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RESEARCH ARTICLE WILEY

Cycles in Mallows random permutations

Jimmy He! | Tobias Miiller> | Teun W. Verstraaten?

! Department of Mathematics, MIT, Cambridge,
Massachusetts, USA Abstract

Bernoulli Institute, Groningen University, We study cycle counts in permutations of 1, ... ,n drawn

Groningen, The Netherlands . L. )
at random according to the Mallows distribution. Under

Correspondence . .. . g g 9

Tobias Miller, Bernoulli Institute, Groningen this distribution, each permutation z € S, is selected with
University, Groningen, The Netherlands. probability proportional to ¢™™, where g > 0 is a param-
Email: tobias. muller @rug.nl eter and inv(z) denotes the number of inversions of 7. For

¢ fixed, we study the vector (C;(I1,), ... , C¢(I1,)) where
C;(z) denotes the number of cycles of length i in z and
IT,, is sampled according to the Mallows distribution. When
q = 1 the Mallows distribution simply samples a permu-
tation of 1, ... ,n uniformly at random. A classical result
going back to Kolchin and Goncharoff states that in this
case, the vector of cycle counts tends in distribution to
a vector of independent Poisson random variables, with
means 1,%,%, ,%. Here we show that if 0 < g < 1
is fixed and n — oo then there are positive constants m;
such that each C;(I1,) has mean (1 + o(1)) - m; - n and the
vector of cycle counts can be suitably rescaled to tend to a
joint Gaussian distribution. Our results also show that when
g > 1 there is a striking difference between the behav-
ior of the even and the odd cycles. The even cycle counts
still have linear means, and when properly rescaled tend
to a multivariate Gaussian distribution. For the odd cycle
counts on the other hand, the limiting behavior depends on
the parity of n when g > 1. Both (C;(Ily,), C3(Iz,), ...)
and (Ci(I1y441), C3(Ilps41), ...) have discrete limiting
distributions—they do not need to be renormalized—but
the two limiting distributions are distinct for all g > 1. We
describe these limiting distributions in terms of Gnedin and
Olshanski’s bi-infinite extension of the Mallows model. We
investigate these limiting distributions further, and study

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in
any medium, provided the original work is properly cited.
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the behavior of the constants involved in the Gaussian limit
laws. We for example show that as g | 1 the expected num-
ber of 1-cycles tends to 1/2—which, curiously, differs from
the value corresponding to g = 1. In addition we exhibit an
interesting “oscillating” behavior in the limiting probability
measures for g > 1 and n odd versus n even.

KEYWORDS

random permutations, mallows distribution, cycle counts

1 | INTRODUCTION AND STATEMENT OF MAIN RESULTS

Let S, denote the set of permutations of [#] := {1, ... ,n}. For a permutation # € S, the ordered
pair (i,j) € [n)? is an inversion of 7 if i < j and z(i) > 7(j). We denote the number of inversions of
a permutation z by inv(x). For n € N and ¢ > 0, the Mallows distribution Mallows(n, g) samples a
random element IT, of S,, in such a way that each z € S, has probability proportional to g™ . That is,

qinv(ﬂ)
Pdl, =n) = S o pTC
o

n

ey

This distribution on S,, was introduced in the late fifties by Mallows [27] in the context of statis-
tical ranking models. It has since been studied in connection with a diverse range of topics, including
mixing times of Markov chains [4, 11], finitely dependent colorings of the integers [22], stable match-
ings [2], random binary search trees [1], learning theory [8, 34], g-analogs of exchangeability [16, 17],
determinantal point processes [7], statistical physics [32, 33], and genomics [12].

Aspects of the Mallows distribution that have been studied include the longest increasing subse-
quence [3, 5, 28], longest common subsequences [24], pattern avoidance [9, 10, 29], the number of
descents [20], and the cycle structure [15].

In the special case when g = 1 the Mallows distribution coincides with the uniform distribution
on S,. A classical result going back to Gontcharoff [18] and Kolchin [25] states that in this case, for
every fixed ¢:

(€I, ., CAl) = (X1, oo Xo),

where C;(r) denotes the number of cycles of length i in the permutation 7, and X1, ... , X, are indepen-
dent and X; is Poisson distributed with mean 1/i foreachi =1, ... , . In spite of the long history and
considerable attention received by the Mallows distribution, until very recently the problem of deter-
mining analogues of this result for the Mallows(#n, g) distribution with ¢ # 1 seems to have escaped
attention. In a recent paper, Gladkich and Peled [15] studied the cycle structure of the Mallows distri-
bution when g = g(n) depends on n and approaches one as n — co. Here we will focus instead on the
limiting distribution of the cycle counts when g # 1 is fixed and » tends to infinity.

Our first result shows that for 0 < g < 1 each C;(I1,,) has a mean that is linear in », and that for
every fixed £, the vector (C(I1,), ... , C/(IL,)) can be suitably rescaled so that it tends to a jointly
normal limiting distribution.
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Theorem 1.1. Fix 0 < g < 1 and let I1,, ~ Mallows(n, q). There exist positive constants
my, my, ... and an infinite matrix P € RN such that for all ¢ > 1 we have

nE

d
(CUTL) = min, ..., CAUTL) =men) = N, Py),
n n—oo

\/—

where Ny (-,+) denotes the ¢-dimensional multivariate normal distribution and Py is the
submatrix of P on the indices [£] X [£].

As it happens, for g > 1, there is a major difference between the behavior of even cycles and odd
cycles. For even cycle counts we have a result analogous to the previous theorem.

Theorem 1.2. Fix g > 1 and let 11, ~ Mallows(n, g). There exists positive constants
oy Ua, ... and an infinite matrix Q € RN such that for all ¢ > 1 we have

L

\/ﬁ

where Ny (-,+) denotes the ¢-dimensional multivariate normal distribution and Qy is the
submatrix of Q on the indices [€] X [£].

d
(CAL,) = pan, ... ,Cor(l,) — poen) — N0, Qp),

We will describe the limiting distributions for odd cycles in the case when ¢ > 1 in terms of the
bi-infinite analogue of the Mallows distribution that was introduced by Gnedin and Olshanski [17].
This is arandom bijection ¥ : Z — Z, whose distribution we’ll denote by Mallows(Z, g). See Section 2
for more discussion and relevant facts.

Throughout the article r, p denote the bijections of Z defined by r(i) := —iand p(i) :=1—1.

Theorem 1.3. Let g > 1 and I1,, ~ Mallows(n, ¢) and £ ~ Mallows(Z, 1/q). We have

(Ci(Tapr), Co(Tage), ) = (Ci(ro D), Cx(ro D), ..,

and

(C1{TTa0), Co(TTyp), ) = (Ci(poD), Cx(po D), ..0)

Moreover, the two limiting distributions above are distinct for all g > 1. The permutations
ro X and p o X almost surely have only finitely many odd cycles.

Next, we study the properties of the constants m, my, ... occurring in Theorem 1.1. The first part
of the next result gives an interpretation of these constants in terms of the Mallows(Z, ¢) distribution.

Theorem 1.4. Let 0 < g < 1 and T ~ Mallows(Z, g), and let m|,ms, ... be as provided
by Theorem 1.1.

(i) Fori=1,2, ... we have
m; = (1/i) - P(0 lies in an i-cycle of X).

In particular

m; = P((0) = 0).
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(it) Yooqi-m;=1.
(iii) We have

(my,mp,ms, ...) - (1,0,0, ...) as q |0,
(my,my,ms, ...) = (0,0,0, ...) as g 11,

where the convergence can be taken with respect to the Li-norm. Moreover,

m =1-2qg+o0(q) as q |0,

¥+o(l—q) as g1 1.

my

Combining Part (i) of the above theorem with Theorem 5.1 of [17], we can write
m =0 d1(=q:0.4) - (1 =) - [J1 -,
i=1

where ¢, denotes the g-hypergeometric function—see [14] for the definition and background. An
alternative expression, based on the work of Gladkich and Peled [15], for m; is given in Lemma 6.1
below. Figure 1 shows a plot of m; versus g together with the results of computer simulations.

The next result provides similar results for the constants appearing in Theorem 1.2.

Theorem 1.5. Let ¢ > 1, let u, s, ... be as provided by Theorem 1.2, and let
3, % ~ Mallows(Z, 1/q) be independent.

(i) Fori=1,2, ... we have
1 P . ’
i = % -IP(0 isin an i-cycle of X' 0 X),
i

and in particular

po= 5 YPIEO) = i,

i€Z

T
exact

simulations  +

0.6

my

0.4 -

0.2 -

FIGURE 1 A plot of m; versus g. The crosses correspond to the average number of 1-cycles in 10 000 samples of the
Mallows(1000, ¢) distribution.
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T
exact

simulations +

04 -

0.3 |

2

FIGURE 2 A plot of yu, versus g. The simulations were done sampling a Mallows(1000, g) distribution 10 000 times, and
taking the average number of 2-cycles.

(ii) 2oy 2i- ppy = 1.
(iii) We have

(42, M4, ps, ...) = (0,0,0, ...) as g1,
(u2, Ha» g, --.) = (1/2,0,0, ...) as g — oo,

where the convergence can be taken with respect to the L-norm.

Again, combining Part (i) with Theorem 5.1 in [17] gives an expression for u, as an explicit func-
tion of g. Figure 2 provides a plot of u, versus g together with the results of computer simulations.
We mention that Pitman and Tang [30, Proposition 3.3] give a result for so-called regenerative random
permutations, that is closely related to parts (i) and (ii) of Theorems 1.4 and 1.5.

Next we provide some results on the asymptotic expected number of 1-cycles when g > 1. We
remind the reader that a “1-cycle” is the same as a fixed point. For notational convenience let us write

Ce = ECI (P o Z)’ Co = ECI (r ° 2)’ (2)

where again £ ~ Mallows(Z, 1/q) and r, p are given by r(i) = —i, p(i) = 1 —i.
Theorem 1.6. Let g > 1 and c,, ¢, as given by (2) and T ~ Mallows(Z, 1/q).

(i) We have
c. = P[Z(0) odd] and ¢, = P[Z(0) even].

(ii) We have

limc, = limc, —1
e qll o 25

qll

lim ¢, =0,
q—>00

lim ¢, = 1.
q—>oo
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1
Ce ——
Co — o4ttt
e
0.8 — R
/
/
A
0.6 - / R
—~<
04 | \\ |
\\\
0.2 - T~ i
0 I I I I
1 5 10 15 20 25
q
FIGURE 3  The graph of ¢, and ¢, for g > 1. Simulations were done for n = 1000 and n = 1001, each sampled 10 000 times.

Moreover, as g - oo we have

co=1-2/g+0(/q) and c,=2/qg+0(1/q) as g — .

We note that Part (i) of the above theorem gives that in particular

Cetco=1,

for all ¢ > 1. Again, Theorem 5.1 in [17] allows us to convert the probabilities given in Part (i) of
the above theorem into explicit functions of g. Plots of ¢, and ¢, as a function of ¢, together with the
results of computer simulations are shown in Figure 3.

As mentioned previously, when g = 1 we retrieve the uniform distribution on S, for which the
expected number of 1-cycles equals one. So the fact that the limits for g | 1 of c.,c, equal 1/2
is pretty curious. Of course there is no contradiction, since our results apply to the situation where
g > 1 is fixed and we send 7 to infinity. Our results however do suggest something interesting must
be going on in the “phase change” when ¢ = ¢(n) is a function of n that approaches one from
above as n — oo.

Our final (main) result highlights an interesting “oscillating” behavior in the probability measures
corresponding to the limit of C;(Ily,), respectively Ci(Ily,+1), when g > 1. The probability that IT,
has at least m one cycles is a lot larger when the parities of m and n agree than when they do not (for
m large but fixed and n — ).

Theorem 1.7. For 0 < g < 1 and £ ~ Mallows(Z, q) we have, as k — oo

P(Ci(poX) > 2k) < P(Ci(roX) > 2k),
P(Ci(poX) > 2k+ 1) > P(Ci(roX) > 2k + 1).

(The notation g(k) < f(k) means that the ratio g(k)/f(k) tends to zero as k — 0.)
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Sketches of some ideas used in the proofs

The proofs of Theorems 1.1 and 1.2 are adaptations of a proof technique developed by Basu and
Bhatnagar [3] to prove a Gaussian limit law for the length of the longest monotone subsequence of a
Mallows permutation, and in fact Theorem 1.1 closely follows the original proof. The intuition behind
it is that if I, ~ Mallows(n,q) with 0 < g < 1 then given that IT,[{1, ... ,j}] = {1, ... ,j} the
remainder of the permutation behaves like a Mallows random permutation of length n — j. As it turns
out, there will typically be linearly many such j.

