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Abstract. In this paper, we are concerned with the long-time behavior of stochastic fractional nonlo-
cal reaction-diffusion equations driven by additive noise. We use the techniques of random dynamical
systems to transform the stochastic model into a random one. To deal with the new nonlocal term
appeared in the transformed equation, we first use a generalization of Peano’s theorem to prove the
existence of local solutions, and then adopt the Galerkin method to prove existence and unique-
ness of weak solutions. Next, the existence of pullback attractors for the equation and its associated
Wong-Zakai approximation equation driven by colored noise are shown, respectively. Furthermore, we
establish the upper semi-continuity of random attractors of the Wong-Zakai approximation equation
as § — 0%,
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1 Introduction

Nonlocal problems modeled by partial differential equations have been extensively studied in [, 2, 6, 7,
, 14, 17,22, 23, 38, 45] and the references therein. Chipot et al. [13] studied the behavior of a large

class of nonlocal nonlinear elliptic problems as follows
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where D is a bounded open subset of RY | the boundary dD is Lipschitz, D’ € D, X > 0, the functions a
and ~ belong to C (R; R"’), f € L*(D) and ,u is the normal derivative of u.

Instead of considering the nonlocal term a ( / u), Chipot et al. [15, 16] extended this term to a
D

more general nonlocal operator a(l(u)) where the functional [ € £ (L?(D);R), i.e. for some g € L*(D)

Then the following nonlocal parabolic equation

ou
o el = ]

received much attention. More precisely, the case in which f is independent of u was considered in [11, 12],
where existence and uniqueness of solutions, as well as the long time dynamics, are established under
some suitable assumptions. Furthermore, as the nonlocal operator is not acting globally in the whole
domain in [36, 37] but contained in a ball centered on each position point, radial solutions, bifurcation
analysis, branch of solutions and their stability are studied. When f depends on « in a semilinear form,
making use of a fixed point theorem, the existence and uniqueness of a weak solution were proved in
[33] for a semilinear problem with nonlocal diffusion where the domain has smooth boundary and the
term f is Lipschitz continuous. In addition, the existence and uniqueness of periodic solutions were
also analyzed. Later, the existence and regularity of pullback attractors were studied for a deterministic
non-autonomous parabolic equation with nonlocal diffusion and additional non-autonomous terms (see
[3]). Based on [8], time delays were taken into account in non-autonomous nonlocal partial differential
equations where the time-dependent term h(¢,u;) involves delays, one can see [45] for more details.

It is worth noting that random attractors play an important role in the study of dynamical behavior
of stochastic partial differential equations. One can refer to [3, 4, 5, 9, 10, 18, 19, 27] and the refer-
ences therein. Applying the theory of random dynamical systems, stochastic nonlocal partial differential
equations with linear noise (multiplicative noise and additive noise) were investigated in [42], where the
well-posedness and long-time behavior of solutions were exploited. Moreover, the well-posedness and
asymptotic behavior of a class of stochastic nonlocal partial differential equations driven by nonlinear
white noise were studied in [14], as well as the random non-autonomous problem driven by colored
noise. As special cases, Wong-Zakai approximation models with additive and multiplicative noise possess
random attractors which converge upper-semicontinuously to the respective random attractors of the
stochastic equations driven by standard Brownian motions. We also remark that more results can be
found in [21, 24, 26, 39] for colored noise and [32, 34, 10, 51] for Wong-Zakai approximations.

Notice that the Laplacian operator in these aforementioned papers is the standard one. When
v € (0,1), the operator (—A)” is called the fractional Laplacian. The relationship between the stan-

dard Laplacian and the fractional Laplacian follows from the properties that lim (—A)"u = —Aw and
y—1-

lim+(—A)7u = u (see [35, Proposition 4.4]). As far as we are aware, great attention has been devoted

y—0

to the study of fractional partial differential equations, see, e.g., [25, 28, 30, 31, 41, 46, 49, 50| and
the references therein. In fact, there are different definitions about fractional Laplacian operator, one
being called integral fractional operator and the other spectral fractional operator. More details on frac-
tional Laplacian can be seen in [35]. Very recently, [13] dealt with stochastic nonlocal reaction-diffusion

equations driven by multiplicative noise which focused on the integral fractional operator. Since the



fractional Laplacian (—A)” leads to not enough dissipativity, the regularity of solutions is proved by a
priori estimates instead of obtaining energy estimates directly.
Motivated by these papers above, in this work we consider the following non-autonomous stochastic

fractional nonlocal reaction-diffusion equation driven by additive white noise,

ou Yo aw .

o TolW)(=A)Tu= f(u) +h(t) + o, in O x(7,+00),

u =0, on 00 x (T,400), (L.1)
u(z, ) = ur(x), in O,

where O is a smooth bounded domain of R, 7 € R, [ € L (LZ(O);R), helL? (R; LQ((’)))7 e H'(O)N

loc

H?(0) and a € C (R;R™) satisfies that there exist two positive constants m and M such that

m<a(s) <M, VseR, (1.2)
and its corresponding approximation by colored noise given by
Chs - aus))(~) s = Flus) + h(t) + 0Go(0u), n O x (7, +00),
us =0, on 90 x (1, +00), (1.3)
us(z, 1) = us - (), in O,

where the process (5(6;w) is the so-called colored noise (see Section 5 for more details).

Our main purposes are to prove the existence and uniqueness of weak solutions of both problems,
as well as the existence and the upper semi-continuity of random attractors of problem (1.3) to (1.1)
when ¢ goes to zero. Unlike the case of stochastic fractional nonlocal reaction-diffusion equation driven
by multiplicative white noise, there appears a new nonlocal term in the process of transforming the
stochastic equation (1.1) into a random one by means of the Ornstein-Uhlenbeck transformation. Thus,
the existence and uniqueness of solutions become much more difficult to be proved. In this case, we present
a more detailed proof of the well-posedness of the solutions. We first need to apply a generalization of
Peano’s theorem to prove the existence of local solutions, and then use the well-known Galerkin method to
prove existence and uniqueness of weak solutions. In what follows, we establish the existence of pullback
attractors of problem (1.1) and its associated problem driven by colored noise (1.3), respectively. Finally,
we give the upper semi-continuity of attractors.

The structure of the paper is as follows. In Section 2, we first recall the basic concepts on random
dynamical systems. Next, we present some ergodic properties of the Ornstein-Uhlenbeck process and
the fractional Laplacian operator, respectively. And then we transform the fractional stochastic nonlocal
problem into a random one via the Ornstein-Uhlenbeck process. Section 3 is devoted to proving the
well-posedness of problem (1.1). In Section 4, we show the existence of pullback attractors of problem
(1.1) by obtaining the existence of random absorbing set and the asymptotic compactness of the random
dynamical system which is generated by solutions to problem (1.1). Similar to Section 4, the existence
of pullback attractors of problem driven by colored noise associated with (1.1) is proved in Section 5. In

the last section, the convergence of solutions and attractors of problem (1.1) are discussed as § — 07.

2 Preliminaries

In this section, we will recall some basic concepts related to non-autonomous random dynamical systems

and properties of Ornstein-Uhlenbeck processes which will be used throughout this paper. One can refer



to [3, 48] for more details. Besides, the concept and some properties of integral fractional Laplacian

operator are shown as follows.

2.1 Non-autonomous random dynamical systems

Let (X, | - ||x) be a complete separable metric space, and (2, F, P, (6;)¢cr) an ergodic metric dynamical
system, where Q = Cy(R;R) = {w € C(R;R) : w(0) = 0}, F is the Borel-o-algebra induced by the
compact-open topology of €, P is the Wiener measure on (£, F) and 6 = {0;}:cr is a measurable flow
on 2, which is defined by

0:(RxQFRBR)) = (QF), 6by=idq, 0Oiys=20:00,, t,seR. (2.1)
The Wiener shift operators which form the flow 6
Qw() =w(-+1t) —w(t), teR, we

leave the Wiener measure P invariant. More precisely, P is ergodic with respect to 6.

