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A Unified Moment-Based Approach for the
Evaluation of the Outage Probability with Noise
and Interference

Nadhir Ben Rached, Abla Kammoun, Mohamed-Slim Alouini, and Raul Tempone

Abstract—In this paper, we develop a novel moment-based
approach for the evaluation of the outage probability (OP) in a
generalized fading environment with interference and noise. Our
method is based on the derivation of a power series expansion
of the OP of the signal-to-interference-plus-noise ratio (SINR).
It does not necessitate stringent requirements, the only major
ones being the existence of a power series expansion of the
cumulative distribution function of the desired user power and
the knowledge of the cross-moments of the interferers’ powers.
The newly derived formula is shown to be applicable for most of
the well-practical fading models of the desired user under some
assumptions on the parameters of the powers’ distributions. A
further advantage of our method is that it is applicable irrespec-
tive of the nature of the fading models of the interfering powers,
the only requirement being the perfect knowledge of their cross-
moments. In order to illustrate the wide scope of applicability of
our technique, we present a convergence study of the provided
formula for the Generalized Gamma and the Rice fading models.
Moreover, we show that our analysis has direct bearing on recent
multi-channel applications using selection diversity techniques.
Finally, we assess by simulations the accuracy of the proposed
formula for various fading environments.

Index Terms—Moment-based approach, outage probability,
generalized fading environment, interference, power series ex-
pansion, cross-moments, convergence study, selection diversity.

I. INTRODUCTION

Co-channel interference is among the most limiting factors
that negatively affect wireless communication systems’ perfor-
mances. Understanding its impact on the outage probability
(OP) is a crucial question that has received a considerable
interest over the two last decades. In this respect, several
works have addressed the evaluation of the OP in the presence
of co-channel interference [1]-[12] from strikingly different
view angles. A first group of these works have targeted to
develop closed-form expressions for the OP under specific
fading models. This approach has in particular been pursued
by [1], wherein a probability density function (PDF)-based
approach was employed to obtain closed-form expressions
of the OP for systems experiencing Nakagami Fading. The
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same approach has been pursued in [2] which considered the
derivation of OP expressions in 1 — u/n— u, n — p/k — i, and
K — pu/m— p scenarios with the assumptions that the parameter
w of the n — p distribution is integer and the co-channel
interference are independent. Towards the same goal, methods
based on the derivation of the characteristic function have been
applied, leading to OP expressions for Nakagami and Rician
environments [3], [4]. In the same spirit, composite fading
models have recently been considered and various statistics
of the signal-to-interference-plus-noise ratio (SINR) have been
derived for systems in which the desired signal and co-channel
interfering signals follow Rayleigh and K distributions, re-
spectively [5]. Despite considering different fading models,
all the aforementioned works consider specific scenarios in
order to make the derivations of the OP tractable. In order
to handle more complex scenarios, other techniques based
on approximation methods [13]-[15] and efficient simulation
approaches [16] have been proposed. However, these works
are still only applicable for a set of specific scenarios. In order
to develop a more unified approach, the authors in [6] have
derived a general approach yielding an integral expression of
the OP whose integrand is function of the moment generating
functions (MGFs) of both desired and interfering powers. This,
however, can be quite demanding in practice, requiring one to
employ a numerical method for the efficient computation of
the integral and to know in closed-form the MGF of both
desired and interfering powers. The last requirement does not
always hold, being for instance unsatisfied for the Log-normal
and the Weibull variates.

Driven by the same motivation of [6], that is to evaluate
the OP for generalized fading environments, we propose in the
present work to approach this problem using a moment-based
method. The advantage of our method is that it avoids the
need for an MGF while applying to a wide scope of scenarios.
The only two ingredients which are required are ¢) an infinite
power series expansion of the cumulative distribution function
(CDF) of the desired user power and ii) expressions for
the moments (eventually the cross-moments in the case of
correlated interferers) of the co-channel interferers’ powers.
With these two requirements at hand, the main result is the
development of a power series expansion of the OP of the
SINR. On the conceptual side, our work is in the same
spirit of the work in [17], which has proposed a moment
approach based on the Laguerre polynomials to derive a
closed-form expression of the PDF, CDF and MGF of a sum
of independent random variables (RVs). Our work, however,



differs from [17] in that it takes into consideration the effect
of the interference and additive Gaussian noise. Such a setting
cannot be handled by the same techniques of [17]. To the best
of the authors’ knowledge, our technique can be considered as
the first moment based-approach that allows to compute the
OP in the presence of co-channel interference and noise while
applying to generalized fading environments. Its main features
can be summarized as:

« The requirement of having a power series expansion of
the CDF of the desired user power does not introduce
a serious limitation since it is satisfied by most of the
well-practical fading variates under some conditions on
the fading parameters. A non exhaustive list of these
fading variates includes for instance the Nakagami-m
with integer fading severity, the Weibull with integer
shape parameters, the Generalized Gamma with integer
shape parameters, and the Rice with arbitrary fading
parameters.

e The proposed method is applicable irrespective of the
fading model of the co-channel interferers, being only
based on the knowledge of the moments (or the cross-
moments in the correlated case) of the co-channel inter-
ferers’ powers. It is worth noting that such a requirement
is generally satisfied, which supports the unified aspect
of the proposed approach. This has to be compared with
previous unified approaches, which necessitate restrictive
requirements, such as the MGF in the work of [6].
Note that the previous requirement is out of reach for
many fading models, especially when the interferences
are correlated or a composite fading model is considered.
Another benefit of our approach is that it does not include
an integral and hence avoids the need for numerical
integration methods such as in [6], [7].

