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Estimating hyperparameters has been a long-standing problem in machine learning. We consider the case
where the task at hand is modeled as the solution to an optimization problem. Here the exact gradient
with respect to the hyperparameters cannot be feasibly computed and approximate strategies are required.
We introduce a unified framework for computing hypergradients that generalizes existing methods based
on the implicit function theorem and automatic differentiation/backpropagation, showing that these two
seemingly disparate approaches are actually tightly connected. Our framework is extremely flexible,
allowing its subproblems to be solved with any suitable method, to any degree of accuracy. We derive
a priori and computable a posteriori error bounds for all our methods, and numerically show that our
a posteriori bounds are usually more accurate. Our numerical results also show that, surprisingly, for
efficient bilevel optimization, the choice of hypergradient algorithm is at least as important as the choice
of lower-level solver.

Keywords:Hyperparameter Optimization; Bilevel Optimization; Automatic Differentiation.

1. Introduction

In this work we consider the hyperparameter tuning problem framed asa bilevel optimization problem
[1, 2, 3] where we aim to solve

min
θ∈Rn

F(θ) :=
1
m

m

∑
i=1

fi(x
∗
i (θ))+ r(θ) (1.1a)

s.t. x∗i (θ) := argmin
x∈Rd

gi(x,θ), ∀i = 1, . . . ,m, (1.1b)

where the lower-level functionsgi are smooth inx andθ and strongly convex inx, and the upper-level
functions fi and r are smooth but possibly nonconvex. Our main motivation for studying (1.1) is the
problem of supervised bilevel learning, where we may havefi(x) = ‖x− x†

i ‖2 for example, wherex†
i

is the desired outcome of the lower-level problem (1.1b). Problems of the form (1.1) are ubiquitous in
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2 EHRHARDT AND ROBERTS

every aspect of science and tasks such as clustering, time series analysis and image reconstruction can be
modeled as such. As a simple example withn= 1, we could think ofθ ≥ 0 as a choice of regularization
weight suitable for a family of regularized regression problemsgi , i.e. gi(x,θ) = 1

2‖Ax−yi‖2+θR(x)
for i = 1, . . . ,m. Similarly one can select a regularizer [4] or noise model [5]. Other models use many
more parameters like an input-convex neural network as a regularizer[6, 7] or the sampling of the
forward operator for image compression [8, 9] or MRI [10].

When the number of parametersn is small, the problem (1.1) can be efficiently solved by search
methods (e.g., [11, 12]) or derivative-free approaches, see, e.g., [13, 14] for general hyperparameter
search and [15] for bilevel learning.

Motivated by bilevel learning, we are interested in algorithms which can scale to millions of parame-
ters (or more), and so consider (1.1) with first-order methods used for solving the lower-level problem
(1.1b) and upper-level problem (1.1a). If the functionsfi andgi in (1.1a) and (1.1b) respectively are suf-
ficiently smooth, it is well-known (see, e.g., [16]) that the gradients of the upper-level objective (1.1a)
(also called hypergradients) can be computed via

∇( fi ◦x∗i )(θ) = ∂x∗i (θ)
T∇ fi(x

∗
i (θ)), i = 1, . . . ,m, (1.2)

where∂x∗i (θ) is the derivative of the minimizerx∗i (θ) with respect to the parametersθ . However, in
the context of large-scale problems and general lower-level objectivesgi , access to the true lower-level
minimizersx∗i (θ) is unreasonable and so (1.2) cannot be evaluated.

The primary purpose of this work is to develop methods for efficiently evaluating∇( fi ◦ x∗i ). Such
methods compute an approximate lower-level solution to be used in some form to then compute an
approximation to the hypergradient (1.2). While this approach has been often used successfully in
practice, the interplay between the accuracy of the computed approximation tox∗i (θ) and its impact on
the hypergradients are neither fully understood nor fully utilized.

In this work we introduce a unified framework for computing approximate hypergradients, which
come with numerous concrete implementations and several error bounds suitable for different purposes.
Our main theoretical results are:

• Showing that two promising hypergradient estimation algorithms, based on the implicit function
theorem [17, 18] and inexact automatic differentiation (AD)/backpropagation [19] respectively,
are essentially the same underlying algorithm. This surprising result allows us to unify two very
disparate hypergradient estimation methodologies into a general framework.

• Deriving general error bounds for the underlying general hypergradient estimation framework. Our
error bounds are both a priori, based on known convergence rates of the constituent algorithms,
and a posteriori, yielding computable error estimates suitablefor use inside a bilevel optimization
framework.

Our numerical results then compare the accuracy and efficiency ofdifferent hypergradient estimation
techniques, as well as studying the impact of hypergradient algorithms on the performance of bilevel
optimization routines. Importantly, and perhaps surprisingly, our numerical evidence shows that, in the
context of bilevel optimization,the choice of hypergradient algorithm is at least as important as the
choice of lower-level solver.

1.1. Existing work

An explicit form for the derivative of the minimizer of a smooth, strongly convex optimization problem
is given by the classical implicit function theorem (e.g., [16]). This formulation, where the resulting
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ANALYZING INEXACT HYPERGRADIENTS FOR BILEVEL LEARNING 3

linear system of equations is solved inexactly using the conjugate gradient (CG) method, was used
as the basis of the Hyperparameter Optimization with Approximate Gradient (HOAG) algorithm for
bilevel optimization in [17]. The analysis of the underlying hypergradient estimation wasrefined in the
more recent work [18]. Our unified approach is fundamentally based on these ideas, but we demonstrate
how this approach also incorporates AD-based methods and have a more refined error analysis.

The other hypergradient estimation technique we consider isreverse-mode automatic differenti-
ation, also known as backpropagation, of a lower-level iterative solver. Originally, AD for iterative
methods was first applied to fixed point iterations [20]. This was extended more recently in [19] to
parametric strongly convex optimization using gradient descent and heavy ball momentum. Here, the
authors prove sub-optimal linear convergence rates of hypergradients using AD, and introduce an ‘ine-
xact’ AD method with improved linear convergence rates. Our analysis unifies the accelerated ‘inexact’
approach from [19] with the traditional analysis from [17, 18], introduces a new family of a posteriori
bounds, and carefully considers the numerical performance of theseoptions.

Both these perspectives (implicit function theorem and backpropagation) were considered separa-
tely in [21] where the lower-level problem (1.1b) is replaced with a fixed-point iteration, and (separate)
a priori bounds are derived in both cases. Our work is similar in considering both techniques, but we
give a unified perspective showing how they can be seen as the same method, and hence unified results
can be shown. We also extend the analysis by providing computable a posteriori bounds, and showing
that these are often tighter in practice.

More generally, several approaches exist for solving the general bilevel problem (1.1) (instead of
considering specifically the estimation of hypergradients). This typically involves alternating between
a given number of iterations of a solver for the lower-level problem (1.1b) with a (possibly different)
number of iterations of an upper-level solver, both typicallyfirst-order methods. In [22], the number
of lower-level gradient descent iterations is pre-specified. In [23], the authors use a constant number of
lower-level iterations for each upper-level iteration. Alternatively, [24] uses just one iteration but with
different upper- vs. lower-level stepsizes.

