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Abstract

Standard rational expectations models with an occasionally binding zero lower bound constraint either
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els with no rational expectations equilibria admit self-confirming equilibria involving the use of simple
mis-specified forecasting models. Completeness and coherence are restored if expectations are adaptive or
if agents are less forward-looking due to some information or behavioral friction. In the case of incomplete-
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The irrationality of a thing is no argument against its existence, rather a condition of it.
[Friedrich Nietzsche, “Human, All Too Human: A Book for Free Spirits”, 1878.]

1. Introduction

In the last 15 years since the Great Financial Crisis, central banks in Western economies had
to face the problem of a zero (or effective) lower bound (ZLB) on the nominal interest rate. This
spurred a very large and important literature on the topic. At least from the seminal contribution
by Benhabib et al. (2001), it is well-known that rational expectations (RE) models with a ZLB
on the nominal interest rate generally admit multiple equilibria and also multiple steady states.
However, the stochastic element in the ZLB literature is often very stylized with one single (often
discount factor) shock that occurs only once and has either a stochastic or a known duration.

More recently, Ascari and Mavroeidis (2022, henceforth AM) highlight an even more seri-
ous concern regarding this type of models when stochastic shocks hit the economy, a standard
assumption in macroeconomic models. They show that in models featuring a ZLB constraint, a
stochastic environment and RE, equilibrium existence is not generic, i.e., the model is incoher-
ent, and when these models do admit an equilibrium, they generally admit more equilibria than
previously acknowledged, i.e., the model is incomplete.' Specifically, AM derive conditions for
existence of a rational expectations equilibrium (REE), and for existence and uniqueness of a
minimum state variable (MSV) equilibrium for dynamic forward-looking models with occasion-
ally binding constraints. These conditions are difficult to interpret. Therefore, AM highlight a
different and more fundamental problem in models with occasionally binding constraints and
standard stochastic shocks than the ones already noted in the literature in this class of models,
such as the indeterminacy of REE equilibria in linear models and/or multiplicity of steady states.
Section 3 reviews the AM results in more detail.

Given that a model without an equilibrium cannot be of any use, this paper points to a pos-
sible route to tackle the incoherence problem: abandoning the full-information RE assumption.
We show that the problem of incoherence and incompleteness hinges on the assumption that
agents have RE. Non-existence of REE is by itself a compelling and novel reason to investi-
gate the possibility of non-rational equilibria. Indeed, one of the main results from this paper
is that a standard New Keynesian model with the ZLB constraint can fail to yield a REE and
still admit other types of self-confirming equilibria. To illustrate this point, we consider two dis-
tinct equilibrium concepts which have been associated with different types of deviations from
full-information RE.

First, we investigate one of the most studied deviations from RE, that is, adaptive learning as
typified by Evans and Honkapohja (2001). Adaptive learning agents have imperfect knowledge
about the economy’s structure, but learn to forecast macroeconomic variables by recursively
estimating the parameters of a subjective forecasting model using simple statistical tools like
least squares. A classic question examined in adaptive learning applications is whether agents
eventually learn to forecast rationally, and hence whether the learning economy converges to a
REE. However, given that we are interested in cases where a REE does not exist, we assume

1 Following AM we will use the terms incoherence and incompleteness to mean the non-existence of equilibria and the
multiplicity of equilibria, respectively. Hence, a model is coherent if it admits at least one equilibrium, and complete if
the equilibrium is unique.
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that agents learn by recursively estimating forecasting models that are mis-specified and under-
parameterized relative to the forecasting models that agents would have in a REE. Under this
assumption, we derive analytically conditions for the economy to settle on a self-confirming
equilibrium in which agents make optimal forecasts within their class of forecasting rule. This
form of self-confirming equilibrium, which is distinct from REE, is often labeled restricted per-
ceptions equilibrium (RPE) in the learning literature (e.g. see Evans and Honkapohja (2001) or
Branch (2022)). Importantly, we prove that a RPE can exist when the RE model is incoherent
and hence no REE exists.

Second, we consider bounded rationality as a possible deviation from RE. Boundedly rational
agents are less forward-looking than rational agents, for instance because they are myopic a la
Gabaix (2020), have imperfect common knowledge as in Angeletos and Lian (2018), or have fi-
nite planning horizons similar to Woodford and Xie (2022). In this setting, too, a unique bounded
rationality equilibrium (BRE) may exist, even if a REE does not. Hence, both adaptive learning
and bounded rationality might alleviate, under certain conditions, the coherence problem of the
standard NK model with a ZLB constraint. Finally, we also investigate the implications of com-
bining the two deviations from rationality.

The derivation of an adaptive learning RPE and BRE in an incoherent REE framework is the
central contribution of the paper. In this respect, some remarks are noteworthy.

First, adaptive learning can ensure completeness and coherence all by itself. Specifically, we
prove that a unique femporary equilibrium always exists in our model with a ZLB constraint
and adaptive learning agents, provided that agents do not observe current endogenous variables
before market clearing takes place—a very common assumption in the learning literature.

Second, a RPE emerges as a self-confirming equilibrium, even if the underlying model does
not admit a REE. The learning literature has typically focused on the question of whether a REE
can be learnable, because the underlying model admits a REE solution. Here, instead, we investi-
gate whether adaptive learning can generate self-confirming equilibria even when a REE does not
exist. When agents do not observe current endogenous variables, expectations are predetermined,
and a temporary equilibrium always exists, but it is not necessarily self-confirming. To the best
of our knowledge, our finding that self-confirming adaptive learning equilibria exist when there
is no REE is a novel and intriguing addition to the literature.

Third, and related to the previous point, whenever the NK model does not admit a REE, it is
impossible for agents to form self-confirming beliefs about the dynamics of inflation and output
(i.e., as implied by a standard MSV in our simple model). The economy can easily diverge into a
deflationary spiral if agents attempt to learn these dynamics using simple statistical techniques.
Hence, while it is a curse to be smart, it is a blessing to be simple-minded, because the non-
rationality of agents’ beliefs can save the economy from spiralling out of control and lead it to a
coherent and complete self-confirming RPE.

Fourth, the source of the problem of rational incoherence can be intuitively explained in terms
of income and substitution effects, following Bilbiie (2022). A similar intuition is behind the
so-called “forward guidance puzzle” and its proposed solutions that hinge on weakening agents’
forward-lookingness (e.g., Del Negro et al., 2023; McKay et al., 2016b; Angeletos and Lian,
2018; Gabaix, 2020; Woodford and Xie, 2022; Eusepi et al., 2021). Hence, we show that weak-
ening the ‘rationality’ of agents kills several birds with one stone, because it simultaneously
solves different problems highlighted by the literature (forward-guidance puzzle, belief-driven
liquidity traps, existence of an equilibrium) that share the same mechanism as a common source.

Fifth, a basic takeaway from the existence analysis is that the baseline NK model with RE is
incoherent when negative shocks are sufficiently large in magnitude or sufficiently persistent, but
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can still admit RPE or BRE. A fundamentals-driven RE liquidity trap must, therefore, be rela-
tively short-lived compared to the duration of actual liquidity trap events experienced by Japan,
the Euro Area and the U.S., because persistent shocks would make the RE model incoherent.
This is not true for the RPE or BRE, where a liquidity trap can be highly persistent. In this sense,
one could argue that a RPE or a BRE could explain why the economy did not blow up after a
large shock such as the Great Financial Crisis.

Finally, a second contribution of the paper concerns the stability properties of these equilibria
under learning, that is, the issue of whether RPE and REE can emerge from a process of learning.
Following the adaptive learning literature, we employ the expectational stability or “E-stability”
criterion to select an equilibrium that may arise through an economy-wide adaptive learning
process in which agents recursively update the parameters of their subjective forecasting models
using simple statistical techniques such as least squares. We find there is a unique E-stable RPE
when a RPE exists. Similarly, only one MSV REE can be E-stable.

After a brief literature review, the paper proceeds as follows. Section 2 introduces a simple
model of the ZLB that nests our different assumptions about expectations formation as special
cases. Section 3 illustrates the problem of rational incoherence and the possibility of irrational
coherence. Section 4 shows how adaptive learning resolves incompleteness issues, and also dis-
cusses the plausibility of the RPE concept. Section 5 concludes. The proofs of all the Propositions
can be found in the Appendix.

1.1. Literature review

This paper contributes to an already large literature about deviations from RE and the ZLB.
Earlier work on adaptive learning at the ZLB studied monetary and fiscal policies that can pre-
vent an economy with learning agents from getting stuck in a liquidity trap (Evans et al., 2008;
Benhabib et al., 2014; Evans et al., 2022b),2 unconventional policies such as forward guidance
(Cole, 2021; Eusepi et al., 2021), “make-up” strategies such as price level targeting (Honkapohja
and Mitra, 2020) or average inflation targeting (Honkapohja and McClung, 2021). Christiano
et al. (2018) show that the E-stability criterion selects one of multiple equilibria of a model
with a transitory demand shock that can drive the economy into a liquidity trap. This finding
is closely related to our result about E-stability of REE in the case of incompleteness. However,
their model assumes that the economy returns to a steady state after the shock dissipates, whereas
our framework allows for multiple, recurring liquidity trap episodes, consistent with the recur-
rence of ZLB events in the U.S. and elsewhere. Thus, we extend insights from Christiano et al.
(2018) to models with recurring demand shocks. More generally, the above mentioned papers do
not consider existence and stability of equilibria of models with recurring, fundamentals-driven
liquidity traps.

A significant strand of the adaptive learning literature focuses on self-confirming “misspec-
ification equilibria” that can emerge if agents recursively learn to forecast using a misspecified
forecasting rule. In a misspecification equilibrium, agents do not understand the true equilibrium
law of motion for economic variables, but observable macroeconomic outcomes nonetheless
confirm their subjective beliefs about specific statistical properties of the economy. RPE is a spe-
cial case of misspecification equilibrium involving a “simple” under-parameterized forecasting
model that omits some variables which affect the macroeconomic dynamics. In a RPE, agents

2 See also Evans and McGough (2018) for a related discussion on interest rate pegs and adaptive learning.
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forecast optimally within their class of forecasting rules in the sense that forecast errors are or-
thogonal to their forecasting model. The properties of RPE and misspecification equilibria, as
well as their emergence through adaptive learning, have been explored in Branch (2006), Branch
(2022), Evans and Honkapohja (2001), Marcet and Sargent (1989), Evans et al. (1993), Branch
and Evans (2006a), Branch and Evans (2006b), Bullard et al. (2008), Evans and McGough (2020)
and Evans et al. (2022a), Hommes and Sorger (1997), Hommes and Zhu (2014), Branch and
Gasteiger (2018), among many others. Empirical support for RPE and related misspecification
equilibria comes from experiments involving monetary sticky price economies (Adam, 2007) and
analysis of survey and macroeconomic data involving estimation of New Keynesian frameworks
(Hommes et al., forth.).>

A number of earlier works, including Angeletos and Lian (2018), Gabaix (2020) and Wood-
ford and Xie (2022), study BRE and issues related to the ZLB. Among other things, these papers
show that deviations from RE that make agents less forward-looking than rational agents can
resolve the so-called NK paradoxes of the ZLB, such as the prediction that forward guidance
announcements can have arbitrarily large effects on the economy (“forward guidance puzzle”).
Importantly, contributions to this literature typically treat the ZLLB regime as arising from a tran-
sitory shock, usually with a known duration, after which time the economy returns to steady
state forever. Models employing shocks with known duration are not susceptible to the issues
of equilibrium existence and multiplicity that we study here. Our contribution, therefore, is to
embed bounded rationality into models with recurring stochastic shocks, and to show that these
deviations from RE resolve the problem of incoherence and incompleteness identified by AM.