A very rough sketch of the argument giving Theorem 1.1 is as follows. If T} < --- < T} = n are
such that IT,[{1, ... ,T;}] = {1, ... ,T;} then each cycle must liec completely in {T;_; + 1, ... ,T;}
for some i (setting 7o = 0). This allows us to show that the cycle counts behave approximately like
a stopped two-dimensional random walk. This refers to the situation where (X1, Y1), (Xz, Y»), ... are
i.i.d. and we are interested in Z;lYi where z :=inf{k : X;+- - -+X; > n}. Here the X; correspond to
T; — T, and Y; counts the number of cycles contained in the interval {7;_; +1, ... ,T;}. A convenient
result of Gut and Janson [19] allows us to derive that the mentioned sum is approximately Gaussian
after suitable rescaling. The same argument applies to arbitrary linear combinations of the cycle counts,
so that we can employ the Cramer-Wold device to deduce that the—suitably rescaled—vector of cycle
counts is multivariate Gaussian.

The proof of Theorem 1.2 goes along the same lines. Now it turns out that there are linearly many
T, < --+ < Tgsuch that IL,[{1, ... , T3}] = {n+1-=T;, ... ,n} and IL,[{n+ 1 -T;, ... ,n}] =
{1, ... ,T;}. (Almost) every even cycle must then be contained in some set {7;—; + 1, ... ,T;} U {n +
1-T;, ... ,n—T;_}, and we can adapt the proof strategy that gave Theorem 1.1 to work also here.
‘We mention that Theorem 1.2 can also be proved by starting from the center of the permutation, rather
than the sides, see [21].

In the proof of Theorem 1.3, we rely on results of Gnedin and Olshanski [17] that show that “lo-
cally,” for 0 < g < 1, the finite Mallows permutation resembles the bi-infinite Mallows permutation X

defined and analyzed in [17]. An elementary, but crucial, observation is that IT, i Mallows(n, q) if and

only if r, o I, < Mallows(n, 1/q) where r,(i) := n+1—i. (See the next section for the explanation.)
Note that if # is odd then r, leaves (n + 1)/2 invariant, but when n is even no element of {1. ... ,n} is
invariant (n/2 and n/2 + 1 are flipped). For ¢ > 1, the relation with the Mallows(n, 1/¢) distribution
translates to I1, ~ Mallows(n, ¢) being “approximated” by r o £ with (i) := —i when rn is odd; and
po X with p(i) :=1—iwhennis even. In particular we for instance have that the number of 1-cycles
(fixed points) of II, approximately behaves like the number of i € Z such that (i) = —i when n is
odd, and the number of i € Z such that £(i) = 1 — i when 7 is even.

For the proof of Theorem 1.4 we again use that the Mallows(n, g) distribution locally looks like
the bi-infinite Mallows model. The main intuition is the elementary observation that the number of
i-cycles equals 1/i times the number of points that are in i-cycles. That Y im; = 1 is then more or
less immediate from the observation that, almost surely, all cycles of X have finite length. (As can for
instance be seen from the regenerative nature of Mallows permutations for fixed g.) The statements
about the limits as ¢ | 0 and ¢ 1 1 can be derived by using explicit expressions for the expected
number of 1-cycles that follow by combining our work with results of Gnedin and Olshanski [17] and
Gladkich and Peled [15].

The idea behind the proof of Theorem 1.5 is very similar, but more technical. When ¢ > 1 then the
Mallows(n, g) model is approximated well locally by the composition of two independent bi-infinite
Mallows models.

The first part of Theorem 1.6 will follow from the aforementioned fact that, when g > 1, the
expected number of 1-cycles is well-approximated by the number of i € Z such that £(i) = —i when
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n is odd, and the number of i € 7Z such that £(i) = 1 — i when n is even. The limit of 1/2 for the
expected number of 1-cycles when g | 1 will follow from the relatively elementary observation that
1/g < P(Z(0) =j+1)/P(Z(0) =) < g for all j € Z. For the other limits we again analyze the various
explicit expressions in g.

The proof of Theorem 1.7 is technically involved, but the intuition behind it is relatively easy to
explain. When & is large the “most likely” way in which r o £ will have at least 2k + 1 fixed points is
if 2(—k) =k, ... ,Z(k) = —k, or some minor perturbation of this configuration. For p o X the “most
likely” way to have 2k+1 fixed points is something like 2(—k) = 1+k, Z(—k+1) =k, ... ,2(k) = 1 -k,
or some minor perturbation of that situation. However, as shown by Gnedin and Olshanski [17], Z is
almost surely balanced: the number of i < 0 with (i) > 0 is finite and equals the number of i > 0
with X(i) < 0. This forces the existence of one more i € Z with |X(i) — i| = Q(k)—which makes the
probability exponentially smaller. (We remind the reader that (k) denotes a quantity that is at least as
large as a positive constant times k.) The intuition for 2k fixed points is similar.

Remark 1.8. Let us note that Theorems 1.1-1.3 all hold for a more general class of
permutation statistics.

Let w € S,,, and suppose that w = w;w, where w; sends [1,] to itself and [i + 1, n]
to itself. Say that a function f : U,S, — R? is additive if f(w) = f(wy) + f(wy) for all
w = wiw, decomposing in this way, where f(w) for w a permutation on an interval [i, ]
is defined by shifting down the permutation to [1,j — i 4+ 1]. Then Theorem 1.1 holds for
any (non-trivial) additive function satisfying |[f(w)| < Cn* for w € S,,, where C and k are
constants. The proof is exactly the same, with the key being that f(w) decomposes into a
sum of independent pieces in the same way as the number of cycles. The other assumptions
are to ensure that the moments are finite, and that the variance is non-zero.

Let w € S,,, and suppose that w = w;w,, where w; sends [i,n — i] to itself and w,
sends [1,7] to [n — i + 1,n] and vice versa. Say that f : U,S, — R? is anti-additive
if f(w) = f(w1) + f(wy) for all w = w;w, decomposing in this way. Then Theorems
1.2 and 1.3 holds for any (non-trivial) anti-additive function satisfying |f(w)| < Cn¥ for
w € S,, where C and k are constants. Again, the proof is the same, writing f(w) as a sum
of independent pieces.

Here, non-trivial means that f, when restricted to permutations of size n for which no
non-trivial decomposition of the form w = w;w, exists, is non-constant. This assumption
is needed to ensure that the variances f; and B are non-zero. Almost any reasonable
function satisfies this, but note in particular that f(w) = n the size of the permutation does
not satisfy this.

Note that if f(w) is either additive or anti-additive, then so is f(w™!). Thus, the theorems
also apply to joint statistics for a Mallows permutation and its inverse, giving another proof
of Theorem 1.2 of [20].

2 | NOTATION AND PRELIMINARIES

Here we collect some notation, definitions, and results from the literature that we will use in our
proofs. Throughout the article, we use [n] := {1, ... ,n} to denote the set consisting of the first n
natural numbers, and [a,b] := {a, ... ,b} for a < b. If f(n), g(n) are two functions depending on the
parameter n, we will use f(n) = o (g(n)) to denote that f(n)/g(n) — 0, we will use f(n) = O (g(n))
to denote that there exists a constant C > 0 such that f(n) < C - g(n), we will use f(n) = Q(g(n))
to denote that there exist a constant ¢ > 0 such that f(n) > ¢ - g(n), and f(n) = ©® (g(n)) to denote
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that f(n) = O(g(n)) and f(n) = Q(g(n)). We will use Bi(n, p) to denote the binomial distribution with
parameters n and p and we use Geo(p) to the note the geometric distribution with parameter p. So
X ~ Geo(p) means that

PX = k) =p(1 —p),

for all k € N. We use TruncGeo(n, p) to denote the truncated geometric distribution, truncated at n.
That is, if Y ~ TruncGeo(p) and X ~ Geo(p) then

POy =k =PX=kX<m=P20=P""
I=(-pr

As is usual in the literature on the Mallows distribution, we denote by

Zn,q) = Y, q™,

cES,

the denominator in (1). By a standard result in enumerative combinatorics (see Corollary 1.3.13in [31])

we have
n

l—qi
Z(n,q) = .
gl—q

An elementary observation is that the indices i,j € [n] form an inversion for # € S, if and only if
x(i), z(j) form an inversion for z~!. In particular

inv(z™") = inv(x).

Similarly, letting r,, € S, denote the “reversal map” given by r,,(i) := n+ 1 —1i, we have thati,j € [n]
are an inversion in x if and only if they are not an inversion in r, o #. The same holds true for 7 o r,,.
In other words

" > — inv(rx),

inv(r,ox) =inv(ror,) = (2

and hence also

inv(r, o or,) = inv(r).
As a direct consequence of these observations and the definition of the Mallows probability measure,
we have:

Corollary 2.1. Let g > 1 and I1,, ~ Mallows(n, g) and let r,, be given by r,(i) = n+1—1.
The following hold.
(i) ;' =11, and;
(ii) ryol, 07, = I,, and;
(iii) ryoTl, = Mallows(n, 1/q), and;
(iv) I, or, < Mallows(n, 1/q).
(To see the third and fourth parts of the lemma, note that P(r, oI1, = x) = P(I, = r,ox) =

q(;)_inv(”) /Z(n, q) is proportional to (1/¢)™, and similarly for IT, o r,,.) The last two parts of the

85UB017 SUOWIWOD @A IO 3(eot|dde ay) Aq pausenob ake sppiie YO ‘88N JO Sanu Joj ARIG1TUIIUO A8|IM LO (SUONIPUOO-pUe-SWBH L0 A8 | IM°Ae1q 1 [Bu 1 Uo//SANY) SUONIPUOD pue SWLB | 83U} 88S *[£202/TT/LT] Uo Ariqiaulluo A|1Mm eeyiol|qiosiBlSAIUN Aq 69TTZES1/Z00T OT/I0p/LLI0d A8 IM ARIq 1jBul|U0//SANY WOy papeojumod ' ‘€20 ‘8TYZ860T



HE ET AL. WI LEY 1063

corollary provide a way to express the Mallows distribution with ¢ > 1 in terms of the Mallows
distribution with 0 < g < 1. We will rely on this a lot in our proofs of the results for g > 1.

For 0 < g < 1, there is an iterative procedure for generating I, € Mallows(n, g), going back to
the work of Mallows [27]. We let Z}, ... ,Z, be independent with Z; ~ TruncGeo(n + 1 — i,1 — g).
We now set

IL,(1) = Z,,
I1,(i) = the Z;-th smallest number in the set [n] \ {II(1), ... ,II({ — 1)}, for 1 <i<n.

Put differently, having determined I1,(1), ... ,IL,(i — 1), we determine IT,(i) by writing [n] \
{IL,(1), ... ,II,(s — 1)} in increasing order as {j1,j2, ... ,jn—s+1}, and setting set I1,(i) :=jz. To see
that this procedure indeed generates a random element of S, chosen according to the Mallows(n, )
distribution, we can argue as follows. We first note that for each = € S, there is exactly one choice of
(k1, ... k) € [n] X [n— 1] X - X [1] such that setting Z; = ky, ... ,Z, = k, results in II, = x (and
vice versa each choice of ki, ... , k, determines a unique element of S,)). In particular

IP>(Hn =)= HP(Z, = k,) x qZL](ki_l)’

i=1

where the symbol « denotes “proportional to,” and hides a multiplicative term not depending on
ki, ... ,k,. We now note that for each i € N we must have

[{j:i<jand z(@) > z(j)}| =k — 1.

In other words, inv(z) = k; + - - - + k,, — n, which shows that we’ve indeed sampled according to the
Mallows(n, g)-distribution.

There is a natural extension of the Mallows model to random functions IT : N — N, called the
Mallows process by some authors. Similarly to the iterative procedure for generating II, ~
Mallows(n, g) described above, we let Z;,Z,, ... be an infinite sequence of i.i.d. Geom(1 — g) random
variables and we iteratively construct an infinite sequence IT of natural numbers by setting

(1) = 7y,
I1(i) = the Z;-th smallest number in the set N\ {II(1), ... ,II(i — 1)}, for i > 1.

We denote the probability distribution of II generated in this manner by Mallows(N, g) (see also
Figure 4).

For a non-empty, finite A C R and a bijection 7 : A — A we define inv(x) in exactly the same way
as for bijections from [#] to itself. The distribution of the random bijection Iy : A — A satisfying
inv(x)

P(ly =) = 2—,
Z(n,q)
will be denoted by Mallows(A, ¢). For o : B — B a bijection with B C R and A C B finite (but B may
be infinite) we denote by o4 the bijection we obtain by setting

oala) :=ag if o(a) isthe ith smallest element of o[A],

where a; is the ith smallest element of A.
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FIGURE 4 Sample of Mallows(N, ¢). The red squares indicate the first time that an interval is sent to itself, and the lengths
and contents of the red squares are independent and identically distributed.

As shown by Basu and Bhatnagar [3, Lemma 2.1] and independently Crane and DeSalvo [9,
Lemma 5.2], if IT ~ Mallows(N, g) withO < g < 1 and I = {a, ... ,a + n} C N is a finite “interval”
of consecutive integers then

I, < Mallows(l, g).

