ANNALES

DE LA FACULTE
DES SCIENCES

Mathématiques

GUILLAUME CEBRON AND MORITZ WEBER
Quantum groups based on spatial partitions

Tome XXXII, n°4 (2023), p. 727-768.

https://doi.org/10.5802/afst.1750

© les auteurs, 2023.

Les articles des Annales de la Faculté des Sciences de Toulouse sont mis

a disposition sous la license Creative Commons Attribution (CC-BY) 4.0
BY

http://creativecommons.org/licenses/by/4.0/

A
.4 Publication membre du centre A AN
’ Mersenne pour I'édition scientifique ouverte v A } t A‘A
http://www.centre-mersenne.org/ v AN AA t
e-ISSN : 2258-7519 A :
MERSENNE AA W VY'Y e vy


http://www.centre-mersenne.org/
https://doi.org/10.5802/afst.1750
http://creativecommons.org/licenses/by/4.0/

Annales de la faculté des sciences de Toulouse Volume XXXII, n°4, 2023
pp. 727-768

Quantum groups based on spatial partitions *)

GUILLAUME CEBRON (V) AND MORITZ WEBER (?)

ABSTRACT. — We define new compact matrix quantum groups whose intertwiner
spaces are dual to tensor categories of three-dimensional set partitions (which we
call spatial partitions). This extends substantially Banica and Speicher’s approach
of the so called easy quantum groups: It enables us to find new examples of quan-
tum subgroups of Wang’s free orthogonal quantum group O, which do not contain
the symmetric group Sy,; we may define new kinds of products of quantum groups
coming from new products of categories of partitions; and we give a quantum group
interpretation of certain categories of partitions which do neither contain the pair
partition nor the identity partition.

RESUME. — Nous définissons de nouveaux groupes quantiques compacts de ma-
trices dont les espaces d’entrelaceurs sont en dualité avec des catégories tensorielles
de partitions d’ensembles tri-dimensionels (que nous appelons partitions spatiales).
Cela généralise de maniére conséquente ’approche de Banica et Speicher dite des
groupes quantiques « easy »: cela nous permet d’exhiber de nouveaux exemples de
sous-groupes quantiques du groupe quantique orthogonal libre O;f de Wang qui ne
contiennent pas le groupe symétrique Sy ; nous pouvons définir de nouveaux types
de produits de groupes quantiques, venant de nouveaux produits de catégories de
partitions; et nous donnons une interprétation en terme de groupe quantique de cer-
taines catégories de partitions qui ne contiennent ni la partition paire, ni la partition
identité.
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Guillaume Cébron and Moritz Weber

Introduction

Compact matrix quantum groups have been defined by Woronowicz in
the 1980’s [33]. In the 1990’s, Wang [29] gave a definition of a free quantum
version O of the orthogonal group O,, € M, (C). The idea is basically to
replace the scalar entries u;; of an orthogonal matrix by noncommuting vari-
ables. One can think of the u;; as operators on a Hilbert space, for instance.
The quantum group O, contains the group O,,, hence there are somehow
more orthogonal rotations in the quantum world than in the classical world.

In order to understand quantum subgroups of O;", Banica and Speicher [3]
developed the theory of easy quantum groups. They are based on set parti-
tions which are decompositions of finite ordered sets into disjoint subsets. In
a Tannaka—Krein (or Schur-Weyl) sense, the intertwiner spaces of easy quan-
tum groups are dual to categories of partitions [3, 25, 34]. More precisely, to
each partition p we associate a linear map T,. A category of partitions is a set
of partitions which is closed under taking tensor products, composition and
involution of partitions. These operations on partitions p correspond exactly
to canonical operations on the linear maps 7}, turning the linear span of these
T, into a tensor category. A quantum subgroup G C O;f of O;! is called an
easy quantum group [3], if its intertwiners are given by such a linear span
of maps T}, indexed by partitions p coming from a category of partitions.
Hence, easy quantum groups (operator algebraic objects) are in one-to-one
correspondence to categories of partitions (combinatorial objects).

The motivation for our article came from the following three questions.

Firstly, any category of partitions is required to contain two particular
partitions as a base case: the pair partition M and the identity partition |
(in order to obtain a quantum subgroup of O;}).

QUESTION A. — Can we replace these base partitions by other base par-
titions and still associate quantum groups to such categories?

From a combinatorial point of view, there is no problem in studying
categories of partitions with different base cases, but the interpretation of
such objects on the quantum group side is a priori not clear.

Secondly, given two categories of partitions C; and Cs.

QUESTION B. — Can we form a new category of partitions out of two
given ones by some product construction which resembles product construc-
tions on the level of quantum groups?
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Quantum groups based on spatial partitions

Thirdly, the approach to construct quantum subgroups G of O, via easy
quantum groups comes with the restriction that G' contains the symmetric

group Sy,.

QUESTION C. — How can we extend the machinery of easy quantum
groups in order to cover quantum groups S, € G C O;F 2

We can give answers to all three questions at the same time, with our
new machinery. On the way, we define new products of general quantum

subgroups of O; and we find many new examples of quantum subgroups of
o;.

Easy quantum groups have links to Voiculescu’s free probability the-
ory [20, 28], for instance via de Finetti theorems [2, 12]. See also [4, 6, 8, 9,
14, 17, 21, 22, 25, 32] as an incomplete list for recent work on easy quan-
tum groups or particularly on O;f. Question C has also been tackled in [23].
Moreover, see [7, 10, 15] for further extensions of the setting of easy quantum
groups.

1. Main ideas and main results

The key point of Banica and Speicher’s approach is to consider a partition
p € P(k,l) of a set with k 4 [ elements (k “upper” ones and ! “lower” ones)
and to associate a linear map T}, : (C")®* — (C")®! to it, for a fixed n € N.
If the number n can be written as a product n = ny ---n,, for n; € N, we
obtain

T, : (Cmmm)®F (e mm)® governed by p € P(k,1).

Our main tool is derived from the following simple observation. If we
consider partitions in P(km,Im) and apply the assignment p — T, we
obtain a map

T,:(C"® - @C')® 5 (CM®.. . @C")®!
governed by p € P(km,lm).

Under the isomorphism C"* = C™ """ =2 C™ ® ... ® C™, this enables
us to find many more maps from (C™)®* to (C")®! compared to Banica
and Speicher’s approach, since we may use partitions on more points (Sec-
tion 3.4).
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On a technical level, it is convenient to view partitions in P(km,lm) as
three-dimensional partitions (on k X m “upper” points and [ x m “lower”
points) and to deal with the set P (k,1) of “spatial partitions” (see Sec-
tion 2.2 for a definition). Then, spatial partition quantum groups are defined
as quantum subgroups of O, .n,, Whose intertwiner spaces are given by
maps indexed by spatial partltlons (Section 3.5). They correspond to cate-
gories of spatial partitions: sets of spatial partitions which are closed under
tensor product, composition and involution, and which contains the base
partitions

|m) = € P™(1,1) and m ™ =

&b
&b
(m)
= € P™)(0,2)

(see Section 2.3). Note that we do not require the containment of | € P(1,1)
and M € P(0,2), on the contrary to the categories of partitions of Banica
and Speicher. This answers Question A (see also Remark 2.9).

In order to prepare an answer to Question B observe that given two
categories C; C P for i = 1,2, we may form the category C; x Co C P by
placing partitions from C; on the first level and partitions from Cs on the
second one in our three-dimensional picture. On the other hand, given two
compact matrix quantum groups (G, u) and (H,v) such that the matrices u
and v have the same size, we can form the glued direct product (G, u)N X (H,v)
of (25, Def. 6.4], and more generally, the glued direct product (G, u)x,(H,v)
with amalgamation over a partition p € P(?) (see Definition 4.6; see also the
work in [7]). The latter one is the compact matrix quantum group given by

C* (uij U}gl)
C C(G) ®max C(H)/(ui;jvg satisfy intertwiner relations associated to p)

and the matrix u§pv = (u;jvk). We then have the following answer to
Question B.

THEOREM A (Thm. 4.4, Thm. 4.8). — Let (G;,u;) € O;F be easy quan-
tum groups with categories C; C P for i = 1,2. Then,

C1 xCy corresponds to (G, uy)X(Ga,uz) C OE;
(C1 x Ca,p)  corresponds to  (G1,u1)Xp(Ga,uz) C OF.

Regarding Question C, we have the following result.
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THEOREM B (Thm. 5.3). — For ny = ... = n, = n the mazimal
category P of all spatial partitions corresponds to S, C Of.. We thus
have S, C G C O\, for all spatial partition quantum groups; in particular
Spm € G C Oj[m s possible.

Hence, while for instance easy quantum groups G' C Of,, come with the
restriction Syp24 C G, our approach only requires Z/27Z C G. The next two
theorems of combinatorial type show that the step from m =1 to m = 2 is
huge.

THEOREM C (Thm. 2.18, Cor. 2.19, Thm. 2.20). — The category P

(resp. P2(2)) of all spatial (resp. spatial pair) partitions is generated by the

partitions |2, M @ and

Rj”:(&, )U, H< }EI, [?[ (note that }E[;éirgi and I?#l%)

Recall that for m = 1, we have PN = (¥ #,T) and P2(1) = (X)
(see [32]).

THEOREM D (Thm. 5.8). — The following subcategories of PQ(Q) are all
distinct:

<®>><X(2)>7< %>’< % >’< X >’< ZX ) % >7< (1>7< :% ’ f’7>’P2(2)7CI X Co
with C; € {NCa,( X ), Py} (non-evhaustive list).

Recall that in the case m = 1, we have exactly three subcategories of
P2(1)7 namely NCs = (), ( X ) and Pz(l) = (X) (see [32]).

