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Abstract.

Thispaperincludesasurveyofrecentstudiesfbrtheinte-

ger㎞apsackproblem,especiaユlyfbcusingondominatedterms

thatarenotnecessaryonconstructinganoptimalsolution.By

discardingthetermswewillgainamoresmaユ1-sizedandequiv-

alentprobl6mtotheoriginal.Somesuggestionsonidentifying

dominatedtermsintheintegerknapsackproblemarealsoin-

cluded.
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1 Introduction

IntheclassicalO-1knapsackproblem(KP,alsocalledbinaryknap-

sackproblem),nitemsandaknapsackfbrcarryingtheitemsare

given.Then,eachitemisoftwoproperties,i.e。pγq海andωeight,

andtheknapsackisofacapacityforthetotalweightofitemscarried.

TheKPistofindanoptimalsubsetofthenitemswithmaximum

totalprofitwithoutexceedingthecapacity.Itiswell-knownthatthe

KPisノ 》7)-hard.FormoredetailsonKP,see,e.g.Chapter13in

IbarakiandFukushima[3](inJapanese).

Inthispaperwestudytheintegerknapsackproblem(IKP,so-

calledunboundedknapsackproblem).Theproblemisageneraliza-

tionofKPsothateachitemisavailableinanynumber,i.e.enough

tofilluptheknapsackbyonlyonetypeofitemrespectively.The

IKPisfbrmallystatedasf()110ws:
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maXlmlze

subjectto

Σ ・ゴ吻
ゴ∈N

Σ αゴxゴ≦6
ゴ∈1v

xゴ ≧0(ihteger),ゴ ∈N,

(1)

(2)

(3)

whereN:={1,2,_,n}indicatesthesetofη,items,andboththe

pro且t(ラandweightα ゴaβsociatedwithanyゴ ーtllitemandcapacityδ

arepositiveintegers.Byreplacingthefbrmula(3)withxゴ ∈{0,1}

wehaveawell-knownfbrmulationibrKP.Withoutlossofgenerality

wewillassumethatα ゴ ≦6fbranyゴ(ヨVinordertoexcludean

unpromisingitem・Assumingthatc1/α1:=maxゴ ∈1v{(》/αゴ},ifbis

divisiblebytheα1thentheproblemistrivial.Throughoutthispaper,

fbllowingtheterminologyinZhuandBroughan[8],wecalleachj(∈

N)terminplaceof伽m,whilecalled伽mtypeinMartelloand

T・th[51.

WeknowthattheIKPcanbesolvedbydynamicprogramming

scheme.TheBellman,srecursionfbrIKPwillbefbrmallystatedas

f()llOWS:

"ゴ(b)= {
ね

vゴー1(b)

一{"」 ・一・(5),"ゴ(5一 αゴ)+吻}

の

,α ゴ>b'
の

,αゴ ≦b'

バ
whereO<b<.b,andvo(ゐ)=0.Then,vn(6)givesanoptimal の
value.By

-replacingthefbrmula"ゴ(b一 αゴ)十(ラinthesecondrow

with"ゴ_1(6一 αゴ)十cゴwehaveawell-knownrecursionfbrKP(see,

e.g.DudzihskiandWalukiewicz[21).

Accordingtotheformulationoftheboundedknapsackproblem

(BKP)inPisinger[7],wemayassumethattheIKP(1)《3)isaBKP

inwhichmゴ:・=Lb/α ゴ」fbrallゴ ∈N.Indeed,.eachtermゴcanonly

betakenuptomゴduetothecapacityb.Also,astudyongreedy

heuristicsfbrIKPispresentedinKohliandKrishnamurti[4].

Theremainderofthispaperisorganizedasfbllows:Inthenext

sectionwewillmakeasurveyofdominancerelationsmentioned.in



Notesontheintegerknapsackproblem 229

theliterature,whichplayacentralroletoreduceagivenIKP,i.e.

toobtainamoresmall-sizedandequivalentproblemtotheoriginaL

InSection3wewilldiscussotherrelationsforidentifyingdominated

terms.

2 Dominancerelations

Ifα ゴ ≦ αんand(》 ≧ckholdsinanIKPthentermkisnotnecessaryto

achievetheoptimalvalueoftheIKP,sincereplacingatermkwith

atermゴinasolutionincludingtermkpossiblyimproveswithout

enlatgingthetotalweight.Needlesstosay,whichispeculiartoIKP,

thisisduetothateachtermisavailableinanynumber.Indeed,

assumingthesamecaseonKPwecannotdiscarditemk,sinceboth

theitemsゴandkwillbeincludedinanoptimalsolution.

Definition:following[5ユ,atermissaidtobedominatediftheop-

timalvalueofIKPdoesnotchangewhenthetermisremoved

fromN・Moreprecisely,following[8],ifαk≧ Σ ゴ≠んZゴαゴand

ck≦ Σ ゴ≠鳶Zゴcゴholdsthentermkisdominated,wherelゴisa
コ 　

nOnnegatIVelnteger・

On

in[5]:
identifyingdominatedtermsinIKP,thef()llowingisproved

Theorem(MarteUoandTヒ}th)GivenaninstanceofIKPanda

termk,ifthereexistsatermゴsuchthat

Laκ/aalcゴ ≧Ch (4)

thentermkisdominated.

