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Abstract. We are interested in nonhomogeneous problems with a nonlinearity that
changes sign and may possess a critical growth as follows

—div (a(|VulP)|Vu|P~2Vu) = AlulT2u+ W(x)|u|""2u inQ,
u=20 on o),

where QO C RY is a bounded domain with smooth boundary 02, N > 2,1 < p <
g<N,q<r<g" A€ R and function W is a weight function which changes sign in
Q). Using variational methods, we prove the existence of four solutions: two solutions
which do not change sign and two solutions which change sign exactly once in Q).

Keywords: subcritical and critical exponents, p&q Laplacian operator, indefinite prob-
lems.
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1 Introduction

The goal of this paper is to find nontrivial solutions for the problem

(P)

—div (a(|VulP)|[VulP=2Vu) = Au|12u+ W(x)|u|"2u inQ,
u=20 on dQ),

where QO C RY is a bounded domain with smooth boundary 02, N > 2,1 < p < g < N,
g<r<g"and A € R, where q* = NN—_qq is the critical Sobolev exponent.
We introduce the hypotheses on the function 4 in the sequel.

(a1) Function a : [0,00) — R is of class C! and there exist constants kq,k, > 0 such that

kitP + 11 < a(tP)tF < kot! + 11, forall t > 0;
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(ap) Define, for t > 0, A(t) = fot a(s)ds. The mapping t — A(t”) is convex on (0, c0);

(a3) The mapping f — th_pp) is nonincreasing on (0, ).

(ag) If 1 < p < g <2 < N, then the mapping ¢ — a(t) is nondecreasing for ¢t > 0. If
2 < p < g < N, the mapping t — a(t)tP~2 is nondecreasing for t > 0.

As a direct consequence of (a3), we obtain that the function a and its derivative a’ satisfy
d ()t < Wa(t) for all t > 0. (1.1)

Now, if we define the function h(t) = a(t)t — %A(t), using (1.1) we can prove that function h

is nonincreasing. Then,

Lane<Law, forant>o. (12)

q p
To illustrate the degree of generality of the kind of problems studied here, and with ad-
equate hypotheses on the functions 2, which will be made clear shortly, we present some
examples of problems that are also interesting from a mathematical point of view and have a
wide range of applications in physics and related sciences.

Problem 1: Let a(t) = t'7". In this case we are studying problem as

—Agu = AMulT2u+ W(x)[u["%u inQ, (P))
u=20 on 0(),
and it is related to the main result showed in [6]. See also the work [7].
Problem 2: Leta(t) =1+ t'7 . In this case we are studying problem as
—Apu — Agu = Alu|7?u+ W(x)|u|"?u inQ, )
u=20 on dQ). *
Problem 3: Let a(t) = 1 + —21—. In this case we are studying problem
(1+t) 7
p—2
—Apu — div (M) = Mu|"?u+W(x)|u?u inQ,
(1+|Vulp) 7 (P»)
u=20 on 0Q).
Problem 4: Let a(t) =1+ I -— . In this case, we are studying problem
(1+t) 7
p—2
—Apu — Agu — div (W) = AMul"2u+W(x)|ul"?u in Q,
(1+|Vulp) v (Pr)

u=20 on 0Q).

Such class of problems arise from applications in physics and related sciences, such as
biophysics, plasma physics and chemical reactions (for instance, see [16,17,24]).

The interest in studying nonlinear partial differential equations with p&q operator has
increased because many applications arising in mathematical physics may be stated with an
operator in this form. We refer the reader to the works [9-11,15], where the authors have
considered nonhomogeneous elliptic problems involving several type of function a.
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Problems involving indefinite nonlinearities, that is, signal changing nonlinearities, have
attracted the attention of many researchers over the past few decades, either because of their
application in population dynamics describing the stationary behavior of a population in
a heterogeneous environment (see [1,19,22,23]) or because of their mathematical relevance.
Researchers have studied this type of problem using: variational methods (see [2,3,8,12,20,21]),
sub-supersolution method (see [12,13,20]) and Morse theory (see [2,19]).

This paper deals with the class of problem (P,) that brings important characteristics, which
are the nonlinearities that change signal (see the hypotheses on W below) with subcritical or
critical growth and the generality of the operator that includes, for instance, p—Laplacian and
p&q—Laplacian operators. These characteristics provoke some behaviors in the geometry of
the energy functional associated to problem (P,) which make it difficult to find nontrivial
solutions. As far as we know, this is the only work that proves existence and multiplicity of
ground state solutions of problem (P,) under our assumptions.

