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A B S T R A C T

The widespread emergence of opinion polarization is often attributed to the rise of social media and the
internet. These platforms can promote selective exposure, leading to the formation of echo chambers where
individuals are only exposed to viewpoints that reinforce their existing beliefs. However, experimental evidence
shows that exposure to opposing views through cross-cutting ties is common in both online and offline social
contexts, which frequently involve long-standing personal relationships. To account for these facts, we have
developed an opinion model that applies to static contact structures. In this model, an agent’s influence over
their neighbors depends on the similarity of their opinions. Our findings suggest that polarization can indeed
emerge in such static structures and, driven by an increased narrow-mindedness, even in presence of non-
negligible cross-cutting ties. Interestingly, the polarized opinion distributions generated by our model closely
resemble those obtained in surveys about highly polarized issues. This has allowed us to categorize various
issues based on their controversial nature, shedding light on the factors that contribute to opinion polarization.
1. Introduction

Opinion polarization is on the rise on modern societies [1–4], and
its presence leads to significant impacts both in human behavior and
in social relationships. A clear example of such increasing influence
of polarization can be found in the political sphere. For instance,
in [5] a decrease in cross-cutting political talk has been recorded
following a particularly harsh confrontation between the governor of
Wisconsin in 2011 and public-sector employees. Moreover, different
studies suggest that severe polarization leads to legislative gridlock,
democratic backsliding, political collapse [6], and the decrease of cross-
party cooperation [7]. Polarization also affects health issues, biasing
drug prescription [8] on highly politicized issues, such as drug abuse
or abortion, or compromising vaccination campaigns due to strong
in-group identification of non-vaccinated individuals. From a social
perspective, polarization sparks discrimination [9] and influences dat-
ing behavior [10] to a degree comparable to discrimination based
on race, hampering social gatherings. For instance, in [11], the au-
thors estimate a loss of 34 million hours in family gatherings during
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Thanksgiving due to partisan effects derived from the US national
elections in 2016.

Scholars have identified social media and the pervasive use of the
internet as some of the factors contributing to this phenomenon [12,
13]. These platforms can promote selective exposure as they allow
for the formation of echo chambers around polarized issues like gun
control, abortion or vaccination [14,15] which can fuel radicalization
processes [16]. Some recent studies performed over web-browsing data
suggest that online media consumption is highly segregated in terms
of political orientation and engagement [17], and that social media or
web-search engines exacerbates this tendency [18].

From a complex systems perspective, research has been devoted to
studying echo chambers and opinion segregation in social media, taking
into account the dynamical aspect of online social networks. In this
sense, two major approaches have been developed. The first one intro-
duces contact networks gradually changing over time, mimicking the
behavior of social network in platforms like Twitter. In these networks,
links are created or broken either depending on opinion similarity [19]
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or as a response to exposure to cross-cutting messages [20,21]. The
other main approach uses temporal networks in which the probability
of interacting with any other agent of the system is proportional to the
opinion similarity [22,23]. In both approaches, the major role of echo
chambers and filter bubbles in the process of opinion formation of an
agent is stressed.

In contrast, some studies suggest that the importance of echo cham-
bers and selective exposure in social media on the polarization pro-
cesses of modern societies might have been overstated [24–27]. On
the one hand, some surveys have shown little connection between
social media consumption and the increase of polarization [28], which
becomes more relevant within those groups least likely to use the
Internet [29]. On the other hand, echo chambers could be less com-
mon than previously thought, as individuals rarely become isolated
from opposing points of view. For example, in [30] survey-based data
about the 2000 general election in the United States prove that more
than half of the respondents reported cross-cutting political conversa-
tions. Moreover, recent studies with Reddit data [31,32] actually show
a preference of political interaction through cross-cutting ties. Like-
wise, offline social contexts, such as the workplace [33] or friendship
circles [34], usually feature cross-cutting interactions, which can be
transferred to social media due to the close relationship between offline
and online social interactions [35].

Stable interaction patterns, inherent to daily-life social relationships
and often featuring cross-cutting interactions [36], thus remain a key
actor in the emergence of polarization. Multiple opinion models ap-
plicable to static contact structures have been previously developed to
study the phenomenon of opinion formation, including the Deffuant
model [37] and the Hegselmann–Krause model [38]. Both are well-
known bounded confidence models, in which agents only interact if
the distance between their opinions is smaller than a certain threshold.
Both models assume a well-mixed population in their original formu-
lations, but their study have been also successfully extended to static
networks [39]. In these works, the dynamics leads to either consensus,
bipolarization or fragmentation of the opinion spectrum [40,41], in
which agents usually cluster around a finite set of opinions, their num-
ber depending on the parameters of the system. Agents also become
completely isolated from other points of view, as they lie outside their
thresholds.

These models also have some drawbacks, as they consider that
individuals give the same importance to all agents regardless of the
distance between their opinions, provided that they lie inside their
confidence threshold. To alleviate this assumption, some notable ex-
tensions have been proposed: the first one is the Relative Agreement
Model [42], in which the thresholds can change during the opinion
formation process, and the influence of each neighbor over an agent
depends on the overlapping between their thresholds. The second one
is the Smooth Bounded Confidence Model [43], in which the influence is
assumed to decay following a gaussian distribution of variable standard
deviation. Regardless, both modifications remain conceptually bounded
confidence models, and qualitatively reproduce the same final opinion
distributions as the original works.

