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Abstract:

The deterioration of transport infrastructure earthworks is a global problem, with negative impacts for 
infrastructure resilience, becoming of increasing significance as existing infrastructure ages. Key mechanisms 
which affect this deterioration include seasonal pore pressure cycling driven by changing weather and 
climate, and the long-term dissipation of construction induced excess pore pressures. These complex 
processes lead to significant uncertainty in rates of deterioration and the current state of existing earthworks 
assets. The objective in this work was to establish a framework to emulate deterministic numerical models 
of slope deterioration over time using statistical (Gaussian process) emulation. A validated, physically based, 
deterministic modeling capability has been developed that can replicate the hydro-mechanically coupled 
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behavior of cut and embankment slopes and their deterioration as driven by weather and climate. In parallel, 
a statistical (Gaussian process) emulator model was developed, and then trained with data from a 
deterministic modeling parametric study, using a formal experimental design approach, making use of Latin 
hypercube sampling. Exemplar forecasting outputs are presented to demonstrate application of the 
approach for use in decision-making. This information can be used in the design of new earthworks and the 
management of existing earthwork portfolios.
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1 Introduction 

Weather-driven cycles of pore pressure can cause deterioration of soils and earthworks [1], and these cycles 
are thought to cause an increase in the void ratio of compacted fills [2]. Slope vegetation also plays a key role 
in slope surface-atmosphere interaction [3], having significant impacts on the magnitude of seasonal pore 
pressure cycles. Climate change in the UK is likely to exacerbate these issues due to the change in the seasonal 
distribution of wetting and drying and the increased magnitude of seasonal cycle size [4], along with the 
additional uncertainty posed by both the variability of future climate projections [5] and the potential effect 
any future change may have on infrastructure. Climate change, and the resultant effects on weather are also 
projected to occur both in Europe [6], and globally [7]. These changes are likely to have negative effects on 
geotechnical infrastructure [8] with rail transport infrastructure in Europe thought to be at particularly high 
risk from extreme weather events [6]. Climate change and extreme weather events have also been 
recognized as a significant potential risk to transport infrastructure in the US [9,10]. 

Earthworks form a key part of transport infrastructure worldwide [8] and their stability, or lack thereof, can 
cause significant safety and serviceability issues. In the UK, Network Rail manages over 19,000 km of 
earthwork slopes [11] and National Highways manage 46,900 individual earthworks [12]. Significant railway 
construction in the UK began in the 1830s [13], and Network Rail estimate that the majority of their 
earthworks are over 150 years old with the age of earthworks in some parts of the network exceeding 170 
years [11]. These slopes have therefore undergone large numbers of wet-dry cycles, deteriorating to an 
unknown magnitude. Further uncertainty is added by construction being undertaken before a modern 
understanding of soil mechanics, leading to a number of issues, including; lack of compaction in 
embankments (along with the use of end tipping to place fill and/or compaction by horse runs); a lack of 
foundation preparation [14–16] and; the over steepening of both embankment and cutting slopes compared 
to those engineered more recently. This poses a problem for asset owners who are dealing with spatially and 
temporally diverse assets. 

The UK trunk road and highways network is significantly younger than the railway network with initial 
motorway construction commencing in 1956 and the first major phase of motorway construction starting in 
the 1960s [17]. As such UK highways geotechnical infrastructure tends to be no more than 65 years old and 
has the benefit of being designed and constructed with a modern understanding of soil mechanics, making 
use of modern excavation and compaction equipment allowing the removal of greater volumes of material 
and achieving better and more consistent compaction of fill. As such, UK highways slopes tend to be less 
steep, and more homogeneous (in the case of embankments) than the 19th century rail slopes [16,18]. 

At present Network Rail and UK National Highways do not specify a design life for geotechnical infrastructure, 
instead stating that earthworks are a “long life asset” [11] or that geotechnical assets are typically expected 
to have a “long service life” [19]. However Network Rail specify a 20 year and 120 year serviceable life for 
“refurbished” and “renewed” earthworks assets [20], and guidance in publications relating to UK highways 
quotes values of 60+ years for design life and 120+ years for effective service life [12]. 

A key aim of the UK government is to improve resilience of infrastructure, and it has been identified by the 
UK National Infrastructure Commission [NIC, 21] that “…predictive asset management models, could provide 
more detailed information on asset condition and performance, helping to prevent failures and better target 
maintenance interventions or renewals”. As such an understanding of the current state of deterioration and 
how that might change over time is needed for improved asset management both now and in the future. 
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Addressing the need for models to predict changing asset condition was the focus of this study, with 
application to transport infrastructure earthworks.

The objective was to establish a framework to emulate deterministic numerical models of slope deterioration 
over time using Gaussian processes (GPs). The GPs provide not only a fast surrogate for the computationally 
expensive deterministic numerical models, but also properly quantify and propagate uncertainty associated 
with the statistical approximation. Development and validation of the deterministic numerical models, and 
development of the statistical emulator, are described. Exemplar forecasting outputs are presented to 
demonstrate application of the approach for use in decision-making. 

2 Modeling framework and experimental design

This paper draws together an existing body of work that has been used to produce data that allows the 
characterization of the changing state of an earthworks asset or group of assets due to deterioration, in line 
with the requirements outlined by the UK NIC. The workflow required to derive the deterioration data is 
summarized in Figure 1 and the steps to produce the asset and network scale deterioration data are 
described in more detail in this publication. 

Deterministic 
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Figure 1: Diagram showing the workflow required to produce asset and network scale deterioration data by the emulator. 
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2.1 Experimental design

In order to undertake GP emulation [22,23], a Latin hypercube sampling (LHS) approach has been adopted 
for the experimental design. This is widely used in the statistical design of experiments [24] but is not 
commonly used in geotechnical engineering, although examples of the approach being adopted are 
beginning to be appear, see for example Xu and Wang [25]. 

An LHS design approach optimizes coverage of a parameter space (i.e., range of parameters) with the 
minimum number of experiments. Each parameter to be varied (e.g., apparent cohesion, friction angle etc.), 
corresponds to a dimension of the hypercube, and said dimension is discretized into a number of equal sized 
bins set equal to the total number of experiments to be undertaken. For each bin and dimension, parameter 
values are randomly sampled from a uniform distribution with the condition that each bin can only be 
selected once. Therefore, each experiment (or model) run corresponds to a unique parameter ensemble, and 
across the full set of experiment runs, no parameter values are repeated, leading to an efficient sampling of 
the parameter space. These designs “fill space” much more efficiently than more naïve parameter scans and 
factorial designs. For a more thorough treatment of formal experimental design approaches and LHS see 
Santner et al. [24].

The LHS adopts a maximin sampling criterion which maximizes the minimum distance between sample 
points, while placing the sampled point in a randomized location within a sample interval [26]. Once the 
samples have been drawn for each dimension, they must be transformed to derive the deterministic model 
input parameters. The adopted LHS output vectors are summarized in Figure 2 where it can be seen that for 
a given model there is a single value for each of the adopted parameters and that those values are never 
repeated in any of the other models. The LHS design array is then used to allocate the appropriate parameters 
to each of the models.
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Figure 2: Latin hypercube design dimension vectors showing the samples for a) the model geometry number (see Figure 8); b) the peak 
frictional strength; c) the apparent cohesion at peak strength and d) the reference hydraulic conductivity value. The values are 
obtained on a unit interval [0,1] and are then scaled to the required range.

2.2 Geotechnical deterministic modeling overview 

In order to develop the emulator, it is necessary to undertake deterministic numerical modeling of the assets 
of interest, and the resultant data can then be used to train the emulator. In this work, the deterioration of 
infrastructure cut, and embankment slopes are the focus. This required the development of two differing 
models to capture the fundamentally different initial stress conditions in the soil forming the slopes as a 
result of the differing construction methods. 

In cut slopes, a key aspect of deterioration is driven by the long-term dissipation of construction induced 
negative pore pressures, which, along with the overconsolidated nature of the clays of interest, can cause 
loss of strength due to effective stress changes. This, in turn, can also cause strength reduction due to shear 
strain softening driven by swelling and seasonal ratcheting. Conversely, the embankments are at greatest 
risk of deep-seated failure during and shortly after construction due to loading generating excess positive 
pore pressures in the foundation soils. Once these initial excess positive pore pressures dissipate, the average 
stability of embankments increases, and shallow failures driven by seasonal weather cycles become more 



TRGEO-D-23-00425-R1

7

significant. In addition, the compaction process of fill layers during construction, even using modern 
methods, can introduce heterogeneity of density into the structure of the embankment as well as a complex 
stress and stiffness distribution which influences later behavior [2]. These processes are summarized in Figure 
3a and b where the key mechanisms for each asset type are highlighted. 

