ)

√
βL (Ψ2r + ψ2r)

)
+ (1− q2) (1− r2)

(
ρ
√
βH (Ψ2u + ψ2u) + (1− ρ)

√
βL (Ψ2u + ψ2u)

)
.

Following a similar flow of logic as in Section 4.1, we solve the optimization prob-

lem outlined above to characterize the optimal levels of initial funds allocated to each

service agency (i.e., B∗
1 and B∗

2) in Lemma B.9 below.

Lemma B.9 Consider there is a regional asymmetry within each service area. Then,

the funding agency’s optimal levels of initial funds to service agencies 1 and 2 (B∗
1 , B

∗
2)
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are: B∗
1 =

√
Nr(4FNr(F+f)θ22−f2)+(2F+f)θ2Nr

4θ2Nr(θ22Nr+1)
and B∗

2 = F−B∗
1 , where Nr

.
=

(
r21+(1−r2)2

r22+(1−r2)2

)
(
αq21+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q1)2

αq22+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2

)
> 0

Next, Lemma B.10 presents effects of several contextual factors, including ri, qi,

ρ, and α, on the optimal level of initial funds allocated to service agency i ∈ {1, 2}

under the efficiency-focused funding method.

Lemma B.10 Consider B∗
1 and B∗

2 as presented in Lemma B.9. Then, for i ∈ {1, 2}:

(i) With Respect To Area-specific factors. B∗
1 increases in ri and B∗

3−i

decreases in ri if ri <
1
2
, and B∗

1 decreases in qi and B
∗
3−i increases in ri otherwise.

Further, denote threshold q̇ as characterized in the proof. Then, B∗
1 increases in qi

and B∗
3−i decreases in qi if qi < q̇, and B∗

1 decreases in qi and B
∗
3−i increases in qi

otherwise.

(ii) With Respect To Activity-specific factors. B∗
1 decreases in ρ and B∗

3−i

increases in ρ if qi < q3−i, and B
∗
1 increases in ρ and B∗

3−i decreases in ρ otherwise.

Further, B∗
i increases in α and B∗

3−i decreases in α if qi < q3−i, and B
∗
i decreases α

and B∗
3−i increases α otherwise.

Our analysis reveals that the insights presented in Section 4.2 (i.e., based on

Proposition 4.1) continue to hold when there are region-specific differences in the

mix of service providers within service areas. Further, we find that the effect of the

scaling factor ri is similar to the effect of the scaling factor qi on the funding agency’s

optimal funds allocation decisions (which we formally show in Lemma B.10). Taken

together, these two scaling factors–representing, the distribution of subsidy-accepting

and non-accepting providers and the distribution of service providers across different

regions–have a complementary effect on the optimal allocation strategy of the funding

agency. Specifically, the funding agency should allocate more initial budget to the

area with a relatively more balanced activity- and region-based service providers (i.e.,
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when qi and ri are away from 0 or 1). The explanation is similar to that for the result

stated in Proposition 4.1 in Section 4.2.

This model extension also allows us to conduct additional analysis on the impact

of possibility of additional funds being sanctioned for a particular region within a

particular service area (say, the rural region within the Western Massachusetts area

under the child care subsidy voucher program in Massachusetts). Considering the

setting where the additional funds f are expected to be offered only to area 2 for

quality improvement and outreach in its region r, our analysis reveals the following

interesting result. In this setting, the effect of the scaling factor ri (region-specific) is

not always similar to the effect of the scaling factor qi (area-specific) on the funding

agency’s optimal funds allocation decisions. The different effect is observed when the

amount of the expected additional funds is sufficiently large, in which the funding

agency should decrease the optimal level of budget B∗
2 to area 2 (from its initial pool

of funds) when the region-specific scaling factor r2 increases. This is driven by the

joint effect of the following two forces: First, when r2 is farther away from 0 and 1, the

funding agency should increase B∗
2 to provide ample amount of funds to the service

agency 2 for distribution between a more balanced regional mix of service providers.

Second, since the level of social impact generated in service area 2 using additional

funds increases in r2 (because the additional funds are restricted for use in the region

r only), the funding agency should decrease B∗
2 to provide more funds to the service

agency 1 in order to ensure equity in the social impact generated across both areas.

At high values of f , the latter force plays a dominant role and hence, B∗
2 decreases in

r2; whereas, at low values of f , B∗
2 first increases and then decreases in r2.

Further, with regard to comparative analysis of levels of inequity and total ex-

pected social impact under different funding methods, we find that all the insights

presented in Section 4.2.2 continue to hold in the presence of regional asymmetry

within service areas.
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B.4.6 Asymmetry In Quality Improvement Investment Return Rate

In this extension, we allow for the efficiency of investment in the activities across

the two service areas to be different. In particular, we consider different investment

return rates of quality improvement across service areas 1 and 2, which we denote

by α1 and α2, respectively. The revised optimization problem under this setting can

be obtained by changing α in the functions Vi(·) and v2(·) in the funding agency’s

optimization problem (4.2)-(4.6) presented in Section 4.1 into αi∈{1,2} accordingly.

We solve this optimization problem to characterize the optimal levels of initial funds

allocated to each service agency (i.e., B∗
1 and B∗

2) in Lemma B.11 below.

Lemma B.11 Consider asymmetry in the investment return rate of quality improve-

ment. Then, the funding agency’s optimal levels of initial funds to service agencies

1 and 2 (B∗
1 , B

∗
2) are: B

∗
1 =

√
Nq(4FNq(F+f)θ22−f2)+(2F+f)θ2Nq

4θ2Nq(θ22Nq+1)
and B∗

2 = F − B∗
1 , where

Nq
.
=

α1q21+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q1)2

α2q22+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2

> 0.

Based on our analytical and numerical analyses, we report that all the main in-

sights presented in Section 4.2 continue to hold in the presence of asymmetry in the

investment return rate of quality improvement. We next present a few selected ad-

ditional insights. First, consider an area with relatively more non-accepting service

providers that are targeted by outreach activities. As the chance that outreach in-

vestment yields high return (ρ) increases, by Proposition 4.1(ii) presented in Section

4.2, the funding agency should decrease the optimal budget level to this area in order

to balance the social impact generated between the two areas. However, we find that

this may not hold true in the presence of asymmetry in the investment return rate

of quality improvement. In particular, we find that when the quality improvement

investment yields a relatively high return in this area, it may still be optimal for

the funding agency to allocate more initial funds to this area even when ρ increases.

This can be explained by a salient effect of diminishing returns at higher levels of

investment in both quality improvement and outreach activities in this area.
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Next, we find that as the investment return rate of quality improvement in areas

1 and 2 (i.e., α1 and α2) become quite different from each other, the difference in

inequity outcomes under the formula-based method versus equity-ensuring method

expands. Further, consider the area receiving additional funds has relatively more

subsidy-accepting providers (i.e., q2 is closer to 1). We find that TSIFo − TSIEq

decreases when α2

α1
takes a value closer to 1. This is because, when there is a low

disparity in the investment return rate of quality improvement activities in the two

service areas, the equity-ensuring funding agency is less likely to focus on balancing

equity in the social impact generated across different areas; see similar explanations

after Proposition 4.4 in Section 4.2. Alternatively, consider the area receiving addi-

tional funds has relatively few subsidy-accepting service providers (i.e., q2 is closer

to 0). We find that TSIFo − TSIEq decreases when α2

α1
takes a low value. Overall,

we conclude our proposed equity-ensuring method becomes less valuable when there

is a large asymmetry in quality improvement investment return rate across different

service areas, which is not the most likely situation in most subsidy welfare programs

as the service agencies in different areas follow governments’ standardized guideline

to conduct quality improvement activities.

B.5 Proofs of Analytical Results

We denote the optimal level of initial funds that the funding agency allocates to

service agency i ∈ {1, 2} using its initial pool of funds (F ) with equity and without

equity considerations as B∗
i and BEf

i , respectively. For outlining proofs, without loss

of generality, we normalize the volume adjustment factor for service area 1 as 1, i.e.,

θ1 = 1. Additional technical lemmas, which help us outline proofs of the propositions,

are presented and proved in Appendix B.6.

Proof of Lemma 4.1: This proof uses Lemma B.12 presented in Appendix B.6.

(i) We solve the funding agency’s optimization problem (4.2)-(4.6) presented in Sec-

159



tion 4.1 by backward induction. That is, the additional funds allocation problem

(4.1) in Section 4.1 is solved first (for given X2 and Ψ2) followed by the funding and

service agencies’ initial funds allocation problems.

(i-a). Additional funds allocation problem: Since v2(·) is a sum of a concave in-

creasing function in χ2 (which is independent of ψ2) and a concave increasing function

in ψ2 (which is independent of χ2), we have that v2(·) is jointly concave in χ2 and ψ2.

For a given χ2, it can be seen that v2(·) is increasing in ψ2, which implies that the

constraint in equation (4.1) binds. Substituting ψ2 = f − χ2 in equation (4.1) and

applying the first-order conditions with respect to χ2 and ψ2, we obtain χ
∗
2 and ψ

∗
2 as

functions of X2 and Ψ2 as follows: χ∗
2(X2,Ψ2) =

αq22(Ψ2+f)−(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2X2

αq22+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2

and ψ∗
2(X2,Ψ2) =

(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2(f+X2)−αq22Ψ2

αq22+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2

.

(i-b). Initial funds allocation problem: Under area-only additional funds, service

agency i makes initial funds allocation decisions based on its initial budget Bi. Since

Vi(·) is a sum of a concave increasing function in Xi (which is independent of Ψi) and

a concave increasing function Ψi (which is independent of Xi), we have that Vi(·) is

jointly concave in Xi and Ψi. For a given Xi, it can be seen that Vi(·) is increasing

in Ψi, which implies that the constraint in equation (4.4) binds. Substituting Ψi =

Bi − Xi in equation (4.4) and applying the first-order conditions with respect to

Xi and Ψi, we obtain the following expressions of X∗
i and Ψ∗

i as functions of Bi:

X∗
i (Bi) =

αq2iBi

αq2i +(ρ
√
βH+(1−ρ)

√
βL)

2
(1−qi)2

and Ψ∗
i (Bi) =

(ρ
√
βH+(1−ρ)

√
βL)

2
(1−qi)2Bi

αq2i +(ρ
√
βH+(1−ρ)

√
βL)

2
(1−qi)2

.

Next, substitutingX∗
1 and Ψ∗

1 in service agency 1’s expected social impact function

V1(·), we have V1 (X
∗
1 (B1),Ψ

∗
1(B1)) =

√
αq21 +

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q1)
2√B1.

After substituting X∗
2 (B2) and Ψ∗

2(B2) in equations χ∗
2(X2,Ψ2) and ψ∗

2(X2,Ψ2), we

have: χ∗
2 =

αq22f

αq22+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2

and Ψ∗
2 =

(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2f

αq22+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2

.

Substituting p = 1
2
, X∗

2 (B2), Ψ
∗
2(B2), χ

∗
2, and ψ

∗
2 (using equations from above) in

service agency 2’s expected social impact function (1− p)V2(·) + pv2(·), we have
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1
2
(V2 (X

∗
2 (B2),Ψ

∗
2(B2)) + v2 (X

∗
2 (B2),Ψ

∗
2(B2), χ

∗
2, ψ

∗
2))

= 1
2

√
αq22 +

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q2)
2 (√B2 +

√
f +B2

)
.

Since V1(B1) and
1
2
(V2(B2) + v2(B2)) are concave increasing functions in B1 and

B2, respectively, and the funding agency aims to maximize the sum of V1(B1) and

1
2
(V2(B2) + v2(B2)), we can conclude that the constraint in equation (4.5) binds,

i.e, B2 = F − B1. Then, substituting B2 = F − B1, θ1 = 1, and the expres-

sions of V1 (X
∗
2 (B1),Ψ

∗
2(B1)), V2 (X

∗
2 (B1),Ψ

∗
2(B1)), and v2 (X

∗
2 (B1),Ψ

∗
2(B1), χ

∗
2, ψ

∗
2)

in V1(B1)
θ1

−
1
2
(V2(B1)+v2(B1))

θ2
, we have that a unique solution exists to the equation

V1(B1)
θ1

−
1
2
(V2(B1)+v2(B1))

θ2
= 0 if and only if f < ḟ (by Lemma B.12).

Then, considering f < ḟ , we obtain that B̂1
.
=

√
N1(4FN1(F+f)θ22−f2)+(2F+f)θ2N1

4θ2N1(θ22N1+1)

is that unique solution, where N1
.
=

αq21+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q1)2

αq22+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2

> 0. Denote B̂2
.
=

F − B̂1. Since the obtained vector
{
B̂1, B̂2

}
is the unique solution, it implies that

B∗
1 = B̂1 and B∗

2 = B̂2 are the unique solutions of the optimization problem in

equations (4.2)-(4.6).

(ii) Differentiating B∗
1 as characterized in the statement of Lemma 4.1 in Section

4.2 with respect to f , we obtain ∂
∂f
B∗

1(f) = H1(f)

4(θ22N1+1)
√
θ22N1(4F (F+f)θ22N1−f2)

, where

H1(f)
.
= 2Fθ22N1 − f +

√
θ22N1 (4F (F + f) θ22N1 − f 2). Since θ2 > 0 and N1 > 0, we

have that the sign of ∂
∂f
B∗

1(f) depends on the sign of H1(f). Differentiating H1(f)

with respect to f , it follows thatH1(f) decreases in f if and only if f < 4θ22N1F . Given

that f < 4θ22N1F , we have that H1(f) decreases in f . Further, since H1(f) = 4θ22N1F

when f = 0 and H1(f) = 0 when f = 4θ22N1F , we have that H1(f) > 0 for any

0 ≤ f < 4θ22N1F . Hence, we have ∂
∂f
B∗

1(f) > 0. □

Proof of Proposition 4.1: This proof uses Lemma 4.1 in Section 4.2 and Lemma

B.12 presented in Appendix B.6. Per Lemma B.12, we consider 0 ≤ f < 4θ22N1F to

ensure perfect equity, where N1 =
αq21+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q1)2

αq22+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2

> 0.

(i) We outline the proof in two steps as follows. First, we show B∗
1(N1) decreases in
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N1. Differentiating B
∗
1 as characterized in the statement of Lemma B.12 with respect

to N1, we have ∂
∂N1

B∗
1(N1) = H2(N1)

8N1(N1θ22+1)
2
√
N1θ22(4FN1(F+f)θ22−f2)

, where H2(N1)
.
=

−2(2F + f)N1θ
2
2

√
N1θ22(4FN1(F + f)θ22 − f 2) + (N1θ

2
2 + 1) f 2 − 2N1θ

2
2(4FN1(F +

f)θ22 − f 2). Given that θ2, F,N1 > 0 and f ≥ 0, the sign of ∂
∂N1

B∗
1(N1) depends on

the sign of H2(N1). Differentiating H2(N1) with respect to N1, we have

∂
∂N1

H2(N1) = −
θ22(f2+4(4FN1(F+f)θ22−f2))

(
(2F+f)N1θ22+

√
N1θ22(4FN1(F+f)θ22−f2)

)
√
N1θ22(4FN1(F+f)θ22−f2)

< 0, where

the inequality holds because F, f,N1, θ2 > 0, and (4F (F + f) θ22N1 − f 2) > 0. Fur-

ther, since f < 4θ22N1F , we must have N1 >
f

4Fθ22
. Substituting N1 =

f
4Fθ22

in H2(N1),

we have H2(N1) = 0. This implies that H2(N1) < 0 for any N1 >
f

4Fθ22
. Therefore,

we have ∂
∂N1

B∗
1(N1) < 0.

Second, we show that there is a unique threshold q̂, such that N1 decreases in

q1 when q1 ≤ q̂ and N1 increases in q1 otherwise. Differentiating N1 with respect to

q1, we have ∂
∂q1
N1(q1) = 2

(
α+(ρ

√
βH+(1−ρ)

√
βL)

2

αq22+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2

)(
q1 −

(ρ
√
βH+(1−ρ)

√
βL)

2

α+(ρ
√
βH+(1−ρ)

√
βL)

2

)
.

Since α, βL, βH > 0, 0 ≤ ρ ≤ 1, 0 < q1 < 1, and 0 < q2 < 1, we have that

the sign of ∂
∂q1
N1(q1) depends on the sign of

(
q1 −

(ρ
√
βH+(1−ρ)

√
βL)

2

α+(ρ
√
βH+(1−ρ)

√
βL)

2

)
. Denoting

q̂
.
=

(ρ
√
βH+(1−ρ)

√
βL)

2

α+(ρ
√
βH+(1−ρ)

√
βL)

2 , we have that ∂
∂q1
N1(q1) < 0 when q1 < q̂ and ∂

∂q1
N1(q1) ≥ 0

otherwise.

Combining the aforementioned results–specifically, B∗
1(N1) decreases in N1 and

N1 decreases in q1 when 0 < q1 < q̂–we can conclude that B∗
1 increases in q1 when

0 < q1 < q̂. Also, we have that B∗
1 decreases in q1 when q̂ ≤ q1 < 1. Further, since

B∗
2 = F − B∗

1 (because the constraint given by equation (4.5) in Section 4.1 binds;

see Lemma 4.1), we have that B∗
2 decreases in q1 when 0 < q1 < q̂ and increases in q1

when q̂ ≤ q1 < 1. Proof of how B∗
1 and B∗

2 change with respect to q2 follows similar

steps, and therefore, we omit it for brevity.

(ii) Following similar steps as in the proof of Proposition 4.1(i), we have that B∗
1(N1)

decreases in N1, where N1 =
αq21+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q1)2

αq22+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2

> 0. Next, we show that

N1 increases in ρ when q1 < q2 and N1 decreases in ρ otherwise. Differentiating
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N1 with respect to ρ, we have ∂
∂ρ
N1(ρ) =

2αη4(
√
βH−

√
βL)(ρ

√
βH+(1−ρ)

√
βL)(

αq22+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2

)2 , where η4
.
=

(q1 − q2) (2q1q2 − q1 − q2). Since α > 0, 0 ≤ ρ ≤ 1, and βH ≥ βL > 0, we have that

the sign of ∂
∂ρ
N1(ρ) depends on the sign of η4. Differentiating η4 with respect to q1, we

have ∂
∂q1
η4(q1) = −2 (q1 − q2)

2 − 2q1 (1− q1) < 0, where the inequality holds because

0 < q1 < 1. Solving η4(q1) = 0, we have q1 = q2. Therefore, we can conclude that

η4(q1) > 0 when q1 < q2 and η4(q1) ≤ 0 otherwise. This implies that ∂
∂ρ
N1(ρ) > 0

when 0 < q1 < q2 and ∂
∂ρ
N1(ρ) ≤ 0 otherwise.

