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REDUCTION AND ISOGENIES OF ELLIPTIC CURVES

MENTZELOS MELISTAS

ABSTRACT. Let R be a complete discrete valuation ring with fraction field K and perfect
residue field k of characteristic p > 0. Let E/K be an elliptic curve with a K-rational
isogeny of prime degree ¢. In this article, we study the possible Kodaira types of reduction
that E/K can have. We also prove some related results for elliptic curves over Q.

1. INTRODUCTION

Let K be a number field and let £/K be an elliptic curve. A K-rational isogeny ¢ of £/ K
is an isogeny ¢ : E — FE’ which is defined over K, for some elliptic curve E’/K. The study
of K-rational isogenies of elliptic curves (and their possible degrees) for different number
fields K is a rich topic with a long history (see e.g. [10], [14], [6], [I3]). In this paper we
are interested in answering the following related question; Given an elliptic curve E/K with
a cyclic K-rational isogeny of prime degree, then can we say anything about the reduction
properties of E/K? To be more precise, if E//K is an elliptic curve with a K-rational isogeny
of prime degree ¢ > 3, then we are interested in the possible Kodaira types of reduction that
can occur. The reduction properties of elliptic curves with complex multiplication and of
elliptic curves with torsion points have been previously studied by the author in [I1] and
[12], respectively.

Since determining the reduction type of an elliptic curve is a problem of local nature, we
can consider elliptic curves over complete discrete valuation rings. Our main result is the
following theorem, proved in the next section.

Theorem 1.1. Let R be a complete discrete valuation ring with fraction field K and perfect
residue field k of characteristic p > 3. Let E/K be an elliptic curve with a K-rational isogeny
of prime degree ¢ > 3 such that p # (.

(i) If ¢ —1 =2 or 10 (mod 12), then E/K has either semi-stable reduction or reduction
of type I, for some n > 0.
(ii) If € — 1 =4 or 8 (mod 12), then E/K has either semi-stable reduction or reduction
of type III, III*, or I, for some n > 0.
(11i) If £ — 1 = 6 (mod 12), then E/K cannot have reduction of type I1I or I1I*.

We present some examples (see Examples [2.5] [2.0] as well as the paragraph before them)
showing that all Kodaira types that appear in Parts (i) and (i) Theorem [[L1 do indeed
occur. We also prove a partial analog (see Theorem [2Z.8 below) of Theorem [[.T] when p = 2
or 3 and we explain, in Remark 2.4] why the restriction that ¢ > 3 is natural in the context
of Theorem [[LTT We note that Theorem [ 1] is false when ¢ = p. Indeed, in Example
below we present examples of elliptic curves £/Q with a Q-rational isogeny of degree ¢ =5
that have modulo 5 reduction of type II, IT*, III, III*, IV, IV*, I5, I}, and 1.
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We now turn our attention to elliptic curves over Q. In this case, a celebrated theorem
of Mazur (see [10, Theorem 1]) provides a classification for the possible prime degrees of
Q-rational isogenies. Namely, if £/Q is an elliptic curve with a Q-rational isogeny of prime
degree ¢, then ¢ € {2,3,5,7,11,13,17,19,37,43,67,163}. A selection of our results from
Section B concerning elliptic curves over Q is the following theorem (See Theorems [B.3] [3.4]
3.6 and B.7 below).

Theorem 1.2. Let E/Q be an elliptic curve with a Q-rational isogeny of prime degree (.

(i) If ¢ = 11,19,43,67, or 163, and p is a prime such that p # 2, ¢, then E/Q has either
good reduction or reduction of type I modulo p.
(i1) If £ = 19,43,67, or 163, then E/Q has reduction of type III or III* modulo (.
(153) If € = 11,19,37,43,67, or 163, then E/Q has either good redcution or reduction of
type 11 or II* modulo 2.
(i) If ¢ = 17 or 37 and p # 2,5,7,17 is a prime, then E/Q has either good reduction or
reduction of type III, III*, or I}, modulo p.

For the prime numbers ¢ treated in Theorem we also classify the possible reduction
types modulo 2 and modulo ¢ in Section Bl Moreover, by following the proof of each part of
Theorem [[.2] which involves the computation of the possible Kodaira types of elliptic curves
with a fixed j-invariant, we can see that in fact all allowed Kodaira types do indeed occur.