Figure 3: Conceptual slope processes and behavior modeled in this work; a) cut slopes; b) embankment slopes.

3 Deterministic geotechnical model development 

The modeling in this work is undertaken in the software code FLAC (Fast Lagrangian Analysis of Continua), a 
finite-difference geomechanics modeling code intended for use in rock and soil mechanics problems [27] and 
referred to as the deterministic geotechnical model (DGM) in the remainder of the text. Within the DGM, the 
model is discretized into deformable zones in order to solve a set of differential equations governing soil 
hydraulic and mechanical behaviors. Stresses, strains, and displacements for discrete points are then 
calculated. Deformations occur within the model as a function of the stress-strain relationship adopted and 
as a result of applied boundary conditions. The DGM finds a static solution to an unstable physical problem 
using an explicit, time stepping approach. Additionally, the DGM has the capability to model fluid flow. This 
is carried out as coupled consolidation analysis, whereby deformations drive changes in pore pressure, and 
vice-versa. In this work the two-phase flow scheme was adopted, which was capable of modeling unsaturated 
flow where air and liquid phases are considered within a permeable medium. This allowed the modeling of 
the coupled hydromechanical behavior of both cuttings and embankments.

3.1 Saturated hydraulic conductivity 

The saturated hydraulic conductivity, , of the cut slope models is defined as a function of the depth below 𝑘ℎ
the modeled surface, , prior to slope excavation and is derived from published data on the London Clay 𝑑𝑠
[28,29]. The model also incorporates a near-surface weathered zone of elevated conductivity. The initial  𝑘ℎ
distribution prior to slope excavation is derived as follows:

𝑘ℎ = 𝑘𝑟𝑒𝑓ℎ (𝑑𝑠𝑘𝑠𝑐𝑎𝑙𝑒ℎ )where
𝑘𝑠𝑐𝑎𝑙𝑒ℎ = ―0.8, 𝑘𝑟𝑒𝑓ℎ = 1 × 10―8 m/s, if 𝑑𝑠 ≤ 5 m

 𝑘𝑠𝑐𝑎𝑙𝑒ℎ = ―1.0, 𝑘𝑟𝑒𝑓ℎ = 2 × 10―9 m/s, if 𝑑𝑠 > 5 m, 1

where  represents the saturated hydraulic conductivity of the soil at a reference depth of 1 m, and  𝑘𝑟𝑒𝑓ℎ 𝑘𝑠𝑐𝑎𝑙𝑒ℎ
controls the rate of change of saturated conductivity with depth. Also note that the maximum near surface 
hydraulic conductivity is capped at m/s.1 × 10―7
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Field measurements of the near-surface hydraulic conductivity of a cut slope in London Clay indicate an 
elevated hydraulic conductivity in the weathered zone within the top 4 m of material below the excavated 
slope surface [30]. To approximate this behavior, a high conductivity zone was defined in the cutting models 
at the end of excavation, where the saturated hydraulic conductivity below the excavated surface, , is 𝑑𝑛𝑠
defined as follows:

𝑘ℎ =
𝑘𝑟𝑒𝑓ℎ (𝑑𝑛𝑠 ―0.8), 𝑘𝑟𝑒𝑓ℎ = 𝑘𝑟𝑒𝑓ℎ𝑠 , if 𝑑𝑛𝑠 ≤ 4 m 

 unchanged from previous, if 𝑑𝑛𝑠 > 4 m, 2

where  is the weathered soil reference saturated hydraulic conductivity at a depth of 1 m. The hydraulic 𝑘𝑟𝑒𝑓ℎ𝑠
conductivity properties adopted for the cut slope validation model are summarized in Table 1.

The embankment simulations use a void ratio dependent model for the hydraulic conductivity of the fill, , 𝑘ℎ𝑓
according to the formula proposed by Samarasinghe et al. [31]:

𝑘ℎ𝑓 = 𝑘𝑟𝑒𝑓ℎ𝑓
𝑒𝑘

𝑙
ℎ𝑓

1 + 𝑒 3

where  is the reference hydraulic conductivity (  m/s) and  is a fitting parameter (𝑘𝑟𝑒𝑓ℎ𝑓 𝑘𝑟𝑒𝑓ℎ𝑓 = 1 × 10 ―6 𝑘𝑙ℎ 𝑘𝑙ℎ = 5
). The fill hydraulic conductivity was calibrated from the field data reported by Dixon et al. [30] for the 
BIONICS trial embankment. The adopted hydraulic conductivity properties for the embankment validation 
model are summarized in Table 2.

3.2 Soil water retention and unsaturated hydraulic conductivity 

Both the cut slope and embankment models use the van Genuchten [32] soil water retention model to link 
the degree of saturation, , and the capillary pressure,  when the soil becomes unsaturated, derived as 𝑆𝑤 𝑃𝑐
follows: 

𝑃𝑐 = 𝑃𝑣𝑔[𝑆―1/𝑚𝑣𝑔
𝑒 ― 1]1 ―𝑚𝑣𝑔 4

Where  is a fitting parameter related to the air entry value of the material,  controls the rate at which 𝑃𝑣𝑔 𝑚𝑣𝑔
the material desaturates once air entry has occurred and  is the effective saturation:𝑆𝑒

𝑆𝑒 =
𝑆𝑤 ― 𝑆𝑤𝑟
1 ― 𝑆𝑤𝑟

=
𝜃 ― 𝜃𝑟
𝜃𝑠 ― 𝜃𝑟

5

Where  is the residual wetting saturation,  is the volumetric water content,  is the residual volumetric 𝑆𝑤𝑟 𝜃 𝜃𝑟
water content and  is the saturated volumetric water content (equal to the porosity of the soil).𝜃𝑠
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The models also derive the unsaturated hydraulic conductivity, , and the unsaturated air conductivity, 𝑘𝑢ℎ
, from  as follows:𝑘𝑢𝑎 𝑆𝑒

𝑘𝑢ℎ = 𝑘ℎ𝑆𝑒0.5[1 ― (1 ― 𝑆𝑒1/𝑚𝑣𝑔 )𝑚𝑣𝑔]2
6

𝑘𝑢𝑎 = 𝑘ℎ
𝜇𝑤
𝜇𝑎

(1 ― 𝑆𝑒)0.5(1 ― 𝑆𝑒1/𝑚𝑣𝑔 )2𝑚𝑣𝑔 7

Where  is the water-to-air dynamic viscosity ratio. 𝜇𝑤 𝜇𝑎

The adopted soil water retention behavior for the cut slope model was calibrated against published soil water 
retention drying curve data for London Clay [33]. The adopted soil water retention behavior for the fill 
validation models was bimodal and had variable porosity as a function of volume change [see 34].

3.3 Soil stiffness

Both the cutting and embankment models adopt non-linear stress-dependent stiffness models. In the cut 
slope models, soil elastic modulus, , is defined as a function of mean stress, , and a constant Poisson’s 𝐸′ 𝑝′
ratio, . This approach is widely adopted [35–39].  is derived as follows:𝜐 𝐸′

𝐸′ =
𝐸′0(𝑝′ + 100)

100
8

Where  is the reference modulus of elasticity and  is derived from the cartesian effective stresses as 𝐸′0 𝑝′
follows: . The adopted cut slope stiffness parameters are summarized in Table 1.𝑝′ = (σ′𝑥𝑥 + σ′𝑦𝑦 + σ′𝑧𝑧) 3

Stress-dependent elastic modulus and Poisson’s ratio functions were used to define the stiffness of the 
embankment slope models, as follows: 

𝐸′ = 𝐸′0
𝑝′
𝑝0

𝑝𝑒
9

𝜐 = ― 𝑝𝜐𝑙𝑛
𝑝′
𝑝0

+ 𝜐0 10

This approach has previously been adopted for embankment models [e.g. 34,40]. Where  is the reference 𝐸0
elastic modulus at  of 1 atm,  is the reference Poisson’s ratio at  of 1 atm,  is the elastic modulus stress 𝑝′ 𝜐0 𝑝′ 𝑝𝑒
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exponent,  is the Poisson’s ratio stress parameter, and  is the reference stress (1 atm). The adopted 𝑝𝜐 𝑝0
values are summarized in Table 2.

