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A new analytical solution to a non-linear heat transfer equation in a spherically-symmetric droplet is suggested.
All thermophysical properties inside the droplet are considered to be close to their average values. This allows
us to consider the non-linearity of this equation as weak. The solution is presented as T =T, + T, where
T, is the solution to a linear heat conduction equation, and 7| <« T;,. The equation for T, is presented as
a linear heat conduction equation with a source term depending on the distribution of T; and its spatial
derivatives inside the droplet. The latter equation is solved analytically alongside the linear equation for T,
and the final solution is presented as T =T, + T;. The predictions of the numerical code in which this solution
was implemented are verified based on a comparison of those predictions with the predictions of COMSOL
Multiphysics code using input parameter values that are typical for nanofluid (water and SiO, nanoparticles)
droplet evaporation in atmospheric conditions. It is demonstrated that for these experiments 7} < T;, which
justifies the applicability of the linear heat conduction equation used for the analysis of this process. Small
differences in the temperatures predicted by both non-linear and linear models lead to a much more noticeable
difference in integral characteristics such as time before the start of the formation of the cenosphere when the

mass fraction of nanoparticles at the droplet surface reaches about 40%.

1. Introduction

The importance of modelling mono- and multi-component droplet
heating and evaporation for various applications has been commonly
recognised, and various approaches to this problem have been dis-
cussed in numerous papers, the results of which are summarised in
many monographs, including [1-5], and reviews, including [6,7]. In-
teresting discussions of this problem are presented in [8-10].

In the case of spherical droplets, we believe that one of the promis-
ing approaches to this problem is based on the implementation of the
analytical solutions to the heat conduction and component diffusion
equations in the liquid phase into a numerical code and using these so-
lutions at each timestep of the analysis [5]. This approach was used in
our most recent paper focused on this problem [11], in which a new
model for mono-component droplet heating/evaporation was devel-
oped, tested, and applied to the analysis of in-house experimental data.

The new model linked the previously developed liquid phase model, us-
ing the analytical solution to the heat transfer equation at each timestep
[5], and the gas phase model, using the solution to the equations of the
conservation of mass, momentum, and energy, leading to an explicit ex-
pression for the Nusselt number and implicit expression for evaporation
rate of the droplet [12].

One of the key limitations of this approach is that it is based on
the assumption that the heat conduction equation in the liquid phase
is linear. This means that all liquid thermophysical properties used in
this equation are assumed to be the same throughout the whole droplet
volume. The validity of this assumption has never been investigated
to the best of our knowledge. We anticipate that this assumption is
acceptable in the case of mono-component droplets, remembering that
liquid thermodynamic and transport properties are weak functions of
temperature, and the temperature variations inside droplets are small
in most applications [5].
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Nomenclature

a VROTIOE) e, m/y/s
A, symbol introduced in (36)

b BJKG oo 1/m
By, Spalding heat transfer number

c specific heat capacity..............cocoiiienin J/(kg K)
D diffusion coefficient.................cooiiuuinnnn.. m?/s
G Green function

h convective heat transfer coefficient........... W/(m? K)
k thermal conductivity.................c.coooltt. W/(m K)
L heat of evaporation...............cooeiiiiiiiiiea.. J/kg
0 parameter defined by Expression (15) ................. K
P SOUTCE TITN. ..ttt et eeeeeeeeeeeeeeeaaaaaaaaannnns W/m?
R distance from the droplet centre ...................... m
R, droplet radius.......c.ooviviiiiiiiiii m
t L8500 S
T TEMPEratUre . ..ottt it e i ii et K
Y mass fraction

Greek symbols
Yl)lS
& Zi Yois
U eigenvalues
ki
Vo 1/s
pioco R
P AENSITY . et ettt it kg/m?
Subscripts
e evaporation
d droplet
eff effective
g ambient gas
i component
/ liquid
s surface
total vapour + air
0 initial or zeroth order
1 end of the timestep or first order

For multi-component droplets, however, this assumption can be
questionable, as thermodynamic and transport properties of compo-
nents can differ considerably and the mass fractions of components in
different parts of the droplets (e.g. centre and surface) can vary from
being close to zero to being close to one. The challenges of develop-
ing non-linear models are well known [13-16] and most researchers try
to avoid these models especially for engineering applications. However,
even in the case of multi-component droplets the solutions to linear
and non-linear heat conduction equations are expected to be reason-
ably close (this is supported by the results presented in paper), and this
closeness supports the development of a new approach to solving the
equation, based on the assumption that it is weakly non-linear. This as-
sumption will be justified based on the application of our results to a
practical engineering problem.