Combining the aforementioned results–specifically, B∗
1(N1) decreases in N1 and

N1 increases in ρ when q1 < q2–we can conclude that B∗
1 increases in ρ when q1 < q2.

In similar vein, we can also conclude that B∗
1 decreases in ρ when q1 ≥ q2. Further,

since B∗
2 = F −B∗

1 (because the constraint given by equation (4.5) binds; see Lemma

4.1), we have that B∗
2 increases in ρ when q1 < q2 and decreases in ρ otherwise.

(iii) Differentiating N1 with respect to α, we have

∂
∂α
N1(α) = − η4(ρ

√
βH+(1−ρ)

√
βL)

2(
αq22+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q2)2

)2 , where η4 is defined in (ii). Following

similar steps as (ii), we can prove for how B∗
i changes with respect to α. Therefore,

we omit it for brevity. □

Proof of Proposition 4.2: This proof uses Lemma B.3 presented in Appendix

B.2. First, we show IEf − IEq decreases in θ2 if θ2 < θ̂2 and increases in θ2 oth-

erwise. Differentiating
V Ef
1 (θ2)

θ1
−

1
2(V

Ef
2 (θ2)+v

Ef
2 (θ2))

θ2
(as characterized in the proof

of Lemma B.3) with respect to θ2, we have ∂
∂θ2

(
V Ef
1 (θ2)

θ1
−

1
2(V

Ef
2 (θ2)+v

Ef
2 (θ2))

θ2

)
=

1
θ22

√
F

N1+1

√
αq22 +

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q2)2 > 0, where the inequality holds

because F,N1, βL, βH , θ2 > 0, 0 ≤ ρ ≤ 1, and 0 < q2 < 1.

Further, we have ∂
∂θ2

(
V Ef
1 (θ2)

θ1
−

1
2(V

Ef
2 (θ2)+v

Ef
2 (θ2))

θ2

)
= −∞ when θ2 = 0 and

∂
∂θ2

(
V Ef
1 (θ2)

θ1
−

1
2(V

Ef
2 (θ2)+v

Ef
2 (θ2))

θ2

)
=

√
N1F

(
αq21+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q1)2

)
N1+1

> 0 when θ2 =

+∞. Thus, there exists a unique threshold of θ2 denoted by θ̂2, such that ∂
∂θ2

(
V Ef
1 (θ2)

θ1
−
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1
2(V

Ef
2 (θ2)+v

Ef
2 (θ2))

θ2

)
> 0 when θ2 < θ̂2 and

∂
∂θ2

(
V Ef
1 (θ2)

θ1
−

1
2(V

Ef
2 (θ2)+v

Ef
2 (θ2))

θ2

)
≤ 0 other-

wise.

Solving ∂
∂θ2

(
V Ef
1 (θ2)

θ1
−

1
2(V

Ef
2 (θ2)+v

Ef
2 (θ2))

θ2

)
= 0, we have θ̂2 = 1

N1
, where N1 is

characterized in the statement of Lemma 4.1 in Section 4.2. Above all, we conclude

that IEf =

∣∣∣∣V Ef
1 (θ2)

θ1
−

1
2(V

Ef
2 (θ2)+v

Ef
2 (θ2))

θ2

∣∣∣∣ > 0 decreases in θ2 if θ2 < θ̂2 and increases

in θ2 otherwise. Given that IEq = 0 (by equation (4.3) in Section 4.1), we have

IEf − IEq > 0 decreases in θ2 if θ2 < θ̂2 and increases in θ2 otherwise.

Second, we show TSIEf − TSIEq decreases in θ2 if θ2 < θ̂2 and increases in

θ2 otherwise. Differentiating TSIEf − TSIEq > 0 (as characterized in the state-

ment of Lemma B.3) with respect to θ2, we have ∂
∂θ2

(
TSIEf (θ2)− TSIEq(θ2)

)
=

2FN1(θ2+1)(N1θ2−1)

(N1θ22+1)
2 , where N1 is characterized in the statement of Lemma 4.1. Given

that F,N1, θ2 > 0, the sign of ∂
∂θ2

(
TSIEf (θ2)− TSIEq(θ2)

)
depends on the sign

of N1θ2 − 1. It follows ∂
∂θ2

(
TSIEf (θ2)− TSIEq(θ2)

)
< 0 if θ2 < θ̂2 = 1

N1
and

∂
∂θ2

(
TSIEf (θ2)− TSIEq(θ2)

)
≥ 0 otherwise.

Last, in the proof of Proposition 4.1, we show that ∂
∂q1
N1(q1) < 0 when q1 < q̂ =

(ρ
√
βH+(1−ρ)

√
βL)

2

α+(ρ
√
βH+(1−ρ)

√
βL)

2 and ∂
∂q1
N1(q1) ≥ 0 otherwise. Therefore, ∂θ̂2

∂q1
= ∂

∂q1

(
1

N1(q1)

)
> 0

when q1 < q̂ and ∂θ̂2
∂q1

= ∂
∂q1

(
1

N1(q1)

)
≤ 0 otherwise. Proof of how θ̂2 changes with

respect to q2 follows similar steps, and therefore, we omit it for brevity. □

Proof of Lemma 4.2: This proof uses Lemma B.3 in Appendix B.2 and Lemmas

B.13 and B.14 in Appendix B.6.

First, we show when θ2 is sufficiently small (large) compared with θ1, I
Ef −

IEq > 0 first decreases (increases) and then increases (decreases) in q2. Differentiating

V Ef
1 (q2)

θ1
−

1
2(V

Ef
2 (q2)+v

Ef
2 (q2))

θ2
(as characterized in the proof of Lemma B.3) with respect to

q2, we have ∂
∂q2

(
V Ef
1 (q2)

θ1
−

1
2(V

Ef
2 (q2)+v

Ef
2 (q2))

θ2

)
=

√
F
(
(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q2)−αq2

)
√

(1+N1)
(
αq22+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q2)2

) ,
where N1 is characterized in the statement of Lemma 4.1. Since F,N1, α, βL, βH > 0,
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0 ≤ ρ ≤ 1, and 0 < q2 < 1, we conclude the sign of ∂
∂q2

(
V Ef
1 (q2)

θ1
−

1
2(V

Ef
2 (q2)+v

Ef
2 (q2))

θ2

)
depends on the sign of

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q2)− αq2.

It follows (ρ
√
βH +(1− ρ)

√
βL)

2(1− q2)−αq2 ≥ 0 when q2 ≤
(ρ

√
βH+(1−ρ)

√
βL)

2

α+(ρ
√
βH+(1−ρ)

√
βL)

2

and
(
ρ
√
βH + (1− ρ)

√
βL
)2

(1 − q2) − αq2 < 0 otherwise. Therefore, we conclude

V Ef
1 (q2)

θ1
−

1
2(V

Ef
2 (q2)+v

Ef
2 (q2))

θ2
increases in q2 when q2 ≤

(ρ
√
βH+(1−ρ)

√
βL)

2

α+(ρ
√
βH+(1−ρ)

√
βL)

2 and decreases

in q2 otherwise. Next, we consider the following two cases (I-a and I-b) based on the

magnitude of θ2.

Case I-a: Suppose θ2 < θ2, where θ2 is characterized in the proof of Lemma

B.13 in Appendix B.6. By Lemma B.13, we have
V Ef
1 (q2)

θ1
−

1
2(V

Ef
2 (q2)+v

Ef
2 (q2))

θ2
< 0

for 0 < q2 < 1. Given that IEq = 0 (by equation (4.3) in Section 4.1), we have

IEf (q2)−IEq(q2) =
∣∣∣∣V Ef

1 (q2)

θ1
−

1
2(V

Ef
2 (q2)+v

Ef
2 (q2))

θ2

∣∣∣∣ > 0 first decreases and then increases

in q2.

Case I-b: Suppose θ2 >
...
θ 2, where

...
θ 2 is characterized in the proof of Lemma

B.13 in Appendix B.6. By Lemma B.13, we have
V Ef
1 (q2)

θ1
−

1
2(V

Ef
2 (q2)+v

Ef
2 (q2))

θ2
> 0

for 0 < q2 < 1. Given IEq = 0 (by equation (4.3)), we have IEf (q2) − IEq(q2) =∣∣∣∣V Ef
1 (q2)

θ1
−

1
2(V

Ef
2 (q2)+v

Ef
2 (q2))

θ2

∣∣∣∣ > 0 first increases and then decreases in q2.

The proof for how IEf − IEq with respect to q1 follow similar steps, and therefore,

we omit it for brevity.

Second, we show when θ2 is sufficiently small (large) compared with θ1, TSI
Ef −

TSIEq > 0 first decreases (increases) and then increases (decreases) in q2. Differenti-

ating TSIEf −TSIEq (as characterized in the statement of Lemma B.3) with respect

to q2, we have ∂
∂q2

(
TSIEf (q2)− TSIEq(q2)

)
=

F
(
αq2−(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q2)

)
√
αq22+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q2)2

(
1

N1+1
−

N2
1 θ

2
2(θ2+1)

√
N1(N1θ22+1)

3
2

)
, where N1 is characterized in the statement of Lemma 4.1 presented

in Section 4.2.

Since F,N1, α, βL, βH > 0, 0 ≤ ρ ≤ 1, and 0 < q2 < 1, the sign of ∂
∂q2

(
TSIEf (q2)−

TSIEq(q2)
)
depends on the sign of

(
αq2 −

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q2)
)(

1
N1+1

−
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N2
1 θ

2
2(θ2+1)

√
N1(N1θ22+1)

3
2

)
. The sign of αq2 −

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1 − q2) depends on the

value of q2, which follows αq2 −
(
ρ
√
βH + (1− ρ)

√
βL
)2

(1 − q2) ≤ 0 when q2 ≤
(ρ

√
βH+(1−ρ)

√
βL)

2

α+(ρ
√
βH+(1−ρ)

√
βL)

2 , and αq2 −
(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q2) > 0 otherwise. Next,

we consider the following two cases (II-a and II-b) based on the magnitude of θ2.

Case II-a: Suppose θ2 ≤ ¯̄̄
θ2, where the existence of

¯̄̄
θ2 is shown in the proof of

Lemma B.14 in Appendix B.6. By Lemma B.14, we have 1
N1+1

− N2
1 θ

2
2(θ2+1)

√
N1(N1θ22+1)

3
2
≥ 0.

Given TSIEf (q2) − TSIEq(q2) > 0 (as explained in the proof of Lemma B.3) and

αq2 −
(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q2) first decreases and then increases in q2, we can

conclude TSIEf (q2)− TSIEq(q2) > 0 first decreases and then increases in q2.

Case II-b: Suppose θ2 >
¯̄̄
θ2. Following similar steps as in the case II-a, we can

conclude TSIEf (q2)− TSIEq(q2) > 0 first increases and then decreases in q2.

The proof for how TSIEf − TSIEq with respect to q1 follow similar steps. Thus,

we omit it for brevity. □

Proof of Proposition 4.3: This proof uses Lemma B.4 in Appendix B.2 and

Lemmas B.15 and B.16 in Appendix B.6. First, we show
V Fo
1 (q1)

θ1
−

1
2(V Fo

2 (q1)+vFo
2 (q1))

θ2

first decreases in q1 and then increases in q1. Substituting f = 0 in the expres-

sion of
V Fo
1 (·)
θ1

−
1
2(V Fo

2 (·)+vFo
2 (·))

θ2
characterized in the proof of Lemma B.4 (i) and

differentiating it with respect to q1, we have ∂
∂q1

(
V Fo
1 (q1)

θ1
−

1
2(V Fo

2 (q1)+vFo
2 (q1))

θ2

)
=

3
2

√
F

1+θ2

(√
α
√
q1 −

(
ρ
√
βH + (1− ρ)

√
βL
)√

1− q1
)
, which sign depends on the sign

of
√
α
√
q1 −

(
ρ
√
βH + (1− ρ)

√
βL
)√

1− q1.

Since ∂
∂q1

(√
α
√
q1−

(
ρ
√
βH + (1− ρ)

√
βL
)√

1− q1
)
=

√
α
√
1−q1+(ρ

√
βH+(1−ρ)

√
βL)

√
q1

2
√
q1(1−q1)

>

0,
√
α
√
q1 −

(
ρ
√
βH + (1− ρ)

√
βL
)√

1− q1 = −
(
ρ
√
βH + (1− ρ)

√
βL
)
< 0 when

q1 = 0, and
√
α
√
q1 −

(
ρ
√
βH + (1− ρ)

√
βL
)√

1− q1 =
√
α > 0 when q1 = 1, we

conclude there exists a unique threshold of q1, denoted by q̄1, such that ∂
∂q1

(
V Fo
1 (q1)

θ1
−
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1
2(V Fo

2 (q1)+vFo
2 (q1))

θ2

)
≤ 0 when 0 < q1 ≤ q̄1 and ∂

∂q1

(
V Fo
1 (q1)

θ1
−

1
2(V Fo

2 (q1)+vFo
2 (q1))

θ2

)
> 0

otherwise.

Solving ∂
∂q1

(
V Fo
1 (q1)

θ1
−

1
2(V Fo

2 (q1)+vFo
2 (q1))

θ2

)
= 0, we have q̄1 =

(ρ
√
βH+(1−ρ)

√
βL)

2

α+(ρ
√
βH+(1−ρ)

√
βL)

2 .

Next, consider the following two cases (cases I and II) based on the magnitude of α.

Case I: Suppose α >
(
ρ
√
βH + (1− ρ)

√
βL
)2
. By Lemma B.16, we have

˜̃̃
θ2 <

˜̃θ2 < θ̇2. We consider the following three sub-cases (cases I-a, I-b, and I-c) based on

the magnitude of θ2.

(I-a) Suppose θ2 ≤
˜̃̃
θ2. By Lemma B.15, we have

V Fo
1 (q1)

θ1
−

1
2(V Fo

2 (q1)+vFo
2 (q1))

θ2
≤ 0

when q1 = 0, q1 =
(ρ

√
βH+(1−ρ)

√
βL)

2

α+(ρ
√
βH+(1−ρ)

√
βL)

2 , and q1 = 1. Hence,
V Fo
1 (q1)

θ1
−

1
2(V Fo

2 (q1)+vFo
2 (q1))

θ2

< 0 for any 0 < q1 < 1. This implies IFo(q1) =

∣∣∣∣V Fo
1 (q1)

θ1
−

1
2(V Fo

2 (q1)+vFo
2 (q1))

θ2

∣∣∣∣ ≥ 0

increases in q1 if q1 ≤ q̄1 and decreases in q1 otherwise.

(I-b) Suppose θ2 ≥ θ̇2. By Lemma B.15, we have
V Fo
1 (q1)

θ1
−

1
2(V Fo

2 (q1)+vFo
2 (q1))

θ2
≥ 0

when q1 = 0, q1 = q̄1, and q1 = 1. Similar to case (I-a), we can conclude IFo(q1) ≥ 0

decreases in q1 if q1 ≤ q̄1 and increases in q1 otherwise.

(I-c) Suppose
˜̃̃
θ2 < θ2 < θ̇2. By Lemma B.15, we have: (i)

V Fo
1 (q1)

θ1
−

1
2(V Fo

2 (q1)+v2(q1))
θ2

≤ 0 if
˜̃̃
θ2 < θ2 ≤ ˜̃θ2, and

V Fo
1 (q1)

θ1
−

1
2(V Fo

2 (q1)+vFo
2 (q1))

θ2
> 0 if ˜̃θ2 < θ2 < θ̇2 when q1 = 0; (ii)

V Fo
1 (q1)

θ1
−

1
2(V Fo

2 (q1)+vFo
2 (q1))

θ2
< 0 when q1 = q̄1; and (iii)

V Fo
1 (q1)

θ1
−

1
2(V Fo

2 (q1)+vFo
2 (q1))

θ2
> 0

when q1 = 1. Solving
V Fo
1 (q1)

θ1
−

1
2(V Fo

2 (q1)+vFo
2 (q1))

θ2
= 0, we have two solutions of q1,

denoted by q̌1 and ˇ̌q1, where q̌1 < ˇ̌q1. We conclude
V Fo
1 (q1)

θ1
−

1
2(V Fo

2 (q1)+vFo
2 (q1))

θ2
> 0

decreases in q1 when 0 < q1 < max{0, q̌1}; V Fo
1 (q1)

θ1
−

1
2(V Fo

2 (q1)+vFo
2 (q1))

θ2
≤ 0 increases

in q1 when max{0, q̌1} ≤ q1 ≤ q̄1;
V Fo
1 (q1)

θ1
−

1
2(V Fo

2 (q1)+vFo
2 (q1))

θ2
≤ 0 decreases in q1 when

q̄1 < q1 ≤ ˇ̌q1; and
V Fo
1 (q1)

θ1
−

1
2(V Fo

2 (q1)+vFo
2 (q1))

θ2
> 0 increases in q1 when ˇ̌q1 < q1 < 1.

This implies that: IFo(q1) =

∣∣∣∣V Fo
1 (q1)

θ1
−

1
2(V Fo

2 (q1)+vFo
2 (q1))

θ2

∣∣∣∣ ≥ 0 decreases in q1 when

0 < q1 < max{0, q̌1}; IFo increases in q1 when max{0, q̌1} ≤ q1 ≤ q̄1; I
Fo decreases in

q1 when q̄1 < q1 ≤ ˇ̌q1; and I
Fo increases in q1 when ˇ̌q1 < q1 < 1.

Case II: Suppose α ≤
(
ρ
√
βH + (1− ρ)

√
βL
)2
. By Lemma B.16, we have ˜̃θ2 ≤

˜̃̃
θ2 < θ̇2. Similar to Case I, we next consider the following three sub-cases based on
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the magnitude of θ2. (II-a) Suppose θ2 ≤ ˜̃θ2. The results are similar to case (I-a)

above. We omit for brevity.

(II-b) Suppose θ2 ≥ θ̇2. The results are similar to case (I-b) above. We omit for

brevity.