The former models fail to replicate what is observed in real world
surveys about highly polarized issues, in which people do not follow
a limited set of positions but rather display a wide range of opinions
often resulting in a bimodal distribution [44,45]. Moreover, they do
not capture cross-cutting interactions that remain relevant in the con-
text of daily life interaction [30]. These limitations warrant for an
increased effort to develop models to better reproduce polarization
in static networks. To fill this gap, here we propose a new model
of opinion formation over static contact structures. Our model allows
for communication between disagreeing individuals and consider the
homophily effect by which people tend to value more the opinions
of like-minded individuals. Phenomenologically, our model overcomes
the former limitations as polarized configurations with bimodal opinion
2

distributions naturally arises from the dynamics. a
The paper is organized as follows: in Section 2 we present the as-
sumptions and the equations of the model. In Section 3 we analytically
characterize the proposed model in a fully connected graph, and in
Section 4 we present the numerical results obtained by applying the
model over different network structures. In Section 5 we show how
the model allows retrieving opinion distributions from experimental
data and extract information about highly polarized issues. Finally, in
Section 6 we summarize the main conclusions of our work.

2. The model

We consider a system of 𝑁 interacting agents, whose acquaintances
do not change over time and are codified in an unweighted undirected
adjacency matrix 𝐴𝑖𝑗 . Agents’ opinions are characterized by a contin-
ous variable 𝑥𝑖(𝑡); the sign 𝜎(𝑥𝑖) represents the qualitative position of
he agent over a certain issue (for or against), and the modulus |𝑥𝑖|, her
egree of radicalization.

For the opinion formation process, we choose to follow the approach
n previous works [19,22] which assumes that agent’s opinions are
nfluenced by their neighbors, and change over time following three
asic principles: (i) agents lose memory of their opinions with time, (ii)
hey tend to align their opinion with their neighbors, and (iii) they give
ore relevance to like-minded neighbors. However, contrary to those
odels, we assume that interaction patterns remain stable with time,

hus implying a certain degree of cross-cutting interactions regardless
f the agents’ opinions, and in turn consider that individuals do not pay
he same attention to everyone whom they interact with. Taking these
echanisms into account, the time evolution of the opinion for agent 𝑖

an be expressed as:

�̇�𝑖(𝑡) = −𝑥𝑖(𝑡) +𝐾
𝑁
∑

𝑗=1
𝐴𝑖𝑗𝑤𝑖𝑗 (𝑡) tanh 𝑥𝑗 (𝑡) , (1)

here 𝐾 is the social interaction strength, which determines the strength
hat neighbors’ opinions have over the agent’s, and the weights 𝑤𝑖𝑗
epresent how valuable the view of neighbor 𝑗 is to agent 𝑖. We choose
his function as:

𝑖𝑗 (𝑡) =
(|𝑥𝑖 − 𝑥𝑗 | + 𝛿)−𝛽

∑𝑁
𝑙=1 𝐴𝑖𝑙(|𝑥𝑖 − 𝑥𝑙| + 𝛿)−𝛽

, (2)

here 𝛽 is the homophily parameter (the higher, the more influential
ike-minded neighbors), and 𝛿 is a parameter included as a small noise,
aken to be 𝛿 = 0.002𝐾 throughout the paper. Note that weights change
ver time, fulfilling ∑

𝑗 𝑤𝑖𝑗 = 1, and that neighbors’ influence might not
e symmetric, so that 𝑤𝑖𝑗 ≠ 𝑤𝑗𝑖 in general. Moreover, differently to the
reviously mentioned bounded-confidence models, our weights choice
nsures that communication between disagreeing individuals remains
elevant in the dynamics regardless of the distance in the opinion
pace.

The system develops on an 𝑁-dimensional phase-space formed by
he opinions of all agents, and its behavior is defined by a system of 𝑁
ifferential equations whose asymptotic solutions give the opinions’ sta-
le equilibrium configurations. Although this system cannot be solved
nalytically in general, we can study its behavior in some particular
ases. First, we consider a situation in which all agents hold the same
pinion, 𝑥𝑖 = 𝑥 ∀𝑖. In this situation, the 𝑁-equation system is reduced to
single equation �̇� = −𝑥+𝐾 tanh 𝑥. The expected opinion of all agents

n the equilibrium 𝑥∗ is then given by:

𝑥∗ = 𝐾 tanh 𝑥∗. (3)

For 𝐾 ≤ 1, all agents reach 𝑥 = 𝑥∗ = 0 and the system arrives to
neutral consensus state. For 𝐾 > 1, all agents reach non-zero final

pinions, ending up in a radicalized state. Therefore, there exists a
econd order transition in 𝐾 = 1 characterized by the order parameter
∗. Note that 𝑥∗ also corresponds to the maximum opinion value an
gent can adopt given a 𝐾 value in the general scenario. Therefore,

gents’ opinions 𝑥𝑖 are bounded, fulfilling 𝑥𝑖 ∈ [−𝑥max, 𝑥max], with
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𝑥

𝜖

𝑥max = 𝑥∗. This result does not depend on the agent’s degree due to
the normalization of the weights.