When the lower-level problem is replaced by a finite algorithm, then gradients can be computed exa-
ctly, see, e.g., [25, 26, 27]. This is not the case here as the lower-level solution can only be approximated
by the limit of an algorithm and thus requires special care.

In [28] the authors propose an alternative optimality system including the upper-level unknown,
the lower-level unknown and the adjoint state which corresponds to the derivative of the lower-level
unknown with respect to the upper-level parameters.

Both the upper- and lower-level problem can be extended to stochastic optimization problems with
only stochastic gradients available, see, e.g., [23, 29]. While this is clearly a challenging research
question itself, it is fairly independent of the challenge considered in the present paper.

1.2. Contributions

In this work we introduce a unified perspective on hypergradient estimation, incorporating the different
techniques analyzed in [17, 18, 19, 21]. This includes estimates of the hypergradient based on the impli-
cit function theorem, with inexact linear solves using iterative methods such as CG, and gradient descent
and heavy ball variants of the inexact AD method from [19] (which converge faster than standard AD).
We show that all of these approaches correspond to the same basicprocedure: approximately solve the
lower-level problem and then approximately solve the resultingimplicit function theorem linear system.
As far as we are aware, showing that inexact AD is the same as using the implicit function theorem is a
new result showing a surprising connection between analytic and symbolic gradient estimation.
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4 EHRHARDT AND ROBERTS

With our resulting unified method, we prove a priori bounds similar to those in [17, 18, 21], where
first-order methods applied to both subproblems yields a linear convergence rate. Our analysis is extre-
mely general: it enables both subproblems to be solved with anysuitable algorithm, and run for any
number of iterations or up to any stopping tolerance.

We then extend our analysis to prove a posteriori bounds on our flexible hypergradient estimators.
Here we construct explicit and computable error bounds on the hypergradient. These bounds are poten-
tially useful if we wish to apply existing algorithms for nonconvex optimization with inexact gradients
to solve (1.1), for example frameworks such as [30, 31].

We then study different variants of our hypergradient algorithm numerically. First we use a simple
linear least-squares problem to demonstrate the correctness of our bounds, and show that our new a
posteriori analysis typically provides stronger bounds than the more common a priori analysis (as well
as being computable in practice). We then consider a data hypercleaning problem, comparing different
combinations of algorithms for the lower-level solver and the implicit function theorem linear solver.
Unsurprisingly, the better the algorithms used (e.g., heavy ball rather than gradient descent), the faster
the optimization progresses. However perhaps surprisingly, we show that the choice of hypergradient
algorithm is at least as important as the choice of lower-level solver for the purposes of efficient bile-
vel optimization, demonstrating the importance of the hypergradient estimation problem. Lastly, we
conclude by applying our method to the bilevel problem of finding a neural net regularizer for image
denoising, and demonstrate that the obtained regularizer can outperform the standard total variation
regularizer.

The paper is structured as follows: in Section2 we summarize the existing implicit function theorem
and inexact backpropagation theory. In Section3 we prove that inexact backpropagation is just a special
case of the implicit function theorem approach which motivatesour unified hypergradient framework.
We prove the a priori and a posteriori error bounds for our approach in Section 4 and give numerical
results in Section5.

1.3. Notation

Throughout, we will use‖·‖ to be the Euclidean norm of vectors and operator 2-norm of matrices.Both
partial and total derivatives are denoted by∂ . If the function we take the derivative of is scalar-valued,
then we denote its derivative by∇ and refer to it as the gradient. Specifically, given (1.1) we have

• ∂ygi : Rd ×R
n → R

d and∂yygi : Rd ×R
n → R

d×d are the gradient and Hessian (respectively) of

gi(y,θ) with respect toy (for fixedθ ). That is,[∂ygi(y,θ)] j := ∂gi(y,θ)
∂y j

and[∂yygi(y,θ)] j,k := ∂ 2gi(y,θ)
∂y j ∂yk

;

• ∂y∂θ gi : Rd ×R
n → R

d×n is the Jacobian of∂ygi(y,θ) with respect toθ , where[∂y∂θ gi(y,θ)] j,k :=
∂ 2gi(y,θ)
∂y j ∂θk

;

• ∂x∗i : Rn → R
d×n is the derivative ofx∗i (θ) with respect toθ , with [∂x∗i (θ)] j,k :=

∂ [x∗i (θ)] j
∂θk

;

• ∇ fi : Rd → R
d is the gradient offi(x) with respect tox (or θ for ∇F and∇r).

At various points throughout we will drop the indexing oni and explicit dependencies onθ for
simplicity of presentation.

Note that this framework also handles complex-valued inputs andoperators (with real-valued obje-
ctives to ensure optimization over an ordered field), by treating the real and imagingary parts of any
complex quantities as two real-valued quantities.
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ANALYZING INEXACT HYPERGRADIENTS FOR BILEVEL LEARNING 5

2. Background

We begin by outlining three existing approaches for calculating the hypergradient

∇F(θ) =
1
m

m

∑
i=1

∇( fi ◦x∗i )(θ)+∇r(θ) =
1
m

m

∑
i=1

∂x∗i (θ)T∇ fi(x
∗
i (θ))+∇r(θ), (2.1)

where the second equality follows from the chain rule.1 In particular, we are concerned with how we
may accurately compute∇F(θ) in the setting wherex∗i (θ) cannot be exactly determined. For∂x∗i to be
well-defined, we require the following assumptions ongi .

Assumption 1 For each i= 1, . . . ,m, the lower-level objective gi is twice continuously differentiable
in y and there exists0< µi(θ) ≤ Li(θ) such thatµi(θ)I � ∂yygi(y,θ) � Li(θ)I for all y, where A� B
means B−A is positive semidefinite. Furthermore, each of gi , ∂ygi and∂yygi are continuous inθ .

In practice, Assumption1 may require the domain ofθ to be restricted, which means more careful
selection of the upper-level solver is required, but this does not affect the results below regarding the
inexact computation of∇F(θ).

It is well known (see, e.g., [15, 16]) that under Assumption1, the mapθ 7→ x∗i (θ) is continuously
differentiable with derivative∂x∗i (θ) = Di(x∗i (θ),θ)T . This formulation relies on the function

Di(y,θ) :=−Bi(y,θ)TAi(y,θ)−1 ∈ R
n×d (2.2)

and associated matrices

Ai(y,θ) := ∂yygi(y,θ) ∈ R
d×d and Bi(y,θ) := ∂y∂θ gi(y,θ) ∈ R

d×n. (2.3)

Note that Assumption1 implies thatAi(y,θ) is invertible and thusDi is well-defined. Moreover, for all
y andθ it holds that

‖Ai(y,θ)−1‖ ≤ µi(θ)−1. (2.4)

Remark 1 From here, we drop the indexation by i and the explicit dependence onθ (sinceθ does not
vary throughout) for simplicity of notation. That is, we will now write A(y), x∗ andµ instead of Ai(y,θ),
x∗i (θ) andµi(θ), for example.