(II-c) Suppose ˜̃θ2 < θ2 < θ̇2. By Lemma B.15, we have: (i)
V Fo
1 (q1)

θ1
−

1
2(V Fo

2 (q1)+vFo
2 (q1))

θ2

> 0 when q1 = 0; (ii)
V Fo
1 (q1)

θ1
−

1
2(V Fo

2 (q1)+vFo
2 (q1))

θ2
< 0 when q1 = q̄1; and (iii)

V Fo
1 (q1)

θ1
−

1
2(V Fo

2 (q1)+vFo
2 (q1))

θ2
< 0 if ˜̃θ2 < θ2 <

˜̃̃
θ2, and

V Fo
1 (q1)

θ1
−

1
2(V Fo

2 (q1)+vFo
2 (q1))

θ2
≥ 0 if

˜̃̃
θ2 ≤ θ2 < θ̇2 when q1 = 1. Similar to part (I-c), we can conclude: IFo(q1) ≥ 0 de-

creases in q1 when 0 < q1 < q̌1; I
Fo increases in q1 when q̌1 ≤ q1 ≤ q̄1; I

Fo(q1) decreases

in q1 when q̄1 < q1 ≤ min{ˇ̌q1, 1}; and IFo(q1) increases in q1 when min{ˇ̌q1, 1} < q1 < 1.

Given that θ1 = 1 (because of normalization) and IEq = 0 (by equation (4.3) in

Section 4.1) and defining thresholds θ
.
= θ̇−1

2 , θ̄
.
= max{ ˜̃θ−1

2 ,
˜̃̃
θ−1
2 }, q

1

.
= max{0, q̌1},

and q̇1
.
= min{ˇ̌q1, 1}, we have: (i) When θ1

θ2
≤ θ, IFo(q1)− IEq(q1) ≥ 0 first decreases

and then increases in q1 (based on cases I-b and II-b above); (ii) When θ < θ1
θ2
< θ̄,

IFo(q1) − IEq(q1) ≥ 0 increases in q1 if q1 ∈
(
q
1
, q̄1

)
∪ (q̇1, 1) and decreases in q1

otherwise (based on cases I-c and II-c above); (iii) When θ1
θ2

≥ θ̄, IFo(q1)−IEq(q1) ≥ 0

first increases and then decreases in q1 (based on cases I-a and II-a above). Proof of

how IFo− IEq changes with respect to q2 follows similar steps, and therefore, we omit

it for brevity. □

Proof of Proposition 4.4: This proof uses Lemma B.4 in Appendix B.2 and

Lemmas B.19, B.20, and B.21 in Appendix B.6.

(i) Substituting f = 0, q2 = 1
2
, and

√
α = ρ

√
βH + (1 − ρ)

√
βL in the expression

of TSIFo − TSIEq characterized in the statement of Lemma B.4, we have TSIFo −

TSIEq =
√

αF
1+θ2

(
q

3
2
1 + (1− q1)

3
2 +

√
θ2
2
− (1 + θ2)

3
2

√
2q21−2q1+1

1+2θ22(2q21−2q1+1)

)
.

168



Differentiating TSIFo − TSIEq with respect to θ2, we have ∂
∂θ2

(
TSIFo(θ2) −

TSIEq(θ2)
)
=

√
αF

2(1+θ2)
3
2

(
H3(θ2)− q

3
2
1 − (1− q1)

3
2

)
, where

H3(θ2)
.
=

(1+θ2)
3
2
√

2q21−2q1+1(1+θ22(4q21−4q1+2))−2θ2(1+θ2)
5
2 (2q21−2q1+1)

3
2

− 1
2(1+θ22(4q21−4q1+2))

3
2

+ 1√
2θ2

.

Since α, F, θ2 > 0, the sign of ∂
∂θ2

(
TSIFo(θ2)− TSIEq(θ2)

)
depends on the sign

of H3(θ2) − q
3
2
1 − (1− q1)

3
2 . Given that θ1 = 1, by Lemma B.19 and defining the

threshold θ̌ =
ˆ̂
θ̂2, where the existence of

ˆ̂
θ̂2 is explained in the proof of Lemma B.19,

we complete the proof of the result in Proposition 4.4(i).

(ii). Differentiating TSIFo − TSIEq with respect to q1, we have ∂
∂q1

(
TSIFo(q1) −

TSIEq(q1)
)
= (1− 2q1)

√
aF

(1+θ2)(2q21−2q1+1)
ϱ1, where ϱ1

.
= −3

√
2q21−2q1+1(

√
1−q1−

√
q1)

2(1−2q1)
+

(1+θ2)
3
2

(1+2(2q21−2q1+1)θ22)
3
2
. Since q1 ≤ 1

2
, the sign of ∂

∂q1

(
TSIFo(q1) − TSIEq(q1)

)
depends

on the sign of ϱ1. By Lemma B.20, we have (1+θ2)
3
2

(1+2(2q21−2q1+1)θ22)
3
2
increases in q1 and

3
√

2q21−2q1+1(
√
1−q1−

√
q1)

2(1−2q1)
decreases in 0 < q1 ≤ 1

2
. Next, we consider the following two

cases (cases I and II) based on the magnitude of θ2.

Case I: Suppose θ2 ≤ θ̈2, which existence is shown in the proof of Lemma B.20 (and

as shown in B.20, θ̈2 > 1). By Lemma B.20, we conclude there exists a threshold

of q1, denoted by q̈1, such that (1+θ2)
3
2

(1+2(2q21−2q1+1)θ22)
3
2

≤ 3
√

2q21−2q1+1(
√
1−q1−

√
q1)

2(1−2q1)
when

q1 ≤ q̈1 and (1+θ2)
3
2

(1+2(2q21−2q1+1)θ22)
3
2
>

3
√

2q21−2q1+1(
√
1−q1−

√
q1)

2(1−2q1)
otherwise. This implies

∂
∂q1

(
TSIFo(q1)− TSIEq(q1)

)
≤ 0 when q1 ≤ q̈1 and

∂
∂q1

(
TSIFo(q1)− TSIEq(q1)

)
> 0

otherwise.

Case II: Suppose θ2 > θ̈2. By Lemma B.20, we have ∂
∂θ2

(
TSIFo(q1)−TSIEq(q1)

)
≥

0 for any 0 < q1 <
1
2
.

By Lemma B.21 and Proposition 4.4(i), we can conclude there exists a threshold

of θ2 ≥ 1
2
, denoted by

....
θ 2. (i) When θ2 ≤

....
θ 2, there exists two thresholds of q1,

denoted by q̃1 and ˜̃q1, such that: TSIFo(q1) − TSIEq(q1) > 0 when 0 < q1 < q̃1;

TSIFo(q1)−TSIEq(q1) ≤ 0 when q̃1 ≤ q1 ≤ ˜̃q1; and TSI
Fo(q1)−TSIEq(q1) > 0 when

˜̃q1 < q1 ≤ 1
2
. (ii) When θ2 >

....
θ 2, TSI

Fo(q1) − TSIEq(q1) > 0 for any 0 < q1 ≤ 1
2
.
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Given that θ1 = 1 and defining the threshold θ̇ = max{θ̌2,
....
θ 2}, we complete the

proof of the result in Proposition 4.4(ii). □

B.6 Proofs of Lemmas Referred in Appendix B.5

We present lemmas (and their proofs), which help us outline proofs of propositions

(as outlined in Appendix B.5). We denote the optimal level of initial funds that

the funding agency allocates to service agency i ∈ {1, 2} using its initial pool of

funds (F ) with equity and without equity considerations as B∗
i and B

Ef
i , respectively.

Further, recall that for outlining proofs in Appendix B.5, without loss of generality,

we normalize the volume adjustment factor for service area 1 as 1, i.e., θ1 = 1.

Lemma B.12 The optimal decisions B∗
1 ∈ (0, F ) and B∗

2 ∈ (0, F ), as characterized

in Lemma 4.1 presented in Section 4.2, ensure perfect equity (i.e., I = 0) if and only

if f < ḟ , where ḟ
.
= 4θ22N1F > 0.

Proof of Lemma B.12: As shown within the proof for Lemma 4.1, service agencies

1 and 2’s expected social impact functions can be expressed as functions of B1 as

follows: V1(B1) =
√
αq21 +

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q1)
2√B1, and

V2(B1)+v2(B1)
2θ2

=

1
2θ2

√
αq22 +

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q2)
2 (√F −B1 +

√
F + f −B1

)
(where, p =

1
2
and θ1 = 1). Differentiating V1(B1) and

V2(B1)+v2(B1)
2θ2

with respect to B1, we have

∂
∂B1

V1(B1) =
1
2

√
αq21+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q1)2

B1
> 0 and ∂

∂B1

(
V2(B1)+v2(B1)

2θ2

)
= −1

4θ2

(
1√

F−B1

+ 1√
F+f−B1

)√
αq22 +

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q2)
2 < 0, where inequalities hold

because α > 0, 0 < q2 < 1, 0 < B1 < F , θ2 > 0, and f ≥ 0. Further, when B1 = 0,

we have V1(B1) = 0 and V2(B1)+v2(B1)
2θ2

=
(
√
F+

√
F+f)

√
αq22+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q2)2

2θ2
> 0,

which imply that V1(B1) <
V2(B1)+v2(B1)

2θ2
at B1 = 0. Then, since V1(B1) increases in B1,

V2(B1)+v2(B1)
2θ2

decreases in B1, and V1(B1) <
V2(B1)+v2(B1)

2θ2
at B1 = 0, for the equity con-

straint (4.3) in Section 4.1 to hold when B1 = B∗
1 ∈ (0, F ), we must have V1(B1) >

V2(B1)+v2(B1)
2θ2

at B1 = F . That is,
√
αq21 +

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q1)
2
√
F >
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√
f

2θ2

√
αq22 +

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q2)
2. Upon taking square on both sides of the

aforementioned inequality and re-arranging terms, we have that V1(B1) >
V2(B1)+v2(B1)

2θ2

at B1 = F holds if and only if f < 4θ22N1F , where N1 is characterized in the statement

of Lemma 4.1. This completes the proof. □

Lemma B.13 Consider the difference of the normalized total expected social impact

between areas 1 and 2 under the efficiency-focused method,
V Ef
1 (·)
θ1

−
1
2(V

Ef
2 (·)+vEf

2 (·))
θ2

,

as characterized in the proof of Lemma B.3. Then:

(i) If θ2 < θ2,
V Ef
1 (·)
θ1

−
1
2(V

Ef
2 (·)+vEf

2 (·))
θ2

≤ 0 when q2 = 0, q2 =
(ρ

√
βH+(1−ρ)

√
βL)

2

α+(ρ
√
βH+(1−ρ)

√
βL)

2 , and

q2 = 1;

(ii) If θ2 >
...
θ 2,

V Ef
1 (·)
θ1

−
1
2(V

Ef
2 (·)+vEf

2 (·))
θ2

≥ 0 when q2 = 0, q2 =
(ρ

√
βH+(1−ρ)

√
βL)

2

α+(ρ
√
βH+(1−ρ)

√
βL)

2 ,

and q2 = 1, where θ2 and
...
θ 2 are characterized in the proof of Lemma B.13.

Proof of Lemma B.13: We examine the sign of
V Ef
1 (·)
θ1

−
1
2(V

Ef
2 (·)+vEf

2 (·))
θ2

based

on when q2 = 0, q2 =
(ρ

√
βH+(1−ρ)

√
βL)

2

α+(ρ
√
βH+(1−ρ)

√
βL)

2 , and q2 = 1. First, when q2 = 0, we have

V Ef
1 (·)
θ1

−
1
2(V

Ef
2 (·)+vEf

2 (·))
θ2

= ϱ2 (θ2 − ϱ3), where ϱ2
.
=

√
F
(
αq21+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q1)2

)
θ2

√
αq21+(ρ

√
βH+(1−ρ)

√
βL)

2
(q21−2q1+2)

>

0 and ϱ3
.
=

(ρ
√
βH+(1−ρ)

√
βL)

2

αq21+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q1)2

. Since α > 0, θ2 > 0, and 0 ≤ ρ ≤ 1, the

sign of
V Ef
1 (·)
θ1

−
1
2(V

Ef
2 (·)+vEf

2 (·))
θ2

depends on the sign of θ2 − ϱ3. It follows
V Ef
1 (·)
θ1

−
1
2(V

Ef
2 (·)+vEf

2 (·))
θ2

≤ 0 when θ2 ≤ ϱ3 and
V Ef
1 (·)
θ1

−
1
2(V

Ef
2 (·)+vEf

2 (·))
θ2

> 0 otherwise.

When q2 =
(ρ

√
βH+(1−ρ)

√
βL)

2

α+(ρ
√
βH+(1−ρ)

√
βL)

2 , we have
V Ef
1 (·)
θ1

−
1
2(V

Ef
2 (·)+vEf

2 (·))
θ2

= η7η8 (θ2 − ϱ4),

where ϱ4
.
=

α(ρ
√

βH+(1−ρ)
√

βL)
2

α+(ρ
√

βH+(1−ρ)
√

βL)
2

αq21+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q1)2

, η7
.
=

αq21+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q1)2

θ2
> 0, and

η8
.
=

√
F
(
α+(ρ

√
βH+(1−ρ)

√
βL)

2
)

√
αq21+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q1)2+

α(ρ
√

βH+(1−ρ)
√

βL)
2

α+(ρ
√

βH+(1−ρ)
√

βL)
2

> 0. Since θ2, η7, η8 > 0, the

sign of
V Ef
1 (·)
θ1

−
1
2(V

Ef
2 (·)+vEf

2 (·))
θ2

depends on the sign of θ2 − ϱ4. It follows
V Ef
1 (·)
θ1

−
1
2(V

Ef
2 (·)+vEf

2 (·))
θ2

≤ 0 when θ2 ≤ ϱ4 and
V Ef
1 (·)
θ1

−
1
2(V

Ef
2 (·)+vEf

2 (·))
θ2

> 0 otherwise.
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Then, when q2 = 1, we have
V Ef
1 (·)
θ1

−
1
2(V

Ef
2 (·)+vEf

2 (·))
θ2

= η9 (θ2 − ϱ5), where η9
.
=

√
F
(
αq21+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q1)2

)
θ2

√
α(1+q21)+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q1)2

> 0 and ϱ5
.
= α

αq21+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q1)2

. The

sign of
V Ef
1 (·)
θ1

−
1
2(V

Ef
2 (·)+vEf

2 (·))
θ2

depends on the sign of θ2 − ϱ5. It follows
V Ef
1 (·)
θ1

−
1
2(V

Ef
2 (·)+vEf

2 (·))
θ2

≤ 0 when θ2 ≤ ϱ5 and
V Ef
1 (·)
θ1

−
1
2(V

Ef
2 (·)+vEf

2 (·))
θ2

> 0 otherwise.

The results in Lemma B.13 follow by combining the results above, and by denoting

two thresholds θ2 and
...
θ 2 as θ2

.
= min {ϱ3, ϱ4, ϱ5} and

...
θ 2

.
= max {ϱ3, ϱ4, ϱ5}. □

Lemma B.14 Consider 1
N1+1

− N2
1 θ

2
2(θ2+1)

√
N1(N1θ22+1)

3
2
, where N1 > 0 and θ2 > 0. Denote a

threshold
¯̄̄
θ2. Then,

1
N1+1

− N2
1 θ

2
2(θ2+1)

√
N1(N1θ22+1)

3
2
≥ 0 if θ2 ≤ ¯̄̄

θ2, and
1

N1+1
− N2

1 θ
2
2(θ2+1)

√
N1(N1θ22+1)

3
2
< 0

otherwise, where the existence of
¯̄̄
θ2 is explained in the proof of Lemma B.14.

Proof of Lemma B.14: Differentiating 1
N1+1

− N2
1 θ

2
2(θ2+1)

√
N1(N1θ22+1)

3
2
with respect to θ2, we

have ∂
∂θ2

(
1

N1+1
− N2

1 θ
2
2(θ2+1)

√
N1(N1θ22+1)

3
2

)
=

θ2N
3
2
1 (N1θ2−3θ2−2)

(N1θ2+1)2
. Since θ2 > 0 and N1 > 0, the

sign of ∂
∂θ2

(
1

N1+1
− N2

1 θ
2
2(θ2+1)

√
N1(N1θ22+1)

3
2

)
depends on the sign ofN1θ2−3θ2−2. Applying the

first-order condition on N1θ2− 3θ2− 2 with respect to θ2, we have θ2 =
3+

√
9+8N1

2N1
> 0

is the unique minima of N1θ2 − 3θ2 − 2. Therefore, there exists a unique threshold of

θ2 > 0, N1θ2−3θ2−2 ≤ 0 when θ2 ≤ 3+
√
9+8N1

2N1
and N1θ2−3θ2−2 > 0 otherwise. This

implies that 1
N1+1

− N2
1 θ

2
2(θ2+1)

√
N1(N1θ22+1)

3
2
decreases in θ2 when θ2 ≤ 3+

√
9+8N1

2N1
and increases

in θ2 otherwise.

When θ2 = 0, we have 1
N1+1

− N2
1 θ

2
2(θ2+1)

√
N1(N1θ22+1)

3
2

= 1
1+N1

> 0. When θ2 = +∞,

applying L’Hôpital’s rule, we have 1
N1+1

− N2
1 θ

2
2(θ2+1)

√
N1(N1θ22+1)

3
2
= −1 < 0. Therefore, there

exists a threshold of θ2, denoted by
¯̄̄
θ2,

1
N1+1

− N2
1 θ

2
2(θ2+1)

√
N1(N1θ22+1)

3
2

≥ 0 if θ2 ≤ ¯̄̄
θ2, and

1
N1+1

− N2
1 θ

2
2(θ2+1)

√
N1(N1θ22+1)

3
2
< 0 otherwise. □
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Lemma B.15 Consider f = 0 and
V Fo
1 (·)
θ1

−
1
2(V Fo

2 (·)+vFo
2 (·))

θ2
characterized in the proof

of Lemma B.4. Then: (i) When q1 = 0, then
V Fo
1 (·)
θ1

−
1
2(V Fo

2 (·)+vFo
2 (·))

θ2
≤ 0 if θ2 ≤ ˜̃θ2

and
V Fo
1 (·)
θ1

−
1
2(V Fo

2 (·)+vFo
2 (·))

θ2
> 0 otherwise; (ii) When q1 =

(ρ
√
βH+(1−ρ)

√
βL)

2

α+(ρ
√
βH+(1−ρ)

√
βL)

2 , then

V Fo
1 (·)
θ1

−
1
2(V Fo

2 (·)+vFo
2 (·))

θ2
≤ 0 if θ2 ≤ θ̇2 and

V Fo
1 (·)
θ1

−
1
2(V Fo

2 (·)+vFo
2 (·))

θ2
> 0 otherwise; (iii)

When q1 = 1, then
V Fo
1 (·)
θ1

−
1
2(V Fo

2 (·)+vFo
2 (·))

θ2
≤ 0 if θ2 ≤

˜̃̃
θ2 and

V Fo
1 (·)
θ1

−
1
2(V Fo

2 (·)+vFo
2 (·))

θ2
>

0 otherwise, where θ̇2,
˜̃θ2, and

˜̃̃
θ2 are characterized in the proof of Lemma B.15.