3.4 Conceptual shear strength behavior of clays

At relatively low effective stresses such as those in cutting and embankment slopes, overconsolidated clays 
typically exhibit peak strengths caused by soil structure [41,42] and also due to their relative density, whereby 
their void ratio being lower than the critical state void ratio, allows dilation to occur during shearing, with the 
dilation angle reaching a peak, corresponding to the peak strength of the material. As the void ratio of the 
dilating material continues to increase and approach the critical void ratio, dilation decreases and the 
strength reduces beyond peak, until the void ratio reaches the critical value and strains can occur at constant 
volume and at constant shear stress (the critical state strength, ).𝜙𝑐𝑠

In order to simulate the shear strength and strain softening behavior described above, the cutting and 
embankment models take differing approaches to account for the different nature of their formation. In the 
cutting model, the peak strength behavior of the overconsolidated clay, as caused by dilation during shearing, 
is simulated using an apparent cohesion via a non-zero cohesion intercept for the Mohr-Coulomb envelope, 
rather than through adoption of a non-zero dilation angle. The critical state friction angle is adopted for peak. 
The linear nature of the Mohr-Coulomb envelope also does not capture the suppression of dilation at higher 
stresses or the curvature of the strength envelope at low confining stresses. 

The post-peak strength reduction towards critical state strength due to decreasing dilation of the soil is 
simulated by decreasing the apparent cohesion intercept to zero with increasing plastic shear strains, while 
maintaining the frictional strength at the critical state value. The strength parameters adopted for the high 
plasticity clay used in the cut slope models are summarized in Table 1. 

The embankment model adopts a different approach to simulating the peak strength behavior, in part due 
to the requirement to simulate compaction effects during construction and a more gradual transition from 
elastic to plastic behavior. Rather than simulating the peak strength behavior purely by use of a peak 
apparent cohesion intercept, it makes use of a constant apparent cohesion in the peak strength region, and 
an initial strain hardening mechanism with gradually increasing friction and dilation angles to mobilize the 
peak strength under shearing due to dilation. As strains pass peak and approach the post peak value, the 
dilation angle reduces to simulate the reduction in dilation as the void ratio of the material more closely 
approaches the critical void ratio. Further increases in shear strain beyond the post peak value lead to a 
continuing reduction in the dilation angle and also result in the apparent cohesion intercept and frictional 
component of strength reducing to their critical state values. The model also includes a time dependent 
change in the peak strength values to simulate the non-shear driven softening down to the normally 
consolidated peak strength as described by Skempton [43]. The strength parameters adopted for an 
intermediate plasticity clay (a glacial till) used in the embankment slope validation model are summarized in 
Table 2.

At large shear strains beyond the critical state, significant soil particle re-orientation and alignment can occur 
[44], which leads to an additional reduction in shear strength due to changes in the friction angle of the 
material as seen in both ring shear and reversal shear tests [44,45]. This behavior is represented in both the 
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embankment and cutting models by a reduction in the friction angle of the soil from the critical state strength 
to a minimum value representing the residual strength with increasing magnitudes of plastic shear strains.

Due to the strain softening model employed in this work, the transition from continuum strain to deformation 
concentrated along a slip surface can be captured. It should be noted that although modeling of propagating 
displacement discontinuities to represent strain localization has not been implemented in the adopted 
numerical framework, the related issue of mesh dependency has been reduced through the use of a nonlocal 
regularization approach [36,46–49]. In addition, the strains mobilized by the failed mass are not significant 
enough to require alternative methods more suitable for large strains, such as the discrete element or 
material point methods, which are typically employed in situations involving debris flows, landslide runout, 
or other problems characterized by very large strains.

The adopted approach, with the potential for softening to a large displacement residual strength, replicates 
the strength reduction mechanisms discussed by Leroueil [50] which allows for localized sections of a nominal 
shear surface to soften at different rates, with some portions approaching residual while others remain at 
some post-peak or even peak strength. This behavior has been observed in the field [51] and is also discussed 
in the context of first time failures whereby the average shear strength on the failure surface may be 
equivalent to the normally consolidated peak strength, but localized parts of the shear surface may reach 
residual [see the discussion in 51–53]. The strength behavior for the cut slope and embankment models is 
summarized in schematic form in Figure 4.

Figure 4: Schematic strain softening behavior. a) cut slope models of natural overconsolidated high plasticity clay as used to produce 
emulator input data where the residual strength, , is a function of the peak strength and assumed liquid limit ; b)  𝜙′𝑟 𝑓(𝜙′𝑝,𝐿𝐿)
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intermediate plasticity compacted clay fill with time dependent softening from the peak value to the normally consolidated peak 
strength / critical state value. The material properties are summarized in Table 1 and Table 2.

3.5 Mohr-Coulomb strain softening model

The adopted constitutive model for both the cutting and embankment slopes is a Mohr-Coulomb strain 
softening model where the shear strength properties (friction angle, , apparent cohesion, , and dilation 𝜙′ 𝑐′
angle, ) are made a variable function of the plastic shear strain, , derived as follows:𝜓′ 𝜀𝑝

∆𝜀𝑝 =
1
2(∆𝜀𝑝1 ― ∆𝜀𝑝𝑚)2 +

1
2(∆𝜀𝑝𝑚)

2
+

1
2(∆𝜀𝑝3 ― ∆𝜀𝑝𝑚)

2
11

where  and  are the major and minor principal plastic strains and .∆𝜀𝑝1 ∆𝜀𝑝3 ∆𝜀𝑝𝑚 = (∆𝜀𝑝1 + ∆𝜀𝑝3) 3

In order to reduce the mesh dependency of the solution, a nonlocal softening approach [46] is adopted 
utilizing the weighting function, , proposed by Galavi and Schweiger [47]. This approach introduces an 𝜔
additional softening parameter, the internal length, , that controls the relative contribution of neighboring 𝑙𝑖
zones to the averaged nonlocal plastic shear strain, . Nonlocal plastic shear strain is calculated for a given 𝜀𝑝 ∗
zone, , by averaging the plastic strains from neighboring zones as follows: 𝜀𝑝 ∗𝑧

𝜀𝑝 ∗𝑧 =
1
𝐴𝑤

𝑧𝑡

𝑧𝑛 = 1
𝜔𝑧𝑛𝜀𝑝𝑧𝑛𝐴𝑧𝑛 12

where  is the finite difference grid zone number of a zone neighbouring ,  is the total number of zones 𝑧𝑛 𝑧 𝑧𝑡
within the radius of influence ( ),  is the weighting function calculated for ,  is the area of  𝑟𝑖≅3𝑙𝑖 𝜔𝑧𝑛 𝑧𝑛 𝐴𝑧𝑛 𝑧𝑛
and  is the sum of weighted zone areas:𝐴𝑤

𝐴𝑤 =
𝑧𝑡

𝑧𝑛 = 1
𝜔𝑧𝑛𝐴𝑧𝑛 13

The weighting function is derived from  as follows:𝑙𝑖

𝜔(𝑟) =
𝑟
𝑙𝑖2

―
𝑟
𝑙𝑖

2

14

where  is the distance between zone, , for which nonlocal softening is being derived and neighboring zone, 𝑟 𝑧
, within . 𝑧𝑛 𝑟𝑖
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In addition to plastic shear strain softening, the embankment model introduces a strength dependency on 
the number of annual cycles experienced by the fill, . This approximates the reduction of the 𝑁𝑠
overconsolidated peak strength parameters ( , , ) to the normally consolidated value as per Skempton 𝑐′𝑝 𝜙′𝑝 𝜓′𝑝
[43]. The shear strength reduction due to seasonal cycles is derived as follows:

𝜏𝑟𝑒𝑑 = (𝜏𝑝 ― 𝜏𝑛𝑐)𝑒𝜉𝑁𝑠 + 𝜏𝑛𝑐 15

Where  is the reduced shear strength parameter,  is the shear strength parameter at peak,  is the 𝜏𝑟𝑒𝑑 𝜏𝑝 𝜏𝑛𝑐
reduced normally consolidated strength parameter value, and  is the shear strength decay parameter. For 𝜉
full details of this behavior and the derivation of the material parameters, see Morsy et al. [34].
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Table 1: Mechanical and hydrological parameters for the overconsolidated high plasticity clays simulated in the cut slope models used 
for training the Gaussian process emulator. 