Moreover, as is easily seen from the definitions, if I = {a+ 1, ... ,a+n} C Z is such an interval then

Y ~ Mallows(/, ) if and only if 5@ o X o s"% < Mallows(, g).

Here and in the rest of the article s denotes the shift map given by i — i+ 1 and f denotes the n-fold
composition of the function f with itself and £~ denotes the n-fold composition of the inverse £~
of f with itself. (So in particular s®) is the map i + i + k and s*¥ is the map i — i — k.)

We next discuss Gnedin and Olshanski’s bi-infinite Mallows model. For every 0 < g < 1, thisis a
random bijection of Z, whose distribution we will denote by Mallows(Z, g). The work of Gnedin and
Olshanski provides several definitions, but all of them are rather involved. So we refer the reader to
the original paper [17] for the precise definition and mention only the properties and relevant facts we
will be using in what follows.

We will need the following notion of convergence. For a sequence oy : I} = 1,00 : I, = I, ...
of bijections of subsets of Z with the property that Z = |J,, 1,, we write 6, — o if for every i € Z
there is an n = n(i) such that n’ > n implies 6,(i) = o(i).

As in [17], we call a permutation 7 of Z balanced if

HG @) 1 i<l <z} = {0 7@) 1 7() <1 <i}| < oo.
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As noted in [17], we may replace the 1 above by any fixed number in Z and obtain an equivalent
definition of balanced permutations. The random permutation ¥ ~ Mallows(Z, g) is almost surely
balanced.

The g-Pochhammer symbols (a; g),, and (a; ) are defined as

n (o)

@qn=[](1-ag™") and  @@w=[](1-as™),

i=1 i=1

Recall that, throughout the article, we will use s, 7, p to denote the maps given by
s@ =i+1, r@ :=-i, p@ =1-1i.

The following lemma lists the facts on the Mallows(Z, g) distribution we will be relying on in our
proofs below.

Lemma 2.2. Let 0 < g < 1 and X ~ Mallows(Z, q). We have

(i) If I C Zis afinite set of consecutive integers then X; < Mallows(, g) [17, comments
below Theorem 6.1];
(it) If I; €1, C ... are finite sets of consecutive integers with | J,, I, = Z, then £; — X
almost surely [17, Proposition 7.6];
(iii) 7! < Mallows(Z, g) [17, Corollary 3.4];
(iv) soTos~! L Mallows(Z, g) [17, Lemma 4.4];
(v) poZop < Mallows(Z, g) [17, Corollary 3.5];
(vi) P[|Z(0)| > m] = ©(¢™) [17, Remark 5.2];
(vii) For each d € 7 we have

qu+r+l

PI20) = d] = (1 - 9)(g: Do ), YT

r—=l=d

[17, Theorem 5.1].

We remark that it follows from Part (iv) that also
sP o3 o5 i 3,
for all k € Z. It now also follows that
d
(i) — i = 2(0),

1

for all i € Z. Similarly, since p = ros™ = sor, we can combine (iv) and (v) to derive that

d d
roXor=s'opoZopos=s'oTos=23.

Finally, let us also remark that the Mallows(Z, g) process can be thought of as a stationary version
of the Mallows(N, g) process, as described in [30]. In particular, we will use the following result on
renewal processes, applied to the Mallows process [13, eq. 5.72].
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Proposition 2.3. Let X; be a sequence of independent and identically distributed random
variables taking values in N, with EX; = u > 0, and let t(n) = inf{z : Z;=1Xi > n}. Then
Xy = X* in distributed, where X* has the size-bias distribution of the X;, which means
PX* = x) = xP(X; = x)/ u.

We will also use some of the tools developed in [15]. In particular we will use the arc chain {x;}]_,
corresponding to I1, ~ Mallows(n, g) with 0 < g < 1, defined by

k; = |{i €[] : I1,G) > t}].

We speak of the (n, g) arc chain. We have the following.

Lemma 2.4 ([15], Proposition 3.3). Let I1, ~ Mallows(n,q) with 0 < g < 1.
The arc chain (k)=o,... n of 1, is a time-inhomogeneous Markov chain with transition

probabilities
r ok 2 .
() e
k n—t k k+1
—q 2—q"—q e
T if ] = k,
Pkp1 = jlk: = k) = 1 1= = .
qk_qn—r . qk+l_qn—r . .
e if j=k+1,
0 otherwise.

Lemma 2.5 ([15, Lemma 3.4]). Let I1,, ~ Mallows(n, q) and x be its arc chain. Then

¢" = g"*"g" — g
(1-gy
(We mention that we have slightly adapted the statements from [15] in the above two lemmas.)
Analogously to the arc chain «;, for II, ~ Mallows(N,g), we can define the arc-chain for
IT ~ Mallows(N, g) with 0 < ¢ < 1 setting

PLG+ D) =t+1 |k, =kl = 0<t<n.

g, = |{i €[f] : TIG) > 1}].

We speak of the (o0, g)-arc chain. It is straightforward to verify that (&,);>¢ forms a Markov chain
with the following transition probabilities.

(1-4"? it j=k-1,
) = 2qk _ q2k _ q2k+1 if ] — k,
P& = jl&: =k) = 2kt .
q if j=k+1,
0 otherwise.

Alternatively, this can be seen by combining Lemma 2.4 with Lemma 3.2 below. As a side
remark, we mention that Gladkich and Peled [15] defined the (o0, g)-arc chain directly via the
transition probabilities given here, without explicitly mentioning the connection to the definition
we give here.
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As explained in [15, Section 3.2], the Markov chain &k, has a unique stationary distribution v
given by

2i—1

|} s
i=1 (]—gi)2

= 3
t 2i—1
Zrzo Hi:l (lq_w

Vs

Here, as usual, an empty product equals 1.
The following result provides a useful link between the (n, g) and the (o0, g) arc chains.

Proposition 2.6 ([15], Proposition 3.8). Sett = t(n). If botht — o0 and n —t — oo then
the law of k; converges to the stationary distribution vy as n tends to infinity with q fixed.

Given two discrete probability distributions y; and u, on a countable set Q, their total variation
distance is defined as

dry(p1, H2) = max|ui(A) — pz(A)|.
ACO

A useful alternative expression is

drvi ) =3 i@ - @l = Y, ) = ).

xeQ X5y (X)> pp (x)

(For a proof, see for instance Proposition 4.2 in [26].) As is common, we will interchangeably use
the notation drv(X,Y) :=dpry(u,v)if X ~ pyyand Y ~ u,.

A coupling of two probability measures u, v is a joint probability measure for a pair of random
variables (X, Y) satisfying X 2 uY 2 v. We will also speak of a coupling of X, Y as being a probability
space for (X', Y") with X’ Z X, Y L Y. Another useful characterization of the total variational distance

is as follows.

Lemma 2.7. Let u and v be two probability distributions on the same countable set Q.
Then

dry(u,v) =inf{P[X # Y] : (X,Y) is acoupling of 4 and v}.

There is a coupling that attains this infimum.

(For a proof, see for instance [26], Proposition 4.7 and Remark 4.8.)

For the proofs of the normal limiting laws in Theorems 1.1 and 1.2 we will make use of a result
on stopped two-dimensional random walks by Gut and Janson [19] that seems tailor made for our
purposes. Here we consider an i.i.d. sequence (X1, Y1), (X2, Y»), ... and for ¢t > 0 we define z(¢) as the
first k such that X; + - - - + X} exceeds ¢:

t()=inf{k>1: X+ -+ X, >t} 4)

The result of Gut and Janson we’ll use states that:

Theorem 2.8 ([19], Theorem 3). Let (X1,Y1),(Xz,Y2), ... be an i.i.d. sequence and
let T(n) be as given by (4). Suppose that EX; > 0, that Var(X;), Var(Y;) < oo and
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Var(YIIEXl - XlEYI) > 0. Then

(1) EY,

XiiYi— (in)’ d Var(Y, EX, — X,EY))

— 7 5 N|O, .
\/Z —0o0 (]EX] )3

For the proofs of the normal limiting laws in Theorems 1.1 and 1.2 it will be convenient to use the
Cramer-Wold device. A proof can for instance be found in [6, Theorem 29.4].

Theorem 2.9 (Cramer-Wold device). For random vectors X, = Xni, .- »Xnk)
and Y = (Y1, ....,Y%), a necessary and sufficient condition for Xni>Y is that
Zl;zltan,u i» ZﬁzltuYufor each (11, ... ,tr) € Rk,

Several times, we are going to rely on the following result of Basu and Bhatnagar [3].

Lemma 2.10 ([3, Lemma 5.5]). Let Wi,W,, ... be an i.i.d. sequence of random
variables with EW? < co. Then

max<i<y Wi

- 0
\/n
in probability.

We will also make use of the following fact. Even though it seems pretty standard we have not been
able to find a convenient reference. We therefore provide a short proof.

Lemma 2.11. Suppose that (W) is a Markov chain with state space {0} U N, started
in state Wy = 0, and whose transition probabilities satisfy p;; = 0 if and only if |i—j| # 1
and liminfi_ opii-1 > 1/2. Let

T :=inf{r>1:W,=0}.

Then ET* < co for all k € N.

Proof. Let T; denote the number of steps to reach i — 1, in the chain starting from W, = i.
Letip € N,p > 1/2 be such that p;;_; > p for all i > iy. We have

P(T; > 1) <P(Bi(t,p) <1/2) = exp [-Q@1)],

for each i > iy, using the Chernoff inequality (see for instance [23], Corollary 2.3). This
implies
ETf < Y- P(T; > 1) < oo,
t

forall i > iyand k € N.
Starting from Wy = 0, we of course move to state 1 with probability one in the first
step, giving

k
a\
ET*=E(1+T) =) <j ) ETy,

j=0

for all k € N. In particular, it suffices to show ET* < oo for all k € N.
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Similarly, by considering the first step of the chain we see for each i > 1 and k € N:
k
ET} = piio1 +pig—1 - E(1+ T + T},))

k Ot
=piict +Piis1 - ET'ET:?,, 5
Pii—1 T Pii+1 2 <k1,k2,k—(k1+k2)> i i+1 ( )

0<ky ko <k,
ky +ko <k

l.’ .l i T;+) independent in the first line. (To see the first inequal-
ity, note that in the first step we move to i — 1 with probability p;;_;. If, on the other hand,
we move to i + 1 in the first step then we first have to wait until we reach state i again, and
then we have to wait until we reach i — 1 from 7). Rewriting (5), we obtain

d
where we take 7/ = T;_1, T,

1 k Ky ok
i 1= piit ii i+ ogAZI.kzsk ki, ko, k — (ki + kp) i i+1
ky+ky <k,
Ky #k

We can thus apply induction on k to show that IETZ.’(‘] _; < oo for all kK € N. Repeating
the argument, we also have ETI-" <oofori=iy—2,ip—3,... andsoonuntili=1. =

3 | THE PROOF OF THEOREM 1.1
We define a sequence of regeneration timesTy) < Ty < T, < - - - as follows:

Ty =0,
T, i=inf{j> Ty st OGN = [} G=1,2, ... ).

In Section 4 of [3], Basu and Bhatnagar show that T has finite second moment.
Lemma 3.1. E77 < co.

(We combine Lemmas 4.1 and 4.5 of [3].) We also define the interarrival times
Xi=T,—- T,

and

t(n) = inf{r : T, > n}.
Looking at the description of IT in Section 2, it is not difficult to see that conditional on the event
T; = t, the bijection i — II( + t) — t is distributed like II. It follows that the interarrival times
X1, X, ... are i.i.d. Moreover, writing &; := {T;—; + 1, ... ,T;} we see that IT maps & bijectively
onto &}, and in fact the permutations X; : [X;] — [X1],Z; : [X2] — [Xz], ... given by

%G =0T +j)—Tioy for j=1,..,X,

are 1.1.d. as well.
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With this regenerative structure, the following lemma follows.

Lemma 3.2. For0< g < 1andn €N, let I1,, ~ Mallows(n, g) and 1 ~ Mallows(N, g).
There exists a coupling of 11, and Il satisfying

P(I1,(i) = T1(i) forall 1 <i<n—1log’n)=1-o(1),
and in fact, log*n can be replaced with any function going to oo with n.

Proof. Let I1 ~ Mallows(N, g), and recall that IT,;; ~ Mallows(n, g). We claim that this
coupling works. Indeed, it’s clear that I1({) = I},;;(i) up until T;¢;)—1. But n—T4(n)-1 < X;(n),
and X, converges to a limiting distribution by Proposition 2.3. In particular, the
probability that it is larger than log?n (or any function going to o) goes to 0. (]

By this last lemma, with probability 1 —o(1), the number of i-cycles in IT, differs by at most 2log>n
from the number of i-cycles of IT that are completely contained in [n] (foreachi =1, ... ,?¢).

FixanZ € N, and let ay, ... , ay be a sequence of real numbers, not all zero. For z a permutation,
we define p(z) = ¥ 4;Ci(x) and let ¥; = p(Z)).