Finally, Mertens and Ravn (2014), Nakata and Schmidt (2019, 2022), and Bilbiie (2022),
among others, study conditions for the existence of both fundamentals-driven and confidence-
driven liquidity trap equilibria, which are caused by fundamental shocks to the economy and
non-fundamental (sunspot) shocks, respectively.* One takeaway from these papers is that the
fundamentals-driven liquidity trap equilibrium is unlikely to exist if shocks are too persistent,
but sunspot equilibria can feature very persistent liquidity traps. However, to our knowledge,
confidence-driven liquidity trap equilibria have only been derived in coherent models (i.e. models
that admit at least one MSV solution). An incoherent model fails to admit confidence-driven
liquidity trap equilibria, and tight restrictions on the support of fundamental shocks are necessary
for existence of both MSV and confidence-driven liquidity trap equilibria.

2. Model and expectations formation mechanisms

We employ a model that nests the simple New Keynesian model as well as reflects the
reduced-form of the alternative bounded rationality models explored by Gabaix (2020), Angele-
tos and Lian (2018), Woodford and Xie (2022):

Xt :MEtxt+1 —o (i —NEtTFtJrl)‘i‘Gt, (1
T = AXy +MfﬂEt7Tt+la @)
il‘ Zmax{wﬂt, _I'L}’ (3)

3 See also Slobodyan and Wouters (2012), Ormeno and Molndr (2015), Beshears et al. (2013), Assenza et al. (2021),
and Branch and Gasteiger (2018) for additional empirical support for small misspecified forecasting rules.

4 Additionally, Bianchi et al. (2021) study implications of fundamentals-driven liquidity traps in a nonlinear New
Keynesian model.
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where x; is the output gap, i; the nominal interest rate and 5; is the inflation rate. If M = N =
My =1, the model nests the simple three-equation New Keynesian model of Woodford (2003)
where (1) is the Euler equation, (2) is the NK Phillips Curve and (3) the monetary policy rule, de-
scribed by the simplest Taylor rule but with a ZLB constraint. The model is log-linearized around
the zero inflation steady state and 0 < 8 < 1, 0 < 0, A, u, and ¢ > 1 (i.e. the “Taylor principle”
holds). Bounded rationality implies, instead, 0 < M, N, My < 1. Note that E denotes (possibly
non-rational) expectations and E = E denotes model-consistent (rational) expectations.

We follow earlier work, including Eggertsson and Woodford (2003), Nakata and Schmidt
(2019), Christiano et al. (2018), and AM, and assume that the demand shock, ¢;, follows a two-
state Markov process with transition matrix:

K::( p l—p)’
l-qg ¢

with 0 < p = Pr(e; = €1le,—1 = €1) < 1,0 < g = Pr(e; = e2]6,—1 = €2) < 1. If we assume
q = 1 and €3 = 0, similar to Eggertsson and Woodford (2003) or Christiano et al. (2018), then we
have a model in which a transitory shock, €; = €1 # 0, displaces the economy from steady state,
but the economy eventually returns to the absorbing steady state of the model when ¢, =e> =0.
In the standard RE version of the model there are two non-stochastic steady states: one with zero
inflation, and one with zero nominal interest rates. However, equilibrium inflation and output in
the temporary state (¢; = €1) depend on whether agents have full-information RE or whether they
are boundedly rational in some way.

We consider three models of expectations formation. First, agents have full-information RE in
the special case of the model with no discounting in the Euler equation and Phillips curve (1)-(3)
and model-consistent expectations.

Definition 1. Agents have full-information rational expectations (RE) if and only if E=E
and M = My = N =1 in the NK model given by Equations (1)-(3).

A REE, defined in Section 3, is a solution of the model (1)-(3) obtained under these as-
sumptions. In keeping with the literature, we treat full-information RE as the benchmark model
of expectations formation, against which we compare ZLB dynamics under alternative expec-
tations formation mechanisms. Particular attention is paid to the possibility that agents do not
have full knowledge about the structure of the economy, and consequently expectations can be
model-inconsistent (i.e., £ # E). The adaptive learning literature in particular studies agents
with imperfect knowledge who learn to forecast the law of motion for aggregate variables using
standard statistical tools like least squares. In this setting, imperfect knowledge can imply model-
inconsistent expectations, but the focus of a large swath of this literature is whether agents can
form self-confirming beliefs, either by learning a REE, or some non-rational, self-confirming
equilibrium if their subjective forecasting models are mis-specified with respect to the rational
forecasting models.

Definition 2. Agents have imperfect knowledge if and only if E #E,M=M;=N =1inthe
NK model given by Equations (1)-(3).

Definition 2 follows the “Euler equation approach” to imperfect knowledge, which treats the
Euler equation form of the first-order conditions of agents’ optimization problem under RE,

(1)-(2), as agents’ subjective decision rules under imperfect knowledge. The alternative is the

6
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so-called “infinite horizon approach” of Preston (2005) according to which optimizing learning
agents with imperfect knowledge learn to forecast the path of interest rates, output and infla-
tion.” Therefore, our definition of imperfect knowledge involves both non-rational beliefs and
sub-optimal decision-making, in keeping with a large literature on imperfect knowledge and
learning. Our main conclusion that imperfect knowledge can lead to coherence when the model
is rationally incoherent continues to hold under infinite-horizon learning.®

We can deviate from RE without relaxing the assumption that agents have full knowledge
about the structure of their economic environment. For instance, Gabaix (2020) derives a model
in which households and firms are relatively myopic due to cognitive limitations. In this setting,
myopia implies a change in the model structure in the form of discounting in the aggregate
demand curve (1) (i.e., M < 1) and additional discounting in the Phillips curve (2) (i.e. My <
1). However, nothing in Gabaix’s (2020) model prevents agents from having full knowledge
about the world they inhabit, and therefore nothing prevents these boundedly rational agents
from having model-consistent expectations. Hence, Gabaix’s (2020) behavioral model shows
how we can deviate from full-information RE without sacrificing the assumption that agents have
perfect knowledge. Bounded rationality models by Angeletos and Lian (2018) and Woodford and
Xie (2022) may also lead to reduced-form structural models with additional discounting in the
structural equations. If M, My or N is less than one, we say that agents are boundedly rational.

Definition 3. Agents are said to be boundedly rational if and only if E =FE and min{M, My,
N} < 1.

3. Coherence: existence of an equilibrium

To put the whole paper into context, it is worth clarifying the main contributions of AM.
While the stochastic element in the literature on the ZLB is often very stylized, featuring one
single (often discount factor) shock that occurs only once and has either a stochastic or a known
duration, AM consider the general problem of the conditions for existence and uniqueness of
equilibria in dynamic forward-looking models with RE when some variables are subject to occa-
sionally binding constraints, like in the ZLB case, and when recurrent stochastic shocks hit the
economy, a standard assumption in macroeconomic models. AM propose to use a method based
on Gourieroux et al. (1980) that studied this problem in the context of simultaneous equations
models with endogenous regime switching, and derived conditions for existence and uniqueness
of solutions, which Gourieroux et al. (1980) label as coherency conditions. The problem of exis-
tence of equilibria, i.e., coherence, in more standard stochastic environments commonly used in
macroeconomic models is obviously fundamental and a first-order concern for this literature.’

5 See Bullard and Eusepi (2014) for comparison of Euler equation learning and infinite horizon learning.

6 For brevity, we give those results in Online Appendix B.1.

7 Even though there is a large and expanding literature on solution algorithms for such models, (see e.g., Fernindez-
Villaverde et al., 2015; Guerrieri and Iacoviello, 2015; Gust et al., 2017; Aruoba et al., 2018, 2021; Eggertsson et al.,
2021), there are no general conditions for existence of equilibria for this class of models, as say, the Blanchard-Kahn
conditions for standard linear dynamic RE models. Moreover, NK models with a ZLB are often presented as (log)linear
approximations around an equilibrium of some originally nonlinear model, whose existence needs to be checked as an
obvious precondition of the analysis. A number of theoretical papers provide sufficient conditions for existence of MSV
equilibria in NK models (see Eggertsson, 2011; Boneva et al., 2016; Armenter, 2018; Christiano et al., 2018; Nakata,
2018; Nakata and Schmidt, 2019), while AM provide both necessary and sufficient conditions that can be applied more
generally.
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There are two main takeaways from AM. First, the question of coherence is a nontrivial prob-
lem in models with a ZLB constraint and AM were only able to provide some general results
for a limited class of models. A typical New Keynesian (NK) model with a ZLB constraint is
not generically coherent both when the Taylor rule is active and when monetary policy is op-
timal under discretion. The restrictions on the support of the shocks that are needed to restore
an equilibrium are difficult to interpret because they are asymmetric and because they depend
both on the structural parameters and on the past values of the state variables. AM show that the
assumption of orthogonality of structural shocks is incompatible with coherence, because if a
model admits multiple shocks, their support restrictions cannot be independent from each other.
Second, imposing the (somewhat awkward) support restrictions needed to guarantee existence of
a solution causes another serious problem: multiplicity of MSV solutions, i.e., incompleteness.®
AM show the existence of many MSV solutions, possibly up to 2¥ MSV equilibria, where & is the
number of (discrete) states that the exogenous variables can take, for example, using a k-state ap-
proximation of an AR(1) process. While the literature on the ZLB has recognized the possibility
of multiple steady states and/or multiple equilibria, and of sunspots solutions due either to inde-
terminacy or to belief-driven fluctuations between the two steady states, this is a novel source of
multiplicity, that concerns ‘fundamental’ solutions, i.e., MSV ones. This is particularly relevant
because numerical solution algorithms usually search for a solution of this type. The multiplic-
ity of MSV solutions arises from the interaction between RE and the non-linear nature of the
problem, as we will show below. Our paper investigates whether relaxing the full-information
RE assumption could alleviate the problems highlighted by AM by breaking this interaction.

3.1. Rationality without coherence

We start by assuming full-information RE to illustrate the problem of incoherence. For sim-
plicity, we focus on MSV REE, but some of the insights from our paper can be extended to
study non-fundamental “sunspot” equilibria which feature extraneous volatility. Since our model,
(1)-(3), is a purely forward looking model with a two-state discrete-valued exogenous shock, the
MSV REE law of motion for ¥; = (x;, ;)" will assume the form Y; =Y, where ¥; =Y if
€; = €1 and Y; = Y, otherwise.

Definition 4. Rational expectations equilibrium (REE). Y = (Y}, Y})’ is a rational expecta-
tions equilibrium if and only if Y; solves (1)-(3) given Et(YHl le; =€;) = Pr(e 11 =e€lle =
€)Y1+ Pr(eq1 =ele, =¢€;)Yp, for j=1,2.

There are up to four MSV REE of (1)-(3). First, there is a possible solution in which interest
rates are always positive (“PP” solution). Then, there is a potential solution with binding ZLB if
and only if €, = €], which we refer to as the “ZP” solution. Analogously, there could be a “PZ”
solution with binding ZLB if and only if €; = €;. Finally, it is possible that the ZLB is always
binding (“ZZ” solution). We add a superscript i to Y to distinguish between the REE (i.e. Y’
wherei = PP,ZP, PZ, ZZ). Following AM, if at least one of the four possible REE exist then
the model is coherent.

8 In AM, an MSV equilibrium is defined as usually intended, that is, as a function of the state variables of the model.
However, an incoherent model could in principle admit other types of equilibria, but, to the best of our knowledge, no
work in the literature, including AM, has found them. We use the terminology MSV and REE interchangeably in the case
of incoherence.
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Proposition 1. Consider (1)-(3) and suppose M = My = N =1, €2 > 0. A rational expectations
equilibrium (REE) exists if and only if €| > €rgE, where €ggE is a constant that depends on the
model’s parameters, defined in Equation (A.3) in Appendix A. 1.

Proposition 1 generalizes Proposition 5 of AM to the case with ¢ < 1. It establishes that under
the conventional assumption that the Taylor rule (3) satisfies the Taylor Principle and recurrent
demand shocks, we need to restrict the magnitude of the shocks, ¢;, to get a REE. For a solution
to exist, €] cannot be too negative (i.e. the shock cannot be too “big”, in absolute value). The
lower bound on €1, denoted as €ggE, is increasing in p for standard parameters, which means
that a model with more persistent shocks requires tighter restrictions on the magnitude of the
shocks for an equilibrium to exist. This explains why fundamentals-driven liquidity trap cannot
be persistent in a REE. A “big” shock is needed to take the economy into a liquidity trap, but
then, for a REE to exist, it cannot be persistent. Thus, the model is not generically coherent;
solutions only exist for special calibrations of the shock process and solutions do not exist if the
shocks are too persistent (i.e. p is very high) or if the shock is big (¢ is very low).