Parameter Symbol Units Value

General Properties

Dry density 𝜌𝑑 kg/m3 1550

Hydrological Properties

Near surface reference hydraulic conductivity* (≤5 m 
below model surface) 𝑘refℎ𝑠 m/s

(2.50 × 10 ―8)𝑋

(1.45 × 10 ―9)𝑋 ― 1

Reference hydraulic conductivity at depth (>5 m 
below model surface) 𝑘refℎ𝑑 m/s 2.00 × 10―9

Hydraulic conductivity at near surface depth, 𝑑 𝑘ℎ𝑠 m/s 𝑘refℎ𝑠𝑑―0.8

Hydraulic conductivity at depth, 𝑑 𝑘ℎ𝑑 m/s 𝑘refℎ𝑑𝑑 ―1

Van Genuchten fitting parameter 𝑝0 kPa
62.5 (weathered clay)

125.0 (unweathered clay)

Van Genuchten fitting parameter 𝑛𝑣𝑔 - 1.18

Van Genuchten fitting parameter 𝑚𝑣𝑔 - 1 ― 1/𝑛𝑣𝑔≅0.153

Saturated volumetric water content 𝜃𝑠 - 0.45

Residual volumetric water content 𝜃𝑟 - 0.10

Mechanical Properties

Reference modulus of elasticity 𝐸′0 kPa 5000.0
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Modulus of elasticity 𝐸′ kPa 𝐸′ =
𝐸′0(𝑝′ + 100)

100

Poisson’s ratio 𝜐 - 0.2

Nonlocal plastic shear strain at peak strength 𝜀𝑝𝑠 ∗𝑝 % 5.0

Nonlocal plastic shear strain at critical state strength 𝜀𝑝𝑠 ∗𝑐𝑠 % 20.0

Nonlocal plastic shear strain at residual strength 𝜀𝑝𝑠 ∗𝑟 % 52.5

Nonlocal internal length 𝑙𝑖 m 1.0

Friction angle at peak strength 𝜙′𝑝 ° 𝜙′𝑝~𝑈(18.5,25.0)

Friction angle at critical state strength 𝜙′cs ° 𝜙′𝑐𝑠 = 𝜙′𝑝

Friction angle at residual strength 𝜙′𝑟 ° 7.5 to 16. See section 5.2.

Cohesion at peak strength 𝑐′𝑝 kPa 𝑐′𝑝~𝑈(3,10)

Cohesion at critical state strength 𝑐′𝑐𝑠 kPa 0.0

Cohesion at residual strength 𝑐′𝑟 kPa 0.0

Dilation angle 𝜓′ ° 0.0

*  in the reference conductivity is the Latin hypercube sample value𝑋
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Table 2: Mechanical and hydrological parameters for the intermediate plasticity clay fill simulated in the embankment model (Morsy 
et al. 2023).

Parameter Symbol Units Value

General Properties

Bulk density 𝜌𝑏 kg/m3 2018

Hydrological Properties

Reference hydraulic conductivity 𝑘refℎ m/s 1.00 × 10 ―6

Hydraulic conductivity 𝑘ℎ m/s 𝑘ℎ = 𝑘refℎ (𝑒5 1 + 𝑒)

Van Genuchten fitting parameter 𝑝𝑣𝑔 kPa 80.0

Van Genuchten fitting parameter 𝑛𝑣𝑔 - 𝑛𝑣𝑔 = 1 (1 ―𝑚𝑣𝑔)≅1.333

Van Genuchten fitting parameter 𝑚𝑣𝑔 - 0.25

Saturated volumetric water content 𝜃𝑠 - 0.36

Residual volumetric water content 𝜃𝑟 - 0.00

Mechanical Properties

Reference modulus of elasticity 𝐸0 - 360.0

Modulus of elasticity 𝐸′ 𝑝0 - 𝐸′ 𝑝0 = 𝐸0(𝑝′ 𝑝0)𝑝𝑒

Mod. of elasticity stress exponent 𝑝𝑒 - 0.25

Reference Poisson’s ratio 𝜐0 - 0.20

Poisson’s ratio 𝜐 - 𝜐 = ― 𝑝𝜐𝑙𝑛(𝑝′ 𝑝0) + 𝜐0
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Poisson’s ratio fitting parameter 𝑝𝜐 - 0.05

Nonlocal internal length 𝑙𝑖 m 1.0

Nonlocal peak plastic shear strain 𝜀𝑝𝑠 ∗𝑝 % 5.0

Nonlocal post-peak plastic shear strain 𝜀𝑝𝑠 ∗𝑝𝑝 % 15.0

Nonlocal critical state plastic shear strain 𝜀𝑝𝑠 ∗𝑐𝑠 % 40.0

Nonlocal residual plastic shear strain 𝜀𝑝𝑠 ∗𝑟 % 80.0

Strength decay parameter 𝜉 - 0.1―

As placed

strength

Strength at >30 
years

Friction angle at plastic onset 𝜙′𝑝𝑜 ° 14.0 14.0

Friction angle at peak strength 𝜙′𝑝 ° 26.0 22.0

Friction angle at end of peak 𝜙′𝑝𝑝 ° 26.0 22.0

Friction angle at critical state strengthA 𝜙′𝑐𝑠 ° 22.0 22.0

Friction angle at residual strength 𝜙′𝑟 ° 16.0 16.0

Cohesion at plastic onset 𝑐′𝑝𝑜 kPa 5.0 0.0

Cohesion at peak strength 𝑐′𝑝 kPa 5.0 0.0

Cohesion at end of peak 𝑐′𝑝𝑝 kPa 5.0 0.0

Cohesion at critical state strengthA 𝑐′𝑐𝑠 kPa 0.0 0.0
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Cohesion at residual strength 𝑐′𝑟 kPa 0.0 0.0

Dilation angle at plastic onset 𝜓′𝑝𝑜 ° 5.0% of 𝜙′𝑝𝑜 0.0

Dilation angle at peak strength 𝜓′𝑝 ° 5.0% of 𝜙′𝑝 0.0

Dilation angle at end of peak 𝜓′𝑝𝑝 ° 2.5% of 𝜙′𝑝 0.0

Dilation angle at critical state strength 𝜓′𝑐𝑠 ° 0.0 0.0

Dilation angle at residual strength 𝜓′𝑟 ° 0.0 0.0

AThe critical state strength can be reached by either plastic shear strain softening, a time dependent decay in strength 
or some combination of both.

4 Deterministic geotechnical model validation

In this section, the validation of the cutting and embankment slopes is summarized. 

4.1 Cut slope model validation

The stiffness and strength properties of the cut slope model were calibrated against oedometer swelling data 
[29,54] and constant vertical stress, simple shear tests [55] on samples of the London Clay. The results of the 
stiffness and strength calibration are summarized in Figure 5. 

Figure 5a shows that the adopted stiffness produces swelling behavior that compares well with that of 
London Clay. Figure 5b shows the calibration of the adopted coefficient of at-rest lateral earth pressure, , 𝐾0
and indicates that a  of 1.5 delivers the closest approximation to the laboratory response. Figure 5c 𝐾0
presents the laboratory and modeled stress-strain behavior. The model simulations are in overall good 
agreement with the experimental data. Figure 5d shows the calibration of the nonlocal internal length 
parameter and demonstrates the reduction in mesh dependency of the nonlocal versus local strain softening 
models [36]. 

Hydrological validation was undertaken by comparing pore water pressure time histories from cut slope 
modeling to data from an instrumented highway cutting excavated in overconsolidated high plasticity clay 
[56,57]. This comparison can be seen in Figure 6. The full details of the calibration and validation modeling 
are given in Rouainia et al. [38] and Postill et al. [36]. The ability of the cut slope modeling approach to 
replicate seasonal ratchetting behavior was validated against centrifuge test data and is available in Postill et 
al. [58].
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Figure 5: a) & b) Calibration of the stiffness model [36] against oedometer swelling data at differing assumed values of  [29,54]; c) 𝐾0
Constant vertical stress, simple shear test data for London Clay [55] compared to the deterministic geotechnical model adopting local 
strain softening (LSS); d) Biaxial test data model used to calibrate the nonlocal strain softening (NLSS) model [after 36]. Adopted 
parameters highlighted in blue.

Figure 6: Validation of modeled cut slope hydrological behavior [36] against field tensiometer and piezometer data [56,57]; a) near 
surface behavior in the weathered London Clay; b) pore pressure cycles at greater depth in the lower permeability London Clay.
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4.2 Embankment slope model validation

The embankment stiffness and strength models were calibrated against data from consolidated-undrained 
triaxial tests with pore water pressure measurements on an intermediate plasticity soil used as a fill in an 
instrumented trial embankment, known as the BIONICS research embankment [1,59,60]. The element scale 
model and laboratory stress-strain curves for the fill and foundation material are shown in Figure 7a and 
Figure 7b where it can be seen that the pre- and post-peak stress-strain behavior is accurately replicated by 
the adopted model and model properties. The resultant pore pressure generation due to the undrained 
nature of the response is shown in Figure 7c and Figure 7d where the pore pressure response of the fill is 
reasonably well captured, and the dilatant nature of the overconsolidated material in the embankment 
foundation, which generates negative pore pressures during shearing is very effectively captured by the 
model. The embankment construction modeling approach was validated by comparing modeled 
deformations against published deformation data [61]. The comparison of modeled and published horizontal 
and vertical displacements can be seen in Figure 7e and Figure 7f. For full details of the embankment 
modeling framework see [34].