This article is organized as follows. In Section [2 after recalling some background material,
we prove Theorem [Tl Then we present some examples showing that all Kodaira types that
appear in Parts (i) and (i¢) Theorem [L.I] do indeed occur. Finally, Section [8is devoted to
elliptic curves over (Q and Theorem is proved.
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2. PROOF OF THEOREM [L.1]

Let R be a complete discrete valuation ring with valuation v, fraction field K, and perfect
residue field k£ of characteristic p > 0. Let K® be a fixed separable closure of K and let
Gix = Gal(K®/K). Assume that F/K has a cyclic K-rational isogeny ¢ of prime degree
¢ > 3 with kernel denoted by C'. We assume that ¢ # p throughout this section. Let
P € E[{] be a generator for C. Write L/K for the minimal field of definition of the point P,
i.e., L is the field obtained by adjoining the coordinates of P to the field K. Extend P to
a basis {P,Q} of E[f] and denote pg, : Gx — GL(F,) the mod ¢ representation of £E/K
with respect to the basis {P,Q}. Let B be the Borel subgroup of GL(Fy), i.e.,

B:{(g Z) : a,b,dEFgandad;«éO},

and let B; be the subgroup

Blz{<(1) 2) : b,dEFgandd#O}.

Using Galois theory we can prove the following (see also [2, Lemma 3.1]).

Lemma 2.1. The degree of the extension L/K divides ¢ — 1.
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Proof. Since the isogeny ¢ is defined over K, we have that pg,(Gk) is a subgroup of B.
Therefore, it follows from Galois theory that

[L: K] = [BNppGk): BiNppGk)l = [pr(Gr) : Bi N pp(Gr)l,

which divides [B : By] = ¢ — 1.
U

Denote by Ep /L the base extension of £/K to L. The following lemma will be useful in
our proofs below.

Lemma 2.2. Then the curve Er/L has semi-stable reduction.

Proof. Assume that E7 /L does not have semi-stable reduction and we will find a contradic-
tion. Consequently, we assume from now on that Fy/L has additive reduction. Let Ry be
the integral closure of R in L, which is again a discrete valuation ring because R is complete,
and denote by kj, its residue field. Pick a minimal Weierstrass equation for Fy /L and de-

note by EJ, /kr the corresponding reduction. Denote also by (EL)o(L) the set of points with
nonsingular reduction and by (Fp);(L) the kernel of the reduction map.
It follows from [19 Proposition VII.2.1], that there exists a short exact sequence of abelian
groups
0— (EL)l(L) — (EL)O(L) — (EL)ns(kL) — 0,

where (Fp)us(kr) is the set of non-singular points of Fy /k; and the right-hand map is the
reduction map. Consider now the point P € E (L), which has order ¢. We will first show
that P & (EL)o(L). Suppose that P € (EL)o(L), and we will find a contradiction. Since £ is
coprime to p and P has order ¢, we find, using |19, Proposition VII.3.1], that P & (Ep):(L).
Therefore, if P € (Ep)o(L), then we must have that the reduction of P must have order ¢ in
(EL)ns(kr). However, by [19, Exercise I11.3.5] we see that (EL)ns(kr) is the additive group
Ga(kr), where G, /ky is the additive group scheme over kj. Since G,(kz) has no points of
order ¢, we see that P ¢ (Ep)o(L).

Finally, if £, /L has additive reduction, then, using [I8, Corollary IV.9.2] (or [20]), we find
that the group Er(L)/(EL)o(L) has order at most 4. However, since P & (Ep)o(L), we must
have that E(L)/(EL)o(L) has order divisible by the prime ¢, which is bigger than 3. This
is a contradiction and, hence, £ /L has semi-stable reduction. This completes the proof of
our claim.

O

Theorem 2.3. Let R be a complete discrete valuation ring with valuation v, fraction field
K, and perfect residue field k of characteristic p > 0. Let E/K be an elliptic curve with
potentially good reduction and a K -rational isogeny of prime degree £ > 3 with ¢ # p. Denote
by Ag/i the discriminant of a minimal Weierstrass equation for E/K. Then

12 divides (€ — 1)v(Ag/k ).