Inserting (2.2) into (2.1) and ignoring the average andr for now, leads to another formulation of the
hypergradient

h∗ :=−B(x∗)TA(x∗)−1∇ f (x∗) = D(x∗)∇ f (x∗). (2.5)

This formulation of the hypergradient is not practical: it is toocostly to compute to high accuracy for
most relevant applications sincex∗ has to be computed iteratively (via a suitable strongly convex solver)
and a system of linear equations the size of the number of lower-level unknowns (often exceeding mil-
lions in imaging applicatons) has to be solved. Therefore, we investigate methods which acknowledge

1 Our analysis is also suitable for the more general case wherefi has an explicit dependence onθ , i.e. fi(x∗i (θ),θ), but we use
our simpler formulation for ease of presentation.
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6 EHRHARDT AND ROBERTS

Algorithm 1 IFT+CG to compute gradient estimatehε,δ

Require: tolerancesε,δ > 0
1: Find an approximate solutionxε satisfying (2.6).
2: Using CG, findqε,δ satisfying

‖A(xε)qε,δ −∇ f (xε)‖ ≤ δ . (2.8)

3: Compute gradient estimatehε,δ :=−B(xε)
Tqε,δ .

the fact that both computations cannot or should not be carriedout accurately. Particularly, we focus
on methods which are independent of the specific algorithm for solving the lower-level problem (1.1b),
and so instead we assume that we have an approximate minimizerxε of (1.1b), such that

‖xε −x∗‖ ≤ ε. (2.6)

Finally, we will use the following smoothness assumptions forthe results below.

Assumption 2 A (resp. B) is LA- (resp. LB-) Lipschitz continuous in y, uniformly for allθ .

Assumption 3 ∇ f is Lipschitz continuous with constant L∇ f .

2.1. Implicit Function Theorem Approach

Given (2.6) and (2.5), a natural approximation is

h∗ ≈ hε :=−B(xε)
TA(xε)

−1∇ f (xε). (2.7)

For large-scale problems, full matrix inversion/linear solves is impractical and so iterative methods
are preferred. Given thatA(xε) is symmetric positive definite by Assumption1, we consider using the
conjugate gradient method (CG). The symmetry ofA gives two possible approaches:

• Approximately solveA(xε)
−1∇ f (xε) and pre-multiply by−B(xε)

T

• Approximately solveB(xε)
TA(xε)

−1 = [A(xε)
−1B(xε)]

T and post-multiply by∇ f (xε).

Of these, the former is preferable as the linear solve has only one right-hand side, reducing the total
number of matrix-vector products. This leads to a natural algorithm to compute the hypergradient, given
in Algorithm 1, which we refer to as IFT+CG, relating to its association with theimplicit function
theorem.

The first analysis of IFT+CG in the context of bilevel optimization was in [17], which gives the
following.

Theorem 4(Theorem 1, [17]) Suppose Assumptions1, 2 and3 hold, andε is sufficiently small2. Then
the error produced by IFT+CG withδ = ε satisfies‖hε,ε −h∗‖= O(ε).

2 Specifically, the proof requires that∑k εk < ∞ and we takek sufficiently large, whereεk is the value ofε chosen in iterationk
of the bilevel optimization.
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ANALYZING INEXACT HYPERGRADIENTS FOR BILEVEL LEARNING 7

This result was strengthened in the recent work [18], which considers IFT but with any method for
solving (2.8), not just CG.

Theorem 5 (Theorem 3.1.2, [18]) Suppose Assumptions1, 2 and3 hold, andε < µ
2max{LA,LB} . Then

the error produced by IFT+CG satisfies‖hε,δ −h∗‖ ≤C(ε +δ ) for some constant C.

Our analysis in Section4 improves on Theorems4 and 5 by removing the restriction onε and
making all constants explicit.

2.2. Inexact Automatic Differentiation

We now consider an alternative approach for hypergradient estimation based on automatic differentia-
tion (backpropagation), as developed in [19].

The motivation is to consider solving the lower-level problemto find xε (2.6) by applying a first-
order method to (1.1b) such as gradient descent

x(k+1) = x(k)−α∇g(x(k)), (2.9)

or Polyak’s heavy ball momentum

x(k+1) = x(k)−α∇g(x(k))+β (x(k)−x(k−1)). (2.10)

If we suppose thatK iterations of either (2.9) or (2.10) are run from a fixed starting pointx(0), then
reverse-mode automatic differentiation (AD) with respect toθ applied to (2.10) gives: initializex̃(K) :=
∇ f (x(K)), x̃(K+1) := 0∈ R

d andh(0) := 0∈ R
n, then iterate

h(k+1) = h(k)−αB(x(K−k−1))T x̃(K−k), (2.11a)

x̃(K−k−1) = x̃(K−k)−αA(x(K−k−1))x̃(K−k)+β (x̃(K−k)− x̃(K−k+1)), (2.11b)

for k= 0, . . . ,K −1. For gradient descent (2.9), the same iteration (2.11) holds but withβ = 0. In both
cases, the final gradient estimator ish(K).

The key insight of [19] is that (2.11) can be made to converge faster3 (and with fewer Hessian/Jaco-
bian evaluations) by replacingB(x(K−k)−1) andA(x(K−k)−1)with the final Jacobian and Hessian,B(x(K))
andA(x(K)) for all k. This motivates the inexact automatic differentiation (IAD) methods IAD+GD and
IAD+HB given in Algorithms2 and3 respectively.

The main result from [19] is the following.

Theorem 6 (Propositions 10 & 17, [19]) Suppose Assumptions1 and 2 hold. Further assume that
‖B(y)‖ ≤ Bmax for each y.4 Then:

• If α ≤ 1/L, then there existsλGD ∈ [0,1) such that IAD+GD (fixed K) gives a hypergradient estimate
h(K) satisfying

‖h(K)−D(x(K))∇ f (x(K))‖ ≤ λ K
GD

Bmax

µ
‖∇ f (x(K))‖. (2.14)

The optimal rate5 λ ∗
GD = (L−µ)/(L+µ) is attained ifα = 2/(L+µ).

3 Linearly with an improved rate.
4 Technically, [19] also requires thatBmax does not depend onθ and that the bound holds uniformly for allθ .
5 Here,L andµ denoteL(θ) andµ(θ), c.f. Remark1.
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8 EHRHARDT AND ROBERTS

Algorithm 2 IAD+GD (fixed K) to compute gradient estimateh(K)

Require: iteration countK and stepsizeα ⊲ (note: this represents a code comment)
1: runK iterations of (2.9) to getx(K) ≈ x∗.
2: initialize x̃(0) := ∇ f (x(K)) andh(0) = 0∈ R

n

3: for k= 0, . . . ,K−1 ⊲ K iterations ofinexactreverse-mode AD

h(k+1) = h(k)−αB(x(K))T x̃(k), (2.12a)

x̃(k+1) = x̃(k)−αA(x(K))x̃(k). (2.12b)

Algorithm 3 IAD+HB (fixed K) to compute gradient estimateh(K)

Require: iteration countK, stepsizeα, and momentum parameterβ
1: runK iterations of (2.10) to getx(K) ≈ x∗.
2: initialize x̃(0) := ∇ f (x(K)), x̃(−1) = 0∈ R

d andh(0) = 0∈ R
n

3: for k= 0, . . . ,K−1 ⊲ K iterations ofinexactreverse-mode AD

h(k+1) = h(k)−αB(x(K))T x̃(k), (2.13a)

x̃(k+1) = x̃(k)−αA(x(K))x̃(k)+β (x̃(k)− x̃(k−1)). (2.13b)

• If β ∈ [0,1), α ≤ 2(1+β )/L andγ > 0, then there existsλHB ∈ [0,1) such that IAD+HB (fixed K)
gives a hypergradient estimate HK satisfying

‖h(K)−D(x(K))∇ f (x(K))‖ ≤ c(λHB+ γ)K Bmax

µ
‖∇ f (x(K))‖, (2.15)

for some constant c> 0. The optimal rateλ ∗
HB =(

√
L−√µ)/(

√
L+

√µ) is attained ifα = 4/(
√

L+√µ)2 andβ = (λ ∗
HB)

2.