We plan to apply Theorem 2.8 to the i.i.d. sequence (X, Y}), (X2, Y2), .... For this we first need to
establish the conditions of that theorem are met.

Lemma 3.3. We have EX; > 0 and Var(X;), Var(Y;) < oo.

Proof. Since X; > 1 by definition, we trivially have EX; > 0. As |@(X;)] < max; |¢;] -
X1, it suffices to show that Var(X;) < oo. But this has already been established by
Lemma 3.1. =

Lemma 3.4. Var(Y,EX, — X, EY;) > 0.

Proof. We first note that, for each i € N, there is a positive probability that X consists of
a single i-cycle. (This happens for instance when Z; =i,Z, =1, ... Z; =i—1.)

Aiming for a contradiction, assume that Y;[EX; — X;[EY; is almost surely constant.
Whenever X, consists of a single > # cycle, we have Y| = 0. In particular Y, EX; — X, EY;
can equal both (7 + 1)EY; and (7 +2)EY; with positive probability. The quantity ¥;EX; —
X,EY; being an almost sure constant now implies EY; = 0.

Let 1 < i < 7 be such that a; # 0. There is a positive probability that Y, EX; = 0

and a positive probability that Y;[EX| = ¢;EX;. But that implies a; = 0, contradicting the

choice of i.
It follows that Y;EX; — X;EY; is not almost surely constant. In other words,
Var(Y]EXl —X1EY1)>O. | ]

Having established Lemmas 3.3 and 3.4, we can apply Theorem 2.8 to conclude that

T E
Zi:i)yi_<f?)” d 3
! i N(O, (EX])_ VaI'(YlEX] —XIEYl)).

\/ﬁ n—oo

By Lemma 3.2 and the definition of z(n) we have

7(n)
P(,) - DY,
=1

J=

< ._Iflaxflail . (Xf(n) + 1og2(n)) ’ ©®
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with probability 1—o(1), under the coupling provided by Lemma 3.2. Moreover, applying Lemmas 2.10
and 3.1 we have that, with probability 1 — o(1), the RHS of (6) is o( \/ﬁ). We can conclude:

EY,
P (B)r 1 (o YarEn-xmr)
\/ﬁ n—co ’ (EX1)3 .

Recalling that Y| = Zliﬂici(zl) and setting m; = %, we can write
1

EY,
ottt - (5¢)n , Cilll,) = min
1

4o g, CeUl) = men

Vi Vi Vi

Setting
_ GCEDEX, - X|ECG(Z))
(EX)/?

U, .

b}

we see that
Y EX, — X,EY;

(]EX)3/2 =a1Uj+---+agUp.
1

Therefore, if we set P; := Cov(U;, U;) then

Var(V,EX; - X,EY) v w
1 1 — Al 1

= Cll'Cl'P,”.
(EX1)3 ZZ 7ty

i=1 j=1

This shows that if (N, ... ,Nz) ~ Ng(0, P;) then

aiNy + - -+ agNy i N <0, Var(m EX _XIEY1)> .

(EXy)’

‘We’ve thus shown that

_ — d
ai 76‘](1]”) i + -4 aficf(nn) e — aiNy+---+ayNy,
Vn Vn =
forall @y, ... ,ar. An application of Theorem 2.9 now allows us to conclude

<C1(H,,)—m1n Cf(Hn)_mfn> N (N1, ... ,Ny),

Vi i) o

completing the proof of Theorem 1.1.

4 | THE PROOF OF THEOREM 1.2

The proof is very similar to the proof of Theorem 1.1. We first introduce a two-sided sampling pro-

cedure in the case 0 < g < 1 for a Mallows(n, g) distributed permutation II,, taking BJ iterations.
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During iteration i > 1 we determine the images of i and n—i+ 1. Again we take Z, ... , Z, independent

with Z; ~ TruncGeo(n + 1 — i, g). In the first iteration we set

IL,(1) = 74,
I1,(n) = the Z,-th largest number in the set [n] \ {I1(1)}.

In the i-th iteration we set

IT,(i) = the Z,;_;-th smallest element of [n] \ {II,(j) : j<i or j>n+1-—i},
I1,(n + 1 — i) = the Z;-th largest element of [n] \ {II,(j) : j<i or j>n+1—1i}.

(If n is odd then after BJ iterations, the image of [g] has formally speaking not yet been determined,
but of course there will be only one possible element of [#] left.)

That this adapted procedure indeed produces a random permutation sampled according to the
Mallows(n, g) measure follows analogously the the corresponding argument for the original sampling
procedure: For every = € S, there is a choice of (ky, ... ,k,) € [n] X [n — 1] X - - - X [1] such that
0, =7} ={Z =k, ... .Z, = k,}. Again P(Z, = ki, ... ,Z, = k) « ghrt+%~" We also again
have inv(z) = k; +- - - + k, — n, because when we are determining I1,,({) with i < n/2 then the number
of i < j < n+1—isuch thati,jform an inversion is precisely Z,;_; — 1, and similarly for IT,(n + 1 — ).

Recall that we use 7, to denote the map i — n + 1 — i. Analogously to Lemma 3.2, we have

Lemma 4.1. Let 0 < g < 1 and 11, ~ Mallows(n, q) and let I, II' ~ Mallows(N, q) be
independent. There is a coupling for I1,,, IL II' such that

I1,(0)) = @) forall 1 <i<n/2-— logzn, and
P =1-o(1).
I1,(i) = (r, o IT 0 1,)(i) forall n/2+log’n <i<n

Moreover, the 1og*n can be replaced with any function going to oo with n.

Proof. The proof is similar to the proof of Lemma 3.2. By Lemma 3.2 applied to IT and
IT', we can couple I IT" with independent Mallows(1/2, ¢) permutations, I1,,/», IT, /o (for
simplicity, we write n/2 even if n is odd, where it should be rounded either up or down
as needed), such that P(IT,»(/) = I1(d), H,'l/z(i) =1II'() forall 1 <i < n/2-log*n) =
1 — o(1). We now claim that we can couple II,, with II,,/5, Hfl s such that

P I1,(i) = I,,2(i) forall 1 <i<n/2~-log’n, and 1 —o(D),
I1,(0) = (r, oI'I;/2 ory)(i) forall n/2+log’n <i<n

and this would immediately finish the proof, since any coupling with these bivariate
marginals would satisfy the lemma.

To see the claim, note that (IL,){,/2) and (I1,)[n/2+1,,) are independent Mallows(n/2, q)
(see e.g., Lemma 2.3 of [20]), and so can be coupled to perfectly agree with 11, and
7,0 I'I;Z/2 o r, on the intervals [r/2] and [n/2, n]. Now if I1,,([k]) = [k] for k < n/2, then
I1,, and II, /> agree on that interval, since then IL,(i) = (IL);1,n/21()) = IL,;/2(i) for i €
[k], and similarly for 7, o H;l /2070 and intervals of the form [k, n]. Thus, the number of i
with disagreements is bounded by the length of the smallest interval [a, b] with a < n/2,
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b > n/2, and I1,([a]) = [a] and I1,([b,n]) = [b,n]. However, this random variable is

stochastically dominated by X.(,/2), since if we couple I, with a Mallows(N, g) process,
then the length of the interval is b — a = X;(,/2) unless X;(,/2) > n, in which case X;(,/2) is
strictly larger. But now we are done, since X;(,/2) converges to a limiting distribution by
Proposition 2.3, and so the probability that IT,, disagrees with either I, or r, o Hﬁl /297y
for a growing number of locations goes to 0. n

d
Recall that r, o I, = Mallows(n, 1/¢) if 1, ~ Mallows(n, g). We have the following corollary.

Corollary 4.2. Let g > 1,11, ~ Mallows(n, q) and ILII' ~ Mallows(N, 1/q) be inde-
pendent. Let m = lg — (log n)zJ. There exists a coupling between I1,, and T1,I1' such that
that

P [(ry oI, I, 0r,) and (ILIT') agreeon 1, ... ,m| =1—o(1).

Proof. We letIl; := r,olIl,. Then IT; < Mallows(n, 1 /g) and we can couple IT;; with
I, 1T ~ Mallows(N, 1/g) independent as in the previous lemma. With probability 1—o(1),
we have

(rn o IL)() = I (D) = (D),

and

(ry 0 I, 0 1)(D) = I (ru(D) = (ry o I1' 0 1)) (1 (D)) = (1 0 IT(0),

for all i < m. Now notice that (r, o IT, 0 ,,)(i) = (r, o I')(i) if and only if (IT, o r,,)(i) =
I (i). .

For g > 1, we letIl, ~ Mallows(n, g) and I, II' ~ Mallows(N, 1/g) be coupled as in Corollary 4.2.
‘We define

TO =0,
Ty=inf(j > Ty : O =D =1} (=12 ... ),

We next show the analogue of Lemma 3.1.

Lemma 4.3. ET? < co.

Proof. Let k, &' denote the arc-chains for II, respectively I, as defined in Section 2.
Note that II([j]) = [j] if and only if &; = 0 and IT'([j]) = [j] if and only if fc]’ = 0.
Thus T is the first return to the origin of the two-dimensional random walk (&, &),
started at (Ko, f({)) = (0, 0). For convenience, let us write A, := max(&;, £,). We observe
that

. . . . N . N . i\ 4
Phpi=i—lA =i A1 =i1, ... ;A1 =0) 2 PRy =i—- 1|k = 1)2 = (1 _(1/6])1) 5

foralli > 1and iy, ... ,i,-; € {0} UNand all ¢. So, while (4,);»¢ is itself not necessarily a
Markov chain, it is stochastically dominated by the chain (W;)o on {0} U N with starting
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state Wy = 0, and transition probabilities
(1-(1/9))* if j=1-1and i> 1,
PWyy =jIW, =i) = 1—(1—(1/q)f)4 if j=1+1 and i>0,
0 otherwise.
The result now immediately follows from Lemma 2.11. (]

We also define X; := T;—T,_y and =(t) = inf{j : T; > ¢} for all # > 0. Again it can be easily seen
from the iterative procedure generating IT and I than Xi, X, ... are i.i.d. Moreover, if we define the
maps £, 2] : [X1] = [X1], 22, %) ¢ [X2] = [Xz], ... by setting

() =T +) =T, Z()) =1 (T +)) — Ty,

then (1, X)), (X5, X)), ... arei.i.d. as well.
We write X; = {T;,_; + 1, ... ,T;}. Observe that, with probability 1 — o(1), for each i such that
T; < n/2 —log’n we have

0, [Xi] = 1 [IT[X]] = 7 [X3]

I, [r, [X]] = IV [X}] = &,
by Corollary 4.2. In other words, writing V; := X; U r, [X;], we have
I, [Vi] = Vi,

for each i such that T; < n/2 —log?n. In particular, every cycle of I, is either completely contained in
oneof Vi, ... , Vi(n/2)-1 Or it contains some number between min(n/ 2—log2n, Tr(n/2)-1) and max(n/2+
logzn, n+1— T.,/2). We observe that the number of cycles of II,, length 2i contained in }; equals
the number of cycles of I1,, o I1,, of length i contained in X;. Now note that on &; we have IT,, o I1,, =
(IT, o ,,) o (r, o I1,,) = IT" o I1. In particular, the number cycles of IT,, o IT,, of length i contained in X
equals the number of cycles of X/ o ¥; of length i.

We fix ay, ... ,ar € R, not all zero, and set

14 4

o(x) = Y aiCu(m), w(x) = Y aiCin),

i=1 i=1

Y, ;= l[/(Z: o).
By the observations in the previous paragraph

7(n/2)
o) - Y ¥

i=1

< 2max|a,| - (Xf(n/z) + 10g2n) =0 (\/ﬁ) s @)
1

with probability 1 — o(1) (where the last equality holds because X2 = 0(\/5) with probability
1 — o(1) by Lemmas 2.10 and 4.3). Completely analogously to Lemmas 3.3 and 3.4 we have
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Lemma 4.4. EX; > 0 and VarX;, VarY; < oo.
Lemma 4.5. Var(YlEXl - X]EY]) > 0.

We can thus conclude from Theorem 2.8 that

7(n/2) EY,
Zi:l Yi— (IET(i) - (n/2) _d) N <() Var(Y,EX; —XlEY1)>

\n/2 n—co EX,)?

Setting py; = % and using (7) this gives
1
G (1) — pon CGCor(1y) — poen 4

+ -t ay —> aiN1 + - -+ agNy,

i " i

ay

d .
where (Ny, ... ,Ny) = N'(0, P) with

P e oy [ GO ZDEX - XiEC/(X] o X)) (%) 0 ZDEX; — XiEC(ZjoZ)) |
' V2- Ex)? V2- Ex)?

Again the result follows by an application of the Cramer-Wold device.

