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Abstract. In this article, we consider the concentration of positive solutions for the
following equation with Trudinger-Moser nonlinearity:

— Anu — Dgu+ V(ex) (JulN"2u + [u17%u) = f(u), xRV,

u € WWN(RN) 0wl (RN), x € RN,
where V is a positive continuous function and has a local minimum, ¢ > 0 is a small
parameter, 2 < N < g < +oo, f is C! with subcritical growth. When V and f satisfy
some appropriate assumptions, we construct the solution u, that concentrates around

any given isolated local minimum of V by applying the penalization method for the
above equation.
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1 Introduction and main result

In this article, we consider the concentration of positive solutions for an (N, g)-Laplacian
equation with Trudinger-Moser nonlinearity:

{ — Anu— Agu+ V(ex)([ulN"2u+ [u|7%u) = f(u), x€ RV, 1.1)

u € WHN(RN) n W (RN), x € RN,
where V : RN — R is a function that satisfies continuity and has a local minimum, ¢ > 0 is a
small parameter, 2 < N < g < +oo, f € C! is subcritical.

We first introduce some background about (p, )-Laplacian equation. As described in [14],
problem (1.1) originates from the following reaction-diffusion equation:

ur = C(x,u) +div(D(u)Vu), D(u) = |Vu|12 + |VulP2
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It is widely used in physics or chemistry, such as solid state physics, chemical reaction design,

biophysics and plasma physics. Note that, in general reaction-diffusion equation, the physical

meaning of u is concentration, and the physical meaning of div(D(u)Vu) is the diffusion

generated by D(u). C(x,u) is related to the source and loss process. Generally, C(x,u) is a

polynomial with variable coefficients related to u in chemical and biological applications.
When p < g < N, Zhang et al. in [36] studied the following double phase problem

(=A)7u+ (=A)yu+V(ex) (Jul7%u + [ulP72u) = Af(u) + [u]""?u, xRN,
u € WP (RN) nwma (RN) ,u >0, x e RN,

where ¢ is a parameter small enough but A is required to be large enough, 0 < m < 1, r =
g = Ng/(N—mgq), 2 < p < g < N/m, (—A)}" is the fractional t-Laplace operator and
the potential V : RN +— R is a continuous function. The authors obtained the existence and
concentration properties of multiple positive solutions to the above problem. Note that, [36]
assumed that the nonlinearity satisfies the Ambrosetti-Rabinowitz condition, that is, for all
t > 0, there is 6 € (q,4;,) that satisfies 0 < 6F(t) := 6 fotf(T)dT < f(t)t. So the authors can
get the existence and concentration properties of multiple positive solutions by using Nehari
manifold.
When 1 < g < N = p, the authors in [12] investigated the existence of solutions for the
(N, g)-Laplacian equation:
— Agu— Ayu = f(u) in RN, (1.2)

where the nonlinear term f(u) satisfies exponential critical growth in the sense of Trudinger-
Moser. In order to detect the solution, they used a variational method related to the new
Trudinger-Moser type inequality. Figueiredo and Nunes in [19] used Nehari manifold method
to studied the existence of positive solutions for the following class of quasilinear problems

—div(a(|Vu|?)|Vu|f~2Vu) = f(u) in Q,
u=0on Q.

It is worth pointing out that Theorems 1.1 and 1.2 in [19] are valid for the problem (1.2) if RN
is replaced by () which is a smooth bounded domain. In [15], Costa and Figueiredo studied a
class of quasilinear equation with exponential critical growth. They used variational methods
and del Pino and Felmer’s technique (del Pino and Felmer 1996) in order to overcome the lack
of compactness, and got the existence of a family nodal solutions, which concentrate on the
minimum points set of the potential function, changes sign exactly once in R.

When p = N/m < q, Nguyen in [29] studied the following Schrédinger equation involving
the fractional (N, g)-Laplace operator and Trudinger-Moser nonlinear term

(=)t + (=) -+ V(ex) (JufF2ut [u?u) = f(u) in RV,

where ¢ > 0 is a parameter small enough, m € (0,1), N = pm, 2 < p = N/m < g, the poten-
tial V : RN — R is a continuous function that satisfies some suitable conditions. The nonlinear
term f(u) satisfies exponential growth. In order to obtain existence and concentration proper-
ties of nontrivial nonnegative solutions, the author in [29] used the Ljusternik-Schnirelmann
theory and Nehari manifold.

It is worth mentioning that both the nonlinearities of [12] and [29] satisfy the Ambrosetti—
Rabinowitz condition. Inspired by the above works, it seems quite natural to ask if f(u) does
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not satisfy the Ambrosetti-Rabinowitz condition but satisfies Beresticky—Lions type assump-
tions, do the same results hold for (N, g)-Laplacian problem? In this paper, we give a positive
answer.

In the present paper, we assume that the potential V : RN + R is a continuous function
satisfying the following conditions which are always called del Pino-Felmer type conditions
(cf. [16]).

(V1) V € C(RV,R) such that inf,.gn V(x) = Vg > 0.
(V) There exists a bounded domain A C RN satisfies

m := inf V(x) < min V(x).
xeEA X€IA

Moreover, we can assume 0 € M := {x € A: V(x) = m}.

The nonlinear term f : R — R is a continuous function. Moreover, for ¢ < 0, we assume
that f(t) = 0. Furthermore, f(t) satisfies the following hypotheses:

(f1) limyo {% =0;

N
(f2) Va >0, fort >0, there is a C, > 0 satisfies |f(t)| < Cpe" " ;
(f3) thereis T > 0 satisfies F(T) > #TN + .
Next, we state the main conclusion as follows:

Theorem 1.1. If (V1)—(V2) and (f1)-(f3) are true, for small ¢ > 0, equation (1.1) has a positive
solution u, which has a maximum point x, satisfying

lim dist (x., M) = 0.

e—0
Moreover, for any x¢, as € — 0 (up to a subsequence), ve(x) = ug(ex + x,) converges uniformly to a
least energy solution of the following equation:

(1.3)

— Agu — Anu+m([u]T?u+ [ulVN2u) = f(u), xeRN,
u € WH(RN) n WhN(RY), x € RV,

Furthermore, we have
ue(x) < Cie =l wvx e RN, ¢, C > 0.

Remark 1.2. Without loss of generality, it can be assumed that V) = 1.

As far as we know, there is no result on the concentration of positive solutions for (N, g)-
Laplacian problems with Berestycki-Lions nonlinearity.

Finally, we point out that Theorem 1.1 is proved by variational method, and there are four
main difficulties we encounter during the preparation of manuscript:

(1) The nonlinear term f(u) does not satisfy the Ambrosetti-Rabinowitz condition, and

for u > 0, the function u((,lfz is not increasing. They both prevent us from getting the
boundedness of Palais-Smale sequence and using the Nehari manifold. Moreover, we

can not apply the method in [16].

[~ —
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(2) Since RV is unbounded, it will lead to the loss of compactness. In the later proof, we
will find that this difficulty will prevent us from directly using the variational method.

(3) When N > 2, the working space X, is no longer a Hilbert space. This makes it more
complicated to prove the following formula in Lemma 3.11:

Je (e) > Je (1) +Je (u2) +0(1)
ase — 0.

(4) Due to N = p < g, we can not use the method of [2] to obtain that b,, > ¢, in Lemma
3.6.

In order to overcome the above difficulties, inspired by [8,18,22,25], we recover the com-
pactness by penalization method described in [10].

The plan of this paper is as follows. In Section 2, we give some definitions of function
spaces and lemmas to be used later. In Section 3, we give the proof of Theorem 1.1.

2 Preliminary

In this section, we will give some definitions of symbols, and review some existing results that
need to be used in the future.