The focus of the paper is on obtaining a new analytical solution
to a weakly non-linear heat conduction equation, and implementation
of this solution into a numerical code alongside the previously obtained
analytical solutions to the component diffusion equations and the model
for droplet evaporation and swelling. The predictions of this new code
will be compared with those of the previously developed numerical
code based on the analytical solution to the linear heat conduction
equation for input parameter values that are typical during the evap-
oration of nanofluid droplets.

Note that the idea of developing a weakly non-linear model is not
new. Such models have been developed for various applications in
physics and engineering (e.g. [17], where the linear interaction anal-
ysis is used to study the shock-turbulence interaction in supersonic and
hypersonic flows). We believe, however, that this is the first model of
this kind to be developed for the analysis of droplet heating and evap-
oration. The range of applicability of the new model is certainly not
limited to the analysis of nanofluid droplets (see [5] for an extensive
analysis of other types of multi-component droplets).

The key equations on which the model is based and the new solu-
tion to the weakly non-linear heat conduction equation are described
in Section 2. The main features of the numerical algorithm used in the
analysis are summarised in Section 3. The predictions of the newly de-
veloped numerical code are verified in Section 4 based on a comparison
of its predictions with the predictions of COMSOL Multiphysics code.
The predictions of the new code and the previously developed version
(based on the analytical solution to the linear heat conduction equation
in the droplet) are compared in Section 5. The main results of the paper
are summarised in Section 6.

2. Basic equations and approximations
2.1. Heat transfer equation

Assuming the spherical symmetry of the problem, the heat transfer
equation inside a droplet can be presented as [18,19]

of 1 0 (Rzde)’ (1)

P T R2 R "oR
where p;, ¢;, and k,; are the density, specific heat capacity and thermal
conductivity of a liquid, respectively, T is temperature, ¢ is time, R is
the distance from the droplet centre. 0 <7< o0, 0 < R< R;, where R, is
the droplet radius.

Several analytical solutions to this equation, subject to various
boundary and initial conditions were obtained in [5]. These solutions
were incorporated into numerical codes and used for the analysis of
droplet heating, evaporation, puffing and micro-explosions [5].

In all these solutions, however, it was assumed that p,;, ¢;, and k; are
constant during each timestep (they do not depend on ¢ and R).! That
means that the analysis was focused on a linear problem. References to
some papers where this assumption is relaxed are given in the preface
to [5], but this case is not investigated in the book.

At the same time, this assumption turned out to be rather restric-
tive in many practical applications. For example, at the final stages of
nanofluid droplet drying all three parameters, p;, ¢;, and k;, are ex-
pected to depend on R due to the accumulation of nanoparticles near
the droplet surface [20].

We do not intend to solve a general non-linear version of Equation
(1). Instead, our focus will be on the solution of a weakly non-linear
problem in which p;, ¢;, k;, and T are presented as:

pi(R)=pyy + p11(R), ¢;(R) =y +c;(R), k;j(R) = ko + k;1(R),
T(R)=Ty(R) + Ty (R), 2

where py, ¢, and kj, are average values of density, specific heat ca-
pacity and the thermal conductivity of liquid, respectively, which are
assumed to be constant during each timestep; p;;, ¢;;, and k;; are per-
turbations to py, ¢, and kj,, respectively, which depend on R at each
timestep. It is assumed that

1 For composite droplets they were assumed to be constant in a priori chosen
ranges of R (see [5]).
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T, is the solution to (1) assuming that p, = p;q, ¢; = ¢)y, and k; = k.
It is anticipated that Conditions (2)-(3) imply that

T, <T,. @

The substitution of (2) into (1) allows us to re-write the latter equa-
tion as:
ATy +Ty)

ot
Ty +Ty)
)

(10¢10 + Procn + Pricio)

1 0
— (Rz(km +k;p)

“R2OR ®

When deriving (5) Conditions (3) were used. The term p; c;,, was re-
moved from the left-hand side of (5) as this term is of a higher order of
magnitude than the terms p,yc;; and p;c;,. Note that the contribution
of this term could be considered by adding it to (p;oc;; + p;1¢j0) in the
final solution.

Remembering that Tj, satisfies the equation:

Ty 1 o (,, T, ’T, 2 dT,

L= — (R | =k [ =2+ =2 ). 6
P0c075 = R2OR 03R 0\%rR? T ROR ®
Equation (5) can be simplified to:

LI ( . ) oy
P10€10 o Pi10€i1 T Pricio o
. T, . T, 2k, oT, 1 0(R%*k;;)] 0T, o

Worz "Rz T R 9R T |R2 OR | OR’
Equation (7) can be further simplified to

aT, T, 2 dT,

— = —+=— |+ PR, 8
Pioci0 =5, 10<()R2 R IR (R) (8
where

T, 0°T, 1 o(R%k;))] 9T,
P(R) == (pioc11 + Pricio) <5 Thkn e TR or |k 9

The known solution to Equation (6) and known dependencies of
P15 ¢1> and k;; on R allow us to calculate the value of P(R) based on
Expression (9). Once the term P(R) has been obtained, the solution to
the linear heat conduction equation with the source term described in
[5] can be used to solve (8) after replacing T with T;. This solution for
a priori known P, subject to the initial and boundary conditions (11)
and (13), is presented in Appendix A.