3. Fully-connected graph

The homogeneity assumption is incapable of predicting the exis-
tence of polarization, defined as the coexistence of opposing views. In
order to analytically characterize the possible emergence of polariza-
tion, we consider a fully-connected graph, so that 𝑘𝑖 = 𝑁 − 1 ∀𝑖, and
perform a stability analysis of a polarized configuration. Let us assume
that such polarized configuration corresponds to an equilibrium state of
𝑛 agents holding opinions 𝑥+ > 0 and 𝑚 agents holding opinions 𝑥− < 0,
with 𝑛 + 𝑚 = 𝑁 , 𝑛 > 2, 𝑚 > 3. Values 𝑥+, 𝑥− are given by the solution
the system of equations obtained from Eq. (1):

𝑥+ = 𝐾
(𝑛 − 1) tanh 𝑥+ + 𝑚

(

𝛿
𝑥+−𝑥−+𝛿

)𝛽
tanh 𝑥−

𝑛 − 1 + 𝑚
(

𝛿
𝑥+−𝑥−+𝛿

)𝛽 , (4a)

𝑥− = 𝐾
𝑛
(

𝛿
𝑥+−𝑥−+𝛿

)𝛽
tanh 𝑥+ + (𝑚 − 1) tanh 𝑥−

𝑛
(

𝛿
𝑥+−𝑥−+𝛿

)𝛽
+ 𝑚 − 1

. (4b)

This system can be solved numerically, and its behavior for different
elections of the parameters is shown in Fig. 1(a). The equilibrium values
of 𝑥+ and 𝑥− depend on the relative number of individuals with positive
and negative opinions (𝑛, 𝑚), and the values of parameters 𝛽 and 𝐾. For
higher values of 𝛽, agents become increasingly isolated from opposing
points of view, increasing |𝑥±|. Higher values of 𝐾 also affect the
equilibrium opinions through 𝛿, resulting in increased radicalization.

We study the stability of the presented polarized configurations by
adding a small perturbation 𝜖 to agent’s 𝑖 opinion, so that 𝑥𝑖 = 𝑥− + 𝜖.
Her opinion changes following the equation:

̇ 𝑖 = �̇� = −(𝑥− + 𝜖)+

+ 𝐾

⎡

⎢

⎢

⎢

⎣

(𝑚 − 1) tanh(𝑥−) + 𝑛 tanh(𝑥+)
(

𝜖+𝛿
𝑥+−𝑥−−𝜖+𝛿

)𝛽

(𝑚 − 1) + 𝑛
(

𝜖+𝛿
𝑥+−𝑥−−𝜖+𝛿

)𝛽

⎤

⎥

⎥

⎥

⎦

. (5)

Assuming 𝜖 ≪ 𝛿, we can approximate:
( 𝛿 + 𝜖
𝑥+ − 𝑥− − 𝜖 + 𝛿

)𝛽
≃

( 𝛿
𝑥+ − 𝑥− + 𝛿

)𝛽
+ 𝛽 𝑥+ − 𝑥− + 2𝛿

(𝑥+ − 𝑥− + 𝛿)2
( 𝛿
𝑥+ − 𝑥− + 𝛿

)𝛽−1
𝜖. (6)

Furthermore, considering Eq. (4b) and the approximation for small 𝜖:
𝑎𝜖 + 𝑏
𝑐𝜖 + 𝑑

≃ 𝑏
𝑑
+ 𝑎𝑑 − 𝑏𝑐

𝑑2
𝜖 , (7)

we obtain:

̇ = 𝜖
[

−1 + 𝐴
( 𝛿
𝑥+ − 𝑥− + 𝛿

)𝛽−1]

, (8)

where

𝐴 =
𝛽𝐾𝑛(𝑚 − 1)(tanh 𝑥+ − tanh 𝑥−) 𝑥+−𝑥−+2𝛿

(𝑥+−𝑥−+𝛿)2
[

𝑚 − 1 + 𝑛
(

𝛿
𝑥+−𝑥−+𝛿

)𝛽
]2

. (9)

The stability of the polarized system thus depends on the second
term on the right hand side of Eq. (8). On the one hand, the factor
multiplying 𝐴 decreases with 𝛽, and is equal to 1 when 𝛽 = 1. On the
other hand, for large 𝐾 values, we can approximate 𝑥+ = −𝑥− ≃ 𝐾,
tanh(𝑥+) ≃ 1, and, considering an evenly polarized system, we have
𝑚 ≃ 𝑛. If 𝛿 is small enough, we find that 𝐴 ≃ 𝛽, and thus, 𝐴 grows
monotonically with 𝛽. Nevertheless, it can be seen in Fig. 1(b) that
the perturbation grows if 𝛽 > 1 (�̇� > 0), and diminishes otherwise.
Therefore, this kind of configurations becomes unstable for 𝛽 > 1.
3

Fig. 1. (a) Values of 𝑥+ (black), 𝑥− (red) obtained from Eqs. (4a) and (4b). Results
are shown for 𝐾 = 10 (top, solid lines) and 𝐾 = 2 (bottom, dashed lines). (b) Values
of �̇� as a function of 𝜖 given by Eq. (8) for 𝐾 = 10. The perturbation grows below the
transition (𝛽 < 1) destabilizing the polarized states, and diminishes above the transition
(𝛽 > 1). For both panels we fix 𝑚 = 51, 𝑛 = 50, and 𝛿 = 0.002𝐾. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version
of this article.)

Fig. 2. (a) Average mean opinion ⟨|�̄�|⟩𝑛𝑜𝑟𝑚 and (b) standard deviation ⟨𝜎⟩𝑛𝑜𝑟𝑚 obtained
from 100 independent realizations for each combination of parameters (𝐾, 𝛽) (color
code). In each realization, initial opinions are randomly chosen on the interval
[−𝑥max , 𝑥max]. (c) Temporal evolutions of selected agents in the representative configu-
rations: neutral consensus (top, 𝐾 = 0.5, 𝛽 = 1), radicalization (center, 𝐾 = 10, 𝛽 = 0.1)
and polarization (bottom, 𝐾 = 10, 𝛽 = 1.5). (d) Histograms corresponding to the final
configurations of panel (c). The underlying structure of contacts throughout the figure
is an Erdös–Rényi network of 𝑁 = 104 nodes with mean degree ⟨𝑘⟩ = 10. For the sake
of clarity, only the trajectories of 1% of the agents have been represented in panel (c).

