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We report a study of the spin dynamics of the frustrated ferromagnetic J1-J2 chain compound linarite,
PbCuSO4(OH)2, in applied magnetic fields up to field polarization. By means of an extreme-environment
inelastic neutron scattering experiment, we have measured the low-energy spin excitations of linarite in fields
up to 8.8 T for H ‖ b axis. We have recorded the spin excitation spectra along h, k, and l for the field-induced
magnetic phases IV, V, and the field-polarized state close to saturation. By employing first-principles calculations,
we estimate the leading magnetic exchanges out of the bc plane, and we model the dispersion relations using
linear spin-wave theory. In this way, we find evidence for a (very weak) residual magnetic exchange coupling
out of the bc plane. Together with the previously established dominant intrachain couplings J1 and J2 and the
interchain coupling J3, we derive an effective set of exchange couplings for a microscopic description of linarite.
Further, we find that the peculiar character of phase V manifests itself in the measured spin dynamics.

DOI: 10.1103/PhysRevB.106.144409

I. INTRODUCTION

Low-dimensional quantum magnetic systems are fasci-
nating subjects of study both from an experimental and a
theoretical point of view. For experimental studies, in particu-
lar, the material class of copper oxides plays an important role.
Here, the copper ions carry a spin S = 1/2, and the magnetic
exchange dominantly arises from superexchange via the oxy-
gen orbitals. The exchange interactions can be of a competing
nature, and magnetic frustration may arise [1] leading to a
multitude of exotic ground states with highly interesting spin
dynamics (see, for instance, Refs. [2–5]).

More specifically, in (quasi)-one-dimensional systems,
magnetic frustration can occur due to competing exchange
interactions along a spin chain when there is also a relevant
next-nearest-neighbor exchange J2 in addition to the nearest-
neighbor exchange J1. The corresponding Hamiltonian reads

H = J1

∑

i

Si Si+1 + J2

∑

i

Si Si+2 − h
∑

i

Sz
i (1)

for a bare chain in a magnetic field h with Si being the
spin-1/2 operator at chain site i. This model has been studied
in great detail, and especially the frustrated ferromagnetic
(FF) J1-J2 chain (ferromagnetic J1 < 0 and antiferromagnetic
J2 > 0) has attracted considerable theoretical interest (see, for
instance, Refs. [6–12]). Its magnetic phase diagram [7–9], de-
pending on the ratio α = J1/J2, contains exotic field-induced

*Corresponding author: l.heinze@tu-braunschweig.de

states such as spin-density wave (SDW) and spin-multipolar
phases. The latter arises from a multimagnon condensation
close to saturation. For zero/low magnetic fields, a vector chi-
ral phase is predicted. The model in Eq. (1) can be extended by
including, for instance, interchain or Dzyaloshinskii-Moriya
(DM) interaction [13].

While some of the above-mentioned states have been iden-
tified in real materials, the challenging field and temperature
ranges required can make an experimental test cumbersome.
Moreover, especially spin-multipolar states are notoriously
hard to access experimentally. From a theoretical viewpoint,
“experimental signatures” of a quadrupolar state (also referred
to as spin-nematic) have been identified for measurement
techniques such as nuclear magnetic resonance (NMR) [15]
and electron spin resonance [16]. The low-energy spin exci-
tation spectra of a FF J1-J2 chain [11,17] can be examined to
some extent using inelastic neutron scattering (INS).

Over the years, a few materials have been established
as model systems of the FF J1-J2 chain. Particular inter-
est lies in experimental realizations with −4 < α < 0. This
is the range of α where, e.g., the compounds LiCuVO4

[18–20], PbCuSO4(OH)2 (linarite) [21–23], and β-TeVO4

[24,25] were established to reside, and which have been stud-
ied actively during the past decade. The spin dynamics in
applied fields have been investigated for a few of them by
means of NMR and INS [26–29], in particular in view of spin-
multipolar states. For these investigations, the application of
high magnetic fields (a few 10 T) is essential—an obstacle
for the study of such materials. Still, in Ref. [26], a high-field
NMR study on LiCuVO4 was reported, from which a narrow
field range of ∼1 T close to saturation (∼41 T) was identified
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to possibly host a spin-nematic state. Additional high-field
NMR measurements to test this scenario followed [27].

The object of the present study is the mineral linarite,
which has been extensively characterized regarding its mag-
netic properties within the past 10 years [21–23,29–37]. Its
anisotropic magnetic phase diagram is well established. With
a Néel temperature TN = 2.8 K and a saturation field of
μ0Hsat = 9.64 T (H ‖ b axis) [21,29], it is comparatively easy
to access. This allows us to use static fields ∼μ0Hsat and to
apply INS to record the spin excitation spectra of a FF J1-J2

chain just below saturation.
A theoretical proposal for an experimental observation of

a spin-nematic state in a frustrated ferromagnet by means
of INS is given in Ref. [38] for the (quasi)-2D magnet
BaCdVO(PO4)2. Here, it is predicted that a (ghostly) linearly
dispersing Goldstone mode might be observable close to sat-
uration. Applied to a FF J1-J2 chain chain with interchain
couplings and in the presence of a 2D spin-nematic state,
similarly, a linearly dispersing Goldstone mode should be
observable [39]. However, given that its spectral weight might
be minute compared to the dispersion of the one-magnon
excitations [38], it is still extremely challenging to resolve.
In spite of this, we report here a corresponding in-field INS
study on the field-induced magnetic phases of linarite up
to the field-polarized, paramagnetic state. From a previous
NMR study on linarite, two-magnon excitations were found
to be the lowest-lying spin excitations in the high-field region
of the phase diagram [29]. This indicates the possibility of
spin-nematicity (p = 2), whereas the α value of linarite would
instead be indicative of a multipolar state formed by p > 2
bound magnons. Hence, it remains to be seen whether the
Goldstone mode can be revealed.