We provide also two outlooks in the unitary case. We define a free product
Cy % Cy of two categories due to a certain noncrossing condition™ between
the levels (Section 4.4). Considering particular finite quantum spaces (B, 1)
in the sense of Wang [31], namely B = @, , My(C) and ¢(z1 ® - D zp) =
L > Trn(z), where Try is the unnormalized trace on My (C), we ob-
serve that the relations of the quantum automorphism group of (B, ) may
be expressed in terms of spatial partitions (see Section 5.5).

(1) Note that it is not so clear a priori how to define noncrossing three-dimensional
partitions.
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2. The combinatorics: spatial partitions and categories

Let us first introduce the combinatorics of our objects.

2.1. Partitions

Let k,1 € Ng = {0,1,2,...} and consider the ordered set {1,...,k,
E+1,....k+1}. A (set) partition is a decomposition of this set into dis-
joint subsets, the blocks. We usually speak of the points 1,...,k as “upper
points” while k+1,...,k+1[ are “lower points”. We identify a partition with
the picture placing k points on an upper line, [ points on a lower line and
connecting these points by strings according to the block pattern (where the
upper points are numbered from left to right whereas the lower points are
numbered from right to left). The set of all partitions with & upper and {
lower points is denoted by P(k,l) and we put P := [ ;en, P(k,1).

Example 2.1. — Let k =4 and [ = 3. The partitions

p={{1,2},{3,4,5}:,{6,7}}  and  ¢={{1,6},{2,7}{3,4},{5}}

in P(4,3) are represented by the following pictures.

1234 1234
HF ><u
p= q=
[ ] |
765 765

We usually omit to write the numbers in the picture. If the strings of a
partition may be drawn in such a way that they do not cross, we call it a
noncrossing partition, denoting by NC' C P the subset of all noncrossing
partitions. Note that in Example 2.1, the partition p is in NC while ¢ is not.

Example 2.2. — Here are some examples of partitions in P.
(a) The identity partition | € P(1,1).

a
(b) The pair partitions M € P(0,2) and LI € P(2,0).
(¢) The singleton partitions 1 € P(0,1) and | € P(1,0).

Partitions are well-known objects in mathematics, see for instance [3, 20,
24, 26].
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2.2. Spatial partitions

Let us now introduce the new notion of spatial partitions. Let m € N and

k,l € Ny. Consider the set
{1,....kk+1,...)k+1} x{1,...,m}.

A spatial partition (on m levels) is a decomposition of this set into dis-
joint subsets (blocks). We sometimes also simply write partition, when it is
clear that we speak of spatial partitions. The set of all such spatial par-
titions is denoted by PU™(k,1) and we put P := Uk e, P (E,1).
Again, the points (1,y),...,(k,y) are seen as upper points and the points
(k+1,y),...,(k +1,y) as lower ones, for y € {1,...,m}. Furthermore, if
(r,y) € {1,....kk+1,...;k+1} x {1,...,m} is a point of a partition
p € PO (k, 1), we call its second component ¥ the level of the point. We say
that a partition p € P("™) respects the levels, if whenever two points (z1,11)
and (z2,y2) are in the same block of p, then y; = yo.

We view a spatial partition as a three-dimensional partition having an
upper plane consisting of k£ xm points and a lower plane of [ xm points. Thus,
the m levels are nothing but a new dimension in our pictorial representation.

Example 2.3. — Let m = 3, k = 2 and [ = 4. The following partitions
are in P(?’)(27 4) and p respects the levels while ¢ does not.

P 9

&b &b

We observe that there is no canonical definition of noncrossing partitions
in three dimensions.

Remark 2.4. — For any m € N, k,l € Ny, the sets

A={1,....km,km+1,... km+Im}
and
B:={1,...,kk+1,...,k+1} x{1,...,m}

are in bijective correspondence by identifying a point (xr — 1)m +y € A,
1<z <k+1, 1 <y <m with the point (z,y) € B. Thus, the sets P(™) (k1)

and P(km,lm) are isomorphic. In particular, for m = 1, spatial partitions
(on one level) are simply the well-known partitions in the sense of Section 2.1.
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DEFINITION 2.5. — If p € P(k,l) is a partition, then p(™ € P (k,1)
given by repeating p on each level 1 < s < m is the amplified version of p
(on m levels). It respects the levels.

FEzxzample 2.6. — The amplified partitions |(4) and M@ are the following
partitions.

&b
&b
| = @ — &b
&b

Remark 2.7. — In the spirit of [7, 25, 26], we may also add colors to
the points of our partitions. However, for later purposes, we will require
the following rule: firstly, we color each point of the first level of a spatial
partition p € PU™ (k, 1) either in white (o) or in black (e); secondly, we then
copy this color pattern to all other levels. In other words, we do not color all
points arbitrarily, the colors of all points (x,y) € {1,...,k+1} x{1,...,m}
for a fixed x coincide.

¢ ®

.
p: (1:
&b 6_63

However, we will mostly work with uncolored partitions in this article.

2.3. Categories of spatial partitions

For a fixed m € N, we have the following operations on the set P(™) the
so called category operations.

e The tensor product of two spatial partitions p € P(m)(kJ) and
q € P (K 1') is the spatial partition p® ¢ € P (k + k', 1 +1')
obtained by writing p and ¢ side by side.

e The composition of two spatial partitions g € P(m)(k,r) and p €
PU™) (7, 1) is the spatial partition pg € P (k,1) obtained by writing
p below ¢, joining their strings by identifying the lower resp. upper
r X m-planes of points, and erasing the strings which are discon-
nected from the upper k x m-plane and the lower [ x m-plane.
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e The involution of a spatial partition p € P(™)(k,1) is given by the
spatial partition p* € P(™) (I, k) obtained when swapping the upper
with the lower plane. In particular, the involution respects the levels.

DEFINITION 2.8. — A subset C C P is a category of spatial parti-
tions, if C is closed under tensor product, composition and involution, and if
it contains the amplified identity partition |(m) S P(m)(l, 1) and the amplified
pair partition ™ e pm) (0,2).

We write C = (p1,...,pn), if C is the smallest category containing
D1y .., Ppn € PU . We then speak of the category generated by p1, . .., pn. We
omit to write M ™ and |(m) as generators since they are always contained
in a category.

Remark 2.9. — In the case m = 1, the above category operations as well
as categories of partitions were first introduced by Banica and Speicher [3];
see also [26, 28] for concrete examples of these operations in that case. We
now extend their definition to the three-dimensional setting in a canonical
way, but let us note another aspect of the passage from m = 1 to arbitrary
m € N. Observe that the isomorphism PU™ (k,1) 2 P(km,lm) of Remark 2.4
respects the category operations. Hence, if we view P("™) as a subset of P,
a category C C P(™) of spatial partitions corresponds to a set C’ C P which
is closed under the category operations (as operations in P). However, C’
is mot a category of partitions in Banica—Speicher’s sense, since it does not
contain the base partitions M nor |. From this point of view, we somehow
modified Banica and Speicher’s definition of categories of partitions C C P
by simply replacing the base partitions M € P and | € P by different ones,
namely by

™ e PM(0,2) «— {{1,m+1},{2,m+2},...,{m,2m}} € P(0,2m)

and

M) e PM(1,1)  «— | € P(m,m)
using the isomorphism P(™(k,1) = P(km,lm) of Remark 2.4. From the
combinatorial point of view, there is no difficulty in choosing different base
partitions for Banica and Speicher’s categories of partitions, but so far a
quantum group interpretation of such categories was missing. In this article,
we provide one for the case of ™1™ and |(m),

Remark 2.10. — In view of Remark 2.7, we define a category of colored
spatial partitions as in Definition 2.8 replacing M (™) and |m) by Cﬂ(m),
(m) (m)
Po(m , i and I . We will leave the colored case as a side remark, for
the moment.
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DEFINITION 2.11. — Let C C P be a set of partitions. Using the notation
of Definition 2.5, we denote by

] = {p'"™ |pec}cp™
the amplification of C.

LEMMA 2.12. — If C C P is a category of partitions, then the amplifi-
cation [C](™) C P™) s a category of spatial partitions.

Proof. — A direct proof is straightforward. Alternatively, one can use
the fact that the isomorphism of Remark 2.4 respects the category
operations. U

Example 2.13. — Here are examples of categories of spatial partitions.
We will see more exotic ones in Section 5.

(a) The set P(™) of all spatial partitions is a category of spatial parti-
tions. It is maximal in the sense that it contains all other categories
of spatial partitions. We have [P]("™) # P(™) for m # 1, since a spa-
tial partition in the amplification [P]("™) of P consists of m copies of
a partition from P to all levels; the set P(™ in turn is much larger
containing any spatial partition.

(b) The set PQ(m) of all spatial pair partitions (i.e. all blocks consist of
exactly two points) is a category of spatial partitions. Again, we
have [Py)(™) #£ PQ(m) for m # 1.

(¢) The amplification [NC3](™) of NCy is the minimal category of spa-
tial partitions. It is generated by |™ and M (™). Note that [NC,](™)
is not the set of all noncrossing pair partitions in P In fact,
it is not clear in the three-dimensional picture what a noncross-
ing partition is supposed to be, only the identification P(m)(k, 1) =
P(km,lm) allows for a notion of noncrossing partitions. However,
the set Uy jen, VO (km, Im) seen as a subset of P(™) is not a cate-
gory of spatial partitions. It is closed under the category operations,
but it does not contain 1™ (see Remark 2.9).

Let us mention another useful operation on the set P(™). We define the
m-rotation by the following. Let p € P (k,) and consider the upper plane
of points of p consisting of k rows, each row consisting of m points. Let
q € P (k — 1,1+ 1) be the spatial partition obtained from p by shifting
the leftmost upper row of p to the left of the lower plane without changing
the order of the points nor the strings attached to these points. We say that
q is a rotated version of p. Likewise we may rotate on the right hand side
and we may rotate lower points to the upper plane. As an example, observe
that (™ is obtained from |(™ by m-rotation. We refer to [26, §1.2] for
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examples of 1-rotation. Note that the m-rotation does not affect the level of
a point when being rotated.