4. Numerical results on networked populations

In order to characterize the model’s behavior in realistic environ-
ments, in which the agents usually do not know the opinion of each
of the other components of the system, we consider static graphs with
limited information horizons, and we solve the system of 𝑁 coupled
equations using an explicit fourth-order Runge–Kutta method with
𝑑𝑡 = 0.1, starting from uniformly distributed initial states within the
range [−𝑥max, 𝑥max]. To characterize a given equilibrium configuration,
we use the absolute value of the mean opinion of the system |�̄�| =
|

∑

𝑖 𝑥𝑖|∕𝑁 and its standard deviation 𝜎, given by 𝜎2 =
∑

𝑖(𝑥𝑖 − �̄�)2∕𝑁 .
Both order parameters allow us to classify configurations as neutral
consensus (|�̄�| = 0, 𝜎 = 0), radicalized states (|�̄�| ≠ 0, 𝜎 ≃ 0) and
polarized configurations (|�̄�| ≃ 0, 𝜎 ≠ 0). Furthermore, to classify
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Fig. 3. (a) Average mean opinion ⟨|�̄�|⟩𝑛𝑜𝑟𝑚 and (b) standard deviation ⟨𝜎⟩𝑛𝑜𝑟𝑚 obtained
from 100 independent realizations for each combination of parameters (𝐾, 𝛽) (color
code). Lighter colors correspond to higher values and vice versa. In each realization,
initial opinions are randomly chosen on the interval [−𝑥max , 𝑥max]. The underlying
structure of contacts throughout the figure is an Erdös–Rényi network of 𝑁 = 9824
nodes with mean degree ⟨𝑘⟩ = 4.

intermediate situations in which |�̄�| ≠ 0, 𝜎 ≠ 0 we consider that a
configuration in which |�̄�| < 𝜎 is polarized, and radicalized otherwise.

Figs. 2(a) and (b) show the phase diagrams obtained for an Erdös–
Rényi network of 𝑁 = 104 nodes and mean degree ⟨𝑘⟩ = 10. The
process for obtaining these results is as follows: first, we perform 100
independent simulations for each combination of parameters (𝐾, 𝛽).
Then, we compute the absolute value of the mean opinion |�̄�| and
standard deviation 𝜎 of each of the generated opinion distributions, and
average those results obtaining ⟨|�̄�|⟩ and ⟨𝜎⟩. Note that, as the range
of opinions that an agent can take depends on 𝐾, results are divided
by 𝑥max so that they lie on the range [0, 1]. In general, we observe the
three phases predicted: for 𝐾 < 1 both measures are 0, resulting in
neutral consensus states. For 𝐾 > 1 and 𝛽 > 1, the mean opinion is
0, and the standard deviation is maximum, corresponding to polarized
states. Finally, for a certain range of parameters in the region 𝐾 > 1
and 𝛽 < 1, mean opinion reaches its maximum value, and the standard
deviation remains near 0. Fig. 2(c) shows some example trajectories of
the equilibrium configurations previously mentioned, taken from the
marked combination of parameters in Fig. 2(a) and (b), and Fig. 2
shows the final opinion distributions in each of those cases.

An additional transition appears at 𝛽𝑐 (𝐾) < 1. This transition splits
the radicalized phase into two: for 𝛽 < 𝛽𝑐 (𝐾), configurations end up
in radicalized states, while for 𝛽𝑐 (𝐾) ≤ 𝛽 < 1, some configurations
end up being radicalized, while others reach metastable polarization
states. For high enough 𝐾 and 𝛽, behavior becomes independent of 𝐾.
These results prove that polarization is indeed reachable in networked
populations, and almost always present and stable for 𝛽 > 1.

Fig. 2 reveals the existence of a complex interplay between the
homophily mechanism and the structure of contacts in the emergence
of polarization. To explore this, in Fig. 3 we reproduce the same results
as in Fig. 2 using an Erdös–Rényi network of 𝑁 = 9824 nodes and mean
degree ⟨𝑘⟩ = 4. It can be seen that the transition at 𝛽𝑐 (𝐾) < 1 is heavily
dependent on the network degree, as is the probability of finding
polarized states. In particular, more limited information horizons result
in an increased polarization. Moreover, it can be seen in Fig. 3 that
polarization can show up when 𝛽 = 0 (that is, in absence of homophily)
from the network structure alone if the necessary features are present.
To further investigate this phenomenon, we repeat our analysis by
fixing 𝐾 = 10 and studying the evolution of both order parameters
as we increase the average degree of the underlying ER network.
Fig. 4(a) shows that lower degrees give rise to polarization, which
quickly decays for increasing connectivity as the information horizon
grows. Therefore, if connectivity is low enough, structural communities
can breed local radicalization, and global polarization can be formed.
The former phenomenon can also be driven by other network features
determining the global communication in the network, such as the
4

Fig. 4. Average mean opinion ⟨|�̄�|⟩𝑛𝑜𝑟𝑚 (grey) and standard deviation ⟨𝜎⟩𝑛𝑜𝑟𝑚 (red)
obtained from 100 independent simulations. Results are shown with 95% confidence
intervals (shadowed regions). 𝐾 = 10 and 𝛽 = 0 throughout the figure. (a) Results for
an Erdös–Rényi network of 𝑁 = 104 nodes and varying mean degree ⟨𝑘⟩. (b) Results
for a Watts–Strogatz network of 𝑁 = 104 nodes and 𝑘 = 10, as a function of the
rewiring probability 𝑝. The degrees of all nodes remain fixed in the rewiring process.
(For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

existence of spatial correlations. To illustrate it, let us now consider a
Watts–Strogatz graph in which we fix the degree and vary the rewiring
probability 𝑝. Fig. 4(b) shows that a Watts–Strogatz graph of degree
𝑘 = 10 can breed polarization provided a sufficiently small rewiring
probability 𝑝. Taken together, these results highlight the importance of
a limited information horizon on the rise of polarization. Note that this
phenomenon cannot be characterized in models relying on temporal
networks, in which network structure was either not present or evolved
as a product of the polarization dynamics.