Let u : RN +— R. For 2 < N < g < +oo0, let us define DYV (RY) = C°°(1RN)W'|N
the following fractional Sobolev space

. We denote

WIN(RY) = {u: |[Vuly < +oo, |uly < +oo}
equipped with the natural norm
1/N
lullw ey = (V¥ +1ulN)

where | - [N = [pn |- [Vdx.
For all u,v € WVN(RN), we define

(W, 0)wingy) = /RN(]VL{]N*ZVMVU + [uN"2uv)dx.
In this article, we need to introduce a work space
X = WYW(RN) n WY (RY)
whose norm is defined as
[[aellx == [leell ooy + el waw ey -
When V(x) = Vp, we define space

Xp = {u €X: /N Vo(Jul + |ulN)dx < —|—00}
R

equipped with the norm as
lellxo = llullve,g + lluellvo, .
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where |[u|}, , = [pn (IVul" 4+ Volu|") dx, Vr € {N, g}. It should be noted that X is a separable
reflexive Banach space. Due to the Theorem 6.9 in [28], for any v € [N, +00), it is easy to see
that the embedding from X, into L” (RY) is continuous. Then for all v € [N, +o0), there exists
Ay m > 0 satisfies

Aym = inf w

uA0ueXo ||| Ly (ry

This implies
]| o vy < Ay llullx, forall u e Xo. (2.1)

Fix e > 0, we also need to introduce the following space
X, = {u €X: /N V(ex) (Jul® + JuN)dx < +00}
R
whose norm is defined as

lullx. :== llullv.g + llullv,N,

where HuH%,:r = Jgn (IVu|"+ V(ex)|u|")dx, ¥r € {N,q}. According to Lemma 10 in [31],
we obtain that X, is uniformly convex Banach space. Moreover, for any v € [N, 40), the
embedding

Xe = L'(RN)

is continuous. Then for all v € [N, +c0), there is S, > 0 satisfies:

Sye = inf M
uA0ueXe ||| LRy

It can be seen that
Jul| o vy < Sygllullx.,  Vu € Xe. (2.2)

Finally, we consider
Xpa = {1 € Xz u(x) = u(x])}.

Lemma 2.1 (see [34, Theorem 2.8]). Assume that X is a Banach space, My is a closed subspace of
the metric space M, Ty C C(My, X). Consider

I .= {’)/ € C(M,X) : ’)/|MO S ro}.
Assume ¢ € C1(X,R) satisfies

oo > ¢ :=inf sup ¢(y(u)) > a:= sup sup @(yo(u)).
yel ueM Yo€lg ueM

Foranye € (0,(c—a)/2),0 > 0and vy € T such that sup,, ¢ oy < c +¢, there is u € X satisfies
(a) c—2e < p(u) <c+2¢
(b) dist(u,v(M)) < 25;
(©) llg'(w)] < %.

Now, we recall follow Lemma 2.2 from J. M. do O [17] (or see [11]). The Lemma 2.3 follows
from Adachi and Tanaka [1].
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Lemma 2.2 (see [17]). Assume N > 2, u € W'N (RN) and a > 0, we have

/]RN <exp (a\u|N/(Nfl)> — SNfz(oc,u)) dx < oo,

where
N—2 .k L
SNfz(Dé,I/O = Z F‘u’(N—l)
k=0

In addition, when o < ay, for VM > 0, there is C = C(«, N, M) satisfies
/ (exp <0c|u|N/(N_1)> - SN_Q((x,u)) dx < C, Vue W'N(RY).
RN o

We also have ||u||xy < M and ||Vu|ny < 1.
Lemma 2.3 (see [1]). Assume N > 2, a € (0,an), there is a constant C, > 0 that satisfies

u
|\Vu||% /]RN Yy <||VU||N> dx < CaHuH%, Yu € Wl’N(lRN) \ {0}.

Here ¥ () = "™ — 5y 5 (a, b).

3 Proof of Theorem 1.1
For VB C RN, ¢ > 0, B, can be define as B, := {x € RN : ex € B}. Next, we will use the
method in [16,21] to modify f. According to (f1), there exists a > 0 such that

fN-1

f(t) < —— vVt € (0,a).

Fort € R, x € RN, assume that

g(x, 1) = (1= xa(x)) f(£) + xa(x)f (1),

where

z _ ) S, t<a,
S0 = {min {f(),AN-11 ) t>aq

and

(x) = 1, x €A,
A= N0 x g AL

Obviously, Vx € RN, t € [0,4], we have g(x,t) = f(t). Moreover, for Vx € RN, t > 0, we also
obtain that g(x,t) < f(f). Now, considering the modified problem

{ — Anu— Agu+ Ve (Ju|N"2u + |[u]7%u) = g(ex,u), x €RV, (3.1)

ueX, u>0, x € RV,

where g(ex, t) = (1 — xa,(x)) f(£) + xa.(x) f(t). Clearly, for x € RN\ A,, if u, satisfies ue(x) <
a and it is a solution of (3.1), we know that u; is the solution of the original problem (1.1).
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As to u € X;, we assume that

1 1
I q q - N N .
Ie(u) q/RN(WuI + Ve|u|7) dx + N./]RN <|Vu\ + Velu| )dx /]RN G(ex, u)dx,

where G(x, t) fo x, 0)do. For Vuu > 0, define

0, x €A,

Qe(u) = </]RN)(€]u]Ndx— 1>i

This penalization first appeared in [10] (or see [8]). It has the advantage that it can make the
concentration phenomena to occur in A. Now, we define J, : X, — R as follows:

Je(u) = Qe(u) + Le(u).

Clearly, J. € C'(X.). Next, to find the solutions of equation (3.1) concentrated around the
local minimum of potential function as ¢ — 0, we will find the critical points of ], which make
Q; zero.

e ", x e RN\A,,
Xs(x):{ \Ae

3.1 Limit problem

First, considering the limit problem, i.e.

(3.2)

— Agu — Anu+m([u]T?u+ [ulN2u) = f(u), xeRN,
ueX, x € RV,

The energy functional corresponding to (3.2) is defined as follows
I (11) = 1/ (19u™ + mful™) dx+1/ (9ult + mlulydx — [ Flu)dx
N RN q RN RN

In view of [30], assuming that u € X is the weak solution of problem (3.2), it is easy to get
the Pohozdev identity:

Po(u) = N1 / Vultdx+m [ ulNd L Nm / uftdx =N [ F
Lemma 3.1. I, has the Mountain-Pass geometry.
Proof. According to (f1), V|t| <4, Je¢ > 0 and 6 > 0 such that
)] < eft)”.

In addition, by using the condition (f1) and f is a function that satisfies continuity, V7 > g,
V|t| > 6, it is easy to find a constant C = C(7,d) > 0 satisfies

FB] < Cln ().
Combining the above two formulas, we get

IF(D)] <elt]T 4 Clt|" ¥y (1), Vi>0.
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Then
[F()| < elt|T+ ClH"Fn ()

So, for2 < N < g < ¢q*,

1 1
1) = q/m (Vult -+ mful) s+ 5 [ (1Va¥ 4 mfuY) dx — [ F(u)ds
. N N ! g g g
> N RN(\VM] + m|u| )dx+q/IRN(\Vu| + m|u|7)dx — e|ulg

—c/ 1Ty (1) dx
RN

Using Holder’s inequality, we have

o 0 T = e ([, (@ ) )

where % + % =1(t > 1, t > 1). Due to Lemma 2.3, we may find a constant D > 0 satisfies

(/RN (D (u))fdxf <D.

By using (2.1), we obtain that
]| L mvy < Ay llullx, forall u e X,.