5 | THE PROOF OF THEOREM 1.3

Part (ii) of Lemma 2.2 says that, almost surely, X; — X for I, := {-n, ... ,n}. It however leaves
open how fast the convergence is. The following lemma shows that in fact, with high probability,
for the vast majority of elements of /,, the values of X and X; agree. This will be very helpful
for us.

Lemma 5.1. Let 0 < g < 1 and £ ~ Mallows(Z,q) and I, := {-n, ... ,n},J, =
{—=n+1, ... ,n}. Almost surely there exists a (random) N € N such that Z; (i) = Z; (i) =
X(i) for all n > N and i with |i| < n —log?n.

Proof. We define the event B, by

. J 1@ —il <5log,,,n forall i€, and
=) = jl < Slog,jyn+ljl —n forall j&1, |

By Lemma 2.2, Part (vi) we have
P[B;] =0 ((2n +1)g* 8" 2 g7 B "+f—") = 0.
j>n

We will show that B,, implies the conclusion of the lemma. Let a > 0 and consider the
intervals /,1,. Let i be such that |i| < n —10log,,, n. If B, holds, then for all j < —n we
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have X(j) < —n + 5log; ,, n < 2(i). Similarly j > n implies 2(j) > n — 5Slog; ,, n > Z(D).
Thus B, implies

1 € lhya - Z0) <ZD} =a+ |{j €L 1 Z() <ZD}.

%1, () =—n—a+|{j € ua : T() < T},
the sequence %; (i) is constant for alla > 0. By Lemma 2.2, Part (ii), with probability one
there is some »’ such that for all n”/ > n’ we have X; , (i) = Z(i). There is some a > 0 such
that n’ < n + a, so that in particular we must have X; (i) = Z(i). Similarly, Z; (i) = Z().
By the Borel-Cantelli lemma B, holds for all but finitely many n. (]

We also require the following Markov chain representation for the times 7;. Let IT ~ Mallows(N, g).

Consider the process

M, = maxIl(i) — n
1<i<n

on N. This is a positive recurrent Markov process—see [3]. The Markov process can be described in
terms of the geometric random variables defining the Mallows process. Specifically, the walk can be
described as moving from M, to M,,; = max(M,,Z,) — 1 where the Z, are independent geometric
random variables. Let R; denote the hitting time of i and let R} denote the return time at i. Then if
the chain is started from 0, R is distributed as the size of an excursion in the Mallows process. This
Markov chain was introduced in [3] to study the moments of the 7;. We are now ready for the proof of
Theorem 1.3.

We start by considering I1,,+1. We let £ ~ Mallows(Z, 1/g), and let Sy be the smallest integer (we
will show that this exists) such that Z([—So, So]) = [—S0,So], and then let S; be defined inductively
as the smallest number larger than S;_; such that X preserves [—S;, S;]. To see that all these values are
finite almost surely, we note that the times T; for i € Z for which 2([T;+1, T;1]) = [T;+1, T;], with the
convention that 7 contains 0, forms a stationary renewal process, with the 7; for i # 0 the same as for
the Mallows(N, 1/¢) process, and T having its size-bias distribution (see Theorem 3.2 of [30]). Then
T is finite almost surely, and given Ty, the two sides are independent and behave like Mallows(N, 1/¢g)
processes. Then the S; correspond to a simultaneous renewal on both sides of this process, with Sy
being the first time this occurs, which are the return times in a product of two independent copies of
the positive recurrent Markov chain M; defined above, which is thus also positive recurrent. Thus, all
S; are finite almost surely. By definition, X o r preserves [—Sy, So] and exchanges [S;—; + 1, S;] and
[=Si, —=Si-1 — 11.

We then immediately see that there are no infinite cycles in £ o r, and the odd cycles must be
contained in the interval [—So, So]. Thus, the Co;y 1 (I 1) = Coiy1(ITj g, 5,1) almost surely. The result

for I,,+ follows by noting that Cy;1.; (IT5,41) i Caiy1(I1[—p;)) by Lemma 2.2 and the observations that
precede it.

The proof of the result for Iy, follows in exactly the same manner, except centered at % rather than 0,
and using p instead of r.

Technically speaking, the proof of Theorem 1.3 is not yet complete, as we have not yet shown
the random vectors (Ci(ro X), C3(ro %), ... Yand (Ci(po X), C3(po ), ... ) have distinct probability
distributions. This will however follow immediately from Theorem 1.7, which we will prove in a little
while.
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We also note the following consequence which will be useful later.

Lemma 5.2. Let £ ~ Mallows(Z, q) for 0 < g < 1. Almost surely, ¥ has no cycles of
infinite length.

Proof. Any cycle must be contained in an interval [—Sy,So], [Si-1 + 1,S;], or
[=S;, =Si—1 — 1], all of which are finite almost surely. ]

6 | THE PROOF OF THEOREM 1.4

6.1 | The proof of Part (i) of Theorem 1.4

Let 0 < g < 1, let II,, ~ Mallows(n, g) and £ ~ Mallows(Z, g) and let i € N be fixed. Using that
0 < Ci(I1,,)/n < 1, it follows from Theorem 1.1 that

SEGAL) _

li m;. (¥

n—oo n

Setting I, := {—n, ... ,n}, by Part (i) of Lemma 2.2, we have C;(I15,+) < Ci(Z1). We define the
events

E :={%, () =2() forall —n+log’n <j<n—log’n},
F :={|Z()—j| <log’n forall j€1,}.

Then P(E) = 1 — o(1) by Lemma 5.1. By Part (vii) of Lemma 2.2 and the remarks that follow that
lemma P (F¢) = O <n . qlogz"> = o(1).
It follows that for all j with |j| < n — i - log*n we have

|PG inan i-cycle of £;)—P( inan i-cycle of X)| < P(E) + P(F) = o(1).
The number of elements of /, in an i-cycle of £; equals i - C;(Z;,). We see that

i-EC(Ily) = Z P(j in ani-cycle of X, )
—n<j<n
= z P(j inan i-cycle of X)+ o(n)

—n<j<n

= (2n+1)-P(0 in an i-cycle of %)+ o(n), ©)]

where we use Part (iv) of Lemma 2.2 (together with the remarks following the lemma) for the last line.
Dividing the LHS and RHS of (9) by 2n + 1 and sending n — o0, and recalling (8), proves the result.

6.2 | The proof of Part (ii) of Theorem 1.4
By Lemma 5.2, ¥ ~ Mallows(Z, g) for 0 < g < 1 almost surely has no infinite cycles. By Part (i) of
Theorem 1.4 we have

Dimi = Y'P[0 inan i-cycle of ] =P [0 lies in a finite cycle of | = 1,

i=1 i=1

the last equality due to Lemma 5.2.

85UB017 SUOWIWOD @A IO 3(eot|dde ay) Aq pausenob ake sppiie YO ‘88N JO Sanu Joj ARIG1TUIIUO A8|IM LO (SUONIPUOO-pUe-SWBH L0 A8 | IM°Ae1q 1 [Bu 1 Uo//SANY) SUONIPUOD pue SWLB | 83U} 88S *[£202/TT/LT] Uo Ariqiaulluo A|1Mm eeyiol|qiosiBlSAIUN Aq 69TTZES1/Z00T OT/I0p/LLI0d A8 IM ARIq 1jBul|U0//SANY WOy papeojumod ' ‘€20 ‘8TYZ860T



1078 Wl LEY HE ET AL.

6.3 | The proof of Part (iii) of Theorem 1.4

We start by giving an alternative expression for m; by employing the tools developed by Gladkich and
Peled [15].

Lemma 6.1.

m =) vig(1 - g), (10)

520
with v as given in (3).
Proof. Let I, ~ Mallows(2n + 1, g). By Lemma 5.1 we have that
Py i(n+1)=n+1] - P[Z0) =0], as n — oo,
where £ ~ Mallows(Z, g). Now,

IimP I, (n+1)=n+1]

’}LIQZP [Knt1 = 8] PIloppi(n+ 1) =n+ 1| kpy1 = s]. (11)
>0

By Lemma 2.5 and Proposition 2.6 we have for all s > 0 that

HmP[o1(n+ 1) =n+ 1] K1 =51 =" - g),

ImP [k, = 5] = vq.

n—-oo

So the summands on the right hand side of (11) converge pointwise to v,g>(1 — ¢) as
n — oo. Moreover, by Lemma 2.5, we have the bound

(qs _ qs+l)(qs _ qn+1)
(1 — qn+1)2
<q¢*(-q)

Plkprr =s] - Pppi(n+ 1) =n+ 1| kpp1 =51 <

b}

1
(1-q?*

Let g(s) = ¢*/(1—q), we observe that 2320 g(s) < o0. We conclude that the summands
in (11) are bounded by the integrable function g(s), so by the dominated convergence
theorem we have

my =P[Z(0) = 0] = ) vig™(1 - q).

520

Next, we will show that m; = 1 — 2 + O(¢?) as ¢ | 0 be analyzing (10). Let K, denote the
denominator in the expression for v given in (3). Define t, = [];_,¢*~!/(1 — ¢)*. The ¢, satisfy for
s > 1 the recursion relation

a gt A\ q A\
fop] =1t < <t = .
- s(l—fﬂ?‘(l—@Z“(ﬂ—qﬂ) a—qﬂ<ﬂ—qﬁ>
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Thus

b s—1
q q
K, =1+ t, <1+ .
! 2 (l—q)23.21<(1—q)2>

s>1

If g < 1/2 then ¢*/(1 — g)> < 1, in which case the above equals

q 1 q l-g
1+ . =1+ = .
1-¢? 1-_¢& 1-g92-¢* 1-24
(1-g)?
Then
V0=i21_2q,
K, 1—¢

so that by m; > vy(1 — g) we obtain

m 2> w(l—qg)>1-2q. (12)
We also have the simple bound
Kq21+t1=l+ﬁ,
by which
m< ot Y- = l(_l‘j); + 0. (13)

(-2  s21

The function (1 — ¢)*/(1 — g+ ¢?) is infinitely differentiable at ¢ = 0, where its first derivative equals
—2. Thus
(1-g)°

g+ =1-29+ 0.

Together with (12) and (13) this completes the the proof that m; = 1 — 2g + O(g?).
We now proceed to show thatm; = (1—-¢)/4+0(1—¢g)asg 1 1.Fixsome0 < € < %, let0<g<1

be so close to 1 that é <(l+ée)andletS={s€Ns : |¢ — %| <e).If g < % — ¢, then by (3) we
have the recursion

| 2
il ¢\ 2 ¢
Vegpl = Vg— -] <vé where 6<(I+e) 4 < 1.
g\1-¢ S+

o o
Vs < Vimax(s) 2 6° max(§) — Vmax(§) 7 <

s>max(S) s>max(S) 1-4

Then

We now claim that v,y = o(1) asg 1 1. Let s* = [logq(%(l - e))], then for k > 0 we have

1 sk 1 1—£\?
Vsl < Vs*; <lzqs*+k+1 <ve(1 +£)<m) < Vge.
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So
max(S)
1> ) v > (max(S) = 5)Vmaxcs)-
By

max(S) — s* = llogq (% +£>J - [logq <% + g)] - 00 as g 11,

we indeed have vinaxs) = o(1) as g 1 1.
lie
Similarly, if ¢° > % + ¢, then vy, > vg6, where 6 > %+ > 1. Then

~—€

[N}

~min(S)—s o
Vs < Vimin(s) Z 0 < Vmin(s) —3
0<s<min(S) 0<s<min(S) -

By the same reasoning as before, vpincs) is also o(1) as ¢ T 1. We conclude by Lemma 6.1 that

mo= Y=g v+ Y g (L —g) = Y. (1= gg*vi+o(1 —g), as g1 1.

sES SES SES

By the definition of S we also have

(-0 -gr Y v s T -9 <A+ -7 D v

seS SES seS

Now Y Vs =1 —o(1) as g 1 1, the result follows.
We now show the limits

(my,my, ...) > (0,0, ...) asgtl
(my,my, ...) = (1,0, ...) as g | 0.

By Part (ii) of Theorem 1.4 and the previous we have for ¢ | 0 the expansion

imi < iimi =1-m =2q+ 0.
i=2 i=2

So necessarily all the m; converge to 0 fori > 2 as¢q | 0.

Let IT, ~ Mallows(n, g). For the limit as g T 1 we count the number of times during the sampling
algorithm that 7 is the maximum element of an r-cycle for » > 1. So suppose that during iteration i of
the algorithm there is an element i/ < i such that having IT,(i) = i’ would create an r-cycle. Then there
is some k > 0 such that the probability that IT,(i) = i’ is

A-qq' _ 1-g
1-— qn—s+1 - 1= qn—s+1 '

Fori <n- \/ﬁ the above is not more than 2(1 — g) for n large enough. So the expected number of
elements in [T, that are the maximum element of an r-cycle is not more than O( \/Z) +2(1 — g)n. Thus
m, = lim,_« E[C,(I1,)/n] < 2(1 — g) so that limg; m, = 0.