Proof. Assume that E//K has a cyclic K-rational isogeny of degree ¢ with kernel denoted by
C. Let P € E[{] be a generator for C. Write L/K for the minimal field of definition of the
point P.

Let Ry be the integral closure of R in L, which is again a discrete valuation ring because

R is complete. We denote by vy, the associated (normalized) valuation of R;. Note that
3



the restriction vy |K of vy, to K satisfies vy|x = ev where e is the ramification index of
L/K. By Lemma 22 the curve E; /L has semi-stable reduction. Therefore, since we assume
that E//K has potentially good reduction, we find that E; /L has good reduction. Thus, if
Ag, 1, is the discriminant of a minimal Weierstrass equation of Er/L, then we must have
that UL(AEL/L) =0.

On the other hand, Ag/k is the discriminant of a (not necessarily minimal) Weierstrass
equation for Fp /L. Since when we perform a change of variable the valuation of the dis-
criminant changes by a factor of 12, we see that 12 divides vi(Ag, /1) — vi(Ag k). How-
ever, from the previous paragraph we have that v;(Ag, ;) = 0 and, hence, 12 divides
v (Ag k) = ev(Ag/k). Moreover, it follows from Lemma 2] that the degree of the exten-
sion L/K divides ¢ — 1. Therefore, we find that e divides ¢ — 1 and, hence, we see that 12
divides (¢ — 1)v(Ag/k). O

We are now ready to proceed to the proof of Theorem [L.I]

Proof of Theorem [11. Assume that E/K has a cyclic K-rational isogeny of degree p with
kernel denoted by C. Let P € E[{] be a generator for C. Write L/K for the minimal field
of definition of the point P. Lemma 2.1] tells us that [L : K] divides ¢ — 1 while Lemma
tells us that the base extension Ej /L of E/K to L has semi-stable reduction.

If £ /L has multiplicative reduction, then using Tate’s algorithm [20], since p > 3, we find
that that E/K has either multiplicative reduction or reduction of type [¥, for some n > 0.
We assume from now on that E7,/L has good reduction.

Proof of (i): Assume that £ —1 =2 or 10 (mod 12). Denote by Ag/k the discriminant of a
minimal Weierstrass equation for £/K. Theorem 23l tells us that 12 divides (£/—1)v(Ag/k).
Since £ — 1 =2 or 10 (mod 12), we find that

0= ({—1v(Ag/k) =20(Ag/k) or 10v(Ag/k) (mod 12).

Since p > 3, this is only possible when v(Ag/k) = 0 or 6. Therefore, using [I8, Page 365],
we see that £//K has either good reduction or reduction of type I§. This proves part ().

Proof of (ii): Assume that £ —1 =4 or 8 (mod 12). Denote by Ag/k the discriminant of a
minimal Weierstrass equation for ££//K. Theorem 23] tells us that 12 divides (¢ —1)v(Ag/k).
Since £ —1 =4 or 8 (mod 12), we find that

0= (- 1v(Ag/k) =4v(Ag/k) or 8u(Ag/k) (mod 12).

Since p > 3, this is only possible when v(Ag/k) = 0,3,6, or 9. Therefore, using [18, Page
365], we find that E//K has either good reduction or reduction of type III, IIT*, or I§. This
proves part (7).

Proof of (iii): Assume now that /—1 = 6 (mod 12). Denote by A/ the discriminant of a
minimal Weierstrass equation for £/K. Theorem 23l tells us that 12 divides (£/—1)v(Ag/k).
Since £ — 1 =6 (mod 12), we find that

0= ({—1)v(Ag/k) = 6v(Ag/k) (mod 12).
From this we obtain that v(Ag/k) # 3 or 9. Therefore, using [18, Page 365], we find that
E/K cannot have reduction of type III or III*. This completes the proof of our theorem. [J

Remark 2.4. We explain in this remark why the restriction that ¢ > 3 is natural in the
context of Theorem [[LTl First, for an elliptic curve £/K having a K-rational isogeny of

degree 2 is the same as having a K-rational torsion point of order 2. Thus, studying elliptic
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curves with an isogeny of degree 2 is the same as studying elliptic curves with a K-rational
point of order 2.