Now we analyze the polarized opinions distributions generated by
our model. In Fig. 5(a), we show how these configurations are strongly
shaped by the homophily mechanism governed by the parameter 𝛽.
Specifically, when 𝛽 is low, agents’ opinions may not reach their
maximum theoretical value, but instead remain in an intermediate
standpoint. This comes in stark contrast to what can be found in pre-
vious models over static networks [39], in which agents tend to reach
a finite limited set of final opinions. The position of the distributions’
peaks depends on 𝛽, reaching the extreme value 𝑥max for 𝛽 ≳ 0.5. By
increasing 𝛽, extreme opinions become the most common and there is a
depletion of agents holding intermediate positions until all agents reach
the maximum theoretical opinion for 𝛽 ≳ 1, falling in line with the
stability analysis performed before.

The metastable states occurring for 𝛽𝑐 (𝐾) < 𝛽 < 1 can reach very
long lifetimes in some cases. To show this, we represent in Fig. 5(b)
the fraction of configurations considered to be polarized at 𝑡 = 100,
i.e. those for which |�̄�| < 𝜎, which remain polarized at any given time
𝑡. There we check that, for these 𝛽 values, polarization quickly decays in
the early stages of the evolution, but a sizeable amount of trajectories
maintain polarized configurations for a very long time. Interestingly,
this fraction increases with the size of the system, as a higher number
of individuals makes heterogeneous local environments more likely to
appear.

Fixing the simulation time to 𝑡 = 104 time units, we now study
how the fraction of polarized configurations also depends on 𝛽, on
the population size 𝑁 , and the degree distribution 𝑃 (𝑘). Restricting
ourselves to 𝛽 < 1, we see in Fig. 5(c) that bigger networks always
benefit polarization due to the larger space available for the forma-
tion of opposite, radicalized clusters. Furthermore, Fig. 5(d) shows
that lower degrees dramatically increase the probability of reaching
polarized states by limiting the information horizons of the agents, who
become increasingly isolated. Finally, in the former figures, we can
observe that, whenever the average connectivity ⟨𝑘⟩ is large enough,
polarization is the most probable around 𝛽 = 0.5 regardless of the
network size and degree, corresponding to the value in which, as
we stated before, the opinion histograms’ peaks reach the maximum
theoretical opinion values depleting intermediate positions.



Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 175 (2023) 113917H. Pérez-Martínez et al.

f
(
b
c
t

o
c
1
𝛽
⟨

i
t
i

l
a
w
F
p
c
f
d
a
p
v

4

s
o
t
r
v
c
o
s



w
r
t

g
i
t




A
t
u
c
4
m
O
f
s
e
r

t
e
e
p
t
o
e
r
e
p

w
F
i
v
i
h
f
d
r
t
o

F
t
h
a

w
(
=

𝑥

u
t
a
H
t
g

Fig. 5. (a) Opinion histograms of metastable polarized configurations obtained for
different values of 𝛽. (b) Fraction of polarized configurations as a function of time
or 𝛽 = 0.5, for an ER network of ⟨𝑘⟩ = 10, and 104 nodes (black line) or 103 nodes
gray dashed line). To perform the study we select 100 configurations considered to
e polarized at a time 𝑡 = 102 (103 steps), and simulate for a total of 105 time units,
orresponding to 106 simulation steps. A configuration is considered to be polarized if
he absolute value of its mean opinion |�̄�| is bigger than the standard deviation 𝜎. The

blue vertical line marks the time chosen to establish our criterion of polarization in
the rest of the figure, which is 105 steps corresponding to 104 time units. (c) Fraction
f polarized configurations as a function of 𝛽 for different network sizes. Results
orrespond to an ER network of ⟨𝑘⟩ = 10, comprised of 104 nodes (black line), and
03 nodes (gray dashed line). (d) Fraction of polarized configurations as a function of
for different mean degrees. Results correspond to an ER network of 104 nodes and

𝑘⟩ = 6 (light gray), ⟨𝑘⟩ = 10 (gray), and ⟨𝑘⟩ = 14 (black). In panels (c) and (d) 200
ndependent simulations are performed for each value of 𝛽. We fix 𝐾 = 10 throughout
he figure. (For interpretation of the references to color in this figure legend, the reader
s referred to the web version of this article.)

A plausible explanation for this is that the network structure could
ose its relevance for increasing 𝛽 due to this depletion process, as each
gent would behave as if she was embedded in a fully connected net-
ork comprised of fully radicalized agents given by her environment.
ollowing the argument made for fully connected networks, small
erturbations of radicalized agents in proto-polarized configurations
ould provoke their de-radicalization and thus, effectively prevent the
ormation of polarized states. In turn, when most agents hold interme-
iate positions, the assumptions of the previous study no longer hold,
gents’ environments get richer, and the network structure could breed
olarization, i.e. generate equilibrium configurations for intermediate
alues of the agent’s opinions.