LEMMA 2.14. — FEwvery category of spatial partitions is closed under m-
rotation.

Proof. — Let p € P(™ (k,1). The spatial partition ¢ := (|™ @p)(r1 ™
|((B=1)m)) arises from p by m-rotating the leftmost upper row of p to the lower
plane. Similarly for the rotations from the lower plane to the upper plane,
and for rotations on the right hand side. See also [26, Lem. 1.1] g

2.4. m-graded spatial partitions and categories

Later, we will need spatial partitions that are allowed to mix certain levels
(but not all levels). This is captured by the following definition. The idea is to
cluster into a block each set of levels that are allowed to be interchanged and
to decompose the set {1,...,m} accordingly. This is encoded in a partition
m € P(m), the grading partition.

DEFINITION 2.15. — Let m € N and let m € P(m) be a partition of
m points. A spatial partition p € P is w-graded, if whenever two points
(x1,9y1) and (x2,y2) are in the same block of p, then y1 and ya are in the
same block of w. The partition 7 is called the grading partition. We denote
by P the set of all w-graded (spatial) partitions in P(™) .

If = consists only of singletons, the w-graded partitions are exactly those
that respect the levels. If 7 is the one block partition, then every partition in
P(™) is r-graded. As a nontrivial example, let m = 4 and 7= = {{1,3},{2,4}}.
Then a partition p € P(™) is m-graded if and only if no block of p contains
points from an odd level and from an even level.

DEFINITION 2.16. — A category of spatial partitions C is m-graded, if
all partitions in C are w-graded.

LEMMA 2.17. — Let m € N.

(a) Letw € P(m) be a grading partition. If p and q in PU™ are w-graded,
then so are p ® q,pq,p* or any m-rotation of p or q.
(b) The set P,(rm) of all w-graded partitions in P is a category of
spatial partitions.
c) If p1,...,pr are m-graded, so is the categor 1,...,Pk) generated
p P g ) gory \Pi1, Pk) 9
by them.

Proof. — The proof of (a) is straightforward, and (b) and (c) follow im-
mediately. O
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2.5. Generators of P7(rm), P® and PQ(Q)

In the case m = 1, it is not difficult to see that P is generated by #, T

and X. This allows us to define natural further categories like <#> or <#, ™,
see for instance [32]. We are thus interested in finding canonical generators
of the category P("™) the maximal category of spatial partitions. We refine
the statement by considering 7-graded partitions, including the case P("™)
when 7 is the one block partition on m points.

THEOREM 2.18. — Let m € P(m) be a grading partition. The category
P,ﬁ’") of all m-graded partitions is generated by the following partitions besides
the base partitions |(™ and 1™

(i) The singleton partition 1(™)
(ii) Fori = 1,...,m, the partition given by # on level i and | @ | on

all other levels. For m = 2 this amounts to }l'-l:] € P?)(2,2) and

I':]‘J" € P (2,2).

(iii) For i = 1,...,m, the partition given by X on level i and | ® | on

all other levels. For m = 2 this amounts to ){[ e p® (2,2) and

}< € P (2,2).

(iv) For 1 <i < j < m two points in the same block of m, the partition

given by % on the levels i and j and | on the others. For m = 2

and ™ = M this amounts to % € PA)(1,1).
Proof. — We give a proof for m =2 and m = 1, the general case being

a straightforward adaption.

Let C C P® be the category generated by (i) to (iv). Let p; and go

be partitions in P(k,[). Using }gi , Tl\, )E[ , the base partitions, and
the category operations, we may construct a partition p € C respecting the

levels, such that on level one, we have p; (since P = # T, >< ). Likewise,
we produce a partition ¢ € C respecting the levels, such that on level two,
we have go. Using (iii), we may permute the points of p ® ¢ € C in order to
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obtain a partition r ® s € C respecting the levels with 7, s € P (k,1) such
that r restricts to p; on level one and to go on level two. Composing this
partition with 1(2) and its adjoint, we infer r € C.

Use ﬁ and (iii) to connect arbitrary upper points of p; with arbitrary
upper pdints of g2, and likewise for connecting lower points with lower points.
As for building a string between an upper point of p; and a lower point of
@2, assume that both are leftmost within their level (possibly using (iii)). Let
v € P®(1,2) be the partition consisting of a three block on level one and
1 ®| on level two. Let w € P®)(2,1) be the partition consisting of | ®| on
level one and a three block on level two. By the preceding considerations, v
and w are in C. We conclude that the partition

o]

= (w® (‘(2))®l—1)( %@ (v ® (|(2))®k—1)

G\DIIII II (v ()2

/ T r acts on all
I I .. I ( % @) square points
I I I (we (|@)=1)

It coincides with the partition obtained when connecting the leftmost upper
point of r on level one with the leftmost lower point of r on level two (gray
points in the picture). We infer that we may connect arbitrary blocks of
p1 with arbitrary blocks of ¢o, such that we may construct any partition
pe P® inC. O

isin C.

COROLLARY 2.19. — For m =2 and © = 1, the category P is gen-
erated by the following partitions besides the base partitions |?) and M ).

(i) 1®e P®(0,1),

o0

(ii) }J;J € P?)(2,2) and ]E € P?)(2,2),

(iii) XJ € P?)(2,2) and ]K € P?)(2,2),

o

(iv) % € PA)(1,1).
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Moreover, we can replace the partition of item (iv) by

(iv) A e PP(0,1).

o

Proof. — By Theorem 2.18, the category P is generated by (i)-(iv).

Thus, all we have to prove is that ﬁ is in the category generated by (i)—(iii)

and (iv’), which is the case as can be seen by the following picture.

o

9
ki

O

For m = 1, we have P, = { X), see [28]. For m = 2, the situation is more
complicated.

THEOREM 2.20. — Form =2 and w = 1, the category P2(2) consisting
of all spatial pair partitions on two levels (see also Example 2.13 (b)) is gen-
erated by the following partitions besides the base partitions |(2) and M

(i) EEI € P?)(2,2) and I%i € P)(2,2),
(ii) )&J € P?)(2,2) and ]}( € P®)(2,2),

(i) (€ P®@)(0,1).

Proof. — Similar to the proof of Theorem 2.18, we use g[, )U and the

base partitions in order to construct arbitrary pair partitidﬁé pp’; € Pa(k, k)
(where p € P»(0,k)) on level one. Tensoring several such partitions and
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several copies of |(?), using (ii) to permute the points and finally composing
them with suitable tensor powers of M1 @ and its adjoint, we obtain any
arbitrary partition in P2(2) respecting the levels. We may mix the levels using

the partition )( which may be constructed from (ii) and (iii). O

3. Spatial partition quantum groups

We will now associate quantum groups to categories of spatial parti-
tions. We first recall some basics about compact matrix quantum groups
and Woronowicz’s Tannaka—Krein result.

3.1. Compact matrix quantum groups

The following definition of a compact matrix quantum group is due to
Woronowicz [33, 35]. It is a special case of his theory of compact quantum
groups. See also [19, 27] for more details.

DEFINITION 3.1. — Let n € N. A compact matrix quantum group is a
tupel (A, u) such that

o A is a unital C*-algebra generated by n? elements uij, 1 <1,5 <n,
e the matrices u = (u;;) and u = (uj;) are invertible in M, (A),

o and the map A : A — A ®min A given by Aui;) = D) Uik @ Up; @S
a *-homomorphism.

If G C M, (C) is a compact matrix group, then C(G) gives rise to a com-
pact matrix quantum group in the above sense. We therefore write A = C(QG)
even if the C*-algebra A from Definition 3.1 is noncommutative, and we
speak of G as the compact matrix quantum group (which is only defined via
C(@)), sometimes specifying (G,w) in order to keep track of the generating
matrix u.

DEFINITION 3.2. — Let (G,u) with u = ()i j=1,...n and (H,v) with
v = ('Uij)i,jzl,“.,m be two compact matriz quantum groups.

(a) We say that G is a quantum subgroup of H as a compact ma-
trix quantum group, if there is a surjective *-homomorphism ¢ :
C(H) — C(G) mapping o(vij) = wij. In particular, we require
n=m.
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We say that G is a quantum subgroup of H as a compact quantum
group, if there is a surjective *-homomorphism ¢ : C(H) — C(G)
such that Ag(p(vi)) = >re, e(vik) @ o(vk;). In general, we may
have n # m.

We simply speak of a quantum subgroup G C H if there is no confusion
with the above cases (a) and (b); in particular, since we will always apply
throughout the article (a) in the case n = m and (b) in the case n # m.

Ezxample 3.3. —

(a)

c(oy)

)

c(

n

= C’*(uij,i,jl,...,n

= C’*<U,’j

59)

Wang [29] defined the free orthogonal quantum group O as the
compact matrix quantum group given by the universal C*-algebra

*
Uij = Ui, Zuikujk = Zuklukj = 5ij>.
k k

If we take the quotient of C'(O;}) by the relations that all u;; com-
mute, we obtain the algebra of functions C(O,,) over the orthogonal
group O,, C M,,(C). Thus, we have O,, C O;f" as quantum subgroups
in the sense of Definition 3.2 (a).

Wang also defined the free unitary quantum group U, via

uikujk: ukiukj: uikujk: ukiukj_éij>.
k k k k

Wang [31] also defined the free symmetric quantum group S; via

ok .2 _ _
uij—uij—uij,g Uz‘k—g ukj—1>.
k k

The quotient by the commutator ideal yields C(S,,), where S,, C
M,,(C) is the symmetric group, thus S, C S;. It is not difficult to
check, that we have u;,ujr = 0 and ug;ug; = 0 for i # j. Hence S;F
is a quantum subgroup of O, in the sense of Definition 3.2 (a).