On the other hand, it is not hard to show that if an elliptic curve E/K has a K-rational
isogeny of degree 3, then a quadratic twist of £//K has a K-rational point of order 3 (see also
[17, Exercise 2.6]). Therefore, studying elliptic curves with an isogeny of degree 3 is the same
as studying elliptic curves whose twists have a K-rational point of order 3. We note that
when the absolute ramification index of K is 1, the possible Kodaira types of reduction of
elliptic curves E'/K that have a K-rational point of order 3 have been described by Kozuma
in [5, Proposition 3.5] and [5, Lemma 3.6].

Let now K be a number field and let E/K be an elliptic curve that has a K-rational
isogeny of prime degree ¢ > 3. Let p be a prime of K which lies above a rational prime p > 3
with ¢ # p. Assume that E/K has reduction of Kodaira type I,,, for some n > 0, modulo
p. By performing an appropriate quadratic twist we can construct an elliptic curve E'/K
with a K-rational isogeny of degree ¢ and reduction of Kodaira type I modulo p (see [I] for
background on Kodaira types of quadratic twists). Thus, the Kodaira types I’ that appear
in Parts (i) and (i) of Theorem [I.1] do indeed occur.

The following two examples show that the Kodaira types III and III* allowed by Part (i)
of Theorem [L.T] also occur.

Example 2.5. Consider the elliptic curve E/Q given by the following Weierstrass equation
E :y*+ay+y=a2®— 190891z — 36002922.

This curve has LMFDB [7] label 14450.b1. Using LMFDB it is easy to see that E/Q has a
Q-rational isogeny of degree 17 and that it has reduction of Kodaira type I1I modulo 5.

Example 2.6. Consider the elliptic curve E/Q given by the following Weierstrass equation
E : >+ 2y =2 — 165132 — 916983.

This curve has LMFDB [7] label 14450.w2 and is a quadratic twist of the elliptic curve
with label 14450.b1/ considered in the previous example. It is easy to see that E/Q has a
Q-rational isogeny of degree 17 and that it has reduction of Kodaira type III* modulo 5.

The following example illustrates two important aspects related to Theorem [LIl Firstly,
the assumption that ¢ # p in Theorem [I.1] is necessary as more reduction types can occur.
Secondly, when ¢ —1 = 6 (mod 12) (as is the case for £ = 19 below) then the reduction types
IT and IV* can indeed occur.

Example 2.7. Consider the elliptic curve E/Q(1/—3) given by the following Weierstrass
equation
E :y*+ay+y=2"+ (184a — 12)z + 101a + 872,

where a = HT*/:}’ This curve has LMFDB [7] label 2.0.3.1-61009.7-b1 and has a Q(y/—3)-
rational isogeny of order 19. Denote by p and ¢ the prime ideals (4a — 3) and (—b5a + 3)
of the ring of integers of Q(v/—3), respectively. Note that p lies above 13 and q lies above
19. Using the database it is easy to see that F/Q(1/—3) has a Q(y/—3)-rational isogeny of
degree 19, bad reduction of Kodaira type IV* modulo p, and reduction of Kodaira type III
modulo g.

Let dy = 4a — 3 and dy = —5a + 3. It follows from [I, Proposition 1] that the quadratic

twist B4 /Q(v/=3) of E/Q(+/—3) has bad reduction of Kodaira type IT modulo p. Moreover,
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it follows from [I, Proposition 1| that the quadratic twist £9/Q(v/—3) of E/Q(v/—3) has
reduction of Kodaira type III* modulo q.

Theorem 2.8. Let R be a complete discrete valuation ring with valuation v, fraction field
K of characteristic 0, and perfect residue field k of characteristic p > 0. Let E/K be an
elliptic curve with a K-rational isogeny of prime degree { > 3. Assume that v(p) = 1.
(i) If t—1=2,4,8, or 10 (mod 12) and p = 2, then E/K cannot have reduction of type
IV or IV*.
(1) If £ =1 =2 or 10 (mod 12) and p = 3, then E/K has either semi-stable reduction,
reduction of type IV or II*, or reduction of type I, for some n > 0.

Proof. The proof is similar to the proof of Theorem [[1], using [15] instead of [18, Page 365].
We include all the details here for completeness. Assume that £/K has a cyclic K-rational
isogeny of degree p with kernel denoted by C. Let P € E[{] be a generator for C. Write
L/K for the minimal field of definition of the point P. Exactly as in the proof of Theorem
L1l Lemma 2T tells us that [L : K] divides ¢ — 1. Moreover, Lemma tells us that
the base extension Er/L of E/K to L has semi-stable reduction. We denote by Ag/k the
discriminant of a fixed minimal Weierstrass equation for F/K.