.1. Mixing in polarized configurations

Regardless of the network structure and features, the existence of
table contact patterns imply that agents usually become exposed to
pposing views from disagreeing neighbors, forming cross-cutting ties
hat hinder the rise of echo chambers. This kind of ties is widespread on
eal-world societies, in which daily-life interactions can bring divergent
iews close together [30,33–35,46]. To measure the amount of cross-
utting interactions of a given configuration, we define the exposure 𝑖
f agent 𝑖 as the fraction of neighbors that hold opinions of opposing
ign with respect to the agents’:

𝑖 =
1
𝑘

𝑁
∑

𝐴𝑖𝑗 (1 − 𝛿𝜎𝑖 ,𝜎𝑗 ) , (10)
5

𝑖 𝑗=1
here 𝜎𝑖 indicates the sign of agent 𝑖’s opinion. In the case of a
andomly distributed population evenly split between both opinions,
he expected average exposure is ̄ = 0.5.

These links do not necessarily imply an interaction capable of
reatly disturbing an agents’ opinion because of the importance that
s given to each neighbor, determined by the weights 𝑤𝑖𝑗 . To measure
he influence of cross-cutting ties over agent 𝑖, we define her attention
𝑖 as the sum of her cross-cutting weights:

𝑖 =
𝑁
∑

𝑗=1
𝐴𝑖𝑗𝑤𝑖𝑗 (1 − 𝛿𝜎𝑖 ,𝜎𝑗 ). (11)

s shown in Fig. 6(a), the average exposure ̄ is significantly smaller
han 0.5 when 𝛽 < 1, indicating an aggregation of like-minded individ-
als in homophilic relationships. These opinion segregation phenomena
an bear profound consequences for the propagation of diseases [47–
9] or misinformation [50,51]. However, for 𝛽 > 1, ̄ increases
onotonically towards the expected result of a well-mixed population.
n the contrary, the average attention ̄ is a monotonically decreasing

unction of 𝛽, vanishing around 𝛽 = 1. Nevertheless, these results
how that communication between disagreeing peers is still present
ven in polarized configurations, mimicking the behavior observed in
eal-world situations [30].

As expected, higher homophily leads to less communication be-
ween disagreeing agents. The dependence of ̄ with 𝛽 can be therefore
xplained attending to ̄: smaller values of 𝛽 sustain information
xchange in cross-cutting links, holding the agents in intermediate
ositions thanks to the influence of disagreeing neighbors. This, in
urn, allows for the formation of bigger clusters of the same opinion as
riginally opposing individuals maintain some degree of information
xchange, converging eventually. Higher values of 𝛽 promptly inter-
upt the communication between diverging neighbors, rendering the
nvironment’s influence negligible and giving rise to nearly well-mixed
opulations. Note that these results do not depend on the choice of 𝐾.

Focusing on the local environment of the individuals, 𝑖 span a
ide range of values regardless of the agents’ opinions, as seen in
ig. 6(c). However, it is clear that smaller 𝑖 are strongly linked to
ntense radicalization, even though higher 𝑖 do not guarantee milder
iews. In fact, Fig. 6(d) shows that the main driver of radicalization
s the attention 𝑖 that an agent bestows on disagreeing neighbors:
igher 𝑖 is tantamount to weaker radicalization. Nevertheless, even
or small values of 𝛽 most agents become isolated (albeit not completely
isconnected) from opposing views, as can be seen in Fig. 6(b). These
esults show that access to opposing opinions can prevent the polariza-
ion process as long as agents remain willing to consider other points
f view [16,52].

The linear relationship between opinion and attention observed in
ig. 6(d) can be easily obtained from Eq. (1). Assuming 𝐾 high enough,
he available opinion range will be 𝑥𝑖 ∈ (−𝐾,𝐾), and thus, 𝑥𝑖 will reach
igher absolute opinion values. Then, tanh(𝑥𝑖) ≃ ±1 for most agents,
nd:

�̇�𝑖 ≃ −𝑥𝑖 +𝐾
𝑁
∑

𝑗=1
𝐴𝑖𝑗𝑤𝑖𝑗 sgn(𝑥𝑖) = −𝑥𝑖 +𝐾(𝑤𝑖,+ −𝑤𝑖,−) , (12)

here 𝑤𝑖,+ (𝑤𝑖,−) represents the sum of weights with agents of positive
negative) opinions. Recalling the normalization of weights, ∑𝑁

𝑗=1 𝐴𝑖𝑗𝑤𝑖𝑗
1, we have that 𝑤𝑖,± = 1 −𝑤𝑖,∓, and then, in the equilibrium:

𝑖 = ±𝐾(1 − 2𝑤𝑖,∓) , (13)

nveiling the linear relationship. Following this equation, it is clear
hat, if 𝑤𝑖,+ > 0.5 (𝑤𝑖,− > 0.5), then 𝑥𝑖 > 0 (𝑥𝑖 < 0), showing that
gents bestow a greater amount of attention to like minded neighbors.
owever, this relationship only holds for 𝑥𝑗 high enough, so that
anh(𝑥𝑗 ) ≃ ±1. If this is not true, cross-cutting weights can reach values
reater than 0.5 (as seen in Fig. 6(d)).
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Fig. 6. (a) Average exposure (orange) and attention (purple) obtained from 100
ndependent simulations that reach polarization for each value of 𝛽. (b,c,d) Exposures

and attentions of the polarized configuration shown Fig. 5(a) with 𝛽 = 0.5. (b)
requency of exposures and attentions. (c) Two-dimensional histogram of individual
xposure as a function of the absolute value of the agent’s opinion. (d) Two-dimensional
istogram of individual attention as a function of the absolute value of the agent’s
pinion. In all the panels, we fix 𝐾 = 10 and consider an Erdös–Rényi network of
= 104 nodes and ⟨𝑘⟩ = 10. (For interpretation of the references to color in this figure

egend, the reader is referred to the web version of this article.)