Let us consider a weight function W : (3 — R which changes sign in (). More specifically,
function W satisfies

(W1) W e L®(Q) and the set Q4 := { x € O : W(x) > 0} has positive measure.

It follows directly of (W;) that

/ |VulT dx ,
A* = inf M; e WH(Q)\ {0} and /Q W) |ul dx >0 < 4o, (13)
u X
(@)

We are going to require another important hypothesis on W. For this, let A1 be the first
eigenvalue of the operator (—A;) on (), with zero Dirichlet boundary condition, and let ¢,
be the first eigenfunction associated to A;. The weight function W satisfies only one of the
following two hypotheses:

(W)
/ W(x)|g1|" dx > 0.
Q
(Wy)
/ W(x)|g1|" dx < 0.
Q
By the variational characterization of A, we have
i) If the weight function W satisfies (W;) and (W,"), then A* = A;.
ii) If the weight function W satisfies (W;) and (W, ), then A* > A;.
We are now ready to state our first main result concerning the subcritical case.

Theorem 1.1. Let r < g*, a satisfying (a1)—(as) and the weight function W satisfying (Wr), (W;")
or (W,"). Then,

i) if A < Aq and u is a nontrivial solution of (P,), then

/ W (x)|ul"dx > 0;
Q
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ii) if A € (—oo,A*), then problem (P,) has two least energy solutions which do not change sign in
Q). Moreover, if A < Ay, these two solutions are ground state solutions;

iii) if A € (—oo,A*), then problem (P,) has two least energy nodal solutions which change sign
exactly once in Q). Moreover, if A < Ay, these two nodal solutions are nodal ground state
solutions.

Item (i) of Theorem 1.1 provides some interesting qualitative properties on nontrivial
solutions of problem (P,). For example:

DI = {xeQ: W(x)=0} C Qis a domain with smooth boundary and u is a
nontrivial solution of (P), then u # 0 a.e in Q) \ Q;

2O :={xeQ: W(x)>0}and Q_ :={x € Q: W(x) <0} have positive measure,
and u is a nontrivial solution of (P,), then u must “belong" more to () than ()_, that is,

W) lul'dx > — [ W) ul'dx > 0;
J Welurde > — [ W) up

3) If O is a symmetric set and W € C(Q)) is an odd function, then a nontrivial solution u
of (P)) can be neither an even nor an odd function. In fact, otherwise

/QW(x)|u|de: /Q W(x)\u|rdx—|—/0_W(x)|u\rdx:0;

To illustrate this, consider O = {x € RN : |x| <27} and W : RN — R given by W(x) =
cos(|x]).

To show the existence of solutions to the problem in the critical case, we will need to add
a new hypothesis on the weight function W. The new hypothesis is as follows.

(W3) There exists an open set (), CC Q. such that |Q)_| > |Q).|. Moreover, there exist positive
numbers W; and W, such that

Wy > W(x) > W, > HW_HOO/ Y x € Q.

The above hypothesis is fundamental to overcome the lack of compactness generated by
the critical exponent r = g*. It is important to highlight that, up to our knowledge, (W3) is a
new hypothesis in the literature, which makes it one of the relevant points of this work.

To provide an example of a function that satisfies hypothesis (W3), just consider Q) = {x €
RN:0<[x| <21}, Q. ={xeRN: I <|x| <3} and W: Q — R, given by

sin([x[), |x[ <7,
W(x) = q sin(|x|)
2v2

Now, let S > 0 be the best constant of the Sobolev embedding W(}'q(Q) < L7 (Q). Our
second main result, concerning the critical case, is the following.

< x| <2m.
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Theorem 1.2. Consider r = q* and A < Aq. Let a satisfy (a1)—(as) and the weight function W satisfy
(W), (W3) and y
1 B S\
N V= W) (55
/ W()lgn7 dx < N s
(@) kz 1

kip N

Then, there are two nontrivial solutions for problem (P,).

The paper is organized as follows: in Section 2, we will prove technical results and the first
part of Theorem 1.1. In Section 3, we will demonstrate the second part of Theorem 1.1, namely,
the existence of least energy solutions that do not change sign. Finally, in Section 4, we will
establish the last part of Theorem 1.1, that is, the existence of least energy nodal solutions that
change sign exactly once.