Proof of Lemma B.15: (i) Substituting f = 0 and q1 = 0 in
V Fo
1

θ1
−

1
2(V Fo

2 +vFo
2 )

θ2
and

denoting it by M1, we have M1 =
√

F
θ2(1+θ2)

(√
θ2
(
ρ
√
βH + (1− ρ)

√
βL
)
−

√
αq

3
2
2 −(

ρ
√
βH + (1− ρ)

√
βL
)
(1− q2)

3
2

)
. Differentiating M1 with respect to θ2, we have

∂
∂θ2
M1 (θ2) =

√
FG1(θ2)

2θ
3
2
2 (1+θ2)

3
2

, where G1 (θ2)
.
= (1 + 2θ2)

((
ρ
√
βH + (1− ρ)

√
βL
)
(1−q2)

3
2+

√
αq

3
2
2

)
. The sign of ∂

∂θ2
M1 (θ2) depends on the sign of G1 (θ2). Differentiating G1 (θ2)

with respect to θ2, we have ∂
∂θ2
G1 (θ2) = −3(ρ

√
βH+(1−ρ)

√
βL)

4
√
θ2

< 0, where inequality

holds because 0 < ρ < 1. Since G1 (θ2) =
√
αq

3
2
2 +
(
ρ
√
βH + (1− ρ)

√
βL
)
(1−q2)

3
2 > 0

when θ2 = 0 and G1 (θ2) = −∞ when θ2 = +∞, there exists a threshold of θ2, denoted

by θ2, such that G1 (θ2) ≥ 0 when θ2 ≤ θ2 and G1 (θ2) < 0 otherwise. Therefore, we

conclude M1(θ2) increases in θ2 when θ2 ≤ θ2 and decreases in θ2 otherwise. Further,

since M1(θ2) = −∞ when θ2 = 0 and M1(θ2) = 0 when θ2 = +∞, there exists a

threshold of θ2, denoted by ˜̃θ2, such that M1 ≤ 0 if θ2 ≤ ˜̃θ2 and M1 > 0 otherwise.

Solving M1(θ2) = 0, we have ˜̃θ2 =

(
√
αq

3
2
2 +(ρ

√
βH+(1−ρ)

√
βL)(1−q2)

3
2

ρ
√
βH+(1−ρ)

√
βL

)2

.

(ii) Substitute f = 0 and q1 =
(ρ

√
βH+(1−ρ)

√
βL)

2

α+(ρ
√
βH+(1−ρ)

√
βL)

2 in the expression of
V Fo
1

θ1
−

1
2(V Fo

2 +vFo
2 )

θ2
and denote it by M2. Following similar steps as in (i) above, we can

conclude there exists a threshold of θ2, denoted by θ̇2, such that M2 ≤ 0 if θ2 ≤ θ̇2

and M2 > 0 otherwise. (For brevity, we omit details.) Solving M2(θ2) = 0, we have

θ̇2 =

(
√
αq

3
2
2 +(ρ

√
βH+(1−ρ)

√
βL)(1−q2)

3
2

)2

α(ρ
√

βH+(1−ρ)
√

βL)
2

α+(ρ
√

βH+(1−ρ)
√

βL)
2

173



(iii) Substitute f = 0 and q1 = 1 in the expression of
V Fo
1

θ1
−

1
2(V Fo

2 +vFo
2 )

θ2
and denote

it by M3. Similar to (i), we show there exists a threshold of θ2, denoted by θ̇2, such

that M3 ≤ 0 if θ2 ≤
˜̃̃
θ2 and M3 > 0 otherwise. (For brevity, we omit details.) Solving

M3(θ2) = 0, we have
˜̃̃
θ2 =

(
√
αq

3
2
2 +(ρ

√
βH+(1−ρ)

√
βL)(1−q2)

3
2

α

)2

. □

Lemma B.16 Consider θ̇2,
˜̃θ2, and

˜̃̃
θ2 as characterized in the proof of Lemma B.15.

Then,
˜̃̃
θ2 <

˜̃θ2 < θ̇2 when α >
(
ρ
√
βH + (1− ρ)

√
βL
)2

and ˜̃θ2 ≤
˜̃̃
θ2 < θ̇2 otherwise.

Proof of Lemma B.15: First, we show ˜̃θ2 < θ̇2 and
˜̃̃
θ2 < θ̇2. Observing expressions

of ˜̃θ2 and θ̇2, we have their comparison is equivalent to the comparison between 1

with
α+(ρ

√
βH+(1−ρ)

√
βL)

2

(ρ
√
βH+(1−ρ)

√
βL)

2 . Since α > 0, we can conclude that 1 <
α+(ρ

√
βH+(1−ρ)

√
βL)

2

(ρ
√
βH+(1−ρ)

√
βL)

2 ,

or ˜̃θ2 < θ̇2. Following similar steps, we can conclude that
˜̃̃
θ2 < θ̇2.

Next, we compare ˜̃θ2 with
˜̃̃
θ2. Observing their expressions, we have their compar-

ison is equivalent to the comparison between α with ρ
√
βH + (1− ρ)

√
βL. It follows

˜̃θ2 >
˜̃̃
θ2 when α >

(
ρ
√
βH + (1− ρ)

√
βL
)
and ˜̃θ2 ≤

˜̃̃
θ2 otherwise. Combining the

results above, we complete the proof. □

Lemma B.17 Consider h1(θ2) = −
(
3
4
+ (θ2 + 4) θ22u

2 −
(
3
2
θ22 +

11
2
θ2 + 1

)
u
)
and h2

(θ2) =

√
4uθ22+2(uθ22+ 1

2)
2

4
√
u(1+θ2)θ

3
2
2

, where θ2 > 0 and 1
2
≤ u ≤ 1. Then, there exist thresholds of

θ2 and ˙̇θ2, where 0 < θ2 <
1
2
and ˙̇θ2 > 1, such that: (i) h1(θ2) ≤ h2(θ2) if 0 < θ2 ≤ θ2;

(ii) h1(θ2) > h2(θ2) if θ2 < θ2 <
˙̇θ2; and (iii) h1(θ2) ≤ h2(θ2) if θ2 ≥ ˙̇θ2.

Proof of Lemma B.17: First, we show h1(θ2) is a concave function in θ2. Twice

differentiating h1(θ2) with respect to θ2, we have
∂2

∂θ22
h1(θ2) = 3u−(6θ2 + 8)u2. Twice

differentiating 3u− (6θ2 + 8)u2 with respect to u, we have ∂2

∂u2
(3u− (6θ2 + 8)u2) =

−12θ2 − 16 < 0, where inequity holds because θ2 > 0. Hence, 3u − (6θ2 + 8)u2 is

a concave function in u. Applying the first-order condition on 3u − (6θ2 + 8)u2, we

174



have u = 3
12θ2+16

≤ 1
2
, where inequity holds because θ2 > 0. Recall 1

2
≤ u ≤ 1, we can

conclude 3u− (6θ2 + 8)u2 decreases in u for any 1
2
≤ u ≤ 1. Since 3u− (6θ2 + 8)u2 =

−1
2
(3θ2 + 1) < 0 when u = 1

2
, therefore, 3u − (6θ2 + 8)u2 < 0. This implies that

∂2

∂θ22
h1(θ2) > 0.

Next, we show h2(θ2) is a convex in θ2. Twice differentiating h2(θ2) with respect

to θ2, we have
∂2

∂θ22
h2(θ2) =

√
4uθ22+2M4(u)

64
√
uθ

7
2
2 (1+θ2)

5
2

, where M4(u)
.
= (96θ62 + 224θ52 + 140θ42)u

2 −

(24θ42 + 56θ32 + 20θ22)u + 24θ22 + 36θ2 + 15. The sign of ∂2

∂θ22
h2(θ2) depends on the

sign of M4(u). Twice differentiating M4(u) with respect to u, we have ∂2

∂u2
M4(u) =

196θ62 + 448θ52 + 280θ42 > 0, where inequity holds because θ2 > 0. Therefore, M4(u)

is a convex function in u. Applying the first-order condition on M4(u), we have

u =
6θ22+14θ2+5

48θ42+112θ32+70θ22
. Substituting u =

6θ22+14θ2+5

48θ42+112θ32+70θ22
in M4(u), we obtain M4(u) =

20(θ2+1)2(27θ22+48θ2+25)
2

24θ22+56θ2+25
> 0. This implies that ∂2

∂θ22
h2(θ2) > 0.

Last, compare h1(θ2) with h2(θ2) when θ2 = 0, θ2 =
1
2
, and θ2 = 1. When θ2 = 0,

we have h1(θ2) = −3
4
and h2(θ2) = +∞. Therefore, h1(θ2) < h2(θ2) when θ2 = 0.

When θ2 = 1
2
, we have h1(θ2) = −9

8

(
u− 33

18

)2
+ 97

32
> 0 and h2(θ2) =

√
12(u+2)

5
2

96
√
u

> 0,

where inequality signs hold because 1
2
≤ u ≤ 1. Differentiating

− 9
8(u−

33
18)

2
+ 97

32
√
12(u+2)

5
2

96
√
u

with

respect to u, we have ∂
∂u

(
− 9

8(u−
33
18)

2
+ 97

32
√
12(u+2)

5
2

96
√
u

)
=

√
3
(
−156(u− 37

52)
2
+ 3483

52

)
√
u(u+2)

7
2

> 0, where inequity

holds because 1
2
≤ u ≤ 1. Therefore,

− 9
8(u−

33
18)

2
+ 97

32
√
12(u+2)

5
2

96
√
u

increases in u. Further, since

− 9
8(u−

33
18)

2
+ 97

32
√
12(u+2)

5
2

96
√
u

= 66
√
15

125
> 1 when u = 1

2
, we conclude

− 9
8(u−

33
18)

2
+ 97

32
√
12(u+2)

5
2

96
√
u

> 1 for any

1
2
≤ u ≤ 1. Therefore, h1(θ2) > h2(θ2) when θ2 = 1

2
. When θ2 = 1, we have

h1(θ2) = −5
(
u− 4

5

)2
+ 49

20
> 0 and h2(θ2) =

(2u+1)
5
2

16
√
u

> 0, where inequality signs hold

because 1
2
≤ u ≤ 1. Similarly, we show h1(θ2) > h2(θ2) when θ2 = 1. Above all,

we complete the proof by defining two thresholds of θ2, denoted by θ2 and ˙̇θ2 where

0 < θ2 <
1
2
and ˙̇θ2 > 1. □
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Lemma B.18 Consider M5(q1) = −69120q41 + 138240q31 − 91008q21 + 21888q1 + 96.

Then, M5(q1) > 0 ∀0 < q1 ≤ 1
2
.

Differentiating M5(q1) with respect to q1, we have ∂
∂q1
M5(q1) = −276480q31 +

414720q21 − 182016q1 + 21888. Differentiating −276480q31 + 414720q21 − 182016q1 +

21888 with respect to q1, we have ∂
∂q1

(−276480q31 + 414720q21 − 182016q1 + 21888) =

−829440
(
1
2
− q1

)2
+ 25344, which increases in q1 when 0 < q1 ≤ 1

2
.

Since −829440
(
1
2
− q1

)2
+25344 = −182016 when q1 = 0 and −829440

(
1
2
− q1

)2
+

25344 = 25344 when q1 = 1, we conclude −276480q31 + 414720q21 − 182016q1 + 21888

first decreases and then increases in q1 when 0 < q1 ≤ 1
2
. Further, since −276480q31 +

414720q21 − 182016q1 + 21888 = 21888 when q1 = 0 and −276480q31 + 414720q21 −

182016q1 + 21888 = 0 when q1 = 1
2
, we can conclude there exists a threshold of q1,

denoted by q
1
, where 0 < q

1
< 1

2
, such that−276480q31+414720q21−182016q1+21888 >

0 if q1 < q
1
and −276480q31+414720q21−182016q1+21888 ≤ 0 otherwise. This implies

that M5(q1) first increases then decreases in q1. Give that M5(q1) = 96 when q1 = 0

and M5(q1) = 1248 when q1 =
1
2
, we have M5(q1) ≥ 0 for any 0 < q1 ≤ 1

2
. □

Lemma B.19 Consider H3(θ2)−q
3
2
1 −(1− q1)

3
2 as characterized in the proof of Propo-

sition 4.4, where 0 < q1 < 1 and θ2 > 0. Then, there exists three thresholds of θ2,

denoted by
ˆ̂
θ2,

ˆ̂
θ̂2, and ˇ̌θ2, such that: H3(θ2) − q

3
2
1 − (1− q1)

3
2 > 0 when θ2 <

ˆ̂
θ2,

H3(θ2) − q
3
2
1 − (1− q1)

3
2 ≤ 0 when

ˆ̂
θ2 ≤ θ2 ≤

ˆ̂
θ̂2, H3(θ2) − q

3
2
1 − (1− q1)

3
2 > 0 when

ˆ̂
θ̂2 < θ2 <

ˇ̌θ2, and H3(θ2)− q
3
2
1 − (1− q1)

3
2 ≤ 0 when θ2 ≥ ˇ̌θ2.

Proof of Lemma B.19: This proof uses Lemmas B.17 and B.18 in Appendix B.6.

Differentiating H3(θ2) − q
3
2
1 − (1− q1)

3
2 with respect to θ2, we have ∂

∂θ2

(
H3(θ2) −

q
3
2
1 − (1− q1)

3
2

)
=

4
√

(1+θ2)u

(2θ22u+1)
5
2
(h1(θ2)− h2(θ2)), where u

.
= 2q21 − 2q1 + 1, h1(θ2)

.
=

−
(
3
4
+ (θ2 + 4) θ22u

2 −
(
3
2
θ22 +

11
2
θ2 + 1

)
u
)
and h2(θ2)

.
=

√
4uθ22+2(uθ22+ 1

2)
2

4
√
u(1+θ2)θ

3
2
2

. Since u =
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2
(
q1 − 1

2

)2
+ 1

2
and 0 < q1 ≤ 1

2
, we have 1

2
≤ u < 1. The sign of ∂

∂θ2

(
H3(θ2) − q

3
2
1 −

(1− q1)
3
2

)
depends on the sign of h1(θ2)− h2(θ2).

By Lemma B.17, we have there exist two thresholds θ2 and ˙̇θ2, where 0 < θ2 <
1
2

and ˙̇θ2 > 1: (i) ∂
∂θ2

(
H3(θ2)− q

3
2
1 − (1− q1)

3
2

)
≤ 0 if 0 < θ2 ≤ θ2; (ii)

∂
∂θ2

(
H3(θ2) −

q
3
2
1 − (1− q1)

3
2

)
> 0 if θ2 < θ2 <

˙̇θ2; and (iii) ∂
∂θ2

(
H3(θ2)− q

3
2
1 − (1− q1)

3
2

)
≤ 0 if

θ2 ≥ ˙̇θ2. Next, we compare H3(θ2) with q
3
2
1 + (1− q1)

3
2 in the following four cases

(cases I, II, III, and VI) in which θ2 = 0, θ2 =
1
2
, θ2 = 1, and θ2 = +∞.

Case I: When θ2 = 0, we have H3 = +∞. Since 0 < q1 ≤ 1
2
, therefore, H3 >

q
3
2
1 + (1− q1)

3
2 when θ2 = 0.

Case II: When θ2 = 1
2
, we have H3 =

√
6M6(q1)

√
2(2q21−2q1+3)

7
2 (2q21−2q1+1)

3
2
, where M6(q1)

.
=

−2304q61 +6912q51 − 7584q41 +3648q31 +48q21 − 720q1 +216. We can conclude that the

sign of
√
6M6(q1)

√
2(2q21−2q1+3)

7
2 (2q21−2q1+1)

3
2
depends on the sign of M6(q1). Twice differentiating

M6(q1) with respect to q1, we have
∂2

∂q21
M6(q1) =M5(q1), where M5(q1)

.
= −69120q41 +

138240q31 −91008q21 +21888q1+96. By Lemma B.18, we have M5(q1) > 0 for any 0 <

q1 ≤ 1
2
. Therefore, we conclude

√
6M6(q1)

√
2(2q21−2q1+3)

7
2 (2q21−2q1+1)

3
2
is a convex function in 0 <

q1 ≤ 1
2
. Applying the first-order condition on

√
6M6(q1)

√
2(2q21−2q1+3)

7
2 (2q21−2q1+1)

3
2
we have q1 =

1
2
.

Twice differentiating q
3
2
1 +(1− q1)

3
2 with respect to q1, we have

∂2

∂q21

(
q

3
2
1 + (1− q1)

3
2

)
=

3(√q1+
√
1−q1)

4
√
q1
√
1−q1 > 0. Therefore, q

3
2
1 + (1− q1)

3
2 is a convex function in q1. Applying the

first-order condition on q
3
2
1 + (1− q1)

3
2 , we have q1 =

1
2
. Therefore, we conclude both

√
6M6(q1)

√
2(2q21−2q1+3)

7
2 (2q21−2q1+1)

3
2
and q

3
2
1 + (1− q1)

3
2 convex decrease in q1 when 0 < q1 ≤ 1

2
.

Further, since
√
6M6(q1)

√
2(2q21−2q1+3)

7
2 (2q21−2q1+1)

3
2

= q
3
2
1 + (1− q1)

3
2 = 1 when q1 = 0, and

√
6M6(q1)

√
2(2q21−2q1+3)

7
2 (2q21−2q1+1)

3
2
= 1 − 6

√
15

25
< q

3
2
1 + (1− q1)

3
2 =

√
2
2

when q1 = 1
2
, therefore,

H3 < q
3
2
1 + (1− q1)

3
2 when θ2 =

1
2
.