The initial conditions for Equations (6) and (8) are the standard
ones:

Ty(R)(t = 0) = Tyy(R), T,(R)(t=0)=0. (10)

At the second and the following timesteps

Too(R) =Ty(R)(t =1)) + T (R)(t =1)),

where T (R)(t =t,) and T|(R)(t =1t,) are the solutions at the previous
timestep with possibly modified values of the input parameters. In what
follows, no indication is made of the dependence of these parameters
on R.

The Robin boundary condition for Equations (6) and (8) at the
droplet surface is used. It takes the form:

oT, oT,

[(k,0+k,1) < + —> +h(T0+T1)] =hT,(), an

R~ 9R Rek,—0

where h is the convection heat transfer coefficient (see [21] for the
details of its estimation), R, is the droplet radius, T, is ambient gas
temperature.

Thus, we have the boundary conditions for 7}:

aT,
+hT,

kio 5% = hT, (1), (12)

R=R;-0
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and T;
o, oT,
k[() ﬁ + l’lTl = k“ ﬁ s
R=R,-0 R=R;—0
or

oT,
[k,o 0_Rl + AT, 13)

hiy
=— [k— (T, () —Tp) ]
R=R;~0 10 R=R;—0
T

Note that the contribution of the higher order term &, 'Z—R] in (13)
has been ignored.

2.2. Analytical solutions

The solution presented in Appendix A formally solves the problem
for T, after the source term P has been obtained based on Expression
(9). In this section an alternative analytical solution to the problem is
presented which turned out to be more convenient for numerical analy-
sis. Alternative analytical solutions to Equations (6) and (8) follow from
the solution to an auxiliary problem solved in Appendix B (Expression
(41)).

Assuming that

k

u=Ty a*=—"" F(Rs5)=0, f(R)=Ty(R),
P10€10

H(t)= Hy(t) = T,(1),b= h/ky

in Expression (41), the latter expression gives us the explicit formula
for T, (zeroth approximation):

Ry
To(R, 1) = Qy(R, 1) + % /G(R,r, Hrlyy(rydr, (14
0
where
_ 2 ~ . R R, 2 hR; .
Qy(R, 1)) =T,(1)— R—Rd Z A, sin (ynR—d> <M_n) k_/o sin(u,,)
t
X [Tg(t) —vp? / T, (s)exp (—vpl(t — s))ds] . (15)

0
2 - . R . r 2
G(R,r,t)= — A,s — s — —vu't),
(R, r,1) Rd? ,,sm(yan)sm(y,,Rd)exp( vit)

and

ki a?
Vs —m—mmmm =

- 2 p2
pocoR; R

Symbol A, is introduced in (36).
Expression (14) can be re-written as

1 2
To(R,t) = R,t _—
o(R, 1) = 0Qy(R,1) + RR,
x Y A,si = —vut) [ si L) i (ndr. 16
Z} , Sin </4an>exp( i )/sm (M"Rd>r vo(rdr (16)
= 0

Note that the integral in (15) can be rearranged using the following
formula, which we found useful for numerical calculations:

'
vyﬁ / Tg(s)exp (—vu%(r - s))ds = vyﬁ exp (—vygt)

0
t

X/Tg(s)exp (v;,tﬁs)ds.
0

Formulae (14) and (16) reduce to Expression (23) with P =0, which
is equivalent to Expression (2.41) of [5] (see Appendix C for the details).
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Having introduced the following parameters and functions
P(R)

P10€10

k
HO = H,0 =72 [0~ Tl g, o]
10

u=T,, F(R)= , f(R)=0,

Expression (41) gives us the explicit formula for 7;:
t Ry

TI(R,t)le(R,t)+%//G(R,r,t—s)r
0 0

P drds, a7

P1o€10

where

2 < R Ry ’
Ql(R,t)=H1(T)—R—Rd;AnSin <MnR—d> <#—> bR, sin(u,)

n

t

X[Hl(t)—vyzfHl(s)exp(—vyn(t—s))ds] =
0

2 -, . R\ [(Ri\* . .
Hl(t)_R_Rd ‘ An31n<MnR_d> (7:) deSIH(Mn)

t

X [Hl(t) — vyﬁ exp (—vyﬁt) / H,(s)exp (vuis)ds] s
0
P(R) is given by Expression (9), the Green function G is given by Ex-
pression (38), eigenvalues y, are solutions to Equation (24).
The effect of droplet evaporation is considered by replacing 7, with

Top =Ty +p LRy ™",

where R, = % describes the contribution of evaporation. The latter
process is modelled using the approach described by Abramzon and
Sirignano [21].