By comparison, the exact AD iterations (2.11) are shown to have sub-optimal linear convergence
rates of sizeO(Kλ K) [19, Propositions 8 & 15].

We note that in their formulation as stated both IAD+GD (fixedK) and IAD+HB (fixedK) require
one Hessian-vector and one Jacobian-vector product at each iteration of the hypergradient calculation
(step 2). By contrast, IFT+CG only requires one Jacobian-vector product at the end of calculation, rather
than one per iteration (but still one Hessian-vector product periteration). This additional computational
cost can be alleviated by reformulating the algorithms, e.g., asin Section3.

In the next section we show that these inexact AD methods are actually variants of the IFT approach,
and provide a unified error analysis of all three methods.

3. Unified Hypergradient Computation Algorithm

We revisit the inexact AD framework to realize that it is actually an approximate IFT method with
specific algorithmic choices. Thus, at the end of this sectionwe propose a unified framework that
encompasses all methods in Section 2.
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The next theorems make said observation for inexact AD with GD and HB.

Theorem 7 Let x(K) denote the output of GD(2.9) after K iterations and letΦ(x) = 1
2xTA(x(K))x−

∇ f (x(K))Tx. Then the gradient estimate h(K) after K iterations of the inexact AD iterations(2.12) can
also be computed as h(K) =−B(x(K))Tq(K) with q(0) = 0 and

q(k+1) = q(k)−α∇Φ(q(k)), k= 0, . . . ,K−1. (3.1)

ProofNotice that the iteration (2.12) can be written ash(K) = −αB(x(K))T ∑K−1
k=0 x̃(k). Hence we want

to show that the new iteration (3.1) satisfiesq(K) = α ∑K−1
k=0 x̃(k) which we prove by induction where we

will frequently use∇Φ(q) = Aq−∇ f (x(K)) andx̃(0) = ∇ f (x(K)).
ForK = 0, using the initial condition and∇Φ(q(0)) =−∇ f (x(K)), (3.1) implies

q(1) = q(0)−α∇Φ(q(0)) = α∇ f (x(K)) = α x̃(0).

Now, let the assertion be true forK −1. Due to the initial condition, an alternative way to write the
iterations (2.12) is

x̃(K−1) = x̃(0)−
K−2

∑
k=0

αAx̃(k).

Thus, with the induction hypothesis

x̃(K−1) = ∇ f (x(K))−Aq(K−1) =−∇Φ(q(K−1))

and therefore

q(K) = q(K−1)−α∇Φ(q(K−1)) = α
K−2

∑
k=0

x̃(k)+α x̃(K−1) = α
K−1

∑
k=0

x̃(k). �

A similar observation can be made for HB.

Theorem 8 Let x(K) denote the output of HB(2.10) after K iterations and letΦ(x) = 1
2xTA(x(K))x−

∇ f (x(K))Tx. Then the gradient estimate h(K) after K iterations of the inexact AD iterations(2.13) can
also be computed as h(K) =−B(x(K))Tq(K) with q(0) = q(−1) = 0 and

q(k+1) = q(k)−α∇Φ(q(k))+β (q(k)−q(k−1)), k= 0,1, . . . ,K−1. (3.2)

ProofThe proof is similar to the proof of Theorem7. As before, we notice that the iteration (2.13) can
be written ash(K) =−α ∑K−1

k=0 B(x(K))T x̃(k). Hence we want to show that the new iteration (3.2) satisfies
q(K) = α ∑K−1

k=0 x̃(k) which we prove by induction.
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10 EHRHARDT AND ROBERTS

ForK = 0, using the initial conditions and∇Φ(q(0)) =−∇ f (x(K)), (3.2) implies

q(1) = q(0)−α∇Φ(q(0))+β (q(0)−q(−1)) = α∇ f (x(K)) = α x̃(0).

Similarly for K = 1,

q(2) = q(1)−α∇Φ(q(1))+β (q(1)−q(0)) = α x̃(0)−α(A(α x̃(0))−∇ f (x(K)))+βα x̃(0)

= α x̃(0)+α
(

x̃(0)−αAx̃(0)+β (x̃(0)− x̃(−1))
)
= α x̃(0)+α x̃(1).

Now, let the assertion be true forK −1 andK −2. Due to the initial conditions, an alternative way
to write the iterations (2.13b) is

x̃(K−1) = x̃(0)−
K−2

∑
k=0

αAx̃(k)+β x̃(K−2),

Thus,

q(K) = q(K−1)−α∇Φ(q(K−1))+β (q(K−1)−q(K−2))

= α
K−2

∑
k=0

x̃(k)−α(A(α
K−2

∑
k=0

x̃(k))−∇ f (x(K)))+βα x̃(K−2)

= α
K−2

∑
k=0

x̃(k)+α

(
−

K−2

∑
k=0

αAx̃(k)+ x̃(0)+β x̃(K−2)

)
= α

K−2

∑
k=0

x̃(k)+α x̃(K−1) = α
K−1

∑
k=0

x̃(k). �

The analysis in Theorem7 and8 implies thatq(K) approximately solvesA(x(K))q= ∇ f (x(K)). Thus,
inexact AD is a special case of IFT with GD/HB as the lower-levelsolver and GD/HB to solve the
system of linear equations for the upper-level hypergradient estimate. This observation motivates us to
define a generalised IFT algorithm which captures both approachesoutlined in Section 2.

Algorithm 4 IFT to compute gradient estimatẽh

1: Find an approximate solution ˜x of the lower-level problem using any method of choice with any
number of iterations or accuracy.

2: Find an approximate solution ˜qsolvingA(x̃)q=∇ f (x̃) using any method of choice with any number
of iterations or accuracy.

3: Return the gradient estimateh̃ :=−B(x̃)T q̃.