Case III: When θ2 = 1, following similar steps as in case II, we have H3 ≥

q
3
2
1 + (1− q1)

3
2 when θ2 = 1. For brevity, we omit it.

Case IV: When θ2 = +∞, we have H3 = 0. Since 0 < q1 ≤ 1
2
, therefore,

H3 < q
3
2
1 + (1− q1)

3
2 when θ2 = 0.
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Above all, we complete the proof by combining the results in four cases above,

and by defining three thresholds of θ2,
ˆ̂
θ2,

ˆ̂
θ̂2, and

ˇ̌θ2, where 0 <
ˆ̂
θ2 <

1
2
<

ˆ̂
θ̂2 < 1 < ˇ̌θ2.

□

Lemma B.20 Consider (1+θ2)
3
2

(1+2(2q21−2q1+1)θ22)
3
2
and

3
√

2q21−2q1+1(
√
1−q1−

√
q1)

2(1−2q1)
, where θ2 > 0

and 0 < q1 ≤ 1
2
. Let θ̈2 denote threshold on θ2. Then (i). When θ2 ≤ θ̈2.

(1+θ2)
3
2

(1+2(2q21−2q1+1)θ22)
3
2
<

3
√

2q21−2q1+1(
√
1−q1−

√
q1)

2(1−2q1)
when q1 = 0 and (1+θ2)

3
2

(1+2(2q21−2q1+1)θ22)
3
2
≥

3
√

2q21−2q1+1(
√
1−q1−

√
q1)

2(1−2q1)
when q1 =

1
2
.

(ii). When θ2 > θ̈2.
(1+θ2)

3
2

(1+2(2q21−2q1+1)θ22)
3
2
<

3
√

2q21−2q1+1(
√
1−q1−

√
q1)

2(1−2q1)
for any 0 < q1 <

1
2
.

The existence of θ̈2 is explained in the proof of Lemma B.20.

Proof of Lemma B.20: First, we show (1+θ2)
3
2

(1+2(2q21−2q1+1)θ22)
3
2
increases in q1 if 0 <

q1 ≤ 1
2
. Since ∂

∂q1

(
(1+θ2)

3
2

(1+2(2q21−2q1+1)θ22)
3
2

)
=

(6−12q1)θ22(1+θ2)
3
2

(1+2(2q21−2q1+1)θ22)
5
2
, we conclude that

the sign of ∂
∂q1

(
(1+θ2)

3
2

(1+2(2q21−2q1+1)θ22)
3
2

)
depends on the sign of 6 − 12q1. It follows

∂
∂q1

(
(1+θ2)

3
2

(1+2(2q21−2q1+1)θ22)
3
2

)
> 0 if 0 < q1 <

1
2
.

Second, we show
3
√

2q21−2q1+1(
√
1−q1−

√
q1)

2(1−2q1)
decreases in q1 if 0 < q1 ≤ 1

2
. Differentiat-

ing
√
1−q1−

√
q1

1−2q1
with respect to q1, we have

∂
∂q1

(√
1−q1−

√
q1

1−2q1

)
=

(1−2
√
q1
√
1−q1)(

√
q1−

√
1−q1)

2
√
q1
√
1−q1(1−2q1)

2

< 0, where inequality holds because 0 < q1 ≤ 1
2
. Differentiating

√
2q21 − 2q1 + 1

with respect to q1, we have
∂
∂q1

(√
2q21 − 2q1 + 1

)
= 2q1−1√

2q21−2q1+1
< 0, where inequality

holds because 0 < q1 ≤ 1
2
. Combining

√
1−q1−

√
q1

1−2q1
with

√
2q21 − 2q1 + 1, we can con-

clude that
3
√

2q21−2q1+1(
√
1−q1−

√
q1)

2(1−2q1)
decreases in q1 when 0 < q1 ≤ 1

2
. Next, we compare

(1+θ2)
3
2

(1+2(2q21−2q1+1)θ22)
3
2
with

3
√

2q21−2q1+1(
√
1−q1−

√
q1)

2(1−2q1)
in the following two cases (cases I and

II) in which q1 = 0 and q1 =
1
2
.

Case I: When q1 = 0, (1+θ2)
3
2

(1+2(2q21−2q1+1)θ22)
3
2
=
(

1+θ2
1+2θ22

) 3
2
and

3
√

2q21−2q1+1(
√
1−q1−

√
q1)

2(1−2q1)
=

3
2
. Differentiating

(
1+θ2
1+2θ22

) 3
2
with respect to θ2, we have

∂
∂q1

((
1+θ2
1+2θ22

) 3
2

)
= −2(θ2+1)2+3

(2θ22+1)
2 ,
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which follows ∂
∂q1

((
1+θ2
1+2θ22

) 3
2

)
> 0 when θ2 = 2−

√
6

2
and ∂

∂q1

((
1+θ2
1+2θ22

) 3
2

)
≤ 0 other-

wise. Substituting θ2 = 2−
√
6

2
in
(

1+θ2
1+2θ22

) 3
2
, we have

(
1+θ2
1+2θ22

) 3
2 ≈ 1.17, which is the

maximum value of
(

1+θ2
1+2θ22

) 3
2
. Hence, (1+θ2)

3
2

(1+2(2q21−2q1+1)θ22)
3
2
<

3
√

2q21−2q1+1(
√
1−q1−

√
q1)

2(1−2q1)

when q1 = 0.

Case II: When q1 =
1
2
, (1+θ2)

3
2

(1+2(2q21−2q1+1)θ22)
3
2
=
(

1+θ2
1+θ22

) 3
2
and

3
√

2q21−2q1+1(
√
1−q1−

√
q1)

2(1−2q1)
=

3
4
. Following similar steps as in Case I, we can show

(
1+θ2
1+θ22

) 3
2
increases in θ2 when

θ2 <
√
2− 1 and decreases in θ2 otherwise. Further, since

(
1+θ2
1+θ22

) 3
2
= 1 when θ2 = 0,

we conclude there exists a threshold of θ2, denoted by θ̈2, such that
(

1+θ2
1+θ22

) 3
2 ≥ 3

4

when θ2 ≤ θ̈2 and
(

1+θ2
1+θ22

) 3
2
< 3

4
otherwise. Since

(
1+θ2
1+θ22

) 3
2
= 1 when θ2 = 1, we

conclude θ̈2 > 1. Thus, (1+θ2)
3
2

(1+2(2q21−2q1+1)θ22)
3
2
≥ 3

√
2q21−2q1+1(

√
1−q1−

√
q1)

2(1−2q1)
when θ2 ≤ θ̈2

and (1+θ2)
3
2

(1+2(2q21−2q1+1)θ22)
3
2
<

3
√

2q21−2q1+1(
√
1−q1−

√
q1)

2(1−2q1)
otherwise.

We complete the proof by combining the results in two cases above. □

Lemma B.21 Consider TSIFo−TSIEq, as characterized in the statement of Lemma

B.4, and q2 =
1
2
and

√
α = ρ

√
βH + (1− ρ)

√
βL, where θ2 > 0 and q1 ∈

(
0, 1

2

]
. Then,

(i) TSIFo − TSIEq ≥ 0 when q1 = 0 ∀θ2 > 0, and TSIFo − TSIEq = 0 when q1 = 0

and θ2 = 1
2
; (ii) TSIFo − TSIEq ≥ 0 when q1 = 1

2
∀θ2 > 0. Further, if θ2 = +∞,

TSIFo(q1)− TSIEq(q1) = 0 ∀q1 ∈
(
0, 1

2

]
.

Proof of Lemma B.21: First, we show, when q1 = 0, TSIFo − TSIEq ≥ 0 for

any θ2 > 0 and TSIFo − TSIEq = 0 when θ2 = 1
2
. Substituting f = 0,

√
α =

ρ
√
βH + (1 − ρ)

√
βL, q1 = 0, and q2 = 1

2
in TSIFo − TSIEq, we have TSIFo −

TSIEq =
√

αF
2

((√
θ2 +

√
2
)√

1
θ2+1

− (1 + θ2)
√

2
2θ22+1

)
. The sign of TSIFo−TSIEq

depends on the sign of
(√

θ2 +
√
2
)√

1
θ2+1

−(1 + θ2)
√

2
2θ22+1

. Since θ2 > 0, the sign of(√
θ2 +

√
2
)√

1
θ2+1

− (1 + θ2)
√

2
2θ22+1

is equivalent to that of
((√

θ2 +
√
2
)√

1
θ2+1

)2
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−
(
(1 + θ2)

√
2

2θ22+1

)2
=

√
θ2

(
(4

√
2θ22+2

√
2)−

(
2θ

3
2
2 +5

√
θ2

))
(1+θ2)(2θ22+1)

, which sign depends on the sign

of
(
4
√
2θ22 + 2

√
2
)
−
(
2θ

3
2
2 + 5

√
θ2

)
. The sign of

(
4
√
2θ22 + 2

√
2
)
−
(
2θ

3
2
2 + 5

√
θ2

)
is

equivalent to the sign of
(
4
√
2θ22 + 2

√
2
)2 − (2θ 3

2
2 + 5

√
θ2

)2
= 32θ42 − 4θ32 + 12θ22 −

25θ2 + 8. Twice differentiating 32θ42 − 4θ32 + 12θ22 − 25θ2 + 8 with respect to θ2, we

have ∂2

∂θ22
(32θ42 − 4θ32 + 12θ22 − 25θ2 + 8) = 384

(
θ2 − 1

32

)2
+ 189

8
≥ 0, where inequality

holds because θ2 > 0. Therefore, 32θ42 − 4θ32 + 12θ22 − 25θ2 + 8 is a convex function in

θ2. Applying the first-order condition on 32θ42−4θ32+12θ22−25θ2+8, we have θ2 =
1
2
.

Substituting θ2 =
1
2
in 32θ42−4θ32+12θ22−25θ2+8, we have 32θ42−4θ32+12θ22−25θ2+8 =

0. Hence, we can conclude 32θ42−4θ32+12θ22−25θ2+8 ≥ 0 for any θ2 > 0. This implies

that
(√

θ2 +
√
2
)√

1
θ2+1

− (1 + θ2)
√

2
2θ22+1

≥ 0 for any θ2 > 0. Further, substituting

θ2 = 1 in TSIFo − TSIEq, we have TSIFo − TSIEq = 0.

Second, we show, when q1 =
1
2
, TSIFo − TSIEq ≥ 0 for any θ2 > 0. Substituting

f = 0,
√
α = ρ

√
βH + (1 − ρ)

√
βL, q1 = 1

2
, and q2 = 1

2
in TSIFo − TSIEq, we have

TSIFo − TSIEq =
√

αF
2

((√
θ2 + 1

)√
1

θ2+1
− (1 + θ2)

√
1

θ22+1

)
. The sign of TSIFo −

TSIEq depends on the sign of
(√

θ2 + 1
)√

1
θ2+1

− (1 + θ2)
√

1
θ22+1

. Following similar

steps as above, we can show
(√

θ2 + 1
)√

1
θ2+1

− (1 + θ2)
√

1
θ22+1

≥ 0 for any θ2 > 0.

We omit details for brevity.

Last, by applying L’Hôpital’s rule, we have TSIFo(q1)−TSIEq(q1) = 0 when θ2 = +∞

for any q1 ∈
(
0, 1

2

]
. □

B.7 Proofs of Lemmas Referred in Section B.2

Proof of Lemma B.1: As per the proof of Lemma 4.1, we have:

V1 (B1) =
√
αq21 +

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q1)
2√B1 and 1

2
(V2 (B1) + v2 (B1)) =

√
F−B1+

√
F+f−B1

2

√
αq22 +

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q2)
2. Let BEf

1 denote the max-

ima of TSI = V1(B1) +
1
2
(V2 (B1) + v2 (B1)). Twice differentiating TSI with respect

to B1, we have ∂2

∂B2
1
TSI(B1) = −1

4

√
αq21 +

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q1)
2B

− 3
2

1 −
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1

8(F−B1)
− 3

2+(F+f−B1)
− 3

2

√
αq22 +

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q2)
2 < 0, where inequal-

ity holds because α > 0, 0 < q1 < 1, 0 < q2 < 1, 0 < B1 < F , and f ≥ 0. Thus, we

have that TSI is concave in B1, which implies exists a unique BEf
1 ∈ (0, F ), such that

TSI obtains the maximum value when B1 = BEf
1 . Applying the first-order condition

on TSI with respect to B1, we have the BEf
1 is the unique solution to the equation

stated in the statement of lemma. □

Proof of Lemma B.2: This proof uses Lemma B.1 presented in Appendix B.2.1.

(i) Per Lemma B.1, BEf
1 is the unique solution to B1

(
1√

F−B1
+ 1√

F+f−B1

)2

= N1,

where N1 is characterized in the statement of lemma 4.1. Applying Implicit Function

Theorem to this equation, we obtain ∂
∂q1
BEf

1 (q1) = η1η2
η3

(
q1 −

(ρ
√
βH+(1−ρ)

√
βL)

2

α+(ρ
√
βH+(1−ρ)

√
βL)

2

)
,

where η1
.
=

√
F−BEf

1 +
√
F+f−BEf

1√
F−BEf

1

√
F+f−BEf

1

, η2
.
=

2
(
α+(ρ

√
βH+(1−ρ)

√
βL)

2
)

N1

(
αq22+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q2)2

) , and η3
.
=

2
√
N1

BEf
3
2

1

+ 1

(F−BEf
1 )

3
2
+ 1

(F+f−BEf
1 )

3
2
. Given that η1, η2, η3 > 0, the sign of ∂

∂q1
BEf

1 (q1)

depends on the sign of

(
q1 −

(ρ
√
βH+(1−ρ)

√
βL)

2

α+(ρ
√
βH+(1−ρ)

√
βL)

2

)
, which follows ∂

∂q1
BEf

1 (q1) < 0

if 0 < q1 < q̂ and ∂
∂q1
BEf

1 (q1) ≥ 0 otherwise, where q̂ is defined in Proposition

4.1. Further, since BEf
2 = F − BEf

1 (because the budget constraint binds), we have

∂
∂q1
BEf

2 (q1) > 0 if 0 < q1 < q̂ and ∂
∂q1
BEf

2 (q1) ≤ 0 otherwise. Proof for how BEf
1 (q2)

and BEf
2 (q2) change with respect to q2 follows similar steps. Therefore, we omit it for

brevity.

(ii) Following similar steps as in part (i), we obtain ∂
∂ρ
BEf

1 (ρ) =
N− 3

2 η4( ∂
∂ρ
N1(ρ))

(BEf
1 )−

3
2+N− 1

2 η5
,

where η4
.
= 1

2
√
F+f−BEf

1

+ 1

2
√
F−BEf

1

> 0 and η5
.
= 1

2(F+f−BEf
1 )

3
2
+ 1

2(F−BEf
1 )

3
2
> 0.

Since η4, η5 > 0, and N1 > 0, the sign of ∂
∂ρ
BEf

1 (ρ) depends on the sign of ∂
∂ρ
N1(ρ).

By proof of Proposition 4.1, we have N1 increases in ρ when q1 < q2 and N1 decreases

in ρ otherwise. Therefore, we conclude ∂
∂ρ
BEf

1 (ρ) > 0 when q1 < q2 and
∂
∂ρ
BEf

1 (ρ) ≤ 0

otherwise. Further, since B∗
2 = F−B∗

1 (because the constraint given by equation (4.5)
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binds; see Lemma 4.1), we have that B∗
2 decreases in ρ when q1 < q2 and increases in

ρ otherwise.

Following similar steps, we can prove how BEf
i changes with respect to α. For

brevity, we omit it. □

Proof of Lemma B.3: Substituting f = 0 in the expression of BEf
1 characterized

in the statement of Lemma B.1, we have BEf
1 = N1F

N1+1
, where N1 is characterized in

the statement of Lemma 4.1. Denote the expected social impact in area 1 under the

efficiency-focused method by V Ef
1 (·). Denote the expected social impact in area 2 if

no additional funds become available and if additional funds become available under

the efficiency-focused method by V Ef
2 (·) and vEf2 (·), respectively.

(i) Substituting BEf
1 in the expression of V1 (·) and 1

2
(V2 (·) + v2 (·)) as charac-

terized in the proof of Lemma 4.1, we have the difference of normalized total ex-

pected social impact between areas 1 and 2 under the efficiency-focused method,

V Ef
1 (·)
θ1

−
1
2(V

Ef
2 (·)+vEf

2 (·))
θ2

=
(
N1 − 1

θ2

)√
F
(
αq22+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q2)2

)
N+1

. Hence, the re-

sulting inequity outcomes under the efficiency-focused allocation method is IEf =∣∣∣∣V Ef
1 (·)
θ1

−
1
2(V

Ef
2 (·)+vEf

2 (·))
θ2

∣∣∣∣ = ∣∣∣∣(N1 − 1
θ2

)√
F
(
αq22+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q2)2

)
N+1

∣∣∣∣. Since the

inequity outcomes under the equity-ensuring method is zero, i.e., IEq = 0 (by equation

(4.3)), the difference in the inequity outcomes under the efficiency-focused method

versus the equity-ensuring method is: IEf − IEq = IEf .

(ii) Using the expression of BEf
1 , we have TSIEf = V Ef

1 (·)+ 1
2
(V Ef

2 (·)+ vEf2 (·)) =√
F (N1 + 1)

(
αq22 +

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q2)
2
)
. Substituting f = 0 in the

expression of B∗
i characterized in the statement of Lemma B.1, we have TSIEq =

V1(·) + 1
2
(V2(·) + v2(·)) = (1 + θ2N1)

√
αq22+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q1)2

θ22N1+1
. Hence, the dif-

ference of total expected social impact under the efficiency-focused method ver-

sus equity-ensuring method, TSIEf − TSIEq, is characterized in the statement of

Lemma B.3(ii). Further, since F > 0, the sign of TSIEf − TSIEq depends on
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the sign of
√

(N1 + 1) (N1θ22 + 1)− (θ2 + 1)
√
N1. Since

(√
(N1 + 1) (N1θ22 + 1)

)2
−(

(θ2 + 1)
√
N1

)2
= (N1θ2 − 1)2 > 0 and θ2 > 0, we conclude that TSIEf−TSIEq > 0.

□

Proof of Lemma B.4: This proof uses Lemma B.3 presented in Appendix B.2.1.