Since the above probability space is canonical we have for a Wiener process and its shift operator
W(t,w) =w(t), W(t0w)=w(t+s) —w(s)=W(t+sw)—W(sw).

It is important to note that the measurability in (2.1) is not true if we replace F by its completion, see
Appendix A3 of [3].

Definition 2.1. A continuous non-autonomous random dynamical system on X over (Q, F, P,
(0)ier) is a (B (RT) x F x B(X), B(X))-measurable mapping:

PRV XRXxQOXx X = X, (,7,) = o(,7,-,)

such that ¢ satisfies:

(1) »(0,7,w,-) is identity on X;

(2) p(t+ s, T, w,) = pt, 7+ s,0sw, (s, T,w,*)) for all s,t > 0;
(3) (t,T,w,-) : X = X is continuous for all t > 0.

Definition 2.2. A set-valued mapping D(r, -) : Q@ — 2%, w — D(7, w) is said to be a random set, if
for every 7 € R, the mapping w — d(u, D(7, w)) is measurable for any u € X, moreover, {D(1, w) : T €
R, w € Q} is also closed for each w € €.

Definition 2.3. A random set {D(r, w) : 7 € R, w € Q} is called tempered, if for every 7 € R, w € Q
and >0

lim e P'd (D (r —t,0_,w)) =0,

t——+o0

where d(D) = sup{||b||x : b € D}.

Definition 2.4. A random set {B(1, w) : 7 € R, w € Q} is said to be a random pullback absorbing set if
for any tempered random set {D(7, w) : T ER, w € O}, every 7 € R, w € Q, there exists ty such that for
each t > tg,

o, 7 —t,0_w,D (T —1t0_w)) C B(T,w).



Definition 2.5. Let D be a collection of random subset of X, ¢ is said to be D-pullback asymptotically
compact in X, if for all T € R, w € Q, {@(tn, T — tn, 04, w,2,)},125 has a convergent subsequence in X

whenever t, — 400, and x, € B (T — t,, 0_1, w) with {B(t,w) : 7 € R, w € Q} € D.

Definition 2.6. A family A = {A(r, w) : 7 € R, w € Q} € D is called a D-pullback attractor for ¢ if for
every T € R, w € Q,
(1) A(T, w) is compact in X and for every 7 € R, w > d(X, A(r, w)) is measurable;
(2) A is invariant: o(t, 7w, A(T,w)) = A(t + T, Ow), for every T € R, w € Q;
(3) A attracts all member of D: for every B € D, 7 € R and w € Q, we have
lim dx (p (t, 7 —t,0_4yw, B (T — t, 0_w)) , A(T, w)) =0,

t—o00

where dx is Hausdorff semi-distance in X.

The following result is a sufficient condition ensuring existence and uniqueness of random attractors

for non-autonomous random dynamical system.

Theorem 2.1. ([}8, Theorem 2.23]) Let ¢ be a continuous non-autonomous random dynamical system on
X over (0, F, P, (0;)1er), if there exists a closed random tempered absorbing set { B(t,w) : 7 € R, w € Q}
of @ and @ is asymptotically compact in X, then the D-pullback attractor A is unique and is given by,

A(r, w) = ﬂ U o, 7—t0_w,B(r—t 0 w)), TER weq.

r>0t>r

2.2 Ornstein-Uhlenbeck process
Consider the following linear one-dimensional stochastic differential equation
dZ + Zdt = dW (2.2)

with initial value
Z(to) = Zo.

Then ,
Z (t,to, Zo) :Ei_(t_to)Zo + / e_(t_s)dW(S)

to

ot
:ef(tfto)ZO +W(t) — ef(t*tO)W(tO) _ / ef(t*S)W(s)ds
to

is the unique solution of (2.2).
¢

Let z (fw) = togrgoo Z (t,to, Zo) = W(t) —/ e~ =IW (s, w)ds, then Z(t,w) = z (Aw) is a station-

ary solution of (2.2). Moreover, the random variable z (w) satisfies the following properties:

Lemma 2.1. (See [9]) (1) There exists a{0;},cp-invariant set Q0 of full measure such that

im 2O
t—+oo |t|
1 t
lim - / z (6rw) dr =0,
t—too T /g

1 t
lim E/ |z (0,w) |dr = E|z| < 4+o0.
0

(2) The mapping t — z (Q;w) is continuous.



2.3 Fractional settings

Let S be the Schwartz space of rapidly decaying C* functions in R™ and 0 < v < 1. For every u € S,
the fractional Laplacian operator (—A)” at the point x is defined by

n

(=A)"u(z) = C(n, W)P.V./ mdy, r eR", (2.3)

where P.V. is a commonly used abbreviation for “in the principal value sense” and

Cnn) = ([ “gmemide) | with €= {66 bR

By a standard change of variable, (2.3) is equivalent to

(*A)VU(CE) = *C(T;’ PY) /n U(fC . y) Jr|Z|(nac-|-2yy) — 2u(x) dy, = €R™

For any 0 < v < 1, the fractional Sobolev space W72 (R") := H” (R") is defined by

2
HY (R")—{ueL2 (R™) // |x_ n+27| dxdy<—|—oo},

equipped with the norm

1
‘2 3
ey = ( f worPas e [ f B2
and inner product

(1, V) v ) :/]R d:c—i—/n / IO =0W) 40 v € HY (R,

N

From now on, we denote by || - || and (-,-) the norm and the inner product of L? (R™), respectively.

Moreover, we denote by || - || v (rny the Gagliardo semi-norm of H (R™) which is defined by

W) n
||u||H’y(]Rn / / |$ — |n+2’y —————> dady, ue H"(R").

Thus, [|ull ey = llull® + | I(=A)"u]|* for all uw € H (R™).

9 2
\U||H7(Rn [Jull® -+ Clny)
Since (—A)7 is a nonlocal operator, we here see the homogeneous Dirichlet boundary (1.1) as u = 0 on
R™\O instead of u = 0 only on O. From this perspective, we define two spaces V = {u € H” (R") : u =0
a.e. on R"™\O} and H = {u € L? (R") :u=0 a.e. on R"\O}. Furthermore, let b:V x V — R be a

bilinear form given by, for vy,vy € V,

(v1(2) = v1(y)) (v2(x) — v2(y))
FE

b(vlvv2) = #(Ulv 2

n n

where p is a constant chosen later. For convenience, we associate an operator A : V' — V* with b such
that
(A(v1),v2)y+v =b(v1,v2), forallv,ve €V,

where V™ is the dual space of V and (-, )y« v is the duality paring of V* and V.
Since A is injective and surjective, the inverse A™! : V* — V is well-defined. On the other hand,

the embedding V' < H is compact and H = H* C V* yield that A~ : H — V C H is a symmetric



compact operator. Then, by means of the Hilbert-Schmidt theorem, A has a family of eigenfunctions
{w; }j:(xl’ which forms an orthonormal basis of H. Moreover, if A; denotes the eigenvalue of operator A
corresponding to wj, i.e.,

ij:)\j’w]', j:1,2,"',
then A; satisfies

O<pu<A <A< <A —+o0 as  j— +oo.

2.4 Setting of the problem

Let f € C(R) and assume that there exist positive constants C, x, 51 and 2 > 1 such that
(f(s) = fr)(s —1) < Cp(s =), Vs,r€R, (2.4)

and
— k= Buils]> < f(s)s <k — Pals]®, VseR. (2.5)
Now we consider its associated Nemytskii operator f : L? (0) — L% (O) which is defined as f(u)(z) =
f(u(x)) for all u € L? (©) and = € O. By simplicity, we identify f with f when no confusion is possible.
B n, "y
Next, we fix a number g such that 0 < p < min{/jl B, Cn,y) }, and define the operator F :

m’ M 2
L?(0) — L? (O) by

F(u) = a(l(u)pu + f(u),

which is given by
Fu)(@) = a(l(u)pu(@) + f(u(@), =€ O.