« Lastly, it is worth highlighting that our approach yields
new OP formulas, under very interesting fading models
that have not been studied before in the literature. This
is for instance the case when the desired user signal as
well as the interfering signals are affected by the Rician
fading model with arbitrary parameters and independently
of whether the interfering signals are correlated or not.
The closest setting to this concerns are the ones studied
in [4] and [11] which assume independent co-channel
interference with equal average powers.

Having the newly derived formula at hand, it is worth
mentioning that the provided OP expression is valid for all
threshold values satisfying the convergence of the derived
power series expansion. In order to analyze the range of
validity of our method, we perform a convergence analysis
of the newly derived infinite power series expression when
the desired user signal and the interfering signals experience
two well-practical fading models, namely the Rician and
the Generalized Gamma fading models. More precisely, we
formulate sufficient conditions on the parameters of the desired
and the interfering powers distributions that guarantee the
convergence of the newly derived power series expansion, and
hence validate the proposed moment-based approach. As will
be shown by simulations, these conditions do not introduce

stringent restrictions, being almost valid in the operating range
of OPs. Moreover, we show that the scope of applicability of
our technique goes beyond single-input-single-output (SISO)
systems. As a matter of fact, the same considered model arise
in many emerging applications of wireless communications.
For the sake of illustration, we show how our results can
be applied to approximate the outage probability in single-
input-multiple-output (SIMO) using selection diversity (SD)
techniques.

The rest of the paper is organized as follows. In sec-
tion II, the main result establishing the novel moment-based
closed-form expression of the OP is given. In Section III, a
convergence study of the proposed power series expansion
is provided under Rician and Generalized Gamma fading
environments. Then, we illustrate in Section IV how our
analysis can be used to study the OP in multi-channel receivers
using SD techniques. Finally, some selected simulation results
are provided in Section V in order to validate the newly derived
analytical expression.

II. MOMENT-BASED APPROACH

In many wireless communication systems, such as cellular
systems with co-channel interference, the instantaneous SINR
at the desired receiver is expressed as follows:

Xo

)
21‘1\;1 Xi+n
where 7 is the variance of the additive white Gaussian
noise, X, is the received power of the useful signal, and
X1, X, ..., Xy are the powers of the interfering signals which
are allowed to be correlated but assumed independent of X|.
Several metrics have been introduced to assess the perfor-
mance of wireless communication systems, among which the
OP is among the most frequently used in practice. It is defined
as the probability that the SINR falls bellow a certain threshold
Yth, that is:

SINR = ey

Pout <7th> =P (SINR < ,Yth) . (2)

The aim of the present work is to derive a closed-form
expression of the quantity P,,:(7¢x) under many well-known
fading models that are experienced by the desired user signal.
Basically, the provided OP expression is built using two
ingredients, which are the cross-moments of the interfering
powers E [X'...X3¥], where i1, is,...,ix are arbitrary posi-
tive integers, and a power series expansion of the CDF of the
desired user power. We will see later that requiring these two
ingredients does not introduce in general a serious limitation,
since they hold for most of the well-used fading variates.

It is important to stress the fact that while the system
model described by (1) has extensively been investigated in
the past within the framework of cellular communication
systems, it is still triggering the interest, appearing in many
emerging applications. Visible light communications [18]-[20]
and SIMO systems using SD techniques at the receiver [5]
are among the most illustrative representatives. More details
regarding the SIMO application will be provided in section
Iv.



We are now in position to state our main result.

Theorem 1. Suppose that the CDF of X can be expanded
as an infinite sum as follows:

(oo}
Fx,(x) =) apa®™, x>0, 3)
k=0

where {ay}ren is a sequence of real numbers and {by}ren
is a positive, integer, and strictly increasing sequence. Then,
provided that:

o) N b
> lar|vikE <ZX1' +77> < 00, (4)
k=0 i=1
the probability Py (yen) is given by:
Pout(’yth) =
o0 bk 7]
Z ak’Yfﬁ Z (Z p >77 N i
k=0 i14...+ing1=bp 1y tN+1
(5)

. N i;] .
With My, 4y, iy = E [szl X;J} is the cross-moment of

the random vector (X1, Xo,..., Xn)t and (k1 kzn km) is the
multinomial coefficient defined as: /
n n!
= . 6
(k;l,k‘g,..,k:m> kilko!. k! ©)

Proof. Let f(-) and g(-) denote respectively the PDF of X
and the joint PDF of the random vector (X1, Xs,..Xpy)t.
From the independence of the random vector (X1, X5, ... Xy )?
and Xy, the quantity P, (7:n) in (2) can be written as:

Pout(ven) :/ ) f(zo)g(z,...,xN)dzodzy...dTN.
{ N =t} <'Yth}
1';1 itn
(7
Now, upon conditioning on X1, X5, ..., Xy, we obtain:
Pout (Vin) :/ / N f(zo)dzo
Rf {m0<7th(_§1 xi+n)}
x g(x1,...,xN)dx1...dT N
N
=E | Fx, (m (Z X+ n))] : ®)
i=1

where the previous expectation operator E[-] is taken with
respect to the random vector (X1, Xo, ... X N)75 with joint PDF
g(+). Now, combining (8) and (3), we get