Figure 7: Validation of the embankment model; a) and c) modeled and laboratory undrained triaxial test data for the BIONICS 
embankment fill [after 34]; b) and d) modeled and laboratory undrained triaxial test data for the BIONICS embankment foundation 
soil [after 34]. e) and f) comparison of displacements derived using the current modeling approach to published vertical and horizontal 
displacements within an embankment [61].

5 Experimental design, parameter selection and parameter scaling

The validated cut and embankment slope models described previously serve as the baseline for the 
parametric study used to produce the input data that trained the emulator. In this work the derivation of the 
data for the cut slope models and their emulation is summarized. Previous modeling work has identified that 
cut slope stability, deterioration and time to failure is sensitive to the slope geometry [height and angle, see: 
35,37,62], shear strength parameters [35,63], and soil hydraulic conductivity [38]. Accordingly, parameters 
defining slope geometry, shear strength, and soil hydraulic conductivity were selected as variables in the 
experimental design of the deterministic model simulations. 
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5.1 Slope geometry adopted in emulator models

To define practical ranges of cut slope geometries (slope heights and angles), data were derived from two 
sources: (1) LiDAR surveys of the slopes along the UK Great Western Main Line (GWML) between London and 
Bristol; and (2) walk-over survey data from the UK M4 motorway between London and Bristol. The data were 
provided by project stakeholders (National Highways, Network Rail, and Mott MacDonald). Figure 8 presents 
the processed data and the geometries that were used in the experimental design, where it can be seen that 
the typical height of highways cuts and their maximum slope angle is typically lower than that for the rail 
cuttings.
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Figure 8: Percentage of cut slopes of varying geometries excavated into overconsolidated high plasticity (OC-HP) clays on a) the M4 
motorway and b) the Great Western Main Line (GWML) railway between London and Bristol; c) the finalized geometry array from the 
experimental design showing the model numbers [after 64]. Slopes less than 3 m tall were excluded from the analyses. 



TRGEO-D-23-00425-R1

23

5.2 Material strength adopted in emulator models

The range of adopted shear strength and hydraulic conductivity parameters for the overconsolidated high 
plasticity (OC-HP) clays were derived from previous modeling studies [35,37,65] and published laboratory 
and field data [29,54,55,66–73]. 

Figure 9: a) Adopted peak strength envelope range for the modeling of overconsolidated high plasticity (OC-HP) clays; b) adopted 
hydraulic conductivity range and variation with depth. 

The range of adopted peak strength envelopes is shown in Figure 9a, overlain on literature data of peak shear 
strength for overconsolidated clays with similar (high) plasticity. A number of which are also found on the 
route of the M4 motorway and GWML railway. Based on these data, the peak shear strength parameters for 
the models ( , ) were assumed to be uncorrelated, random, uniformly distributed variables as follows, 𝑐′𝑝 𝜙′𝑝 𝑐′𝑝

; , where  3 kPa;  10 kPa, = 18.5° and  ~𝑈(𝑐′𝑝 𝑚𝑖𝑛,𝑐′𝑝 𝑚𝑎𝑥) 𝜙′𝑝~𝑈(𝜙′𝑝 𝑚𝑖𝑛,𝜙′𝑝 𝑚𝑎𝑥) 𝑐′𝑝 𝑚𝑖𝑛 = 𝑐′𝑝 𝑚𝑎𝑥 = 𝜙′𝑝 𝑚𝑖𝑛 𝜙′𝑝 𝑚𝑎𝑥 =
25° (where the subscripts min and max denote minimum and maximum values of the selected parameter 
ranges). 

In this work, for cutting slopes it is assumed that the change in strength from peak to critical state strength 
is due to the halting of dilatant behaviour, simulated here as an apparent cohesion intercept that falls to 
zero. As such the peak and critical state friction angles are assumed to be equal. 

The value of the residual friction angle was determined by the plasticity-strength relationships outlined in 
Stark et al. [74], where the change in friction angle from the fully softened value [which approximates critical 
state, 43] to the residual value, is a function of the liquid limit, , the clay fraction, , of the soil (  ≥ 50%) 𝐿𝐿 𝐶𝐹 𝐶𝐹
and the assumed in situ stress range (50 to 100 kPa). 

The data from Stark et al. [74] were used to estimate the  from the peak friction angle range derived from 𝐿𝐿
the literature for London Clay (see Figure 9a), and then those  values were used to estimate the reduction 𝐿𝐿
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in frictional strength to the residual value while constraining the range to not exceed the residual strength 
seen in the literature (see Figure 10). 

The resultant residual strength envelopes are plotted against field and laboratory data [44,75,76] along with 
values previously adopted in the modeling of OC-HP clays [35,37,65,77] in Figure 10, where it can be seen 
that the adopted values capture the majority of the range of observed residual strengths, with the exception 
of the extremes which are a function of atypical mineralogy or particle size distribution and are highlighted 
in the figure. 

Figure 10: The residual frictional strength range adopted in the modeling compared to laboratory and field data along with the residual 
strength adopted for overconsolidated high plasticity clays in other work. 

5.3 Hydraulic conductivity adopted in the emulator training models

The hydraulic conductivity parameter refers to the near surface reference conductivity,  (m/s) used in 𝑘𝑟𝑒𝑓ℎ𝑠
the DGM cut slope model to calculate the hydraulic conductivity ( ) at increasing depth below the initial 𝑘ℎ
and excavated ground surface, where  is derived from a sample ( ) of the LHS hydraulic conductivity 𝑘𝑟𝑒𝑓ℎ𝑠 𝑋
vector as follows:

𝑘𝑟𝑒𝑓ℎ𝑠 =
(𝑘𝑚𝑎𝑥

ℎ𝑠 )𝑋

(𝑘𝑚𝑖𝑛
ℎ𝑠 )𝑋 ― 1 16
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where  and  are the maximum and minimum values of the selected range of . The range of near 𝑘𝑚𝑎𝑥ℎ𝑠 𝑘𝑚𝑖𝑛
ℎ𝑠 𝑘𝑟𝑒𝑓ℎ𝑠

surface hydraulic conductivity and the adopted hydraulic conductivity profile at depth is summarized in 
Figure 9b.

5.4 Summary of key outcomes from the geotechnical modeling

Figure 11 illustrates a series of deterioration curves, that are direct outputs of the deterministic geotechnical 
models, showing the reduction in FoS with increasing time. From Figure 11 a number of trends can be 
ascertained, whereby it appears that the time to failure (i.e., FoS = 1) is correlated to the slope height and 
the adopted shear strength parameters, however it is unclear exactly what relative effect the individual 
parameters have on the time to failure. This is further complicated by the 14 m high slope model which has 
a significantly different response due to the difference in adopted strength and hydraulic conductivity 
properties. This helps to illustrate that the deterministic geotechnical model outputs from the LHS 
experimental design are not meant to be interpreted directly, but instead require emulation.

 

Figure 11: Example factor of safety deterioration curves for a range of geometries and material parameters derived from the 
deterministic geotechnical models which used the Latin hypercube experimental design input parameters.

6 Statistical emulator

Deterministic models, such as the ones presented in Sections 4.1 and 4.2 (the DGM), are an effective tool to 
simulate earthwork deterioration. However, a typical run of the DGM can take from 2 days up to 30 days to 
execute, depending on the adopted model mesh and the fluid flow time step (a function of zone size and 
hydraulic conductivity). Although individual model runs can be used to understand deterioration for a 
prescribed set of material properties and boundary conditions, it is impractical to run the number of DGM 
simulations that would be required to understand the continuous relationships between multivariate inputs 
(e.g. earthwork geometry and soil properties) and outputs (deterioration e.g. time to failure) and outputs. 
Instead, the latter can be achieved using a surrogate model (the statistical emulator) that would interpolate 
between the DGM simulation results used as training runs.

Here, the surrogate model is a Gaussian process (GP) which approximates the DGM as a relationship between 
the training data inputs and outputs. GPs are random (stochastic) processes that are very flexible and can be 
modeled to mimic the behavior of simple and complicated data, processes, and functions. They can be 
understood as a limit of multivariate normal distributions as the variability in the process of interest becomes 
infinite, i.e. a function with continuous output.
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GPs are widely used in machine learning for regression and classification problems [78]. In statistical 
literature, GPs have frequently been used to emulate complex relationships between inputs and outputs for 
computationally expensive computer experiments due to their flexibility and convenient analytical properties 
[79,80]. The term “emulator” has originally been applied to GP surrogates, similar to GP regression, that can 
capture the full range of uncertainty in the underlying model and training data [79], as opposed to 
deterministic surrogate models. As shown in the next section, GPs can be defined using a set of parameters 
(emulator parameters) that control its mean and variance functions. 