It is easy to check that F is continuous in L* (0). In what follows, we will write F(u(x)) instead of
F(u)(x), although this notation does not match the typical one for the Nemytskii operator associated to
a real valued function.

By (2.5) and the Young inequality, we have, for all u € L? (O) and z € O,
— k= (B = mp) Ju(@)]* < F(u(@))u(z) < k= (B2 = Mp) Ju(@) . (2.6)
From (2.6), we deduce that there exists az > 0 such that
|F(u(2))] < a(lulz)] +1). (2.7)

Then, problem (1.1) can be written as

@ +a(l(w)(—A) u+ a(l(u))pu = F(u) + h(t) + QSM

5 T rze O,t>rT,
u(@,t) =0, z € RMNO,t > 7, (2.8)
u(z, 7) = u-(z), zeO.

To study the dynamics of problem (2.8), we first transform the stochastic fractional nonlocal differential
equation (2.8) into a random one by doing a change of variable. To start off, we denote by u(-) :=

u(+, 7,w,u;) the solution to problem (2.8), we do the change of variable v(t) = wu(t) — ¢z (f;w) with



v(7) = u(1) — ¢z (0;w), then we obtain

% +a(l(v) + 2 (0,w) 1(#)) (=A)" + p)v + a(l(v) + 2 (0,w) [(P)) 2 () (=A)7 + p)¢

= F(v+ ¢z (6iw)) + h(t) + ¢z (6w) , reO,t>r, (2.9)
v(z,t) =0, x € RM\O,t > T,

v(x,T) = ur(z) — ¢z (6rw) == v (2), xeO.

Notice that this change of variable is, in reality, a homeomorphism and therefore a conjugation (see [3]

for more details).

3 Well-posedness of problem (2.8)

In this section, we are interested in proving the well-posedness of weak solution of problem (2.8). To this
end, we first introduce the definition of a weak solution of problem (2.9), and then prove the existence
and uniqueness of weak solution of problem (2.9). For that, we need the following assumption to obtain
the existence of local solution of problem (2.9).

(Hy) For any ¢ € [1,T], the mapping ¢ — h(t) is measurable.

Definition 3.7. Given ¢ € V and the initial value v, € H. A weak solution to equation (2.9) is a function

v(-) :== v (-, T,w,v,) that belongs to L? ([1,+00); V) N L™ ([, +o0); H), such that for every ¢ €V,

a Cur) [ [ (vle) ~o(@)(CE) — )
G0 +a )+ i) (S5 [ [ LW S0 ey + o))
+ali(0) + 2 0u)1(0) = 0) (D52 [ [ LD =R =D gagy 1 u0,0)) - (3)

:/OF(U—Hbz (Htw))C(sc)dx—i—/

(@)

MO+ [ 2(0w) dla)i(a)da,
@]
where the above equation must be understood in the sense of distribution on (1,400).

Theorem 3.1. Suppose (Hy) holds, a € C (R;R") is locally Lipschitz and satisfies (1.2), f € C(R)
fulfills (2.4)-(2.5), which implies F : L*> (R™) — L? (R™) satisfies (2.6)-(2.7). In addition, h € L2, (R; H)
andl € L (L2(O); R). Then, for every T € R,w € Q and each initial datum v, € H, there exists a unique

weak solution v (t,7,w,v;) to problem (2.9) in the sense of Definition 3.7.

Proof. Step 1: Existence of local solution. Using spectral theory, there exists a sequence {wi}l21
which is a Hilbert basis of H composed by the eigenfunctions of A. Firstly, we consider the function
n
vp(t) = v, (b, Ty w,v) = Z ©n;(t)w; for all n > 1, which satisfies the following system
j=1

d

7 (Un(),w)) +a (L (va(t)) + 2 (1) U(9)) (Ava(t), w))y. v + a(l(vn(t)) + 2 (0w) U(@)) 2 (Orw) (Ad, wj) .

= (F (vn(t) + ¢z (0w)) , wy) + (h(t), w;) + 2 (Ouw) (¢, w;) ,

(Vn(1),w5) = (vr,wj), j=1,2,---,n.
(3.2)

Notice that the above equation is a Cauchy problem for the following ordinary differential system in R",
@i (t) + Aja (l (va(t) + 2 (0:w) U(B)) nj () + a (I (vn (1)) + 2 (Ow) 1(8)) 2 (Ouw) (Ad, wj)y.
= (F (vn(t) + ¢z (0w)) , wj) + (h(t), wy) + 2 (Ow) (9, w5),  j=1,2,---,m,

(3.3)



where t > 7, ); is the eigenvalue associated to the eigenfunction w;, and the vector (¢n1, ¥n2,  , Ynn)

is the unknown variable. Define

g: T—R"

(t,z) — <—>\1§($)$1 —§(2)z (Ow) (Ad, 1)y + (F <Z Tiw; + ¢z (9tw)> ,w1> + (h(t),w1) + 2 (Ow) (¢, w1),
i=1

—Ané(z)xy, — &(2)2 (Bhw) (Ao, wn)v*,v + (F (Z Tw; + ¢z (95.0)) ,wn> + (h(t),wn) + z (Biw) (&, wn)> ,

where
T={(t.a) e[nT|xR" ;7 <t<T,

€T = ((vval)a---a(’UTawn)>‘ < d}
for any fixed d € R™ and
x=(x1,...,2n) = &) =a (l <Z$1w1> +z(9tw)l(¢)> .
i=1
Next, we need to prove that g is a Caratheodory function.

Firstly, let = be fixed. Following the continuity of z and f, as well as assumption (H;), the function

9; (@) = =Aj(x)z;—¢(x)z (f.w) (Ag, wj)V*,v+<F <Z Tiw; + ¢z (9-w)> ,wj>+(h(')’wj)+2 (0.w) (¢, wy)

is measurable. Therefore, the function g(-, ) is measurable.

Secondly, we need to verify that the function g(¢, -) is continuous a.e. t € [r,T]. In fact, the functions

n
fand r € R" — (F <Z Tw; + ¢z (Gtw)> ,wj> are continuous, then we can obtain
=1

gj(t,z) = =N\&(x)x;—&(x)z (Ow) (Ag, wj)V*,V+ (F (Z Tiw; + ¢z (Htw)> ,wj> +(h(t), w;)+z (Oiw) (¢, wj)

is a continuous function with respect to x.
Thirdly, we are going to prove that for each (t,z) € T, there exist a neighborhood V(¢,z) and a
Lebesgue measurable function Q(-) € L*(r,T) such that for any (s,y) € V(t, ),

lg(s,y) < Q(s).
From the definition of 7, there exists a constant C'+ such that
o < d+ [((vry 1), ., (vr,w,))] < Cr-

By (2.7), we have

‘ (F (Z Tiw; + ¢z (9,@)) ,wj>
i=1

Observe that taking into account the expression of £ and the continuity of the function a in the com-

—NUCT Y will = 1= (Bwo) UGN, IICT D il + |2 (Be) |||l|||¢||] ; there exists a

i=1 i=1

< aCr (Z ||w¢||> hwgll+ o (1012 + 12 @) [61]) sl (3.4)

i=1

pact interval I’ :=

constant M’ > 0 such that
&)y <M', VzeR":|z| <Cr.