85UB017 SUOWIWOD @A IO 3(eot|dde ay) Aq pausenob ake sppiie YO ‘88N JO Sanu Joj ARIG1TUIIUO A8|IM LO (SUONIPUOO-pUe-SWBH L0 A8 | IM°Ae1q 1 [Bu 1 Uo//SANY) SUONIPUOD pue SWLB | 83U} 88S *[£202/TT/LT] Uo Ariqiaulluo A|1Mm eeyiol|qiosiBlSAIUN Aq 69TTZES1/Z00T OT/I0p/LLI0d A8 IM ARIq 1jBul|U0//SANY WOy papeojumod ' ‘€20 ‘8TYZ860T



HE ET AL. WI LEY 1081

This shows the pointwise convergence of the two sequences in Part (iii) of Theorem 1.4. That the

pointwise convergence implies convergence wrt. the L; norm follows from the fact that ), M < 1

for all i by Part (ii) of Theorem 1.4. So, for every € > 0 we can take i > 2/¢ and find a § > 0 so that
my, ... ,m; < £/(2i) whenever 1 — § < ¢ < 1. If then follows |(m,ms, ... ) —(0,0, ... )|; < e forall

0 < g < 6. The case when g | 0 can be dealt with analogously.

7 | THE PROOF OF THEOREM 1.5

7.1 | The proof of Part (i) of Theorem 1.5

We start by proving the existence of a coupling in the same spirit as the couplings used in previous
proofs.

Lemma 7.1. Let 0 < g < 1 and I1 ~ Mallows(N, g) and £ ~ Mallows(Z, q). There exists
a coupling between Il and X such that

P [11(i) = (i) forall i > log’n] =1 —o(1).
Moreover, the 1og>n can be replaced with any function going to oo with n.

Proof. We can run both IT and X until both processes regenerate simultaneously, in the
sense that I1(i) > & for all i > k and X(i) > k for all i > k. After this time, both processes
will have the same distribution, and so can be coupled to be equal. The first time that both
processes regenerate is equal in distribution to the hitting time of (0, 0) for the Markov
chain defined by taking two independent copies of M;, where we start by first running
both chains until X regenerates (so the Markov chain starts from a random state (0, X),
where X is the state of the second copy of the Markov chain stopped at the first time that
Y regenerates). Since the product chain is still positive recurrent, this hitting time is finite
almost surely, and the result follows. [

Let ¢ > 1 and IT,, ~ Mallows(n, g). Since 0 < C,;(I1,,)/n < 1, Theorem 1.2 implies

s = lim €21 0).

n—oo n

Let IL,IT ~ Mallows(N, 1/g) be independent and coupled with II, by the coupling provided by
Corollary 4.2. We set

Usin 1= ‘{i-cycles of I oI1 completely contained in [[n/2J]}| .
By (7) in the proof of Theorem 1.2 (setting £ = i,a; = 1,a; = - - - = a;_; = 0) we have that
|C2i(IL,) = Uain| = o(n),

with probability 1 — o(1). Since also 0 < Uy;,,/n < 1, it follows that

Jim 22in _ (14)

n—o0 n
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Using Lemma 7.1, we can couple IL IT' to £,%’ ~ Mallows(Z, 1/q) in such a way that X, ¥ are
independent and P(E) = 1 — o(1), where

E :={Z() =I1(j),Z'(j) = IT'(j) forall log’n <j < n —log>n}.
We also have P(F) = 1 — o(1), where
F :={1Z¢) —jl,1Z'(¢) —jl <log’n forall 1<j< n),

by an application of Part (vii) of Lemma 2.2 and the union bound. Hence, if A; denotes the event that
jis in an i-cycle of II' o I1 that is completely contained in [[n /2] ] , and B; denotes the event that j is in
an i-cycle of ¥’ o T then

IP(4)) — P(B))| < P(E) + B(F) = o(1),

for all 2i - log>n < j < n/2 — 2ilogn. It follows that

1
ElUyn =~ ), P@A)

Lidizn2

=13 ) +om

1<j<n/2
= l - |n/2] -P (0 inan i-cycle of ¥’ 0X) + o(n),
i
using Part (iv) of Lemma 2.2 and the remarks following that lemma for the last identity (applied to
both X and ¥’). Dividing LHS and RHS by n and sending n — oo (and recalling (14)) gives pp; =

P (0 inan i-cycle of ¥ oX).
Finally, we briefly clarify how the expression puy; = ZieZ P(Z(0) = i)? is obtained. We have

P (0 ina l-cycle of X' oX)

D P(2(0) = i, X'(i) = 0)

i€Z

= ZP(Z(O) = DP(Z(0) = —i)
€7

= ZP(Z(O) =iy,
i€Z

using that X, ¥ are i.i.d. and Part (iv) of Lemma 2.2, and the remarks following that lemma, for the
second identity; and in the last identity that

~3(0) = (ro o r)(0) = (0),

also by the remarks following Lemma 2.2.

7.2 | The proof of Part (ii) of Theorem 1.5
Let Z > 1 and define
a; = 2i, fori=1, ...,7.
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Define o(I1,,) = Zi{;laiCZi(H,,) and X1, Y as in the proof of Theorem 1.2. We have 0 < o(I1,,)/n < 1,
so that Theorem 1.2 in fact implies

¢ ¢
E [%H")] - ZaiMZ[ = Zziﬂzi,

i=1 i=1

while (7) implies
p[e)] . BN
2EX;
The function Y; counts the number of elements in [X;] U {n — X; + 1, ... ,n} that are contained

in even cycles of length at most 27. If X; < £ then we have Y; = 2X], as all elements are in cycles of
length < 27. If X; > £ then certainly Y| < 2X). Let

a = E[X|1x,<] and = E[Xi1x,52]

We have EX; = a + b. We also have the bounds 2a < EX; < 2a + 2b. As EX| < oo, for any € > 0
we can choose £y = ¢(g) large enough so that for every £ > ¢, we have b < €. As 1 < EX|, having
chosen ¢ sufficiently large, we can also ensure a > 1 — ¢ for all £ > . In this case

EY; 5 _a €

1> > =1-
2EX, T a+e a+e

>1—e

So

. (Ev
221 poi = <2JEX11> B

7.3 | The proof of Part (iii) of Theorem 1.5

As in the proof of Part (iii) of Theorem 1.4, it suffices to prove pointwise convergence (convergence
for each p; separately), and the convergence in L; will follow using that ), 2ius; = 1.

We first show that (up, 4, ...) = (0,0, ...)as g | 1. Let r > 1 and I1, ~ Mallows(n, g) where
q > 1. By Part (i) of Theorem 1.5, we have

EC,,(1,)

M2, = lim (15)
n—oo n
If i1, 6y, ... ,ip form a 2r-cycle in I, ~ Mallows(n,g) with ¢ > 1, and IT;; := r,oIl, then
d
IT; = Mallows(n, 1 /g) and we must have
H;(ll) = rn(iZ)’ ,HZ(in—l) = rn(in), H;(ZZI) = rn(i1)~
Let us define
A; = {j is the largest element of a 2r-cycle of II,}.
(To clarify j being the largest element, we of course just mean j = max(iy, ... ,ip) if i1, ... ,i2r

is a 2r-cycle as above.) We consider the iterative procedure for generating IT;;. When we generate the
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image of IT;;(j), having already determined IT;(1), ... ,IT;(j — 1) it may not be possible that j is the
largest element of some 2r-cycle. If it is still possible, then we need IT;;(j) to be some specific value
among the still available ones. (To be precise, (r, o IT;)“>~D(j).) Since, we sample according to a
truncated geometric distributions, the probability is thus at most

1-/q)

P4y < =1 /qy 1 <2-(1-1/qg),

where the last inequality holds for all j < n — log®n. To follows that
ECy(I,) = ) P(4)) < 2n(1 — 1/g) + o(n),
j=1

dividing by n, sending n — co and recalling (15), shows p, < 2(1—1/q). In particular limg; o, = 0.
We now proceed to show that (u, pg, g ...) — (1/2,0,0, ...) as ¢ — oo. By Part (ii) of
Theorem 1.5 it is enough to show that y, — 1/2 as ¢ — . Let £ ~ Mallows(Z, 1/q). We have

i=1 i>1

24y = P[Z(0) = 0] + 2 ) P[Z(0) = i]’ = P[Z(0) = 0]’ + O (Zq_z') .

The last equality is due to Part (vi) of Lemma 2.2. By Theorem 1.4 the above is

(1-2/g+0(1/g))*+0(1/¢)=1-4/q+0(1/¢"), as q— co.

8 | THE PROOF OF THEOREM 1.6

8.1 | The proof Part (i) of Theorem 1.6
Let X ~ Mallows(Z, 1/g) with 0 < 1/g < 1. By definition of ¢, we have

ce 1= Y Plro)) =il= Y P[X()=—il.

i€Z i=—00

By the remarks following Lemma 2.2, X(i) — i < 2(0). Thus

Co = Z P[2(0) = —2i] = P[Z(0) even].

i=—00

Similarly

Co = ZIP’ [(poX)(i)=i] = Zp[z(i) =1-i]= ZIP [Z(0) = 1 —2i] = P[Z(0) odd].

i€Z i€Z i€Z

8.2 | The proof of Part (ii) of Theorem 1.6

We will make use of the following relatively elementary observation.
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Lemma 8.1. Let 0 < g < 1 and £ ~ Mallows(Z, q). Then

qP[20) =] <P[Z(0) = +1] géP[E(O)q‘]. (16)

Proof. Fix some j € Z,letn > j, I, = {-n, ... ,n} and X5,4; ~ Mallows(l,, g).
Let A be the set of all permutations ¢ of I,, such that 6(0) = j, and B be the set of all
such permutation ¢ with 6(0) = j + 1. Let 6j11 = ( j + 1) be the permutation of I,
swapping j and j + 1. Then the map ¢(c) = ojj;1 0o is a bijection from A to B. To
see this, note that ¢(¢p(c)) = o as o4 is its own inverse. Moreover, if ¢(0) = j, then
@(0(0)) = 0j41() = j+ 1. We claim that [inv(c) —inv(¢(c))| = 1: Letk = c~'G+1) #0.
All inversions (a, b) with {a, b} N {0, k} = @ are still inversions in ¢(c) as their images are
unchanged in ¢(o). Inversions (a, b) of o with |{a,b} N {0,k}| = 1 are also unchanged,
as for all s ¢ {0,k} we have X,,,1(s) < jif and only if Z,.,(s) < j+ 1. So the only
ordered pair that can be an inversion of exactly one of ¢ and ¢(o) is either (0, k) or (k, 0),
depending on whether or not O < k. Thus we have

P20 =j+1] = YRW@I< | FPlol= 1 P[Zun®)=)].
c€EA

c€A

The bound P [22,,+1(0) =j+ 1] >qP [22n+1(0) = j] follows in the same manner. As
%; — X with probability 1 by Lemma 2.2, Part (ii), the inequality in (16) holds. L

The last lemma allows us to give short proof of the following explicit bounds on ¢, c,, that will
immediately imply the value of the ¢ | 1 limits equals 1/2.

Lemma 8.2. Forall g > 1 we have

1 q
— < < — .
1+q—Ce’C"— l14+¢

Proof. The second equality will follow from the first as ¢, + ¢, = 1. Let ¢ > 1 and
T ~ Mallows(Z, 1/q). By Lemma 8.1 we have é[@ [20)=j] < P[2O)=j+1] <

q P [£(0) = j]. Thus
IP[2(0) odd] < P[(0) even] < ¢ P[E(0) odd].
q

Adding P[Z(0) odd] and rearranging gives the two inequalities

P[Z(0) odd] > LIP’[Z(O) odd or even] = L,
1+gq 1

+4q
P[2(0) odd] < ﬁ’qmz«)) odd or even] = 1%}.
The same bounds hold for P [Z(0) even] as P[Z(0) even] = 1 — P [XZ(0) odd]. [

As mentioned, from Lemma 8.2 it follows immediately that
lime, =limc, = l
gt ¢ a1 2

It remains to prove the following asymptotic expressions for c,, ¢,.
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Lemma 8.3. ¢, =1-2/g+ 0(1/¢*) and c, =2/q+ O(1/q*) as g — .

Proof. The second statement again follows from the first by ¢, + ¢, = 1. Let ¢ > 1 and
% ~ Mallows(Z, 1/q). We have

co =P [Z(0) even] = P[Z(0) = 0] + Y P[|Z(0)] = 2i].

i=1

The quantity m; = my(1/q) is equal to P[X(0) = 0] by Theorem 1.4. By Part (iii) of
Theorem 1.4 it has asymptotic expansion 1 — 2/q + O(1/¢?) as ¢ — oo. By Part (vi)
of Lemma 2.2, the sum on the right hand side above is O(1/¢?) as ¢ — oo. Thus ¢, =
1-2/q+0(1/g%. m

9 | THE PROOF OF THEOREM 1.7

We will prove the following more detailed result that implies Theorem 1.7.