We may view the symmetric group S,, as a quantum subgroup of
O}, in the sense of Definition 3.2 (b). Indeed, let u;;, i,j =1,...,n
be the generators of C(S,,). For iy,1i2,j1,j2 € {1,...,n}, we put

= C’*(uij,i,j— 1,...,n

/
Uiy in) (j1,52) *= Winga Yizja € C(Sn).

Labeling the generators of C(Oig) by (i, is)(j1,42)s 1t I8 easy to
verify that we have a surjection from C(O},) to C(S,) mapping
Ulin,i2) (j12) B0 Uiy 12)(ja o)+ 1F TESPECtS the comultiplication map A
of S,,.
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3.2. Tannaka—Krein duality

Similar to Schur—-Weyl duality for groups, we may reconstruct a com-
pact matrix quantum group from its intertwiner spaces. This is due to
Woronowicz’s Tannaka—Krein result [34]. Let us briefly sketch it, referring
to [16, 19, 25] for more details. We restrict to the case u = 4.

For k € Ny, the matrix
u®* € M, (C(G)) = M,(C)® - @ M,(C) ® C(G)

is a (tensor) representation of a compact matrix quantum group (G, u). The
set of intertwiners between u®* and u®! is the set of linear map 7" : (C™)®* —
(C™)®! such that Tu®* = u®!T. Tt is denoted by Homg (k,1). The collection
of spaces (Homg(k, 1))k 1en, forms a C*-tensor category or rather a concrete
monoidal W*-category in the sense of Woronowicz. A simplifed version of
his Tannaka—Krein Theorem is the following.

THEOREM 3.4 (Tannaka—Krein Theorem [34]). — Let (Hom(k, 1))k, 1en,
be an (abstract) C*-tensor category which is generated by an element f = f.
Then, there exists a compact matriz quantum group (G,u) with u = @ such
that Homg(k,1) = Hom(k, 1) for all k,l € Ny. It is universal in the sense that
whenever (H,v) is a compact matriz quantum group such that Tv®*F = v®'T
for all T € Hom(k,l) and all k1, then H is a quantum subgroup of G.

We conclude that compact matrix quantum groups are determined by
their intertwiner spaces, hence all we need to know about a compact matrix
quantum group (G, u) is (Homeg (k, 1))k, 1en, -

3.3. Linear maps associated to partitions

Banica and Speicher [3] associated linear maps to partitions p € P in
order to obtain quantum groups whose intertwiner spaces are of a combina-
torial form. Let n € Nand p € P(k,1). Let i = (i1,...,4) and j = (J1,-..,j1)
be multi indices whose components range in {1,...,n}. We decorate the k
upper points of p from left to right with the entries of ¢, and likewise for the
[ lower points (from left to right) using j. If the strings of p connect only
equal indices, then d,(4,7) := 1 and 6,(i,j) := 0 otherwise. See [25, Ex. 4.2]
or [28] for examples.

Let eq,. .., e, be the canonical basis of C". For p € P(k,1), we define the
linear map T}, : (C")®% — (C™)®! by setting
Tp(eil ®"'®eik> = Z 6p(i7j)ej1®”'®ejz'

Jiseenii=1
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The convention is to put (C")®° = C. The maps 7, behave nicely with
respect to the category operations.

PROPOSITION 3.5 ([3]). — We have:

(a) Tp @ Ty = Tpog,

(b) (Tp)" =T,

(¢) T,T, = n@P)T,, where b(q, p) is the number of disconnected strings
arising in the composition of p and q,

(d) T =id: C" - C",

(e) T =>,ei®e; € (C)®2,

3.4. Linear maps associated to spatial partitions

We now extend Section 3.3 to spatial partitions. Let m € N and let
ni,...,nm € N. By ker(ng,...,n,,) we denote the unique partition = in
P(m) with the property that s and ¢ are in the same block of 7 if and only
if ng = ng. Let p € P (k,1) be ker(ni, . .., n,)-graded, i.e. the strings of p
connect different levels only if the “dimensions” n; of these levels coincide.
We put

[n1 X ... Xy ={1,...,n1} x{1,...,no} x...x{1,...;nn}.

Let I be a multi index in [n; x ... X n,,]¥ and J be a multi index in [n; x
... X ). Hence I is of the form

I= (I, I) = ((if, o yiby)sees (i, yi0)
We define 6,(I, J) as before, decorating the upper plane of p by I and the
lower plane by J, i.e. under the identification P(™)(k,1) = P(km,lm), we
simply apply the former definition of d,. We may find a natural orthonormal
basis of C™"2"m uging the following isomorphism:

"MEp..C"m =~ (CMmn2-nm
Cin @ B Cipy = Cligin)-
We assign the following linear map S, to p:

Sp . (Cnln2»--nm)®k N (C’I’L1n2...nm)®l

ity @ @by = D S ) @ B )
LRI s
T1seeerdim
For m = 1 and p € PMW(k,1) = P(k,l), the constructions of T}, and S,

coincide.
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Remark 3.6. — The definition of S, constitutes the technical key ob-
servation of this article. It looks quite simple, but let us discuss it from a
different perspective. Observe that the map T}, : (C™ " )@k — (Cra-mm ) @1
for p € P(k,1) coincides with Sy : (C™1mm )@k — (Crrmm )@l for p(m) ¢
P(m)(k, [). Hence, with the maps S, for general spatial partitions p € pm),
we can go “finer” than T},, making use of the decomposition of n; - - - n,, into
factors. Since not all spatial partitions in P come from amplifications,
the assignment p — S}, is richer than the assignment p — 7.

Proposition 3.5 translates to the following.

PROPOSITION 3.7. — We hawve:

)
) (Sp)" = Spe»
) SgSp = (ng-- .nm)b(q,p)sqp’
) Sjomy =1d : Canze-ntm — Cranzenm
(e) S o = E(il,-».,im) €(iyrrim) @ €(in,...im) € ((Cnmz---nm)®2.
Proof. — Let p € PU™(k,1). Viewing it as a partition in P(km,Im), we
may assign the following map to it:
T,:(C"®..eC)® 4 ((®...0C')®
e, ®...8¢€e;, Z 6P(I’J)ej1®"'®ejlm'
j17"-;jl7n.
Under the isomorphism
Cnl ® . ® Cnnz o~ (C"l’ﬂz--ﬂm
€, ¥...0€;, <— €(iq,nyim)
it coincides with the map
Sp . ((Cnan...nm)®k N ((Cnlng...nm)®l

Clit i) @ Bty = D (DG ) @ B et )

Fiseeodmyees
]i7v]£n
Thus, the assertions (a), (b) and (c) follow directly from Proposition 3.5.
The assertions (d) and (e) follow from Remark 3.6. O

3.5. Definition of spatial partition quantum groups

The properties of Proposition 3.7 ensure that span{S, | p € C(k,l)} is
an abstract C*-tensor category in Woronowicz’s sense. Hence we may apply
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the Tannaka—Krein Theorem to it in order to obtain a quantum group.
This motivates the following definition generalizing the one by Banica and
Speicher [3]. See also [22, 28, 32] for more on easy quantum groups and [25]
for an explicit transition from categories of partitions to quantum groups via
Tannaka—Krein.

DEFINITION 3.8. — Let m € N and let ny,...,n, € N. A compact ma-
triz quantum group (G,u) with G C O} ., and u € My,..,,(C(G)) is a
spatial partition quantum group, if there is a category of ker(ny,...,ny,)-
graded partitions C C P such that for all k,1 € Ny, the intertwiner spaces
of G are of the form

Homg (k,1) = span{S, | p € C(k,1)}.

It is convenient to use multi indices from [ny X ... X ny,] for the matrix
u € Mp,..n, (C(G)), i.e. u = (urs)1,7€[n, x...xn,,]- Banica and Speicher [3]
defined easy quantum groups using the maps 7}, for p € P. For m = 1, their
quantum groups and our spatial partition quantum groups coincide.

Remark 3.9. — Again, let us briefly comment on an extension in the line
of Remarks 2.7 and 2.10 and [7, 25, 26].

Given a category of colored spatial partitions as in Remark 2.10, we
associate linear maps S, to such a colored partition p exactly as in Sec-
tion 3.4. The colorization of p does not play any role for this definition.
However, for the interpretation of S, as an intertwiner we do need the colors
of the points: if the color pattern of the upper first level of p is the word
w = (wi,...,wy) € {o,e}* whereas s = (s1,...,5,) € {0, ¢} colors the lower
first level, the map S}, is supposed to be an intertwiner of the representations
u’ =u"1®- - Qu¥ and u® =u*! ® -+ ® u’, where u® = u and u® = u.

By Tannaka—Krein duality, we then obtain a unitary spatial quantum
group G C U,LJFI,,,,Lm (we do not assume v = @ anymore).

3.6. (*-algebraic relations associated to spatial partitions

The equations S,u®* = u®l5p, for p € P (k, 1) give rise to relations on
the uy ;. They are the following.

DEFINITION 3.10. — Let m €N, ny,...,n, € N and let p € PO (k,1).
We say that elements ury, I,J € [n1 X ... X n,,] satisfy the relations R(p),
if, for all choices of multi indices I = (Iy,...,Ix) € [n1 X ... X ny)* and
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J=(J1,...,J)) € [n1 x ... x ny]!, we have

Z §p(A,J)uA111...uAk1k

Al,...,AkE[nl X...Xnm]

= Z 6p(IaB)UJlBl~~«UJlBl~

Bl,...,BLE[nl X...XTLWL]

LEMMA 3.11. — We have S,u®* = u®'S, if and only if the relations
R(p) are satisfied.