Proof of (i): We assume for contradiction that /K has reduction of type IV or IV*. This
implies that E /L has good reduction. Assume first that {—1 = 2 or 10 (mod 12). Theorem
2.3l tells us that 12 divides (¢ — 1)v(Ag k). Since £ —1 =2 or 10 (mod 12), we find that

0= —1)v(Ag/k) =2v(Ag/k) or 10v(Ag/k) (mod 12).

On the other hand, since v(2) = 1 and E/K has reduction of type IV or IV*, by [15, Tableau
IV| we have that v(Ag k) = 4 or 8, which is a contradiction.

Assume now that £ — 1 = 4 or 8 (mod 12). Theorem 2.3 tells us that 12 divides (¢ —
1v(Ag/k). Since £ —1 =4 or 8 (mod 12), we find that

0= (- 1v(Ag/k) =4v(Ag/k) or 8u(Ag/k) (mod 12).

On the other hand, since v(2) = 1 and E/K has reduction of type IV or IV*, by [15, Tableau
IV| we have that v(Ag/k) = 4 or 8, which is again a contradiction.
Proof of (iit): Proceeding exactly in in part (i) we find that

0= (- 1)v(Ag/k) =20(Ag/k) or 10v(Ag/k) (mod 12).

Therefore, since v(3) = 1, by [I5, Tableau II] we see that E/K has either semi-stable
reduction, reduction of type IV or II*, or reduction of type I’ for some n > 0. This proves
our theorem. 0

We end this section by explaining why an analog of Theorem [L.1l for £ = p does not seem
to exist. Concerning the case where the characteristic of the field K is 0, even for K = Q
such a pattern does not seem to hold. This is because in Example below among other
examples we exhibit elliptic curves F/Q with a Q-rational isogeny of degree ¢ = 5 that have
modulo 5 reduction of type II, IT*, III, IIT*, IV, IV*, I§, Ij, and I;. Thus, we do not see any
pattern concerning their reduction types modulo 5.

Example 2.9. Consider the curves with LMFDB labels [75.a2, 50.b1, 175.a2, [150.al, 50.a1,
50.a2, 275.b1, 550.f1, and 110.b1. Those curves have Q-rational isogeny of degree 5 and

reduction modulo 5 of type II, IT*, III, IIT*, IV, IV*, Ij, I}, and I;, respectively.
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Suppose now that the characteristic of K is p. Let E/K be any elliptic curve. Extending
scalars using the absolute Frobenius F'r : Spec(K) — Spec(K), we obtain an elliptic curve
E® /K and a purely inseparable isogeny F' : E — E® of degree p. Thus every elliptic
curve defined over K has an isogeny of degree p, and, hence, we cannot have any restrictions
on the reduction properties of elliptic curves with an isogeny of degree p. To remedy this
problem one could restrict to separable isogenies. However, we note that given any isogeny
¢ of degree p and dual isogeny ¢, the facts that ¢ o ¢ = [p] and that [p] is inseparable in
characteristic p combined imply that either ¢ or qg is inseparable.

3. ELLIPTIC CURVES OVER Q

In this section, we focus on elliptic curves over Q and we prove Theorem [[L.2. Before
we proceed to our proofs we briefly explain our general strategy. A similar strategy has
been employed by Trbovi¢ in [2I] to compute Tamagawa numbers of elliptic curves with
isogenies. Let ¢ > 11 be a prime and consider the modular curve X(¢)/Q parametrizing
elliptic curves together with an isogeny of degree ¢ (see 3] and [16] for general background on
modular curves). In [9] Table 4], we can find the j-invariants corresponding to non-cuspidal
Q-rational points of X(¢)/Q, i.e., the j-invariants of elliptic curves defined over QQ that have
a (Q-rational isogeny of degree /.

Moreover, according to [19] Corollary X.5.4.1] all elliptic curves having the same j-invariant
are twists of each other. Since all these j-invariants coming from [9, Table 4], are not equal to
0 or 1728, we need to consider only quadratic twists. Finally, we will use results on reduction
types of quadratic twists of elliptic curves.