Proposition 9.1. For 0 < g < 1 we have, as k > o

(i) P(Ci(poT) 2 26) =g<q(2?> .(1 _q)2k>,
(ii) P(Ci(roZ)>2k) =0 (q(zf) (- q)zk>_
(iii) P(Ci(roX) > 2k + 1) =g<q(”§‘).(1 _q)2k+1>’

(iv) P(Cl(p02)22k+1)=0<q(2k2+1) -(1—q>2k+1>.

Proof of Proposition 9.1, Parts (i) and (iii). The proofs of (i) and (iii) are very similar.
We start with (i). Consider I1, ~ Mallows(l,,, g) with I, := {—n, ... ,n}. By Part (ii) of
2.2, it suffices to show that liminf,_P((poIL,)(@Q) = i for i = =k + 1, ... ,k) is lower

2k

bounded by const - q( :). (1-gk

For J C Zlet S; denote the set of all permutations of J. Consider the set of all permuta-
tions = € §;, constructed as follows. We pick arbitrary permutations ¢ € S{_,, ... ¢}, =
S{k+1,...,n} and set

1—i if —k+1<i<k,
x(Q) =100 if —n<i<-—k,
o) ifk+1<i<n.

Notice such a permutation satisfies

Ci(ponm) =2k, and inv(x)=inv(c)+inv(c’)+ <22k> .

We have

P(Ci(poll,) >2k) > PA1,(i))=1—i forall —k+1<i<k)
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1 qinv(a)+inv(o‘/)+< 22k )

> - .
T Z2n+1,9)

CES( ... —k)O'ESr1, . )

_Zn—k+1l,9)-Zn-kq (%)
- Z2n+1,9) EARE

Now we recall that

S 1
Z(m,q) = =0 < ) ,
H I—qg  ~\(-gr
as m — oo. Here we use that 1 > []'L,(1 — ¢') > []2,(1 — ¢") > 0. (This last inequality
can be easily seen using the Taylor expansion log(1 —x) = x + O(x?).) So

Zn—k+1,9)-Zn—k,q)

2k
Z2n+1,9) ®(1-9").

and Part (i) follows.

The proof of (iii) is essentially the same as the proof of (i). Now we put the elements
of {—k, ... ,k} in reverse order, and put arbitrary permutations on {—n, ... ,—k— 1} and
{k+1, ... ,n} and the proof carries through with only minor adaptations in notation. m

We next turn attention to Part (ii) of Proposition 9.1. This proof is a bit more involved, and we
break it down into several steps. The first step is the following observation.

Lemma 9.2. For 0 < g < 1 we have
(%)
P (sign (Z(i)) # sign(i) for some i with |i| >&*) =0 <q 2) .1 —q)2k>,

as k - oo.

Proof. This immediately follows by the result on displacements P(|Z(i)—i| > m) = O(g™)
as in Lemma 2.2 part (vi) and the union bound. [ ]

By this last lemma, when determining the probability PP (C,(r o X) > 2k), we can restrict atten-
tion to the event that there are 2k points xj, ... ,Xy in the interval (—=k3, k%) such that X(x)) =
—X1y .. ,Z(XQk) = —X2k-.

ForO<ij<ip<---<igand0<j; <jp <--- <, letus write

pij =P EE0) =i, ... X(=ig) =i, Z(1) = =1, - 200 = =) -
We point out that, as >~ and T follow the same distribution, we have

Pji = Pij- 17

Lemma 9.3. There is a constant ¢ such that we have

pij S (=)™ g ¢,
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where

3
Wi, j) :=<§>+(;>+22ia+; Y min(a,r —a)- G —joor = D).
a=1

cLasr—c

Proof. We are again going to consider I1, ~ Mallows(/,,, q) with I,, = {—n, ... ,n} and n

large. For notational convenience we set

A, = {Hn(ll) = _jl’ aHn(jr) = _jr}’

B, = {Il,(=i) =i, 1(=i2) = ip, ... , IL,(=ip) = ir}.

By Mallows’ iterative procedure for generating I1, we have

P(T, @) =j|Hn(_”) =X_p, ... ., lp(i—=1)=x_1) = <l_qn_i+l )
0 otherwise.

where

k=k(x_y, ... ,xi—1) = {a : xa>j}|.

It follows that

]P(Hn(—lf) = lf) < <11_q> q2if’

— qn+if+1

1= qn+i,,_1+1

. . . . 1- ;
P, (=ig-1) = ig—1|u(=ip) = ip) < <q> gHet,

. . o . . 1- i
P1,(=ig—2) = ig—2|IL,(=ip) = ip, (=ip1) = ip—1) < (q) qrre,

1= qn+i,,_,+1

. . . . . . 1-— P
P(I,(~iy) = it|(=ig) = ig, ... \T,(=i2) = iz) < <"> g

1 — g+l

In other words,
4 sz-liﬁ(/) d 1
PB) <= g =" T s ) -

n+i,+1
a=1 q

Note that for A, to hold, it must be the case that

[{-n, ... i =10 {=ji, ... .=} =90,
[{-n, ... .o =10 {=js ... .=} =90,

IL,[{—n, ... Jr — I}n {_jr} =0.

I—g )-qf—f+k i (..

L Xio1)s

i
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HE ET AL. WI LEY 1089

In particular, when choosing the image of j; we must “skip” at least the first r — 1
available numbers, when choosing the image of j, we must “skip” at least » — 2 available
numbers, and so on.

We let ¢ be a large constant to be specified later on. Suppose that, for some ¢ < a <
r — ¢, there exists a j, < j < ju+1. If both A, and I1,(j) > —j, are to hold then when
determining IT,(j) we must skip over the (still available) numbers —j,, ... , —j,+1. That is,
we skip over at least the first r — a of the available numbers. If on the other hand, A, and
IT1,(j) < —j, are to hold then when determining each of jj, ... ,j, must have skipped an
additional available number.

It follows that

l—¢q r—1 l—-g r—2 l—-g 0
P(AMBn)S(_qn-j.H)q (1_q]+1 ¢\ T )4

T (£25)

a=Cjo1<J<Ja

<(1-¢'q (5)+4 X0 min(ar—a)»Gy=j 1= H <1 1 >

— gn—a+l
a=1 q

where in the last line we assume without loss of generality that ¢ has been chosen large
enough so that ¢g¢/> < 1/2. (Which implies that

qr—u + qa < 2qmin(a,r—a) < q%min(a,r—a)’

forallc <a<r-c)
Combining the bounds on P(A,,|B,) and P(B,) gives

Jr
cr W) 1
]P’(Anan)S(l—fI) q - H <1_qn—a+l>'
a=—i,
Since

P(E(—i1) = iy, ... , X—ig) = i, (1) = —j1s -.. , Z(r) = —jy) < lim sup P(A, N B,),

the inequality in the lemma follows. [
We make an additional definition:
pg‘;y =PEX) =y, 2(=0) =i, ..., 2(=ip) = i, 200 = =1y -5 200 = =)
We observe that, analogously to (17), we have
T

Since r o X o r (the map i = —X(—i)) also has the same distribution as X, we have in addition that

pii U =pi (18)
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1090 Wl LEY HE ET AL.

Lemma 9.4. We have

(i) If x<0andy > 0 are such that |x|,y & {i1, ... ,iz} then

. W
pzi V< (- q)“ q )+ ll+y

(ii) If x> 0andy < 0 are such that x, |y| & {ji, ... ,j-} and x, |y| > jir/2] then
N Car W(ij)+r/4
1< (=g g,

Pij

Proof. We start with the proof of (i). The proof is nearly identical to the proof of the
previous lemma, and we only mention the changes that need to be made. Now, we define

G = {H,,()C) = y} NB,,

and let m > 0 be such that i, > x for all a > m.
We have

P(IT,(=x) = y|[Ly(=ia) = i, forall a > m) < <11_q+> g,
—_— qn X

while fora <m

]P)(Hn(_ia) = ialnn(_if) =gy oo Mp(=igo1) = i1, I (=x) = )’) < <11__q> : q2i11+f_a.

qn +i,

We can conclude that

N 43 z 1 1
B(C,) < (1 — g+ - g2 Zemric* ()45 [1 _ ). :
(C ) —= ( ‘I) q 1 _ q"+"' 1 — qn+x

a=1

The same reasoning as before shows

P(A,1C,) < (1 - gygla)HEmeroicid T (1 1a> :
-— qn—

a=1

Hence

pi;” <limsupP(A, N C,) < (1 - q) T g

n—oo

as claimed in (i).
For the proof of (ii), we again proceed similarly. This time we define

D, = {Hn(]l) = _jl9 aHn(ir) = _jrann(x) = y}
Let m > 0.8r be such that ji, ... ,j, < x < ju+1 (Where the upper bound is void

if m = r). We can compute P(D,|B,,) in a manner analogous to the way we determined
P(A,|B,) in the proof of Lemma 9.3. When computing IP(4,|B,,) in the term for the mth
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HE ET AL. WI LEY 1091

L minGn.r—m)

gap, the choice of I,,(x) contributed a factor ("2

1—gn—=

> in case m < r—c and contributed

a factor one otherwise. If we know that I1,(x) < j|,/2; then we can replace this by q'* as
all of ji, ... ,jjr/2) must have skipped over the additional available number y. This gives

]P’(Dnan) < P(Anan) X qO.Sr—% min(m,r—n) > qr/4'

Hence also

pfd_?y <limsupP(D, N A,) < ¢'/* - lim supP(A, N B,,),

n—oo n—->oo

and the result follows. ]

For notational convenience, we introduce a notation for the gaps between consecutive entries of i
and j:

81 :=il_1, 8a :=ia_(ia—l+1) (a=2""’f)’

and

hy = -1, hy =j,—(0am1+1) (@=2,...,7).

Notice that i, = g; + - - - + g, + a so that

14
2 ia=2- (@1 + D+ @+ +)+ @+ +g+3+ (Gt + g+ 1)
a=1
14
=f(f+l)+22(f+1—a)~ga.
a=1

This gives the following alternative expression for the upper bound on p; ;:

r

o ¢
‘P(z,])_f(f+1)+<2>+<2

¢
)+22(f+1—a)-ga+% Z min(a, r — a) - h,
a=1

cLa<r—c

4
£+ 1 .
=< 2r>+f(z,”+1—r)+22(f+1—a)-ga+2 Y mina,r—a)- h,.

a=1 c<a<r—c
Next, we establish that the probability that C;(r o £) > 2k and 2(0) # O is small compared to the
2%k
target expression (1 — ¢)* - q( 2 )
Lemma 9.5. We have
2k
2z piJ=0<(1 —q)2k~q(2)>,

C+r=2k 0<ij <--<ip<k3,
0<jy <-~<j,<l<3

as k - oo.
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1092 Wl LEY HE ET AL.

Proof. By (17), the sought sum is at most 25 where

2 X

Cr=2k, O<iy <<y <k3,
2 0y <<k

We have

H(CH1=)H2Y_ (C+1—a)yg, 42 Y min(ar—a)h
2 a=1 a L. a
<3 % a-od?

C4r=2k 0<gy,... gp<k3,

C20 0ghy, <k
% (Zk) Z £(+1-r) ﬁ g+ ﬁ
=(1-¢9~"-q\*/- gt @8a 1
Frr=2k, a=1 a=1 \0<h, <k’
21

,
~ah, -(r ah,

n(ze) I (ze )H( ).

c<a<r/2 <0§ha<k3 > r/2<a<r-— c< h,<k3 a=r—c+1 \0<h,<k3

Now, we remark that

(5 ) M1 )Tl y) <=

a=1 \0<g,<k

and analogously

0 () (5 e) <o

c<a<r/2 \0<h,<k3 r/2<a<r—c \0<h, <k b=1]1—= <\/5>

Of course we also have Y, s 1 =K.
This gives

S=0 (1 _ q)Zk . k6c . 2 qf(t’+1 r)

£+r=2k,
t2r

As? +r =2k, > rimplies that £(¢ + 1 — r) > k we have

Z qf(f+l—r‘) < (2k+ l)qk

£+r=2k,
£zr

We find that
=0 <(2k+ 1) k5 (1 - g q(?)M) ° <(1 - q(zﬁkw) :

as required. -
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HE ET AL. WI LEY 1093

We proceed by showing that the the probability that (a) C(r o X) > 2k, and; (b) £(0) = 0, and;
(c) the number of fixed points of r o X below zero differs by more than one from the number of fixed

2k
points of r o T above zero, is small compared to the target expression (1 — g)? - q( 2 )

Lemma 9.6. We have

2 2 py=o <(1 —q)z"-q(zzk>>,

Cr=2k=1. 0<iy <<y <k3,

|£=r|>1 0<jy <ve<jp<k3

as k - oo.