Then
()2 (0rw) (A, wj) v+ v|

<[§(2)z (Ow) (o, wj) + ((—A)7 ¢, wy)]| (3.5)
M M'(C(n,7)? +2C(n,7)
<M (0 ol + - 12 (00) sy
On the other hand, it holds
1 1
|(h(t), wy)| < SIP@I + 5 llwsl” (3.6)
and
1 1
|2 (0w (6 w))| < 5|2 (0u) PlII* + 5 s 1*. (3.7)
Then, bearing this in mind, we deduce from (3.4)-(3.7) that
1 M 2 M'(C(n,y)? +2C(n,
0,60 SAMCr + (5 + 212 (0) Pl + (£ LT A2, o

- 1
+a (IO\”2 + [z (Biw) |||¢||) ;]| + aCr (Z IIwz|> llw; || + Ilw;]1? + §Hh(lﬁ)ll2

where Q(-) € L'(7,T). As a consequence, there exists a local solution to (3.3).
Step 2: Uniqueness of local solution. Assume that there exist two solutions @i, goi of the ordi-

nary differential system (3.3) in (7,¢1) and (7,t2) respectively. Then, it holds

{WU&—%NW=%@%@%ﬂNWﬂM7tEhmMmmﬂ .

(()0711]'_<)0$Lj)(7—)7 J=12,---n,
where g; (¢, ¢, (t)) = =Aja (1 (95, (1)) + 2 (B:w) U(9)) 5 (D) —a (I (2 (1) + 2 (0uw) U(9)) 2 (Brw) (A, w))y

+ (F (o0(t) + 62 (0uw)) ,ws) + (h(t), w)) + 2 (Brw) (6, wy) for i = 1,2.
Then, multiplying (3.8) by wij — @ij and summing from j = 1 to n, we have

Sk () = 2@ + a (1 (02 () + 2 (Bw) 1(9)) buh () — v2(2), vh () — v2(2))
<Anla (L (v () + 2 (Bw) 1(9))) — a (I (vE(t) + 2 (Bw) 1)) || (v2(t),va(t) — va(t)) |
+m@<<w+z w)1(9))) —a (I (va( )+z9wﬂ@DHQM,A)—ﬁ@DWy\

F

+ |(F (0h () + 02 (0) = F (v3(0) + 62 (0w) v (8) = 02(1)) |

Since the function a is locally Lipschitz, for any bounded interval [—R, R] of R, there exists a positive
constant L, (R) such that

la(z) = a(y)| < La(R)|z —y| Y,y € [-R, R].

Note that v},v2 € C([r,min{t;,t2}]; H), it fulfils that there exists a constant K such that for all
t € [r,min {t1,%2}]
lon @)V llvn (0] < K.

In addition, taking into account that I € £(L?*(O);R), it follows that {I (v},(t)) + z (fiw) qb)}te[T min{t1.t2)] €

10



[—R, R] for i = 1,2, for some R > 0. Hence, by the Young inequality, we deduce

C(n,7)
2

2
2 dt || 1 t)” +m ”v?lz - U’IL”H’Y(]R'IL) + /~L||v711(t) - WZ(t)Hz)

(
Sx\n|a( ( (t)) + 2 (6w) 1) ) a( ( ) —|—z(0tw)l(¢))) I (v v, —’U2) |
1o (1 (vh(0) + 2 (0) 1)) — a (1 (42(0) + 2 () UD)) || (A6, v} —v2) . |
HI(F (0n(t) + 62 (0)) = F (v (6) + 62 (0w)) v () = v (1))
<A La(B) U v Ollllvn (8) = v O + XaLa(R) 2161 o7, (£) = w7 (1)
+ uLa(R) U0 lo(Erminger eay1;m) + 12 (0ew) [0l Loe (0w (8) — v (8)°
+ Mpllog () = va (O + Cllog () — vp ()1
<[ La(BNUE + [[0l) + (K + [z (0) [0l e 0)) La (R + Mp+ Cy [ flog () — vi (8)]7-
Then, using the Gronwall Lemma, we obtain the uniqueness of local solution.
Step 3: Existence of weak solution. Multiplying by ¢,; in (3.3) and then summing from j =1

to n, we obtain

L w1+ o ()2, o + sl )

< — a1 (va (1)) + 2 (0:) U(@)) 2 (00) (A, va () ey + (F (0 () + 62 (0)) s va(t))  (39)
+ (h(t), v, (1)) + 2 (Biw) (v, (t)), ae te[0,t,),

where [0,%,) is the interval of existence of maximal solution. The first term on the right-hand side of
(3.9) can be bounded by

—a(l(va(t)) + 2 (0:w0) 1)) 2 (01w) (A, v (t)) e

MQC(T% ) 2 2 pm o, mC(n,y)
<2 2 (00) POIR + om0 + 5 om0 oy

By (2.7) and the Young inequality, the second term on the right-hand side of (3.9) can be bounded by

(F (0n(t) + 92 (w)) , vn(t)) <a /O(Ivn(t) + ¢z (6:w) | + Dvn(t)da

(3.10)

um 20 20 (8:11)
<(a+ T)an(t)HQ + 7m|2 (6:0) 1[Il + 7m|0|-
By the Young inequality, the last two terms on the right-hand side of (3.9) can be bounded by
B(E), on(8)) < —— @)% + 2 o (6)]12 .
(h(t), v ())_umll O + == llva(®)] (3.12)
and 5
um
2(0w) (6, v (1)) < — |2 (Biw0) [P[l0]1* + ?llvn(t)llz (3.13)
wm
(3.9)-(3.13) imply
d
= len @1+ E= loa 11
(3.14)
M2C(n,y) 4a®+4 2 4 402|0]
<9 2 ) 2 = 2 .
S2afon ()" + [—— =+ o Iz @)™ llolly + ﬂmllh(t)\l +—
Integrating (3.14) between 7 and ¢ with 7 < t < t,,, we have
Ien I + 22 [ eI
402|0O
<20 [ lnIPar + Pou P 16l [ 1@+ 2 [P+ 21 -,
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By the Gronwall lemma, we infer that {v,(-)},>] is well defined on [r,t,). Actually, for all T > 7 and

for almost all w € €, it is bounded in L™ ((7,T); H) N L? ((7,T); V). Since
a(l(v,(t) + 2z (Ow) (@) <M, Vte(r,T), VYn>1.

There exists a positive constant C such that

T T
/ Ia(l(vn(t))+2(9tW)l(¢>))|IIAvn(t)I‘Q/*dtSC/ lon (1[5 dt,

and

T
/ 0 (L (va(t)) + = (0,0) L)) [ AB|[3-dt < ClI|I2 (T — 7).

Note that ¢ € V, we deduce that the sequences {a (I (v, (t)) + 2 (B:w) 1(¢)) Avn (t)} 2 and
{a (I (va(t)) + 2 (B:w) I(¢)) Ap} TS are bounded in L? ((1,T); V*). On the other hand, we have

T
/ / IF (0 (t) + = (00) )| dadt
T @]
T
<202 / / (14 fon(t) + 02 (0) ) it
T (@]
T T
§4a2/ lon (8)] dt + 4a2|¢|2/ 12 (00w)? dt + 202(T — 7)|0).
Since {v, }+> is bounded in L ((7,T); H) , 2(f.w) is continuous in (,T) and ¢ € V, we have {F (v, + ¢z (0.w))} >
is bounded in L? ((1,T); H).

To prove the sequence {v;}:z is bounded in L? ((7,T); V*), we define the projector P, : V* — V*

as in the proof of [15, Theorem 2.7]. Then by the above estimates, we derive

r 2
/
[ 1o ae

T
< / | = a(l(va(t) + 2 (6:0) 1)) (Avy(t) + AP) + PuF (v (t) + ¢z (Biw)) + Poh(t) + ¢z (6w || dt

T
<(C+40%) [ a0l dt+ L+ 10d)0IP [ [z (0wt + CloI3(T — 1) + 20T = DIO] + O,

which means {v;}zz is bounded in L? ((1,T); V*).