The change in droplet radius due to thermal swelling and evapora-
tion was taken into account during the transition between timesteps.

The effect of a support (wire) on droplet heating was considered
assuming that this effect is small and heat supplied or taken by the
support is homogeneously and instantaneously distributed throughout
the whole droplet volume [22].

2.3. Component diffusion

For multi-component liquid, the following equations for mass frac-
tions of components Y; =Y;(+,R) (0<Y,; <1)

9Y); *Y,  20Y,
_t_p (|20 1
ot ’(aR2+RaR ’ (18)

where D, is the component diffusivity, i > 1, were solved analytically
subject to boundary and initial conditions [5]:

2Y); D In(1+B

_1, — vPtotal ( M) (Y[, _ 5,‘) . (19)
OR |R=Rr,-0 DypiRy

Ml (20)
OR [r=0

Y,;(t=0) =Y};o(R), (2D

where

Yviv

£ = -—, 22)
' Zi Yvix

D, is the vapour diffusion coefficient, B, is the Spalding heat transfer
number.

The analytical solution to (18) subject to the above-mentioned
boundary and initial conditions, was implemented into the numerical
code alongside the analytical solutions for temperature described in Sec-
tion 2.2.
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3. Numerical algorithm

The model described in Section 2 was implemented in the MATLAB
R2020a code. 100 terms of the series in the analytical solutions for T
and T;, and 200 terms of the series in the analytical solutions for ¥},
were used. The timestep was taken equal to 0.1 s; 10,000 concentric
spherical layers were used to calculate integrals over the distance from
the droplet centre in the corresponding analytical solutions. The roots
of the equations for eigen values were calculated using the bisection
method with maximal absolute errors 10712,

The following steps were used in the numerical code.

1. Assume the initial distribution of temperature and mass fractions
of the liquid components in the droplet, or use the distributions ob-
tained at the end of the previous timestep. It was assumed that the
initial distributions of temperature and mass fractions of components
are homogeneous.

2. Calculate the partial pressures of components in the gas phase
based on Raoult’s law and the molar fractions of the components in the
liquid phase using the initial distribution of components in the liquid
phase or the one predicted by the analytical solution to (18) at the end
of the previous timestep.

3. Calculate all the values of the liquid droplet thermophysical prop-
erties.

4. Calculate the droplet evaporation rate using the Abramzon and
Sirgnano model [21].

5. Calculate the temperature distribution inside the droplet at the
end of the timestep using the analytical solutions for T;, and 7.

6. Calculate the distribution of components inside the droplet at the
end of the timestep using the analytical solutions for Y};.

7. Calculate the change in the droplet radius due to swelling and
evaporation; recalculate the value of the droplet radius at the end of
the timestep.

8. Return to step 1 and repeat the calculations for the following
timestep or complete calculations.

A schematic diagram of the numerical algorithm used in our analysis
is presented in Fig. 1.

The numerical calculation of 7| was based on Expression (49) (see
Appendix D for the details of the derivation of this expression).

All three thermophysical properties (p;, ¢; and k;) depend on temper-
ature, while temperature depends on R. Taking this dependence from
the previous timestep, we obtain p;, ¢; and k; depending on R. We sub-
tract average values of p;, ¢; and k; from these parameters and arrive at
the required perturbations p;;, ¢;; and k.

4. Verification of the new algorithm

The predictions of the new algorithm were verified by comparing
them with the results of a numerical simulation of heating and evapo-
ration of a nanofluid (mixture of distilled water and SiO, nanoparticles)
droplet obtained using the commercial COMSOL Multiphysics package.
The input parameters used for the verification were the same as used in
the experiments described in [20]. The mass fraction of SiO, nanopar-
ticles was taken equal to 2%; the ambient gas temperature and initial
droplet temperature were assumed equal to 28.4 °C; relative humidity
was equal to 4.3%; air velocity was 0.2 m/s; the diameter of the holder
was taken equal to 0.105 mm; the initial droplet diameter was equal to
2.19 mm.

The plots of average droplet temperature 7,, and mass fraction of
nanoparticles at the droplet surface Y, ; versus time predicted by the
new algorithm and COMSOL Multiphysics for the above-mentioned val-
ues of input parameters are presented in Fig. 2. As can be seen from this
figure, the plots predicted by both codes coincide within the accuracy
of plotting. This gives us confidence in the new numerical algorithm.

