
Notesonpolynomiallysolvablespecial ,Casesforthe

μnboundedknapsackproblem

IIDAHiroshi

Abstract

Thisarticleshowsthatontwoformulationsof-theunboundedknapsack

prol)1em,i.e.maximizationandminimizationproblems,asetofdominancere-

lationsforonedefinesapolynomiallysolvablespecialcasefortheother,and

alsoincludesanadditionaldiscussiononthespecialcasefor'theminimization

problem.
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11ntroduction

ThearticledealswiththeUnboundedKnapsackProblem(UKP,fbrshort).

Itwillbeformulatedasfollows:

(UKP)maximize

subjectto

の

Σ筋
ブ=1

Σ 砺紛 ≦6
ブ=1

乃 ≧0(integer) ,ブ=1,2,_,n.

(1)

AsdifferentfromtheordinaryO-1knapsackproblemof乃 ∈{0,1}, .theavai-

lablenumberofanyitemisunboundedas吻 ≧Owhereeachindexゴisone-to-

onecorrespondencetoanitem.Given〃typesofitems(eachofwhichisof

〔4!5〕
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profit(ヶandweight砺)andaknapsackofcapacityう,theUKPistopackthe

itemsinto:th6knaかsack6b『thatth6totalprofit'ofpackeditemSismaxi血ized

withoutthetotal脚6ightofth6seさkceedihg'thecapacity.Throughoutthis

articlewithoutIossofgeneralityweassumethatbothciand砺associated

withanyブ ーthitemand∂areallpositiveintegers.

ThereexistmanycontributionstoUKPintheliteratureasseeninthe

bookbyNemhauserandWolsey[5].Forexample,adominancerelationis

oneofthemasstudiedby,e.g.MartelloandToth[4],Dudzi血ski[1],andZhu

andBroughan[6]. 、Owingtotherelationwehqveamoresmall-sizedand

equivalentproblemtoaninstanceofUKPgiYenぞInadditiO耳ra ,polynorr}ially

solvablespecialcasehasalsobeenstudiedby,e.g.Magazine .etal[3],且uand

Lenard[2],andZukermanetal[7工

Befbreenteringthemainwebrie且ymentionthecontentsofthisarticle,

whichisdividedinthree:Section2connectsdominancerelationswithpoly.

nomiallysolvablespecialcases;Section3givesanotherprooftotheresult

obtainedintheprevioussgction;Section4discusse§thespecialcasepre-

sentedin[7]lastyear.

2AcomlectionbetWeenthetwo

Totakeanexampleofdominancerelations,ifihaninstanceofUKP(1)it

holdsthatの ≧ 砺andg≦ckthenブ ーthitemissaidtobedominatedbyk-th.

Thismeansthattheoptimalvalueoftheinstahcegcanbeachievedwithout

theブ ーthsinceasolutionxwith乃>Ocouldbeimprovedbyxk←xk+吻;

乃 ←0.Accordingtothisrelationweassum6inthisse6tionα1<α2<…<an

and'ci<c2<…<cn,whicharealsoassumedin[7].

Recently,aconditionwhichdefinesapolynomiallysolvablespecialcase

fbrUKPwaspresentedin[7].・TheformUlationofUKPin[7]isnotamaximi-

zatioh(1)butaminimizationprobleihinwhichthecon6traintonthecapacity

isofaf6rm≧ ケanditsobjectivefuhc廿onvalueisfhinimized.'Hereafterwe
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calltheproblemminimizationUKP.Theconditionpresentedin[7]isas

fbllows:

今・・≦Lの ・・ノ噛,f・rブ ー1,2,…,n-・ ・(2>

Inanotherview,f6reachブfixed,thisis'adominancerelationforUKP(1)as

in[4],thatis,(グ+1)-stitemisdominated.1

Converselythef6110wingis,alsoforeachブfixed,adominancerelation

fortheminimizationUKP:

Cノ+1≧ 「a7'+1/姥ノ1(ケ,forブ=1,2,_,n-1.(3)

Hereaquestionariseswhetherthecondition(3)definesapolynomiallysolv-

ablespeciaIcaseforUKP(1)ornot.Astothequestionthef6Uowinganswers,

"P
ositive.　