Intuition from a special case While Proposition 1 deals with the case with g < 1, the assump-
tion that the high demand state is absorbing (¢ = 1) and equal to zero (e; = 0) is helpful for
intuition.” Under this assumption, the economy under full-information RE either returns to the
steady state with zero inflation (i.e. 7; = x; = i; = 0) or the steady state with zero interest rates
Ge.iy=—pu, 1 =—pu<0x, =—p(l—pB)/1 <0). The “temporary state” value of output when
€; = €1 < 0 (assuming for brevity that we go back to the zero-inflation steady state) is given by:

x; = v(p)E;x; 41 — o max{ Xr, —u} + €, 4)

VA
1—8p

v()-—<1+ d >>1 (5)
p) = )"

which we obtain by substituting the Phillips curve and Taylor rule into (1). From (4), it is apparent
that for any p, sufficiently low values of €| preclude unconstrained interest rates. Thus, for a
sufficiently negative demand shock, output will be given by:

(op+e€1), (6)

X =——-—"0

1 —pv(p)
if a solution of the model exists at all. However, if the negative demand shock is sufficiently per-
sistent, so that pv(p) > 1, then x; and therefore temporary inflation, 7; = ﬁxt are decreasing
in €. This implies that sufficiently large €; will increase x; and ;, precluding existence of a so-
lution in which the ZLB binds. Therefore, for a solution to exist we need to either restrict p to be
small enough to ensure pv(p) < 1, which in turn implies a solution for any €, or, alternatively,
we need to restrict €] to be close to zero.

Fig. la illustrates the determination of demand for the case pv(p) < 1. It can be seen that
a solution exists for any €. Fig. 1b illustrates equilibrium determination when pv(p) > 1. It is
apparent that two solutions exist if €; is small, but no solution if €; is large in magnitude. In this

9 The assumption ¢ = 1 is standard in the literature (e.g., Eggertsson and Woodford, 2003; Christiano et al., 2018;
Bilbiie, 2022). To explain the intuition, we borrow heavily from AM and Bilbiie (2022).
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Fig. 1. Incoherence and Income vs. Substitution.

case, the model is generally incoherent, while, if we impose support restrictions, i.e., €] > €RgE,
the model is incomplete. The issue of incompleteness will be tackled in Section 4.!°

How should we interpret this restriction on p and €1 ? Following Bilbiie (2022), there are two
effects of the demand shock, €1, when interest rates are pegged at zero. First, a larger demand
shock (i.e., a more negative value of €1) raises real interest rates given a fixed nominal rate,
inducing households to save more. This intertemporal substitution effect should put downward
pressure on inflation and output. At the same time, v(p) > 1 implies strong income effects at the
Z1B; current income, x;, responds by more than proportionally to an increase in expected future
output, E,x,4. For high values of p, an exogenous increase in real interest rates (via lower €1)
raises demand and inflation through this income effect. In the case where pv(p) > 1, the income
effect dominates the substitution effect, and the negative demand shock has the counter-intuitive
effect of raising inflation at the ZLB, while lowering inflation away from the ZLB (see the black
squares and white dots respectively in Fig. 1b). In this scenario, we need to make sure that € is
not foo negative. On the other hand, if pv(p) < 1 then intertemporal substitution effects dominate
and a larger negative shock (more negative €1) pushes down inflation and output, which in turn
ensures that a solution with a binding ZLB always exists.

In sum, we can discuss the problem of incoherence in our model in terms of income and sub-
stitution effects. RE implies that agents are entirely forward-looking, which in turn allows for a
scenario where income effects dominate substitution effects. Tight restrictions on the persistence
parameter, p, are necessary to avoid such cases, while restrictions on €; are essential to ensure
equilibrium existence when income effects are strong. Much of the rest of this paper investigates
whether deviations from RE can ensure that these substitution effects dominate income effects

10 1n fact two or four solutions exist in the two cases, respectively, depending on whether one assumes the economy
returns to the zero-inflation steady state—as in Figs. la and 1b—or one assumes the economy goes to the permanent
liquidity trap steady state—not depicted in Figs. la and Ib. Moreover, the figures express visually the way the condition
pv(p) § 1 relates to the relative slope of the AS and the AD curve under the ZLB. See AM.
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when pv(p) > 1, thus opening up the possibility that non-rational solutions exist even when
rational solutions do not.

3.2. Coherence without rationality

We now turn to the question of what happens if no REE exists. Specifically, we investigate the
possible existence of non-rational equilibria. First, we look at the case of imperfect knowledge
as in Definition 2. Agents with imperfect knowledge are assumed to recursively estimate simple
subjective forecasting models in the spirit of the adaptive learning literature. We assess existence
of temporary equilibria when agents are learning. Then, we ask if there exists an adaptive learn-
ing process that could generate an equilibrium where agents expectations are confirmed. We show
that a self-confirming RPE may emerge as the outcome of an adaptive learning process where
agents use an under-parameterized forecasting rule and attempt to forecast period-ahead infla-
tion and output using their estimates of the long-run average of both variables. Second, bounded
rationality does not need to imply imperfect knowledge, and so it is important to consider what
happens when agents are boundedly rational as in Definition 3. It turns out that bounded rational-
ity in the form of discounting (M, My, N < 1) can imply an even more complete resolution of
the problem of incoherence than RPE, provided that the discount factors are exogenously given
and do not depend on the magnitude of the shock.

3.2.1. Restricted perceptions

The model (1)-(3) has a single state variable, €;, which follows a regime-switching process.
Consequently, the REE law of motion for output and inflation is a regime-switching intercept—
see Definition 4. Rational agents are assumed to know the functional form of the REE solution.
However, agents without RE could fail to grasp the structure of the REE, particularly so in the
case of incoherence when no such equilibrium exists. Consequently, they might try to forecast
inflation and output using an under-parameterized forecasting model which omits the state vari-
able, €;. Agents with these restricted perceptions instead try to forecast the unconditional mean
of output and inflation:

EYyj=Y =Y +t7 (Yo =Y )), @)

where Y is the agents’ most recent least squares estimate of the unconditional mean of
Y = (x, ) using all data available from r =0, ..., — k where k = 0 if agents have current
information and k = 1 if agents have lagged information and only observe endogenous variables
after markets clear. We assume a decreasing gain parameter equal to 7~ !, but more generally the
gain parameter could be a small constant, gy € (0, 1] for y = x, = (“constant-gain learning”), or
a mix of constant-gain and decreasing-gain learning as in Marcet and Nicolini (2003).

If we substitute (7) into the model (1)-(3) with M = M = N = 1 then we have the following
result.

Proposition 2. The model (1)-(3) with M = My = N =1 and expectations formed according to
(7) with k = 1 is coherent and complete for all o, A, > 0.

Coherence and completeness means in this context that the model admits a “temporary
equilibrium”, that is, it has a unique solution for the endogenous variables Y; for any given
P, q, €1, €2, provided that Y; is not observed contemporaneously (i.e. k = 1). We consider this to
be an inherently significant finding. From a theoretical perspective, it shows that relying on the

11
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lagged information assumption, commonly employed in the adaptive learning literature, suffices
to solve the coherence problem in a NK model with a ZLB constraint.'! Intuitively, learning
implies that expectations are predetermined, and this simplifies the task of computing the mar-
ket clearing equilibrium allocation relative to the nontrivial fixed point problem needed to solve
for the REE. From an empirical perspective, inflation has been mostly low but stable during
and after the Great Recession, contrary to the prediction of deflationary spirals in an RE model.
This proposition could provide a possible account of this period, so that inflation is actually
determined by a temporary equilibrium, where agents update their beliefs based on an under-
parameterized forecast rule as data becomes available with a lag.

Though a temporary equilibrium for the economy always exists, learning agents do not have
expectations that are necessarily consistent with the data they observe. An equilibrium, instead,
is a self-confirming equilibrium if the learning agents’ subjective inflation and output forecasts
coincide with the true unconditional means of inflation and output, that is if:

EYyj=EY)=4Y2+(1-9Yi,

where Y = (x, y)/, SA(.,' isY; whene¢, =¢jand g = Pr(¢, =€) =1 —p)/2—p —q). If the
agents form conditional forecasts using the unconditional mean of inflation and output (i.e. if
E, Y;y; = E(Y)) then agents’ beliefs about the long-run averages of inflation and output are true
and self-confirming only if SA{'j solves (1)-(3) given E,Y[+j =EX)= c_ﬂ?z + - q")\?l and
¢ =¢jforj=1,2

Definition 5. Restricted perceptions equilibrium (RPE). Y = (Y/, f(’z)/ is a restricted percep-
tions equilibrium if and only if (i) \A(j s_olves (1)-(3) given E;Yiy1 = Y= c]\?g +(1— 5)?1 and
e =¢;j for j=1,2; and (ii) E(Y;) = Y."?

There are four possible RPE of (1)-(3) indexed by i = PP, ZP, PZ,ZZ, which are analo-
gous to the REE discussed earlier. In a RPE, agents have “restricted perceptions” in the sense
that they omit key fundamental state variables from their forecasting models, that is, they use
an under-parameterized forecast rule. In our simple model, ¢; is the only state variable. Conse-
quently, the natural under-parameterized forecast rule for this model omits €; as (7) does. This
RPE concept also makes the analysis tractable, leading to the following useful result.

Proposition 3. Consider (1)-(3) and suppose M =My =N =1, €2 > 0. Then:

i. A restricted perceptions equilibrium (RPE) exists if and only if €| > €grpg, where €rpg
depends on the model’s parameters, see Equation (A.5) in Appendix A.3, and satisfies
€rpE=—00if g =1.

ii. ERgg > €rpeifandonlyif p+q > 1.

11 If k =0 then a temporary equilibrium can fail to exist for small values of ¢ with decreasing-gain, or sufficiently
large constant gain parameters. Therefore, under contemporaneous information we need to restrict the magnitude of
the gain parameter to get a solution. Evans and McGough (2018) document that constant-gain learning models with
contemporaneous information can lead to unreasonable predictions when interest rates are pegged. Proposition 2 is a
complementary result that favors the lagged information assumption.

12' See Evans and Honkapohja (2001, sec. 3.6 and 13.1), Branch (2006) and Branch (2022) for a thorough discussion of
the RPE concept.
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Fig. 2. Restricted Perceptions Equilibrium.

Proposition 3 is one of the main results of this paper. It tells us that models with persis-
tent shocks (i.e. p + ¢ > 1) admit non-rational equilibria but not rational equilibria if €; €
l€ErRPE, €RE E).13 Thus we can gain traction in an otherwise incoherent model of the ZLB by
assuming restricted perceptions.

As in the case of REE, it is useful to study RPE when ¢ = 1 and €3 = 0 to develop intuition, see
Fig. 2. In this case, we have ¢ = 1 and so the RPE forecast is simply equal to one of the two non-
stochastic steady states of the model. Substituting the forecast consistent with the economy re-
verting to the zero inflation steady state into the model—so E (Xipl = Et 7:+1 =01in (1)-(3)—and
solving for equilibrium output in the temporary state with €, = €| gives: x; = o 4 + €1, assuming
the ZLB binds. Thus, effectively the perceived p is equal to zero and the slope of the aggregate
demand curve becomes vertical in the temporary state under a ZLB. It follows that a RPE exists
for any p and €. No support restrictions for the shock distribution are needed. Restricted percep-
tions ensure that the income effects of raising real rates do not dominate the substitution effects,
and thus equilibrium is ensured for any values of p and €, in accordance with Proposition 3.