If £/Q is an elliptic curve and d is a square-free integer, then we will denote by E¢/Q the
quadratic twist of E/Q by d. We recall now some of the results from [I] for future reference.

Lemma 3.1. (See [1, Proposition 1]|) Let E/Q be an elliptic curve and d a square-free
integer. If p # 2 is a prime with p | d, then the reduction types of E/Q and E¢/Q modulo p
are related as follows

| Reduction type of E/Q modulo p | Reduction type of E*/Q modulo p |

T I
I, I

11 v
11 1r
v Ir
5 I

Ir v
1r 11
v 1

Keeping the same notation as in the previous lemma, it is well known that if p # 2 and
p 1 d, then the reduction types of £/Q and E?/Q modulo p are the same. We will also need
the following lemma.

Lemma 3.2. Let E/Q be an elliptic curve and d be a squarefree number.

(i) If E/Q has good reduction modulo 2, then E?/Q has either good reduction or reduc-
tion of type I}, I, II, or II* modulo 2.
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(ii) If E/Q has modulo 2 reduction of type I, for some n > 0, then E%/Q has modulo 2
either reduction of type I, or reduction of type I, where m is equal to either n + 4

orn—+ 8.

Proof. Both of these statements are well known to the experts. We include some references
here for completeness. Part (i) follows from either [I, Table I| and [I, Table II], or, alterna-
tively, by [4, Table 3] and keeping in mind that £/Q acquires good reduction after at most
a quadratic extension. On the other hand, Part (ii) follows from a theorem of Lorenzini [8]
Theorem 2.8|) O

We are now ready to proceed with our proofs.

Theorem 3.3. Let ¢ be equal to 19,43,67, or 163. Let E/Q be an elliptic curve with a
Q-rational isogeny of prime degree (.

(i) If p # 2,0 is a prime, then E/Q has either good reduction or reduction of type I
modulo p.
(ii) The curve E/Q has reduction of type I1I or III* modulo {.
(11i) The curve E/Q has either good reduction or reduction of type I;, I, II, or II* modulo
2.

Proof. Let E/Q be an elliptic curve with a Q-rational isogeny of degree ¢ and let p # 2, ¢ be
a prime number. We will proceed with a case by case analysis.

Assume first that ¢ = 19. From [9, Table 4] we see that if £/Q is an elliptic curve with a
Q-rational isogeny of degree 19, then its j-invariant is equal to —2'% - 33. The curve E; with
LMFDB label 361.a2lis a curve with the smallest conductor in the twist class with j-invariant
—21533, Using the LMFDB database it is easy to see that F;/Q has good reduction away
from 19 and that it has reduction of type III modulo 19. Let now E/Q be an elliptic curve
with j(F) = —215-33. Since j(E) = —2'-3% #£ 0, 1728, it follows from [19, Corollary X.5.4.1]
that there exists a square-free d such that F/Q is isomorphic over Q to E¢/Q.

If now p 1 d, then E{/Q and, hence, F/Q has good reduction modulo p. On the other
hand, if p | d, then it follows from Lemma [B.1] that £/Q has reduction of type I modulo
p. Moreover, if 19 1 d, then E/Q has reduction of type III modulo 19 while if 19 | d, then,
by Lemma B.], we obtain that £/Q has reduction of type III* modulo 19. Finally, since the
curve F;/Q has good reduction modulo 2, using Part (i) of Lemma B2 we find that £/Q
has either good reduction or reduction of type I, Ig, II, or II* modulo 2.

Assume that ¢ = 43. From [9, Table 4] we see that if F/Q is an elliptic curve with a
Q-rational isogeny of degree 43, then its j-invariant is equal to —2'® .33 .53 The curve
E, with LMFDB label 1849.b2 is a curve with the smallest conductor in the twist class
with j-invariant —2'® . 3% . 53, Using the LMFDB database it is easy to see that F;/Q
has good reduction away from 43 and that it has reduction of type III modulo 43. Since
J(E) = —2'8.3%.5% £ 0,1728, it follows from [I9, Corollary X.5.4.1] that there exists a
square-free d such that E/Q is Q-isomorphic to E¢/Q.