Fbllowing[8]wecallthisT且2,whichobviouslyholdsonlyifα ゴ ≦ak

andcゴ/α ゴ ≧ck/ak.Roughlyspeaking,takingtermゴ,sinLak/α ゴ」is

betterthanatermkunderthecondition(4),duetothepro丘t-to-

weightratio.Inthiscasewealsosaythattermゴdominatestermん.In
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[5],thealgorithmMTU2isproposedtosolve(especiallylarge-scaled)

IKP.Afもerdeterminingacoreproblem,thealgorithmidentifiesdom-

inatedtermsinthecorebyaprocedureincorporatingTH2。Also,the

procedureisalgorithmicallyimprovedbyDudzi丘ski[1].

Whenα ゴ=ak,thedominancerelation(4)isreducedtocゴ ≧ck.

Bythiswemayassumethatthereexistnotwotermssuchthatone

hasthesameweightastheother,s.Inaddition,when(lj/α ゴ=ck/ak,

the(4)isreducedtoLαk/α ゴ」=αk/α ゴ.Henceαkisdivisiblebyα ゴ,

i・e・αk≡0(modα ゴ)・

IngeneralTH2isveryef丘cienttoreduceIKP,howeverasmen-

tionedin[5],itwillbeslightlyaffectedbytheminimumweightof

agivenproblem.Namely,thelargertheminゴ αゴis,thesmallerthe

numberofdominatedtermsidentifiedis.Fbrinstance,theperfbr-

manceofMTU2inweaklycorrelatedcasesispresentedin[5],which
issummarizedinTable1.

Table1:averageover20problems,performedonHP9000/840

αゴ:unifbrmlyrunningtimesthenumberof

randomininsecondsundominated

terms

[10,1000]
[50,1000]
[200,1000]

0.45

1.23

1.65

4.4

15.2

25.3

η,:

b:

10000

unif()rmlyrandomin[α ゴ ー100,α ゴ 十100]

105

Asmentionedin[81,theperf()rmanceofTH2isweakenedbya

morestrongcorrelationbetweenthepro丘tsandweights.Inamore

particularcaseofSSP(Subset-SumProblem),wheretheSSPindi-

catesanIKPinwhichthepro丘tisequaltotheweightonallterms,

i.e:cj・=α ゴforallゴ ∈ 遅,thedominancerelation(4)isreduced

toak≡0(modα ゴ)dueto(ラ/α ゴ=ck/αk.Ontheunreasonablere一
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sultofTH2whenappliedtoSSPinwhichtheweightsarerandomly

distri「butedin[10,u]Whereu=1000,10000,seeTablelin[8].Fur-

thermoreonSSP,whentheproducedweightsarebounded,thelarger

theminゴ αゴis,thesmallerthenumberoftermseachweightofwhich

isdivisiblebyanother,swillbe.

Ontheotherhand,thef()110wingisprovedin[8]:

Theorem(ZhuandBmughan)InIKP,ifthereexisttwodistinct

termsゴandk(ゴ,k∈ ノV＼{1})suchthat

αゴ …≡ak(modα1),α ゴ≦akandPj≦Pk; (5)
or

αk≡0(modα1), (6)

whereα1(>1)satisfiesc1/α1=maxゴ ∈1v{cj・/α ゴ},andpi:=

clai-cia1(foralli∈2V＼{1}),thentermkisdominated.

Fbllowing[8]wecallthisTH4.Notethat,intheproofofTH4,the
assumptionthatthemaximalityoftheprofit-to-weightratiototerm

lisonlyusedf()rderiving(6).Onthedominancerelation(5),when

αゴ=ak,onlythethirdconditionremains耳 ロdisreducedto(ラ ≧ckas

sameas(4);otherwise(α ゴ<αk),the丘rstconditioncanbewrittenas

ak=α ゴ十11αi,wherellisapositiveinteger.Then,thethirdcondition

Pゴ ≦Pkcanbewrittenasck≦ 吻 十c1(ak一 αゴ)/α1=cゴ 十81c1・The

(5)isthuscorrespondingtoDefinition.

OnTH4,whichismentionedin[8],thenumberofdominated

termsidentifieddependsonthesmallnessofα1,thatis,thesmaller

theα1is,thelargerthenumberofdominatedtermsidentifiedis.

ThisimpliesthatTH4hasthesamedrawbackasT且2,thatis,itis

sensitivetotheminimumweightofagivenproblem.

Itshouldbepointedoutthat,incontrasttoTH2,thistheorem

alsofavorablyworkstoSSP(see「Table,2in[8D.Sincepi≡OinSSP,

thedominancerelations(5)and(6)arereducedtothoseinTable2

respectively・Inthiscase,α1ischosensothatα1≦ αゴ,i・e・minimum

weight,whichseemstobeoneofessentialsontheef丘ciencyofTH4
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toSSP.