Hence, when ||u||x, is small enough, we obtain that

1 1
- q q L N N
Ly(u) > q/}RN(]Vu] + m|u|T)dx + N/IRN(]Vu\ + m|u|")dx
—C/]RN\tF‘{’N(u)dx—e]u\Z
1

> il —eAgillull, — CDAL, Il

1 -
= Jul} ( it — ez~ CDAL Iul").
From which we deduce that sAq m > 0 for e small enough. Let

L A —CDA

e q
h(t) P T ot 1 >0,

Next, we will prove there is ty > 0 small enough such that 3 (- — A, m) < h(tp). Obvi-

eAq m, then

q-277
ously, if t € [0, +00), h is a continuous function. Note that lim; o+ h(t) =

q- 72T
we can find t( that satisfies h(t) > m 21[4 T —eA, 1 —e1,Vt € (0,tg), to is small enough. Choosing
€ = %(q;ﬁ — sAq,m), we have
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for all 0 <t < tg. In particularly,

So, for ||u||x, = to, we get

t 1 _
Ly (u) > EO- <q-2‘7_1 —sAq,fL) = pg > 0.

Now, VR > 0, define wg(x,y) as follows:

=

x € B{(0),
wi(x,y) = { 0 x € RY\B{,,(0),
T(R+1-/[x[), x€Bi,(0)\B(0).

~

It is easy to get that wg € X;oq (RY). It is worth noting that, for R > 0 large enough, according
to (f3), we have that

m N m

/R ) [F (wr (x)) — TR (x) - qw;’z(x)} dx > 0.
Next, consider wg g(x) := wr (6%) Fix R > 0, then we have
1 m
:7(N—q)9 q _ N6 MmN 4
L (wrp) qe /]Ri’ |Vulldx —e /]RN {F (wr(x)) wy (x) wr(x)| dx
— —o0 asf — oo,

This ends the proof. O

Therefore, according to Lemma 3.1, we may define c,, as follows:

cm = Inf sup Ly(y(t)). (3.3)
v€l, te0,1]
Here Iy, is defined by
Iy :={y€C([0,1],Xo) : v(0) =0and L,(y(1)) < 0}. (3.4)

Clearly, c;;, > 0. Moreover, similar to [2], we note that

Cm = Cyrads

where

c = inf max]I t
morad YET yrad tE[01] n(7())

and
Lnraa = {7 € € (10,1], Xpaa(RY)) : Ln(7(1)) < 0,7(0) = 0}

Next, we will construct a (PS) sequence {w,}$ ; for I, at the level ¢, that satisfies
Il,(wy,) — 0 as n — oo, that is
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Proposition 3.2. There exists a sequence {wy, }°_, in Xo that satisfies, as n — co,

Ly(wy) = cm, I, (wn) =0, Py(wy,) — 0. (3.5)
Proof. For (6,u) € R x Xpaq (RN), define I, (6, u) := (I, 0 ®) (6,u), where ®(6,u) := u(g)-
The standard norm of R x X,,q(IRY) is defined as

1
166, 1) lrscx, = (llull, +161%)* .
According to Lemma 3.1, I, has a mountain pass geometry, so we can define &,, as follows:

&n = inf max L,(7(t)),
" ﬂ71ef,,, t€[0,1] w(7(1)

where
Lo = {7 € € (10,1 R x Xea(RY)) : Tu(¥(1)) < 0,7(0) = (0)}

It is easy to prove that ¢;;, = cy(see [3,23]). Then according to Lemma 2.1, we obtain that there
exists a sequence (0, 1) C R x X.,q(RYN) such that, as n — oo,

(i) (Im o @) (On, 1n) — cm,

(ii) (Ly o @) (6n,uy) — 0,
(iii) 6y — 0.
In fact, let § = J,, = %,s =g, = % in Lemma 2.1, by using (a) and (c¢) in Lemma 2.1, we can
obtain (i) and (ii). Due to (3.3) and (3.4), for ¢ = ¢, = %, it is easy to find that v, € I, such
that sup,¢ (g Lu(yn(t)) <cm+ % Now define 7, (t) = (0, v, ()), we obtain

- 1
sup (In o @) (yu(t)) = sup Lu(vu(t)) < cm+ 2
t€(0,1] te[0,1]

According to (b) in Lemma 2.1, then there is (6,, u,) € R x Xj such that

2
. <2
]Igixls);fo((or')’n(t))r(enr“n)) =
so (iii) holds. Now, for A C R x Xy, define
1
dist ((,u), A) = inf (|lu—ol%k, +10—1[*)*.

Rx Xo (Tw)ERxXo
So, for (h,w) € R x X, we have
((In 0 @) (B, 1tn) , (B, w)) = Py (P (6, ttn)) 1t + (I, (P (6, 11n)), ' (60, w)) . (3.6)
Now, put w = 0 and h = 1, it is easy to get
Py (P (0, 1)) — 0.

Moreover, for all v € X, we only take & = 0 and w(x) = v (¢x) in (3.6), by using (ii), (iii),
we get

o(1)||v||x, = 0(1) Hv (ee”x) ‘

Hence, w, = ® (0, uy) is just the sequence we need. O

= (I, (P (On,un)) ,v).

Xo
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Lemma 3.3. The sequence (wy,) that satisfies (3.5) is bounded in X,.
Proof. According to (3.5), we have

e+ 0n(1) = Ly (0n) — — Py (wn)

N
1 Nve 1 1 Ne 1

= —/ |Vw,,| dx+f/ |an|‘7dx+—/ m|wy | dx+f/ m|wy|7dx
N JRrN N

—/ (wn)dx—i]<N q/ |an|‘7dx+m/ |w, |Pdx

—/ m|wn|‘7dx—N/ (wy dx>
1 N
= — / |Vw,| dx+/ |Vw,|7dx | .
N \JrV RN

Hence, we get that f]RN |Vw,|Ndx and f]RN |Vw,|7dx are bounded in R. Moreover, P, (w,) =
0,(1) and (f1)-(f2) show that

N_q/ |an|‘7dx+/ m|wn|Ndx+N/ m|wy,|7dx
q RN RN q JRN

RN

< 04(1) + &NJw, |l + NC /RN (wn| T N () dx.

According to the boundedness of [ |wn|"™¥n(w,)dx and choosing ¢ > 0 small enough, we
can deduce that (|wy|y) and (|wy|,) are bounded in R. Therefore, (w,) is bounded in Xo. [

According to the method in [33], we have:

Lemma 3.4 (see [33]). Assume that (u,) is a bounded sequence in Xy, if there exist for some R >
0,t > N such that

lim su Uy (x tdx:O,
n—>00y€]£\1 BR(y)| n( )|

then for all & € (t,400), u, — 0in LE(RN) .

Lemma 3.5. Assume (w,) satisfies Proposition 3.2, then there exist a sequence (x,) C RN and
constants R > 0, B > 0 satisfy

q
wy(x)dx > B.
Jy o W= p
Proof. In fact, we assume that the conclusion is not true. According to Lemma 3.4, it is easy to
get

wa(-) = 0in L (IRN>, VE € (t +00). (3.7)
Therefore, due to (f1) and (f2), we obtain that

]RNf (wn(x)) wy(x)dx = 0,(1).

According to (I}, (wy),w,) = 0,(1), we can obtain that
/ Vwn|Ndx + / Vw,|9dx +/ m|wn|Ndx +/ m|wy|9dx — / F(wn)wadx = 0, (1),
RN JRN RN RN JRN

and so we deduce that |[wy|y, — 0. Therefore, I, (w,) — 0 and then we get contradiction
since ¢;; > 0. ]
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Next, define

x€RN

T = {u € X(RM)\{0} : max u(x) = u(0), I,(u) = 0} ,
b, = uien7f7n I (1),
and
Sm=A{u € Ty, : Lu(u) = bw}.