[e) N br
Pour(yen) =E | Y axyy) (Z X+ 77) )
k=0 =1

We use now the assumption that by, € N, for all k¥ € N. This
enable us to leverage the multinomial formula in [21, Prop.
4.10], thus yielding:

Pout (’yth) =

o0

b

E E AR,
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Finally, using the assumption in (4), we can permute the
expectation operator with the infinite sum to get:
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which concludes the proof. O

Pout (Pyth) =
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It is worth mentioning that the assumption that the CDF of
the desired user power X possesses a power series expansion
as in (3) does not entail a serious limitation to the proposed
moment-based approach. In fact, this assumption can be shown
to be satisfied for most of the well-known fading models up
to a mild assumption on the fading parameters. We can cite
for instance the Nakagami-m with integer values of m, the
Rice with arbitrary parameters, the Generalized Gamma with
integer values of p and d, and the x — p with integer values of
1 (see Table I). Note that the power CDF expansions shown
in this table follow easily from the expansions of the lower
incomplete Gamma function (-, ) in [22] and the Marcum Q
function @, (-, -) in [23].

In the case of independent co-channel interferers, the
formula in (5) can be further simplified to become only
function of the moments of each co-channel interferer’s power
instead of the cross-moments in the correlated case.

Corollary 1. Consider the setting of Theorem 1 and assume
that the RVs X, X5, ..., X are independent. Then, the ex-
pression in (5) becomes:

Pout(/yth) =

e} b N

Zakﬁfﬁ < r )niN“ H my;, (12)
=0 11y ey IN+1 =1

with m;, = E [X;]} is the i’ moment of the RV Xj, j =
1,2,...N.

>

i1+ +iNf1=by

Proof. The proof follows immediately from Theorem 1. [

Theorem 1 reveals an interesting feature of the proposed
expression in (5) and (12). Contrary to several existing OP
expressions, our formulas do not assume any particular fading
model of the co-channel interfering signals. The only require-
ment is the knowledge of the cross-moments for the case of
correlated interference (or the moments in the independent
case). Such a result supports the unified aspect of the proposed
moment-based approach, in that it can be applied to any
interferers’ fading model provided the availability of a closed-
form expression for their cross-moments. To emphasize the



Table I: Power’s CDF Expansion for Different Fading Channels ¢

Fading Type | Power PDF Power CDF Expansion
Nakagami-m | Gamma distribution % =
[ee] P
mm™m— m (=ng)ymtremtn
Q’"F(m)x ! exp (_ﬁm) 20 F(ms)?n!(m—o—n)
Rice Non-centered Chi-squared distribution 1—-Q1(V2K, \/ W) =
K(K+1)x o (=) exp(—K) L (K)(1+K)"H1am+?
KL o (K — KL) 1, (2 (o) ) 2{)( ) expCRYLD 1K)
Weibull Weibull distribution 1 —exp (—(gac)k) =
k - k X (_q)ntlgknkn
E(8) #tew (- (2)") . soraad | £ Sl
Td (ZB\?
Generalized | Generalized Gamma distribution W(WF’E i“)) ) _
Byd -~ r (H’l o] fl n( B yd+np dt+np
Gamma pr(f%)) o e (~(fa)). 5= ﬁ(g)) = | 2»!<(§+)n>r<%>
K— Squared x — p distribution — Qu(V2kp, \/2(k + 1)5F) =
ptl p—1 S -
(1+k) 2 = 2 (14+r)px r(r+1)x (=)™ exp(—rp) L™V (k) (1+K)p) " Fran e
Qlt;rl K exp(pk) eXp(_ ° ] )I#71(21u T) nz::O ’ MF(#+m+1§§2"L+“ -

“Functions I'(-) and I¢(-) are respectively the Gamma function and the modified Bessel

generalized Laguerre polynomials of degree n and order « [23].

function of the first kind and order £ [22]. L% (-) are the

Table II: Moments for Different interfering Powers ¢

Fading Type nt" Power’s Moment
Nakagami-m %F (m+n)

. I'(1+n n
Rice (1&;)2 1Fl (_na 17 _K) Q
Weibull ST(1+7)

Generalized Gamma 57T (2)

Log-normal exp (nu + %nzog)

Gamma-Gamma DK +n)(M+n) ( Q2

T(K)T(M) KM

K

C(1+n)Fy (251

Nakagami-q (Hoyt) 5

o (1=a2)°
7_%715(1+32) )Qn

QT (p+n) exp(=rp)

Squared k — AT

1y (p 4, s k)

“The moment expressions are in [24] for the Nakagami-m, the Weibull and the Generalized Gamma fading models, in [25] for the Rice, the Log-normal
and the Nakagami-q fading variates, in [26] for the Gamma-Gamma model, and in [27] for the x — p fading variate. The functions 1 F (-, -;-) and
2Fy (-, +;-,-) are respectively the confluent Hypergeometric and the Hypergeometric functions [22].

large scope of applicability of the proposed moment-based
approach, we present in Table II the expression of the moments
for some of the well-practical variates such as the Rice, the
Generalized Gamma, the Log-normal, the Gamma-Gamma,
the Nakagami-q fading, and the x — p variates.

III. CONVERGENCE REGION

validity

this part.
R of the power series (4), which, in passing, corresponds to
the convergence radius of the proposed power series formula

conditions that ensure its convergence, and hence guarantee the

of the OP expression (5). This constitutes the aim of
In particular, we characterize the convergence radius

(5), for two important fading models, namely; the Generalized

Gamma

We have seen in the proof of Theorem 1 that the re-
quirement in (4) is a primordial assumption in order for

the newly derived expression (5) to be valid. Thus, it is
of paramount importance to investigate the convergence of
the power series expansion in (4) by providing sufficient

Gamma

and the Rician fading environments.