If now p t d, then E//Q has good reduction modulo p. On the other hand, if p | d, then it
follows from Lemma [B.1] that £/Q has reduction of type I modulo p. Moreover, if 43 1 d,
then F/Q has reduction of type III modulo 43 while if 43 | d, then, by Lemma B.1] we find
that £/Q has reduction of type III* modulo 43. Finally, the curve E;/Q has good reduction

modulo 2 and we find on the LMFDB database a minimal Weierstrass equation. Since the
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by invariant is even, using Part (i) of Lemma [3.2] we find that £/Q has either good reduction
or reduction of type I}, I, II, or II* modulo 2.

Assume that ¢ = 67. From [J, Table 4] we see that if £/Q is an elliptic curve with a
Q-rational isogeny of degree 67, then its j-invariant is equal to —2%-33.53.113. The curve
FE, with LMFDB label 4489.b2/is a curve with the smallest conductor in the twist class with
j-invariant —2%9 - 33 .53 . 113, Using the LMFDB database it is easy to see that F;/Q has
good reduction away from 67 and that it has reduction of type III modulo 67. The rest of
the proof from the previous case carries over verbatim in this case. We will not reproduce
the details.

Assume that ¢ = 163. From [9, Table 4] we see that if £/Q is an elliptic curve with a
Q-rational isogeny of degree 163, then its j-invariant is equal to —28-3%.53.23%.293. The
curve Iy with LMFDB label 26569.a2 is a curve with the smallest conductor in the twist
class with j-invariant —2'® .33 .53 .23%.293 Using the LMFDB database it is easy to see
that F1/Q has good reduction away from 163 and that it has reduction of type III modulo
163. The rest of the proof from the previous case carries over verbatim in this case so we
will not reproduce the details. This completes the proof of our theorem. U

Theorem 3.4. Let E/Q be an elliptic curve with a Q-rational isogeny of degree 11.

(i) If p # 2,11 is a prime, then E/Q has either good reduction or reduction of type I
modulo p.
(ii) The curve E/Q has reduction of type II, II*, III, IIT*, IV, or IV* modulo 11.
(iii) The curve E/Q has either good reduction or reduction of type I;, I, I, or IT* modulo
2.

Proof. Let E/Q be an elliptic curve with a Q-rational isogeny of degree 11 and let p # 2,11
be a prime number. From [9, Table 4] we see that if £/Q is an elliptic curve with a Q-rational
isogeny of degree 11, then its j-invariant is equal to —11 - 1313, =2 or —11%2. The curves
with LMFDB labels, denoted by E;/Q, E2/Q, E3/Q, respectively, 121.a2, 121.b2, 121.c2l are
curves with the smallest conductors in each twist class corresponding to j-invariant —11-1313,
—21 "and —112, respectively. It is easy to check, using the LMFDB database, that all these
curves have good reduction away from 11. It follows from [19, Corollary X.5.4.1| that there
exists a square-free d such that E/Q is Q-isomorphic to either E¢/Q, E$/Q, or E¢/Q. If
p 1 d, then F/Q has good reduction modulo p. On the other hand, if p | d, then it follows
from [Il, Proposition 1| that £/Q has reduction of type Iy modulo p.

Moreover, the curves F1/Q, E2/Q, and E3/Q have reduction of type II, III, and IV modulo
11, respectively. Therefore, we see from Lemma [B.1] that £/Q has reduction of type II, IT*,
[T, TIT*, IV, or IV* modulo 11. Finally, since E;/Q, E5/Q, and E5/Q all have good reduction
modulo 2, using Lemma 3.2l we find that E/Q has either good reduction or reduction of type
I, I§, 11, or II* modulo 2. 0

Example 3.5. Consider the elliptic curves with LMFDB labels [121.a2, 121.all, 121.b2,
121.b1, 1089.c2, and [1089.cl. Those curves have Q-rational isogeny of degree 11 and re-
duction modulo 11 of type II, IT*, ITI, IIT*, IV, and IV*, respectively.

Theorem 3.6. Let E/Q be an elliptic curve with a Q-rational isogeny of degree 17.

(i) If p # 2,5,17 is a prime, then E/Q has either good reduction or reduction of type I

modulo p.
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(11) The curve E/Q has reduction of type I, Lz, If, I§, I;,, or I5y modulo 2.
(111) The curve E/Q has reduction of type I1I or III* modulo 5.
(iv) The curve E/Q has reduction of type II, II*, IV, or IV* modulo 17.