From compactness arguments and the Aubin-Lions lemma, there exist a subsequence of {v, Zﬁ
(relabeled the same), o € H,v € L™ ((7,T); H)N L* ((1,T); V), Fel? ((r,T); H) and x € L*((1,T); V)
such that for all T > 7
vy, — v weakly-star in L* ((1,T); H) ,

v, — v weakly in L? ((1,T); V),
(v) — v weakly in L? ((1,T);V*),
vn — v strongly in L? ((1,T); H),
(z,t) = v(z,t), ae. (z,t) € Ox(1,T), (3.15)
vn(t) = v(t) strongly in H, a.e. t € (1,7T),
F (vn + ¢z (8.w)) = F weakly in L? ((r,T); H),
a(l(vy) + 2z (0.w)1(9)) vy — x weakly in L2 ((1,T); V),
vp(T) — © weakly in H.

Un T
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Next, we take the limit for each term to prove the existence of weak solutions to problem (2.9). Firstly,
we will prove that x = a (I (v) + 2z (Q.w) () v. Asa € C (R;R"),l € L(L*(O);R) and (3.15) holds, we
have

a(l(vn) +2(0.w) () = a(l(v) + 2 (0.w)l(9)).
Therefore,

a(l(vp) +2z0.w) (@) vy, = a(l(v)+2z(0.w)l(e))w.

From [29, Lemma 1.3] and the fact that {a (I (v,) + 2 (0.w) 1(#)) v, };125 is bounded in L* ((7,T); V), we
have x = a (I (v) + z (0.w) l(@)) v.
Secondly, we need to check that F' = F (v + ¢z (f.w)). Since F' is continuous and v, (-) converges to

v(+) strongly in H, a.e. t € (1,T), we deduce that there exists a subsequence (not relabeled) such that
F (v,(t) + ¢z (Bw)) — F (v(t) + ¢z (Orw)) , ae. (z,t) € O x (1,T).

In addition, {F (v, + ¢z (F)w))}:fl is bounded in L? ((7,T); H). Applying [29, Lemma 1.3], it follows
that F = F (v + ¢z (0.w)).

To prove that v is a weak solution to (2.9), it remains to check that v(7) = v, and v(T') = 9. For any
p € V, multiplying by ¢ in (3.2), integrating between 7 and T' and then taking the limit when n — +o0,
we deduce that

T

(0, w5) p(T) = (vr, w;) p(7) = / ' (1) (v(t), w;)dt

T

T
+ / a(l(v(t)) + z (0w) 1(9)) b (v(t), wy) @(t)dt

T (3.16)
4 [ o) +2 00D 2 (0) (Adswy)y- y olt)de
TT T T
= [ (Pt + 62 0w 0t + [ (0w )odt + [ 2 (0) (6,0 ot
On the other hand, multiplying by ¢ in (3.1) and then integrating between 7 and T', we have
T
(0(7),3) 9(T) ~ (0() ) () = [ @) 0(0), )t
4 [ a o) + 2 0 10) b (0(0), ) ()
T (3.17)

T
n / 0 (L (0(1)) + 2 (0:0) 1(6)) = (Ouw) (A, wy)..  o(E)it

T T

— [ P+ 62 0 wp ottt + [ (btywp)ed+ [ 20 (6.05) ottt

T T

Comparing (3.16) with (3.17), we find (9, w;) ¢(T) = (vr, w;) () = (0(T),w;) (T) = (v(7), w;) (7).
Since ¢ is arbitrary and {w; }j:(xf is an orthonormal basis of H, we obtain that v, = v(7) and v(T) = o
in H.

Step 4: Uniqueness and continuity with respect to initial data. Assume that there exist two

13



weak solutions, vy (~,T,w,vi) and vy (~,T,w, vf) to equation (2.9). Then we obtain

5 37 1000 = 02 (O + (U (0r(8)) + 2 (0) 1)) b(v1(£) = va(t), 1 (1) = va(t))
<[l (0 @2(1) + 2 (0:) 19)) = @ (L (02(8)) + = () U))] (Ava(t), 01 (£) = va(t)) - |
+ |la (L wa(8) + 2 (0) 1(6))) = @ 1 (v2(1)) + 2 (Bu2) L6))] (A, 01 () = va(t))y- |

+ (P (01(t) + 62 (81)) = F (v2(t) + 62 (0u(w))) , va (1) — va(8) ).

It is easy to prove the uniqueness and continuity with respect to initial data in H owing to the same

reasons as those in the proof of uniqueness of local solution. O

By the relationship between u and v, we can easily obtain that (2.8) possesses a weak solution. We

now define a mapping ® : R x R x Q x H — H such that, forallt e RT, 1 € R, w € Q and u, € H,
O (t,r,wur) =u(t+7,7,0_;wu)=vt+7,T,0_,0,0.)+ ¢z(6iw).

Then ® is a continuous cocycle on H over (Q, F,P, {Ht}teR).

4 Existence of random attractors to problem (2.8)

This section is devoted to uniform estimates of solutions for the fractional stochastic nonlocal reaction-
diffusion equations (2.8). Next, we introduce further hypothesis on h to complete the uniform estimates.

(Hs) Assume that for every 7 € R,

0
/ "2 %||h(s + 7)||ds < +oo0, (4.1)
and for every 8 > 0,
0
: —pt s _ 270 —
Jim e /_ooe 25 h(s — )[2ds = 0. (4.2)

Lemma 4.1. Suppose the conditions of Theorem 3.1 and (Hs) hold. Then for everyo € R, 7 € R, w € Q2
and B={B(r,w) : 7 € R, w € Q} € D, there exists T =T (1,w, B,o,m, 1) > 0 such that for allt > T,
the solution u of problem (2.8) satisfies

lu(o, 7 —t,0_rw,ur_y)|?

pum

<1490, / 5 HT=0) 1 (0,0) 2 || 2 ds

SuM?2 (77T um
+ / T =) |2 (0,w))? [|(—A) g2 ds

m —o0

4 (777 umg 4C
b [ BT s g s 52 42 (6ri) Pl
pm ) o pm

where u, ¢ € B(T — t, 0_w).

Proof. Taking the inner product of (2.9) with v(¢) = v (¢, 7,w, v, ), we have

ld C(an) 2 9
2dt 5 WO gy + 1l

< —a(l(v(t) + =2 (B:w) 1($)) = (Biw) (A, (1)) yru v + (F (0(t) + d2 (Biw)) , o(t)) (4.3)
+ (h(t),v(t)) + 2 (Biw) (¢, v(t)) -

lo()]1* + m(
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The first term on the right-hand side of (4.3) can be bounded by
—a(l(v(t) + 2 (0iw) U()) 2 (Orw) (AP, v(t)) v v
<pM |z (0:w) [(6; 0(t)) + M|z (01w) [((=A)7 ¢, (1))

wm 2uM? 2uM?
< oo + 2221 (00 Pl + 22 (0 P -0l

(4.4)

By (2.6), (2.7) and the Young inequality, the second term on the right-hand side of (4.3) can be bounded

by

(F (u(t) + 62 (0w)) ,o(0)
| F 00+ 62 0)) 010) + 62 (0))do — 2 (0u) [ F(0(2) + 62 () 6o
O (@)

<= (8= M) [ 00) + 62 (00) P+ w10] + s (0 | [ (0(6) + 62 (8) | + 1)rda

<~ (Bo— Mp) / () + 6 (Buw) [2dz + r|O] + 2= MK /|v )+ 6z (O,) [2da
R S

= B )+ 62 (00 P+ (e 2 0]+ e (0 Pl

By the Young inequality, the last two terms on the right-hand side of (4.3) can be estimated as

(h(t).o(0) < — RO + EE O

and

2 (0) (0,0(6) < —f2 (00) PP + 27 (o)