Lemma 3.6. There exists u € S,.

Proof. Assume (w,) satisfies Proposition 3.2. Let w,(x) := wy,(x, + x), here x,, comes from
Lemma 3.5. According to Lemma 3.4, we can see that (w;) is bounded in X,q(RY), that is,
for all n € IN, we have [[wy| x_,wv) < C . Going if necessary to a subsequence, for some
W € Xpag(RN)\ {0}, we assume that @, — @ in X,,q(RN), then

Wy(x) — @(x) in LS(RY), V&€ (N, +00).

) | f@ywm— [ f@a. G8)

Moreover, w satisfies
(—A)NT + (—A)q@ + m(|@w|N 2w + |@w|7 @) = f(@) inRN. (3.9)
From (3.8) we have
/]RN |V€5|Ndx+/]RN |V@|qu+/]RNm\zB|Ndx+/]RNm|€6|"dx

Sliminf[/ \Vﬁn\Nder/ |Vz§n|‘7dx+/ m|wn|Ndx+/ m!@,ﬂdx}
RN RN RN RN

n—oo

gnmsup[/ |Vz6n]Ndx+/ m|€6n|Ndx+/ |Vz’5n|"dx+/ m|@n|"dx]
RN RN RN RN

n—oo

= limsup [/ ]an]Ndx—i-/ m|wn\Ndx+/ \an|‘7dx—i—/ m]wn\qu]
RN RN RN RN

n—oo

=1i n)Wyd
Hnnjoljp ]RNf(w Jwndx

= 11r;1_)s:3p o f(wy,)w,dx

= f(w)wdx
]RN

:/ |V@1Ndx+/ \Vzﬁ|‘7dx+/ m|€6|’”dx+/ m|@|dx,
RN RN RN RN

which implies that ||wy[|y, — ||@|x, and thus w, — @ in Xo. Therefore, by Iy (wn) =
Ly (Wy) — ¢ and I, (wy,) = I, (w,) — 0, we obtain that I,,(@) = ¢, and I, (w) = 0. Due to
w # 0, we get that ¢,, > by,.

Now, let w € Xo\{0} be an arbitrary solution of (3.2). We define

{w (¥) fort>0,

wi(x) =
(%) 0 fort = 0.
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Next, choosing the real number 6; > t; > 1 > ty > 0, we denote the curve y consisting of
three parts as follows:

tho, 0 e [0, to] ,
v(0) = { 0wy, 6 € [to, 1],
thl, 0 e [tl,gl] .

Due to w is a weak solution, then
f(w)wdx :/ ]Vw|Ndx+/ |Vw|‘7dx+/ m|w|Ndx—|—/ m|w|7dx > 0.
RN RN RN RN RN
Hence, we can find 61 > 1 such that

. f(w)wdx >0, VO e [l,601].
Let ¢(s) = f( *). Due to (f1), we know that ¢ € C(R,R). Hence, we have

/]R p(bw)widx >0, Y6 € [1,6)]. (3.10)

Moreover,

;91"1 (Owy) = (I, (Bw;) , wy)
=Nt /]RN |V |Ndx + 6971 ./]RN |Vaw,|7dx + N1 /]RNm]wt]Ndx
+ 6771 /]RNm|wt|‘7dx—6”"1 /]RNq)(th)wf’dx
:GN_l/ |th|Ndx+9”’_1/ |th\qu—|—9N_1/lR m|w;|Ndx
+9”7_1/ m|wt|’7dx——/ (Ow;) w dx——/ (Ow;) w

91— NN

q
= gN-1 (/IRN |Vw|Ndx+tN/]RNm|w\Ndx— 5 /]RN(p(Hw) w"dx)

N—-1 4N-q q q 1qx — & q
+0 t |Vw|Tdx + ¢ m|w|Tdx ¢ (0w) widx | .
RN RN 2 JrN

Selecting tp € (0,1) small enough, we obtain

01~ Nl
N N Ny _ 0 q
/]RN |\Vw|Ydx + /]RNm]w| dx 5 /]RNq)(Gw)w dx>0 forallfe[l,6;] (311)
and
H
q q idx — 9 q
/]RN |Vw|Tdx + ¢t /IRNm|w| dx > /]RNgo(Gw)w dx >0 forallf e [1,64]. (3.12)

According to (3.10), for all 6 € [1,61], we select f; > 1 such that

01NN N
idy < —
/RN(p(Hw)wdx_ oV —

/ |vw|Ndx+t{V/ mlw|Ndx — / IVw|Ndx, (3.13)
JIRRN RN

1 JRrN
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and

Nt N
(effl—l)/nwwwwdx' (3.14)

Therefore, according to (3.11) and (3.12), we know I(-y(6)) increases at the interval [0, to], then
takes its maximum value at § = 1. According to the Pohozdev identity:

Py(u) = N = q/ |Vu|‘7dx+m/ |u|Ndx—|— / \u|‘7dx—N/

Consequently,

Ln(wt, (x)) < I (w(x))
= 1/ ]Vw]Ndx—i—l/ ]Vw\qu—f—E/ ]w[Ndx—i—m/ |w|Tdx
N Jrv q JRN N JRrv~ q JRN

_1<N—q/ ]Vw]qu—i—m/ ]w|Ndx—i—N/ m\wlqu>
N q RN RN q JRN

_l N q
_N</IRN|Vw| dx+/]RN|Vw| dx).

Now by using (3.13) and (3.14), we have

tq
/IRN |Vw|Tdx + ] /]RNm|w]qu— El/IRNgo(Gw) widx < —

Im (letl = wtl +/ thl do

1 N N N %N
— q —
<N(/N|an| dx+/N]an\ dx) o 1/N|Vw] dx/1 6" "do

NN [P
— oy [ [Vl 67 [0V de
(6 —1) Jry N

_ (1 N 1 g
_ (N 1) /H{N\an\ dx+<N 1)/]RNwany dx < 0,

So we know y(6) € I',. According to the definition of c¢,,, we have I, (y(0)) > ¢;y. Due to w is
arbitrary, we obtain that b,, > c,, and this means b, = c.

Selecting w~ = min{w,0} as a test function of (3.2), we infer that w > 0 in RN. Using (f)-
(f2) and according to the Moser iteration (see [3,13]), it is easy to obtain that w € L® (RV).
By means of Corollary 2.1 in [4], we can see that w € C7(R") for some ¢ € (0,1). Similar to
the proof of Theorem 1.1-(ii) in [24], we obtain that w > 0 in RN, O

Remark 3.7. As to m > 0, we define

1 1 m’ m’
Ly (u) = —/ \Vu\pdx—i—f/ ]Vu\”’dx—i——/ ]u]pdx—i——/ \u]qu—/ F(u)dx,
P RN q RN p RN q RN RN

the mountain pass level is c,s. By using standard method, we can prove that c,; > ¢, when
my > mj.

In the following, we will prove that Sy, is compact in X.