The funding agency allocates initial funds F to service agency i based on the relative

size of the pool of the families who need subsidy assistance in service area i. Denote

BFo
i the level of initial funds received by service agency i under this formula-based

allocation method. Therefore, BFo
i =

(
θi

θ1+θ2

)
F . After receiving initial funds, each

service agency distributes them between quality improvement and outreach activities

based on the proportion of subsidy-accepting and non-accepting service providers in

its area, denoted by XFo
i and ΨFo

i , respectively. Hence, XFo
i = qi

(
θi

θ1+θ2

)
F and

ΨFo
i = (1− qi)

(
θi

θ1+θ2

)
F . Similarly, when additional funds f become available to

service agency 2 in the future, service agency 2 distributes it between two provider-

facing activities within its area proportionally, denoted by χFo2 and ψFo2 , such that

ψFo2 = q2f and χFo2 = (1− q2) f .

(i) Denote the expected social impact in area 1 under the formula-based method

by V Fo
1 (·). Denote the expected social impact in area 2 if no additional funds become

available and if additional funds become available under the formula-based method

by V Fo
2 (·) and vFo2 (·), respectively. Substituting BFo

1 in the expression of V1 (·) and

1
2
(V2 (·) + v2 (·)) as characterized in the proof of Lemma 4.1, we have the difference in

the normalized total expected social impact between areas 1 and 2 under the formula-

based method,
V Fo
1 (·)
θ1

−
1
2(V Fo

2 (·)+vFo
2 (·))

θ2
=

2θ2n1

√
F−n2

(√
θ2F+

√
θ2F+(1+θ2)f

)
2θ2

√
1+θ2

, where n1
.
=(

ρ
√
βH + (1− ρ)

√
βL
)
(1− q1)

3
2 +

√
aq

3
2
1 , n2

.
=
(
ρ
√
βH + (1− ρ)

√
βL
)
(1− q2)

3
2 +

√
aq

3
2
2 . Given that IFo =

∣∣∣∣V Fo
1 (·)
θ1

−
1
2(V Fo

2 (·)+vFo
2 (·))

θ2

∣∣∣∣ and the inequity outcomes un-

der the equity-ensuring method is zero (i.e., IEq = 0, which is by equation (4.3)),

the difference in the inequity outcomes under the formula-based versus the equity-
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ensuring methods is: IFo − IEq = IFo, which is characterized in the statement of

Lemma B.4(i).

(ii) Following similar steps as in part (i), we have TSIFo = V Fo
1 (·)+ V Fo

2 (·)+vFo
2 (·)

2
=

2n1

√
F+

(√
θ2F+

√
θ2F+n2(1+θ2)f

)
2
√
1+θ2

. Using the expression of TSIEq expressed in the proof

of Lemma B.3, we have the difference in the total expected social impact under

the formula-based method versus equity-ensuring method, TSIFo − TSIEq, as char-

acterized in the statement of Lemma B.4(ii), where n3
.
=
√

4F (F + f)N1θ22 − f 2,

n4
.
= 1

4

√
αq22+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q2)2

√
N1θ2(N1θ22+1)

, n5
.
= 1

2
√
1+θ2

(√
αq

3
2
2 +
(
ρ
√
βH + (1− ρ)

√
βL
)
(1−

q2)
3
2

)(√
F
(
2 +

√
θ2
)
+
√
θ2F + (1 + θ2)f

)
, n6

.
= 4(F + f)N

3
2
1 θ

3
2 +

√
N1θ2 (2F + 3f),

and n7
.
= 4FN

3
2
1 θ

3
2 +

√
N1θ2 (2F − f). □

B.8 Proofs of Lemmas Referred in Section B.4

Proof of Lemma B.5: We follow similar steps as in the proof of Lemma 4.1 to

solve the funding agency’s optimization problem using backward induction.

I. Additional funds allocation problem: Since vH2 (·) is a sum of a concave increasing

function in χH2 (independent of ψH2 ) and a concave increasing function in ψH2 (indepen-

dent of χH2 ), we can conclude that vH2 (·) is jointly concave in χH2 and ψH2 . After substi-

tuting ψH2 = f−χH2 (because service agency 2’s budget constraint binds) in the expres-

sion of vH2 (·) and applying the first-order conditions, we have expressions of χH∗
2 and

ψH∗
2 as functions of X2 and Ψ2 as follows: χH∗

2 (X2,Ψ2) =
−(1−q2)2βHX2+αq22Ψ2+αq22f

αq22+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2

and ψL∗2 (X2,Ψ2) =
(1−q2)2βL(f+X2)−αq22Ψ2

αq22+(ρ
√
βL+(1−ρ)

√
βL)

2
(1−q2)2

. Next, considering vL2 (·) and following

the similar steps as above, we obtain the expressions of χL∗2 and ψL∗2 as functions of

X2 and Ψ2 as follows: χL∗2 (X2,Ψ2) =
−(1−q2)2βLX2+αq22Ψ2+αq22f

αq22+(ρ
√
βL+(1−ρ)

√
βL)

2
(1−q2)2

and ψL∗2 (X2,Ψ2) =

(1−q2)2βL(f+X2)−αq22Ψ2

αq22+(ρ
√
βL+(1−ρ)

√
βL)

2
(1−q2)2

.

II. Initial funds allocation problem: Substituting X∗
1 (B1) and Ψ∗

1(B1) (character-

ized in the proof of Lemma 4.1) in V1(·), we have

V1 (B1) =
√
αq21 +

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q1)
2√B1. Substituting χH∗

2 , ψH∗
2 ,
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χL∗2 , ψL∗2 , B2 = F − B1, X
∗
2 (B2), Ψ

∗
2(B2) (as characterized in the proof of Lemma

4.1), and p = 1
2
in service agency 2’s expected social impact function, we have

(1− p)V2 (X2,Ψ2) + p
(
ρvH2

(
X2,Ψ2, χ

H∗
2 , ψH∗

2

)
+ (1− ρ) vL2

(
X2,Ψ2, χ

L∗
2 , ψ

L∗
2

))
=

1

2

√
αq22 +

(
ρ
√
βH + (1− ρ)

√
βL

)2
(1− q2)

2
√
F −B1+

1

2

√
F + f −B1

(
ρ

√
αq22 + βH (1− q2)

2 + (1− ρ)

√
αq22 + βL (1− q2)

2

)
.

Now, following similar steps as in the proof of Lemma 4.1, it follows that B∗
1 and

B∗
2 , as shown in the statement of lemma, constitute the unique vector that solves the

optimization problem under consideration. □

Proof of Lemma B.6: SubstitutingX∗
1 and Ψ∗

1 characterized in the proof of Lemma

4.1 in V1(·), we obtain V1 (B1) =
√
αq21 +

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q1)
2√B1. Sub-

stituting X∗
2 (B2), Ψ

∗
2(B2), χ

∗
2, and ψ

∗
2 (as characterized in the proof of Lemma 4.1),

B2 = F − B1 (because the constraint binds), and p = 1
2
in service agency 2’s ex-

pected social impact function, we have (1− p)V2 (·) + p (V2 (·) + δ (V2 (·)− v2 (·))) =√
αq22+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q2)2

2

(
(1 − δ)

√
F −B1 + δ

√
F + f −B1

)
. Following similar

steps as in the proof of Lemma 4.1, it follows that B∗
1 and B∗

2 , as shown in the state-

ment of lemma, constitute the unique vector that solves the optimization problem

under consideration. □

Proof of Lemma B.7: (i) When the maximum allowed inequity deviation con-

straint binds (i.e., I = K), the optimization problem is equivalent to the optimization

problem outlined in (4.2)-(4.6). Then, using Lemma 4.1, the expressions of B∗
1 and

B∗
2 are as expressed in Lemma B.7(i).

(ii) When the maximum allowed inequity deviation constraint does not bind (i.e.,

I < K), the optimization problem is equivalent to the optimization problem in which
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the funding agency has efficiency focus, that is, without the equity constraint. Then,

using Lemma B.1, the optimal decisions B∗
1 and B

∗
2 are as expressed in Lemma B.7(ii).

□

Proof of Lemma B.8: We follow similar steps as in the proof of Lemma 4.1 to solve

the funding agency’s optimization problem. Under this benchmark setup, service

agencies 1 and 2 only need to solve initial funds allocation problem.

Using the proof of Lemma 4.1, for a given B1, we have two allocation deci-

sions made by service agency 1: X∗
1 (B1) =

αq21B1

αq21+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q1)2

and Ψ∗
1(B1) =

(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q1)2B1

αq21+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q1)2

. Since service agency 2 has B2 + pf amount of total ex-

pected funds, similarly, we have Xf
2 (B2) =

αq21(B2+pf)

αq22+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2

and Ψf
2(B2) =

(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2(B2+pf)

αq22+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2

. Using B2 = F − B1 (because the budget constraint

binds) and p = 1
2
in these aforementioned expressions and then replacing them in the

expressions of V1(·) and 1
2
(V2 (·) + v2 (·)), we obtain:

V1 (B1) =
√
αq21 +

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q1)
2√B1 and

V2 (B2) =
√
αq22 +

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q2)
2
√
B2 +

f
2
.

Following similar steps as in the proof of Lemma 4.1, it follows that B∗
1 and B∗

2 , as

shown in the statement of Lemma B.11, constitute the unique vector that solves the

optimization problem under consideration.

Compare the expressions of B∗
1 presented in this lemma versus that presented in

Lemma 4.1, we have their difference, which we denote by Binfo
1 = 1

4(θ22N1+1)θ22N1

(
(2F+

f)N1θ
2
2 − 2

√
N1θ22

(
FN1(F + f)θ22 −

f2

4

))
, where N1 is characterized in the state-

ment of Lemma 4.1. The sign of Binfo
1 depends on the sign of (2F + f)N1θ

2
2 −

2

√
N1θ22

(
FN1(F + f)θ22 −

f2

4

)
. Since F > 0 and f ≥ 0, we conclude the sign of (2F+

f)N1θ
2
2−2

√
N1θ22

(
FN1(F + f)θ22 −

f2

4

)
is equivalent to the sign of ((2F + f)N1θ

2
2)−
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(
2

√
N1θ22

(
FN1(F + f)θ22 −

f2

4

))
= N1f

2θ22(θ
2
2N1 + 1) > 0. Therefore, we have

Binfo
1 > 0. □

Proof of Lemma B.9: We follow similar steps as in the proof of Lemma 4.1 to

solve the funding agency’s optimization problem using backward induction.

I. Additional funds allocation problem. Substituting ψ2u = f − χ2r − ψ2r − χ2u

in v2 (X2r,Ψ2r, X2u,Ψ2u, χ2r, ψ2r, χ2u, ψ2u) and applying the first-order conditions, we

obtain the following expressions of χ∗
2r (X2r,Ψ2r, X2u,Ψ2u), χ

∗
2u (X2r,Ψ2r, X2u,Ψ2u),

ψ∗
2r (X2r,Ψ2r, X2u,Ψ2u), and ψ∗

2u (X2r,Ψ2r, X2u,Ψ2u) as functions of X2r, Ψ2r, X2u,

and Ψ2u:

χ∗
2r (·) =

−(E1(2r22−2r2+1)(1−q2)2+α(1−r2)2q22)X2r+αq22r
2
2(f+X2u+Ψ2r+Ψ2u)

(αq22+E1(1−q2)2)(2r22−2r2+1)
,

χ∗
2u (·) =

−(E1(2r22−2r2+1)(1−q2)2+αr22q22)X2u+αq22(1−r2)
2(f+X2r+Ψ2r+Ψ2u)

(αq22+E1(1−q2)2)(2r22−2r2+1)
,

ψ∗
2r (·) =

−(E1(1−r2)2(1−q2)2+α(2r22−2r2+1)q22)Ψ2r+E1(1−q2)2r22(f+X2r+X2u+Ψ2u)

(αq22+E1(1−q2)2)(2r22−2r2+1)
,

ψ∗
2u (·) = f − χ∗

2r − ψ∗
2r − χ∗

2u, where E1
.
=
(
ρ
√
βH + (1− ρ)

√
βL
)2
.

II. Initial funds allocation problem. For a given Bi, substituting Ψiu = Bi −

Xir − Ψir −Xiu in Vi (Xir,Ψir, Xiu,Ψiu) and applying the first-order conditions, the

obtained expressions of X∗
ir, Ψ

∗
ir, X

∗
iu, and Ψ∗

iu are as follows:

X∗
ir(Bi) =

αq2i r
2
iBi(

αq2i +(ρ
√
βH+(1−ρ)

√
βL)

2
(1−qi)2

)
(2r2i−2ri+1)

,

X∗
iu(Bi) =

αq2i (1−ri)
2Bi(

αq2i +(ρ
√
βH+(1−ρ)

√
βL)

2
(1−qi)2

)
(2r2i−2ri+1)

,

Ψ∗
ir(Bi) =

(ρ
√
βH+(1−ρ)

√
βL)

2
(1−qi)2r2iBi(

αq2i +(ρ
√
βH+(1−ρ)

√
βL)

2
(1−qi)2

)
(2r2i−2ri+1)

,

Ψ∗
iu(Bi) =

(ρ
√
βH+(1−ρ)

√
βL)

2
(1−qi)2(1−ri)2Bi(

αq2i +(ρ
√
βH+(1−ρ)

√
βL)

2
(1−qi)2

)
(2r2i−2ri+1)

.

Using B2 = F −B1 in expressions above and replacing them in the expressions of

V1(·) and 1
2
(V2 (·) + v2 (·)), we have:

V1 (B1) =

√(
αq21 +

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q1)
2
)
(r21 + (1− r1)2)

√
B1, and

1
2

(
V2 (B1) + v2 (B1)

)
=

√(
αq22+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q2)2

)
(r22+(1−r2)2)(

√
F−B1+

√
F+f−B1)

2
.
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Following similar steps as in the proof of Lemma 4.1, it follows that B∗
1 and B∗

2 ,

as shown in the statement of Lemma B.9, constitute the unique vector that solves

the optimization problem under consideration. □

Proof of Lemma B.10: Consider the optimal decisions B∗
1 and B∗

2 as characterized

in Lemma B.9.

(i) Following similar steps as in the proof of Proposition 4.1, we can show that B∗
1(Nr)

decreases in Nr. Differentiating Nr(r1) with respect to r1, we have ∂
∂r1
Nr(r1) =

4
(
αq21+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q1)2

)
(r1− 1

2)(
αq22+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q2)2

)
(r22+(1−r2)2)

. Since α, βL, βH > 0, 0 ≤ ρ ≤ 1, 0 < q1 < 1,

0 < q2 < 1, 0 < r1 < 1, and 0 < r2 < 1, we have that the sign of ∂
∂r1
Nr(r1) depends on

the sign of
(
r1 − 1

2

)
. This implies that ∂

∂r1
Nr(r1) < 0 when r1 <

1
2
and ∂

∂r1
Nr(r1) ≥ 0

otherwise. Thus, we can conclude B∗
1(r1) increases in r1 when 0 < r1 < 1

2
and

decreases in r1 otherwise. Proof of how B∗
1(r2) and B

∗
2(r2) change with respect to r2

follows similar steps, and we therefore omit it for brevity.

Differentiating Nr(q1) with respect to q1, we have

∂
∂q1
Nr(q1) =

2
(
αq1−(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q1)

)(
(r1− 1

2)
2
+ 1

4

)
(
αq22+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q2)2

)(
(r2− 1

2)
2
+ 1

4

) . Since α, βL, βH > 0, 0 ≤ ρ ≤ 1,

0 < q1 < 1, 0 < q2 < 1, 0 < r1 < 1, and 0 < r2 < 1, we have that the sign of ∂
∂q1
Nr(q1)

depends on the sign of αq1−
(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q1). Following similar steps

in the proof of Proposition 4.1(i), we can conclude ∂
∂q1
Nr(q1) < 0 when q1 < q̂1 and

∂
∂q1
Nr(q1) ≥ 0 otherwise, where q̂1 is characterized in Proposition 4.1. The rest of the

proof is similar to the proof of Proposition 4.1(i). For brevity, we omit details.

(ii) The proof for part (ii) follows similar steps as the proof of Proposition 4.1 in

Appendix B.5. □

Proof of Lemma B.11: We follow similar steps as in the proof of Lemma 4.1 to

solve the funding agency’s optimization problem using backward induction.
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I. Additional funds allocation problem. Substituting ψ2 = f − χ2 in v2 (X2,Ψ2)

and applying the first-order conditions, we obtain the following expressions of χ∗
2 and

ψ∗
2 as functions of X2 and Ψ2: χ

∗
2(X2,Ψ2) =

−(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2X2+α2q22Ψ2+α2q22f

α2q22+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2

and ψ∗
2(X2,Ψ2) =

(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2(f+X2)−α2q22Ψ2

α2q22+(ρ
√
βH+(1−ρ)

√
βL)

2
(1−q2)2

.

II. Initial funds allocation problem. For a given Bi, substituting Ψi = Bi −

Xi in Vi (Xi,Ψi) and applying the first-order conditions, the obtained expressions

of X∗
i and Ψ∗

i are as follows: X∗
i (Bi) =

αiq
2
iBi

αiq2i +(ρ
√
βH+(1−ρ)

√
βL)

2
(1−qi)2

and Ψ∗
i (Bi) =

(ρ
√
βH+(1−ρ)

√
βL)

2
(1−qi)2Bi

αiq2i +(ρ
√
βH+(1−ρ)

√
βL)

2
(1−qi)2

.

Using B2 = F −B1 (because the budget constraint binds) in these aforementioned

expressions and then replacing them in the expressions of V1(·) and 1
2
(V2 (·) + v2 (·)),

we have: V1 (B1) =
√
α1q21 +

(
ρ
√
βH + (1− ρ)

√
βL
)2

(1− q1)
2√B1, and

1
2

(
V2 (B1) +

v2 (B1)
)
=

√
α2q22+(ρ

√
βH+(1−ρ)

√
βL)

2
(1−q2)2(

√
F−B1+

√
F+f−B1)

2
.

Following similar steps as in the proof of Lemma 4.1, we have B∗
1 and B∗

2 (as

shown in the statement of Lemma B.11) constitute the unique vector that solves the

optimization problem under consideration. □
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APPENDIX C

APPENDIX FOR CHAPTER 5: SUBSIDIZING SOCIAL
WELFARE PROGRAMS: CONTRACTED SLOTS OR

VOUCHERS?