Table2:0nSSP

dominancerelations

TH2 αk≡0(modaj)

TH4α ゴ… αk(m・dα ・),αゴ≦ ακ
αk≡0(m・dαi)

Observation.AtermofsecondaryminimumweightwillbehelpfuI

toimproveT且40nSSPwhenemployedinplaceofα1.Inthis

case,wemayexcludeterm1丘omcandidatesfbrdominated

terms.

3 Suggestions

Inthissectionwewilloutlinethreedominancerelations,hopingthat

theywillbehelpfulf()rthereaderstodeviseamoree伍cientone.In

whatfollows,ineachcase,termkispossiblydominated.

First,wepresentanextensionofTH4.

TH4':Ifthereexistthreedistincttermsi,ゴandk(i,ゴ,k∈2V＼{1})

suchthat

αi十 αゴ ≡ αk(modα1),ai十 αゴ ≦akandPi十Pゴ ≦Pk,

whereα1andthedefinitionofpiarethesameasthoseinTH4

respectively,thentermkisdominated.

Proof.AssameastheproofofTH4wewillobtainck≦11c1十ci'十cゴ

underanassumptionthatah==liαi十 αi十 αゴ,wherellisa
　 　

nOnnegatiVeinteger・ 璽

Asanyonethinksitout,onimplementingthis,itwillbehelpfulto
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provideatableofallcombinationsoftwoterms,indicesi,ゴassociat-

ingwithbothp2十pゴandαi十 αゴ,thelatternotexceedingmaximum

weight..Inthecasewhereη,isevenlarge,however,thesizeoftheta-

blegrowstoolarge.Needlesstosayour伽alaimisnottocompletely

identifydominated'terms.Therefbreweshouldconsiderthetradeoff

betweentheefficiencyofTH4'andthecomputingtimeofmakingthe

table.Inordertoshrinkthetableprovided,itwillbepreferableto

provideanupperboundfbrwhethertheweightsumQftwotermsor

thenumberofelementsproducedinthetable.InadditionT且4'can

beeasilyextendedtothecaseofthecombinationofthreeormore

.terms.

Seco耳d,similarlywecanalsoconsideranextensionofTH2as

follOWS:

Lαk/(ai+α ゴ)」(Ci+cゴ)≧Ck・

Thisholdsonlyif(ai十 αゴ)≦akand(G十cゴ)/(ai十 αゴ)≧ck/ak.

'Last
,whilethedominancerelationsproposedhithertointheliter-

atureareonly60ncernedwithterMs,thefbllowinginvolvescapacity

δ:

∀i・∈.1V,ak十ai>bandヨ ゴ ∈1Vs・t・Cj・ ≧Ck』 ・ (7)

Underthecondition(7),afeasiblesolutionincludingtermkisobvi-

ouslyconstructedbyjustonetermk.Therefbre,ifthereexiststerm

ゴof{ヶgreaterthanorequaltockthenwehaveapossiblyimproved

solutionincludingtermゴ.On(7),ifthereexistsonlyonetermof

maximumpro五tmaxゴ(ケinanIKP,itremains;otherwise,atleast

oneofthetermsofmaximumpro且tremains.Inotherwords,itis

notacceptablethatallthetermsofmaximumpro五taredominated.

Also,the(7)willbeinterestinginafbllowingsense:

Example.LetaninstanceofIKPinwhichc1=3,al=8,c2=

2,α2=6,c3=1,α3=5,andb=10.By(7)termldominates

、term2,however,theweightoftermlisgreaterthanterm2,s.

Ihadditionthe丘rstpartof(7)canbewrittenasαk十mini∈Nαi>b.
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Thisimpliesthat2αk>6.Therefbre,the(7)holdsonly・ ・ifαle≧

Lb/2」 十1.Assumingthecasewhereminゴ αゴ ≧16/2」 十1,0nlyoneterm

ofmaxゴcゴremains.Converselynotermcanbedpminated,provided

mini∈Nαi十maxi∈Nαi≦b.Moreoverthe(7)isalsoapplicableto

KP,however,itimpliesthatthe(7)doesnot・takeadvantageofthe

featureofIKP.

4 Co】 血】〔nents

Thedominancerelaもionsontheintegerknapsackproblemhavebeen

proposedintheliteratureinordertoeliminateunnecessaryterms,

whichcontributestoe缶cientlYsolvingthep士oblem.Inthispaperwe

havefbcusedontwoef且cienもdominancerelations,i.e.TH2andTE4.

Wehavealsopresentedtheextensionofeachofthem,respectively.

Ontheotherhandweknowthatthetwodominancerelationshave

thesamedrawback.Then,thefutureresearchwillturntohowto

copewiththeproblemwithevenlargeminimumweight.Itgoes

withoutsayingthatthiswillincludetodeviseanotherdominance

relationwhichwillworkagainstthehardca8e.Finallywewould

liketoaddthattherewillexisもmoreroom負)rconsiderationona

dominancerelationwhichinvolvesthecapacity馳ofagivenproblem,

anactualexampleofwhichhasalreadybeenpresented'inthispaper.
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