2 Variational framework and preliminary results

The natural space to look for weak solutions to problem (P,) is the Sobolev space W&’q(Q)
with the associated norm

1
q 1,
]| = < /]RN|Vu\”’dx> , foru € WY(Q).

Since the approach is variational, consider the energy functional associated J, : WO1 T1Q) - R
given by

1 A 1
= AV”d——/ Mz—f/w " dx.
)= [ Al =2 [l dx L Wlal dx
We know that ], is differentiable on Wg’q(ﬂ) and, for all u,v € Wé’q(Q),
Ji(u)o ::/ a(|Vu|”)|Vu|”_2Vqudx—/\/ lu|%uv dx—/ W (x)|u|""%uv dx.
0 0 0

Thus, u € Wé’q(()) is a critical point of J if, and only if, u is a weak solution of problem (P,).
Moreover, let us define the Nehari manifold

Ny = {u € Wé’q(Q) S NOITE 0} (2.1)
and the nodal Nehari set
N = {u € Wg’q(Q) cut #£0and Ji(u)u = O} , (2.2)

where
ut(x) :=max{u(x), 0} and u (x):=min{u(x), 0}.

Notice that u = u™ +u~ and N;- C V).
Now we introduce some important subsets of NV,. Consider

M) = {ueW&’q(Q) : u € N, and /(.)W(x)|u|’ dx>0} (2.3)
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and
M5 = {u € Wg’q(ﬂ) : ut € N and / X)|uF|" dx > 0} (2.4)

Since we want to use the method of minimization, we begin to study the behavior of the
functional [, on N,.

Proposition 2.1. Assume that the function a satisfies (a1)—(as). Then, there exist positive constants
K1, Ky and Kz such that the following properties hold:

(i) Ja(u) = Ki (%552 |7, for all u € N
(ii) [Ju| > KQ()Ll )’ 7, forall u € Nj.

(iii) [, W(x)[u|" dx > K3 ()‘1 )’ 7, forall u € Nj.
Proof. For every u € N, by (1.2), we have

J(w) = Ja () — L4 ()
1 1 1 1
:P/QA(\Vu]p)dx—r/ﬂu(\Vu]P)\Vu]pdx—/\<q—r>/ﬁ]u!"dx
1 1 1 1
> <q—r>/ﬂa(\wymww dx—)x(q—r)/ﬂ\uﬁdx.

Hence, by (a;) and the Poincaré inequality,

o= () ) (o). s
Then item (i) follows.

We now prove item (ii). Taking u € N, by (41) and the Poincaré inequality, one has
/ Vul? dx g/ (IVul?) [Vul? dx—/\/ Jul? dx+/ x)[ul” dx
0
< —/ |Vull dx+/ x)|u|" dx.

Hence,

<1 — )t) /Q |Vul?dx < /Q W (x)|u|" dx. (2.6)

Finally, using that W € L*(Q), the Sobolev embeddings and (2.6), there exists a positive

constant C; such that
A
(1= ) Iul? < il

This inequality proves item (ii).
Item (iii) follows directly from inequality contained in item (ii) and by (2.6). In fact,

A
K (1—A1> g/QW(x)|u|fdx. O
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The next result is a direct consequence of Proposition (2.1).
Corollary 2.2. If A < Ay, then Ny = M and ./\/i ./\/li

Proof. By definition of Ny and M, we get M, C N, and M{ C N;°. The other inclusions
follow from item (iii) of previous proposition. O

By the same arguments of Proposition 2.1, but using the definition of A* instead of Poincaré
inequality, the next result follows.

Proposition 2.3. Assume that function a satisfies (a1)—(as). Then, there exist positive constants
K1, Ky and Kz such that the following properties hold:

(i) Ja(u) > Ky (A52) |ull9, for all u € M,.

A*:)‘)q,for allu € M.

(id) flull = Ka(

(iit) o W(x)|u|" dx > K3(252 A)”’forallueM;\

Therefore, from Proposition 2.1 and Proposition 2.3, the following real numbers are well
defined:
cy=1inf]y, dy=inf],, &, = inf and d, = inf J,. 2.7
A NAI/\ A th A M/\]A A th (2.7)
Moreover, if A1 > A, notice that Corollary 2.2 allows us called a solution of (P,) which is a
minimizer of M, (or ./\/lf) of ground state solution (or nodal ground state solution).