Together with (4.3)-(4.7), we obtain

d

2 WO+ E= o) + mCm ) (8 [ ey

4uM?* 2 202 4
<[ ] O ol + [z (0) (- A0

“Lom B2 —

2
+ — R + (26 + B2 — Mp)|O|
wm

4uM? 2
=C1 |2 (0)|” 91> + =12 (00) Pl (=2) 0> + —[|n(t)||* + Ca,
um

4uM? 2 207
T R Y. | Co = (25 + B2 — Mp)|O].

where C] =
' m wm B2 — Mp

Multiplying (4.8) by e3¢ and then integrating over (7 — ¢, o) with o > 7 — ¢, we have for every w € €,

v (0,7 — t,w,vr_4)||* + mC(n, ) / e 7 (s, 7 = t,w, v )| ) I

T—1
SF 0y [ F O 0w ol

T—t

2 o
I / e 1z (W) (~A) | ds
T—1

m
2 [7 i 2C pm
+ = = (o) 2ds + 2 (1= 1),
pm Sy pm
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Replacing w by 6_,w and then changing variables, we obtain the following result

||”U (Ja T = ta 0—7'(*); vr—t)Hz + mc(n,ﬂ)/) / 6%670) ||’U(S, T ta 0—7'(*), "U‘r—t)”iIV(]R") ds
T—1

SHEE o P4 G [T s 0w ol ds

—t
4>
LA
m

[ e 0w (- Ay olPds

—t

2 o—T 2 m

+ = e T H= (s 4 7)||2ds + == Cs 2(1— 3Tty
pm pm

Since v(t, 7 —t,0_rw,v;—¢) = u(t, T —t,0_rw,ur_¢) — ¢z (0_rw) with v,y = ur_y — ¢z (/_w), we have

(0,7 — t,0_rw,ur_y)|?

<2 e gz P42 [ T (g0 s

—t

]\/[2 o7 um
4 8 T |2 (B,w) 2 [[(—A) 76| 2ds
m ),
4 g7 nm 4C pm
LA e e s 4 ) Pds 22 (1= ) 42z (B, w) P61
wm wm (4.9)

;L m

<4e's (7717 ”)Ilur P+ 4e T 9]z (0 w)

+ 20 / "5 T |2 (0,0) 2 || 2ds

—t

SuM? [T um .
: / T T 2 (0,w) P [(—A) 76| ds
m —t
4 oo 4 n
b [ e s ) 2ds 4+ 22 (1 - ) 912 (0, w) P 0]
um J_, pm

Note that u,_; € B(t —t, 0_4w) and B = {B(1, w) : 7 € R, w € Q} is tempered, there exists T} =
Ty (r,w, 0, B,m, 1) > 0 such that for all ¢t > T7,

4 P < (4.10)
By Lemma 2.1, there exists Ty = To(w, m, ) > T} such that for all ¢ > Ty,
1 ]z (0 w) P < 5 (411)
Since ¢ € V, we deduce that
o : / T (0w | (-A) 6 %ds < oo, (412)
—t
On the other hand, (4.1) and the continuity of z (f.w) indicate that
204 /_i_Te‘WHT—U) 1z (B.w)| || 6] 2ds + M:/_i_ e 2= h(s 4 7)||2ds < +oo. (4.13)
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By (4.9)-(4.13), we have for all ¢t > Ty,
||’LL (Jﬂ T —t, 0_7-(4], U’T—t) ||2

<1420) [ O (00) o) ds

—t

M2 o7 pum
+ / e 2 (T 12 (0,w) P [|(—A) 6|2 ds
—t

m
4 (o7 o 4Cy
+— G (s + 1) d8+7+2|Z( o—rw) || 8II°.
pm J_y pm
Therefore, the proof is complete. O

Based on Lemma 4.1, we will prove that (2.8) has a D-pullback absorbing set in H.

Lemma 4.2. Suppose the conditions of Theorem 3.1 and (Hs) hold. Then the continuous cocycle ® has
a D-pullback absorbing set B = {B(7, w) : T € R, w € Q} € D, which is given by

B(r, w) = {u € H: ||ul|* < R(r, w)},

where

SuM?

0 0 o
R(r,w) :1+201/ e'5 |z (0,0) 1 0l1%ds + /_ T8 |2 (0sw)* I(=A) 9|2 ds

um 4Cs
b [l + 22 o ) Pl

Proof. As a special case of Lemma 4.1 with ¢ = 7, there exists T = T(7,w, B, m, 4, &) > 0 such that for
allt > T,
u(r, 7 —t,0_rw,ur_y) € B(T, w).

Now we only need to check that R is tempered, i.e., for any g > 0,

Bt _
til?ooe R(t —t, 0_w) = 0. (4.14)
In fact,
e PIR(T —t, 0_4w)
0
e aCie [ (0w ol

8uM? O um
$ e [ o 0l (A0l ds
—00

4 0 ;nn O
b [ s P e 2 o) Pl

—00

Combining Lemma 2.1 with (4.2), one can easily check that e #'R(T —t, §_,w) — 0 as t — 4oo0. O

Lemma 4.3. Suppose the conditions of Lemma 4.1 hold. Then the continuous cocycle ® is asymptotically

compact in H.

Proof. By Lemma 4.1, there exist T = T'(7,w, B,m, pu, @) > 0 and C = C(7,w, m, u, @) > 0 such that, for
allt > T and u, € B(t — t, §_w),

u(t = 1,7 = t,0_rw,ur )| < C. (4.15)
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When t, — 400 (kK — +00) and u,p, € B(T — tg,0_4,w), there is K1 = K;(7,w, B) > 0 such that for all
k Z Kla
lu(r — 1,7 — tg, 0_rw,ur )] < C.
This shows that
{u(t — 1,7 —t,0_rw,ur )} is bounded in H. (4.16)
Follows from [43, Lemma 3.3], there exists & € LQ(T —1,7; H) such that, up to a subsequence, and for

alneNask — +

u(, 7 —tr, 0_rw,ur ) =u(-, 7 — L 0_rw,u(r — 1,7 — tg, 0_rw,ur i)

(4.17)
—a(-) in L*([r — 1,7]; H).
By choosing a further subsequence (which we do not relabel), it follows from (4.17) that
u(s, ™ —tg, 0_rw,ur ) — U(s) in H for almost all s € [7 —1,7], (4.18)

which means the sequence {u(s,7 — ty,0_rw,u, )} has a convergent subsequence in H. The proof is

complete. ]

By Lemma 4.2, Lemma 4.3 and Theorem 2.1, we deduce the existence of D-pullback attractors for ®

as stated in the following result.

Theorem 4.1. Suppose the conditions of Lemma 4.1 hold. Then the continuous cocycle ® generated by

problem (2.8) has a unique D-pullback random attractor A= {A(t,w): Te R, weQ} €D in H.

5 Existence of random attractors to fractional random nonlocal

PDEs driven by colored noise

In this section, we discuss the following equation driven by colored noise as an approximation to fractional

stochastic nonlocal differential equation (1.1),

% + a(l(us))(—A)"us = f(us) + h(t) + ¢ (0w), in O x (1, +00),
s =0 on 90 x (1,+00), (5.1)
us(®,7) = s+ (2), in O,

where the process (5(6;w) is the so-called colored noise. For convenience, we rewrite (5.1) in the following

form, similarly as we did with (2.8):

% + a(l(us))(—=A) us + a(l(us))pus = F(us) + h(t) + ¢(s5(6w), z € O,t > T,
us(x,t) =0, z € RO, t > T, (5-2)
u&(.%',T) :U6,7($)7 xT € O

Let us recall some properties of the colored noise which will be useful in our subsequent analysis.
Although it can be found in several published works, we prefer to present them here to make our paper
more readable.

For every w € Q and § > 0, ys satisfies

dys
7 ys + (5 (Oww),
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which possesses a special solution given by

Yo (Oyw) = e~ / e*Cs (Bsw)ds.