In ”black-box” applications of GP emulation, the emulator mean and variance functions are chosen from a 
predefined, often limited, selection of options, and the parameters can be estimated using numerical 
optimization. This is the approach typically performed in machine learning and artificial intelligence 
applications when high volumes of data are available. However, in this work, a custom implementation of a 
GP emulator was created based on a moderate number of DGM runs and reliable expert engineering 
knowledge using Bayesian inference and Markov chain Monte Carlo. For examples of the use of GPs in slope 
stability see Hu et al. [81] and Kang et al. [82,83]. For examples in other geotechnical applications see Pal and 
Deswal [84] and Yoshida et al. [85].

6.1 Development and evaluation of the Gaussian process emulator 

GPs are a highly flexible class of models that can be used to emulate the behaviour of continuous functions, 
e.g., the DGM simulations. This section is used to introduce the development of the Gaussian process 
emulator (GPE). The emulator outlined here can predict some scalar output  for an input  that can be a 𝑦 𝑥
collection of parameters (geometry, soil properties, etc.). This can be extended to applications where  is a 𝑦
vector using the theory of multivariate normal distributions. For more detail see Svalova et al. [64], where 
the utility of these methods in this context is established.

Assume that the geotechnical model can be represented by a relationship ,  and  are inputs and 𝑓(𝑥) = 𝑦 𝑥 𝑦
outputs, respectively, and is the true deterministic numerical computer model. A GP emulator (GPE) is then 𝑓 
some function which emulates the relationship between  and . A GP  is a stochastic process fully 𝜂 ≈ 𝑓 𝑥 𝑦 𝜂
defined by mean and variance functions  and , . The two functions take 𝑚( ⋅ ) Σ( ⋅ ,  ⋅ ) 𝜂 ∼ 𝐺𝑃(𝑚( ⋅ ),Σ( ⋅ ,  ⋅ ))

 as input, where  can be -dimensional. When  is evaluated at a finite collection of  inputs, , 𝑥 𝑥 𝑝 𝜂 𝑁 𝒙 ∈ ℝ𝑛 × ℝ𝑝

it produces outputs in the form of a distribution of  with the most likely value and uncertainty ranges. Here, 𝑦
 and the inputs are slope height ( ), slope angle cotangent ( ), peak effective cohesion ( ), peak 𝑝 = 5 𝑥1 𝑥2 𝑥3

friction angle ( ), and near surface reference hydraulic conductivity ( ). The outputs  can either be any 𝑥4 𝑥5 𝑦
model output value or time series. In this case,  is the time to ultimate limit state failure.𝑦

In black-box applications of GPs,  is often set to be zero, however it can be selected to broadly reflect 𝑚(𝑥)
the mean behavior of  as  changes. In this work, it was set to be a linear combination of the inputs, i.e. 𝑦 𝑥 𝑚(𝑥)

 where  and  as such the emulator mean function is similar = ℎ(𝑥)𝑇𝜷 ℎ(𝑥) = (1,𝑥1,𝑥2,…,𝑥𝑝) 𝜷 = (𝛽0,𝛽1,…,𝛽𝑝)𝑇
to a regression.

The covariance function between any two inputs  and often has a form 𝑥 𝑥′ Σ(𝑥,𝑥′,𝜽) = 𝜎2

, where  is the scale parameter, is a correlation function which has a maximum (𝐶(𝑥,𝑥′,𝜽) + 𝜏𝕀(𝑥,𝑥′)) 𝜎2 𝐶 
when  and decays to zero as the distance between  and  increases. In other words,  ensures that 𝑥 = 𝑥′ 𝑥 𝑥′ 𝐶
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outputs that have similar inputs will be more strongly correlated than otherwise.  is a “nugget” parameter 𝜏
added for numerical stability [86], and  is an indicator function which is one when  and zero otherwise. 𝕀 𝑥 = 𝑥′

 is the vector of correlation lengths (lengthscales), whereby large values lead to “smoother” 𝜽 = (𝜃1,𝜃2,…,𝜃𝑝)𝑇
behaviors. Here, a twice-differentiable Matern correlation function was adopted [78].

One of the advantages of using GPs as surrogate models is that it is possible to condition  on observations 𝜂 𝑦 
using analytical properties of multivariate normal distributions, which makes computation straightforward. 
Assume that  is a training set of numerical model outputs evaluated at inputs 𝒚 = (𝜂(𝑥1),…,𝜂(𝑥𝑁))𝑇 𝒙1,𝒙2,…

. The distribution of  conditional on the training data is also a GP, 𝒙𝑁, 𝒙𝑖 = (𝑥1,…𝑥𝑝)𝑇 𝜂 𝜂 ∗ ( ⋅ ) ∼ 𝐺𝑃
, where  and (𝑚∗ ( ⋅ ),Σ ∗ ( ⋅ , ⋅ )) 𝑚∗ (𝑥) = ℎ𝑇(𝑥)𝜷 +𝑡(𝑥)𝑇Σ ―1

𝑥 (𝑦 ― 𝐻𝑥𝛽) Σ ∗ (𝑥,𝑥′) = 𝜎2

. In these functions, the matrix  is the covariance function evaluated on (𝐶(𝑥,𝑥′,𝜽) ― 𝑡(𝑥)𝑇Σ ―1
𝑥 𝑡(𝑥′)) 𝑁 × 𝑁 Σ𝑥

the training data,  is the  regressor matrix whose -th row is . This formalism is possible 𝐻𝑥 𝑁 × (𝑝 + 1) 𝑖 ℎ(𝑥𝑖)
when it is assumed that  follows a normal distribution with mean  and variance ,  𝒚 𝐻𝑥𝜷 Σ𝑥 𝒚 ∼ 𝑁(𝐻𝑥𝜷,Σ𝑥).
Also,  is a vector of correlations between some inputs and the 𝑡(𝑧) = (𝐶(𝑧,𝒙1,𝜽),𝐶(𝑧,𝒙2,𝜽),…,𝐶(𝑧,𝒙𝑁,𝜽))𝑇 𝑧 
training data . This conditional relationship of a GP on the normally-distributed training data is the 𝒙1,𝒙2,…,𝒙𝑁
analytical apparatus which allows interpolation between the training data points. Note that it is not advised 
to use  for inputs that are far outside the range of the training data inputs as the uncertainty will be very 𝜂 ∗

high.

6.2 Bayesian inference and Markov chain Monte Carlo simulation

The choice of parameters controlling  is non-trivial, and numerical optimization can fail to produce good 𝜂
estimates for models of high complexity and sparse training data. Additionally, such parameter estimates can 
often come without uncertainty ranges or have extreme values far exceeding the range of the real value. 
Bayesian inference can help to mitigate these issues, as inference on model parameters can be informed 
using the training data as well as expert judgement.

Assume that  is the vector of emulator parameters. Information about the data  is Θ = (𝜷,𝜎2,𝜽,𝜏) 𝒚
summarized by the likelihood function , which here is the probability density function of , 𝐿(Θ;𝒚) 𝒚 𝑁(𝐻𝑥𝜷,Σ𝑥)
. Expert judgement is also formalized using a probability distribution, known as the prior distribution , 𝜋(Θ)
using engineering opinion. For example, in modeling slope time to failure (TTF) as a function of the slope 
properties, the mean function  is, in effect, a regression, where  can be understood as “baseline” time 𝑚(𝑥) 𝛽0
to failure when the remaining inputs are zero. As slopes with zero apparent cohesion and a friction angle less 
than the slope angle would be inherently unstable and so expected to fail immediately,  would have some 𝛽0
probability distribution centered around zero and having a narrow spread, such as a normal distribution with 
a mean of zero and variance of one. The distributions for  can be elicited by considering that it is expected 𝛽1
that TTF will decrease with an increase in height, which would imply a negative mean value for . The 𝛽1
remaining -  can be obtained in a similar manner. If eliciting engineering opinion for  is difficult, their 𝛽2 𝛽5 𝜷
mean values can be set at zero and reasonable orders of magnitude can be estimated by performing linear 
regression on  against .𝒚 𝒙

Using Bayes’ theorem, we can obtain the “posterior” distribution of  using data and expert opinion,  Θ 𝜋(Θ|𝒚)
where the expression inside the brackets means “  given ”, which is proportional to the product of the prior Θ 𝒚
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distribution and the likelihood, . Often,  is very difficult to obtain analytically, 𝜋(Θ|𝒚) ∝ 𝜋(Θ) × 𝐿(Θ;𝒚) 𝜋(Θ|𝒚)
therefore we use Markov chain Monte Carlo (MCMC) sampling to estimate it. A custom MCMC estimation 
procedure was implemented in R Statistical Software [87]. The interested reader can see more details in 
Svalova et al. [64] and the supplementary material therein.