Lemma 2.4. Consider u € W& () \ {0} such that [ W(x)|u|" dx > 0. Then, there exists a unique
ty, > 0 satisfying
Ja(tyu) := %aox]A(tu) > 0.

Moreover, if ]} (u)u <0, then t,, € (0,1].

Proof. Letu € W&’q(Q)\{O} and t € (0,+0). So, by (a1), we obtain

p q r
Ta(tu) < kzi/ Vul? dx + = (/ V|7 dx—A/ lul? dx) - i/ W) lul” dx  (2.8)
p Jo g \Jo 0 rJa
and
Ta(tu) >k1—/ VP dx + = (/ V] dx—)t/ )7 dx> Wl dx.  (2.9)
Therefore,
limsupM >0 and l1msup = 1/ W(x)|u|" dx. (2.10)
t—0+ t—+o0 rJjao
Thus, since [, W(x)|u|" dx > 0, we ensure the existence of t, € (0, +o0) such that

Ja(tuu) == %aOXIA(tu) > 0.

To guarantee that the value #, > 0 is unique, let us prove that the equation J (su)su = 0 is
satisfied only for s = t,. Indeed, this equation is equivalent to

sr—q/QW(x)|u]’dx+/\/Q|u|‘7 dx—/ WIV |7 dx.
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By (a3), the right-hand side of the equation above is a nonincreasing function on s > 0, while
the left side, an increasing function on s > 0 provided r > g and [, W(x)|u|" dx > 0. This
shows the uniqueness of the value t, > 0. With the same arguments, we obtain that ¢, > 1
implies ] (#)u > 0, and the proof of the lemma follows. O

Lemma 2.5. If g < r < q* and W : Q — R satisfies (W;), then M5 # @ for all A € R.
Consequently, M, # @ for all A € R.

Proof. From (W;), we may consider two open balls By and B, contained in () such that
BiN B, =@, |B1QQ+|>O and |Bzﬂﬂ+‘>0.

Arguing as in [6, Lemma 2.3], we have two negative solutions u; € C{°(B1) and u € C5°(By)
such that
/ W(x)|u|" dx >0 and / W(x)|ua|” dx > 0.
0 0

Then, by Lemma 2.4, there are t1, f, > 0 such that J} (t;u1)tiju; = 0 and [} (t2uz)trus = 0.
Using B; N B, = &, we have that

]A(t1u1 + t2u2)(t1u1 + tzuz) = ]j\(t1u1)t1u1 + ];L(tzuz)tzuz =0.

Hence (tyu1 + thup) € /\/lf, which implies Mf # @. Since /\/lf C M), wehave M, #@. O

Proof of item (i) of Theorem 1.1

Proof. The proof follows directly from item (iii) of Proposition 2.1. O

3 Existence of two least energy solutions which do not change sign

In this section, we are going to show that ¢, is attained by some function which is a solution
of problem (P,). For our purposes, we write

Ta(u) = @ (u) — I(u), YV ueWy'(Q),
where the functionals ®,, [ € Cl(Wé’q(Q), R) are given by

O, (1) i= 1/ A(|VulP) dx—/\/ [ dx and I(u) = 1/ W () |ul” dx.
P/ qJa rJo
Let us consider the set Y := {u € W&’q(ﬂ) . JoW(x)|u|" dx > 0} which is an open cone of

Wé’q(ﬂ), thatis, fu € Y forevery t > 0and u € Y.
We now present some properties of the functionals &, and I when A < A*.

Lemma 3.1. If A < A*, then the following properties hold:

(i) @) and u — P\ (u)u are weakly lower semicontinuous and I'(u,) — I'(u) in W&’qI(Q) if
g — uin Wy 1(Q).

(ii) There exists C1 > 0 such that @) (u)u > Cy|ul|? for every u € Y and I'(u) = o(||u]|7!) as
u—0inY.
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(iii) I(u) = I'(u)u = 0 for every u € Y.
(iv) t — L)
every u € Y. Moreover,

u I/(tu)u . . . . . .
and t — === are nonincreasing and increasing, respectively, in (0, +c0) and for

CD)L(tM)

I
0 < lim sup (tu)

lim sup ! m
— 400

t—-+oo

:+OO

(v) If A < Ay, then I'(u)u <0 < &, (u)u forall u € WH(Q) \ (YU {0}).