. Experimental data

Finally, we apply our model to characterize the degree of polariza-
ion in the society with respect to different topics. For this purpose,
e extract the opinions’ distributions about traditionally polarized

ssues from the American National Election Study (ANES) of 2016
dataset] [45]. The ANES analyzes the voting behavior and opinions
f US society during presidential elections, by performing nation-wide
urveys about multiple topics before and after the electoral process. We
onsider the topics corresponding to the following questions:

• 2010 health care law: Do you favor, oppose, or neither favor nor
oppose the health care reform law passed in 2010? This law re-
quires all Americans to buy health insurance and requires health
insurance companies to accept everyone. (code: V161114x)

• Voting as duty or choice: Different people feel differently about
voting. For some, voting is a duty — they feel they should vote
in every election no matter how they feel about the candidates
and parties. For others voting is a choice — they feel free to vote
or not to vote, depending on how they feel about the candidates
and parties. For you personally, is voting mainly a duty, mainly
a choice, or neither a duty nor a choice? (code: V161151x)

• End birthright citizenship: Some people have proposed that the U.S.
Constitution should be changed so that the children of unautho-
rized immigrants do not automatically get citizenship if they are
born in this country. Do you favor, oppose, or neither favor nor
oppose this proposal? (code: V161194x)

• Wall with Mexico: Do you favor, oppose, or neither favor nor
oppose building a wall on the U.S. border with Mexico? (code:
V161196x)

• Send troops to fight ISIS: Do you favor, oppose, or neither favor nor
oppose the U.S. sending ground troops to fight Islamic militants,
such as ISIS, in Iraq and Syria? (code: V161213x)
6

d

• Allow to refuse service to same-sex couples: Do you think business
owners who provide wedding-related services should be allowed
to refuse services to same-sex couples if same-sex marriage vi-
olates their religious beliefs, or do you think business owners
should be required to provide services regardless of a couple’s
sexual orientation? (code: V161227x)

• Transgender bathroom use: Should transgender people – that is,
people who identify themselves as the sex or gender different
from the one they were born as – have to use the bathrooms of
the gender they were born as, or should they be allowed to use
the bathrooms of their identified gender? (code: V161228x)

• Free-trade agreements: Do you favor, oppose, or neither favor
nor oppose the U.S. making free trade agreements with other
countries? (code: V162176x)

• Government spending for healthcare: Do you favor an increase, de-
crease, or no change in government spending to help people pay
for health insurance when they cannot pay for it all themselves?
(code: V162193x)

• Torture for terrorists: Do you favor, oppose, or neither favor nor
oppose the U.S. government torturing people who are suspected
of being terrorists, to try to get information? (code: V162295x)

The chosen questions correspond to different periods of survey-
ing, before and after the election. In particular, issues ‘‘Free-trade
agreements’’, ‘‘Government spending for healthcare’’, and ‘‘Torture for
terrorists’’ correspond to the post-election survey, and the rest, to the
pre-election survey. Populations for both surveys vary slightly, and
thus, different weights must be used to extrapolate the results to the
global US population. Weights for the pre-election survey correspond
to code V160201 of the data, and for the post-election survey, to code
V160202.

Opinion histograms are normalized removing all the missing data,
comprised of answers like ‘‘don’t know’’, ‘‘refused to answer’’, survey
errors or inexistence of survey data. Note that ‘‘don’t know’’ is consid-
ered to be different from ‘‘Neither favor nor oppose’’ or other similar
answers equidistant from the two extreme opinions.

5.1. Comparison with the model

Our aim is to find the values of 𝛽 and 𝐾 that generate the most
similar opinion distributions to those obtained in surveys for polarized
topics. To do that, we generate multiple polarized configurations for
different values of the parameters, and compare their opinion dis-
tributions with the experimental ones. We use the Jensen–Shannon
distance [53] in order to measure the similarity between both distribu-
tions, and find the parameter combination that minimize that distance.

𝑑𝐽𝑆 =
√

𝐷(𝑝||𝑚) +𝐷(𝑞||𝑚)
2

, (14)

where 𝐷(𝑝||𝑚) represents the Kullback–Leibler divergence:

𝐷(𝑝||𝑚) =
∑

𝑖
𝑝(𝑖) ln

𝑝(𝑖)
𝑚(𝑖)

, (15)

nd 𝑚 is the pointwise mean of 𝑝 and 𝑞. Note that 𝑑𝐽𝑆 is not defined if
ny value of 𝑝 or 𝑞 is zero, but no polarized distribution generated by
ur model in the relevant region of the parameter space fulfills this
ondition. It is also necessary that both distributions have the same
umber of points or boxes to compare them (most issues are comprised
f seven data points, except for the issues ‘‘Allow to refuse service to
ame-sex couples’’ and ‘‘Transgender bathroom use’’ that have six data
oints). Therefore, we perform the following process over the synthetic
istributions: first, for every polarized configuration generated for a
iven value of 𝐾, we divide the opinion value of each agent by 𝑥max(𝐾),
o that the final opinions lie on the range (−1, 1). Then, in order to
ap the continuous opinion distributions generated by the model into

iscrete ones, agent’s opinions are aggregated into six or seven equally
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Fig. 7. Results for the issue ‘‘Do you think business owners who provide wedding-
related services should be allowed to refuse services to same-sex couples if same-sex
marriage violates their religious beliefs?’’ of the ANES 2016 (codes V161227 and
V161227a, aggregated in V161227x). (a) Mean Jensen–Shannon distance (color code)
between the issue and polarized configurations generated by our model. 100 configu-
rations are used for each combination of parameters (𝐾, 𝛽). Pairs of parameters whose
probability of generating polarized configurations is less than 5% are not considered. (b)
Jensen–Shannon distances from all polarized configurations corresponding to 𝐾 = 10 to
the distribution corresponding to the aforementioned issue. A second-degree function
is fitted near the minimum to find 𝛽opt (orange line). In purple, distances used for
the fit. In gray, distances not used for the fit. (c) Responses to the considered issue
given by the ANES 2016 survey. (d) Most similar opinion distribution obtained in our
simulations. In all the panels, we consider an Erdös–Rényi network of 𝑁 = 104 nodes
and ⟨𝑘⟩ = 10. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

spaced boxes to match the number of distinct choices recorded for each
survey.