Remark 2 If we choose a method in step 1 to find a solution withε accuracy and CG in step 2 to
find a solution with residual accuracyδ , then we recover Algorithm1 as proposed in [17, 18]. If we
choose GD/HB in step 1 for K iterations and GD/HB in step 2 for Kiterations, then we get Algorithms2
and3 as proposed in [19]. However, going forward both strategies can also be combined given more
flexibility to the user.
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4. A priori and a posteriori error analysis

We now derive new a priori and a posteriori error bounds for hypergradients as computed in Algori-
thm 4. The a priori bound shows explicit convergence results that are independent of the lower-level
solution estimatẽx. By contrast, the a posteriori bound gives an estimate on the errorthat is computable
(in the sense that no knowledge ofx∗ is required). Note also, that in contrast to [17, 18] (see also Theo-
rem4 and5), we do not make any assumption on the size of the errors, nor that these estimates are part
of a bilevel programming scheme.

Theorem 9(A posteriori bound) Suppose Assumptions1, 2 and3 hold. Letx̃, q̃ andh̃ be the output of
Algorithm4. Let ε̃ := ‖∇g(x̃)‖/µ and δ̃ := ‖A(x̃)q̃−∇ f (x̃)‖. Note‖x̃−x∗‖ ≤ ε̃. Moreover, we define

c(x) :=
L∇ f ‖B(x)‖

µ
+LA−1‖∇ f (x)‖‖B(x)‖+ LB‖∇ f (x)‖

µ
,

where LA−1 is the Lipschitz constant for A(x)−1, which exists by Lemma14 below. Then, the following
a posteriori bound holds:

‖h̃−h∗‖ ≤ c(x̃)ε̃ +
‖B(x̃)‖

µ
δ̃ +

LBL∇ f

µ
ε̃2.

Theorem 10(A priori bound) Suppose Assumptions1, 2 and3 hold. Letx̃, q̃ andh̃ be the output of
Algorithm 4, computed such that‖x̃− x∗‖ ≤ ε and‖A(x̃)q̃−∇ f (x̃)‖ ≤ δ . Then, with c as defined in
Theorem9 the following a priori bound holds:

‖h̃−h∗‖ ≤ c(x∗)ε +
‖B(x∗)‖

µ
δ +

LBL∇ f

µ
ε2+

LB

µ
δε.

In particular, ‖h̃−h∗‖= O(ε +δ + ε2+δ 2) and‖h̃−h∗‖→ 0 asε,δ → 0.

4.1. Proofs of Theorems9 and10

Lemma 11 Assume that‖A(x̃)−1‖ ≤ µ−1 for anyx̃. Then, for anỹx andq̃ it holds that

‖B(x̃)T q̃−B(x̃)TA(x̃)−1∇ f (x̃)‖ ≤ ‖B(x̃)‖
µ

‖A(x̃)q̃−∇ f (x̃)‖.

ProofA direct calculation and multiplying withA(x̃)−1A(x̃) it holds that

‖B(x̃)T q̃−B(x̃)TA(x̃)−1∇ f (x̃)‖ ≤ ‖B(x̃)‖‖q̃−A(x̃)−1∇ f (x̃)‖
= ‖B(x̃)‖‖A(x̃)−1(A(x̃)q̃−∇ f (x̃))‖
≤ ‖B(x̃)‖‖‖A(x̃)−1‖‖A(x̃)q̃−∇ f (x̃)‖

The assertion then follows from‖A(x̃)−1‖ ≤ µ−1. �
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12 EHRHARDT AND ROBERTS

Lemma 12 Let A−1 and B be Lipschitz continuous with constants LA−1 and LB, respectively, and
‖A(x)−1‖ ≤ µ for any x. Then, the mapping D is locally Lipschitz continuous. Specifically, for any
x1,x2 and LD(x) := ‖B(x)‖LA−1 +LB/µ it holds that

‖D(x1)−D(x2)‖ ≤ LD(x1)‖x1−x2‖.

ProofAdding and subtractingB(x1)
TA(x2)

−1 and the triangle inequality yields

‖D(x1)−D(x2)‖= ‖B(x1)
TA(x1)

−1−B(x2)
TA−1(x2)‖

≤ ‖B(x1)‖‖A(x1)
−1−A(x2)

−1‖+‖A(x2)
−1‖‖B(x1)−B(x2)‖

Then the result follows from Lipschitz continuity as well as the estimate‖A(x2)
−1‖ ≤ µ. �

Lemma 13 Let the assumptions of Lemma12 hold and let∇ f be Lipschitz continuous with constant
L∇ f . Let c be as defined in Theorem9. Then, for any x1,x2 it holds that

‖D(x1)∇ f (x1)−D(x2)∇ f (x2)‖ ≤ c(x1)‖x1−x2‖+
LBL∇ f

µ
‖x1−x2‖2.

ProofWe add and subtractD(x2)∇ f (x1) and use the triangle inequality to yield

‖D(x1)∇ f (x1)−D(x2)∇ f (x2)‖ ≤ ‖∇ f (x1)‖‖D(x1)−D(x2)‖+‖D(x2)‖‖∇ f (x1)−∇ f (x2)‖.

Notice further that

‖D(x2)‖= ‖B(x2)
TA(x2)

−1‖ ≤ ‖B(x2)‖‖A(x2)
−1‖ ≤ ‖B(x2)‖

µ
.

Combining both inequalities and invoking Lemma12 leads to

‖D(x1)∇ f (x1)−D(x2)∇ f (x2)‖ ≤ ‖∇ f (x1)‖‖D(x1)−D(x2)‖+‖D(x2)‖‖∇ f (x1)−∇ f (x2)‖

≤ ‖∇ f (x1)‖LD(x1)‖x1−x2‖+
‖B(x2)‖

µ
L∇ f ‖x1−x2‖

≤ ‖B(x1)‖
µ

L∇ f ‖x1−x2‖+
LB

µ
L∇ f ‖x1−x2‖2+‖∇ f (x1)‖LD(x1)‖x1−x2‖,

where the last inequality follows from the Lipschitz continuityof B,

‖B(x2)‖ ≤ ‖B(x1)‖+‖B(x1)−B(x2)‖ ≤ ‖B(x1)‖+LB‖x1−x2‖. �

The previous two Lemmas needed the Lipschitz continuity ofA−1. We show next that this follows
directly from our assumptions onA.

Lemma 14 Let A be Lipschitz continuous with constant LA and‖A(x)−1‖ ≤ µ for any x. Then, the
mapping A−1 is Lipschitz continuous with constant LA−1 ≤ LA/µ2.
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ProofStraightforward calculations lead to

‖A(x)−1−A(y)−1‖= ‖A(x)−1(A(y)−A(x))A(y)−1‖ ≤ ‖A(x)−1‖‖A(y)−A(x)‖‖A(y)−1‖

and the assertion follows directly from the assumptions onA. �

We are now able to prove our main results.

Proof of Theorem9 We start bounding the error in the hypergradient using Lemma11.

