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ABSTRACT

Climate change has made offshore installations suffer severe
consequences from extreme marine hazards. These offshore
installations were designed to withstand extreme natural hazards.
Marine natural hazards commonly occur interdependently. Thus,
a multivariate model to capture this complex dependence structure
is necessary. Practically, modelling marine natural hazards is
usually assumed to be mutually independent or correlated by
amultivariate Gaussian distribution. However, this biased
assumption is not relevant to capture the real dependence structure
between marine parameters. Copula functions are used to model
the complex dependence structure between marine parameters.
A simplified case study is selected to illustrate the modelling
between wave height and wind speed. Results are compared with
the traditional joint probability approach to demonstrate the
advantage of copula functions. The use of copula functions
provides a better result to model any complex dependence
structure between correlated variables.

Keywords: Dependence modelling, Copula functions,
Offshore structures, Probabilistic method, Marine
engineering.

1. INTRODUCTION

Climate change has made offshore installations suffer severe
consequences from extreme marine hazards. A common
natural hazard affecting offshore installations in harsh
environments is hurricanes. Hurricane Katrina caused 44
offshore oil and gas installations to be destroyed and 21
others to be damaged, while 69 were destroyed and 32 were
damaged in the aftermath of Hurricane Rita [1]. Due to their
location, offshore installations are vulnerable to other
natural hazards, such as storms, earthquakes, and ice load
[2]. Thus, it is necessary to understand the characteristics of
marine natural hazards to reduce the risk associated with
marine extreme events.

The marine environment is a complex system with many
sources of uncertainties. Generally, two types of
uncertainties areound in a complex engineering system:

aleatory and epistemic [3,4]. Aleatory uncertainties deal
with randomness in a system’s characteristics, while
epistemic uncertainties are usually caused by a lack of
information about the observed system [5]. These two types
of uncertainties occur concurrently in the engineering
system. Updating and collecting information is sufficient to
treat epistemic uncertainties, while aleatory uncertainties
require more appropriate approaches to deal with [6]. The
most commonly mistreated epistemic uncertainty in
engineering problems is dependence between correlated
variables. The assumption of independence when
investigating marine environmental parameters should be
eliminated. Thus, a multivariate approach that can consider
dependence between variables is required.

There have been many attempts to model multivariate
variables in marine engineering. The most common
approach is the conditional joint distribution model. Lucas
& Guedes Soares (2015) compared the conditional
modelling approach, the Plackett model, and Box-Cox
transformations to identify which method performed best.
Muraleedharan et al. (2015) used the generalized Pareto and
three-parameter Weibull distribution to model the average
conditional exceedance of wave peak periods. In addition to
the conditional joint probability distribution, Nataf
transformation is also a widely used method to deal with
multivariate analysis. Sinsabvarodom et al. (2020) used
Nataf transformation to deal with bivariate marine
parameters and their dependence structure. Xiao (2014)
calculated the equivalent correlation coefficients for two
variables using the Nataf transformation. Although
conditional joint distribution and Nataf transformation have
been widely used in marine engineering problems, they can
also be applied to follow a certain type of distribution
function. A more flexible and robust multivariate model is
necessary to capture the dependence between marine
variables without following a certain type of marginal
distribution.

Copula functions are powerful tools for performing
multivariate analysis. The studies of copula functions started
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in the financial industry [11-13], and then started to be
implemented to model risks in the process industry [14-16].
Copula functions also attracted attention to model the
multivariate analysis of hydrological variables, such as
rainfalls and floods [17,18]. From these studies, copula
functions were concluded to be flexible in capturing
dependence structure between correlated variables. Copula
functions also do not require a certain type of marginal
distribution. Due to these advantages, copula functions have
started gaining attention in modelling marine environmental
variables [19-23].

This paper investigates copula functions to model
bivariate marine ocean parameters with symmetric
dependence structure. The results are compared with other
traditional and conditional methods to study the significance
of copula functions.

2. METHODOLOGIES

Figure 1 shows the overall framework used to model
bivariate marine variables using copula functions.

2.1 Copula Functions

A Copula is a function that joins marginal distributions to
create a multivariate model [24]. Sklar’s Theorem defined
copula as:

Let H be an n-dimensional distribution function with
marginal distribution Fy,F,,...,E,, then there exists a
copula C:

H(xq, %500, %) = C(Fl(xl), F(x3)..., F(xn)) Q)

The joint conditional probability distribution can be
estimated using:

_ fX1X2 (x4, %)

frole, = le(xl) = Cx,x, (Fxl(x1): sz(xz)) -fxz(xz) (2)

Due to their flexibility, Copula functions do not require
a specific marginal distribution. Copula function transforms
a random variable into a uniform cumulative distribution
function [25].

A wide range of copula families is available. One that
has been widely known is the Archimedean family. In this
copula families, Clayton, Gumbel, and Frank copulas are
used in this paper. These three common Archimedean
copula families and their parameters are presented in Table
1.
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Figure 1. Research framework for copula modelling
Table 1. Common Archimedean copulas [25]
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2.2 Dependence Measurement

Three different methods are used to measure the dependence
of correlated variables. Linear Pearson correlation is used to
account for linearity and estimated using this equation:

CoV(X,Y)

&Y = JVar(X)\/Var(Y)

©)

Where X, and Y are the observed data.