Remembering that T} < T}, in most engineering applications, the re-
sults of additional verification of the new code are presented in Fig. 3
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Input parameters: Yo, 7do, 7g,
humidity, air velocity, Rdo

v

Specify size step along
droplet radius

v

| Specify timestep ‘
v
| =0 |
No
Yes
Steps 1-7
v
t=t+timestep
|

Fig. 1. A schematic diagram of the numerical algorithm.
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lj \ y >
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\ e
2881 '\
286 [ . PR |
0 50 100 150 200 250 300 350 400 450 500

t(s)

Fig. 2. Plots of average droplet temperature T,, and mass fraction of nanopar-
ticles at the droplet surface Y, ; versus time for the input parameters described
in Section 4. Plots 1 and 2 show the results predicted by the new algorithm and
COMSOL Multiphysics, respectively.

using the same input parameters as in Fig. 2. Firstly, we took into ac-
count the actual distribution of thermophysical properties in droplets
(distribution of T}, ). Secondly, we used thermophysical properties aver-
aged over the whole droplet volume during each timestep (distribution
of T)). The value of T), — T, in this case is T} predicted by COMSOL
Multiphysics.

The results of comparison between the values of T, predicted by
the new algorithm and COMSOL Multiphysics are presented in Fig. 3.
As can be seen from this figure, the predictions of the new algorithm
and COMSOL Multiphysics coincide within the accuracy of plotting. The
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-2.0><1o-60 5 L L L L
R/R,

Fig. 3. Plots of T predicted by the new algorithm and T; =T}, — T, predicted
by COMSOL Multiphysics versus normalised distance from the droplet centre at
three time instants. T}, and T),, are the distributions of temperature predicted
by COMSOL Multiphysics taking into account the space distribution of ther-
mophysical properties in the droplet, and assuming that these properties are
constant during each timestep and equal to their average values, respectively.
Curves 1, 2, and 3 show the predictions of the new algorithm, while Curves 4,
5, and 6 show the predictions of COMSOL Multiphysics. Curves 1 and 4 refer to
time instant = 50 s; Curves 2 and 5 refer to time instant r = 100 s; Curves 3 and
6 refer to time instant t = 500 s.

predictions of both codes, presented in Figs. 2 and 3, differ by less than
0.01%, which justifies use of the new algorithm.

Note that the values of 7| presented in Fig. 3 are several orders of
magnitude lower than the values of T, presented in Fig. 2. This supports
the key assumption of our model that T} < Tj,.

5. Parametric study

In this section, the results of application of the model and numerical
algorithm, described in Sections 2 and 3, to the analysis of cooling/heat-
ing of nanofluid (a mixture of distilled water and SiO, nanoparticles)
droplets are described.

A nanofluide with SiO, nanoparticles of mass fraction 2% was pre-
pared by adding these nanoparticles to distilled water [20]. Droplets
were formed on the thread using a Thermo Scientific mechanical pipette
with total errors of about +0.1 pl. Using infrared thermography, the
droplet average temperature was determined (see Fig. 4). The measure-
ments were performed with an NEC TH7102IR thermal imaging camera
at wavelengths 4 =8 — 14 um using a TH 71-377 macro lens. The droplet
size dynamics were recorded by a Baumer vcxg-04m camera (720 x 540
pixels at a maximal speed of 431 fps). The photographs obtained were
used to measure the diameters of droplets during evaporation (Fig. 4).

Firstly, we focus on the same experiments as described in Section 4.
Droplet photographs and thermograms obtained in these experiments
are shown in Fig. 4.

The plots of temperatures at the droplet surface (7,) and centre (7,)
versus time at times up to 500 s, predicted by the new non-linear model
and the model based on the assumption that all thermophysical proper-
ties are constant (linear model), are shown in Fig. 5. Note that the time
limit of 500 s ensured that the droplet evaporation process did not reach
the stage of cenosphere formation (which is expected to happen when
the mass fraction of nanoparticles at the droplet surface reaches about
40% [20]). Droplet heating and evaporation after the cenosphere has
been formed cannot be described by either non-linear or linear models.

As can be clearly seen in Fig. 5, the temperatures predicted by the
non-linear and linear models practically coincide (they differ by less
than 0.01%). This means that the linear heat conduction equation can



D.V. Antonov, E.A. Shchepakina, V.A. Sobolev et al.

International Journal of Heat and Mass Transfer 219 (2024) 124880

Fig. 4. Photographs (left) and thermal images (thermograms, right) of nanofluid droplets at the initial stage of their heating and evaporation (top) and at time
instant 260 s (bottom). (For interpretation of the colours in the figure(s), the reader is referred to the web version of this article.)