‖h̃−h‖= ‖B(x̃)T q̃−D(x∗)∇ f (x∗)‖
≤ ‖B(x̃)T q̃−B(x̃)TA(x̃)−1∇ f (x̃)‖+‖D(x̃)∇ f (x̃)−D(x∗)∇ f (x̃∗)‖

≤ ‖B(x̃)‖
µ

‖A(x̃)q̃−∇ f (x̃)‖+‖D(x̃)∇ f (x̃)−D(x∗)∇ f (x̃∗)‖ (4.1)

For the a posteriori bound, we invoke Lemma13with x1 = x̃ andx2 = x∗ and apply it to (4.1),

‖h̃−h‖ ≤ ‖B(x̃)‖
µ

‖A(x̃)q̃−∇ f (x̃)‖+‖D(x̃)∇ f (x̃)−D(x∗)∇ f (x̃∗)‖

≤ ‖B(x̃)‖
µ

‖A(x̃)q̃−∇ f (x̃)‖+c(x̃)‖x̃−x∗‖+ LBL∇ f

µ
‖x̃−x∗‖2.

Then using the notatioñε = ‖∇g(x̃)‖/µ andδ̃ = ‖A(x̃)q̃−∇ f (x̃)‖ we arrive at the assertion,

‖h̃−h‖ ≤ ‖B(x̃)‖
µ

δ̃ +c(x̃)ε̃ +
LBL∇ f

µ
ε̃2. �

Proof of Theorem10As in the proof of Theorem9 we use Lemma11 to get (4.1). For the a priori
bound, we then invoke Lemma13with x1 = x∗ andx2 = x̃ and apply it to (4.1),

‖h̃−h‖ ≤ ‖B(x̃)‖
µ

‖A(x̃)q̃−∇ f (x̃)‖+‖D(x̃)∇ f (x̃)−D(x∗)∇ f (x̃∗)‖

≤ ‖B(x̃)‖
µ

‖A(x̃)q̃−∇ f (x̃)‖+c(x∗)‖x̃−x∗‖+ LBL∇ f

µ
‖x̃−x∗‖2.

Using the a priori estimates‖A(x̃)q̃−∇ f (x̃)‖ ≤ δ and‖x̃− x∗‖ ≤ ε together with the Lipschitz
continuity ofB yields

‖h̃−h‖ ≤ ‖B(x̃)‖
µ

‖A(x̃)q̃−∇ f (x̃)‖+c(x∗)‖x̃−x∗‖+ LBL∇ f

µ
‖x̃−x∗‖2

≤ ‖B(x̃)‖
µ

δ +c(x∗)ε +
LBL∇ f

µ
ε2 ≤ ‖B(x∗)‖

µ
δ +

LB

µ
δε +c(x∗)ε +

LBL∇ f

µ
ε2. �
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14 EHRHARDT AND ROBERTS

4.2. Specialized a priori bounds

The above framework is generic in that no specific algorithms are required for the lower-level solver
and linear system solver. Our a posteriori bounds are completely solver independent, because they use
‖∇g(x̃)‖ and‖A(x̃)q̃−∇ f (x̃)‖ as the key error metrics, which are always available from the solver.
However our a priori bounds are solver-dependent, based on theirspecific convergence rates. We now
give some concrete examples of the a priori bounds for specific solver choices.

For the lower-level solver, we require‖x̃− x∗‖ ≤ ε. In terms of the iteration countk, for gradient
descent (2.9) with the optimal stepsizeα = 2/(L+µ) we have [19, Lemma 6]

‖x(k)−x∗‖ ≤ (λ ∗
GD)

k‖x(0)−x∗‖, (4.2)

for all k, whereλ ∗
GD = (L− µ)/(L+ µ). Alternatively, if we use heavy ball (2.10) with the optimal

stepsizeα = 4/(
√

L+
√µ)2 and momentumβ = (λ ∗

HB)
2, whereλ ∗

HB := (
√

L−√µ)/(
√

L+
√µ), we

have the following [19, Lemma 13]: for allγ > 0, there existsc> 0 such that

‖x(k)−x∗‖ ≤ c(λ ∗
HB + γ)k‖x(0)−x∗‖, (4.3)

for all k. As a final example for the lower-level solver, we consider FISTAadapted for strongly convex
problems, [32, Algorithm 5]. Combining [32, Theorem 4.10] with the identity‖x−x∗‖2 ≤ (2/µ)[g(x)−
g(x∗)] (e.g., [33, Theorem 2.1.7]) gives

‖x(k)−x∗‖2 ≤ min

{(
1+

√µ√
L

)
(λ ∗

FISTA)
k,

4
(k+1)2

}
L
µ
‖x(0)−x∗‖2, (4.4)

whereλ ∗
FISTA := 1−

√
µ/L. Of these results, although heavy ball and FISTA both have an accelerated

linear rate compared to gradient descent, we do haveλ ∗
FISTA > λ ∗

HB, with a larger difference for well-
conditioned problems.

For the linear system solver, our goal is to make‖A(x̃)q−∇ f (x̃)‖ small by minimizingΦ(q) =
1
2qTA(x̃)q−∇ f (x̃)Tq. We note thatA(x̃)q−∇ f (x̃) = ∇Φ(q), andΦ is µ-strongly convex and hasL-
Lipschitz gradients. We can combine the above lower-level solver results with the identityµ‖q(k) −
q∗‖ ≤ ‖A(x̃)q−∇ f (x̃)‖ ≤ L‖q(k) − q∗‖ whereq∗ = A(x̃)−1∇ f (x̃), and if we takeq(0) = 0 then the
initial residual is‖∇ f (x̃)‖, we have

‖A(x̃)q(k)−∇ f (x̃)‖ ≤ L
µ
(λ ∗

GD)
k‖∇ f (x̃)‖, (4.5)

for gradient descent, and for heavy ball: for allγ > 0, there existsc> 0 such that

‖A(x̃)q(k)−∇ f (x̃)‖ ≤ c
L
µ
(λ ∗

HB + γ)k‖∇ f (x̃)‖. (4.6)

Lastly, we consider the a priori convergence rate of CG. Combining the standard linear convergence rate
in ‖q(k)−q∗‖A (e.g., [34, eq. (5.36)]) with the Rayleigh quotient inequalitiesµ‖y‖2 ≤ ‖y‖2

A ≤ L‖y‖2

we get the rate

‖A(x̃)q(k)−∇ f (x̃)‖ ≤ 2
L3/2

µ3/2
(λ ∗

HB)
k‖∇ f (x̃)‖, (4.7)

and we recover the same accelerated linear rate as heavy ball momentum. These results cover the three
motivating methods described in Section2.
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We specifically note that for the linear solve step, heavy ballhas the same accelerated rate as CG,
but with an unknown constant, so CG is to be preferred even withoutconsidering the extra convergence
theory available for CG (e.g., finite termination in exact arithmetic).

5. Numerical results

We now present numerical comparisons of the different hypergradient estimation methods. Our results
have three components: in Section5.1 we compare the quality of the a priori and a posteriori error
bounds, in Section5.2we show how the choice of hypergradient estimation method impacts the quality
of the overall optimization, and lastly in Section5.3 we demonstrate the utility of our approach for
learning high-quality neural network regularizers for image denoising.