While Spearman’s rho (ps) and Kendall’s tau () are
used to illustrate nonlinearity and estimated using these
respective equations [27] :

p5:12ffude(u,v)—3 4

T=4f€(u,v)dC(u,v)—1 (5)

Where u and v are the transformed data in the copula domain.

2.3 Estimation of Copula Parameter

Maximum Log-Likelihood Estimation (MLE) is used to
estimate the copula parameter. The log-likelihood function
L(0) is expressed as [28] :

N
L©) = ) Ine(us, w5 0) ©)
i=1
L(0) is then maximized to get the estimated parameter 6

2.4 Selection of the Best-fit Copula

Akaike Information Criterion (AIC) is used to select the
best-fit copula function among all the compared
Archimedean Copula families. AIC scores can be estimated
using this equation:

N
AIC = —2L(8) + 2k = —22 Inc(uyyup; 8) + 2k (7)

i=1
Where k is the unknown number of parameters estimated
using MLE. The lowest AIC score indicates the best-fit
model [28,29].

3. RESULTS AND DISCUSSION

Wind speed (m/s) and wave height (m) are selected as the
observed marine parameters in this paper. A data set was
obtained from the mouth of Placentia Bay, Newfoundland
and Labrador, Canada [30]. The data were recorded hourly
from January 1%, 2013, to December 31,
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Figure 2. Scatter plot and dependence measurements for
wind speed and wave height

Figure 2 shows that wind speed and wave height
correlate positively and powerfully. From the scatter plot, it
can also be seen that this environmental variables pair has a
slightly nonlinear relationship. Copula functions are also
able to deal with nonlinearity [25]. In this paper, only
symmetric dependence between correlated variables is
considered. Thus, copula functions significantly capture this
complex dependence structure between variables without
worrying about their marginal distributions.

Copula functions from the Archimedean families are

used to model the dependence structure between wind speed
and wave height. The correlated bivariate model is used to
construct Clayton, Gumbel, and Frank copulas.
Table 2 presents the copula parameter for all Archimedean
copulas selected in this paper. Akaike Information Criterion
(AIC) selects the best-fitted copula function to construct the
bivariate model of wind speed and wave height. The lowest
AIC score indicates the best-fitted copula. Based on this
AIC score, the Gumbel copula has the lowest score, which
indicates the best-fitted copula to model wind speed and
wave height, with copula parameter y = 1.6352.

Table 2. Best-fitted Archimedean copulas and their
parameters

L(6) AIC
Copula Copula Parameter
(x 10%) (x 10%)
Clayton y = 1.0049 -3.3290 6.6581
Gumbel y = 1.6352 -3.3127 6.6255"
Frank y = 4.2656 -3.3168 6.6337

“Lowest AIC score indicates the best-fitted copula
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Figure 3. The probability distribution function for wind

speed and wave height modelled using (a) Clayton copula,
(b) Gumbel copula, (c) Frank copula

Figure 3 shows the probability distribution functions
constructed using copulas. Clayton is best fitted to model
correlated variables that have strong lower tail dependence.
In comparison, Gumbel is best fitted to model correlated
variables with strong upper-tail dependence. Frank copulas
are used to model correlated variables with no stronger tail
dependence on each side. Thus, from these characteristics,
copula functions can consider all types of tail dependence
that are usually neglected when performing multivariate
analysis. From Figure 3, as Gumbel is the best-fitted copula
for the selected environmental parameters, it can be seen
that the bivariate Gumbel model shows a strong correlation
at the upper tail. We can also see from Figure 2 that there
are plotted data in the upper tail that should be considered.
Failure to consider these data sets will lead to
misinterpretation of capturing the real dependence structure
of marine environmental data.

Error values and distribution fittings are presented to
identify which model is best fitted to construct bivariate
models for wind speed and wave height. The Root-Mean-
Square error (RMSE) and the mean absolute error are used
to compare the results. The bivariate models compared are
the Gumbel copula, independent joint probability function,
and conditional joint probability function. Figure 4 shows
the distribution fittings of these models. From this figure,
the Gumbel copula provides the most negligible error value
and shows the best fit compared to the other two models.
Thus, copula models, in this case, Gumbel copula, are found
to be the most appropriate bivariate model to capture the
actual complex dependence structure between wind speed
and wave height. This result also agrees with the findings
from other related studies [25,31,32].
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Figure 4. Error values for (a) Gumbel copula, (b)
Conditional Joint Probability, (c) Independent Joint
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4. CONCLUSION

Uncertainties are very common in a complex engineering
system. The most commonly neglected epistemic
uncertainty is the dependence model between correlated
variables. This paper investigates the application of copula
functions to construct bivariate models between two marine
environmental variables. The Archimedean copula families
are selected, and wind speed and wave data are collected
from an available resource.

Wind speed and wave height are best modelled using
Gumbel copulas, providing the least Akaike Information
Criterion (AIC) score. These two marine variables show a
positive and strong correlation. Nonlinearity is also spotted
in the constructed scatter plot. Copula functions are
concluded to capture all types of complex dependence
structures. Compared to the other two commonly used
models, a comparison is also provided to conclude that the
Gumbel copula is best fitted to capture the complex
dependence structure between wind speed and wave height.
Copula models are then concluded to be a powerful tool to
capture complex dependence structures between variables
and can be implemented further in engineering problems.
Copulas can be a very useful input to assess an engineering
system's risk and reliability, which usually shows
dependence among the observed variables.
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Future works will consider other copula families and
asymmetric dependence structure between correlated
variables.
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