3.2.2. Bounded rationality

Assuming bounded rationality in the form of discounting (M, M ¢, N < 1) yields the follow-
ing proposition that illustrates how deviations from RE ameliorate incoherence concerns, as in
Proposition 3.
Proposition 4. Consider (1)-(3) and suppose min{M, My, N} <1 and €3 > 0. Then:
13 We note that Corr(eré;_1) = (E(e;et_l) - [E(e,)]z) J(E(€2) —[E(€)]?) = p+q —1.1f p+q =1, then there is

no distinction between the REE and RPE because ¢; is i.i.d.
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i. A bounded-rationality equilibrium (BRE) exists if and only if €1 > €gR, for some constant
€RR that depends on the model’s parameters (see Equation (A.8) in Appendix A.4).
ii. If (M —1)(1 —M¢B)+roN <0 then égg = —o0.

Again, we can understand the coherence result in terms of the income and substitution effects
of shocks that raises real interest rates at the ZLB. Assume ¢ = 1 and € = 0. The BRE value of
output in the temporary state binding ZLB is given by:

YA

xe = vVER(P) Erxiq1 — Gmax{mx,, —u} + €1, (®
rO
BR
=\M+N—).
v ( i 1—/3pr)

In this bounded rationality model, output at the ZLB is, therefore, given by

(op+e1). ©)

1
N puBR ()
Clearly, substitution effects dominate income effects if and only if pvBR(p) < 1, similar to the
RE case. However, unlike the RE case, we have vB%(p) < 1 for any p if and only if

(M—-1)(1—-M¢B)+AiocN <0,

which is the condition in Proposition 4. Therefore, myopia can ensure that substitution effects
dominate income effects for any p (i.e., implying existence of a MSV solution for any p and €1).

Not only does (M — 1)(1 — MyB) + Ao N < O ensure coherence in the case of bounded
rationality, it also ensures existence of a unique BRE (“completeness”), as formalized in the
following proposition.

Proposition 5. Consider the model given by (1)-(3) and assume > 1. A unique bounded ratio-
nality equilibrium (BRE) exists for any p, q, €1 and €3 > 0 if and only if (M — 1)(1 — M ¢B) +
ro N < 0. Further, there exist e*P-BR and eZ2P-BR sych that P P-BR > ¢ZP.BR g

i. The PP solution is the unique BRE if and only if €, > e P BR,
ii. The ZP solution is the unique BRE if and only if P P-BR > ¢) > ¢ZF.BR,
iii. The ZZ solution is the unique BRE if and only if €; < e%F-BR,

Although the condition (M — 1)(1 — My B) + Ao N < 0 completely mitigates concerns about
incoherence and incompleteness, it requires a rather high degree of discounting in the Euler
and Phillips curve equations. As it turns out, the condition is satisfied by Gabaix’s preferred
calibration: M =0.85, My =0.8, N =1, 8 =0.99, A =0.11, 0 = 0.2. For that calibration, we
have:

M —-1D(A—-M¢B)+ Ao N =-0.0092 < 0.
On the other hand, it is not satisfied for the calibration in McKay et al. (2016a): M = 0.97,
My=N=1,8=0.99,1=0.02, 0 =0.375. That calibration yields:

M —-1)(1—-MsB)+roN =0.0072 > 0.

Thus bounded rationality offers a full solution of the problems of incoherence and incomplete-
ness for some, but not all, calibrations featured in the literature.
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parameter values: 8 =0.99,0 =1,1=0.02,¢ =098, p=0.85, N =1, ¢ =0.01.

Fig. 3. Region of Coherence of the REE, RPE, and of the BRE. (For interpretation of the colors in the figure(s), the reader
is referred to the web version of this article.)

3.2.3. BRE, RPE and coherence

Bounded rationality and imperfect knowledge constitute two distinct departures from RE that
are widely discussed in the literature, and they both mitigate concerns about coherence. In this
regard, several points are worth considering.

First, bounded rationality might seem to provide a more robust resolution to the problem
relative to imperfect knowledge, as coherence can be ensured for any assumption about p, g and
€ if M, My, N are sufficiently small. However, this need not be the case if prices are relatively
flexible or if agents choose their discount factors optimally as in Moberly (2022).

To illustrate the importance of price rigidity, Fig. 3 depicts different combinations of values for
the negative shock, €1, and for the bounded rationality discount factor, M, that yield coherence
in the REE, RPE and BRE cases. The dash-dotted-blue and dashed-red lines depict €ggg and
€RpE, respectively, and the solid-black line depicts egrp for different values of €; and M =
M. Panels (a), (b) and (c) show that the difference between €grpg, €gpg, and €pg can be
substantial. Panel (a) shows that larger values of M can rule out existence of BRE in cases where
a RPE exists. Panel (b) shows that the same result holds even if the expected duration of the
low-demand state is calibrated to match the duration of the 2008-2015 U.S. ZLB episode (i.e.
p = 0.965 implies an expected duration of 28 quarters). However, if M < 0.86 in the calibrated
model then (M — 1)(1 = M¢B) + Ao N < 0 and égrp = —o0. Panel (c) reveals that in addition
to small M, a high degree of price stickiness (small A) is necessary for the BRE approach to
provide a more complete solution to the incoherence problem than the RPE concept. For high
values of A even heavy cognitive discounting in the Euler equation and Phillips curve will not
resolve the problem of incoherence.'* The so-called “curse of flexibility” is therefore a much
more pronounced problem for both REE and BRE than for RPE. When considered alongside
the theoretical literature on state-dependent models, and the empirical evidence on the time-
variation of the frequency of price-setting, both of which indicate that the flexibility of prices
might vary with economic conditions, one might expect that in deep recessions where the ZLB

14 For any M, My, N, there is always a large enough value of the product Ao to ensure that (M —1)(1-M ¢B)+Ao N >
0. Thus, price rigidity and the intertemporal elasticity of substitution play a key role in the existence of BRE.

15



G. Ascari, S. Mavroeidis and N. McClung Journal of Economic Theory 214 (2023) 105745

is binding persistently, prices should be more flexible and thus A should be high, making the
solution provided by BRE less robust.

BRE also may not exist if agents are assumed to choose their discount factors optimally. Thus
far, in keeping with most of the literature on the bounded rationality approach by Gabaix (2020),
we have kept fixed the cognitive parameters M, My, N. However, the degree of attention of
agents should be endogenous, and agents might pay more attention when the economy is subject
to large shocks, as in deep recessions where the ZLB is binding persistently. Online Appendix B.2
employs the approach developed by Moberly (2022) to endogenize the degree of attention in the
Gabaix (2020) model. In Moberly (2022), firms and households face a cost of paying attention, as
in Gabaix (2020), and they choose discount factors, M r,,, M, in order to balance the loss of not
paying attention with the cost of paying attention. Online Appendix B.2 shows that in this case
the shock must be bounded for a solution to exist. Intuitively, it is optimal to pay full attention
(Mye, = M, = 1) when the shock € is sufficiently large in magnitude. However, a solution
does not exist when the shock is large and discount factors are high (see Proposition 4). Online
Appendix B.2 details this important caveat, showing that whether bounded rationality solves the
problem of incoherence hinges on whether discount factors are predetermined or fixed.

Second, the results above cast doubt on whether the BRE concept can provide a robust solution
to the coherence problem, motivating the consideration of alternative departures from RE, that is,
imperfect knowledge/adaptive learning. However, it is important to note that the two deviations
are not mutually exclusive, and some recent papers have combined imperfect knowledge with
myopia or versions of bounded rationality. For example, Hajdini (2022) studies the expectations
of myopic agents who have misspecified forecasting models; Meggiorini and Milani (2021) es-
timates a model that combines adaptive learning and myopia; and Audzei and Slobodyan (2022)
derives restricted perceptions equilibrium in an environment that combines adaptive learning and
Gabaix’s sparse rationality. Similarly, it is possible to combine the two deviations from RE in our
model.

Definition 6. Agents have bounded rationality and imperfect knowledge if E # E; max{M,
My, N} <1 in the NK model given by Equations (1)-(3).

The analysis in Appendix A.6 shows that an environment with boundedly rational agents who
have imperfect knowledge could admit a bounded rationality RPE.

DAeﬁmtlon 7.Bounded rationality restricted perceptions equilibrium (BR-RPE).
Y, Y ) is a restricted perceptlons equlhbrlum if and only if (i) Y; j solves (1)- (3) given

M, M¢, N, E Y1 = Y _qY2+(1—q)Y1 and ¢, =¢; for j =1,2;and (ii) E(Y;) =Y

There are four possible BR-RPE of (1)-(3) indexed by i = PP, ZP, PZ, ZZ, which are anal-
ogous to the BRE and RPE discussed earlier. Suitable restrictions on the model ensure existence
of BR-RPE.

Proposition 6. Consider (1)-(3) and suppose min{M, M, N} <1 and €3 > 0. Then:

i. A bounded-rationality restricted-perceptions equilibrium (BR-RPE) exists if and only if €1 >
€BR.RPE, for some constant €gg grpE that depends on the model’s parameters, see Equation
(A.10) in Appendix A.6.

ii. If (M —1)(1—-M¢B)+roN <O, then €gr rpg = —0

16



G. Ascari, S. Mavroeidis and N. McClung Journal of Economic Theory 214 (2023) 105745

iil. f(M—1D)(A—-M¢B)+roN>0andp+q=>1orif(M—1)(1—M¢B)+roN <0, then
€BR > €BR,RPE-

The condition for BR-RPE existence in Proposition 6 is weaker than the condition for BRE
existence when the shocks are persistent (p + g > 1). Thus, the two deviations from RE are not
redundant, and combining them leads to a less restricted resolution to the incoherence problem
than either assumption alone given that standard calibrations in the literature assume persistent
shocks.

Finally, it is well known that bounded rationality can attenuate the so-called “forward guid-
ance puzzle” which is the counter-intuitive prediction that the macroeconomic effects of a
promise to cut the interest rate in some future period, 7, are strictly increasing in 7. Theorem 1
in Online Appendix B.3 proves that the condition in Proposition 4.ii that ensures coherence/com-
pleteness in the occasionally-binding constraint framework, also rules out the forward guidance
puzzle. Moreover, Propositions 10 and 11 in Online Appendix B.3 show that the forward guid-
ance puzzle is also absent under imperfect knowledge with adaptive learning. Note that the
forward guidance problem is a very different problem from the coherence problem highlighted in
this section. First, forward-guidance is generated by a peg of the interest rate, while a peg would
not be an issue for coherence, i.e., for the existence of an equilibrium. Second, forward guid-
ance is often modeled as a fixed interest rate for a known duration (and a known duration of the
negative deflationary shock) and then the policy would revert to a standard Taylor rule. Again, if
the duration of the shock and of the peg is known, there is no issue of incoherence. Indeed, the
model of forward guidance used in Gabaix (2020) and in Online Appendix B.3 is not susceptible
to the problem of incoherence.'” Thus, both deviations from RE help resolve various puzzles and
paradoxes of the New Keynesian ZLB, in addition to resolving the problem of incoherence.

4. Learning to solve incompleteness: multiplicity of (MSV) solutions

We just saw that a BRE can ensure coherence and completeness with sufficient discount-
ing, without any restrictions on the support of the shock. What about completeness in the REE
and RPE cases? The coherence condition guarantees existence, but this generally implies a mul-
tiplicity of admissible MSV solutions in the case of RE (e.g., Ascari and Mavroeidis, 2022).
Incompleteness is a problem that can only be solved using some criterion for selecting an equi-
librium. Here we investigate whether learning can provide any guidance, that is, whether the
“E-stability” criterion can select an equilibrium of the model as the outcome of an adaptive
learning process.

4.1. Learning the REE

In order to derive the conditions under which a REE is E-stable, we first need to be pre-
cise about what it means for agents to be learning a REE. As in Section 2, adaptive learning
agents have imperfect knowledge and cannot compute an equilibrium analytically. However,
these agents make use of a subjective forecasting model or “perceived law of motion” (PLM)
when making consumption, labor, savings and pricing decisions consistent with (1)-(2). If the

15" See also Eusepi et al. (2021), Cole (2021), and Gibbs and McClung (2023) for more on forward guidance and adaptive
learning considerations.
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learning agents choose a PLM that is also consistent with how expectations are formed in a REE,
then it is possible for learning agents to “learn” a REE if their beliefs about the PLM converge
to RE, as beliefs are updated recursively using some statistical scheme for estimating the coeffi-
cients of the PLM and observable macro data.