292

291

290

289

T(K)

288

287

286 L 1 L 1 1 1 " 1 1
200 300 400 500

t(s)

o
=
o
o

Fig. 5. Plots of temperatures at the droplet surface (7,) and centre (7,) versus
time predicted by the linear (dashed) and non-linear (solid) models. The initial
mass fraction of SiO, nanoparticles was taken equal to 2%; the ambient gas
temperature and initial droplet temperature were assumed equal to 28.4 °C, the
initial droplet diameter was taken equal to 2.19 mm. Zoomed parts of the curves
are shown in the insert.

be used with confidence for the analysis of experimental results pre-
sented in [20].

To further investigate the effect of non-linearity on the solution to
the heat transfer equation an extreme rather than typical case of heating
of nanofluid droplets with initial diameter 10 mm in ambient gas at
temperature 1000 K was considered. The initial mass fraction of SiO,
nanoparticles was taken equal to 10%. All other parameters were the
same as in the case shown in Fig. 5. The plots of temperatures at the
droplet surface (7) and centre (7,) versus time, predicted by the non-
linear and linear models for this new case, are shown in Fig. 6.

As follows from Fig. 6, the temperatures predicted by the non-linear
and linear models are close, as in the case shown in Fig. 5. At the same

time, the difference in temperatures predicted by both models is about
20 times larger for the case shown in Fig. 6 than in the case shown in
Fig. 5, and reaches about 0.2%.

Note that relatively small differences in the temperatures predicted
by both models lead to a much more noticeable difference in integral
characteristics, such as time before the start of the formation of the
cenosphere when the mass fraction of nanoparticles at the droplet sur-
face reaches about 40%. In the case shown in Fig. 6 this time predicted
by the non-linear model was 16.3 s, while that predicted by the linear
model was 15.7 s. The difference between these times was more than
3.5%.

The difference between the predictions of both models is expected
to be even more pronounced when the difference between the thermo-
physical properties of nanoparticles and liquid is larger than in the case
of SiO, nanoparticles and water considered in [20]. A brief review of
various nano-fluids is presented in [23].

6. Conclusions

A new analytical solution to a non-linear heat transfer equation in a
spherically-symmetric droplet was suggested. The Robin boundary con-
dition at the droplet surface was assumed. The non-linearity of this
equation was considered to be weak, so that all thermophysical proper-
ties inside the droplet were considered to be close to the average values
of these properties. The dependence of these properties on time was
not considered. These assumptions allowed us to present the solution to
the non-linear heat conduction equation as T' =T, + T, where T} is the
solution to a linear heat conduction equation (all thermophysical prop-
erties are assumed to be constant), and T; < T;,. The equation for T
was presented as a linear heat conduction equation with a source term
depending on the distribution of T}, and its spatial derivatives inside the
droplet. The latter equation was solved analytically alongside the linear
equation for T, and the final solution was presented as T =T, + T;.

The new solution was implemented into a numerical MATLAB-based
code and used at each timestep of the calculations. The solution at the
end of the previous timestep was used as the initial condition for the
current timestep with adjusted values of input parameters. Selecting
sufficiently short timesteps ensured that the time dependence of ther-
mophysical properties during the timestep could be safely ignored.
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Fig. 6. (a) Plots of temperatures at the droplet surface (7,) and centre (7,)
versus time predicted by the linear (dashed) and non-linear (solid) models. The
mass fraction of SiO, nanoparticles was taken equal to 10%, the ambient gas
temperature was assumed equal to 1000 K, and initial droplet temperature was
assumed equal to 28.4 °C, the initial droplet diameter was taken equal to 5 mm.
(b) Zoomed parts of the curves shown in Fig. 6a.

The predictions of the new numerical code were verified based on
a comparison of its predictions with the predictions of COMSOL Mul-
tiphysics code using values of input parameters that are typical for
nanofluid (water and SiO, nanoparticles) droplet evaporation in at-
mospheric conditions. It was demonstrated that for these experiments
T, < T,, which justifies the applicability of the linear heat conduction
equation used for the analysis of this process. It was shown that small
differences in the temperatures predicted by both non-linear and linear
models lead to a much more noticeable difference in integral character-
istics, such as time before the start of the formation of the cenosphere
when the mass fraction of nanoparticles at the droplet surface reaches
about 40%.
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Appendix A

Following Expression (2.86) of [5], the solution to the heat con-
duction equation with a source term P(R) can be presented as (using
notations different from those used in [5]):