Proof. To prove (i), let us consider (u,) C W&’ql(Q) such that u, — u in WS’qI(Q). From (a2),
it follows that

/A(|Vu\”)dx§liminf/ A(|Vuy,|?)dx. (3.1)
Q n—+oo JO)

p Pdy < limi P p '
/Qa(\Vu] )| Vu| dx_l;gigof/()a(wuﬂ )| VulP dx, (3.2)

Moreover, by Sobolev embeddings, (W;) and, up to a subsequence, we get

/|u|‘7dx: lim / lus7dx and /W(x)|u|fdx: im [ W) |udv.  (33)
(@) (@) Q

n—+00 n—+oo JO)
Hence, by (3.1), (3.2) and (3.3), the first item is proved.

To prove (ii), arguing as Proposition 2.3, we have

@1 > (25 Il Ve W) G4

On the other hand, by (W),

r=1

Pwyel < Wl (ol dx)1 (f rax) ",

and then, by Sobolev embeddings,

I'(u) _
— < Cllu|""7, u#0. (3.5)
[[uf|7=1

From (3.4) and (3.5) the item (ii) holds. Since dY = {0}, this shows that the item (7ii) holds.
Now let us prove item (iv). Since g < r and u € Y, we obtain

d [I'(tu)u
dt | t1-1

} = (r—gq)t11 /QW(x)\uV dx >0, Vte(0,+),

I'(tu)u

ta-1

which implies that t — is increasing in (0, +-00) and for every u € Y. Moreover,

r—q
lim sup I{tn) = lim sup ! . / W(x)|u|" dx = 400 (3.6)
0

t—+o00 £ t—+o0

On the other hand, note that

D’ (tu)u a(|Vitu|P)
= 94y — q
e /Q 7 |Vul? dx /\/Q|u| dx
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is a nonincreasing function by (a3). Moreover, we also have
lim sup q)A(_tl”) <1 (/ |Vt dx—A/ 1] dx) . (3.7)
ttoo T 7 \/Q e
Then, by (3.6) and (3.7), we conclude the proof of item (iv).
To finish, if u € WY1(Q) \ (Y U {0}), then / W(x)|u|" dx < 0. Hence, by (a1) and A < Ay,
0

I'(u)u = / W (x)|u| dx <0 < / a(| Vit |P) | V] dx — A/ |7 dx = @ (u)u
0 0 0
and the proof of the last item of the proposition is complete. O

Using the previous lemma and [14, Corollary 3.1], we obtain the next result.

Corollary 3.2. If A < A*, then there exists vy, € M such that
=) = inf .
Ja(or) =& ot Ja(u)
We now show that problem (P,) has two least energy solutions when A < A*.

Proposition 3.3. If A < A*, then there exists a nontrivial function v, which is a least energy solution
of (Py), and 9, := —v, is also a least energy solution of (P,). Moreover, if A < Ay these solutions are
ground state solutions.

Proof. Let v, be the solution found in Corollary 3.2 and let us assume by contradiction that
vy # 0. Since v, is a critical point of functional ], and the intersection of the support of the
functions v)% is empty, we have that v)f € N). Hence,

cr < a(oy)- (3.8)
Since Proposition 2.3 holds, then either

"dx>0 or [ Wxler| dx > 0.
[ W@t ar >0 or [ Wzl dx

Without loss of generality, we can assume that / W(x)|vy|" dx > 0. Then, v € M, and,
0

hence,
cx < Ja(oy). (3.9)
Therefore, by (3.8) and (3.9),

cx+ 8 < A7) + a(v)) = Ja(vr) = .

This contradiction proves that the least energy solution does not change sign.
We may assume that v, is nonnegative. Then, setting ¥, = —v,, we have that

v = htoa) = [ AQT(=o0l?) dx =2 [ |(=onltdr = [ WEI(=o)] dx = i@
Moreover, using that v, is a critical point of J,, we have for all ¢ € Wg 1(02),
| 2V (o)) [V (—0)lP 2V (<0)) Vg dx = A [ [(=0)[13(~00)g dx

+/ VI 2 (=0 e dx.

Thus, 3, is a critical point of J,. Therefore, problem (P,) has a nonpositive solution and a
nonnegative solution. Furthermore, when A < A4, by Corollary 2.2, M, = N,. Thus, these
solutions are ground state solutions of (P,). O
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3.1 Proof of item (ii) of Theorem 1.1

Proof. The proof follows directly from Corollary 3.2 and Proposition 3.3. O

4 Existence of two nodal solutions

We begin this section by showing that d,, is attained by some function which is a least energy
nodal solution of problem (P,).