Proof. — Using the matrix units e;; € M, ..., (C) for J, I € [ng x ... X
N, We write

Rk _ E
u - 6]1]1 ®"'®6Jklk (gug]lll."/U'J;CI}c

Iy, 1
J1yeeyJk

EMuyn, (C)@...0 My, ...n,, (C) @ C(G).
Applying it to a vector e, ® ... ® e, ® 1, we obtain

uFen ®.. . ®e, ®1) = Y e, ®...®ea, ®UaL, U,

Thus

S,u®F (e, @...®er, ®@1)

= E €, ®"'®6Jl & E 5p(A, J)uAlll U UART, | s
Jiyees ke At Ak

u®*S,(er, ®...®er, ®1)

= Z e, ®...0e 5 & Z 5P(I3B)UJ131"'UJZBI
J1,ees ke .

Bu,...,By
Hence, S,u®* = u®!S, if and only if the relations R(p) hold. O
PROPOSITION 3.12. — Let G C O}, = be a compact matriz quantum

group. If C(QG) is the universal unital C*-algebra generated by self-adjoint
elements ury such that u is orthogonal and the relations R(p) are satisfied
for all p € C for some ker(ny,...,nm,)-graded category C C P, then G is
a spatial partition quantum group.

In particular, if C = (p1,...,pk), then the relations R(p) are satisfied for

all p € C if and only if the relations R(p1),...,R(pr) and R(M (m)) are
satisfied.
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Proof. — The proof is similar to [25, Prop. 5.7] (see also the appendix of
the arXiv version of [25]): The space W := span{S, | p € C} is a W*-tensor
category in the sense of Woronowicz; hence we may associate a quantum
group H to it and the generators of C'(H) satisfy all relations R(p), by
Lemma 3.11. We thus have a surjection from C(G) to C(H). Conversely,
C(G) is a model of W which yields a map from C(H) to C(G) by universality
of H. Hence G = H.

It is a direct algebraic computation to check that the relations R(p ® q),
R(pq) and R(p*) hold, whenever R(p) and R(g) hold. Thus, the relations
R(p1), ..., R(pr) and R(1 ™) imply the relations R(p) for allp e C. O

Here is a list of the relations associated to the generators of P and
P

‘(2) F U (i) (Grgz) = W(iriz)(j142)>

2 2)*
¢ )7 n®, Z Uiy iz)(g1,92) W(d1,d2) (91,92) = Z U(g1,92)(i1,32) W(g1,92) (41,52)

91,92 91,92

= 5i1j1 5i2j2 )

:—FE[ UKy k) (i1 i2) ks k) (in i) = O 1 k1 7# K,
Uiy i) (ki k) W(in is) (kaoka) = O 1 k1 7 ks;

|:l:|: S U(ky ko) (i1i2) Wk ha) (isia) = O 1 k2 # Ka,
Uiy i) (ko) W(isin) (ks ka) = O 1f k2 7 ky;

i R ,
I Zu(g,b2)(i1,i2) = Zu(bl,bz)(h,iz) (in particular independent of i1, by);
g h

T
Ié : Z“(bhg)(il,ifz) = Z Ub, by)(i1,p) (in particular independent of iz, by);
g h

TT, TT : Z U(i1,i2)(91,92) = Z U(gy,92) (jr.g2) = 15

91,92 91,92

>U FU(by bo) (i1,82) U(bs,ba) (i3,ia) T W(bs,b2) (i,iz) W(b1,ba) (in,ia)}

I\ ?( S U(by,ba) (i1,i2) U(bs,ba) (iz,ia) = U(b1,ba)(i1,ia) U(bs,b2)(i5,i2)3
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1D 5O D Ugga)(i1,02) W) (s vis) = Oivia Y U(gu,ga) (i) Ulis ) (hoia)
g h

LY
Iy 1-‘ : 5j2j4 Zu(j179)(i17i2)u(j3,g)(i3,i4) = Oigiy Z U(jr,52) (i1,h) U(js,5a) (i3,h)>
g h

?‘ 2 by by Zu(g,g)(il,iz) = 0iyiy Zu(bl,b2)(h,h);
g

h

5D U b (g9 = Obiba
g

N,

: Oiy iy Z U(g,9)(41,42) = 0j1ja Zu(i1,i2)(979);
g g

S U(ir,i9) (J1,d2) = U(iasin)(G2.51)

Remark 3.13. — Inspired from the above relations for (b, we view them

more generally for (ui;)ij=1,..n as

E Uik = ier

kel
for some subset I C {1,...,n}. For instance:
§ Uik = 61 even-
k even

It is easy to check that these relations pass through the comultiplication.
Hence, one can define some partial versions of quantum permutation groups.

Remark 3.14. — In the setting of colored partitions, the relations associ-
ated to partitions read as follows. Let m € N, nq,...,n,, € N and let p be a
colored partition with upper color pattern w = (wy, ..., w) and lower color
pattern s = (s1,...,5;). We say that elements ury, I,J € [n1 X ... X 1y
satisfy the (colored) relations R(p), if, for all choices of multi indices I =
(In,.... ) € [ny x ... xnylFand J = (Ji,...,J;) € [n1 X ... x ny]l, we
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have

Z dp(A, J)uﬁih .. 'UXZI;C

At AgEng X Xy
— S1 Sy
= g op(I, B)uji g, - uJ g, -
Bi,...,Bi€[n1 X...X1np]
x — 3] — x — * 3 —
Here, we understand u% ; = ua,r, if z =0 and uj ; =uj,  ifz=e.

As an example:

% : uzkil,iz)(jlsz) = Uiz, i1)(d2,41)

4. Products of categories

Given two categories of partitions C; and Cy, how can we form a new one
from this data? Several possibilities will be developped in the sequel.

4.1. Kronecker product of categories

In the setting of spatial partition quantum groups, we have an obvious
possibility to form a new category out of two given categories C; C P and
Cy C P: We simply put C; on level one and Cy on level two. More generally,
we have the following setup.

DEFINITION 4.1. — Let s € N. Let m; € N and let m; € P(m;) for
i1=1,...,s.

(a) Let k,l € Ny. Let p; € PT(r:ni)(k,l) fori=1,... s. We denote by

ps
() e st
P1
the partition given by placing p1 on the levels 1 to mq, placing po
on the levels mi + 1 to my + ms, and so on.
(b) Let C; C Pf(r:ni) be sets of m;-graded partitions, fori =1,...,s. We
denote by

Ps
Ci x...xCs :z{( : ) EP#T@}té:SmS)

P1

p; € C; for alli= 1,...,3}
c P(m1+...+ms)
= T mMR..Q7s

the Kronecker product of the sets C;, i =1,...,s.
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LEMMA 4.2. — Let C; C Pgm) be categories of m;-graded spatial par-
titions, for i = 1,...,s. Then C; X ... x Cg C P,(r’:g+®;fm) s category of
™ ® ... R ws-graded spatial partitions.

Proof. — The proof is straightforward. O

4.2. Glued tensor products of spatial partition quantum groups

It is natural to ask for the quantum group picture of the above Kro-
necker product of categories. Recall the following product of quantum groups
from [25, Def. 6.4].

DEFINITION 4.3. — Let (G,u) and (H,v) be two compact matriz quan-
tum groups with n X n matrix u = (uij)i’jzlw,n and m X m matric v =
(Vk1)k1=1,...m- The glued direct product (G,u)x(H,v) of (G,u) and (H,v)
is the compact matrix quantum group given by the C*-subalgebra

C(GxH) = C*(ujjop | i,j=1,...,n and k,1=1,...m) C C(G)@maxC(H)

and the nm X nm matriz uXv 1= (uijor). Here, we identify C(G) ®@maxC(H)
with the universal C*-algebra generated by elements u;; € C(G) and vy €
C(H) such that all u;; commute with all vy. We also write GXH short for
(G,u)x (H,v).

THEOREM 4.4. — Let (G;,u;) C O]J\r,i be spatial partition quantum groups
with categories C; € PU™) for i = 1,2 and N; = n’lnﬁm The spatial

partition quantum group associated to the category C; x Co is G1xGy C
ot .
1 N2

Proof. — Tt is straightforward to check that Gy XG5 is indeed a quantum
subgroup of O]J{,l N, in the sense of Definition 3.2 (a) mapping the generators
Wiy iz)(j1,jo) OF OJJ\rlez t0 Ui, j,Vinj» € C(G1XxGa). Moreover, let G be the
compact matrix quantum group associated to the category C; x Cy. Thus its
intertwiner space is

Homg (k,1) = span{S, | p € C1 x Ca}.
By definition, the intertwiner space of G XGs is
Homg, 3¢, (K, 1)
={T: (CM @ CN)®" - (C" @ C™)® | T(u1 ® u2)®* = (u1 @ ux)®'T'}.
To prove the statement of the theorem, it suffices to prove that

Homg(k,l) = Homg, 3¢, (K, 1) for all k,1 € No.
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For doing so, let us first consider S, € Homg(k,l). Thus p = (5?) with
p; € C;. Reordering the elements of the tensor product (CM @ CN2)®k ~
(CN1)®k & (CN2)®* | we observe that S, = S, ® S,,. Thus

Sp(ur ® uz)®* 2 (Sp, © Sp, ) (uf” @ uF®) = (uf* @ uF*)(Sp, @ Spy)
>~ (ug ® ug)®*S,,.

Consequently, S, € Homg, zq,(k,1) and by linearity, Homg(k,l) C
Homgligz(k,l).