C.1 Table
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Table C.1. Description of Model Notation

Notation

Ki∈{L,H} Capacity of each low(high)-quality provider
di∈{L,H} Demand for each low(high)-quality provider in the private market
DL Minimum demand for each low-quality provider in the private market
D̄L Maximum demand for each low-quality provider in the private market
δ Relative demand for a high-quality provider to a low-quality provider
pi∈{L,H} Market price per private-pay client at a low(high)-quality provider
svi∈{L,H} Reimbursement rate for a low(high)-quality provider in the voucher program

ρi∈{L,H} Voucher fill-out rate at a low(high)-quality provider
dci∈{L,H} Demand for each low(high)-quality provider in the private market in the contracted

slot program
di∈{lo,ho} Demand adjustment factor for each low(high)-quality provider in the contracted slot

program
cv Service provider’s fixed cost of managing the voucher program
cc Service provider’s fixed cost of managing the contracted slot program
cimprove Cost of improving quality from low-quality to high-quality for a low-quality provider
scH Reimbursement rate for the high-quality provider in the contracted slot program

Decision Variables and Functions

f Proportion of low-quality providers improve their quality levels
xci∈{L,H} Number of slots low(high)-quality provider reserves for the contracted slot program

Πv0
i∈{L,H} Low(High)-quality provider’s expected payoff under no participation in the voucher

program
Πv1

i∈{L,H} Low(High)-quality provider’s expected payoff under participation in the voucher pro-

gram
Πc0

i∈{L,H} Low(High)-quality provider’s expected payoff under no participation in the contrac-

ted slot program
Πc1

L Low-to-high-quality provider’s expected payoff under participation in the contracted
slot program

Πc1
H High-quality provider’s expected payoff under participation in the contracted slot p-

rogram

C.2 Additional Details of the Case Study

We use data from the child care literature, Massachusetts Department of Early

Education and Care (MEEC), and our interviews with managers in several daycare

providers in Boston to estimate the values of the model parameters needed to solve

the above-mentioned game-theoretical model setup under study.

Type, Number, Quality Level, and Capacity of Service Providers. Based on various

criteria, such as staff qualifications and professional development, curriculum and

learning activities, and administration and business practices, governments have used
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a quality rating and improvement system (QRIS), a systemic approach to assess the

level of quality in child care domain (Department of Health & Human Services 2023).

Specifically, there are four quality levels, from 1 to 4. 1 represents the lowest quality

level while 4 represents the highest quality level. For simplicity, governments and child

care literature categorize these providers into two main types: those who have a QRIS

rating of 2 or below are considered low-quality service providers; those who have a

QRIS rating of 3 or above are considered high-quality service providers (Campbell and

Patil 2019). To align with practice, we consider there are two types of service providers

in the private market–low-quality providers and high-quality providers. Assuming the

average QRIS rating for low-quality service providers to be 2 and high-quality service

providers to be 3 (based on our interviews), we consider QH = 3/2×QL, which implies

that QH = 1.5 when QL is normalized to 1.

To estimate numbers and capacities of service providers in Boston, Massachusetts,

we combine information on the (i) MEEC’s service providers database, (ii) child care

literature, and (iii) our interviews with several service providers operating in the

Boston area (Campbell and Patil 2019, Massachusetts Department of Early Education

and Care 2023). Based on these information, we estimate the number of low- and

high-quality service providers in the Boston area as NL = 725 and NH = 97. The

capacity of low- and high-quality service providers in the Boston area is estimated as

KL = 60 and KH = 100.

Market Price for Service Providers. Using child care reports, we have the average

market price at a low-quality service provider and a high-quality service provider as

$88 and $120 daily, respectively (Center for Early Learning Funding Equity 2023).

Since service providers usually plan for their operations based on a one-year horizon,

we estimate the related price and cost based on a year in this case study. Consider

each service provider operates only on weekdays, hence, 260 days. Therefore, the
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market price for low-quality and high-quality service providers in a year is pL =

$88× 260 = $22, 880 and pH = $120× 260 = $31, 200, respectively.

Reimbursement Rate for Service Providers in Subsidy Voucher Program and Con-

tracted Slot Program. Using data provided by MEEC, we have the daily reimburse-

ment rate for a low-quality service provider and a high-quality service provider as $88

and $94, respectively, in the subsidy voucher program; we also have the daily reim-

bursement rate for a provider in the contracted slot program as $113 (Massachusetts

Department of Early Education and Care 2022). Consider each service provider op-

erates only on weekdays, hence, 260 days. Therefore, the reimbursement rate for

low-quality and high-quality service providers in the subsidy voucher program in a

year is svL = $88 × 260 = $22, 880 and svH = $94 × 260 = $24, 440, respectively; the

reimbursement rate for service providers in the contracted slot program in a year is

scH = $113× 260 = $29, 380.

Voucher Fill-Out Rate in Subsidy Voucher Program. Using studies on the child

care market in the Boston area, we have the average fill-out rate for voucher-accepting

providers in the Boston area across both low- and high-quality service providers are

45% (Campbell and Patil 2019). Further, child care experts and reports point out

that, on average, the fill-out rate at a high-quality service provider is much higher

than that at a low-quality service provider (Ryan et al. 2011, Krafft et al. 2017).

Therefore, we reasonably estimate the fill-out rate at a low-quality provider and a

high-quality provider is ρL = 35% and ρH = 55%, respectively.

Service Provider’s Cost of Managing Subsidy Voucher Program. In Massachusetts,

a voucher-accepting provider is required to: (i) ensure that its license is active and

up-to-date, (ii) participate in the QRIS in the state, and (iii) track subsidy recipients’

attendance, and (iv) submit their records of children’s attendance and billing to the

state for reimbursement, among others (Schneider et al. 2017). Therefore, using

data from child care accreditation association and child care reports, we estimate the
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cost of managing the subsidy voucher program in Boston in a year is cv = $50, 000

(Schneider et al. 2017, The Association for Early Learning Leaders 2023, The National

Association for the Education of Young Children 2023).

Service Provider’s Cost of Managing Contracted Slot Program. A provider in

the contracted slot program must not only meet the requirements that a voucher-

accepting provider follows, it must also meet the additional requirements. These

requirements include using the state’s centralized waitlist to identify eligible families

to fill their contracted slots, committing employee time to manage contracts, and

conducting eligibility authorizations and re-authorizations for beneficiaries using their

contracted slots (Schneider et al. 2017). Therefore, the cost of managing a contracted

slot program can be much higher than managing a subsidy voucher program. In this

case study, we consider it uniformly distributed from 1×cv to 4×cv. Hence, the cost of

managing the contracted slot program in Boston in a year cc ∼ U [$50, 000, $200, 000].

Service Provider’s Cost of Improving Quality Level. As described earlier, the

average quality QRIS rating for low-quality and high-quality providers in Boston is

QL = 2 and QH = 3, respectively. In order to participate in the contracted slot

program, a low-quality provider needs to invest in quality improvement activities

and improve the quality level from QRIS Level 2 to Level 3 (Recall that a high-

quality provider is expected to have a QRIS level of 3 or above). Using child care

studies, we estimate such a investment in quality improvement activities is estimated

to be approximately $900, 000 (Workman 2021, Center for Early Learning Funding

Equity 2023). This investment is used for employees’ professional training, designing

appropriate curricula that are tailored to the age of the children, maintaining safe

and hygienic child care facilities, and expanding the outdoor space for children to

move and engage with the natural world (Workman and Ullrich 2017, Department of

Health & Human Services 2023). In this case study, we consider this improvement
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cost to be uniformly distributed. Accordingly, we have a low-quality provider’s cost

of improving its quality level cimprove ∼ U [$800, 000, $1, 000, 000].

Demand for Service Provider in Private Market. Through our interviews with ex-

perts and survey of the related reports, we learn that the demand for both low-quality

and high-quality service providers is not fixed. That is, service providers sometimes

can fill all of their slots with clients from the private market, and sometimes they

cannot. Therefore, we consider the demand for a service provider in the private mar-

ket to be uniformly distributed around its capacity, and we use low-quality providers

as a benchmark. Recall KL = 60; hence, we estimate the demand for a low-quality

provider is uniformly distributed between 40 and 70, i.e., DL = 40 and D̄L = 70.

Studies show that providing access to high-quality child care can help improve the

long-term outcomes of children, including educational attainment, earning capacity,

and reduced anxiety and depression (Barnett and Masse 2007, Herbst 2017). As

such, managers in child care centers who we interview point out that the demand for

high-quality providers is higher than for low-quality providers in the private market.

Accordingly, we estimate that the demand for a high-quality provider is 1.6 times the

demand for a low-quality provider. That is, δ = 1.6.

Recall that, as explained earlier, in the contracted slot program, with f proportion

of low-quality providers improving their quality levels and becoming high-quality

providers, the demand for low- and high-quality service providers should be revised

accordingly. We use the following procedures to estimate demand adjustment factors

dlo and dho. Consider 99% of low-quality providers improving their quality level.

Then, the demand for remaining low-quality providers reaches its maximum level,

D̄L = 70. As we described in Section 5.2.1, with f proportion of low-quality providers

improving their quality levels, the demand for a low-quality provider is between DL+

dlof and D̄L + dlof ; hence, its average demand is 1
2

(
DL + D̄L

)
+ dlof . Therefore,

using 1
2

(
DL + D̄L

)
+ dlof = 1

2
(40 + 70) + dlo99% = 70, we have dlo = 15.2. In this
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case study, we allow the demand adjustment factor for a high-quality provider, dho,

to be as same as dlo. So, we have dho = 15.2.

C.3 Proofs of Analytical Results

Additional technical lemmas, which help us outline proofs below, are available in

Appendix C.4.

Proof of Proposition 5.1. First, consider low-quality service providers’ participa-

tion decisions. For each low-quality service provider, to decide whether participate in

a subsidy voucher program or not, it compares its expected payoff if it participates

in the voucher program (i.e., Πv1
L (·) expressed in Section 5.1.1) versus if it does not

participate in the voucher program (i.e., Πv0
L (·) expressed in Section 5.1.1). Hence,

we have Πv1
L (·)−Πv0

L (·) = svLρL(KL−DL)
2

2(D̄L−DL)
− cv. It follows that Π

v1
L (·)−Πv0

L (·) > 0 when

cv <
svLρL(KL−DL)

2

2(D̄L−DL)
and Πv1

L (·) − Πv0
L (·) ≤ 0 otherwise. Since ρL, s

v
L, D̄L, and DL

are same for each low-quality service provider, we conclude each low-quality service

provide makes the same participation decision.

Consider high-quality service providers’ participation decisions. Similarly, com-

paring each high-quality service provider’s expected payoff if it participate in the

subsidy voucher program versus if it does not participates in the voucher program,

we have Πv1
H (·) − Πv0

H (·) =
svHρH(KH−δDL)

2

2δ(D̄L−DL)
− cv. It follows that Πv1

H (·) − Πv0
H (·) > 0

when cv <
svHρH(KH−δDL)

2

2δ(D̄L−DL)
and Πv1

H (·) − Πv0
H (·) ≤ 0 otherwise. Similarly, we conclude

each high-quality service provide makes the same participation decision.

Next, we compare
svLρL(KL−DL)

2

2(D̄L−DL)
with

svHρH(KH−δDL)
2

2δ(D̄L−DL)
. Since 0 < ρL < 1, 0 <

ρH < 1, svL > 0, svH > 0, D̄L > DL, and δ > 0, the comparison of
svLρL(KL−DL)

2

2(D̄L−DL)

and
svHρH(KH−δDL)

2

2δ(D̄L−DL)
is equivalent to the comparison of δ

(
ρL
ρH

)(
KL−DL

KH−δDL

)2
and svH .

Therefore, we have
svLρL(KL−DL)

2

2(D̄L−DL)
>

svHρH(KH−δDL)
2

2δ(D̄L−DL)
when svH < δ

(
ρL
ρH

)(
KL−DL

KH−δDL

)2
and

svLρL(KL−DL)
2

2(D̄L−DL)
≤ svHρH(KH−δDL)

2

2δ(D̄L−DL)
otherwise. Denote ṡ

.
= δ

(
ρL
ρH

)(
KL−DL

KH−δDL

)2
. Then,

we consider the following two cases (I and II) based on the magnitude of svH .
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Case I: Suppose svH < ṡ. From above, we have
svLρL(KL−DL)

2

2(D̄L−DL)
>

svHρH(KH−δDL)
2

2δ(D̄L−DL)
. We

next consider the following three sub-cases based on the magnitude of cv

(I-a) Suppose cv ≤
svHρH(KH−δDL)

2

2δ(D̄L−DL)
, then Πv1

L (·)−Πv0
L (·) ≥ 0 and Πv1

H (·)−Πv0
H (·) ≥ 0.

This implies that both low- and high-quality service providers participate in the

subsidy voucher program.

(I-b) Suppose
svHρH(KH−δDL)

2

2δ(D̄L−DL)
< cv <

svLρL(KL−DL)
2

2(D̄L−DL)
, then Πv1

L (·) − Πv0
L (·) > 0 and

Πv1
H (·)− Πv0

H (·) < 0. This implies that all low-quality service providers participate in

and none of high-quality service providers participate in the subsidy voucher program.

(I-c) Suppose cv ≥
svLρL(KL−DL)

2

2(D̄L−DL)
, then Πv1

L (·)−Πv0
L (·) ≤ 0 and Πv1

H (·)−Πv0
H (·) ≤ 0.

This implies that none of the low- and high-quality service providers participate in

the subsidy voucher program.

Case II: Suppose svH ≥ ṡ. From above, we have
svLρL(KL−DL)

2

2(D̄L−DL)
≤ svHρH(KH−δDL)

2

2δ(D̄L−DL)
.

We next consider the following three sub-cases based on the magnitude of cv

(II-a) Suppose cv ≤
svLρL(KL−DL)

2

2(D̄L−DL)
, then Πv1

L (·)−Πv0
L (·) ≥ 0 and Πv1

H (·)−Πv0
H (·) ≥ 0.

This implies that both low- and high-quality service providers participate in the

subsidy voucher program.

(II-b) Suppose
svLρL(KL−DL)

2

2(D̄L−DL)
< cv <

svHρH(KH−δDL)
2

2δ(D̄L−DL)
, then Πv1

L (·) − Πv0
L (·) < 0 and

Πv1
H (·)−Πv0

H (·) > 0. This implies that none of low-quality service providers participate

in and all high-quality service providers participate in the subsidy voucher program.

(II-c) Suppose cv ≥
svHρH(KH−δDL)

2

2δ(D̄L−DL)
, then Πv1

L (·)−Πv0
L (·) ≤ 0 and Πv1

H (·)−Πv0
H (·) ≤

0. This implies that none of the low- and high-quality service providers participate

in the subsidy voucher program.

The results in the proposition follow by combining the results in cases I and

II above and by defining thresholds cv
.
= min

{
svHρH(KH−δDL)

2

2δ(D̄L−DL)
,
svLρL(KL−DL)

2

2δ(D̄L−DL)

}
and

c̄v
.
= max

{
svHρH(KH−δDL)

2

2δ(D̄L−DL)
,
svLρL(KL−DL)

2

2δ(D̄L−DL)

}
. □
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Proof of Lemma 5.1. To decide whether participate in a contracted slot program

or not, each high-quality service provider compares its expected payoff if it partici-

pates in the contracted slot program (i.e., Πc1
H (·) expressed in Section 5.2.1) versus if

it does not participate in contracted slot programs (i.e., Πc0
H (·) expressed in Section

5.2.1). To compute its expected payoff in the contracted slot program, it needs to

decide the optimal number of slots that it should reserve for the program. Twice

differentiating Πc1
H (·) with respect to xH , we have ∂2

∂x2H
Πc1
H (xH) = − pH

δ(D̄L−DL)
< 0,

which implies that Πc1
H (xH) is a concave function in xH . Applying the first-order

condition on Πc1
H (xH), we have x∗H =

δscH(D̄L−DL)+pH(KH+dhof−δD̄L)
pH

. Substituting x∗H

to Πc1
H (xH), we have Πc1∗

H (·)− Πc0
H (·) = m1f

2 +m2f +m3, where

m1
.
=

d2hopH

2δ(D̄L−DL)
> 0, m2

.
=

dho(KHpH−δ((pH−scH)D̄L+s
c
HDL))

δ(D̄L−DL)
, and

m3
.
=

(pHD̄L+s
c
H(D̄L−DL))

2
δ2−2pH(D̄LKHpH−(KHs

c
H−cc)(D̄L−DL))δ+K2

Hp
2
H

2pHδ(D̄L−DL)
.

Given that m1, m2, and m3 are same for every high-quality service providers, we

conclude every high-quality provider makes the same participation decision.

Since pH , δ, dho > 0 and D̄L − DL > 0, we conclude the sign of m2 depends on

the sign of KHpH − δ
(
(pH − scH) D̄L + scHDL

)
= δ

(
D̄L −DL

)(
scH − pH(D̄L−KH)

δ(D̄L−DL)

)
.

Since δ > 0 and D̄L−DL > 0, we have the sign of KHpH− δ
(
(pH − scH) D̄L + scHDL

)
depends on the sign of scH − pH(D̄L−KH)

δ(D̄L−DL)
, which follows scH − pH(D̄L−KH)

δ(D̄L−DL)
> 0 when

scH >
pH(D̄L−KH)
δ(D̄L−DL)

. To better match with the observations from practice that scH

is usually relatively high and for analytical tractability, we focus on the case when

scH >
pH(D̄L−KH)
δ(D̄L−DL)

. Our numerical analysis shows that the main insights still hold

under a large range of scH . Therefore, we conclude m2 > 0.

Differentiating m3 with respect to cc, we have ∂
∂cc
m3(cc) = −1. Therefore, m3

decreases in cc. Next, we examine the sign of m3 when cc = 0. Denote m4 by the

expression of m3 when cc = 0. Hence, m4 = m5

2pHδ(D̄L−DL)
, where m5

.
= K2

Hp
2
H +(

pHD̄L + scH
(
D̄L −DL

))2
δ2 − 2pH

(
D̄LKHpH − (KHs

c
H)
(
D̄L −DL

))
δ. Since pH >

0, δ > 0, and D̄L − DL > 0, the sign of m4 depends on the sign of m5. Ap-
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plying the first-order condition with respect to δ on m5, we have its minima, δ =

pHKH

DLs
c
H+D̄LpH−D̄Ls

c
H
. Substituting δ = pHKH

DLs
c
H+D̄LpH−D̄Ls

c
H

to m5, we have its minimum

value 0. This implies that m5 > 0, or m3 > 0, when cc = 0. Therefore, we conclude

there exists a threshold of cc, denoted by ċc, such that m3 ≥ 0 when c ≤ ċc and

m3 < 0 otherwise. Solving m3 = 0, we have ċc =
(δ(pHD̄L−scH(D̄L−DL))−KHpH)

2

2δpH(D̄L−DL)
. Then,

we consider the following two cases (I and II) based on the magnitude of cc.