And it has the following properties:

Lemma 5.1. [20, Lemma 3.2] (1) The mapping t — ys (6ww) is continuous. For every w € Q and
1
0<d< =
<0< 5

t—+oo |t‘

and Lt
lim - / ys (Bsw)ds = 0.
0

t—4oo ¢
(2) Let T e R, w € Q and T > 0. Then for every € > 0, there exists g = do(T,w,T,e) > 0 such that for
all0 < § < by andt € [r,7+T],
lys (Biw) — z(Ow)| < €.

Performing the change of variable vs(t) = us(t) — ¢dys (Orw) with vs(7) = us(7) — Pys (0-w), we obtain

% + a(l(vs) + ys5 (0:w) (@) ((=A)" + p)vs + a(l(vs) + ys (6:w) 1(9))ys (fsw) (—A)7 + )¢

= F(U(S + ¢ys (atw)) + h(t) + ¢ys (Gtw) ) reO,t>r, (53)
vs(z,t) =0, x € RO, t >,

vs(z,T) = us - (x) — Pys (0-w) = v5,.(x), z e 0.

Since (5.3) is a random equation, similar to Theorem 3.1 in the previous section, one can prove that
problem (5.3) has a unique solution vs(-) := vs (-, 7,w, v, ) € L* ([r, +00); V) N L™ ([, +00); H).

We now define a cocycle @5 : RT x R x Q x H — H such that, forall t € RY, 7 € R, w € Q and
us,r S H7

(1)5 (ta T,W, ’U,g’,,-) = Us (t + T, T, 077—00, ué,'r) = V5 (t + T, T, 977“"]7 05,7') + ¢y5(9tw)

Lemma 5.2. Suppose the conditions of Theorem 3.1 and (Hsy) hold. Then, for every o € R, 7 € R,
w € Q, the continuous cocycle s has a D-pullback absorbing set Bs = {Bs(1,w) : 7 € R, w € Q} € D,
which is given by

Bs(1, w) = {U5 € H: ||7.L5||2 < Rs(T, w)},

where

0
Ro(rw) =1+2C1 [ e lys Q)] ol ds +

— 00

2

SuM? [ um,
Mm / €2 [ys (0.)[” [(=A) 70| ds

4 0 MS 2 402 2 2
+ — e2 °||h(s + 7)||°ds + — + 2|ys (w) |7]|&]|*.
pm J_ oo m

Proof. Taking the inner product of (5.3) with vs(t) = vs (¢, T,w,v5,,), and following (1.2), (2.7) and the

Young inequality, we obtain

d wm
2 Ios @17 + == les (I + mC (n,7) [|oa (O
4pM? 2
<Cilys () ” 1P + == lys (60) P (=AY + B> + Co,

m
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where C7 and Cy are showed as Lemma, 4.1.

Multiplying (5.4) by €2 * and integrating over (1 — t,0) with o > 7 — ¢, we have for every w € Q,
o
05 (0,7 — £, 0, v5.0—0) |2 + mC(n,7) / lE 2 (5,7 — 10,05 e
r_

<e"F Ty 4|12+ Cy / €2 (7 Jys (0.0)|* |0 *ds

T—t
4puM?
m

2 7 m 20 nm
b [ ) s+ 221 F ),
pm Sy pm

+

/ te%‘”’ lys (0s0)[° [(—A)7¢|*ds

Replacing w by _,w and then changing variables appropriately, we obtain the following result

o
o3 (0,7 = .-, vs )| 4 mCm,) [ 0 g, 070, ) ey
T—t

< s |2+ Cy / e HT) 1y (0,w) [ (|6 *ds

—t

4uM? 77 um
o / e (H7=0) s (D)2 | (—A)g||2ds
—t

2 77T um 2C pm
+ 7/ SB[ + 1) 2ds + 2C2(1 — e P (T—t=0)).
pm J_, pm

Since vs (f T —t, Q,TUJ, vé,‘f‘*t) = Us (ta T—1, 677(4‘# ud‘,‘rft) - ¢y5 (etf‘rw) with vs ;4 = Us,7—t — ¢y5 (Q,tw),
we have

|us (o, 7 — ¢, 0_rw, utsﬁ,t)HQ

o—T
pum

<23 ug -y — dys (6-w) |* + 201/ AT Jys (Ouw) [ |6 ds

—t

SHZ\/‘/[Q o B (s+T7—0 p
" / e T s (0,w) [ [1(—A) ¢l ds

moJt

4 T um 4C pm
+— e T (s + 7)|Pds + —=(1 = €2 ) 42 gy (65— ,w) ||
wm J_, um

pum

<4 F T ug o |* + 4 T Pys (6-iw) P

20y [ EETD gy 0.0 ol ds

—1

S8uM? (77T um g
+ 2 / " (=) |y (0,w) || (~A) ¢ %ds

m —t

4 T am 4C:- pwm
— e F TN In(s + 1) Pds + —2(1 = e ) 4 2| gys (0,—rw) |I*
wm J_y wm

Lemma 5.1 and inequality (4.1) imply that there exists T = T (r,w, B,o,m, 1) > 0 such that for all
£>T,

||7.L5 (07 T—t, 9*7"”7 u5,7'*t)H2

o—

<1420, / BTN |y (0,0) 2 || ¢ ds

—t

8 M2 T B (st r— 0o
4 8u / e =) |ys (0uw) [ ||(—A) ¢ %ds

m —t
4 o-T m 40
[ eSO (s 4 )| 2ds + —2 + 2] dys (Br_rw) |2
HmeJ g Mm
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On the other hand, combining Lemma 5.1 with inequality (4.2), one can easily check that Rs is
tempered (we omit the details here). O

Similar to Lemma 4.3, we have the following result on ®;.

Lemma 5.3. Suppose the conditions of Lemma 5.2 hold. Then the continuous cocycle ®s is asymptotically

compact in H.

By Lemma 5.2 and Lemma 5.3, we deduce the following result about existence of D-pullback attractors
for ®5.

Theorem 5.1. Suppose the conditions of Lemma 5.2 hold. Then the continuous cocycle ®5 of problem
(5.2) has a unique D-pullback random attractor As = {As(t, w): T€ R, we N} €D in H.

6 Upper semi-continuity of random attractors

In this section, we will establish the convergence of solutions and the upper semi-continuity of random

attractors of (5.2) as § — 07,

Lemma 6.1. Suppose the conditions of Theorem 3.1 hold. If us and u are the solutions of problems
(5.2) and (2.8), respectively, then for allT € R,w € Q, e > 0 and T > 0, there exist o = do(7,w, T, ¢)
and C = C(r,w, T, p,m, M,Cy) such that for all0 < < dy and t € [1,7+ T,

llus(t, 7w, us.7) — u(t, 7, w,ur)||* < e |us.r — ur||> + Ce. (6.1)

Proof. By (5.3) and (2.9), taking the inner product with vs(t) — v(t) we have

1d
2dt

.

e (t) = o(®)1> + a (1 (0(8)) + = () 1)) (w3 (£) = v(), 5 (2) = (1))

(1o (1 5(6)) + 1 (00) U)) = @ (1 (0(8)) + = (Bi) 1)) Avs(£), v () — v(8))|

| ([0 (0 @st) + 95 (0:) 16)) = a (L (W(8)) + = (B) U))] A, vs(t) = v(0))| (6.2)
+ (F (ws(t) + dys (0:)) = F (0(t) + 92 (01)) s v5() = (1))

+ (s (00) = 2 (0) ) (6, v5(8) = v(®) )

Since a is locally Lipschitz and I € £(L?(O);R), the first term on the right-hand side of (6.2) can be
bounded by

]([ (1 (05(8)) + s (0r) U6)) = a (1 (v(1)) + 2 (6:) 1)) Avs(8),v3(t) = v(1) |
RN les () = o)l + 6l lgs (0) — 2 (Bueo) ] (= A) 05() + o (), 5(2) — 0(t))