Proposition 4.1. If A < A*, then there exists W, € ./\/liE such that
dy == A ().
Proof. Let (w,) C M3 be a minimizing sequence, that is, a sequence satisfying
(W) C MY and  I)(wy) = dy +0,(1). (4.1)

By item (i) of Lemma 2.1, we obtain that functional J, is coercive on /\/l)f, and hence (w,) is
bounded in W& “7(Q)). Then, by Sobolev embeddings and the continuity of the maps w + w*
and w — w~ are continuous from L"(RN) in L"(RN) (for details, see [4, Lemma 2.3] with
suitable adaptations), there exists w, € W&’q(Q) such that, up to a subsequence, we have

wi = wy in Wé’q(ﬂ),

wr — w)jf a.e.in (), (4.2)

wi > wy inL(Q), 1<s<q"

n

We claim that w} # 0 and / W(x)|wi | dx > 0. Indeed, using that W € L*(Q) and item
0

(iii) of Lemma 2.1, we obtain

K
/|w/\|rdx— 11m/ |wE|" dx > HWT| >0, (4.3)
and
/ W()lwi | dx = lim [ W)l | dx > K >0, (4.4)
n—oo

that proves our claim. Therefore, by Lemma 2.4, there exists t; € (0, +0) such that t;w; €
M.
We claim that t7 € (0,1). In fact, by Fatou’s Lemma and (4.2), we have

19 |lwT P imi 1Y |P
[ allf 1) fws |? dx < limint | o))y l? dx
— lim ( /|w |qu+/ |wi|fdx)
n—-—+oo
—A/ lw | dx+/ x)|wi| dx,

that is, J; (wy)wy < 0. Hence, by Lemma 2.4, the claim follows.
Similarly, with the same arguments of Proposition 3.2, we obtain
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1
L(twy) = W(Fwy) — aﬂ(tfw)jf)tfwf
1 1
- [ [pA(\wt:;wW)—qa<|v<tfwf>r'ﬂ)rvafww] dx

1 1
+ ( - ) /QW(x)]t}w)ﬂ’ dx

q r
< [ 5AUTwEP) - a9 Py ds 45

4 (; - 1) [ Wil

< liminf [h(w,f) - ;waf)wff] = () + ou(1).

n—-+4oo

Then, setting @) = t; wy + tfw;, from (4.4),
/ W (x)|@,| dx = / W(x)| £y wy | dx+/ W ()| wi|” dx > 2Ks > 0,
O O Q

that is, @, € Mf Hence, using (4.5), we can conclude

dy = A (@p) = Ia(tywy) + a(tfw))
< ]/\(ZU;) + ]A(w;) + On(l) = ]A(wn) + On(l) = d)v

Thus, the level d, is attained by the function @, € M5. O

Corollary 4.2. Let @) be a minimizer found in Propositions 4.1. Then, @, is a critical point of |, and
has exactly two nodal domains.

Proof. The proof that @, € ./\/lf is a critical point of ], is done using a suitable quantitative
deformation lemma and Brouwer’s topological degree properties. It is done, with suitable
modifications, as in [5, Lemma 4.3] and [5, Theorem 1.1]. To show that the nodal solution @,
has exactly two nodal domains, or in other words it changes sign exactly once, see for instance
[5, pages 1230-1232] . O

Using the same arguments as in Proposition 3.3 one can immediately prove the following
result.

Corollary 4.3. If A < A*, then there exists a function W, which is a nodal least energy solution of
(Py), and wy := —, is also a nodal least energy solution of (Py). Moreover, if A < Ay, then these
solutions are ground state solutions of (P,).

4.1 Proof of item (iii) of Theorem 1.1.

Proof. It follows directly from Corollaries 4.2 and 4.3.
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5 A nontrivial solution for the indefinite critical problem

In this section we consider the following critical problem

{— div (a(|VulP)|Vu[P=2Vu) = MulT=2u + W(x)[ul” 2u inQ, )
A

u=2~0 on d(),

where O € RY is a bounded domain with smooth boundary 00, N > 2,1 < p <g < N and

A € R, where g* = NN—_qq is the critical Sobolev exponent. Here, we consider the associated

functional I € Cl(Wé’q(Q),]R) given by

1 A 1 )
I ::—/Avpd——/ ”/d——/W T dx.
syi= g [ AQTap) dx =2 [ e [ WOl

Let us show that the associated functional to the indefinite critical problem has a mountain
pass geometry.