Proof. Arguing as in the previous lemma, the sought sum is at most

KOW . (1 — g2k .q(”;) ] 2 g/,

£4r=2k—1,
£2k+1

We remark that when £ + r =2k — 1,2 > k+ 1,r < k — 2 we have

<2k—1

2U—1 2%k
—_ > = .
; >+f(f+1 r)_< ; >+3k+3 (2)+k+4

In particular the sought sum is at most

2k
2

KO . (1 - q)z"q(zzk)“‘ =0 <(l - Q)2k51< )> :

(The number of choices of 7, r with £ + r = 2k, > r + 1 is O(k) and is absorbed in the
polynomial term k°D.) "

By the results so far, we can restrict attention to the situation where £(0) = 0and £ = k,r = k— 1.
Next, we establish that the contribution from the situation in which £(—i) # i for some 1 <i < 0.9k is
negligible.

Lemma 9.7. We have

) P£z=0<(l—q)2"'q<22k)>,

0<ip <--<ig <k3,
0<j] <<jk—1 <k3,
ig#a forsome 1<a<0.9k

as k - oo.

Proof. Ifi, # aforsome 1 < a < 0.9k then there is also a 1 < a < 0.9k for which g, # 0.
For this a we have 2(k + 1 — a) - g, > 0.2k. Also note that

<2k2_1>+k(k+1—(k—1))= <2k2_1>+2k= (22k>+1.
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1094 Wl LEY HE ET AL.

Arguing as in previous lemmas, it follows that the sought sum is at most
KOW . (1 = g1 ,q<zj)+o.2k _, <(1 _ q)qu<22k)> '

(The polynomial term k%D also absorbs the k ways of choosing an index a for which
ga # 0 and the & ways of choosing a value for g,.) [ ]

Lemma 9.8. We have

) pzq=0<(1—q)2k-q(22k>>,

0<iy <---<ik<k3,
0<jy <<jg—1 <k3,
Ja#ia—1+1 forsome 0.1k<a<0.9k

as k - oo.

Proof. If j, # j,—1 + 1 for some 0.1k < a < 0.9k then, provided k is sufficiently large,
¢ <a < k—1-cand moreover min(a,k — 1 — a) - h, > 0.05k. Arguing as in previous
lemmas, the sought sum is therefore at most

KOW . (1 — gy q(zzk)+o.osk —y ((1 _ q)qu<22k>> |

(The polynomial term also absorbs the 0.9k ways of choosing a and the k* ways of
choosing h,.) ]

Lemma 9.9. We have

Y pi=o <(1 —q)z"-q(zzk>> ,

0<i1<--‘<ik<k3.
0<jy <-<jg_1 <k3,
hy++h 10.1k] 22

as k - oo.

Proof. For each p;; occurring in the sought sum, we have

k=1 +22§;] (r—a)ha+l > min(a,k—a)-g,
pij=pji = (- q)”‘q( s osishee ;
by Lemma 9.3. (Notice the roles of £ = k and r = k— 1 and g, and 4, are switched. Notice
in particular (k — 1) - ((k — 1) + 1 — k) = 0.) The sought sum is thus at most

2k—1 k—1 1 . !
. 2 ( 5 )+22u:l(r—a)A“+§ Z min(a.k—a)-A,
S = E E (1 —_ q) kq c<agk—c .

1<x<y<0.1k 0<hy, .. hy_y<k3,
0<g]. ... g <k3,
Iythy>2

By computations similar to those in previous proofs:

S =KW . (1 - g)*. q(”;‘ )+4-0.9%
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— ko(]) . (1 _ C])2k . q(zzk)+l.6k
=0 <(1 _q)Zk . q(zzk)> .

We next observe that if £(0) = 0 and Z(—i;) =iy, ... , 2(—ix) = ir and () = —j1, ... , Z(k—1) =
—jx—1 then there must be some x > 1 and y < —1 such that X(x) = yand x & {ji, ... ,ji-1}, and
vy & {—ji, ... ,—jr-1}. (Since X is “balanced.”)

This will allow us to improve over our previous bounds on p; ;.

Proof of Proposition 9.1, Part (ii). By the previous lemmas and the observation immedi-
ately preceding the present proof, it suffices to show that

=y p =0 ((1 —g*- <22k)> ,

as k — oo, where the sumisoverall0 <j; <---<ji <kPand0<ij <--- < i <K
and 0 < x < k* and —k* < y < 0 such that

e j,=aqaforall 1 <a<0.9%, and;

® j,=j,1 + 1forall 0.1k < a < 0.9k, and;

there is at most one 1 < a < 0.1k such that j, # j,—; + 1 and if such an a exists then we
have j, = j,—1 + 2, and;

%Iy ET = (s o a1}

We first notice that if i, J>X,y are as described then either (a) {ji, ... ,jjo.9x }
, 10.9k] }or (b) {j1, ... ,jjo0k)} = {1, ... , [0.9k] +1}\ {z} forsome 1 <z < 0.1k.
In case (a) we thus have x, [y| > jjo.9¢| and in particular

-1 W(@)+r/4
pmy <(—g*'.g @+r/4

The corresponding sum S, thus satisfies

So= Y Xy

0<iy <--<ig <k3, 0.9k<x<k3,
0<jy <<jgoq <k3,  —k3<y<O9K,
ig=jg=a for 1<a<09k  %IVIg/

< Z Z (1— g ", ‘P(;p+r/4

Lj  09ksx<k3,
T —k3<y<0.9%,
xlyles

< kGZ(l )21( 1, ‘P(z)+”/4

Z 2% (k+l-a)g+3 ¥ min(@k-1-akh,
q

c<agk—1-c

<k (1 - g g3

0531,---,gk<k3‘
0<hy, ... gy <k3

2k
< k0(1)(1 _ q)Zk—lq( N >+r/4

=0 ((1 - q)”q(zf)) .
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1096 Wl LEY HE ET AL.

(Using the familiar observation that (%) + k(k + 1= (k= 1)) = (%) + Lin the
fourth line, and computations as in previous lemmas.)

In case (b) it is possible that either (b-1) x, |y| > 0.9k, or (b-2) x = zand y = —z, or
(b-3) x> 09k andy = —z, or (b-4) x = zand y < —0.9%.

In the case (b-1) the same bound on pzzjy applies as in the case (a), and via similar

computations we obtain that the corresponding contribution to the sum satisfies

O N D

1<h<0.1k 0<iy <-<ig <k3, 0.9k<x<ks,
0<jy <<y <K3, —k3 <y<0.9k,
ig=a for 1<a<0.9k, xyIgs
Jja=a for a<b,
Jja=a+1 for b<a<0.9k

< kO0(] — q)zk—1q(22")+r/4
=0 <<1 —q>2"q<22k>) .

In case (b-2) we have pzz’y = pij, where ji = 1, ... .o = [0.9k] and ji; = j,— for
0.9k <a <k-1.(i.e., we’ve filled the “gap at z” and made a vector of length k.) So the
sum corresponding to case (b-2) is

Spa < Z pij = koM — q)qu(zzk>+k —0 <(1 _ q)qu@)) )

0<iy <-<ig <k3,
i <o <k3
0<_[]< <Jk<k

To deal with case (b-3) we note that in this case

X—y _y—X
Pij = Pji
2k—1 1
( ; )+2(k—l—x)+x+|y|+2 Y G-l-ahtt ¥ (-ag,
< -g* g 0.9k<ask-1 09k<ask—c
2k—1 1
+3.7k=2+42 (k=1-ayh,+1 (k—a)
<(- q)Zk—lq< 2 ) O.ngza:sk—l ‘ 20.9k52a:§k—r o
(2; )+1.7k+2 Y G-l-ahtt T k-ak,
< (1 — q)Zk—lq 0.9k<a<k-1 0.9k<a<k—c .

Hence, the corresponding sum satisfies

Sey = Y X Xowy

1<x<0.1k 0<iy <--<ig <k3, —k3 <y<0.9,
0<jy <<jk—1 <k3, IvlgJ
ig=a for 1<a<0.9%,
Ja=a for a<x,
Jja=a+1 for x<a<0.9k

=0 ((1 - q)z"q(zzk>> :
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Finally, we deal with case (b-4). We now use (18) to see that in this case

Xoy _  —Xx—>—y
Pij~ = Pji
2] (2k2_1>+2(k—]—x)+x+|y|+2 > (k—l—a)ha+% Y min(ak—a)g,
< (1 — C]) - q 0.9k<a<k-1 c<ask-c
(Zk*‘)+3.7k—2+2 S k-l-ah+t Y min(ak-a)g,
< (1 — q)Zk—lq 2 0.9k<a<k-1 2 c<agk—c s

and hence repeating the computations bounding Sp.3 we find

Spa 1= ), > > pf;y=0<(1—q)2"q(2;>>~

—0.1k<y<1 0<iy <-<ig <k3, 0.9k<x<k3,
0<jy <<jg <k3, xgJ
ig=a for 1<a<09%k,

Jg=a for a<l|yl,
Jg=a+1 for |y|<a<0.9k

2k
2

This establishes that S = o <(1 - q)qu( )> Proposition 9.1, Part (ii) is proved. -

Proof of Proposition 9.1, Part (iv). The proof proceeds in the same manner as the proof
of Proposition 9.1 Part (ii), we highlight here only the differences. We will now define for
sequences 0 < i} <---<igand 1 <j; <. <j, the probability

Py =PE-ip=i+1, ... . (=) =ir + LEG) = —j1 + 1, ... .ZG) = —jr + D).

For sequences satisfying the above we have (p o Z)(is) = is and (p o Z)(js) = js. For p, ; the
bound in Lemma 9.3 may be replaced by the stronger bound i

Py < (=) gt (19)

the proof is the same, but we now have

PAL,G) =)+ 1My(=n) = x_p, ..., (= 1) = Xi-y)

< =g ).qJ—i+k+1 if j & {x X},

l_q»x—Hl
0 otherwise,

which gives the additional £ +7 term in the exponent of g in 19. Also, as in Lemma 9.5, the
contribution from such sequences where (1) # 0 or £(0) # liso <q<2k2+] ) (1 = g)%+! >
Then we need only consider cases with £(1) = 0 and £(0) = 1, so that we consider
the case £ + r = 2k — 1. The remaining estimates for the different such sequences
i1, ... ,ig and ji, ... ,j, follow in the same manner as the estimates for r o X, where now
the ¢g’*" term in (19) contributes ¢g**~!. In the above proofs we estimate P [Z(0) = 0] by
a a coupling with I, ~ Mallows(n, g), which we can sample element by element. If
during this sampling O does not yet have a preimage when determining the image of 0,
then P[2(0) = 1] < ¢ P[Z(0) = 0]. Subsequently, when determining the image of 1, if
¥(0) = 1, then P[X(1) = 0] equals the probability that £(0) = 0 in the previous step, as 1
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now needs to skip over exactly all elements below 0 that are not yet selected. In the esti-
mations of the r o ¥ case, the additional contribution of g°*"g = ¢ is exactly as needed

as q(22k>+2k =q<2kz+l>. .

10 | SUGGESTIONS FOR FURTHER WORK

We expect that much more information can be extracted about the constants c,, ¢,, m;, 4y; and the prob-
ability measures of Cy;_;(ro Z) and Cy;—1(p o ) from the explicit expressions for them in terms of
g-hypergeometric series that can be obtained from Theorem 5.1 in [17]. There might well be some
low-hanging fruit available to someone better versed in g-hypergeometric series than the present
authors. In particular, the plot in Figure 3 strongly suggests that ¢, > 1/2 > ¢, for all ¢ > 1, but we
have not been able to show this rigorously. We leave it as an open problem for other teams. Other obvi-
ous open problems are the (strict) monotonicity of ¢, and ¢, (which together with our results will imply
co > 1/2 > ¢, for all g > 1), of m; shown in Figure 1 and of x, shown in Figure 2. The plots clearly
suggest these to be (strictly) monotonic in g, but as the reader may have noticed our proofs do not show
this to be the case and there does not seem to be any obvious way to adapt the proofs to obtain this.

A curious phenomenon we’ve observed is that if ¢ | 1 then the expected number of 1-cycles in
the limiting distribution tends to 1/2, which is different from the value of 1 that we get when ¢ = 1
(which corresponds to sampling a permutation uniformly at random). At the moment we do not even
have a reasonable intuitive explanation for this phenomenon. Clearly something interesting must be
going on in the phase change regime when g = g(n) is a function of n that approaches one from above.
It is also intriguing that the odd and even cycle counts behave so differently for ¢ > 1, the odd cycle
counts being “tight” and the even ones being linear in n, but at ¢ = 1 there appears to be no trace of
this difference. We would be very interested to see an analysis of the regime when g = g(n) — 1 that
can shed some light on these phenomena.

Finally, given the Gaussian fluctuations for fixed ¢, and Poisson fluctuations when g is close to 1,
it would be interesting to understand what happens in the intermediate regime, and whether there is a
phase transition. Let us note that the techniques of the renewal theoretic techniques used in this article
are not very helpful, because the lengths between regenerations grow extremely quickly as g — 1.
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