A. Generalized Gamma Fading Model

We consider the case in which X follows a Generalized

distribution GG(dy, po, o) whose PDF is given in



Table I. Similarly, the interference powers Xi, Xo,..., Xy
are eventually correlated with marginals GG(d;, p;, ), i =
1,2, ..., N. The convergence region of the series expansion in
(5) is stated in the following theorem:

Theorem 2. The convergence radius R of (5) when
Xo ~ GG(do,po, ) and X1, Xo,..., XN are correlated
with marginals GG(d;,p;,€;), i = 1,2,..,N, satisfies:
+oo if %0 <1,
0 if B> 1.

In the case where %0 =1, the convergence radius satisfies:

R =

ao

R> ———— 13
~a(N+1) (13)
where p = mini<;< N p;, and a = max  a; with a; = %
T 1<i<N;p,=p ¢
( ditt
and B; = ( L ), 1=0,1,...,N.
r(s)
Proof. The proof is in Appendix A. O

From the result of this theorem, we deduce that if py < p,
the newly derived moment-based formula (5) is valid for all
threshold values vy, > 0. Such a case may be encountered
in practice when the desired user undergoes a higher amount
of fading than the interfering users. This, for instance, might
occur when the desired user lies in the cell edge and as such
is affected by many obstacles, while the interfering users are
in the inner cell with sufficiently good channel conditions.
However, in the case where py > p, this expression fails to
converge for all values of 7. It is also important to note that
the result in (13) provides a sufficient condition that ensures
the convergence of (5) in the case where pg = p. In fact, our
newly derived formula is valid for all values of v, that are
less than m which corresponds to the lower bound in
(13). This lower bound can be thought of, up to a constant
factor depending on the distribution parameters, as a ratio
between the power of the desired user and that of one of the
interferers with parameters p and a. As an outcome of this
observation, it seems that the validity region of the provided
OP expression would be expanded when the power of the
desired user increases or the powers of the interferers with
parameters p and a decrease.

B. Rice Fading Model

In this section, we consider the case in which both the
desired and the interfering signals experience the Rician fading
environment. Hence, the power X of the desired user is then
a non-centered Chi-squared distribution with a Rice factor K
and an average power )y (the corresponding PDF is in Table
I). The interfering power signals {X;}~ , are allowed to be
correlated, and follow non-centered Chi-squared distributions
with Rice factors {K;}Y ; and average powers {€2;}¥ ;. Our
aim is again to study the convergence radius of the power
series (5) (or equivalently that of (4)) under this Rician fading
model. The main result characterizing the convergence radius
R of the power series formula (5) under the Rice fading
environment is stated in the following theorem.

Theorem 3. Let X be a non centered Chi-squared distribu-
tion with parameters Ky and Qy, and X1, Xs, ..., Xy be cor-
related RVs following non centered Chi-squared distributions
with parameters {K;}_, and {Q;}},. Then, the convergence
radius R of (5) satisfies:

Qo
R> —— 14
“a(N+1) 14)
where o = maxi<i<n o; with o; = HQ—K, i=0,1,...,N.
Proof. The proof is in Appendix B. O

In order for the proposed moment-based expression (5) to be
valid, Theorem 2 suggests to consider threshold values that are
upper bounded by the ﬁ We will see in the numerical
results, that, for this range of threshold values, the value of
Poui(yen) will cover the range of operating values of OPs.
This goes in favor toward the applicability of the proposed
moment-based approach.

Note also that the lower bound in the Rician case is more
insightful than the one obtained with the Generalized Gamma
fading model. In fact, it can be easily seen that this bound is
exactly the ratio between the non line of sight (NLOS) power
of the desired user divided by N + 1 times the the maximum
NLOS power over all interferers. It represents, as such, a kind
of a “worst case” signal-to-interference ratio over the NLOS
path. In light of this observation, this quantity seems to be
critical for the validity of the provided OP expression. This
can be seen by noting that the provided OP expression would
be almost valid if the interferers’ power over the LOS path is
very high.

IV. EXTENSION TO SIMO RECEIVERS

In this section, we show how our proposed moment-based
approach can be used to derive OP expressions at SIMO
receivers when using SD. Particularly, we consider wireless
transmissions between a single-antenna transmitter and a M-
antennas receiver that are affected by interference signals
coming from N mono-antenna sources. Under this setting, it
is shown in [5] that the SINR at the n-th receiver antenna
writes as:

X
Ni’
>, Xi
i=1

SINR,, = (15)

where X and X[ denote respectively the desired and the
it" interferer’s power received at the n-th branch, i =
1,2,..,N and n = 1,2,...,M. We assume that X/ and
(X7, X5, ..., X%)" are independent for each n. We consider
the case in which the receiver uses SD. Under this setting, two
types of SD can be distinguished, namely SNR and SINR-
based SD techniques [5]. In SNR-based SD, the receiver
selects the diversity branch with the highest SNR, or equiv-
alently with the highest {X{'},n = 1,---, M. Under these
circumstances, the SINR at the selected branch is given by:

Xo,5D
N b
> X"+
i=1

SINRSNR_SD == (16)



where Xy sp = maxi<p<p X and ng denotes the index of
the selected branch. A second kind of SD is known as SINR-
based SD. In this case, the receiver selects the branch with the
highest SINR. The SINR at the selected branch is thus given
by:

SINRSINRst = 1%171;15(]” SINRn, (17)

In the sequel, we will make use of our results in order to derive
expressions for the OP of the SINR at the output of each SD
technique.