Lemma 3.8. Sy, is compact in Xj.
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Proof. For any U € Sy,, we have that

em +0n(1) = I (L) — %Pm ()

:1/ \Vu\Nderl/ yvuyqu+ﬂ/ |U|Ndx+T/ U|7dx
N JrN q JRN N JrvN q JRN

-/ F(U)dx — — (N_q/ vuliax+m [ |ulds
RN N q RN RN

4 Nm ]U|‘7dx—N/ P(u)dx>
g JrN RN

_ 1 (/ \VU\Ndx+/ yvuyw).
N RN RN

So S, is bounded in Xj.
For any sequence {U;} C Sy, up to a subsequence, we can find a Uy € X satisfies

Uy — Uy in Xy (3.15)
and U, satisfies
—AnUy — DUy + m(|Uo|N 72Uy + |Up |7 2Up) = f(Up), inRYN, Uy > 0.
Next, we will prove that Uy is nontrivial. Note that, up to a subsequence, we have
U, — Up in L (RN), te€ (N,+o0). (3.16)

By using (3.16), any bounded region in RN, (U!) is uniformly integrable. According to

Lemma 2.2 (i) in [22], ||U]| 2 ®yy < C. In view of [26], there exists a € (0,1) such that

||UkHC1,a(]RN) < C. Due to (Ug) C Sy, by Lemma 3.6, we have that U, > 0. We can prove that
loc

lim infy 4 ||Uk||e > 0 because of lim;_,o % = 0. In fact, since U} satisfies (3.1), we have that

—ANUy — AgUge + m(|Ui|N 72U + [U[772Ux) = f(Uy),

that is
/RN\vuk|Ndx+/RN yvuk|‘7dx+m/RN|uk|Ndx+m/RN U |7dx = /]RNf(Uk)ukdx.

According to lim;_ % =0, Ve > 0, we can find § > 0 satisfies

f(t) <et’™, |t <4,

then f(Uy)Ux < e|Ug|7. Assume by contradiction, we have liminfy_, ||Uk||« = 0, then for ¢
given above, we have |Uy| < é. Therefore,

/ yvuk|Ndx+/ |vuk|qu:/ f(uk)ukdx—m/ |Uk|Ndx—m/ U |7dx < 0,
RN RN RN RN RN

which leads to a contradiction. Noting that Uy (0) = ||Uk||«, we get that Uy # 0. Therefore,
there exists 3Cp > 0 such that Ux(0) > Cy > 0, then Up(0) > Cy > 0, this means that U is
nontrivial. Using the same method as Lemma 3.6, we get I, (Uy) = ¢, and Uy — Up in Xo.
Therefore, S, is compact in Xp. O
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3.2 Proof of Theorem 1.1

This section will prove Theorem 1.1. For U € Sy, set ¢, = I,,(U) and 106 = dist {M,]RN \A}
Now, fix a B € (0,6) and a cut-off function ¢ € C° (RV) satisfies

1, x < B,
"o, Ix =28

and |Vg| < C/B. Moreover, let y € RN, ¢.(y) = ¢(ey). For ¢ > 0 small enough, we will look
for solutions of (1.1) near the set

Y, := {go(sy—x)ll(y—%) :xEMﬁ,UESm},

where MP := {y € RN :inf,e v |z — y| < ﬁ} Moreover, as to A C X, define
At = {u € X, :inf |lu —v|x, < a}.
veEA

For any U € Sy, define We(x) := @(ex)U (¥).
Next, we show that J. has the Mountain-Pass geometry. Let U;(x) := U(}), by using the
same proof as in Lemma 3.1, we have

tN=a
L(Uy) = N/ IVUNdx + N/Nm]U|Ndx—|—q/]RN\VU\”’dx
tN
+—/ m\U]qu—tN/ F(U)dx
q JRN RN

— —o00 ast — oo.

So there exists fo > 0 such that I, (U;,) < —3.
Clearly, Q:(We¢,) = 0. As to ¢ > 0 sufficiently small, by using the Dominated Convergence
Theorem, one has

]s(we,to) = Is(weto)
= 3 o [T W Ve / VWl + [V (ex) W, P

1
+ 7 /]RN V(ex)|Wey,|Tdx — /]RN F(We,,)dx
51 s L
= 5 s Vet U® + oD VU d
b
+L/N |5V g(etoX)U (%) + (etoX) VU(X)|” dX
tN
%/ (etoX) | p(etoX) U () |Ndx
tN
I / (etoX) |@(etoX)U(X)|TdX

/ (p(etpX)U(X)dX
In(Uy,) +0(1) < (3.17)
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According to (f1) and (f2), it is easy to see that
[E())] < eft]" + C[t]"Fn (£) -
So, for 2 < N < g < g%, we get

Je(u) > Ie(u)

1 1 r
= - q q il N N .
= o o AVt Vel dv e [ (19l Vel ¥) dx [ G

! N N 1 q q q T
> N ]RN(\VL!’ + Velul )dx+q/]RN(\Vu’ + Ve|u| )dx—£|u]q—C/]RN\t| Yy (u)dx.

Using Holder’s inequality, it is easy to get

t

o 17N ) < gy ([, (@ 01 x)

where % + 1L =10 > 1, t > 1). Due to Lemma 2.3, we can find a constant D > 0 satisfies

</RN (D (u))tdx>} <D.

Jull vry < Sy llullx.,  Vu € Xe.

From (2.2), we have

Hence, when ||u||x, is small, we get

1 1
Jew) 2 o [ (7l Vel 5 [ (9l Vel ¥)dx

— efu? _C/]RN [T (1) dx

2 WHMHQ —eSydllullk, — CDST llullk,

1 - _ T—
— (g — 2532 — CDS Il

We see «12% — ¢S, 0 > 0 for e small enough. Let
n) = — Spd —CDS_ I t77, t>0
()_m_g q€ T e 7 =
Next, we will find to > 0 small that satisfies h (tp) > %(qz% — ¢S, ). Clearly, limy_o+ h(t) =
51-21? — &S, ¢ and 1 is continuous function on [0, +-00), so there exists t, satisfies () > 17'21? —
€Sy d — €1, Vt € (0,49), to is small enough. Choosing &1 = %(oﬂ% — ¢S, 1), we get that
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So, for ||u||x, = tp, we have

t 1 -
Je(u) > = - TR —€Sge | =p0 > 0.

Therefore, we can define ¢, as follows:

Ce 1= ;relﬁ max Je(7v(s))-

Here I'; is defined by

L= {7 € C([0,1], Xe) | 7(1) = Wesy, 7(0) = 0}
Lemma 3.9. There holds
mcg < ¢y
e—0
Proof. Denote W, = lim;_,o W, in X, sense, then it is easy to get W9 = 0. Consequently, let

Y(8) 1= West, (0 < s < 1), then y(s) € ', so

ce < max Je(y(s)) = max Jo (Wes).

s€[0,1] te[0,to]
Now, we only need to prove

lim max J. (Wes) < o
e—0 lLE[O,f[)]

In fact, similar to (3.17), we obtain that

W, = Im 1
i e () = gy o 18 4000

<o(1)+ max I (U;)
te[0,00)
=TI, (U)+0(1) =0(1) + cp.
This finishes the proof. O
Lemma 3.10. There holds

limec, > ¢y
e—0

Proof. Assuming lim._, ¢, < ¢, we can find 6y > 0, v, € I, and ¢, — 0 satisfy, for s € [0,1],
Je, (7u(s)) < cm — &p. Now, fixed an €, > 0, we have

1
N e (1 +(1+ cm)1/2> < min {do, 1}. (3.18)

Due to I, (74(0)) = 0 and I, (74(1)) < Je, (72(1)) = Je, (We, 1) < —2, we can look for an
sn € (0,1) such that I, (yn(s)) > —1 for s € [0,s,] and I, (7x (sx)) = —1. Moreover, for any
s € [0,s,], we have that

Qe (71(5)) = Jeu (71(8)) = L, (7u(s)) < 14 = do,

which implies that

N 1/2
/]RN\(A/sn) Yo (s)dx < e (1 + (14 cm) ) for s € [0,s,].
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So for s € [0,s,], we have

Le, (7n(s))
= Ly (u(s N/ (enx) —m) N (s)dx + - / (enx) —m) v} (s)dx
> I (7a(s)) + N RN (A /e, (V (enx) —m) 7y (S)d”;/mm/sn) (V (enx) — m) yh(s)dx
B )+ 37 e, (V (E05) = )22 ()

> I (7u(s)) — %men (1 +(1+ cm)l/z) .