R)|lt| [uva B + 116l (Br) — 2 (6u) |
( 2 0 (01 gyl 6) — ()] + @) s (8) = v(8) ) (6.3)
C(n, )

<=2 LR (s ()l ey + s ()]
x (s 8) = v(®) 12 + o5 (&) = ()6 llys (Bu) — = (0) )

<C0) 2 Ry 012 (s (0 ey + s 1) (Sl (e) — o)+ S 161210 (Buo) — = () ).
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Similarly, for the second term on the right-hand side of (6.2), we have

(0 (0 (v5(8) + ys (6u0) 1(6))) = @ (1 (0(8)) + 2 (0u) U))] Ay, vs(t) — v(1)]
(R)Hll\[llvs Ol + 6l lys (0r) = = O) 1] (= 2)7 + g, v5() = v(1))
La(R) 1 [l105(t) = oIl + 9lllys (6u) — = (61v) |
x (C<" D6l ey 5 (8) — w0+ sl (®) — (0 (6.4)
<C0 g2 Ry 012 (ol ey + )
x (Is(t) = v(®) 12 + s (t) = ()6 llys (Bu0) — = () )
<C ) 2 Ry 012 (101 + 61) (S s(0) — oOI2 + L0121 (Brs) — = 0) 7).

In terms of f € C(R), the locally Lipschitz continuity of a and I € £(L?(0);R), for the third term on
the right-hand side of (6.2), we obtain

(F (05(8) + 6ys (0:0)) = F (v(t) + 9= (0)) , v (1) — v(1))
= (F (vs(t) + bys (0)) = F (0(t) + bys (0)  5(1) = v(1) )
+ (F 1) + 6ys (0w) = F (0(0) + 62 (6,w) , vs(t) = v(1))
< s (t) = 0|2 + pLa (Rl e r a1 + s (010) 9]l 0)) s () — v (D)1
+ 1M Jys (6.0) = = (0) [l ll[os (2) = v(@)] (6.5)
+ HLa (R s 01) = 2 (00) 191 {110l rmym) + 12 01) 60 | Ivs(t) = w(D)]
+ Cyllos(t) = o)1 + Cilys (0r) = = 0) [0 llvs (8) = v()]
< (M + uLa B (oo sy + s (60) 9l (o)) + 5 + O ) lua(t) = v(2)
¥ 5l (00) — = (000) PUIP (52M2 g2 BRI ooy + 12 (00) 10l o] )-
Applying the Young inequality to the last term on the right-hand side of (6.2), we have
(v5 (Buo) = 2 (B1) ) (6,05() = 0(8) ) <l (On0) — 2 (Bu0) [0l () — w(2)]
< les(®) — o) + 1y (0) — = (60) P8P
Combining (6.2)-(6.6), we have the following estimation
& os(t) — (o)
_(30(5 ) L2 (R (IOl sy + 06O+ 16l 2y + )

3
+ 2 + BLa( RNl eirr sy + b (0) 16lno)) + 5 + Cr ) + 1) us(®) — (@) (6.7

(6.6)

s (0) — = B) P02 (E 2 L2 R0 (s 0 ey + s 0+ 160y + )

+ M2+ PRI [\uvncqﬂw i+ 12 (000) [[6]=0)] +1).

By Lemma 5.1, for every € > 0, there exists g = do(7,w,T,e) > 0 such that, for all 0 < § < dy and
telnr 4T,
lys (Orw) — z(6iw)| < €.
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Note that v € L2 ([r,7 + T); V) N C([r, 7 + T); H) and the mapping t + z (f;w) is continuous, we derive

% los () = v(®)||* < Cllvs(t) = v(t)|* + Ce.

The Gronwall lemma implies that
llvs(t, 7, w,v5.7) — vt 7w, v:)||> < eCE D ||vs, —vr |2 + Ce.
By the definition of u, it follows that
s (t, 700, us,7) = w(t, 7w, ur) [* < eCC lug = ur||* + [lys (6rw) = 2 (670) [* + [ys (Bsw) — 2 (0w) P] [ 6]1* + Ce,
which together with Lemma 5.1 implies that

||u(;(t,7',w,u5,7—) - U(t777w»u‘r)||2 < ec(t_r)llu&r - u‘rH2 + Ce.

As a straightforward consequence of Lemma 6.1, we obtain the following convergence of solution.

Lemma 6.2. Suppose the conditions of Lemma 6.1 hold and 6, — 07. Let us, and u be the solutions
of problem (5.2) and (2.8) with initial data us, , and u,, respectively. If us, » — u, in H as 6, — 0%,
then for every t € R, w € Q and t >,

us, (t, 7w, us, ) — u(t, T,w,uy) in H as &, — 0.
For the attractor As of &5, we have the following compactness.

Lemma 6.3. Suppose the conditions of Theorem 3.1 and (Hs) hold. Then for every T € R, w € §Q, if
§n — 07 and us, € As, (1, w), the sequence {us, } 7> is precompact in H.

Proof. Since us, € As, (T,w), by the invariance of As, , there exists 45, € As, (T — 1,0_1w) such that

us, = Os5, (1,7 —1,0_qw,4s,) = us, (1,7 —1,0_,w, as, ). (6.8)

By Lemma 5.2, there exists Ny = Ny (7,w, @) > 1 such that, for all n > N,

0 pm o 2 2 SNMQ 0 pm g 2 2
Ro,(r = 1,6-0) =1+2Cs [ e lys @) JolPds + 2 [ e s (0.1) (-2 0l

— 00 — 00

4 0 s 2 40, 2 2
o | e (s + 7 = D)Fds 4+~ 2fys (0-1w) [
B J —co pm

which together with the fact @5, € As, (1 —1,0_1w) C Bs,, (7 — 1,60_qw) implies that for all n > Ny,

~ 2 0 b g 2 2 8:LLM2 0 B s 2 v 4112
a5, I <14+2Cy [ e [ys (Bs1w)[” [[9]]"ds + €27 Jys (0s1w)[” [(=A) [ ds

oo m

4 [0 2 40, 2| 4112
+— e *||h(s +7 = 1)["ds + —= 4 2Jys (0—1w) [*[|2]]"-
pm J o pm

By definition, we know that {@s, }°°, is bounded in H. Therefore, there exists v € L*([r — 1,7]; H) such

that, up to a subsequence,

vs, (7 —1,0_,w,05,) — 9(-) in L2([T —-1,7);H),
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which implies, up to a subsequence,
vn(s,7—1,0_,w,0,) = 9(s) in H a.e. for s € (1 —1,7).

We then have
us,, (8,7,0_rw, s, ) — 0(s) + ¢ys(fsw) in H a.e.for s € (r —1,7). (6.9)

Since d,, — 0, by Lemma 6.2 and (6.9), we have
us,, (7,8, 0_rw,us, (s, 7 — 1,0_7w,Us,)) — u(7,8,0_rw,0(s) + ¢ys(0sw)) in H.

Note that

us, (1,8, 0_rw,us, (8,7 — 1,0_rw,qs, ) = usn (7,7 — 1,0_rw, Us, ).

Thus, we have

us,, (7—7 T—1,0_;w, ﬂén) - U(T’ 5,0_rw, 1_}(5) + ¢y5(93w)) in H,
which along with (6.8) completes the proof. O
Now we present the upper semi-continuity of random attractors as § — 0.

Theorem 6.1. Suppose the conditions of Theorem 3.1 and (Hs) hold. Then, for all T € R, w € Q,

lim dg(As(T, w), A(T, w)) = 0.

§—0+

Proof. Let 6, = 0 and us, » — u, in H. We derive from Lemma 5.1 that, for all 7 € R,w € Q,
lim || Bs (7, w)l| = [ B(, w)]]. (6.10)
=0

Then by (6.10), Lemmas 6.2 and 6.3, we prove this theorem from Theorem 3.1 in [47]. O
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