7 Exemplar forecasting outputs

The emulator described in Section 6 can produce output in a number of forms. These include projections of 
time to failure for a range of geometries with specified values of the input parameters. It can also produce 
the empirical cumulative distribution function (ECDF) of the percentage of failed slopes with time for a 
specified grouping of slope properties and geometries, which introduces a probabilistic element into the 
results. Examples of these are provided in this section.

7.1 Emulated time to failure

Plots of time to failure for differing slope geometries are summarized in Figure 12. The figure subplots (a, b, 
c and d), adopt specific values of the shear strength properties and reference hydraulic conductivity 
representing the range of published values for London Clay in addition to values used in prior modeling work. 

 Figure 12: Emulator output showing time to failure for varying cut slope geometries for specified strength 
and hydraulic conductivity; a) the minimum strength and maximum hyd. conductivity; b) the median of the 
properties; c) the maximum strength and minimum hydraulic conductivity, d) properties representative of 
London Clay as used in previous cut slope modeling studies [e.g. 36,38].

From examination of Figure 12, it is clear that time to failure decreases with increasing slope height and 
increasing slope angle. For both highways cuttings on the M4 motorway and railway cut slopes on the GWML, 
the majority of the slopes sit in the range of 2 to 8 m in height and angles of 1 in 1.5 to 1 in 3.5 (see Figure 8). 
For the commonly adopted peak strength and hydraulic conductivity properties for London Clay (Figure 12d), 
and for the 8 m high slopes in the 1 in 1.5 to 1 in 3.5 grouping, this gives a range of potential time to failure 
from 25 to 200 years. 
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It is also clear that the time to failure of a given slope geometry increases with increasing shear strength and 
decreasing hydraulic conductivity. The specific effect of each of these properties on failure is explored in 
more detail in the emulated ECDF results. 

7.2 Emulated probability of failure

The primary difference between the plots of time to failure in Figure 12 and the ECDF plots is that the former 
provide a discrete estimate of time to failure for a specific set of properties, whereas the latter allow the 
probability of failure for a range of properties or model geometries to be derived. Note that the comparisons 
are made at a probability of failure of 50% (  0.5) as the FoS of a slope at  0.5 is generally regarded 𝑃𝑓 = 𝑃𝑓 =
to be 1; see the discussion in Silva et al. [88]. Also note that the interpretation of  0.5 for a group of 𝑃𝑓 =
differing slopes as per the  of time to failure is the proportion of that group which have failed. In 1 ― ECDF
this case, the use of  0.5 is primarily intended to aid consistent comparison between distinct 𝑃𝑓 =
deterioration curves and is not intended as an appropriate design value.

To facilitate network-scale deterioration analyses of long-linear assets (in this case slopes), the proportion of 
stable slopes within a network at a given age can be derived as  of the time to failure at that age. 1 ― ECDF
Plots of the declining proportion of stable slopes with time (presented in percentage) for the full range of HP-
OC cut slopes on the GWML and M4 between London and Bristol, and the full range of potential material 
properties adopted in this study can be seen for varying heights in Figure 13 and for varying slope angles in 
Figure 14.

Figure 13: Proportion of stable slopes of varying heights at angles of a) 1V in 2.0H; b) 1V in 2.5H; c) 1V in 3.0H; d) 1V in 3.5H as a 
function of time from end of construction. NB the times to failure for  0.5 are intended to aid comparison only and are not 𝑃𝑓 =
recommended design values. 

The proportion of stable slopes, as shown in Figure 13 and Figure 14, increases with decreasing slope height 
and/or slope angle. The figures also demonstrate that the effects of varying slope height and slope angle on 



TRGEO-D-23-00425-R1

30

stability are not independent as the range of time to failure when varying height from 5 to 20 m increases, 
as the slope angle decreases. This is illustrated in Figure 13a and Figure 13d, where there is a difference in 
predicted time to failure of 74 years between a height of 5 m and 20 m, for the 1 in 2 slopes for  0.5. 𝑃𝑓 =
The difference increases to 128 years for slopes at 1 in 3.5. 

Figure 15 illustrates the effect of varying the material properties on the proportion of stable slopes, showing 
a similar pattern to that seen in Figure 12, whereby, for a given shear strength parameter,  or , (Figure 𝑐′𝑝 𝜙′𝑝
15a and b), the proportion of stable slopes at a given time increases with increasing shear strength. The 
differences in specific times to failure presented for  0.5, indicate the relative effect of the individual 𝑃𝑓 =
parameters and their assumed ranges on the modeled time to failure. 

Where near surface reference hydraulic conductivity is varied (Figure 15c), the proportion of stable slopes at 
a given time increases with decreasing near-surface hydraulic conductivity. Figure 15d shows the change in 
rates of failure with time for the full range of modeled parameters. The overall range of time to failure is 228 
years with a minimum value of 25 years assuming the worst-case soil properties and 253 years assuming the 
best case (the adopted material properties can be seen in Table 3). The general implications of the results 
are discussed in Section 8.

Figure 14: Proportion of stable slopes of varying slope angles at heights of a) 5 m; b) 10 m; c) 15 m; d) 20 m as a function of time from 
end of construction. NB the times to failure for a probability of 0.5 are intended to aid comparison only and are not recommended 
design values. 
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Figure 15: Proportion of stable slopes with time for variations in the assumed properties; a) varying apparent cohesion; b) varying 
friction angle; c) varying reference hydraulic conductivity; d) variation in all material properties as per Table 3 and applied to the full 
range of slope geometries. The dashed curve represents the behaviour for typical London Clay properties. NB the times to failure for 
a probability of 0.5 are intended to aid comparison only and are not recommended design values. 
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Table 3: Properties of the emulated parameter sets in Figure 15d, adopted to show the range of potential modeled behaviour.

Parameter Set No. Cohesion,  (kPa)𝐜′𝒑 Friction, (°)𝝓′𝒑 Ref. Hyd. Conductivity,  (m/s)𝒌𝒓𝒆𝒇𝒉𝒔

1 3.0 18.5 2.50  10-8×

2 4.0 19.0 1.67  10-8×

3 5.0 20.0 1.12  10-8×

4 6.0 21.0 7.49  10-9×

5 7.0 20.0 5.00  10-9×

6 7.0 22.0 5.00  10-9×

7 8.0 23.0 3.35  10-9×

8 9.0 24.0 2.24  10-9×

9 10.0 25.0 1.50  10-9×

8 Discussion and implications

The results summarized in Section 7 indicate the significant effects of slope geometry and soil mechanical 
and hydraulic properties on the potential time to failure of slopes. In this section, these results are set into 
the context of the age of existing UK rail and highways transport infrastructure slopes and the proposed 
design life of future UK High Speed 2 (HS2) railway slopes. The intended use of these results is also discussed 
along with the effects that a number of the key assumptions about the modeling may have on their 
interpretation. 

8.1 Slope angle and height

The emulated model results demonstrate the effect of slope geometry on the time to failure of cut slopes in 
overconsolidated high plasticity clays. Figure 12 demonstrates the relatively high sensitivity of the time to 
failure to varying slope angle. For example, reducing slope angle from 1V in 2H to 1V in 3H for a 10 m high 
cut slope results in an increase in the time to failure from 50-75 years to 125-150 years (see Figure 12b). This 
indicates the benefit of adopting less steep slope angles at the design phase, in situations where there are 
specific design life requirements. That is, a 1V in 2H slope may meet 60-year design life criteria for road and 
rail, but would need to be decreased to a 1V in 3H slope to meet a requirement for a 120-year serviceable 
life [for UK highways slopes see Ref. 12] or HS2 120-year design life [89]. 
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Figure 13 illustrates the large effect slope height has on time to failure, where for a common slope angle (1 
in 3), and for  0.5 (i.e., FoS = 1.0), a decrease in slope height from 20 m to 5 m leads to an increase in 𝑃𝑓 =
service life from 55 to 174 years. This is primarily of interest when evaluating the potential deterioration of 
existing earthworks. However, it may also be a consideration when selecting route alignment in new 
transport corridor designs. In summary, Figure 13 and Figure 14 show the ability of the emulator to assist in 
probabilistic design assessments of slope geometry, whereby for specified design life and probability of 
failure, minimum cut slope angles could be defined. 