Then

I (7 (50)) < Tey (i 50)) + e (14 (14 ) 2)

1
=-1+ N e (1 +(1+ cm)1/2> <0,
and recalling (3.3), we obtain that

max Ly (7u(s)) > cm.
s€[0,s,]

Therefore, we get that

— > ey > Ig n > IE n
5o > srél[?)f]] (Y ())—fé‘[é’,’ﬁ . (7 () max . (7 (5))

1
> — Ny en (1 +(1 —i—cm)l/z) + max Ly (7a(s)),

s€[0,5,
thatis 0 < dp < Nmsn (1 + (14 cm)l/2 ), which contradicts (3.18). As desired. O

By using Lemmas 3.9 and 3.10, it follows

0 = lim (max Je (7(s)) —ce).

e—0 \s€[0,1]

Here Vs € [0,1], 7¢(s) = West,. Denote

Ce 1= max Je (7e(s)) -

Clearly, c; < ¢,

¢y = lim ¢ = lim cg.
e—0 e—0

Now define
Je ={ueXe| Je(u) <a}.
For « > 0and VA C X,, set A* = {u € X, | infyea ||u —v||x, < a}.

Lemma 3.11. Assume {¢;}7; satisfies lim;_,co €; = 0, {ue,(-)} C Y2 and
lim ]éi (ug;(+)) =0, lim Jg, (g (+)) < cm-
1—00 1—00
Then, Vd > 0 small enough, up to a subsequence, there exist x € M, {y;}io; C RN, U € S, satisfy

im [|ge, (- —yi) U (- —yi) —ue,()l[x, =0 and  lim [x —&;y;| = 0.
1— 00 i 1— 00
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Proof. Now, write ¢; as e. According to
x
— _ R B
Y : {qo(sy x)u(y s) rxeM ,UESm},
we can find {U,} C S, and {x.} C MPF satisfy

o -2 5) -0

Due to S,,, MP are compact, there exist Z € S, x € MP satisfty U — Z in X, and x, — x.
Hence, for € > 0 small enough,

e (-=2)2 () -0

In addition, according to (f2), we can suppose that sup ||u,|| x. <L

<d.

Xe

< 2d. 1
S (3.19)

Step 1. First we will prove

0 = liminf sup |ue|N dx, (3.20)
e=0 yeA, /Byl

here A, = B(k ﬁ)\B(%,%)

e’ ¢
Assume the formula (3.20) is true, according to Lions’ lemma, for any ¢ > N, we have that

ue — 01in L¢(B;), where B, = B(% %)\B(%,g)

e’ ¢
Now, we assume the formula (3.20) is not true, then we can find r > 0 that satisfies

liminf sup |ue)N dx = 2r > 0.
e—0 yeA, /By1)

So, for € > 0 small enough, we also can find that y. € A, satisfies f B(yel) |u£|N dx > r. It

is necessary to mention that, there is xo € M* C A satisfying ey. — xp. Assume v¢(y) =
ue (Y + ye), it is easy to obtain that

— AN — Dgve + Ve (v + ye) [0 200 — g (Y + eye, 0e) + Ve (y + ve) [0 0

° (3.21)
=he — 2NQ3/2 (te) Xe (Y +Ye) |Ue|N zve-

Taking € adequately small, we have
/ loe|N dy > 7. (3.22)
B(0,1)

Going if necessary to a subsequence, then we get v, — v in X, and almost everywhere in RY.
Note that the embedding X, — LN(B(0,1)) is compact, by using (3.22), we get v # 0. Next,
we will prove v satisfies

— Ao — Ao+ V (x0) [0]7 20 + V (x0) [0|V 20 = f(v) in RN (3.23)

Indeed, for any ¢ € Cy° (RN), in (3.21), we use (v —v) ¢ as a test function. For ¢ small
enough, according to x and g, we have that

Xe (Y +Ye) |U€’N_2 ve(ve—0) =0, VyeRN,
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g (ey+eye,ve) (ve—v) @ = f () (v —v) @, VyeRY,
Xe (Y + Ye) |Ue|q_2 ve (v —0) 9 =0, VyeR
V¢ > N, we know that the embedding X, — LS (IRN ) is local compact. Hence,

/IRN Ve (v +ve) [0e] V2 oepdy — /IRN V (x0) [o|N"2ogdy

and

[ Ve ve) o P ocpdy — [V (x0) fol" 2ogdy.
By Lemma 2.2, (f1), and ||f (v¢)||y < oo, we obtain that
o S (06) (0e —0) pdy = /]RN 8 (&y + eye, ve) (v: — 0) @dy — 0.
Therefore, similar to the proof of Lemma 3 in [6], we have that
/]RN (Vo |N? Vo, Veody — /]RN |Vo|N"2VoV edy

and

/]RN V0|72 Vo,V pdy — /]RN |Vo|172V oV edy.
According to (f1), (f2), the compactness lemma of Strauss [32] and Lemma 2.2, we get that
/nw 8 (ey + €ye, ve) pdy — /IR S (@) edy.

Therefore, (3.23) has a nontrivial solution v. According to definition, IV(XO)(Z)) > Cy(xy)- For
R > 0 large enough, because of Fatou’s lemma, it is easy to get

1
lim inf Vi N d >7/ vo|Vdy, 3.24
= B(xg,R)‘ el dy = 2 lRN‘ o dy (3.24)
and 1
. . q > - q
limint | Viel'dy > /IR [ Voldy. (3.25)

Now, recalling from Remark 3.7 that ¢, > ¢, when a > b, it is easy to see that CV(xy) = Cm
because of V (xp) > m. According to Pohozdev identity, for any U € S,

1 N -
N </]RN VUl dx+/]RN WUW?C) = Lu(U). (3.26)

Thus,it follows from (3.24), (3.25) and (3.26) that

N N
hrerEOnf BuR) |Vug| dy+11£rL1()rlf/l;(yis) |Vue|'dy > 5 Iy (xy) (0) > 5 Cm > 0.
When d is small enough, this is a contradiction with (3.19) .

Step 2. Define u? = u, — ul, where ul(y) = ¢ (y — x¢/€) uc(y). For d > 0 small enough, we

will prove, J; (u%) > 0and

Je(e) = o(1) + Je (ul) + Je (u2)  ase—o0. (3.27)



22 L. Wang, |. Wang and B. Zhang

Clearly, for small enough ¢ > 0, we have Q, (1;) = 0 and Q; (ue) = Q. (u2). Moreover,
Vy € RN, ul(y)u?(y) >0, we get

/2
)l = ()] + 120 + 2600 )
/2
> ([ + 10 P)

> [ub(n)|" + [u2)|’

and

il = (

-

a)|" + 12)

N/2
)|+ b+ 20 )s2) )

a6 + o)

{ N

So

g

N N
dy+ [ Vel dy < [ VelueN dy

I
RN

/Vgluslqdyz/ Ve
RN RN

Moreover, it is easy to verify that
N x
1 _ N (. _ 7 N
/RN‘VuS dy—/}RN Pe ( €)|Vu£] dy +o(1),
Xe

/RN Vi My = | (1o (‘?))N Ve N dy +o(1),

fulvaaltay= [ (=0 (-2)) 9l ay ot
fo [y = [ o (=) 19ty o),

Obviously, for any y € RN, we have

and
1
uE

qdy+/ Ve [u?|” dy.
RN

9F (v = xe/€) [Vite)]* + (1 = ge (v = xe/€))* [Vute(y)|* < |Ve(y)

Therefore, we have

N
/ |Vug|Ndy2/ ‘Vui dy+/ ‘Vu?‘Ndy—i—o(l)
RN RN RN

and

1 q
/IRN |Vue|Tdy > /]RN ’Vug dy+/]RN (Vuz|" dy + o(1).