5.1. Quality of error bounds

We first use a simple example problem to compare the quality of thea priori and a posteriori bounds
derived in Section4. The example problem is a simple linear least-squares problem taken from [35,
Section 6.1]:

min
θ∈R10

F(θ) := ‖A1x∗(θ)−b1‖2
2, (5.1a)

s.t.x∗(θ) := argmin
x∈R10

‖A2x+A3θ −b2‖2
2, (5.1b)

whereAi ∈ R
1000×10 have random i.i.d. entries from Unif([0,1]), andbi ∈ R

1000 are given byb1 =

A1x̂1+0.01y1 andb2 = A2x̂2+A3θ̃ +0.01y2 wherex̂1, x̂2 and θ̃ ∈ R
10 have i.i.d. Unif([0,1]) entries

andy1,y2 ∈ R
1000 are independent standard Gaussian vectors. For our experimentswe pick the test

evaluation pointθ to be the vector of all ones.
Because of the simple structure of this problem, it is easy to computex∗(θ) analytically and get

all requisite Lipschitz constants. Hence we can explicitly compute the true hypergradient∇F(θ) and
all error bounds explicitly. The only exception is the a priori bound for HB/IAD+HB, which has the
unknown constantsc andγ in (4.3) and (4.6). For illustration, we choosec= 1 andγ = 0 but there is
no guarantee that this will give a true bound and such results are denoted with an asterisk in the figures
below.

In our results, we compare the three different lower-level solvers discussed in Section4.2: GD (2.9),
HB (2.10) and FISTA (adapted for strongly convex problems as per [32, Algorithm 5]), all with opti-
mal stepsize and momentum parameters. We also use the three hypergradient methods discussed in
Section4.2, namely CG, GD and HB. We run the lower-level solvers for up to 100 iterations to get
x̃≈ x∗ (except for Figure1 wherex̃= x∗ is used), and the hypergradient solvers for up to 200 iterations.

Firstly, Figures1(a,b) show the a priori and a posteriori bounds on the lower-level solvers, where the
a priori bounds are from the standard linear convergence rates for thelower-level solvers (i.e. (4.2), (4.3)
and (4.4) for GD, HB and FISTA respectively) and the a posteriori results use‖x̃−x∗‖ ≤ ‖∇g(x̃)‖/µ.
As in [15, Figure 3], we find that the a posteriori bounds are much tighter for FISTA (and HB given that
the a priori bounds are uncomputable), although the a priori boundsare better for the slowest method,
GD.

Figures1(c,d) then show the a priori and a posteriori bounds on the hypergradient estimates, using
the exact valuẽx= x∗ (i.e.ε = 0). We see that the a posteriori bounds are significantly tighter for CG and
GD (and are the only valid option for HB). Furthermore, the a priori bounds are not always valid once
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16 EHRHARDT AND ROBERTS

Fig. 1. Simple quadratic AD comparison. *The a priori bound for heavy ball usesc= 1 andγ = 0 in (4.3) for (a,b) and (4.6) for
(c,d), but in reality these constants are not known and so there is no guarantee that this will actually be an upper bound on the
error. Note: in (b), the FISTA bound is very tight and is almost on topof the true FISTA error.

the hypergradient error is small enough that rounding errors are significant, whereas the a posteriori
bounds automatically handle this.

We also consider the same results as Figures1(c,d), but wherẽx 6= x∗ (i.e. ε > 0). These results
are shown in FigureA.1 in AppendixA. Specifically, the fastest lower-level solver (HB) was run for
N ∈ {20,60,100} iterations and̃x was taken as the final iterate, corresponding toε ∈ {1.1×10−2,3.9×
10−8,7.7×10−14} respectively. Here, we see that the a priori bounds are tighter for largeε, but the a
posteriori bounds become more useful asε → 0.

Lastly, Figure2 shows the true hypergradient errors from FigureA.1 in AppendixA, but compa-
ring the overall gradient error against total computational work (measured as the sum of lower-level
iterations and hypergradient iterations), for different levels oflower-level solve accuracy. Here, we are
interested in considering how to allocate a given budget of computational resources between produ-
cing more accurate lower-level solves and more accurate hypergradients. We see that there is a genuine
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Fig. 2. Simple quadratic problem: comparing actual gradient error versus total computational work (lower-level solve plus
hypergradient iterations) for different accuracies of lower-level solve (N is the number of heavy ball iterations used to compute
x̃).

trade-off that must be considered: largerN for more accurate lower-level solves ultimately can give
significantly more accurate hypergradients, but for very small budgets a smallerN should be used to
allow the hypergradient iteration to run for sufficiently long. The trade-off that appears here aligns with
the necessary balance betweenε andδ inherent in our a priori bound (Theorem10).

5.2. Impact of Hypergradient Method on Optimization Quality

We now consider a more realistic example problem to answer the question: how does the choice of
hypergradient method affect the quality of the overall bileveloptimization process? To answer this que-
stion we use a data hypercleaning problem from [36, Appendix B]. This process is to learn weights for
all training examples in a supervised learning problem, where some training examples have corrupted
labels (and so the standard equal weighting is not ideal), by minimizing loss over a validation dataset.
In this case, we consider multi-class logistic regression on MNIST with a cross-entropy loss:

min
θ∈RNtrain

F(θ) :=
1

Nval

Nval

∑
i=1

ℓ(X∗(θ)xval
i ,yval

i ), (5.2a)

s.t. X∗(θ) := argmin
X∈Rnc×d

1
Ntrain

Ntrain

∑
j=1

σ(θ j)ℓ(Xxtrain
j ,ytrain

j )+C‖X‖2
F , (5.2b)

whereℓ(yest,ytrue) : Rnc ×R
nc → R is the cross-entropy loss, andσ(·) is the sigmoid function. We

havenc = 10 classes, feature sized = 785,ℓ2 penaltyC = 0.001 (as chosen in [36]) and dataset sizes
Ntrain = 20000 andNval = 5000. A randomly chosen 10% of the training labelsytrain

j are corrupted by
choosing an incorrect label uniformly at random. The goal of the hypercleaning problem is effectively
to encourage the lower-level weightsσ(θ j)→ 0 whereytrain

j is corrupted andσ(θ j)→ 1 otherwise.
As in Section5.1, we use GD, HB and FISTA as lower-level solvers and CG, GD and HB as

hypergradient algorithms. To solve the full bilevel problem, werun gradient descent with constant step-
size (in this case takingα = 10) on the upper-level problem using the calculated inexact hypergradients.
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We use warm restarts for the lower-level solver, choosingx(0) in (2.9) or (2.10) (for example) to be the
final value found in the previous iteration (with the previous value of θ ). Since we are interested in the
impact on the full upper-level solve, we show how the upper-level objectiveF(θ) decreases as a function
of total computational work, taken as the sum of the total lower-level iterations and hypergradient
iterations. We use this measure as each iteration of these requires one lower-level gradient and one
lower-level Hessian-vector product respectively (with a similar cost).6

Our results are shown in Figure3, for the different choicesε,δ ∈ {10−2,10−1}. We omit the results
using GD as a hypergradient algorithm since they are all significantly worse than HB and CG (although
we do show results with GD as a lower-level solver).

Comparing lines of the same shade (i.e. same lower-level solver),it is clear that the choice of
hypergradient method has a substantial impact on the speed ofthe overall optimization. Indeed, our
results suggest that the choice of hypergradient algorithm is at least as important as the choice of lower-
level solver. In Figure3(c,d), it is even the case that using GD as a lower-level solver with CG for
hypergradients outperforms using HB for both (i.e. a non-accelerated lower-level solver with CG can
outperform using an accelerated solver for both steps).