In order to better visualize the effect of slope geometry on time to failure, and how this compares with 
assumed design life, the data used to produce Figure 12 was replotted as slope angle versus time to failure 
for varying slope heights, as shown in Figure 16. The material properties selected are representative of the 
worst and best cases in terms of effect on time to failure, along with the mean of the range of properties for 
the London Clay. 
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Figure 16: The time to failure for differing slope geometries and asset types (highways vs rail) considering the range of adopted 
material properties of the London Clay, annotated with typical design life values and the current maximum age of UK railways slope 
infrastructure, a) lowest stability properties; b) mean properties; c) maximum stability properties.

This plot demonstrates how the emulator could produce stability charts that bring the temporal element into 
the stability assessment, alongside strength properties and slope geometry that are more commonly found 
in this type of chart. This is similar to the approach used in Postill et al. [62]. The plot also separates out the 
typical range of slope heights formed within OC-HP clays seen on the GWML railway from those seen on the 
M4 motorway. 

Figure 16a shows the time to failure data for the worst-case scenario. This suggests that while the adopted 
parameters may have plausible values to represent a discrete soil element based on laboratory testing, they 
may not be appropriate for the soil mass as a whole based on indicated times to failure. 



TRGEO-D-23-00425-R1

35

The properties that represent the mean of the dataset produce more plausible results for the highways slopes 
with heights up to 12 m, giving times to failure larger than 60 years for slope angles less than 1V in 2.5H and 
times to failure greater than 120 years for slope angles less than 1V in 3.0H for the slopes analyzed as seen 
in Figure 16b. Ultimately the parameters adopted appear to be rather conservative for the mass properties 
of the OC-HP clays slopes encountered on the GWML and the M4. This may in part be related to the lack of 
discrimination between types of failure, with some models undergoing superficial shallow failures that would 
not be significant so affecting the emulator results. 

The Mair review into the Carmont / Stonehaven train derailment in the UK [20] published guidance stating 
that for high plasticity clays of the type discussed in this work, slope angles should be kept below 14 degrees 
(≈ 1V in 4H) to maintain stability.

The modeling undertaken herein suggests that this proposed maximum slope angle may be appropriate for 
the assumed mean strength and permeability properties used in the modeling for both road and rail cut 
slopes (assumed to have been excavated in the 1960s and 1830s respectively) with heights up to 20 m (the 
limit of the modeled range) for the road slopes to meet a 120-year serviceable life and heights up to 
approximately 10 m for rail slopes to maintain stability to the present day (i.e. 185 year life, see Figure 16b).

For slopes modeled using the high stability properties, a slope angle of 1V in 4H would be appropriate for all 
slope heights, for both road and rail (see Figure 16c). This is not the case however, for the modeled slopes 
with the worst-case properties (see Figure 16a), where failures tend to occur at times significantly less than 
the age of the GWML rail slopes, and less than the 120-year serviceable life required for UK highways slopes. 
This is indicative that the low stability property estimate is likely overly conservative for mass scale, as per 
the prior discussion, but may give a useful lower bound to stable asset life.

Additionally, the other OC-HP materials on the routes in question tend to have higher strength values than 
the London Clay based on published data [see, for example, the peak strength values for Kimmeridge, 
Ampthill and Oxford Clay in Figure 9 as per Ref. 69], so the results presented here are inherently conservative. 
Furthermore, there are a number of additional factors that will act to affect the results as discussed in Section 
8.2. 

The effect of the adopted shear strength and hydraulic conductivity parameters on the time to failure is 
shown in Figure 16. The figure provides an indication of the sensitivity of the time to failure to the adopted 
properties for a single soil type and the resultant uncertainty this represents for design life. It is clear that 
adopting the worst-case values would likely require very conservative design slope geometries or a very low 
threshold for further assessment or monitoring of an existing section of an asset portfolio (assuming this was 
the approach adopted for assets deemed to have undergone significant deterioration). Conversely, adoption 
of the best-case properties would likely miss potential failures and significantly overestimate stability 
(although not an issue in this case as the soil selected for parameter derivation had properties that were 
conservative). As such, deriving a characteristic value of the parameters for a given asset of interest, that are 
representative of the zone of ground controlling the behavior [as per Eurocode 7; 90], as opposed to a point 
minimum, seems appropriate in this case. The previous discussion, along with the probabilistic underpinnings 
in Eurocode 7, suggest this would potentially be a sensible methodology to adopt in using the emulator 
approach in a practical setting. 
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8.2 Additional factors affecting model results

The geotechnical analyses performed as input for the emulator are for an idealized problem, with local 
weather [Newbury in the South of the UK, see 36] and where climate change [known to be a significant issue, 
see 38] has been omitted. Furthermore, a uniform material with a simple stress history was simulated, 
whereas, in reality, engineered slopes have very complex stress histories and spatial variability of material 
properties exists, where for example, the rate of softening to residual will affect time to failure [62], however 
a single softening rate is adopted in this study. For cut slopes, the presence of structural discontinuities can 
also control slope behavior. Surface-vegetation-atmosphere interaction behavior is known to be significant 
in slope stability [91], but in this work, the effect of vegetation rooting on near surface shear strength has 
been omitted [see for example 92] and only grass slopes are analyzed, but vegetation type is significant in 
seasonal pore water pressure cycles [3]. 

In transportation infrastructure, the deterioration in stiffness and strength due to cyclic vehicle loading, can 
be significant but is not addressed in this work. The behavior is illustrated in [93] and discussed in the context 
of slope stability in [50]. It is also recognized that two-dimensional analyses produce conservative factor of 
safety estimates when compared to three-dimensional analyses [94,95]. The emulated model results 
illustrated here also do not discriminate between different types of failure (shallow / superficial translational 
slides versus deep seated rotational mechanisms, for example). As such, the plots of proportion of stable 
slopes may exaggerate the rate of deterioration as they indicate any failure, no matter the severity and 
proportion of the slope affected. The failure type can be accounted for in the emulator if this methodology 
were adopted in practice.

This study presented a framework for rapidly evaluating the time to failure of geotechnical assets that 
informs design life and estimates of current deterioration, however the following factors should be carefully 
considered: 

 Geotechnical materials are spatially and temporally heterogenous which can have a significant effect 
on slope behavior [1,30,96–98,99].

 Site-specific issues such as the presence and orientation of pre-existing discontinuities or other 
stratigraphic features, localized drainage failure, and land use changes can all affect stability and by 
the nature of this work will not be accounted for. 

 Vegetation and vegetation management [3,39,100] can have a significant impact on stability; 
however, only an unchanging grass cover was included in this work.

 Weather and climate are variable [101,102] and this can affect time to failure of slopes 
[36,38,103,104]

The above should make it clear that general guidance is inappropriate for specific cases. In particular, high-
risk projects in complex ground conditions require detailed analysis of material behavior and other 
influencing factors.

9 Conclusions

A validated, physically based, deterministic modeling capability has been developed that can simulate the 
hydro-mechanically coupled behavior of cut and embankment slopes and their deterioration as driven by 
weather and climate. Model validation was performed against laboratory data and long-term field 
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monitoring data, emphasizing the importance of high-quality long duration monitoring data and trial field 
sites. 

In parallel, a statistical (Gaussian process) emulator model has also been developed to allow the rapid 
emulation of physically based modeling results. The emulator was then trained with data from a deterministic 
modeling parametric study using a formal experimental design approach, making use of Latin hypercube 
sampling. The modeling framework was used for the characterization of deterioration in overconsolidated 
clay cut slopes for a range of slope geometries, representative of UK road and rail infrastructure.

The statistical (Gaussian process) emulator allows rapid assessments of likely time to failure to be made for 
varying slope geometries and with varying material properties. This can be utilized during slope stability 
analysis to evaluate design life and also in the assessment of existing earthworks both individually and as 
asset groups (e.g., a transport corridor or network). This allows estimates to be made of the likely degree of 
deterioration and potential remaining serviceable life. This was demonstrated in this work for cut slope 
geometries derived from design and survey data for a section of the UK highways network (the M4 between 
London and Bristol) and from LiDAR surveys of the Great Western Main Line railway (between London and 
Bristol). In principle this modeling approach could be applied to any asset type for which physically based 
numerical models can be developed and is of particular utility where these models are computationally 
intensive and therefore time consuming to run. The broad applicability of this approach to infrastructure 
deterioration assessment potentially makes it a powerful tool to address some of the key issues highlighted 
by the UK National Infrastructure Commission.
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