Proof. Let E/Q be an elliptic curve with a Q-rational isogeny of degree 17. From [9, Table
4] we see that if F/Q is an elliptic curve with a Q-rational isogeny of degree 17, then its
j-invariant is equal to —172'21013 or —17'231333. The curves with LMFDB labels 14450.b2 and
14450.b1, denoted by F;1/Q and E,/Q, respectively, are curves with the smallest conductors
in each twist class corresponding to j-invariant —w and —17'23%33, respectively. Using
the LMFDB database it is easy to see that each of those curves has good reduction away
from 2,5 and 17. Therefore, proceeding similarly as in the proofs of the previous theorems
in this section, we can show that £/Q has either good reduction or reduction of type Ij
modulo p, for p a prime such that p # 2,5,17. The curves E;/Q and FE,/Q have reduction
of type III modulo 5. Therefore, F/Q can only have reduction of type III or IIT* modulo 5.

Moreover, using the LMFDB database we see that the curves E;/Q and E,/Q have reduc-
tion of type IV and IV* modulo 17, respectively. Thus, using Lemma B.1] we find that the
curve £ /Q has reduction of type II, IT*, IV, or IV* modulo 17. Finally, the curves E;/Q and
E5/Q have reduction of type I and I;7; modulo 2, respectively. Therefore, using Lemma
we find that £/Q has reduction of type Iy, I 7, I, I§, I}, or I}, modulo 2.

O

Theorem 3.7. Let E/Q be an elliptic curve with a Q-rational isogeny of degree 37.

(1) If p # 2,5,7 is a prime, then E/Q has either good reduction or reduction of type I
modulo p.
(ii) The curve E/Q has either good reduction or reduction of type I, I, II, or II* modulo
2.
(iii) The curve E/Q has reduction of type III or III* modulo 5.
(iv) The curve E/Q has reduction of type II or IV* modulo 7.

Proof. Let E/Q be an elliptic curve with a Q-rational isogeny of degree 37. From [9, Table
4] we see that if £//Q is an elliptic curve with a Q-rational isogeny of degree 37, then its j-
invariant is equal to —7-113 or —7-1372-20833. The curves with LMFDB labels 1225.b2 and
1225.b1, denoted by E;/Q and E,/Q, respectively, are curves with the smallest conductors
in each twist class corresponding to j-invariant —7 - 11® and —7 - 1373 - 20833, respectively.
Using the LMFDB database it is easy to see that each of those curves has good reduction
away from 5 and 7. Therefore, proceeding similarly as in the proofs of the previous theorems
in this section, we can show that £/Q has either good reduction or reduction of type Ij
modulo p, for p a prime such that p # 5, 7.

On the other hand, the curves F;/Q and E,/Q have reduction of type III modulo 5.
Therefore, E/Q can only have reduction of type III or III* modulo 5. Finally, both curves
E,/Q and E,/Q have reduction of type II modulo 7. Therefore, £/Q can only have reduction
of type II or IV* modulo 7. Finally, since E;/Q has good reduction modulo 2, using Lemma
we find that £/Q has either good reduction or reduction of type I}, If, II, or II* modulo
2. O

Remark 3.8. Given any primes p, ¢ with p # 2 and any reduction type T that appears in

Theorem B.3] B.4 [B.6] or B.7] then by using an appropriate quadratic twist one can find
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an elliptic curve with a Q-rational isogeny of degree ¢ and reduction type 7" modulo p. For
example, suppose we are looking for an elliptic curve E/Q with a Q-rational isogeny of
degree 17 and reduction of Kodaira type III* modulo 5. The curve E;/Q with LMFDB label
14450.b2, which appears in the proof of Theorem [B.0] is an elliptic curve with a Q-rational
isogeny of degree 17 and reduction of Kodaira type III modulo 5. Therefore, it follows from
Lemma [3.T] that the quadratic twist £} /Q is an elliptic curve with reduction of Kodaira type
[IT* modulo 5 and it has a QQ-rational isogeny of degree 17. Thus we have found an example
with the required properties. We can proceed in a similar way for the other choices of primes
p, ¢, and Kodaira types T
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