Recall from Section 3.1 that our model admits four possible REE in which output and in-
flation follow a two-state process, which are indexed by superscript i to Y, i.e. Y’ where
i=PP,ZP,PZ,7Z7Z. Agents could conceivably learn one of these REE if their PLM for output
and inflation is a two-state process which is estimated recursively using least squares. Consider
the following model of learning, in which agents’ PLM is a two-state process for inflation and
output, like the REE, and beliefs about the state-contingent means are updated recursively using
least squares:

Ve =i+ i (Y = Y., (10)
Vig =i+t (Zjm1 — i), (1)
E Y1 = Priey1 =ele)Y], + (1 = Preq1 =€lle)Ys,, (12)

where j = 1,2, kvj is the number of periods for which ¢, = ¢; up until time k, and Z; , = 1
if ¢ =¢; and Z;; = 0 otherwise (i.e. Z;; =1 is the indicator function for state j). Y7, is
the agents’ most recent estimate of the state-contingent average of Y; when ¢, = €;. Accord-
ing to equation (10), agents revise their beliefs about the state-contingent average of Y in state
j (.e. Y ¢ ;) in the direction of their time-# — 1 forecast error only if €1 = €; (otherwise,
Y;, = Ye _1)- Equation (12) then gives agents’ time-¢ forecast of period-ahead inflation and
forecast. It is assumed that agents observe €; when forecasting at time-# and also that Pr(e;+1]€;)
coincides with the actual transition probabilities—e.g. agents know Pr(e;+1 =€1le; =€1) =p
and Pr(e;+1 = e2|€; = €2) = q. After agents form time-¢ expectations, we obtain the time-¢
market-clearing equilibrium, Y;, by substituting equation (12) into the model (1)-(3). The pro-
cess repeats itself at time ¢ 4+ 1 and so on.'°

We are interested in knowing if (¥{ E Yf’ D= (Y, Yé) for some REE i as time goes on (t —
oo) and agents’ expectations evolve according to (10)-(12). We say that REE i is “stable under

learning” if (Y{,, Y5 ,) — (Y’i , Yé) almost surely. When might this convergence of subjective

beliefs to RE occur? To make this question tractable, assume that Y = (Y IWIRS ) is sufficiently
near REE i, such that the ZLB binds under adaptive learning if and only if the ZLB would bind
in REE i. This implies the following actual law of motion for Y:

Y, = Al (Pr(ep1 =e€1le)Y, + (1 — Pr(ep1 =€1le)Ys,) + B}, (13)

fori e {PP,PZ,ZP,ZZ}, where Afp Ap and BPP = Bp, forallt; AZZ Az and BZZ
Bz, forallt; AZY = Ap and B?" = Bp,if e, = 2 and AZP = A7 and B,ZP =By, 0therw1se,
APZ Ap and BPZ Bp;if ¢, =€ and Afz = Az and BtPZ = Bz ; otherwise, and

; SR 1 o
[ roy+1 royr+1 L
Ap=\ i g Az:= <x ,3+ka>
ro+1 ro+1

16 Closely related learning algorithms are used by Woodford (1990), Evans and Honkapohja (1994) and (Evans and
Honkapohja, 2001, p.305-308) to study the E-stability of sunspot equilibria involving discrete-valued shocks, and by
Evans and Honkapohja (1998) to study learnability of fundamental equilibria with exogenous shocks following a finite
state Markov chain. We arrive at identical E-stability results if we alternatively assume least squares estimation of a PLM
of the form: Y/ =a + l;Il where Z; = 1 if ¢, = €7 and 0 otherwise.
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€t
T+iyo €& t+ou
Bp, = ( A€ ) Bz,:= < )
1+)\fpa Ae + Aop

Given beliefs that are local to RE beliefs, we assess the learnability of equilibrium using the
E-stability principle. A REE i is said to be E-stable if it is a locally stable fixed point of the
ordinary differential equation (ODE):

ore i s igey.— (YIOE Y\ _(Yf
P = H'(Y°), where H' (Y¢) := vive ve ) ~ g ) (14)

where t is “notional” time, Y}(Y", Y7) is the value of ¥ when € = ¢; as a function of ex-

pectations, Y := (Y ¢ Yf,)/ . The relevant Jacobian for assessing the E-stability of REE i is:

DTyi := ah;ge) le_yi- A REE i is E-stable if the eigenvalues of DTy: have negative real parts,
see Evans and Honkapohja (2001).

There is an intuition for the link between the E-stability condition and stability of beliefs. The
ODE (14) is an approximation of the dynamics of Y near the REE for large ¢, and it tells us
that agents’ expectations are revised in the direction of the forecast error, Y (Y¢) — Y°. If the
roots of DTy; have negative real parts, then agents’ expectations about the unconditional means
of inflation and output are also revised in the direction of their REE values.

We note the E-stability conditions applied to the REE of the occasionally binding constraint
model are identical to the E-stability conditions applied to a model that features exogenous
Markov-switching in the monetary policy stance driven entirely by ¢; (e.g., see Branch et al.,
2013; McClung, 2020).'7 For example, the E-stability condition associated with the ZP equilib-
rium of (1)-(3) is the same condition associated with the MSV solution of a model that assumes
iy =y if € =€ and iy = —p if €, = €] regardless of whether the ZLB binds.

Applying the E-stability conditions to the model at hand leads us to the conclusion that only
one REE has the property of being E-stable (see Appendix A.7 for the proof).

Proposition 7. Consider (1)-(3) and suppose M = My =N =1, €2 > 0. Then:

i. If €1 > €REE, at most one E-stable rational expectations equilibrium (REE) exists.
ii. The E-stable REE is either the PP REE or the ZP REE.

Proposition 7 somewhat extends insights from Christiano et al. (2018) to models with recur-
ring low demand states (i.e. ¢ < 1). Thus Proposition 7 can be applied to study an economy such
as the U.S. economy, which has visited the ZLB twice since 2007, following two distinct negative
shocks to the economy. The result in Proposition 7 makes it clear that while multiple solutions
exist, only one of them can be understood as the outcome of an adaptive learning process. Hence,
incompleteness is resolved by E-stability.

4.2. Learning the RPE

We now turn to the question of learnability of RPE. Proposition 3 shows that a RPE can exist
even if a REE does not. It turns out multiple RPE may exist when the restrictions in Proposition 3

17 Mertens and Ravn (2014) also derive E-stability conditions for an equilibrium of a simple New Keynesian model
with ZLB constraint, assuming a two-state discrete sunspot shock with an absorbing regime.
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hold. Can one or more of these RPE emerge as the outcome an econometric learning process,
similar to what we considered in the case of REE? The answer is yes. Here we show that the
model may still admit one unique learnable, self-confirming RPE.

First, we must assume agents have a subjective PLM for output and inflation that is consistent
with how expectations are formed in a RPE, which is given by equation (7). If we substitute (7)
into the model and assume Y/ is sufficiently near RPE i then we have the following actual law
of motion for Y:

Y, =AY + B!, 15)

where Al and B! are defined below equation (13).

We say that RPE i is stable under learning if Y — Y' almost surely, where Y' denotes the
unconditional mean of Yti. Analogous to the discussion of E-stability of REE above, we say
that RPE i is said to be E-stable if it is a locally stable fixed point of the ODE, 0Y¢/dt =
hi(Y¢), where hi (Y¢) = Y(Y¢) — Y¢ and Y?(Y°) is the unconditional mean of ¥ as a function
of expectations, Y¢. Formally, E-stability obtains if the eigenvalues of the Jacobian, DTy :=
dhi (Ye)

G |Y€—i(i have negative real parts. An E-stable RPE is stable under learning if agents estimate
Y? using least squares, as in (7), or related estimation routines.

Proposition 8. Consider (1)-(3) and suppose M =My =N =1, €2 > 0. If €| > €gpE, then:

i. There is a unique E-stable restricted perceptions equilibrium (RPE).
ii. The E-stable RPE is either the PP RPE or the ZP RPE.

Online Appendix B.5 shows that a unique E-stable BR-RPE exists in the case where agents
both are boundedly rational and have imperfect knowledge and BR-RPE exist.

Proposition 8 indicates that agents can learn a unique RPE, but an attentive econometric
agent might also detect that RPE beliefs are misspecified. Is the RPE therefore unreasonable?
In the case of coherence we might doubt the plausibility of RPE on the basis that a learnable
REE may exist (Proposition 7). However, incoherence precludes REE, and as shown in Online
Appendix B.4, agents fail to form self-confirming expectations using a variety of different fore-
casting models that condition on the demand shock or lags of the endogenous variables in the
case of incoherence. Further, the economy easily derails into a deflationary spiral when agents
attempt to learn the RE-consistent dynamics of inflation and output when no REE exists, while
RPE remain learnable (Proposition 8). Consequently, RPE provide coherent alternatives to REE
in the case of rational incoherence by relaxing conditions for existence of a self-confirming equi-
librium. In particular, learnable RPE exist when demand shocks are too persistent or large in
magnitude, or prices are too flexible, to permit existence of REE. For standard model calibra-
tions, this means that RPE can feature (recurring) ZLB episodes that are expected to last for over
a decade, similar to the persistent ZLB events observed in Japan, or even Europe or the US. In
contrast, RE ZLB events are implausibly short-lived and usually expected to last for less than
2 years under standard calibrations. Online Appendix B.6 provides the details of these results,
alongside brief treatments of RPE in a model with continuous shocks, and an alternative equilib-
rium concept for incoherent models (Online Appendices B.7 and B.8, respectively). A complete
treatment of alternative learnable non-rational equilibria is beyond the scope of this paper, but
the existence of such equilibria is not relevant for our main result: rationally incoherent models
can be non-rationally coherent.
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5. Concluding remarks

Standard RE models with an occasionally binding zero lower bound (ZLB) constraint either
admit no solutions (incoherence) or multiple solutions (incompleteness). This paper shows that
the problem of incompleteness and incoherence hinges on the assumption of RE.

Models with no rational equilibria may admit self-confirming equilibria involving the use
of simple mis-specified forecasting models. The main message of the paper from the existence
analysis is that when negative shocks are sufficiently large in magnitude or sufficiently persistent,
the baseline NK model is incoherent, but can admit RPE or BRE. Completeness and coherence
can be restored if expectations are adaptive or if agents are less forward-looking due to some
informational or behavioral friction.

In the case of multiple solutions, the E-stability criterion selects an equilibrium. A RPE can
exist as a self-confirming equilibrium, even if the underlying model does not admit a REE. Thus,
non-rationality of agents’ beliefs can save the economy from blowing up into infinite deflationary
spirals, while it yields persistent liquidity traps. These results highlight how deviations from
RE help us understand persistent liquidity traps in theoretical models and interpret the recent
episodes of liquidity traps in Japan, the Euro Area, and the U.S.

We leave room for future work. In particular, we used the RPE and BRE concepts to make
our point simple and clear, and consequently we abstracted from other self-confirming equilib-
ria that could emerge under adaptive learning, such as consistent expectations equilibrium or
stochastic consistent expectations equilibrium. Similarly, we excluded other popular forms of
non-rationality from our analysis, such as level-k reasoning, or social memory frictions as in
Angeletos and Lian (2023).

Finally, we put a premium on analytical results and therefore we focus on a simple theoretical
model. Future work could examine related issues in larger, empirically-relevant DSGE models.
In that regard, the findings of this paper complement the conclusions of AM about the poten-
tial implications of incoherency for estimating models with occasionally binding constraints. In
particular, AM discuss the potential identification and misspecification issues arising from using
estimation methods that neglect incoherent or incomplete regions of the parameter space un-
der RE. Convergence issues due to incoherence may lead researchers to impose overly restrictive
prior distributions, further exacerbating these concerns. Estimating models under deviations from
RE may alleviate incoherence and incompleteness issues, thus providing an argument for their
use in applied work. It is, therefore, worth studying this issue further in empirical applications
including the ZLB, such as Aruoba et al. (2018).
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Appendix A

We use the following definitions throughout the proofs: a := Ao, 7l= (nf , né')’, p:=p+
q — 1, and ¢ is the j-th column of the 2 x 2 identity matrix, /5.
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A.l. Proof of Proposition |
Define Q :=1, — (1 + 8+ r0)K + BK>.