R | »p P
_d n 2 n
=% )y { vz TP (=] (q,,— W)

n=1 n n

2A,sinu, 2
_ T;40(0) exp [—Vﬂ" t]

n

t

2A, si d
_ M/Mexp [_V”Z(,_T)] dr

u2 dr
i R\ ir 23
Xsin | u, R_d +T, (@), (23)
where y, are solutions to the equation
UCOs i+ bysinpu =0, 24)
1 sin2y, 1 by
|wW=—Q— >=—1+ :
Ry
1 / . R
q,= ——— [ Tp(R)sin [u —] dR,
" Ryl / "R,

k
v=—— (0 =bT,(OR,,
apiRy
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RT,h(R) h
by=bR, -1, Ty(R)= ——=, b=—,
0 d ()( ) Rd kl
T;0(R)=T(t=0).

Ry
1 / .
pp=———— [ RP(R)sin(u,R/R;)dR.
"R |u, IR !

0

The solution to Equation (8) follows from (23) if T, in the latter
expressions is replaced with

- [Z—;; [T, —To]]
R=R;—0
The latter formula follows from the boundary condition (13).
Unfortunately, direct application of (23) for finding 7, leads to se-
rious numerical problems. The authors managed to overcome these
problems by developing new analytical transformations described in
Appendices B and D.

Appendix B

Consider an auxiliary equation

ou_po(Pu, 200
priaks <aR2+RaR>+F(R,t) (25)

with the boundary condition

=bH (1) (26)
R=R;—0

and the initial condition

u(R,0)= f(R). (27)

Introducing the new function v = u — H(¢), Problem (25)- (27) is
reduced to the problem:

v _ (% [ 2dv =

— = — +=— F(R,1), 28
ot a<0R2+RaR>+ & 28
with the homogeneous boundary condition

(355

3R =0 (29)

R=R,—0

and the initial condition

v(R,0)= f(R), (30)
where
dH(t)
dt
Following [24] we introduce new variable vR = w and present Prob-
lem (28)-(30) as

F(R,)=F(R,1)— fR) = f(R)— H(0). (31)

Jw ) 02w =~
— =a"— + RF(R,1), 32
a ¢ 0R? (R.2) (32)
with the boundary condition

ow 1

—+b =0, by=b— — 33
(aR ’w) ReR,—0 1 R, (33)
and the initial condition
w(R,0)= Rf(R). (34

The solution to the homogeneous equation
w _ 20w
o oR?
subject to Conditions (33) and (34) can be presented as [24] (see pp.
237-238):

(35)
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©
w(R,1) = Rid ’; A, sin (;4,,%)
Ry
X exp (—vyﬁt) / sin (””R%,) rf(rdr, (36)
0
where
12+ (Ryb—1)

u, are solutions to Equation (24).
Formula (36) can be presented as [24]:

Ry
w(R,1) = / G(R,r,t)rf(r)dr, 37
0
where
G(R,r,1)= 2 i A, sin <;4,, A) sin </4,, L) exp (—vyit) (38)
R, & Ry Ry

is the Green function for Equation (35) with the boundary condition
(33) and initial condition (34).
The solution to inhomogeneous Equation (32) can be presented as
[25]:
Ry

w(R, 1) = / G(R,r,O)rf(rdr
0

t Ry

+//G(R,r,t — )rF(r,s)drds. (39)
00

Returning to the original variable u = v+ H(¢) = (w/R)+ H(t) we obtain:
Ry

u(R,t)=H()+ % / G(R,r,Drf(rydr
0

t Ry
+% / / G(R,r,t — s)rf(r,s)drds. (40)
0 0

Remembering (31) we rewrite (40) as:
Ry
u(RN= QR+ / G(R.r.t)rf (r)dr

0
t Ry

+%//G(R,r,t—s)rF(r,s)drds, 41)
0 0

where
Ry

OR,t)=H(t)— % / G(R,r,t)rH(0)dr
0

t Ry
—l//G(R,r,z—s)rdH(S)drds. (42)
R ds
0 0

Using formula
Ry

2
/ sin (/4,, RL> rdr= <ﬁ> (sin(u,,) — p, cOS(pt,))
d Hn

0

Ry \? ,
=|— | bRysin(y,),
U

n

we can write
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Ry

/G(R r,r(—H(0))dr = —H(O)— ZA (Rd)

0 n

XbR ; sin(u,,) exp (—vyﬁt). (43)
Note that

t Ry

//G(R r, t—s)r(—ﬁ)drds—
0

2 R Rd 2
= A si = %) bR, si
PR sin (;4,, - ) ( ’ > 4 sin(u,,)

t

></ dlj(s) exp( v, (t—s) ds——ZbR2 ZA

N
0

t
><s1n(/4,1) sin <Mn£> / dH(s) exp (—vi(t — 9))ds. (44)
0

/,45 R, ds

Having substituted (44) and (43) into (42) we obtain:
B 1 2 R;\ . R
QR =H() - g HO-- 2_‘, A, < ” ) sin (un Rd>