We conclude by a dimension argument. Recall that the dimension of
Homp (K, 1) of a compact matrix quantum group (H,w) is given by hg (x5H)
where hp is the Haar measure on H and x,, = >, ws;. The Haar measure
of G1xGy is given by hg, @ hg, by [30]. We have

dim Homg, 3¢, (k, 1) = he, ® ha, (X5 .,)
= ha, ® ha, (0T X
= ha, (Xt ha, (a7 )
= dim Homg, (k, 1) - dim Homg, (k, 1)
= dimspan{S,, | p1 € C1} - dimspan{S,, | p2 € C2}
= dimspan{Sy, | p1 € C1} ® span{Sp, | p2 € C2}
= dimspan{S,, ® Sp, | p1 € C1,p2 € Ca}.

Once again, reordering the elements of the tensor product (CNt @ CN2)®F =~
(CN1)®k @ (CN2)®k we observe that S,, ® Sp, = S, whenever p = (p?). It
allows us to conclude:

dim Homg, 3, (K, 1) = dimspan{S,, ® S,, | p1 € C1,p2 € Ca}
= dimspan{S, | p = (5?),p1 € C1,p2 € C2}
= dimspan{S, | p € C1 x C2}
= dim Homg (K, 1). O

COROLLARY 4.5. — In particular, the quantum groups Sy X Sy, SnQSj{,
S St or O, xS ete. are spatial partition quantum groups.

We observe that the class of spatial partition quantum groups is closed
under taking the glued direct product (increasing the number m). This is
not the case for easy quantum groups: taking the glued direct product, we
leave the class of easy quantum groups entering the class of spatial partition
quantum groups.
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4.3. Glued tensor products with amalgamation over partitions

Forming the Kronecker product C; x Cs of two categories C; C P (with
easy quantum groups (G,u) and (H,v)), we obtain a category of spatial
partitions respecting the (two) levels. We will obtain further relations for the
generators u;;vy of C(GxH), if we throw in partitions mixing the levels.
See also [7] for further ways of amalgamation.

DEFINITION 4.6. — Let (G,u) and (H,v) be compact matriz quantum
groups such that the matrices u and v have the same size. Put w; (1) =
U0k € C(G) @max C(H). Let p € P®  The glued direct product over p (or
the p-amalgamated glued direct product) (G,u)x,(H,v) (or short Gx,H)
is given by the C*-subalgebra

C*(uijvkl | i,j,k,l = 1, “e ,n)
C C(G) ®max C(H)/(the elements w(; yy(j1) satisfy the relations R(p)).

LEMMA 4.7. — The C*-algebra in Definition 4.6 admits a comultipli-
cation turning (G,u)x,(H,v) into a compact matriz quantum group with

fundamental representation uXpv == (U;jVkt)ij ki=1,...n-

Proof. — The C*-algebra C(GXH) of Definition 4.3 admits a comulti-
plication due to [25]. We can view C(Gx,H) as a quotient of C(Gx H), and
consider the following diagram.

C(GxH) —2> C(GxH) ® C(GxH)

C(GX,H) C(GX,H) ® C(GX,H)

Hence, all we have to check is that the map (o ® «) o A factorizes through
a. For doing so, we only need to check that the elements

Zw(i’k)(s’t) ® W(s,t)(4,0) € C(G;ZPH) & C(G;pH)

s,t
satisfy the relations R(p), which is the case. O
THEOREM 4.8. — Let (Gy,u;) C O} be easy quantum groups with cate-

gories C; C P fori=1,2. Let p € P®) . The spatial partition quantum group
associated to the category (C1 X Ca,p) is G1x,G2 C O:er.

Proof. — Let (G, v) be the spatial partition quantum group associated to
the category (C1 x Cz2,p). We denote by u the generating matrix of G1 x,G2
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and by w the generating matrix of G1xG5. Because the relations R(p) only
involve elements of C'(G1xG3), we have

C(G, QPGQ) >~ (G, xGy)/(the elements Wi k) (j,1) Satisfy the relations R(p))
via the canonical isomorphism wyj — urs.

By definition, the space of intertwiners of G contains the one of G xGs.
By universality of Tannaka—Krein theorem, it means that G is a quan-
tum subgroup of GyxGs, or more precisely, that there exists a surjective
*-homomorphism ¢ : C(G1xG3) — C(G) mapping wrs to vry. Because
vy satisfy the relation R(p), this homomorphism can be quotiented into a
surjective #-homomorphism ¢ : C(G; ;pGg) — C(G) mapping uys to vy,
meaning that G is a quantum subgroup of G ngQ.

Conversely, the space of intertwiners of G x pG2 is bigger than the one of
G, because it contains S, and S, for ¢ € C1 xCy, which means that it contains
span{Sy | ¢ € (C1 x C2,p)}. By universality of Tannaka-Krein theorem, it
implies that G, ;pGQ is a quantum subgroup of G. |

It is straightforward to generalize Definition 4.6 to products of an ar-
bitrary finite number m € N of quantum groups, allowing for an amalga-
mation with arbitrary partitions P, One can also choose G and Gy of
the above proposition to be spatial partition quantum groups rather than
easy quantum groups, after extending Definition 4.6 to an amalgamation of
GCOY ., and HCOY, ., withrespect to a partition p € plmitma)

1 my 1 mo

where 7 = ker(ni,...,n}, ,n},...,n2, ). Observe that an amalgamation

with a partition respecting the levels boils down to the glued direct product
without amalgamation.

Ezxample 4.9. — Let C; = Co = NCs.

(a) For p= (4 the category (NC2 x NC3, (%) corresponds to O x,O5F
with ‘

C(OF %, 0)

= O* (uijvkl

(b) Forp = 2(, the category (NCqyx NCjy, 2(«‘> corresponds to O, QpOf{
with

(uij), (k1) are orth., u;jvr = Vg, E Ugy kVigk = 5i1i2>-
:

~ u;5), (vgr) are orth.,
C(0F %,01) = O (WH (wig). (ox2) )

Uij Ukl = VkiUij, WijUEI = UklVij
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4.4. Noncrossing product of categories

Building on an extension of the setting of spatial partition quantum
groups to the colored situation (Remark 3.9), we may give another con-
struction for defining new categories from old ones, in the sense of Thm, 4.4.
We first need a notion of non-crossing colored spatial partitions.

For this purpose, we extend the isomorphism of Remark 2.4 from white
points to white and black points: for any m € N, k,l € Ny and a fixed color
pattern on {1,...,k,k+1,...,k+1} x {1,...,m}, the sets

A={1,....kmkm+1,...,km+1Im}
and
B:={1,...,kk+1,... k+1} x{1,...,m}

are in bijective correspondence by identifying a point (x — 1)m +y € A,
1<z <k+1, 1<y < m with the point (z,y) € B if (z,y) is white and
by identifying a point tzm+1—-y € A, 1 <z <k+1, 1 <y < m with the
point (z,y) € B if (z,y) is black. This reverse order on black points reflects
the identity u ® v =7 ® u.

We can define two different products using this isomorphism. The defi-
nition of the noncrossing product C; X,c Co and of the free product C; * Cy
of categories C; C P and Co C P of colored partitions follow Definition 4.1
with additional conditions of being noncrossing:

e We place a partition p from C; on level one, and a partition ¢ from
Cy on level two and consider the resulting partition (Z).

e For the definition of C; X, C2, we require that the partitions p
and ¢ do not cross each other under the above isomorphism. More
precisely, (Z) is in C1 X,.Co whenever there exists a partition r < (g)
which respects the levels and which is noncrossing under the above
isomorphism.

e For the definition of C; % C3, we require in addition that for each
block of r on the first level, the restriction of p to this block is in
C1, and for each block of r on the second level, the restriction of ¢
to this block is in Cs.

As a consequence, C1 xCy C C1 Xy Ca. For example, putting [¢ on both level

(2)
gives us the noncrossing partition {{1,4},{2,3}}, meaning that ¢ is an
element of the noncrossing product C; Xy C2. In addition, each restriction
(2)
is §¢, which is in every category of colored partitions, meaning that [§ = €
(2) (2)
Cy * Co. Similarly, we can verify that {J °, l) and I are in the free
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product C; * Co. Since the conditions are maintained under the category
operations, we deduce that C; X ,.Cy C P®) and ¢y %Cy € PP are categories
of colored spatial partitions on two levels. Remark that for some categories
(including P> and NC5), we have C; Xy C2 = Cy * Ca.

Theorem 4.10 is the unitary version of Theorem 4.4, where we used the
glued free product of [25, Def. 6.4]: if (G,u) and (H,v) are two compact
matrix quantum groups with u = (u;;)i j=1,....n and v = (Vgi)k,i=1,... m, the
glued free product GxH of G and H is given by the C*-subalgebra

C*(ujjve | 4,5 =1,...,nand k,l =1,...m) C C(G) * C(H).

THEOREM 4.10. — Let (G;,u;) C O be easy quantum groups with cat-
egories C; C P for i = 1,2. The spatial partition quantum group associated
to the category Cq x Cy is G1%¥Gq C U;g.

Proof. — The intertwiners between tensor products of the representa-
tions uy, @1, ug and ug of G1*Gs are explicitely given by [13, Prop. 2.15]: they
are linear combinations of compositions of morphisms of the type id @ R ®id
where R is either an intertwiner between tensor products of the representa-
tions u1,u; of G or an intertwiner between tensor products of the represen-
tations usg, ug of Ga.

Let us describe this set of intertwiners in a different way. Two tensor
products of the representations ui, 41, us and us of length k and [ can be
seen as a decoration of k£ upper points and [ lower points by w1, @1, us and us.
Given such a decoration, we can consider a partition p of k4 [ points which
does not connect the points decorated by uq,u; with the points decorated
by us, ug such that:

e there exists a noncrossing partition r which is coarser than p and
which does not connect the points decorated by ui,u; with the
points decorated by us, s,

e the restriction of p to each block of r decorated by ui,u; is in Cq,
and the restriction of p to each block of r decorated by wus,us is
in CQ.