In Figure3(b,d), we see that the fastest solver (HB lower-level/CG hypergradients) plateaus after
sufficient time. This is because the solver has reached a levelof accuracy where the first hypergradient
iterationq(0) = 0 has a sufficiently small residual and so a zero hypergradient isreturned. However this
is not a fundamental limit: the level ofF(θ) corresponding to the plateau is exceeded in Figure3(c)
by taking a smaller value ofδ . This suggests that a dynamic upper-level algorithm whereε andδ are
carefully decreased to zero may be a superior method (c.f. the fixed decrease schedule for the bilevel
solver HOAG [17]). The development and analysis of such an approach is delegated to future work.

5.3. Quality of Learned Regularizer

Lastly, we include an example demonstrating that our approachis capable of learning interesting
regularizers for image denoising that outperform standard methods.

Here, our test problem is image denoising using variational regularization where the regularizer
is an input-convex neural network (ICNN) [6, 7]. Thus, the lower-level problemsgi (1.1b) have the
form gi(y,θ) := ‖y− zi‖2+R(y,θ). In more detail, we takeR(y,θ) to be a linear combination of an
input-convex neural network and anℓ2 penalty, i.e.

R(y,θ) = log(1+eθ1)S(y,θ3:end)+ log(1+eθ2)‖y‖2. (5.3)

The mapS is a shallow neural network which comprises of a single convolutional layer (with kernel
length 3 and two output channels) with a softplus activation function, followed by an averaging output
layer. The use of the softplus functiont 7→ log(1+et) in (5.3) is to ensure non-negativity of the coef-
ficients and thus convexity ofR in y. With this architecture, we haven= 8 parametersθ to learn. Our
implementation of this regularizer is based on [7].7

We use a least-squares loss as the upper-level objective (1.1a), i.e. fi(y) := ‖y− xi‖2, where we
have training data pairsxi ,zi ∈R

d, corresponding to ground truth imagesxi and noisy imageszi . Throu-
ghout, our dataset comprises true imagesxi ∈ R

d for d = 64 which are discontinuous and piecewise
linear with 4 segments, each with a random slope generated from Unif([−10,10]) and with a jump

6 We ignore the contribution of Jacobian-vector products in the hypergradient calculation, since there is only one per calculation
compared to one Hessian-vector product per iteration of the hypergradient calculations.
7 https://github.com/Subhadip-1/datadriven convexregularization
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Fig. 3. Data hypercleaning results: upper-level objective achieved for a given amount of total work (cumulative lower-level
iterations plus AD iterations) for different combinations of lower-level solver and AD method.

of size Unif([−1,1]) between segments. The noisy datazi come from perturbingxi with independent
component-wise noise drawn from Unif([−δ ,δ ]) with δ = 0.2

d ∑d
j=1 |x j |. To reflect a realistic imaging

setting where full uncorrupted data acquisition (i.e. collecting suitablexi) is generally difficult, we con-
sider a setting where we havem= 10 training and 10 test images. An example image may be seen in
Figure5.

We will compare the ICNN (5.3) with the classical total variation (TV) regularizerR(y,θ)= θ TV(y)
as implemented in [15]. The hyperparameter to be learned is the regularization weightθ > 0 and
TV(y) := ∑ j ‖∇̂y j‖ is the discretized total variation, i.e.∇̂y j is a forward difference approximation
to the gradient ofy at pixel j. This regularizer is built around the prior thaty is approximately piecewise
constant.

We now demonstrate that the considered bilevel learning frameworkwith the optimized gradient
estimates can produce high-quality learned input-convex neuralnet regularizers for image denoising.
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Fig. 4. Convergence of bilevel solver with toleranceε = δ constant. It can be seen that computing hypergradients with higher
accuracy does not lead to an overall efficient algorithm.

Table 1 Quantitative comparison between TV and
ICNN. Training and test losses of tuned regularizers from
different frameworks. ICNN with lowest accuracy hyper-
gradients lead to the smallest test loss.

Method Training Accuracy Training loss Test loss
TV 0.0601 0.0558

ICNN ε = δ = 10−2 0.0567 0.0552
ε = δ = 10−3 0.0586 0.0569
ε = δ = 10−4 0.0607 0.0582

We ran the same bilevel solver (gradient descent) as in Section5.2, now with a constant upper-level
stepsize of 0.01. All hypergradients were calculated using FISTA as the lower-level solver and CG to
solve the IFT linear system withε = δ ∈ {10−2,10−3,10−4} constant. All solvers were run for 6 days.

The resulting upper-level objective decrease (versus computational budget) is shown in Figure4.
Separately, we also use the derivative-free approach of [15] to tune the TV regularizer weight (θ ≈ 0.026
being optimal for this training dataset). Using the best learnedhyperparametersθ from each method,
the resulting training and test losses are shown in Table1. We see that the proposed bilevel framework
with ε = δ = 10−2 can produce an improved training loss and test loss than a highlytuned version of
the custom-designed TV regularizer. By comparison, the input-convex neural net regularizer had no a
prior information about the dataset. We conclude by noting thatwe would expect the training loss to
be strictly decreasing asε = δ is reduced, which is not observed in Table1. This can be attributed to
our finite computational budget, and shows the practical trade-off between high accuracy and practical
efficiency.

Interestingly, TV and ICNN with optimized parameters have very different properties. In Figure5
we show the two reconstructions for an example image from the test dataset with similar upper-
level losses. Clearly the TV regularizer yields reconstructionswhich have a strong piecewise constant
preference, but the ICNN regularizer produces much smoother reconstructions with occasional jumps.
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Fig. 5. Qualitative comparison between TV and ICNN regularization using final tuned parameters. While the general approxi-
mation capabilities of the two models are similar it is worth pointing out that the learned ICNN does not lead the the staircasing
artefact apparent in the TV reconstruction.

6. Conclusion

This work has demonstrated that the promising inexact AD approach for computing hypergradients is
equivalent to using the implicit function theorem. This leadsto a simple, unified framework for appro-
ximating hypergradients. Our framework is flexible, with no specific requirements on solver choices
and termination conditions, and is accompanied by standard linear convergence rates as well as new,
computable a posteriori error bounds. In practice these a posterioribounds are also typically more accu-
rate. Importantly, our results also demonstrate that careful selection of the hypergradient approximation
method is as important for bilevel optimization as choosing a lower-level solver. Our results provide
a promising foundation for building practical and rigorous bilevel optimization methods which will be
addressed in future work.
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A. Extra Numerical Results

FigureA.1 below shows the same results as Figure1(c,d), but wherẽx is computed inexactly usingN
iterations of heavy ball.
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Fig. A.1. Simple quadratic AD comparison for different accuracy levelsof lower-level solve (̃x from N iterations of heavy ball,
yieldingε as stated). *The a priori bound for heavy ball usesc= 1 andγ = 0 in (4.6), but in reality these constants are not known
and so there is no guarantee that this will actually be an upper bound on the error.
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