Proposition 5.1. The functional I, : Wé’q(Q) — R satisfies the following properties:
i) There exist positive numbers a and p such that

) > o, forall [ull = p.

ii) There exists a function e € W&’q(ﬂ) such that |le|| > p and

IA(e) < 0.

Proof. By (a1) and the Poincaré inequality,

I (u) > kl/ VP dx+1/ V] dx—A/ )7 dx—/ W(x)[u|” dx
P /0 qJa q Ja Q

> ; <A1A_1A)/Q\w dx—/QW(x)yuw* dx.

Thus, by Sobolev embeddings and W € L*(Q)), there exists a positive constant C such that
1 Al—A) N [1 (Al—A> *_}
I(u) > - ul| = Cllul|? = |jul|? |- — Cllu||T 7|
) 2 2 (B )l =l = i |2 (252 ) =l

Therefore, since A < A1, we can choose ||u|| = p small enough such that there exists « > 0
satisfying

I\(u) > p, forall [[ul| = p.

To prove item (ii), let us consider a nontrivial function w € C§°(Q4) \ {0} and t > 0. Then,
by (al)/

I (tw) < kz/ IV (tw) P dx+1/ IV (tw)|7 dx—A/ ] dx—/ W (x)|tw]? dx
p Ja qJo qJa Q

" " -7 .
<t [tpq kz/ |Vw|P dx—i—t—/ |Vwl|l dx—/ W(x)|w| dx].
pJa q Jo o)
Hence, letting t — +o0,
limsup I, (tw) < —oo0. O

t—o0
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Recall that, if E is a Banach space, ® € C!(E,R) and ¢ € R we say that ® satisfies the
Palais-Smale condition at level c (shortly: ® satisfies (PS).) if every sequence (u,) € E such
that ®(u,) — ¢ in R and ®'(u,) — 0in E’, as n — oo, admits a subsequence that converges
for a critical point of ®. This sequence is called a (PS), sequence for ®.

Notice that Lemma 5.1 ensures us the existence of a (PS)., sequence for the functional
Iy : W&’q(Q) — R, where

= inf Li(n(t
cx = inf max A(n(t)) >0,

and

Ii= {5 € C([0,1],X) : 7(0) = 0, Li(y(1)) < 0}.

Lemma 5.2. If A < Ay and (u,) C WS’”’(Q) is a (PS). sequence for I, then (u,) is bounded in
Lg
Wy ().

Proof. Let (u,) C W&’q(ﬂ) be a (PS). sequence for I. Then, by (a;) and Poincaré inequality
for W&’q(Q),

1
¢+ 0n (1) |lunl] = Ir(un) — ?IA(“H)MH

= [ AOTy dx = [ VDV dx = (3= L) [l ds
P/ q /0 q 4 Q

> (1—1*> (kz/ Viaal? dx+ [ [T dx>
q q Q Q
A1 1
——|-—= Vu, |1 dx.
M <‘1 q* >/ | |

A 1 1
C+0n 1 un 2 1_ - un q,
(1) [ | ( AJ) <q q*>ll |

which implies that (u,) is bounded in Wé’q(Q). O

Hence,

Lemma 5.3. If A < Ay, then
i) JoW(x)|@1]7 dx > 0.

ii) ¢y < (k %) JoaW(x)| 1|7 dx

Proof. Using Lemma 5.1, let us consider ¢, > 0 such that ], (t,¢1) = max;>o Ir(t91). Then, by

(a1),

[ Wt ax = [ a9 ) DIV (en) P dx— At [ il dx

(5.1)
>kt / VP dx + £ (Ag — /|¢1|qu>0

This shows the first item. Moreover, with the same argument as in Lemma 2.4,

1
k/ VoilPdx |7
1 Vel dx

W 7 d
| W@l ax

1>, >

> 0.
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Therefore, by (a1) and (5.1),

c) < I/\(tagm)

<k2—/ |Vpi]P dx—|— (A — / |17 dx——/ X)|g1 |7 dx
) (5.2)
N L. / W) lgnl7 dx
kip g q 0
< (kz + 1>/W(x)y 7 dx
kip - N/ Ja e '
The proof of the theorem is complete. O

Proposition 5.4. If A < Ay and

S
L oWy~ W 1) ()
* N Wl
/Q W(x)| g7 dx < — , (5.3)

kip N

where Wy, Wh are positive constants given by (W3), then I, has a nontrivial critical point.