A. SNR-Based SD

For the sake of simglicity, we assume here that the vectors
X, = (X7, ,X}), n=1,2,..,M, are identically dis-
tributed but not necessarily independent. Moreover, we assume
that the desired signals are independent from the interfering
signals. This particularly allows us to treat va:l X" as any

sum among {Zf;l Xi”} since they have the same distri-
bution. From the express?&nl of SINRsyr_sp and in order
to be able to apply the proposed moment-based approach, it
suffices to have a power series expansion of the CDF of the
RV Xy,sp. In fact, under the independence of the desired
user signals over each diversity branches, the CDF of X sp

is given by

M
FXO,SD(x) = HFXS('I) (18)

n=1
Knowing the power series expansion for the CDF of each
Xy,mn=1,---,M, ie., the desired user signal’s envelop at
each diversity branch is distributed according to one of the
distributions listed in Table I, one can easily obtain that of
Fx, sp(-) by applying recursively the Cauchy product for
power series. For the sake of illustration, take M = 2 and
assume that the CDFs of X and X@ have respectively the
expansions > p axz® and 357 a,z® which are valid for
z > 0, then the CDF of X sp can be expanded as Y- cxz®
where ¢, = Z?:o aga;,_, and x > 0. With this expansion
at hand, we are able to apply Theorem 1. Thus, we get the
following OP expression:

Pout,SD (’yth) -

o0
Z KVt Z
k=0

k .
3
<Z. ; NG i, ines
. - 155 UN+1
i14+...+iny1=k p BN

19)

The remaining work is to perform, similarly to Section III, a
convergence study of the previous power series.

B. SINR-Based SD

We assume here that the instantaneous SINR at each diver-
sity branches are independent, i.e. the RVs {SINR,, } | are
independent. In this case, the OP of the SINR at the selected
branch is given by:

M
Pout,SD(fYth) = H Pout,n(’yth)y

n=1

(20)

where Pyt (7in) is the OP of SINR,, n = 1,2,..., M.
Assume that for each branch the assumptions of Theorem
1 hold. One can thus obtain a power series expansion for
each Poy¢ pn(ven), n = 1,---,M. The power series for
Pout,sp(tn) can be thus obtained by using recursively
the Cauchy product method. Furthermore, sufficient condi-
tions guaranteeing the convergence of the power series of
P,ut,sp(in) can be directly obtained from the convergence
study carried out for SISO systems. To illustrate this point, let
us consider for instance the Rician fading model and denote
by Qf and K the parameters of the desired user power at the
nt" diversity branch and Q' and K" the parameters of the i*"
interference’s power arriving at the n*" diversity branch, where
n=12..,Mand 7 = 1,2,..., N. From the analysis made
in the previous section, it suffices then to choonse a threshold
value that is upper bounded by min <, < m where aff
and o' are given, similarly to the ones ndeﬁned in Theorem 3,
by @ = max;<;<y o with o = ﬁw i=0,1,..,N.

In summary, all this shows that our technique is not re-
stricted to the simple case of SISO systems. Indeed, it can be
used to efficiently handle more involved scenarios which are
not covered by the existing classical methods.

V. NUMERICAL RESULTS

Some selected simulation results are performed in this
part in order to validate the analytical expression derived
in (12) corresponding to the particular case where the co-
channel interferers experience independent fading channels.
In our simulation results, the newly derived power series (12)
is approximated using the corresponding truncated series as
follows:

Pout (’Yth) ~

Ky b N
Z aryh Z <z " >7IiN“ H mi;, (21)
k=0

i14...Finy1=by Ly BNA1 j=1

where K. denotes the order of truncation. Two interesting
scenarios will be considered in our simulation results corre-
sponding to two different choices of the fading models: the
Rice and the Generalized Gamma fading models. The reason
behind such choices is that the Generalized Gamma model
includes such many interesting fading models as Nakagami-
m, Rayleigh, and Weibull fading variates. Furthermore, the
Rician fading environment has not been studied for arbitrary
values of Rice factors and average powers, being only studied,
to the best of the authors’ knowledge, when the interferences’
average powers are all equal [4], [11].

In each scenario, we perform two experiments. In the first
experiment and for a fixed order of truncation, we validate the
newly derived expression (12) by studying the accuracy of (21)
as a function of the threshold ~;;, for different values of fading
parameters and different numbers of co-channel interferers.
The accuracy of this expression is then studied in the second
experiment for different values of Ky, and again as a function
of Yip.

It is important to point out that the maximum value of
the threshold ~;;,, used in the following simulation results,



corresponds the lower bound of the convergence radius R,
ie. % in (14) and #ﬂﬂ) in (13) for respectively the
Rice and the Generalized Gamma fading environments. Thus,
following the convergence study of the previous section, the
convergence of (12) is guaranteed in the considered range
of the threshold -4, and hence the proposed moment-based

approach is valid.
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Fig. 1. Outage Probability in a Rician fading environment with Ky, = 10.
Desired user power: 290 = 20 dB, and Ky = 10. Interferers’ power: €2; =
05dB i =1,2,..,6. N =2: K = {6,6}. N =4 K = {6,6,7,7}.
N =6: K ={6,6,7,7,8,8}. Noise variance: n = —10 dB.