Case g <1 Becausedet(Q+royh)=a(y —1)(a(y —p)+ (1 —p)(1 — Bp)) >0, the PP
solution is given by:

APP = (Q+ royl) ™! <“1> .

N

The P P solution exists if and only if wnfp > —u for j =1, 2. We have:

om/" _ MU -q@U+a—pp)ta@-1) _
der  a( —D(a(y —p)+ 1 —p)(1—Bp))
omy P A1 —g)(a—Bp+1) o
de1  a(y — D(a@ —p)+ (1 —p)(1 - Bp))

PP _ max{e]PP, G;P}, where E]PP and efp solve 1//711PP =

k]

Thus, PP exists if and only if €] > €
—u and 1//712P P — _ i, respectively. We have

PP _ _PP _ a(¥ — Dau — 1) +re¥) (@@ — p) + (1 — p)(1 — Bp))

€ € =
b A1 —q)(a—Bp+ D@ —q)+ (1 —q)(1— Bp))

and hence elpp > eZPP. Therefore, the PP solution exists if and only if €] > PP = eIPP, where
pp a>u — D(p =)

(= (a+ g +ay +Blg—Dp)
L ale(p = DY+ = H(1 = p)(Bp— 1) —rex(p = DY (Bp ~ 1)
AMpr(1—(a+ g +ay + Bg—1Dp) ’

From above, (Q 4+ Aoy )~ ! ((Aer, Ae2)') is a ZP solution if € = PP, If der(Q +
Ao rezely) # 0, then the ZP solution is given by

(A1)

~ZP —1 (A1 +Aop
7P = (0 + roere)) ( rer )

The Z P solution exists if and only if 1/rn2z Ps > wnlz P From 74" we see that JTIZ P and
nZZP are linear in € and

omf’ MO -—g@)a—fp+ 1) +a@ 1)
der  ala(py —p)—(Bp—D((p— DY +1-p)’
onf " Mg —Da—pp+1)

dei  ala(py—p)—Be—D((p—DY +1-p)

o ZP
o3

8 ZP

Hence, d’g_;l >0 and —Z— > 0 if and only if den’? .= —(a(py — p) — (Bp — D((p —
DY +1—p))=a'det(Q+ Lo rezely) > 0. Solving for GIZP and EZZP such that I/IT[IZP =—u
and anzp = —u, respectively, we have
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zp 2P _ a(ap(y — 1) + rexy)den?”
! 2 €EAZP,den '

€azpden =0 —@rya—pp+D((1-q)a—pp+1+aly —1)>0.

Therefore, if den’? > 0 (den?? < 0) then 622P <€ < GIZP (EIZP <€ < eZZP) is necessary and
sufficient for ZP existence. Further, elz P —¢PP and

P _ > — Dp —rex(p — DY (Bp — 1) +aGerpy + u@ — DA — p)(Bp — 1))
2 Mg —Dy(Bp—a—1) '

(A.2)

Finally, if det (Q + Ao eze)) =0 (den?? =0) then e”F = GZZP, and a continuum of ZP solu-
tions exists if €; = €”* and a ZP solution does not exist if det (Q + Aarezel) =0 (den?? = 0)
and ) #€lP.

One can show that the PZ solution does not exist if den”? := det(Q + Loyeje}) = 0. If
det(Q + roreie)) #0, the PZ solution is given by

~ —1 A€q
P2 =(Q+royere)) <A62+Aau>'

The PZ solution exists if and only if 1/f7r1P . 1//712}) Z_One can show

om{” _ (1= (@+ g +Bg—p) num??
der  ala(p—q¥)—Bp—D(p—1—qy+v¥)  dent?’
oy % _ Ml —g)a—pp+1)  anumb?

de1  aalp—qy)—Bo—D(p—1—qy+v¥)  denPZ

Clearly numf Z > 0. Furthermore, if num{D Z =0 then the PZ solution does not exist. Suppose
numfz #0and den®? # 0. Solving for elpz and efz such that 1//an = —u and '(ﬁ]TZPZ =—u,
respectively, we have

PZ _ PZ _ (ap(y — 1)+ rexy)dent? .
b M =)@ - Bo+ D) ynuml?
PZ PZ _

There are three cases to consider. First, if den®Z > 0 (which implies num| “ > 0 since num,
(a(p—1)~! (den®? +a(1 — p)(1 — Bp +a)) > 0), then €] > e/'? > 1'% > ¢ is necessary for
PZ existence, but not possible. Second, if den”? < 0 and num?? > 0, then €; < ef'? < f'? <
€1 is necessary for PZ existence, but not possible. In the third case, den”? < 0 and num{? <0,

which implies €] % < €% < ¢ is necessary and sufficient for PZ existence. One can show:

PZ _ PP _ a(p—D@apn —1)+rey)(a—Bp+1)
! (umPZ).((1 — q)(1 +a — pB) +a(¥ — 1))

if PZ exists (since this requires num{D Z < 0). Therefore, if PZ exists then €; > €P? and hence
the PP or ZP solution also exists.

From above, (Q + )»mﬁeze/z)_l ((he1 + Ao, Aer)) is a ZZ solution if €] = GZZP and
det(Q + roeze)) #0.1f det (Q) # 0, the ZZ solution is given by

~77 _1 [ re1+ron
7= (Aez—i-kou'

’
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The ZZ solution exists if and only if I/IJT].ZZ < —u for j =1, 2. One can show

omf%  a(l—(a+Dg+Bq—Dp) szz
de1  a@p—(p—DPBp—1)  aden?
anf? A1 —=q)a—Bp+1) Anum4?
der  alap—(p—D(Bp—1)  aden?Z’

where det (Q) = aden?Z . Clearly, num%% > 0. We can further show that —num#% = denZZ +
(1= p)(1+a—pp) > den’??. Hence den?? > 0 implies num?? < 0. Solving for e and €2
such that Y% = —p and Yf? = —pu, respectively, we have

EIZZ B ezzz _ aden“Z(ap(y — 1) + reryr)
rnum{?y (1 —gq)a—pp+1)
if numy 2Z 4 (. There are the following cases to consider. First, if den?? > 0 (which implies
numIZZ < 0) then ZZ existence requires 6222 >e€1 > eZZ Second, if den?? < 0 and numlzz >0
then ZZ existence requires € > GZZZ > €f ZZ 1p the thlrd case, den’? < 0 and num Z <0 then
77 existence requires GIZZ >e€ > EZZ If num =0 and det (Q) 7& 0 then a ZZ exists if and
only if €] > €£#. Finally, if det(Q) =0 (denZZ =0) and 61 = e4" then a continuum of ZZ
solutions exists, and if det(Q) =0 (den?? =0) and €| # e P then a ZZ solution does not exist.

Now it can be shown that e = ezz P and

77 _pp_ = Dlap@ — ) tray)a—po+ 1) _
! JumZZ(1— q)(1 +a — pB) +ay — 1)) —

if num?% < 0. Hence ZZ existence and €| > min{e’?, eZF} 1mphes ZP or PP existence.

From the analysis above, a REE exists only if €; > min{e””, €57}. Further, if ¢ > e””
then a PP or ZP exists because det (Q + Aoy ) > 0. If PP > 62 then det(Q +ayere)) =
aden?? # 0 and therefore a PP, ZP or ZZ solution exists if, in addition, €; > e P 'We conclude
that a REE exists if and only if

’

€] > €EREE ‘= min{epp, EZZP}, (A.3)

where €”” and €4 " are defined in (A.1) and (A.2), respectively.

Case g =1 Here we show that Proposition | nests Proposition 5 of AM as a special case.
Specifically, we compute the condition from lim, 1 €ggg and show that this recovers the result

in Proposition 5 of AM.'® Define 6 := {= p)(l pB) — U=p)U=pP) prom the preceding analysis,

rop ap
a REE exists if and only if €] > €grpg = min{e”? e € P} where GZZP can be expressed as eZP

x(1 —¢)~!. In the limit ¢ — 1 we have:
PP _ M(d(p—w) 3 @) rer(p—D@—Bp+1)

‘ W a@-n
_ (U +a+p) = p*p—Dian@ — 1) +1rey)
(I+a—ppyh '

18 Alternatively, we could repeat the preceding analysis in the model with ¢ = 1, but this gives the same result. Mathe-
matica routine available on request.
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Now, p(1+a+8)—1 —p2,3 < 0if and only if 6 > 1. Therefore, €Egrp g =eZZP — —ooasq — 1

if & > 1. We conclude that any value of €; ensures existence of a solution when 6 > 1 and ¢ = 1.
If0 <1,then x — +oo and égpp =€”F, and ¥ > "P =égppifo =1."
Now we show that our conditions recover Proposition 5 in AM. First, we have u =log(rm,) >

0 which implies r~! < 7, where r and 7, are the steady state gross real interest rate and inflation

rate, respectively. Further, we set € =0 and €; = —o M4y = oprr. The critical threshold,
eP? becomes: —r; < " (% + %). Thus, a solution exists if and only if & > 1 or 6 <1 and
—rp <1 (% + —(l[;f)) as in AM.

A.2. Proof of Proposition 2

Define z; := m; + /¥ and assume 1 > 0, so that the positive interest rate regime arises when
z; > 0 (equivalent to ¥r; > —u), and the zero interest rate regime when z; < 0. Substituting out
it, and m; = z; — /¥, equations (1)-(3) can be written as

xe=x{ =0 (Yzlfz >0} — p—7f) + e,
2= /¥ + rx; + B,

or, compactly, as

1 oyl{z; >0\ (x\ (1 o0)\ye oun+e€
(& ) @)= B () s

where 1{-} is the indicator function that takes the value 1 when its argument is true and zero
otherwise. With k =1 in (7), the variable Y/ is predetermined. Coherence and completeness
of (A.4) means that the model can be solved uniquely for x;, z; (equivalently x;, ;). Equation
(A.4) is a piecewise-linear continuous simultaneous equations model for (x;, z;)" whose coher-
ence conditions (existence and uniqueness of equilibrium) are given by (Gourieroux et al., 1980,
Theorem 1). Specifically,

1 oy I 0\
det(_)L 1)det(_k 1>_1~|—0Mp>0,

which always holds when o, A, ¥ > 0.
A.3. Proof of Proposition 3

The proof of Proposition 3 is a straightforward extension of the proof of Proposition 1. Define
q:=Pr(e =2)=(— p)/(2 — p — q). The regime-specific levels of inflation in RPE i, 7’ =
(nf , né')/ , are given by fixed point restrictions that have the same basic form as the REE fixed
point restrictions except we replace g with g and p with 1 — g. Therefore, RPE will exist if and
only if

_ . . PP.RPE _ZP.RPE
€] > €gpg =min{e” ,€) | (A.5)

ZP

and ¢ = 1. To compute €5'*, set a = w

19 The 6 = 1 case arises if a = 7(]7”);176/))

and compute

limy_,1 57
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where ePP’RPE,EZZP’RPE have the same form as EPP,GZZP given in (A.l), (A.2) except

we replace ¢ and p with ¢ and 1 — g, respectively. In the special case ¢ = 1 (which im-
plies g = 1), we have eégprp = —o00, as the PP solution exists if and only if €] > —u(l +
Ao ) AY) "L+ (1 4+ ro)(ho (1 — ) Ley = ePPRPE and the ZP exists if and only if €] <

ePPRPE "For ¢ < 1, one can ghow;}(eplp)(l— GP(Z’RIP(E @—I)Epp{; and e?P — ¢ZP.RPE
=) = . a(l+a—Bp—D)A—p)—D@p@—D+rery) =
—8zpp where Bpp = iy e+ Dig- (-9 Fa—pora—Ty = 0 and Ezp

a(ap(y—D+re¥)(1+a—B(p—1)) ~ = : :
A(a+1)(q_21)¢(1+a_ﬁp) <0.Hence, €grgg > €gpr ifand only if p +¢q > 1.