Case I: Suppose c ≤ ċc, then m3 ≥ 0. Since m1 > 0, m2 > 0, and m3 ≥ 0, we

conclude Πc1∗
H (·)−Πc0

H (·) ≥ 0 for any f > 0. This implies that all high-quality service

provider participate in the contracted slot program.

Case II: Suppose c > ċc, then m3 < 0. Since m1 > 0, m2 > 0, and m3 < 0, we

conclude, there exists a threshold of f , denoted by f̄ , such that Πc1∗
H (·)− Πc0

H (·) ≤ 0

when f ≤ f̄ and Πc1∗
H (·) − Πc0

H (·) > 0 otherwise. Solving Πc1∗
H (·) − Πc0

H (·) = 0, we

have f̄ =

√
2δccpH(D̄L−DL)+(δD̄L−KH)pH−δscH(D̄L−DL)

pHdho
, which increases in cc. By proof of

Proposition 5.2, we have when cc > c̈c, f
∗ = 0 or f ∗ = f2 that are characterized in

the proof of Proposition 5.2. Align with the practice wherein cc is usually high. Next,

we focus on this scenario. Differentiating f2 with respect to cc, we have ∂
∂cc
f2(cc) =

−
√

pH(D̄L−DL)
h1DL+h2D̄L+h3

< 0, where h1
.
=
(
δ
(
p2H − (scH)

2) dlo + 2h4pH
)
dlopL+(h4 + C)2 pH ,

h2
.
= δpLd

2
lo(pH−scH)2−pHh24, h3

.
= −2pLpHdlo (pLdlokL + (−KLs

c
H + cc) dlo +KLh4),

and h4
.
= dho (pH − scH) +C. Therefore, these exists a threshold of cc, denoted by c̃c,

such that f̄ < f ∗ when cc < c̃c and f̄ ≥ f ∗ otherwise. Next, we consider the following

three sub-cases based on the magnitude of cc.

(II-a) Suppose c̃c < ċc, then f̄ > f ∗ for any c > ċc. This implies that Πc1∗
H (·) −

Πc0
H (·) < 0 for f = f ∗, i.e., none of the high-quality service providers participate in

the contracted slot program.

(II-b) Suppose c̃c ≥ ċc, then f̄ ≤ f ∗ when ċc ≤ cc < c̃c and f̄ > f ∗ otherwise. This

implies that Πc1∗
H (·)−Πc0

H (·) ≥ 0 for f = f ∗ when ċc ≤ cc < c̃c and Πc1∗
H (·)−Πc0

H (·) < 0

for f = f ∗ otherwise. Therefore, all of the high-quality service providers participate
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in the contracted slot program when ċc ≤ cc < c̃c and none of them participate in the

contracted slot program otherwise.

The results in the Lemma follow by combining the results in cases I and II above

and by defining a threshold ĉc
.
= max{ċc, c̃c}. □

Proof of Proposition 5.2. This proof uses Lemmas C.4.1, C.4.2, and C.4.3 (pre-

sented in Appendix C.4). To decide whether participate in a contracted slot program

or not, each low-quality service provider compares its expected payoff if it participates

in the contracted slot program (i.e., Πc1
L (·) expressed in Section 5.2.1) versus if it does

not participate in contracted slot programs (i.e., Πc0
L (·) expressed in Section 5.2.1).

To compute its expected payoff in the contracted slot program, it needs to decide

the optimal number of slots that it should reserve for the program. Twice differen-

tiating Πc1
L (·) with respect to xcL, we have ∂2

∂(xcL)
2Π

c1
L (x

c
L) = − pH

δ(D̄L−DL)
< 0, which

implies that Πc1
L (x

c
L) is a concave function in xcL. Applying the first-order condition

on Πc1
L (x

c
L), we have xc∗L =

δscH(D̄L−DL)+pH(KL+dhof−δD̄L)
pH

.

Since we consider low-quality providers are heterogeneous in their costs of im-

proving their quality, and allow cimprove to be uniformly distributed between 0 and

C, and, therefore, a low-quality provider will improve its quality if and only if

Πc0
L (f) < Πc1

L (xc∗L , f), where f denotes the proportion of low-quality providers that

improve their quality (out of all low-quality providers). Denote f ∗ proportion of

low-quality providers improve their quality levels in equilibrium. Substituting xc∗L =

δscH(D̄L−DL)+pH(KL+dhof−δD̄L)
pH

and cimprove = fC to Πc1
L (x

c∗
L , f), we have:

Πc1∗
L (f)− Πc0

L (f) =
n1f2+n2f+n3

2pH(D̄L−DL)
, where

n1
.
= d2lopHpL > 0,

n2
.
= 2dhopH

(
D̄L −DL

)(
scH − pLdlo(KL−DL)+(pHdho+C)(D̄L−DL)

dho(D̄L−DL)

)
, and

n3
.
= δp2H

(
D̄2
L −D2

L

)
+
(
−2δscHD̄

2
L+2scH ((KL + δDL)− 2KLpL − 2cc) D̄L+ pLD

2
L−

2DLKLs
c
H +K2

LpL + 2DLcc
)
pH + δ

(
scH
(
D̄L −DL

))2
.
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By Lemma C.4.1, we have Πc1∗
L (f) − Πc0

L (f) = 0 has two real roots if and only if

cc > c
c
, where c

c
is characterized in the proof of Lemma C.4.1. Since in practice,

the cost of managing the contracted slot programs is relatively high, Here, we focus

on the scenario wherein Πc1∗
L (f) − Πc0

L (f) = 0 has real root, i.e, cc > c
c
. Solving

Πc1∗
L (f)− Πc0

L (f) = 0, we have two solutions of f , denoted by f1 and f2.

f1
.
=

pH(D̄L−DL)(dho(pH−scH)+C)+pLpHdlo(KL−DL)+
√
pH(D̄L−DL)(h1DL+h2D̄L+h3)

pLpHd
2
lo

and f2
.
=

pH(D̄L−DL)(dho(pH−scH)+C)+pLpHdlo(KL−DL)−
√
pH(D̄L−DL)(h1DL+h2D̄L+h3)

pLpHd
2
lo

, where

h1
.
=
(
δ
(
p2H − (scH)

2) dlo + 2h4pH
)
dlopL+(h4 + C)2 pH , h2

.
= δpLd

2
lo(pH−scH)2−pHh24,

h3
.
= −2pLpHdlo (pLdlokL + (−KLs

c
H + cc) dlo +KLh4), and h4

.
= dho (pH − scH) + C.

Since f1 − f2 =
2
√
pH(D̄L−DL)(h1DL+h2D̄L+h3)

pLpHd
2
lo

> 0, we conclude f1 > f2.

n3 can be rewritten as n3 = 2pH
(
D̄L −DL

)(
σ1

2pH(D̄L−DL)
− cc

)
, where σ1

.
=

δ
(
D̄2
L −D2

L

)
p2H + δ(scH)

2
(
D̄L −DL

)2
+ (−2δscHD̄

2
L+2((KL+DLδ)s

c
H −KLpL)D̄L+

pLD
2
L − 2DLKLs

c
H + K2

LpL)pH . Since pH > 0 and
(
D̄L −DL

)
> 0, the sign of n3

depends on the sign of σ1
2pH(D̄L−DL)

−cc. Denote c̃c
.
= σ1

2pH(D̄L−DL)
. Therefore, we have

n3 > 0 when cc ≤ c̃c and n3 > 0 otherwise.

Since dho, pH , D̄L −DL > 0, the sign of n2 depends on the sign of

scH − pLdlo(KL−DL)+(pHdho+C)(D̄L−DL)
dho(D̄L−DL)

. Denote ŝcH
.
=

pLdlo(KL−DL)+(pHdho+C)(D̄L−DL)
dho(D̄L−DL)

. It

follows n2 < 0 when scH < ŝcH and n2 ≥ 0 otherwise. Then, we consider the following

two cases (I and II) based on the magnitude of scH .

Case I: Suppose scH > ŝcH , then n2 > 0. Since n1 > 0, we conclude f2 < 0. Next,

we consider the following two sub-cases based on the magnitude of cc.

(I-a) Suppose cc ≤ c̈c. Since 2n1 + n2 > 0, as per Lemmas C.4.1 and C.4.2, we

have f1 ≤ 1. Further, we have: (i) f1 ≤ 0 when cc ≤ c̃c (because n3 ≥ 0). This

implies that Πc1∗
L (f) − Πc0

L (f) ≥ 0 for any 0 ≤ f ≤ 1. Therefore, f ∗ = 1; (ii) f1 > 0

when cc > c̃c (because n3 < 0). This implies that 0 < f1 < 1. Therefore, f ∗ = f1.
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(I-b) Suppose cc > c̈c. Since 2n1+n2 > 0, as per Lemmas C.4.1 and C.4.2, f1 > 1.

Similar to (I-a), we have: (i) f1 ≤ 0 when cc ≤ c̃c, which contradict with f1 > 1. (ii)

f1 > 0 when cc > c̃c. This implies that f1 ≥ 1. Therefore, f ∗ = 0.

Combining two sub-cases above (i.e., (I-a) and (I-b)), we have f ∗ = 1 when

cc ≤ min{c̈c, c̃c}; f ∗ = f1 ∈ (0, 1) when min{c̈c, c̃c} < cc < max{c̈c, c̃c}; and f ∗ = 0

when cc ≥ max{c̈c, c̃c}.

Case II: Suppose scH > ŝcH , then n2 < 0. As per Lemmas C.4.1 and C.4.2, when

scH > scH , then f2 < 1. Align with the practice that scH is relatively high, we focus on

this scenario. Next, we consider the following two sub-cases based on the magnitude

of cc.

(II-a) Suppose cc ≤ c̈c. As per Lemmas C.4.1 and C.4.2, f1 < 1. Since n1 > 0 and

n2 < 0, we conclude 0 < f1 < 1. Using Lemma C.4.3, we conclude f ∗ = f1.

(II-b) Suppose cc > c̈c. As per Lemmas C.4.1 and C.4.2, f1 ≥ 1. Similar to case

(I-a), we have: (i) f2 > 0 when cc ≤ c̃c. This implies that 0 < f2 < 1. Therefore,

f ∗ = f2. (ii) f2 < 0 when cc > c̃c. This implies that Πc1∗
L (f) − Πc0

L (f) < 0 for any

0 ≤ f ≤ 1. Therefore, f ∗ = 0;

Combining two sub-cases above (i.e., (II-a) and (II-b)), we have f ∗ = f1 ∈ (0, 1)

when cc ≤ min{c̈c, c̃c}; f ∗ = f1 ∈ (0, 1) or f ∗ = f2 ∈ (0, 1) when min{c̈c, c̃c} < cc <

max{c̈c, c̃c}; and f ∗ = 0 when cc ≥ max{c̈c, c̃c}.

The results in the Lemma follow by combining the results in cases I and II above

and by defining two thresholds cc
.
= max

{
min{c̈c, c̃c}, cc

}
and c̄c

.
= max {c̈c, c̃c}. □

C.4 Proofs of Lemmas Referred in Appendix C.3

We present lemmas (and their proofs), which help us outline proofs of propositions

and lemma (as outlined in Appendix C.3).

Lemma C.4.1 Consider G1(g) = n1g
2 + n2g + n3, where n1 > 0, n2, and n3 are

characterized in the proof of Proposition 5.2. Then, G1(g) has two real roots if and

202



only if cc > c
c
, where c

c
is characterized in the proof. Further, denote two real roots

of G1(g) by g1
.
=

−n2+
√
n2
2−4n1n3

2n1
and g2

.
=

−n2−
√
n2
2−4n1n3

2n1
. Then,

(i) g1 < 1 when 2n1 + n2 > 0 and n1 + n2 + n3 > 0; g1 ≥ 1 when 2n1 + n2 ≤ 0 or

when 2n1 + n2 > 0 and n1 + n2 + n3 ≤ 0.

(ii) g2 < 1 when 2n1 + n2 > 0 or when 2n1 + n2 ≤ 0 and n1 + n2 + n3 < 0; g2 ≥ 1

when 2n1 + n2 ≤ 0 and n1 + n2 + n3 ≥ 0.

Proof of Lemma C.4.1: G1(g) has two real roots if and only if its discriminant

is non-negative. That is, n2
2 − 4n1n3 ≥ 0. n2

2 − 4n1n3 = 8d2lopLp
2
H

(
D̄L −DL

)(
cc −

σ2
2d2lopLp

2
H(D̄L−DL)

)
, where σ2

.
= d2lopLpH

(
δ
(
D̄2
L −D2

L

)
p2H +

(
−2δscHD̄

2
L + 2((δDL +

KL)s
c
H−KLpL)D̄L+pLD̄

2
L−2DLKLs

c
H+K2

LpL
)
pH+δ(scH)

2
(
D̄L −DL

)2)−p2H((sH−

pH)
(
D̄L −DL

)
dho − dlopL(KL − DL) − C

(
D̄L −DL

)2)2
. Since dlo > 0, pL > 0,

pH > 0, and D̄L − DL > 0, the sign of n2
2 − 4n1n3 > 0 depends on the sign of

cc− σ2
2d2lopLp

2
H(D̄L−DL)

. Denote c
c

.
= σ2

2d2lopLp
2
H(D̄L−DL)

. Therefore, we have n2
2−4n1n3 ≥ 0

if and only if cc > c
c
.

(i) Since n1 > 0, the comparison between g1 and 1 is equivalent to the comparison

between −n2 +
√
n2
2 − 4n1n3 and 2n1, or the comparison between

√
n2
2 − 4n1n3 and

2n1 +n2. Next, consider the following two cases based on the magnitude of 2n1 +n2.

Case I: Suppose 2n1 + n2 ≤ 0, then
√
n2
2 − 4n1n3 ≥ 2n1 + n2. This implies that

g1 ≥ 1.

Case II: Suppose 2n1 + n2 > 0. Then, the comparison between
√
n2
2 − 4n1n3 and

2n1 + n2 is equivalent to the comparison between
(√

n2
2 − 4n1n3

)2
and (2n1 + n2)

2.(√
n2
2 − 4n1n3

)2
− (2n1 + n2)

2 = −4n1 (n1 + n2 + n3), which sign depends on the

sign of − (n1 + n2 + n3). Therefore, we conclude g1 < 1 when n1 + n2 + n3 > 0 and

g1 ≥ 1 when n1 + n2 + n3 ≤ 0.

Combining Case I and II, we complete the proof of part (i) of this lemma. Fol-

lowing similar steps, we can prove part (ii) of this lemma. Thus, we omit details for

brevity. □
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Lemma C.4.2 Consider n1 > 0, n2, and n3 as characterized in the proof of Propo-

sition 5.2. Then, there exists a threshold of scH , denoted by scH , 2n1 + n2 ≤ 0 when

scH < scH and 2n1 + n2 > 0 otherwise. Further, there exists a threshold of cc, denoted

by c̈c, n1 + n2 + n3 ≤ 0 when c ≥ c̈c and n1 + n2 + n3 > 0 otherwise. scH and c̈c are

characterized in the proof of lemma.

Proof of Lemma C.4.2: Using the expressions of n1 and n2, we have 2n1 +

n2 = 2dhopH
(
D̄L −DL

)(
scH − (pHdho+C)(D̄L−DL)+dlopL(KL−DL−dlo)

dho(D̄L−DL)

)
. Since dho > 0,

pH > 0, and
(
D̄L −DL

)
> 0, the sign of 2n1 + n2 depends on the sign of scH −

(pHdho+C)(D̄L−DL)+dlopL(KL−DL−dlo)
dho(D̄L−DL)

. Denote scH
.
=

(pHdho+C)(D̄L−DL)+dlopL(KL−DL−dlo)
dho(D̄L−DL)

.

Therefore, we have 2n1 + n2 ≤ 0 when scH < scH and 2n1 + n2 > 0 otherwise.

Using the expressions of n1 and n2, we have

n1+n2+n3 = 2pH
(
D̄L −DL

)(
σ3

2pH(D̄L−DL)
−cc

)
, where σ3

.
= δ

(
D̄L −DL

)2
(scH)

2−

2pH
(
D̄L −DL

)
(DLδ − dho −KL) s

c
H+

(
D̄L −DL

)
(δ
(
D̄L +DL

)
−2dho)p

2
H+(((KL−

dlo)
2+2DLdlo+D

2
L−2KLD̄L)pL−2C

(
D̄L −DL

)
)pH . Since pH > 0 and

(
D̄L −DL

)
>

0, the sign of n1 + n2 + n3 depends on the sign of σ

2pH(D̄L−DL)
− cc. Denote c̈c

.
=

σ3
2pH(D̄L−DL)

. Therefore, we have n1 + n2 + n3 ≤ 0 when c ≥ c̈c and n1 + n2 + n3 > 0

otherwise. □

Lemma C.4.3 Consider f1 and f2 as characterized in the proof of Proposition 5.2.

Πc1
L (xc∗L , f1) − Πc1

L (xc∗L , f2) > 0 for any scH > scH , where scH is characterized in the

proof of Lemma C.4.2.

Proof of Lemma C.4.1: Substituting f1 and f2 to Π
c1
L (xc∗L , f), we have Π

c1
L (xc∗L , f1)−

Πc1
L (xc∗L , f2) =

2dho(scH−pH)
√
pH(D̄L−DL)(h1DL+h2D̄L+h3)

pLpHd
2
lo

. Since pL, pH , dlo, dho > 0, the

sign of Πc1
L (xc∗L , f1)− Πc1

L (xc∗L , f2) depends on the sign of scH − pH .
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Rewriting scH , we have scH = pH + C
dho

+
pLdlo(KL−(DL+dlo))

dho(D̄L−DL)
. Since C > 0, dho > 0,

dlo > 0, pL > 0 and KL > DL+ dlo, we conclude s
c
H > pH . This implies that scH − pH

for any scH > scH , or Π
c1
L (xc∗L , f1)− Πc1

L (xc∗L , f2) > 0. □
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