A. Rice Fading Model

The OP of the SINR in (12) is evaluated under the Rice
fading model. In this case, we consider that the desired user
power follows a non-centered Chi-squared distribution whose
PDF given in Table II with Rice factor Ky and average
power €. The co-channel interferers’s powers follow as well
independent non-centered Chi-squared distributions with Rice
factors {K;}¥ | and average powers {Q;}Y ;. .

It is worth recalling that, in the derivation of the newly
derived power series expressions (5) and (12), the sequence
{bk }ren is assumed to be a positive, integer, and strictly in-
creasing sequence. Such an assumption holds in the considered
Rice fading model since by, = k+1 for all k£ € N (see Table I).
Hence, we do not assume any particular values of the desired
user power parameters which can be arbitrarily chosen.

In our first experiment, we aim to validate the newly derived
analytical expression (12) by studying the accuracy of the
corresponding truncated series (21) for different values of the
Rice factors and different number of co-channel interferers.
To this end, we plot in Fig. 1 the analytical and the simulated
value of the OP P,,;(vV:#) as a function of the threshold ~,
and for three different values of the co-channel interferers.
Note that the order of truncation is fixed in this experiment
and is equal to K. = 10. From this figure, we clearly
observe that, for each scenario and for the considered range

of threshold values, the analytical and the simulation results
coincide perfectly. This goes in favor toward the accuracy of
the truncated series expression (21). Moreover, it is worth
pointing out that the considered range of threshold values,
while properly chosen in order to guarantee the convergence of
(12), corresponds as shown by Fig. 1 to the interesting range of
OP that are important in practice, i.e. values of P+ (7:5) that
are approximately less than 10~1. Such an observation shows
that our method can be applied in practice without bearing
severe restrictions from the condition in (14).
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Fig. 2. Outage Probability function of 2p in a Rician fading environment
with Ky 8. N = 4 independent interferers with ; = 0.5 dB, and
K; =5,1=1,2,3,4. Noise variance: n = —10 dB and ;3 = 5 dB.

In Fig. 2, we propose to validate the proposed power series
formula (12) for different values of the desired user average
power €)y. To this end, we represent in this figure the OP as
a function of 2 for three different values of the Rice factor
Ky, when the order of truncation is set to K;. = 8 and the
threshold ~, is chosen to be equal to 5 dB. It is important
to mention that, for the considered simulation parameters, this
value of 7, ensures the convergence of the newly derived
formula (12), being below the lower bound ﬁ of the
convergence radius R. This figure shows again a perfect match
between the analytical formula and the simulation results. It
also allows to shed light on the enhancement in terms of OP
when increasing the average power {2y or the Rice factor K.

In a second experiment, we aim to analyze the accuracy
of the truncated power series (21) for different values of the
truncation order. To this end, we plot in Fig. 3 the value of
Pout(yen) as a function of 4, when Ky = 1,2, 5,8 and under
the Rician fading environment. This figure shows that the high
accuracy of (21) in retrieving operating ranges of OP, starting
from only few terms in the underlying expansion. In particular,
it is important to note that when K. = 5, our analytical
formula coincides perfectly with the simulation for all values
of P,yu+(y:n) less than 0.02 approximately. Moreover, the
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Fig. 3. Outage Probability function of K¢, in a Rician fading environment.
Desired user power: 29 = 20 dB, and Ko = 10. N = 4 independent
interferers with Q; = 0.5 dB ¢ = 1,2,3,4, and K = {6,6,7,7}. Noise
variance: n = —10 dB.

smaller is the value of 7, the less is the number of truncation
order Ky, needed to guarantee a fixed accuracy requirement.
This fact is expected since, as we decrease vy, all the curves
with different values of K, converge to an asymptotic curve
corresponding to the leading term of the proposed power series
expansion (12).

B. Generalized Gamma Fading Model
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Fig. 4. Outage Probability in a Generalized Gamma fading environment with
K = 10. Desired user power: 20 = 25 dB, pg = 1, and dp = 2. Interfer-
ers’ power: ; =0.5dB,and d; =0.5¢=1,2,...,6. N =2: p={1,1}.
N =4:p={1,1,1.25,1.25}. N = 6: p = {1,1,1.25,1.25,1.5,1.5}.
Noise variance: n = —10 dB.

In this section, we consider the case where the desired
user as well as the co-channel interferers experience the

Generalized Gamma fading environment. The desired user
power follows then a GG(do,po, ) and the co-channel
interferers’ powers are distributed independently according to
GG(d;,pi, Qi) © = 1,2,...,N. Our aim is again to validate
the newly derived expression (12) for this particular fading
environment.

Note that the requirement of having positive integer values
of by, k € N, requires us to introduce some assumptions on
the parameters of the desired user power PDF. In fact, from
Table 1, the values of by is dg + kpg, k € N, and hence the
parameters d and py need to be integers in order for the newly
derived expression (12) to be valid.

In Fig. 4, we set K; = 10 and compare the analytical
formula (12) with the simulation results for different values of
the number of co-channel interferers and different values of the
parameters of the co-channel interferers’ power distributions.
In this figure, we easily observe, for each scenario, a good
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Fig. 5. Outage Probability function of K¢, in a Generalized Gamma fading
environment. Desired user power: Q9 = 25dB, po = 1,anddp =2. N =4
independent interferers with Q; = 0.5 dB , d; = 0.5 ¢ = 1,2,3,4, and
p={1,1,1.25,1.25} . Noise variance n = —10 dB.

match between the OP provided by the analytical formula and
that obtained by simulations. Moreover, as for the previous
subsection, Fig. 4 shows that the convergence of the newly
derived power series expression (12) is guaranteed for values
of P,yt(yen) less than around 0.05 for the three considered
scenarios. Thus, the convergence region of (12) covers the
operating range of the OP.