A.4. Proof of Proposition 4
Define § := (M —1)(1 = MsgB)+AroNand Q:=1 —(M+MsB+roN)K +/3MMfK2.

Case q <1 Since den"PBR .= det (Q+ 1oy ) = (1 — Mp)(1 — MsBp) + a(yy —
No)((1 —M)(1 —M¢B) +a(yy — N)) > 0, the PP solution is given by:

#PPBR — (0 4 hoyly)~! ()»61> '

D)

The P P solution exists if and only if WHJPP’BR > —u for j =1, 2. We have:
ax PP BR PP,BR ag PP BR PP.BR
T, _ num, -0 T, _ num, -0
de denPP:BR ’ deq den?PP:BR ’
where
num{ "R = ray + BMM y(q(p+q) — p) — Mq —q(BMs +aN) +1) > 0,
numi P BR =g — 1) (BMs(M(p+q) —1) =M —aN) >0
Thus, PP exists if and only if €] > ePP.BR — max{efP’BR, E;P’BR} where e{’P‘BR and 62PP’BR
solve WN{)P’BR = —p and WHZPP’BR = —u, respectively. We have
PP,BR _ nimn2n3
¢ = Jnum PR (A-6)
num,

nii=a(y — N)+ (1= M)(1 = MB) >0,
nai=@(N + %) — (p+q)@aN + BMp) + Mp(BMyp — 1) + BM + 1),

_ra(l=py(BMyM(p+q)—1) —aN — M)
3= denPP-BR —H

From above, (Q + Aoy l>) " ((rer, Ae2)’) is a ZP solution if € = e BR_If det(Q +
Lo rezel) # 0, then the ZP solution is given by

~ZP,BR —1(re1+ropn
7 =(Q + roeres) < rer ) .
The Z P solution exists if and only if 1//7122P’BR > —u > 1//7112P’BR. We have:

o PR wa(y — Ng)+BMy(M(q(p+q) — p) —q) — Mq + 1)
deq denZP.BR ’
ZP,BR

oy _ Ml—q)@N+BMs(1—M(p+q)+ M)
dey den?P.BR '
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o ZP
o

L 6 ZP,BR _82 S(Clw-f-
(1—P)(M+61N+Mf,3(1—M(P—H]))))-i-(l— play (M +aN+M¢B(1—M(p+q))) > 0.

Solving for EIZP BR and EZP BR such that lpnlzp BR _ —u and 1//7122P BR = —u, respectively,
we have
(ZP.BR _ ZP.BR _ (u((1 = M)(1 — MyB) + a(y — N)) + reyyp)den”"-BR
! 2 A€AZP BR ’
ZP.BR
eazp R = (1 —q)num) (M+aN+M¢p(1—M(p+q)) >0,
num{ "R =y (a(y — Ng)+ BM (M (q(p +9) — p) —q) — Mg + 1) > 0.
Therefore, if den’?PBR > 0 (den?PBR < 0) then 622P BR €1 < EIZP BR (e IZP BR <€ <
7" PR) is necessary and sufficient for existence of ZP. Further, we can show: e ""#% = ¢PP.BR
and
(ZP.BR _ unm@N — (p+q)aN +BMy)+Mp(BM¢p — 1)+ BMys + 1)
? Mg —DY(@N —BMMy(p+q)+ M+ BMy)

_@MaNp+BMs(M(g—pp—D+p)+Mp—1)
Mg —D(@N —BMM¢(p+q)+ M+ BMy)
ZP BR

Finally, if det(Q + Ao reze) = 0 (den??BR = 0) then /7 BR = ¢] , and a contin-
uum of ZP solutions exists if ¢; = e P BR = 2Z P-BR and no ZP solution exists if det(Q +
royerel) =0 (den”P-BR = () and €, # ePP BR

It is straightforward to show that the PZ solutlon does not exist if det (Q + Ao wele’l) =0.If
det(Q + Ao wele/]) # 0, the PZ solution is given by

) —1 )\.E]
APEBR = (Q + 1o rere]) (m + mu> '

(A7)

The P Z solution exists if and only if wnlpz BR —u > wJTZPZ’BR. One can show
o] ZPR (1 — (M +aN)g+ MM+ Mp(g — 1) — g+ M(q — 1)q)B))
deq denPZ.BR
PZ,BR
)uwm1
- denPZ BR °’
oy, 2PR A1 — )M +aN+My(1—M(p+q)p) _ rnumy >R
361 - denPZ,BR - denPZ BR °

where den”%BR .= det (Q + Aopeie)) = —MaNp(BMs(p+q) —2) +ay (BMs(p — 1) —
BMyqp +q) + (BMy — 1)(p + q)(BMygp — 1)) + (aN + BMy — 1)(aNp + BMyp — 1) —

ay(@aNg+BMrqg—1) +M2(/3Mf —Dp(BMysp—1).Clearly numé)z BR - 0. Furthermore, it

is straightforward to show that numiD Z,BR # 0 is necessary for existence of PZ solution. Solving
for Glpz BR and ePZ BR Such that wnlpz BR — —u and wnzpz BR = —u, respectively, we have
(PZBR _ PZ.BR _ (mu~+ yhrer)den? % BR

€1 € PZ,BR’

AA =¥ (M +aN +MgB(1 —M(p +q)))num,;

PZ,BR PZ,BR -

if num?Z-BR # 0. There are three cases to consider. First, if den > 0 and num

0 then €] > ef)z BR efz’BR > €1 is necessary for PZ existence, but not possible. Second,
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if dentZ-BR () and numfz BR - 0 then € < efz BR _ eZPZ BR < €1 is necessary for PZ

PZ,BR PZ,BR

existence, but not possible. In the third case, den < 0 and num,

PZ,BR PZ,BR

< 0, which implies

€ <€ < €1 is necessary and sufficient for PZ existence. Note that den”? 8% > 0
and numfz BR — 0 cannot hold simultaneously because
dent%BR —§(p —1)(M +aN + M¢B(1 —M(p+q))) +numfZ’BR771 >0,
requires § < 0 if numfz BR _ 0, but
num| PR = —§ 4+ (1 = q)(M +aN + MyB(1 — (p +q)M)) <0,
requires 8 > 0. Hence, a PZ solution can only exist if den”? 8% < 0 and numfz BR — 0 and
€1 > EIPZ BR One can show:
(PZBR _ _PP.BR _ Ya(l—p)aN+M+MsB(1—M(p+q)(Ae + Wh)
€1 3 ZP,BR PZ,BR 0,
—Anum;] num;

if PZ exists (since this requires num{)Z BR _ 0). Therefore, if the PZ exists then €] > ¢PP.BR
and hence the PP or ZP solution also exists.

From above, (Q + Amﬂeze’)_l((kel + Aou, Aep)) is a ZZ solution if € = GZZP BR and
det(Q + rarerel) # 0 (den?? BR £0). If det (Q) # 0 then the ZZ solution is given by

~77Z.BR _ 1 [ A1+ Arop
T =) ()»ez—i-)»a,u '

ZZ,BR

The Z Z solution exists if and only if Wn < —u for j =1, 2. One can show that

oy PR (L= (M +aN)q + MM +Mp(q —1) =g+ M(q — Dq)B)

861 denZZ’BR
Z7Z,BR
_ Anumy T
- dei’lZZ BR
oy PP M1 —@)(M +aN +MB(l—M(p+¢q)  rnumy” "X
e = denZZ.BR " denZZ.BR

where den?ZBR .= —§(—§ + (1 — p)(M +aN +MsB(1 —(p + q)M))) =det(Q) and clearly

numzzz BR - 0. Solving for GIZZ BR and GZZZ’BR such that wnl Z.BR —p and wnzzz BR —
— [, respectively, we have

(Z7.BR _ ZZ.BR _ den?Z:BR(n 1 + Aper)

€1 € ZZ.BR’

A(l — @)Y (M ~+aN+ M¢B(1 — M(p+q)))num]

if numlzz BR # 0. There are the following cases to consider. First, if den?Z-BR - ( and
num?%# PR < 0 then ZZ existence requires €27 ?® > ¢ > /% PR Second, if den??BR <0
and numlzZ BR - 0 then ZZ existence requires €] > €2zz BR EIZZ BR In the third case,
den?Z-BR - () and numlzz BR _ () then ZZ existence requires GIZZ BR >€1 > EZZZ’BR. Now
it can be shown that eZZZ BR EZZP’BR and

ZZ.BR _ _PP,BR _ —a(l—=p)(M +aN +M¢gB(1 —M(p+q)))(Yrer + mu)

€1 —€ um 22 BR 0,
num;j N4
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ZZ,BR

if numj <0, where 74 := (1 —q)(aN + M (1 — M(p +q)) + M) +a(yy — N) + (1 —

M)(1 — BMy) > 0. Since eZZZ BR _ ezzP’BR and existence of ZZ in the first three cases only

hinges on €] > elz Z.BR ity umlzz BR 0 it follows that the ZP or PP solution will exist if the ZZ
PP.BR ZP.BR

solution exists in the first three cases and €; > max{e € }.

ZZ,BR ZZ,BR

In the fourth case, den > 0 and num > 0. One can show that:

den”%BR — _§(—8+ (1 — p)(M +aN + M¢B(1 — (p+q)M))),
ZZ,BR __ —S_IdenZZ’BR-i-ns

numl =
=8+ —q)(M+aN+MyB(1—(p+q)M)),
=(p-DWM+aN+M;B(1—-(p+q)M))<0.
ZZ,BR

Therefore, § < 0 if and only if the fourth case (num]

fourth case, ZZ existence requires 622 P-BR - ¢ 1t is furthermore straightforward to show that if

numlzz BR _ 0 and det(Q) # 0 then a ZZ exists if and only if €] > EZZZ BR _ GZZP’BR. Finally,
if det(Q) =0 (den??BR =0) and ¢| = 62217 BR then a continuum of ZZ solutions exists and if
det(Q) =0 (den”?BR = () and €| # €27 BR

From the analysis above, if a BRE exists then § > 0 and €; > min{e
Further, if €; > e”PBR then a PP or ZP exists because det(Q + Aowlz) > 0. If ePP-BR >

ezzP’BR then den”” BR = det (Q 4 Lo eze}) # 0 and therefore a PP, ZP or ZZ solution exists if,

in addition, €; > e2ZP BR 1rs < 0, then a ZZ exists for €] < ezzP’BR. We conclude that a BRE
exists if and only if

ZZ,BR

> 0 and den > 0) applies. In the

then a ZZ solution does not exist.
PP.BR ZPBR}0r8<O

min PP BR ZPIRY s 2 0

(A.8)
—o00, if§ <0,

€] > €BR !={

PP.BR ZP.BR

where € and €, are defined in (A.6) and (A.7), respectively.

Case g =1 Note that GZZP‘BR from (A.7) can be expressed as 622 =(q — 1)_1X3R where,

ifg=1,and x! ;== =8+ (1 — p)@N + M(1 — MsBp) + M;B(1 — M)) #0:

X' (Wrer + (1 = M)A = MyB) +a(y = N)))

P,BR

HBR = "3 @N + M B(1 — M) + M(1 — My pp))
For the PP solution, we have 7T2PP BR A== MfﬂHaWJ m = Oand therefore W”zPP PR

PP,BR PP, BR

—u.”" Further, 97, /01 =1/((1 — Mp)(1 — MsBp) +a(y — Np)) > 0 and ¥x;
—w if and only if €] = €PP-BR where e PP BR is defined in (A.6) with ¢ = 1. Therefore, PP exists
if and only if €] > ¢PP-BR and a ZP solution always exists if 61 = PP For the ZP solution, we

have rrZZP BR _ 2PP’BR and therefore WnZZP BR —w. If x1 0, then: 8NIZP BR/E)el =x1/x!
and I//TL’IZP BR — _ 1 if and only if €; = ePP*BR where ¢”P+BR is defined in (A.6) with ¢ = 1.