Let us call such a partition an admissible partition. They form a category of
colored partitions. We claim that the intertwiners between tensor products
of the representations uj, 41, us and g of Gy * Ga are exactly given by the
linear combinations of the morphisms 7}, for p an admissible partition in the
sense above.

Let us briefly sketch the proof. On one hand, if p is in C; or Cz, the mor-
phism id ®7}, ®id can be written as Tjgagye|o» With the admissible partition

|99 @ p @ |®b. Taking the closure by linear combination and composition
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gives us that every intertwiner between tensor products of the representa-
tions w1, 41, uz and us is given by the linear combinations of the morphisms
T, for p an admissible partition. Conversely, if p is an admissible partition,
there exists a noncrossing partition r which is as described above. There
exists at least one interval block in r. Doing some rotation if necessary, we
can assume that this block is supported on consecutive points on the upper
left corner. Because p is admissible, the restriction of p to this block of r
is a partition p; of C; or Cs, and we can decompose p = p; ® ps with po
admissible. But T}, is an intertwiner between tensor products of the rep-
resentations uq, 41, us and us of G1*G2. We conclude by induction on the
number of blocks of the admissible partitions.

Thus we can describe the set of intertwiners between tensor products of
the representations u; @ us and u; ® ug = s @ Uy of Gy * Ga, or equivalently
between tensor products of the fundamental representation of G1*Go and
its adjoint, as linear combination of T}, with p an admissible partition. Using
the isomorphism described at the beginning of the section, we see that it
coincides exactly with

span{Sy, | p € C1 *Ca}. O

5. Examples of spatial partition quantum groups

In this section, several examples of spatial partition quantum groups are
given. Of course, easy quantum groups are such examples. Interestingly,
spatial partition quantum groups are also related to other known quantum
groups. For instance, the new machine of spatial partition quantum groups
covers some quantum symmetry groups of finite quantum spaces.

We first take a look at the natural cornerstones of the theory.

5.1. Amplifications of easy quantum groups

A trivial class of spatial partition quantum groups is obtained by the
amplification of easy quantum groups.

PROPOSITION 5.1. — Let ny,...,n, € N. Let G,, C O be an easy
quantum group with category C C P. Then, the spatial partition quantum
group associated to [C]'™ is the easy quantum group G, .p, C (ORI
with category C.
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Proof. — By Lemma 2.12, [C]™) C P(™) is a category of spatial parti-
tions; it thus gives rise to a spatial partition quantum group. For p € C(k, 1),
the maps

Tp . (Cnlnz..‘nm)(@k‘ N (Cnlng...nm)®l

and Sp(m) . (Cnan...nm)(@k N (Cnlng‘..nm)(@l

coincide by Remark 3.6. As a consequence, the intertwiner spaces of the
spatial partition quantum group associated to [C](™) and of the easy quantum
group with category C are the same, which allows us to conclude by the
Tannaka—Krein theorem. O

COROLLARY 5.2. — We have the following correspondences of spatial
partition quantum groups:

S:Lrl“"flm — [NO](m)’ O?[l"'"m — [NCQ](m)f
Spiom, > [PI, Onyoon, < [Po]™.

5.2. Minimal and maximal spatial partition quantum groups

In the case m = 1, we have S, +— P and O} <— NCj. Since every
category of partitions satisfies P O C O NC5, we have

S. CGC Oy
for easy quantum groups G. The case m > 2 is different, since we may have

Suym L G C O,

Tm

for spatial partition quantum groups G, whenever [P](™) 2 C D [NCy](™)
(see Example 2.13). We are thus interested in finding the minimal spatial
partition quantum group corresponding to the maximal category of spatial
partitions P(™).

THEOREM 5.3. — Let ny,...,ny, € N and let 7 = ker(ny,...,ny,). The

category P7$m) of all w-graded partitions corresponds to the spatial partition
quantum group

Spy X XSp, COF
where {n;,,...,n;. } is the set {ny,...,ny} without repetitions.

In the special case ny = ... = n,, = n, we have

pm s 5 COF

nm-
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Proof. — We only prove the special case m = 2 and n; = ny = n, the
general case following from a straightforward adaption and an application
of Theorem 4.4. Recall from Definition 3.2 and Example 3.3 that S,, can be
viewed as a quantum subgroup of O:{Q by mapping the generators v(;, i,)(j, ,js)

of C(O},) to the product Vlinin) (1.ga) = Winga Yizjz 10 C(Sn).

Let A be the C*-algebra generated by elements v(;, i,)(;, j,) satisfying all
relations (R,) for all p € P"™). By Proposition 3.12 and Corollary 2.19, this
is equivalent to satisfying all relations (R,,) for all generators p of P@) ag
listed in Corollary 2.19. It is easy to check that vzil,ig)(jl,jz) € C(S,,) satisfies
all these relations, hence a map ¢ : A — C(S,) mapping v(i, i,)(jy,jo) —
vé i1.i2) G ga) exists by the universal property. Conversely, the elements u;j =
Yok Vk) (1) € A satisfy the relations of C'(S,) as can be verified directly.
This yields a map ¢ : C(S,) — A mapping u;; to u;j by the universal
property and we have that ¢ and 1 are inverse to each other. Thus, A and
C(S,,) are isomorphic; the isomorphism respects A.

An alternative proof using intertwiners is based on the observation that
the map from C(O}%,) to C(S,,) maps the matrix v to u®2. Thus, intertwiners
between v®* and v®! give rise to intertwiners between (u®?)®* = 4®2* and
(u®?)®@! = 4®2 Since the linear span of {T}, | p € P(2k,2l)} coincides with
the linear span of {S, | p € P (k,1)}, we deduce that the intertwiners of
Sy, viewed as a subgroup of O:{Q and the intertwiners of the spatial partition
quantum group which corresponds to the category of all spatial partitions on
two levels are the same, which allows us to conclude by the Tannaka—Krein
theorem. ]

We conclude that in the case m = 2 and n; = ny = n, we have, for any
spatial partition quantum group G,

5, CGCOf,.
Recall that the class of easy quantum groups only covers the case
S,z CGC 0:2.

More striking, while the obstruction for easy quantum groups G C O{yy, is
S1024 € G, we only have Z/Zs C G for spatial quantum groups G C Ofro24-

Remark 5.4. — Although our approach yields a larger class of quantum
subgroups of 0:2, we may not construct a quantum group G with S,z C G C
O:L'Q which is not an easy quantum group. Indeed, if G is spatial partition
with category C € P® and if S, C G C O, then C C [P]® since
S,z corresponds to [P](g). But this means that any partition p € C is a 2-
amplification of a partition p’ € P. Restriction of C to partitions on its first
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level yields a category of partitions C’ C P such that C = [C']®, hence G is
an easy quantum group by Proposition 5.1.

5.3. Examples in the case m = 2

In this subsection, we restrict to the case m = 2 and n; = ny = n and we
provide an incomplete list of categories C C P2(2) of spatial pair partitions
(all blocks are of size 2). In order to distinguish them, we introduce the
following five sets.

DEFINITION 5.5. — We define the following subsets of P2(2).
(a) We let

Cresplevels = {(gf) | p1,D2 € PZ} - P2(2)
be the set of all spatial partitions respecting the levels.

(b) A spatial partition p € P2(2) is called level symmetric, if it is sym-
metric when swapping the levels one and two. In other words, if two
points (x1,y1) and (z2,y2) form a block of p, then also (x1,y1) and
(z2,92) form a block, where § := {é Zﬁ zj We put

Coymm = {p € P2(2) | p is level symmetric} C PZ(Q).
(c) We let

no two points (x,1) and (y, 2
2 (2,1) (y )} gP2(2)

(2)
nodiagonal ‘= P, i
Cnodiagonal {p €2 ith & #y form a block

be the set of all spatial partitions having no diagonal strings between
the levels. We put

Symm L
CInodiagonal = CnOdiagonal N Csymm~

(d) We let
Croviceversa := {P € P2(2)|n0 two points (x,1) and (x,2) form a block} C PQ(Z)

be the set of all spatial partitions having no geodesic strings between
the levels. We put

z};gliglsversa = C'noviceversa N Csymm-
(e) We let
Ceven = U P2(2) (k‘, l) - P2(2)
k+1=2n, neN

be the set of all spatial partitions whose number of blocks is even.
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Remark 5.6. — We have Cresplevels = Cnodiagonal N Choviceversa and
symm
Crcsplcvols g Ccvcn~ MOI‘QOVGI‘, Cnoviceversa g Ccvcn-

symm Csymm

nodiagonal’ “noviceversa and

LEMMA 5.7. — The sets Cresplevels; Csymm, C
Coven are categories of spatial partitions.

Proof. — We may use Lemma 2.17(b) with 7 =1 ® 7 for the set Crespievels-
As for the others, one can directly verify stability under the category oper-
ations. 0

Recall that there are only three subcategories of P, in the case m = 1,
namely NCs, ( X' ) and P, (see [32]). For m = 2 we have many more.

THEOREM 5.8. — All of the following categories are subcategories of
P2(2). They are all distinct.

(a) The amplifications [NC2]® = (B), [( K)]® = (K@) and [P,)? =

00

( %>> (see Proposition 5.1).
(b) The categories C1 x Cz with C; € {NC2,( X ), P.} as in Section 4.

(c) The category { (%)

(d) The category ( )( ).

o]

(o]

O
=,

(e) The category { b,

O

(f) The category ( ().

(g) The category { )(;, o).
(h) The category generated by the following spatial partition.

(i) The category P2(2) itself.

Proof. — We may distinguish the above categories using those of Lem-
ma 5.7: We have the following containments of categories. Observe that p € C
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if and only if (p) C C, since (p) is the smallest category containing p.