The shape of our opinion distributions is not dependent on 𝐾, which
only determines the maximum reachable opinion. To show this, we
generate 100 polarized configurations for multiple combinations of
parameters (𝐾, 𝛽) in the range 𝐾 ∈ [0, 20], 𝛽 ∈ [0, 1] and compare them
to the experimental one corresponding to the issue ‘‘Refuse service to
same sex couples’’ applying the method explained above. In Fig. 7(a)
we represent the mean 𝑑𝐽𝑆 for each combination (𝛽,𝐾), proving that
there is no dependence with 𝐾 of the distances, and thus, we fix 𝐾 = 10
in the following process to estimate 𝛽opt for all issues.

In Fig. 7(b) we show all distances between the given issue and the
polarized distributions (gray and purple points) obtained for each value
of 𝛽. As can be seen, there is a clear minimum that we can estimate
by adjusting a second-degree function (orange line) in the vicinity of
the smallest distance (purple points). The error of the adjustment is
obtained applying bootstrapping techniques, but it is too small to be
visible. For the sake of illustration, we represent in Fig. 7(c) the exper-
imental distribution for the selected issue, and in Fig. 7(d), the most
similar synthetic distribution, showing a great qualitative agreement
among them.

Following our previous theoretical analysis of the model, 𝛽𝑜𝑝𝑡 pro-
vides us with a way of sorting different issues by their degree of
polarization. Results for all considered issues are shown in Fig. 8. Issues
with higher 𝛽opt show more extreme polarization, as agents for or
against them tend to choose more extreme positions. Typical partisan
topics, like the construction of a wall with Mexico, the 2010 health
care law (commonly known as Obamacare), or the right of obtaining
7

Fig. 8. 𝛽opt estimated for multiple polarized issues of the ANES 2016 survey. Inset
figures show some of their distributions. For the estimation process, we fix 𝐾 = 10 and
consider an Erdös–Rényi network of 𝑁 = 104 nodes and ⟨𝑘⟩ = 10. The errors of the
estimations are obtained applying bootstrapping techniques, but they are too small to
be visible.

the citizenship by birth, follow this behavior. In contrast, issues that
are not usually subject of mainstream political clash, or are perceived
as extraneous by most of the population, like free trade agreements
or the use of US troops to fight ISIS in the field, seem to arouse less
exacerbating reactions. It is argued that racial resentment and fear of
losing the dominant status of white working-class males were the main
drivers of Donald Trump’s victory in the US 2016 elections rather than
economic issues [4,54,55]. This falls in line with the opinion about free-
trade agreements and government spending on healthcare being less
polarized than other racial issues.

6. Conclusions

In conclusion, we have proposed a new opinion formation model
applicable to static graphs, which introduces the homophily mechanism
by making use of weights representing the attention an agent bestows
on disagreeing neighbors. We have found that polarization is indeed
reachable and stable in some cases while maintaining some amount of
cross-cutting relationships, a typical situation of daily life social interac-
tion, and that our opinion distributions reproduce qualitatively those of
highly polarized issues observed in real-world surveys. Furthermore, we
have shown that homophily is not essential for the rise of polarization
if networks possess the appropriate features: namely low degree or
high spatial correlations. These structural features favor the creation
of limited information horizons, key in the stability of polarized states.

The phenomenon of polarization is very complex and has been
discussed from multiple perspectives, with different definitions and
measurements [56]. Following a criterion established in previous works
from the complex systems perspective [22,38], we understand polar-
ization as the existence of two opposing majority opinions following a
bimodal-like distribution. This definition is also compatible with some
perspectives coming from the political science field [44,57], which
considers bimodality as a necessary condition for polarization. The
model also reproduces the phenomenon of ‘‘group polarization’’ [58]
coming from the field of social psychology, as whole populations can
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become increasingly radicalized towards one of the extreme opinions
given the right circumstances. In this sense, our polarized distributions
fit on the concept of ‘‘bi-polarization’’ [59], as opposing groups remain
polarized in antagonistic views.

There are several limitations to our approach. For the social dynam-
ics, our model assumes that all individuals become engaged in the issue
at hand with similar interest and willingness to discuss, ignores any
predisposition of the agents towards a particular political orientation,
and neglects other aspects like the existence of kinship ties, reputa-
tion, or professional expertise [36,60]. From a network perspective,
for simplicity, all the results here discussed are obtained considering
synthetic models to represent the contact structure of the population.
Although we expect our results to be qualitatively robust with respect
to the network choice, extending our analysis to real contact networks
would allow disentangling the role of different network features such
as degree heterogeneities, clustering or the existence of modular struc-
tures on the emergence and stability of polarized states. Nevertheless,
our approach constitutes a step towards the study of opinion forma-
tion in contexts in which potentially opinion-changing interactions are
bounded by other reasons apart from simple homophily, inherent to
real-world social relationships.
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