Hence, we have that

Je () = 0(1) = [ (G (eye) = Gley,ul) = G (ey,u2) ) dy + Je(ud) + Je(ud).

€
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According to (f1) and (f2), then we obtain
e[t]9 -+ ClE["¥n (£) > ()] (3.28)
Using the same proof as that in Lemma 3.1, we get

1
f

o 7 ) = o, (f, (@00
By using Step 1, we know that u, — 0 in L7 (B;), so
lim sup (G (ey,ue) — G (ey,u) — G (ey, ul)) dy
= limsup

e—0 B
nsup | [ (F () = F () ~ (1)) ¢

< limsup [ (Clue|" ¥n (ue) + ¢ |ue|?) dy

e—0 Be
< ce.

Due to € being arbitrary, as e — 0 we get [, (F (ue) — F (ul) = F (u?)) dy = o(1). So there is
C > 0 satisfies

|

;’(S — C/RN Jue|" N (u?) dy — € HuiHi

1%, —C [,

1
N |
1
> i

poan|
—~
=
L)
~—
v
—~
—~
=
L)
~—
v

N 1
ot gl

Hence, by using T > g, we get that ], (uZ) > 0 for d > 0 small.

Step 3. Now, assume w(y) := u} (y+ %) = ¢e(y)ue (y + 2). Up to a subsequence, we have
we — w in X, we — w almost everywhere in RN. Next, we will prove that

W, — w in LT(]RN),
where T is given in (3.28). By contradiction, if there is » > 0 that satisfies

0 < 2r = liminf sup |we — w|" dy.
¢—0 zeRN /B(z1)

So there is z, € RN that satisfies

lim inf |we —w|" > 7.
e—0 B(z¢,1)

It is easy to see that (z.) is unbounded. We may assume that |z,| = o0 as ¢ — 0, then,

< liminf “dy,

r<tminf [y ey

ie. T
im i = >r.
hl;lll()nf B Pe(y)tte (y+ - )’ dy >r

Using the same proof method as [9], for € small enough, we have that |z,| < % Assume that

eze — zo € B(0,B/2),
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We =wWe (Y +2,) ~w inX,,
W, > w ae. inRY.
So w # 0 and according to Step 1, w satisfies
— Agi(y) — ANT(y) + V (x +20) [@(y) 7D (y) + V (x + 20) [@(y) N (y)
= f@W), yeRrY.

Using the same approach as Step 1, we obtain a contradiction for 4 > 0 small enough. There-
fore, we — w in L (RV).

Step 4. According to Step 3, it follows that

lim G <sx, u}z) dx = lim G (ex + x¢, we) dx

e—0 JRN e—0 JRN (3.29)
= li F dx = :
lim N (we) dx /IRN F(w)dx

By using w, — w in X, we have

tim Je (u )

> lirerLiOnf I <ug)

| 1
= liminf - [ (V)N Velwely) V)dy + o [ (V) 4+ Veleoely) ")y

e—0

—/RNF(we(y))dy

1 1
> N N _ / f/ q q
> & [Vl +fuldy = [ E@dyT [ (7elr+mfolry
> . (3.30)

On the other hand, since lim_ J¢ (i¢) < ¢, Je (u2) > 0 and (3.27), we have
lim sup], (ug) < ¢ (3.31)
e—0

Combining (3.30) and (3.31), we obtain that J.(w) = ¢,,. Similar to [25], we can obtain that
x € M. So it is easy to see that w(y) = U(y —z), U € Sy, z € RN.
Lastly, due to (3.29) and (3.31) and V(y) > m on A, by using (3.30), we have

N
/H{N(|Vw]N+m|w|N)dyZIimsup (]wg(y)\ +V(ey)yug(y)|N> dy

e—0 RN

e—0 RN

. 18N 1,\[N
> lim sup ‘Wg(y)‘ +mlue (y)|™ ) dy

> lim su
eaop RN
and
/N (|Vw|? + m|w|T) dy > lim sup
R

e—0 RN

e—0 RN

(
> limsup (
(

> limsup
e—0  JRN
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Moreover, by using weak lower semi-continuity, we prove u! — w in X.. Especially, let

ve=2z+% thenul = U (- —ye) e (- — ye) in Xe. So we get ul — U (- — ye) @e (- — ye) in Xe.

In order to prove the desired conclusion, we only prove that u? — 0 in X,. Since {u.}, is
bounded, for small ¢ > 0, it is easy to see from (3.19) that Hu%HE < 4d. Now, using (3.27),
lim, 0 Je (u}) = ¢ and the estimation of ], (u?), we have that for some C > 0,

cm > lm Je (ug) > cm + Hus
e—0

1

q _

b () ote

This proves that u? — 0 in X., which completes the proof. O

Lemma 3.12. For 0 < dp < dy small enough, there exist w > 0 and eg > 0 that satisfy |J;(u)| > w,
where ¢ € (0,0), u € J& N (YI\Y2).

Proof. By contradiction, we can suppose 0 < dy < dq small enough, there are {¢;};, with
lim; ,oo&; = 0 and ug, € Ygl\st satisfying lim;_,q J¢, (1te;) < ¢ and lim;_,o Uei (ue,)| =
the convenience of description, we write ¢ for ;. Due to Lemma 3.11, for some U € S, and
x € M, there is {y.}. C RN such that

Hm || @ (- —ye) U (- —ye) —ue||x, =0 and lim |x —ey,| = 0.
e—0 € e—0
It follows from Y, that lim,_,o dist (Y¢, u.) =0. Obviously contradictory because of u. ¢ Ygdz. O

According to Lemma 3.12, fix a d > O~small enough, there exist w > 0 and gy > 0 that
satisfy |J.(u)| > w, where e € (0,¢0), u € J& N (Y31 \ Y{2). So we have

Lemma 3.13. For ¢ > 0 small enough, we can find o > 0 satisfies Jo (7ve(s)) > c. — a, then 7¢(s) €
Y42 where v, (s) = We st ().

Proof. For each s € [0,1], due to MPF > supp (7¢(s)), we have L (7:(s)) = Je (7e(s)). In
addition, it is easy to see that

() = 5 [ (V3@ + Vibre(@) )+ 7 [ (976(0) Y + Vele(o)] e

- [ Flre())dx
R

:;/Rqu%(s)wmy% (5)[7)dx + / (Vre(s)N + mle(s)[N) dx
42 [ @ = me@d o+ [ (V) = m) ()]

~ [ FOr(s))dx
RN
1 (stg)N ™1 (sto)N
:7/ ]VU]Ndx%—i/ vulidx + / m|U|Ndx
N JrN q RN N JrN

(StO)N
q

+ /RNm]U\”’dx— (StO)N/]RN F(U)dx + O(e).
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Using the Pohozdev identity, we have

Je (7e(s)) = Ie (7e(s))

_ 1 N (StO)N_q q N_q N q
_ N/IRN\VU\ dx+q/]RN\VU\ R ) /RNWU' dx + O(e)

_1 N ()" N-q, .\~ g
_N/IRN\VU\ dx+( R G /RNWU' dx +0(e).

Note that
tN=1 N —gq 5 1
= (-1 q — N
em ( : th)/IRNwmdijN/RNyvuy dx
and lim,_,o ¢, = ¢y,. Denote g1 (t) = —NN—;qtN + tN%, then
<0, t>1,
>0, te(0,1).
So we have g/(1) = g — N < 0, the conclusion follows. O

Lemma 3.14. For ¢ > 0 small enough, we can find {u,}or, C YN J& satisfies as n — oo,
Ji (un) — 0.