Observation.ForUKP(1)with(3),anoptimalsolutionx'Withxn=tb/an」eXists.

proof、Tobeginwithatrivialcasean>うmaybeexcluded;otherwise,by(3)

thereexistsanoptimalsolutionげinwhich媛 く 「の+1/朔foranyブ<〃 。

Indeed,ifconsiderxwith鰯 ≧ 「ak+1/aklforsomeh(<n)thenycon-

'structedasY
k・xh-「ah+1/ahl;Yk+1=xh+1+1;otherwise防=乃couldbe

improved.Nowwenegateourgoal,whichbrings城 くtb/an」.Then,

フヨ フヱ　 　

Σ 吻媛 ≦ Σ(「 の+1/の19-(ケ)+・ 。賜
ブ=1ノ=1・

れ　ユ

≦ Σ(9+1-{ケ)+Lb/a。 」、・ゼ ・"=Lb/a。 」c。-c1.
ノ;1

0ntheotherhandthenegationalsobringsLう/an」c.<Σ ヌ=1の 婿.

Together,wehaveacontradictioncl<0.隔

1Bythedefinitionofthefloorfunctionwehave砺
+1≧ し的+1/aj・ 」砺,forブ=1,2,

_,n-1。
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Therefore,using(3)recursivelywecansolveUKP(1)with(3)byanordinary

greedyapproach:packingn-thitemasmanyaspossible;b←b-tb/an」an;

packing(n-1)-stitemasmanyaspossible;andsoon.Apointisthatn-th

itemisthemostefficientunder(3),thatis,(3)implies

Cl/al≦c2/a2≦ … ≦Cn/an.(4)

3Anotherproof

Infact,anecessaryandsufiicientconditionfbracasewhereanordinary

greedyapproachsolvesUKPhasalreadybeenexposedin[3].Inthissection

weshowthattheconditionincludes(3).

TheUKPdiscussedin[3]isofanequalityconstraintonthecapacity,i.e.

・ 一 噂n俵 嚇 鵤 一b;乃 ≧ ・(int・ger)・ ブー1・2・…・〃}・(5)

where∂isapositiveinteger.Besidestheintegralityofのand{ヶ,assump-

tionsin[3]are

c1/a1≧`2/α2≧ … ≧Cn/α 〃,(6)

1=011<4ノ,2≦ ブ ≦%.(7)

Beforestatingtheconditionin[3]weintroducetwofunctions:Fk(ッ)(1≦

ん≦%,0≦ ッ≦ ∂)asonewhichisrestrictedin(5)suchthatonlythefirstん

itemsareavailableandacapacityisッ(i.e.之 二Fn(∂));theotherHk(y),under

thesamerestrictionsasthoseonFk(y),thetotalprofitgainedbythegreedy

apProachasintheprevioussection.

Theorem(HuandLenard,1976)SupposeHk(y)=Fk(y)forallpositiveintegers

ッandsomefixedん.Ifak+1>akandpandδaretheuniqueintegersfor

whichak+1=pah一 δandO≦ δ<ak,thenthefbllowingareequivalent.
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(a')Hk+1(.y)≦Hk(夕)forallpositiveintegersツ,

(a)Hk+1(夕)=Fk+1(.y)fbrallpositiveintegers∠ ソ,

(b)Hk+1(Pak)=1「 為+1(Pak),

(c)Ch+1+、 砺(δ)≦PCh.

Hu。ndL,n。,d[2]、dd,d(。')t。th。 。n,irf'[3],whi,h、impli五,dth,p,。 。f

Notethattherelationbetween(aりand(c)isthesameasthatbetween(a)

and(b),because(c)istransformedintoHk+1(pak)≦Hk(pak).2

0nUKP(1)itiseasily,shownthatTheoremstillholds,provided:with

(4)insteadof(6)since〃-thitemshouldbethemostef丘cientf6ragreedy

approachregardlessoftheformulationofUKP;wi止out(7),whichisnot

usedintheproof,asseeninthestatementofTheoremhoweveritis

assumedthatの>Oforanyブ(Hereaftersuchisdenotedasa>Oconcisely).