Therefore if x! > 0 then /P BR > 61 > 622 PBR — _ oo is necessary and sufficient for existence
ZP,BR PP,BR

of the ZP solution. Otherwise, if x < 0 then € = +o0 and €] > € is necessary

20" Tt can be shown that (Q + Aoy ly) " existsif g = 1.
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and sufficient for existence of the ZP solution. Note that § < 0 implies x' > 0. Finally, x! =0
implies”!

ZP.BR _ _PP.BR _ (1—p)(1 —MMyBp)

€2 v
(1—p)(1 — MM Bp)Ney

A=M)A=MsB)p+ (1 =N){1—=p)d=MMzpp)+ (1 —Mp)(1 = Mspp)(y — 1)
>0,
PP,BR

and that a continuum of ZP solutions exists if €] = ¢
¢PP.BR

For the PZ solution, we have nZPZ BR _ ’\Q% If § <O, then nzpz’BR >0, and if § > 0,
then wnfz BR — 1//“2"’”“ <—v¥u < —pu,since § <a and €3 > 0. If § = 0 then a PZ solution
does not exist. Therefore, anpz BR 4 n < 0 if and only if § > 0. Further, a]T]PZ BR/8€1
A/ (1= Mp)(1 — My Bp) +a(y — Np)) > 0 and yrr| PR = —pu if and only if ¢) = ] # PR

where

, and no ZP solution exists if €1 #

¢PZ.BR _ (PP.BR a(l=p)(M(1 —M¢Bp)+aN + M¢B(1 — M))(Apex + un)
! - rAS(ay — )
- (PP.BR

)

and ePP-BR is defined in (A.6) with ¢ = 1. It follows that PZ exists if and only if § > 0 and

€1 > P ZBR 5 (PP.BR,

For the ZZ solution, we have JTZZZ BR — PZBR and therefore wrrzzz BR © < 0if and only
if 8 > 0. Furthermore, if x! # 0 then Bnlzz BR/E)E =/x! and l/fnlzz BR = —pu if and only

if 61 = elzZ BR _ IPZ BR > ePPBR where ePP-BR is defined in (A.6) with g = 1. Therefore if

x'>0and§ > 0 then Glzz BR - 61 E2ZP BR — _xois necessary and sufficient for existence

of the ZZ solution. Otherwise, if x' < 0 then ezzP BR _ +oo and €; > elzz BR > ePP.BR §
ZP,BR _

necessary and sufficient for existence of the ZZ solution. If x! =0 and § > 0 then €5
ePP-BR > () as shown above and a continuum of ZZ solutions exist if and only if

PPBR 4 o 4 (I —=Mp)(1 —MypB)u
ANp
e(l —p)N( — MyMpp) _ _PP.BR
(1 —p) A =MM¢pp) —N)+ (1 —-=M)p(1 —MB)y —
We conclude that a BRE exists if and only if

€1 =¢€

. PP.BR ZP,BR} .

_ minije” 7% € , if§>0
€] > €pR = { 2 = (A.9)

—00, if § <O,

PP,BR ZP,BR . . .
where €7+ and €, are defined in (A.6) and (A.7), respectively, with g = 1.
1=Mp)(1—M ¢ Bp)+M ¢ (g—1)(1—M

21 The x! =0 case arises if a = ( ) fﬂﬂ)+ £a—1( Ui and ¢ = 1. To compute eZP BR et a =

(U=Mp)(A-Mypp)+Mys(g—1)(A-M)B ZP,BR
Np and compute llmq_,l € .
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A.5. Proof of Proposition 5

Suppose § = (M — 1)(1 — M;B) +aN < 0, which implies det (Q) = den??BR = —§(—§ +
(1—p)(M+aN+MpB(1—(p+q)M))) > 0,det (Q + roeres) = den?PBR = §2 —§(ay +
(1=p)M+aN+MpB(1—M(p+q)))+ 1A —play(M+aN+Mip(1—M(p+q))) >0,
and num?“ PR = (1 = ¢)(M + aN + M1 — M(p + q))) — &) > 0, from Proposition 4.

PZ,BR

Also by Proposition 4: num;

ZP,BR.
g<land e <¢ . den?P-BR

> 0 implies no PZ; ZZ exists under § < O if and only if

L ZP,BR _ZP,BR
>01mphesePP'BR>e2’ , € =—c0ifg=1,

and ZP exists if and only if ePPBR > ¢ 5 EZZP’BR. Define ¢ZP-BR .— GZZP BR We conclude
that the PP solution is the unique BRE when €; > ¢?-BR  the ZP solution is the unique BRE
when € P-BR > ¢ > ¢ZP.BR Qtherwise, the ZZ solution is the unique solution if ¢ < 1 and
€1 < eZP:BR_1f § > 0 then by Proposition 4 there exist p, g, €] and €, > 0 for which there are

no solutions or multiple solutions.”>
A.6. Proof of Proposition 6

The proof of Proposition 6 is a straightforward extension of the proof of Proposition 4. Define
q = Pr(e, =2)=(1 - p)/(2— p — q). The regime- specific levels of inflation in BR-RPE i,
7t = (”1 , nz)’ are given by fixed point restrictions that have the same basic form as the BRE
fixed point restrictions except we replace ¢ with g and p with 1 — g. Therefore, BR-RPE will
exist if and only if

. [ _PP.BRRPE _ZP.BRRPE| .
mm{e V€ } if§>0 (A.10)

€] > €BR,RPE ‘= )
—00, if § <O,

where § = (M — 1)(1 — M) + »o N, and e"P-BRRPE anq 2P BRRPE ype defined in (A.6)

and (A.7), respectively, assuming p =1 —¢g, and g =¢g. In the special case ¢ = 1 (which
implies ¢ = 1), we have €gr rpr = —o0 for any §, as the PP solution exists if and only if
€1 > —pu(l+royp)y) "+ (M1 — M¢B)+MeB+AoN)Y (M —1)(1 —MgB)+ro(N —
V) ley = PP BRRPE apd the ZP exists if and only if €] < e PBRRPE For 4 < 1, one can

show: EPP,BR _ 6PP,BR,RPE — —Egp,o and EZP,BR _ 6ZP,BR,RPE — —Egpp where
~B . (p — D(ne + MM B)ns(Aexyr + un7)
SR 5w + (= q)ne) (= p)(ho — 8) + (1 + 40)(1—q) + 2o (1 — p) (¥ — 1))
~B . d(ne + MM B)(Aexyy + uny)

SZP T3 — )M + Ao N + MB(— Mgy’

and ne := M(1 — My Bp) +)»0N+Mf,3(1 —gM) > 0, and n7 =(a(y—-N)+1-M(1 -
M f B)) > 0. Since § < Ao, it is straightforward to show that E P p < 0. Further, if § > O then
Z < 0. It follows that €gg > €pp rpr if 6 >0and p+¢g—1>0o0ré <O0.

22 Alternatively, one can show that (M — 1)(1 — M ) + Ao N < 0 ensures completeness and coherence using tech-
niques developed by AM. Results available on request.
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A.7. Proof of Proposition 7

Consider Proposition 7. To assess E-stability of a REE, we express Y’ = (Y "/, Yz"/)/ as a func-
tion of agents’ expectations, Ye = (Ye/, Yze/)/:

PP ey ._ PAp (I=pAP\ e | PP
Y (Y)'_((l—q)Ap JAp Yo 41",

ZP ey . pAz (I—=pAz\ e |, ~zP
Y (Y)._<(1_q)AP A Ye 414",

PZ Sey . pAp (I-pAp\ 5. Pz
Y (Y)'_<(1—q)Az e Ye+T77,

PP ey . pPAz (I1—=p)Az\ ce zZz
Y (Y)._<(1_q)AZ by )T

where I collect terms that do not depend on beliefs, Ye. It immediately follows that

— _ _ pAz (1-pAz\
DTpr—K®Ap I, DTYZP_((I—Q)AP gAp 1,
PAp (I— P)AP) 7
(I-g)Az qAz

REE i is E-stable if the real parts of the eigenvalues of DTy are negative. Since the real
parts of the eigenvalues of DTy rp are negative and the real part of an eigenvalue of DTyzz is
positive, the PP (ZZ) solution is always (never) E-stable. The following condition is necessary
for E-stability of the ZP solution: Det (DTyzr) = —%—-den?? > 0, where den?” is defined in

14+ayr
the proof of Proposition 1. By Proposition 1, den?” > 0 implies ¥ > €47, where €77, £

are defined in the proof of Proposition 1, and hence €] > €”? is necessary for existence of PP
and €] < eP? is necessary for existence of ZP. It follows that the E-stability and existence of
the ZP solution precludes existence of the PP solution. The following condition is necessary for
E-stability of the PZ solution: Det(DTyrz) = ﬁdenpz > 0, where den®Z is defined in the

proof of Proposition 1. By Proposition 1, den? < 0 is necessary for PZ existence. We conclude
that the PZ solution can never be E-stable.”

In sum, if the PP solution exists it is E-stable. If the ZP solution exists and is E-stable then the
PP solution does not exist. The ZZ and PZ solutions are never E-stable.

DTyzz=K®Az — 1, DTsz=<

A.8. Proof of Proposition 8

To assess E-stability of each RPE, we express the RPE unconditional mean of inflation and
output as a function of agents’ expectations, Y*:

YPP(y®):= Apy® + PP, Y2P(Ye) .= (GAp+ (1 —§)Az) Y+ TP,
Y22 = AzY +T7%  YP2(y9) :=((1-9Ap+GAz) Y +T"7,
where I collect terms that do not depend on beliefs, Y. It immediately follows that

23 If g = 1, the PP exists and is E-stable if and only if €; > ¢ and if Det(DTyzp) > 0 then 6 > 1, such that ZP
exists if and only if €; < ¢”P by Proposition 1. The ZZ and PZ solutions cannot be E-stable.
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DT)_/PPZAP_Ia DT)_/ZPZQAP"F(I_@)AZ_I?
DTyzz =Az — 1, DTypz =(1—q)Ap+qAz —I.
It is straightforward to show that the real parts of the eigenvalues of DTy pp are negative and

the real part of an eigenvalue of DTyzz is positive. Therefore, the PP (ZZ) RPE is always (never)
E-stable. The ZP RPE is E-stable if and only if

gy (B+atl)
ay +1
qgalay +v)
——= —a>0,
ay +1
where tr(B) denotes the trace of matrix B. We have tr(DTyzr) <0 < Det (DTyzp) if and only
if g(1 +a)y — 1 —ay > 0. From the proofs of Propositions 1 and 3:

tr(DTyzr) =B +a— 1<0,

Det(DT);zp) =

¢PP.RPE _ 62ZP,RPE = 0@ +a)y — 1 —ay)),
. aGery +ap(y — 1))
AMI—gya+ D@y —g)+1-49)
Therefore, if the ZP RPE is E-stable then e P> RPE EZZ P.RPE 2hd the condition for PP existence
PP.RPE gnd the condition for ZP existence becomes e *FP-RPE > ¢, > GZZP’RPE
as demonstrated in the proofs of Propositions 1 and 3.* Hence, if the ZP RPE exists and is
E-stable then the PP solution does not exist. The PZ solution is E-stable if and only if

B—2ay +a—1 +c](,3a1ﬁ+a2w+a1/r)

> 0.

becomes €] > €

tl"(DT’pz) = <O’
’ al” + 1 aw + 1
- 7(ay +
Det (DTyrz) = _acfl/f +¢1) B aqc(lc;er 11//) =0,

which holds if and only if 0 < ¢ — 1 — gy (1 +a) =den”?RPEq=1 where den?? RPE is equal
to den®? defined in the Proposition | proof when ¢ =g and p = 1 — §. From the proof of
Proposition 3, the PZ RPE only exists if den”?RPE < 0. Hence the PZ RPE is never E-stable.

Therefore, the PP RPE is the only E-stable RPE solution when € > ePP-RPE 4nd the ZP
RPE is the only E-stable RPE solution when €7 7-RPE > ¢ > EZZ P-RPE 1t follows that a unique
E-stable RPE solution exists when €] > €gpEg.

Appendix B. Supplementary material

Supplementary material related to this article can be found online at https://doi.org/10.1016/
j-jet.2023.105745.
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