Proof. By Proposition 5.1, let (u,) C W(}’q(ﬂ) be a (PS).,-sequence for functional I, which is
bounded in Wé’q(ﬂ) by Lemma 5.2. Then, up to a subsequence,

Up — U weakly in W&’q(ﬂ),
Uy — U strongly in L°(Q)) for any 1 <s < g%, (5.4)
uy(x) = u(x) forae. x e,

for some u € Wé’q(Q). From the Sobolev embeddings, we can conclude that u is a critical
point of I.

Now we are going to show that u is nontrivial. Suppose, by contradiction, that u = 0 in
Q. CC O, where Q, is a open set given by (W3). Since (u,) is bounded in W&’q(Q) and
using the Lions’s Concentration Compactness Principle [18], we may suppose that

|Vig|T = and  |u,|T — v,

for some measures y and v. Hence, we obtain an at most countable index set I', sequences
(x;) C Oy and (i), (vi) C (0,00) such that

p> |VulT+ Y widx, v=|ul"+Y véx; and Svf/q* < u, (5.5)

iel iel

for all i € I', where &, is the Dirac mass at x; € (), and S > 0 is the best constant of the
Sobolev embedding Wé’q(ﬂ) < L1 (Q). Thus it is sufficient to show that {x;};cr N Q. = @.
Then we suppose, by contradiction, that x; € (), for some i € I'. Consider R > 0 and the
function Pr(x) := P(x; — x), where ¢ € CF(Q.,[0,1]) is such that ¢y = 1 on Br(x;), ¢ =0
on O\Byr(x;) and |Vl < 2. We suppose also that R > 0 is chosen in such way that
L, (un ) Yrun = 04(1), we obtain

/QIIJR a(|Vu,|P)|Vu,|? dx = — /Quna(\Vun|P)|Vun]p’2Vun - Vipr dx

+/\/ 1|7 dx+/ )|t |7 Prdx + 04 (1).
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One gets from the weakly convergence u;,, — u = 0 that

/ una(|Vun|?) |V, P >Vu, - Vyrdx =0 and lim )\/ |ty |Tipr dx = 0.
0 0

n—o0o

Consequently, by (5) and (a1), as n — +oo,

/Q|wn|qlpR dxg/na(|Vun|”)|Vun|p1pR dx:/QW(x)|un|q*ldex+on(1).

Since g has compact support, taking n — oo in the above expression, we have

[ yrdn < [ e (x)ay
which implies that
pi < Wh;,
where W > W(x) > W, > 0 for all x € Q. CC Q.. Since p; > 0, then x; € Q. Therefore,
from (5.5), we get
s
<Vf}l)°’ "<, (5.6)

On the other hand, (u,) is a (PS).,-sequence for functional I, then, arguing as Proposition
2.3, we have

/Q W () |1t |7 dx + 04 (1) > 0. (5.7)

Since sequence u, — u = 0 weakly in Wé’q(Q), Yr € C5 (Q4;[0,1]) and |Q_| > [Q], we
obtain

—_

cx = Li(un) — I (un)unpr + 0a(1)

7
_ 1_;*>/ W () |7 dx + 0 (1)

;}U W(x) 4] dx+/ ) |ttn]? dx] +on(1)
> | Wl = / 7 x|+ 0,(1)
> = W2 = W) [l dx+04(1)
> 2 M2 = W) [l dx+04(1),

Therefore, using (5.5) and (5.6), we get

(Wz—HW o) Y ¥R (xi)V;

ier

(Wa = W leo) vi

=z Z\

N
q

S

N W2 = [[W™ ) <W1>

Since (5.3) holds, we obtain a contradiction by Lemma 5.3. Hence, u € W(}’q(ﬂ) is a
nontrivial solution. O

Y
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5.1 Proof of Theorem 1.2.

Proof. If A < A4, by Proposition 5.1 and Lemma 5.2, we have that there exists a critical point
Uy of I)\. Thus, if

N
1 B S \1
V=11 (557
/ W) |7 dx < W
0 b 1 ’
klp N

then, by Proposition 5.4, u, is nontrivial solution. Moreover, using the same arguments as in
Proposition 3.3, one can immediately shows that —u, is also a nontrivial solution. O
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