Adifferenceisthatboth`≦'appearedin(a')and(c)arereplacedwith`≧'

duetobeingthemaximizationproblem.Forthesamereason,whilethere

isnorestrictiononthesignofg'sin[3](alsoin[2])weshallhavec≧Oon

UKP(1).Tobemorespecific,consideringh=1andc1<Owehave耳1(al)=

01<0=Fl(α1).ForHi=Flthus61≧Oisnecessary;with(4),itmoreover

bringsc≧0.3NowobviousthatHk≧0,whichvalidates(3)⇒(c).Conse-

quentlyitcandirectlybeprovedbyTheoremthatthegreedyapproachsolves

UKP(1)with(3).

4ThespecialcasefortheminimizatlonUKP

InthissectionwefocusontheminimizationUKP,andassumethata1<a2<

…<a
nandcl<c2<…<cnasinSection2,thatis,follow[7].

Theworkin[7]couldroughlybesummarizedasfollows:Thecondition

2Hk
+1(pak)=Hk+1(ak+1+δ)=ck+1+Hk+1(δ)・=ch+1+Hk(δ),SinCeδ<(ah<)ak+1.

31naddition
,usingtheassumptionofTheoremrecursivelywehaveO<al<

a2〈 …<an,whichimpliesO≦c1≦c2≦ … ≦cn.
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(2)impliestheexistenceofanoptimalsolutionxwithxn≧tb/an」.Then,

using(2)recursively,analgorithmproposedin[7]firstproduces(possible)

twosolutionssuchthatxn=「 ∂/砺1andxn=tb/an」.Thefeasiblefbrmeris

acandidatefbroptimalityasis;afterb← わ一tb/an」an,basedontheinfeasible

Iatterinduplicate,italsoproduces(possible)twosothatxn_1=「b/an_ilis

addedtooneandxn_1=tb/an_1」totheother,respectively;andsoon.

Last,amongatmostncandidatesproduced,thealgorithmpicksupthebest.

Thepolynomiallysolvablespecialcasef6rUKP(1)definedby(3)is

thatagreedyapproachsolvesitwhilethecaseby(2)isnotso,whichwill

comefrombeingtheminimizationproblem.Namely,intheminimizationUKP

aninfeasiblesolutioncanbemadefeasiblebypackingmoreitemswhereas

intheothertwoUKPs,oncethetotalweightofasolutionhasexceededthe

capacity,thesolutionwillremaininfeasibleevenbydoingso,

Infact,thecondition(2)isasufficientbutnotanecessaryconditionf6r

thespecialcasesolvablebythealgorithmabove,whichisillustratedby,e.g.

aninstanceofUKPbelow(〃=2):

ゴ 12

の 23

砺 24

∂ 5

Inthis,c2>2=ta2/吻1」c1;still,thealgorithmfindsx1=x2=1.Furthermore

theinstancedoesnotfbllow(6)impliedby(2).Namely,thealgorithmsolves

theinstanceeventhoughitdoesnotfirstlytakeaccountofthemostef丘cient

lstitem.

Anyway,whichconditionisnecessaryandsufficienttostrictlydefinea

classoftheminimizationUKPsolvablebythealgorithmabove、Herewe

wouldliketoaddthatthealgorithmfailsontheaboveinstancereplaced

with∂=40r6.Totakeawildguess,theonewillincludethecapacity.

Especially〃=2,itcouldnaturallybestatedasfollows:
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min{「b/d21c2,「(b-ma2)/ailc1+Mc2}≦min{「(b-jσ2)/ailc1+ブ62},
0≦ ゴくm

wherem=Lb/a2」.4

itisstillopen.

Howaboutingeneral?Tothebestofmyknowledge
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41nthecasewherem=0
,i.e.a2>b,therighthandsideoftheinequalityis

emptynonethelesswemayassumethatitholdseveninthatcase.