Proof. According to Lemma 3.13, for ¢ > 0 small enough, due to Ja > 0 satisfies J; (.(s)) >
ce — . S0 7:(s) € Y4/2. Now, we assume that Lemma 3.14 is not true, then for ¢ > 0 small
enough, we can find a(e) > 0 satisfies |J/(1)| > a(e) on Y N J&*. Moreover, by using Lemma
3.12, we also can find w > 0, independent of ¢ > 0, satisfies for u € J&* N (YA\Y#2), |Ji(u)| >
w. Therefore, recalling that lim,_,o (¢; — ;) = 0, according to a deformation lemma, for ¢ > 0
small enough, we can construct a path ¢ € T, satisfying J.(7(s)) < ¢, s € [0,1]. Obviously
contradictory. O

Lemma 3.15. For e > 0 sufficiently small, u. € Y N J& is a critical point of J..

Proof. For ¢ > 0 sufficiently small. According to Lemma 3.14, there exists a sequence
{une 3, C YIN & that satisfies, as n — o, |J/ ()| — 0. Due to Y? is bounded, so as
n — 00, Upe — Ue in X,. Using the same proof as [10, Proposition 3], we obtain that

. N N
0= 1%1_1}010 il;li) /|x|>R (V‘g [Une|™ + | Vit ) dx (3.32)
and
0= lim s / Vo it e]? + Vit |7) dx, 333
R1—>oo ng}; x>k ( € | n,e| ’ n,€| ) ( )

soas n — 09, Uy — e in L' (RY) (N < r < +o0). In addition, using (f1)-(f2), we have
sup || f (une)|| < o0. Now, Vo € CF(RY),

]RNf (tne) (thne — tte) pdx — 0, n — oo.

Using the same argument as in [21, Proposition 5.3], we have u,, — u, in X, as n — oo.
Hence, 1, € Y4 N J¢* and J! (1) = 0 in X,. This completes the proof. O
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Next, we will use Moser iteration in [27] to obtain L*-estimate.

Lemma 3.16. Let (u,) is the sequence in Lemma 3.11. Then, J., () — ¢y in R as n — oo, and
there is some sequence (9,) C RN that satisfies v, () := uy (- + 9») € L* (RN) and || oo rivy < C
foralln € IN.

Proof. Proceeding as in the proof of Lemmas 3.9 and 3.10, as n — oo, we know that [, (u,) —
cm in R. According to Lemma 3.11, as n — oo, we can find (,) C RN satisfies v,(-) :=
Up (- +9n) = v(-) € Xe and y,, == €,0n — yo € M.

Forall L > 0 and B > 1, consider

¢ (vn) = Prp(vn) = vnvLN’,(f_l) € Xe,vpn =min{v,, L}.

Set

According to [5], we have
[@(a) = b)Y < Y'(a—b)(p(a) —p(b), VaeR, beR. (3.34)
According to (3.34), we have
@ (0a(x)) = @ (ou(y)) "
< (@a(x) = 0a)) (2w ™) @) = (200 V) ) Jou() = oa ()N

Therefore, taking ¢ (v,) = UnUIL\{ 1(1/5—1)

(3.35)

as a test function, we obtain that

/IRN Vo, [N (v,) dx —|—/ Vo, |7 (v,) dx
+/ (Yn + €nx ]vn\ vnq)(vn dx+/ (€nx + Yn) ]vn\”’*zvncp (v,) dx
= /]wa (€nX 4 Yn, vn) ¢ (vy) dx.
Due to (f1) and (f2), Ve > 0, we can find C(¢) > 0 satisfies
If()] <elt]T P+ Ce) [N T¥N (t), VEER.
According to method of [5], it is easy to get

/ |an|Nv€f 1dx+/ (enx +Yn) ’Un\Nvif 1dx</ f (vn) anL,(f Yx.

Since ® (v,) > %vnvﬁ;l,vnvﬁ;l > & (v,) and the embedding from X, — LN (RN) (N* > N)
is continuous, so we can find S, > 0 that satifies

p-1||N

00 || e gy = S 19 (@) 12 vy < 19 @) (3.36)

1
P
Since X, — L (RN) (v > N) is continuous, there exists S, satisfying

S, = inf M, v > N.

uA0ueX, ||l pvry) a
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This implies
el vy < Sytllullx, V€ Xe. (3.37)

Then we obtain
N N
I (@) sy <€ [, dx+C(e) [ ¥x (o)
N N
<ep /m'q’(”’“)' dx+C(s)/RN‘I’N(vn)

< eBVSMI (@) 1 sy +CE) [ (o)

B—1 g—1|F
Un ] Un ] dx
N

dx (3.38)

N
dx.

B—1
v”vL,n

—1
vnvg

Choose 0 < ¢ < B~NSY, then (3.38) implies

N
B—1
UnvL,n

éks*<1—sﬁNS§N)‘ -

< C(e) </IRN (T (o)) dx)ﬂl’ (/]RN qux>}'.

Now, by the Trudinger-Moser inequality with N << g such that N* > gN = N**. Note that,
g’ near 1 but g’ > 1. So we can find D > 0 satisfies

-1
vnvﬁ

p—1|IN Ny BN
‘ O e oy = PP ‘ OO || vy
Let L — +0o0, we obtain
11
[onllyes < DY BE [|on] sy - (3.39)

Let B = I{\]]—; > 1. Then B2N** = BN*. Replace B with 2, (3.39) holds. Hence,

[oullsee < D B [l ey
— D B [[o | e g (3.40)
< D%(%Jrﬁ%)ﬁ%ﬂ‘% [[on [l pnes vy -

Now iterating the process, as shown in (3.40), for any positive integer m, we get that

11137]
Hvﬂ HLN**ﬁ(]RN) . (341)

[hgB
™=

1
1N»5/[B]'

o0 nepr < DI
Taking the limit in (3.41) as ¢ — oo, we have
HUnHLw(RN) <C

] -

018

1 Np/ ‘62;21]"37/ Sup H’(]nHLN**ﬁ(RN) < +00. D
n

for all n, where C = D’

Proof of Theorem 1.1. For e € (0, ¢), according to Lemma 3.15, there are d, &9 > 0 that satisfy
Je has a critical point u, € Y4 NTE. Since u, satisfies

—ANue — Ague + V(esx)(|ug\1\7’2u8 + |u8\‘7’2u8) = f(ue) +4 </IRN xeufdx — 1> Xetle  in RN,
+
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When t < 0, we know f(t) = 0. So u, > 0 in RN. In addition, by using Lemma 3.16, it is easy
to get {||ue||;~ }, is bounded. Now by using Lemma 3.11, we have

lim [1 (/ ‘\Vug|N—i—Vg(ug)Ndx) 41 (/ |Vug|q—|—Vg(ug)qu)] _o.
0 [N ARV M q \JRM\ M8

According to elliptic estimates in [20], we know
Limm [fuce]] oo vy a2y = 0
Similar to [35], there are C > 0, ¢ > 0 that satisfy
u(x) < Ce M.
In fact, by using the Radial Lemma in [7], one has

[l v
| x]

u(x) <C , Vx#0,
here C is related to N, p. Therefore, for u € S, we have lim‘x‘ —oo U(x) = 0 uniformly.
According to the comparison principle, we have that C > 0, ¢ > 0 satisfy

u(x) < Ce "l vx e RV,
According to a comparison principle, for some C, ¢ > 0, we obtain that
us(x) < Cexp (—c dist (x,/\/l?» .

So Qe (1e) = 0, then u, satisfies (1.1). Lastly, assume u, has a maximum point x,. According
to Lemma 3.8 and Lemma 3.11, for some x € M, we get that ex. — x as ¢ — 0. Moreover, as
toC>0,c>0,

ug(x) < Cem e,

This completes the final proof. O
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