In a second experiment, we aim to investigate the accuracy
of (21) for various values of the order of truncation K.
Fig. 5 representing P,,:(vn) as a function of 4, with
K = 0,1,2,5, illustrates the obtained results. Interestingly,
we point out from this figure that few values of Kj, are
strongly sufficient to guarantee a good level of accuracy. For
instance, the truncated series with K, = 2 coincides perfectly
with the simulation in the considered range of OP, and with
K. = 1 the accuracy is validated for values of P,,:(V¢r)
that are less than 0.02. Moreover, compared to the results
shown in Fig. 3 under the Rician fading environment, we



clearly observe that fewer terms (i.e. small values of Kj,)
are sufficient to ensure a highly accurate result. This might
be an outcome of the rapid increase of the powers’ moments
under the Rician fading environment compared to those of
the Generalized Gamma one. Hence, the general term of (12)
decrease faster to zero in the Generalized Gamma environment
than in the Rician fading case.

C. SINR-Based SD for SIMO Receiver

In this subsection, we aim to validate the proposed moment-
based formula in the case of SINR-based SD receivers with
N = 4 co-channel interferers affected by the Rician fading
model. To this end, we plot in Fig. 6 the OP, given by
simulations and the proposed moment-based formula, as a
function of ~;;, when the number of branches are M = 1,2, 3.
This figure shows for each scenario a perfect match between
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Fig. 6. Outage Probability with M-branch SINR-based SD in a Rician fading
environment with N = 4 co-channel interferers and K3, = 10. Desired user
powers are i.i.d: Q7 = 20 dB, and K{f =10, n = 1,2,..., M. Interferers’
powers are i.id: QP = 0.5 dB, and K" = {6,6,7, 7} i =1,2,3,4 and
n =1,2,..., M. Noise variance: n = —10 dB.

simulated and analytical expressions, thus validating the pro-
posed moment-based formula. As expected, we clearly observe
from this figure that the larger is the number of SD branches
the smaller is the OP.

VI. CONCLUSION

We developed in this work a novel moment-based approach
of the OP of the SINR when operating over generalized
fading channel environments. Our method is based on the
derivation of a power series expansion of the OP using only
two ingredients namely the power series expansion of the
CDF of the desired user power and the cross-moments of
the interfering powers. Compared to other existing techniques,
it presents two main advantages. First, it is applicable for a
wide range of fading models for the desired user signal, under
possibly some mild assumptions on the fading parameters, and
second, it does not require the knowledge of the fading model

of the interfering signals, the cross-moments of the interfering
powers being the sole requirement.

We performed also a convergence study of the newly
derived power series expansion when operating over two
interesting fading models, the Generalized Gamma and the
Rice fading environments. To illustrate the wide scope of
applicability of our technique, we show how it applies to
analyze the OP at receivers using SD techniques. Finally, some
selected simulation results were also carried out in order to
validate the proposed formula.

APPENDIX A
PROOF OF THEOREM 2

We start by proving that if py < p, the convergence radius R
is equal to +o0o. The proposed moment-based formula would
be thus valid for every threshold values ~;; > 0. To this end,
via the use of Jensen’s inequality to the convex function z%*,
k € N, on the positive axis, we have:

o) N b
> lakE <Z Xi + 77)

k=0 =1
oo N br
Xi n
N +1)E :
=D laxhii (N + ( N+1 N+1>
k=0 =1
) N
< laglygE (N 4+ 1) (ZE [ka} + vf?k)
k=0 =1
= h (22)
k=0

Let us now study the convergence of the power series » , hy.
Note that this series could be rewritten as a finite sum of power
series:

00 N oo
> he =303 lachi (N +1)"E [X}]
k=0

1=1 k=0
hi,i
+ 3 Jawy b (N + 1)y 23)
k=0

Tk

Hence, the convergence radius of ) & Px: is then the minimum
over all the convergence radius of the NV 4+ 1 power series of
the previous equation. Let ¢ € {1,2,..., N}, we apply the
D’Alembert test of convergence [28] to the infinite power
series of general terms hy;, kK € N. Upon plugging the
expressions of ay, by in Table I and the expression of the
moments E [X b
k € N, we obtain

in Table II into the expression of hy ;,

d;+do+k
N (amh)po (N + 1)po F(W + %)

k+1 F(dri-do-i'k;ﬂo)

Ppi

Rk,

24
Pii ag 24)

We employ now the following asymptotic expression of the
Gamma function given in [22]:

T(t 4 a) ~i 400 t°T(1). (25)



From this expression, we deduce that:

Po 2o
hivii (@ (N +1)Po (d; +do+ kpo\ *i
Pi.i ag

k+1 Di

Hence, we clearly observe that provided that pg < p with
p = minj<;<n p;, we deduce that for each i € {1,2,..., N},
hfL“ L goes to zero as k goes to infinity. Consequently, the
convergence radius of the power series > i Pke,i is oo for each
i € {1,2,...,N}. Similarly, the convergence radius of >, ry
is co. In fact, using again the D’Alembert convergence test,
we have:

(26)

Tk4+1

M)PO (N + 1)170 Po
Tk ao

k+1n’

which goes to zero as k goes to infinity. From these two results,
we deduce that the power series ), hj has a convergence
radius equal to +oo. Thus, from (22), we conclude that if
po < p the convergence radius R is equal to 4-o00.