XbRy sin(u,) exp (—vu?t) — —2bR2 ZA

sin(y,) . R dH(s) o
X M,% sin </4an>/ s exp( vt s))ds. (45)
0

Recalling that

t

/ g(s)d f(s)
0

= (08~ FO)5(0) - / sy,

0

t
/f(S)dg(S) = f(s)g(s) .
0

t

the last integral in (45) can be rearranged to:

t t

/dI;T;s) exp(—v#,%(t—s))ds:/exp(—vﬂg(t_s))dH(s):

0 0

t
exp (—vu%(r - s))H(s) -
0

/H(s)dexp (—vyﬁ(t - s)) =
0

t

H(1)— HO)exp (—vplt) - mﬁ/H(s)exp (—vul(t = s))ds.
Hence, an alternative expression for Q(R,?) is obtained:

OR.H=H(1) - ——

2
2 R Ry .
RRd A sin <”"R_d> <M_> bR, sin(u,,)

n

x[H(z)—ij/H(s)exp(—mg(r—s))ds]. (46)
0

Expression (46) is expected to be more attractive for practical applica-
tions as it does not require differentiability of T, (7).

Appendix C

Assuming that P =0, Expression (23) can be presented as:

. R, —
T(R,t)=0(R,t) + ?d Z q, eXp [—vyit)] sin {;4,, RL; } s 47)

n=1
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where

~ - [ 24
OR.N=T,(®) - Td Z { Sm”" Ho(0)exp [—vyit)]

1

2A, sinu duy(t) . R

+%/#exp [—vyﬁ(r—ﬂ:)]a’r sin /4,,R—d ,
" 0

Ho(®) = deTg(t).
On the other hand, Expression (45) for Q(R,t) can be presented as:

()

sm(y,,

O(R.N=T,

X {Tg(O) exp (—vynt) +

r dT.(s)
/ dgs exp (—Vﬂi(t—s))ds
0

We can see that O(R, 1) = O(R, 1). Also, we can see that the last terms
on the right hand sides of Expressions (47) and (16) coincide. Hence
Expression (23) with P =0 is identical to Expression (16).

Appendix D

Remembering that F(r,s) does not depend on s, i.e., F(r,s) = F(r),
and using the relationship

t

2
/exp (—vyﬁ(z—s))ds = (jj > (1 —exp(—vyﬁt))

n
0

the double integral in (41) can be simplified to

t Ry

%//G(R,r,t—s)rF(r)drds:

t Ry

// % ZA sin <Mn >sin <,4,,Rld>exp(—vyﬁt)rf(r)drds:
% 7%1 i A, sin (""R%) sin (””R%) rF(r) O/texp (—vit)ds |dr =
- / RiZA sin (un )sm (un ,{d>rF(r>

x [(%)2(1—6)@(—\/”51‘))] dr =
i S| (3] 0o o)

X/sin (ynRLd>rF(r)dr.
0

Taking into account that

k
H(l)=H1(1)=—{A[Tg(t)—To]} , b=h/kyg
kio R=R;-0
we obtain the following expression for 7:
t Ry
Ty(R,1) =0 (R,1) + l//G(R,r,t—s)r 2O gras, (48)
R T Piocio

where
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2 < . R Ry 2 .
Oy(R.)= Hy() = 2= Y A,sin (”“R_> (M—> bR, sin(u,) | H, (1)
d d n

‘
_Vﬂﬁ/Hl(s)exp (—vitt—s))ds)|.
0

Formula (48) can be rewritten as

T (R, 1) = O (R, 1)+

o 2
1 2 Rd 2 . R
RE A, (a—”n> (1—exp(—vu:t)) | sin M"R_d
Ry
P
X/sin ﬂnL r ) dr
Ry /) piocio
0
o 2
2 Rd 2 Hn
= Rt)+ — A —_— 1- - t — ®(R,
O,(R,1) Rdzll " <a,u,,) (1—exp(-vu:t)) R, (R, uy)
Ry
P
X/sin ﬂnL r ) dr.
Ry /) piocio
0
where

O(R, ) = sin <ﬂnR£>/ (ﬂnRA>~
d d

This leads to the final expression for T;(R,t) which was used in the
numerical code:

Ti(R,1)) =0, (R,1) + kl D AL [1 —exp (—vu?t)] @(R, u,)
10 7

n

Ry

></ sin </4n RL> rP(r)dr.
d

0

(49)
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