CT@SPIEVGIS Csymm C;}c;glil;lgonal Cflil)r\?if;versa Ceven

@ | < c

(b) c <

(c) Z - - Z -
(d) Z C z C c
(e) Z C Z 4 c
(f) z C c Z Z
(2) Z - Z Z Z
(h) Z < C
(i) Z Z Z

Hence, all of the categories (a) to (i) are distinct. O

It is very likely that the above list is not complete. However, we believe
that (a) and (b) list all categories respecting the levels. The above categories
are of interest since they correspond to quantizations of the orthogonal group
O,, in a way. By Proposition 5.1, the amplifications [NC5]®), [( X )] and
[P,]) correspond to O:}, O, and O, respectively. By Theorem 4.4, the
categories C; x Co with C; € {NCa,( X ), P2} correspond to glued ten-
sor products of O, OF and O,. As for determining the quantum groups
corresponding to the categories (c-h) of Theorem 5.8, use the C*-algebraic
relations of Section 3.6. Note that the quantum groups of Example 4.9 do
not come into play here, since (NC2 x NCy,p) # (p) in both cases due to

Csymm .

Concerning the quantum group G corresponding to the category P2(2)7 it
is easy to check, like in Theorem 5.3, that the elements

!
Uiy in) (j1,j2) “= Wingr Wizga € C(On)

satisfy all relations R(p) for p € P2(2) (using Theorem 2.20). However, this
map is not surjective; in particular, u;; := >, v(i k) (j,1) € C(G) does not give
rise to an orthogonal matrix (or equivalenty: >, u;jur1 # u;; in C(Oy)).

Thus, we have to leave the question open to which quantum group P2(2)
corresponds.

5.4. From quantum subgroups of O:z to quantum subgroups of O,

Starting with a quantum subgroup G of Ozg we may associate a quantum
subgroup G of O; to it, under certain conditions.
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DEFINITION 5.9. — Let G C O;'L’Q be a compact matriz quantum group
such that C(G) is generated by wue pyu), for i, j,k,1=1,...,n. We put

i =) Uik G1)-
k
Let C(G) C C(G) be the C*-subalgebra of C(G) generated by the elements
U fori,je{l,...,n}.

The elements ;; are self-adjoint. We now investigate, when C (G) gives
rise to a compact matrix quantum group G - Ojl' . We express the necessary
condition in terms of C*-algebraic relations R(p) associated to partitions
p € P? as in Section 3.6. However, our next proposition does not only work
for spatial partition quantum groups, it holds for general compact matrix
quantum groups.

PROPOSITION 5.10. — Suppose the relations R(p) for p =
isfied for the elements u; yy(;1) € C(G) and suppose S, € G C 07"{2 (where
Sn C G is in the sense of Example 3.3). Then:

(a) We have, independently of the choice of x and y,
Ui = D Ui Ga) = D Uig)(k)-
k k

(b) The map A : C(G) — C(G) ® C(G) restricts to A : C(G) —
C(G) ® C(G) with A(tj) = > Wik @ -

(¢) The C*-algebra C(G) gives rise to a compact matriz quantum group
G with
S, CGcCor.
. op
(d) If in addition the relations R(p) for p € {14, [ } are satisfied for
the elements u(; iy, € C(G), then '
S, CGCSt.

Proof. —

i
(a). — This is exactly what the relations R(p) for p = 1& are.
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(b). — We compute, using (a):

Alig) = A(wann) = D i km) © Ukm)G1)
1 l,k,m

=Dtk ® Ugem (1) = D ik ® Gy
k,m k

(c). — By (b), G is a compact matrix quantum group. The matrix @ =
(11i7) is orthogonal due to the following computation using (a) and G C O}f;:

Zﬁikﬁjk = Zﬁiku(j,1)(k,m) = Z U4, 1) (k,m) U(5,1) (k,m) = Z5ij5z1 = 0ij.
k k,m k,l,m l

Similarly >, tritir; = 6;;. Hence, G C O,. As for proving S,, C é, note
that by assumption we have a *~homomorphism ¢ : C(G) — C(S,,) mapping
Ui k) (1) YO vk, where we denote the generators of C'(S,) by v;;. Thus,
©(;5) = v;; which proves S, C G.

(d). — All we have to check is that the elements u;; satisfy &?j = U;;
and ), @y = ), @y; = 1. This follows directly from (a) and the relations
R(p) which we list below.

R(p) for p = II Y U b (9102 = D Ulgrga)(bab) = L

91,92 91,92
BT
R(p) for p = ’_l] : Zu(bl,52)(1'17i2)u(b179)(1’37i4) = OiyigU(by bo) (ir ia)- L
g9
Remark 5.11. — We may also define G via Uij == D Uk,i)(1,5) and re-

quire the relations R(p) with p = II in Proposition 5.10; this will yield an
analogue result.

We conclude that we may produce quantum groups G which are inter-
mediate between S,, and O;!, just like easy quantum groups. However, it is
not clear for the moment whether or not they yield quantum groups which
are not easy quantum groups. Non-easy quantum groups have been studied
only very recently, see [10, 15].

5.5. Links with quantum symmetries of finite quantum spaces; case
m=3

In [31], Wang investigated quantum symmetry groups of finite quantum
spaces, see also [1, 5, 18]. More precisely, let Trn denote the unnormalized
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trace on My (C), i.e. Try(z) = Zf\il x;; for x = (z;;) € My(C). A finite
quantum space (B,) consists in a finite dimensional C*-algebra B and a
state (to be more precise: a d-form) ¢ : B — C given as follows:

B=@PMn(C), Y@@ @)= Ty (Qu)

=1

Here, the matrices Q; € My, (C) are invertible and positive satisfying
>ty Tew (Q1) = 1 and Try, (Q; 1) = dim(B).

In [31], Wang computed the maximal quantum group acting on B in a
1) preserving way. Let us call it the quantum automorphism group of (B, w)
and denote it by G*(B,¢). If Ny = --- = N, =1, B=C" and Q; = 2,
then S is the resulting quantum automorphism group. In the general case,
G (B, 1) can be described in terms of generators and relations, see [18]: the
underlying C*-algebra is the universal C*-algebra generated by elements
Ui j,a)(rys,b) With a,b € {1,...,n}, 4,5 € {1,..., Ny}, r,s € {1,..., Ny} and
relations

(Ala) Ew L Uz w,0) (kLa) Y(w,y,e) (rs,b) = 0abOlrl(z,y,c)(k,s,a)

(Alb) 307 (Qc D t(s,7.) (0. 0) U1 ) .2.0) = Dot (@ s ) ()
A2) U(L,y,c)(k La) — Wy,m,c)(l,k,a)

(A3a) >, 1Zm 1(@b)eet(z,2.b) (k,1,0) = Okt (Qa)kk

(A3b) > 1Zk 1 U(ay,b) (k,k,a) = Oxy

Let us consider the special case N := N; = --- = N,, n € N and
Qi := -5 E, where E € My (C) denotes the N x N unit matrix. So, we have:

D>>/“

=1 =
Let m := 3, ny := ny := N and n3 := n. Let m be the partition 7 =

{1,2}{3} € P(3). Consider the category C of colored spatial partitions gen-
erated by the following m-graded partitions:

J lﬁL [~
B Ve
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By a direct computation using Definition 3.10 and its extension in the colored
case (Remark 3.14), we observe that the spatial partition quantum group
associated to C coincides with G*(B, ). Note that we have py, = pj, and
P3p = D3, SO as generators, the partitions p;, and psp are redundant.

In [1] (see also [5, §3.1]), another description by diagrams was given,
namely by 2-cabled Temperley-Lieb diagrams. Denoting the matrix units
in B = @,_, My,(C) by el(f), the unit map v : C — B, 1 = >, ez(-f)
corresponds to 573 , the multiplication map 4 : BQ& B — B, eg?) ® 65? —
5kt(5jTe§f) corresponds to 5%| ® L ® | and the identity map idg : B — B
corresponds to | ® | in the Temperley—Lieb picture; the maps v, u and idp
are understood as intertwiners in Hom(0, 1), Hom(2,1) and Hom(1,1) for
G+ (B,) giving rise to the relations (Ala) and (A3b) resp. We observe
that restricting the partitions p1, and psp to the levels £k = 1 and k = 2
and rearranging the points, our diagrams coincide with the Temperley—Lieb
picture.

In any case, we conclude that spatial quantum groups provide a fine
tuned way of describing the representation categories of quantum automor-
phism groups of finite quantum spaces, at least in the special case B =

D=1 Mn(C).

6. Open questions

Throughout this article, a number of questions arose. They can be the
starting point for further investigations. For the convenience of the reader,
we list them here.

(1) Classify all categories C C PQ(Q); see also Theorem 5.8. In particular,
are there other categories apart those from Theorem 5.8 (a) and (b),
who respect the levels?

(2) Are the quantum groups arising from Theorem 5.8 related to other
known quantum groups (in terms of certain product constructions,
for instance)? In particular, what does the quantum group corre-
sponding to P2(2) look like?

(3) Are all quantum groups S,, C GC O;} arising from Proposition 5.10
easy quantum groups or can we produce non-easy ones this way?

(4) Recall that we have S,, C O, see Example 3.3(c), but S;" Z O,.
However, S, C U:{z holds. Thus, it would be interesting to classify
all spatial partition quantum groups S;F C G C U;g since these are
the ones relevant for free probability in the sense of [2, 12, 28].
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(2]

3

4

(5]
(6]
7
(8]
(9]

(10]
(11]

(12]

(13]

[14]

[15]

[16]
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(5) Determine the category generated by the partitions pi4, p1s, P2,
P3a, P3p in Section 5.5.

(6) Can we adapt the definition of spatial quantum groups such that
they also cover general quantum automorphism groups of finite
quantum spaces (see Section 5.5)?

(7) Given that Section 5.5 provides quantum spaces which spatial quan-
tum groups act on, can we find canonical quantum spaces which
general spatial quantum groups act on? See also [11].
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