In the second part of the proof, we aim to show that if
po > p, the convergence radius R = 0, and thus the proposed
moment-based formula is not valid. In fact, let us denote by i¢
the index in the set {1, 2, ..., N'} corresponding to the interferer
with p;, = p. Using the fact that by, > 0, k € N, it follows
that:

oo N bk
S bl (zxi +77>
k=0 =1

27)

oo

>3l E [X0]

k=0
o0

=2 9
k=0

Following the same steps as in (26), the D’ Alembert conver-
gence test applied to ), gj yields:

20
Ik+1 ~ <ai07th>p0 1 <dzo + dO + k'pO) Pig
9k ag k+1 Dio

Thus, given that py > p;,, the previous quantity goes to +oo
as k goes +oo, and therefore the convergence radius R is
equal to zero.

Finally, it remains to prove that R > m in the case
when pg = p. For that, we study the convergence of each
> i Pk,i in this particular setting. It is worth mentioning that,
for all 4 such that p; > po, the convergence radius of >, hy ;
is oo. This can be proved by following the same calculations
in (26). It suffices thus to focus on the case when p; = pg. In
this case, the application of the D’alembert test of convergence
along with the approximation in (25) yields:

Rk, aiyen \*° (N +1)Po (d; + dy
P ag

k + 1 Po
Thus for p; = p. the convergence radius of Zk hi; is then
PRGESY) e +1) Recalling that the convergence radius of ), 7, is oo,
we conclude that the convergence of the power series >, hy, is
thus given by the minimum over all the convergence radius of
those ), hy; satisfying pl po. Consequently, we conclude

that when pg = p, R > a(N+1)

(28)

(29)

+ k> . (30)

APPENDIX B
PROOF OF THEOREM 3

Using the same methodology as in (22), it follows that:

N bi
ZMkhbkE (ZXan)
< i lar |2 (N + 1) (Z [ka} +nb’“>

i=1

(—Ko)| LY (Ko)| (yen(1 + Ko)\* ™
(k1) ( o ) (N + 1

2

X

IN
8 < ~ T 8n
Mg wE oM

E |:X<k+1 kJrl)

("/th(

E[XF] + n’““)

[

—Ko/2)
1)

)>k:+1 (N N 1)k

—~
ol

X
o
ViR

=

U
B

€1y

Mg

~
I
o

In the previous derivation, we have replaced ay and by, k € N,
by their expressions presented in Table I. Moreover, we have
used the inequality |L(Ky)| < exp(Ky/2) given in [23].
Let us now study the convergence of the power series >, dj.
Similarly to the previous proof, we rewrite this power series
as a finite sum of power series:

8”

+ ka, (32)
k=0
where
d o — exp(—Ko/2) (n(1+ Ko)\ " (N + 1FE [XF+1]
MO T (k4 1) Qo i
(33)
and
o= exp(—Ko/2) (yen(1+ Ko) et (N + l)kz k+1
P T e+ 1) Qo K

(34)

We perform now a convergence study of each of the N +
1 power series. Let i € {1,2,..., N}. Plugging the moment
corresponding to the Rician model into dj, ;, we have:

~exp(—Ko/2) (vn(1+Ko) )" L
i = o) ( o, O) (N + D'E [XF]

eap(—Ko/2) (1 + Ko) )"

S ( 2 > (N +1)"

X (SCI;F)Q,C)JFNE( (k+1),1; —K;) Q1 (35)



where 1Fy (-, -;-) is the Kummer confluent hypergeometric
function [22]. This function is related to the Laguerre polyno-
mials of degree n and order zero L9 (-) as follows [22]:

1Fy(—n, 1;—2) = L?L(fx). (36)

In [29], an asymptotic expression of L, (—z) is given for z >
0 as follows:

% exp(—/2) (nz) "4 exp(2y/n7)
37

L?L(il’) ~p—s+oo

Using this asymptotic expansion in (35), it follows that

k41
d s ~ eXp(Q—\/I;O/2) <%h(1(;; KO)) (N +1)*
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Now, we employ the D’ Alembert test of convergence to get:
Yen (1 + Ko)Qi)
N+ ————
e (TR
x exp(2v/(k + 2)K; — 2¢/(k + 1)K;)
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Consequently, the convergence radius of power series Y, dy ;
: Qo (1+K;) .

is then O+ R) (VD) Qn the other har.ld, we can easily prove
that the convergence radius of ), f is co. In fact, we have

that:

x exp(2 (38)

diy1,
—_—
dr
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Jevr 1 (1 + Ko)(N +1)n
Ik k+1 Qo ’
which tends to zero as k goes to infinity for all values of
Y¢h. The D’Alembert test of convergence shows thus that
the convergence radius of ), fi is oco. From these two
results, we can conclude that the convergence radius of & Ok

Qo(1+K;) S
T Rovn = b ’N}
anvg i =L N
CQnsequently, the convergence radius of ), dj is ﬁ
with o« = max;<;<n ;. Hence, from (31), the convergence

radius R of the proposed moment-based formula (5) satisfies

R > 11(1[\)[1711) which concludes the proof.

(40)

is then the minimum over {

or equivalently the minimum over
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