Linarite, PbCuSO4(OH)2, crystallizes in a monoclinic
structure with space group P21/m [33,40,41] with a = 9.682,
b = 5.646, c = 4.683 Å, and β = 102.66◦ [41] [Figs. 1(a)
and 1(b)]. Herein, buckled, edge-sharing Cu(OH)4 units form
chains along the b axis. Initially, the magnetic exchange in
linarite has been modeled with two dominant exchange cou-
plings J1 = −100 K and J2 = 36 K (α = −2.78) via bulk
measurements [21]. Subsequently, these exchange couplings
were confirmed in a zero-field INS study [22]: In combina-
tion with an analysis by means of linear spin-wave theory
(LSWT), this study yielded J1 = −114 K and J2 = 37 K
(α = −3.08) as well as an additional (effective) interchain
coupling Jic ≡ J3 = 4 K [Fig. 1(b)]. These findings were well
supported by dynamical density-matrix renormalization group
(DDMRG) results with J1 = −78 K, J2 = 28 K (α = −2.79),
and J3 = 7 K [22]. From a subsequent in-field INS study [23],
it was concluded that there are three additional couplings aside
from the previously established J1–J3. Despite the limited set
of INS data, it was inferred that linarite was closer to the
quantum critical point α = −4 with J1 = −168 K, J2 = 46 K
(α = −3.65), and J3 = 8 K.

The competing interactions in linarite are responsible for
its complex magnetic phase diagram [21,23,29–33,35,36].
A helical magnetic ground state was observed below TN

with an incommensurate magnetic propagation vector of q =
(0, 0.186, 0.5) [32]. The field-induced behavior of linarite is
highly sensitive to the field direction and the temperature
[23,31,33,36]. By now, the phase diagram of linarite has
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FIG. 1. (a),(b) Crystal structure of linarite, PbCuSO4(OH)2, with
Cu (blue), Pb (black), S (yellow), O (red), and H (white) [33].
In (b), the view on the bc∗ plane is displayed for a visualization
of the magnetic coupling scheme consisting of J1, J2, and J3, as
modeled in Ref. [22]. The solid lines indicate the structural unit cell.
(c) Magnetic phase diagram of linarite for H ‖ b axis consisting of
phases/regions I–V; green circles with crosses indicate where the
INS measurements were carried out.

been studied using a multitude of experimental techniques for
H ‖ b axis [Fig. 1(c)]. In this field configuration, the helical
ground-state phase (labeled I) is suppressed in low magnetic
fields of 2.5–3 T. It is replaced by an antiferromagnetic phase
IV with a commensurate propagation vector q = (0, 0, 0.5)
[30]. At lowest temperatures, T � 600 mK, a hysteretic
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region II separates phases I and IV [29,33]. Above ∼1.2 K,
a coexistence phase III is present between phases I and IV
[30]. The phases I, III, and IV are enveloped by a phase V,
which has been refined as an incommensurate, longitudinal
SDW phase with q = (0, ky, 0.5) [30]. Here, ky shifts as a
function of field and temperature [29,30].

In the present work, we advance the study of spin dynam-
ics in linarite. Motivated by the search for spin-multipolar
states, we have carried out time-of-flight neutron scattering
measurements in magnetic fields up to 8.8 T for H ‖ b axis
and temperatures as low as 500 mK. From our data, we extract
the low-energy spin excitation spectra within the magnetic
phases IV, V, and for the field-polarized state close to satu-
ration. Given the very good agreement between experiment
and theory for the INS study in zero magnetic field, we first
model the INS data using DDMRG and LSWT starting with
the J parameters from Ref. [22]. However, this model lacks
exchange couplings out of the bc plane that are a prerequisite
for modeling the experimentally measured dispersions along
h. To remedy this shortcoming, we perform first-principles
calculations of linarite and evaluate the respective transfer
integrals by mapping the relevant part of the band structure
onto a Wannier basis of Cu 3dx2−y2 states. We find evidence
for a weak coupling out of the bc plane, J4, which is further
corroborated by the LSWT results. In view of the applied-field
spin-wave analysis, we discuss our INS data regarding the
possibility of a spin-multipolar state close to saturation.

II. EXPERIMENTAL DETAILS

Inelastic neutron scattering experiments on linarite were
carried out at the ISIS Neutron and Muon Source of the
Rutherford Appleton Laboratory using the cold neutron mul-
tichopper spectrometer LET [42]. Due to the small sample
size of the naturally grown single crystals, a crystal array
with a total mass of ∼150 mg was prepared for the ex-
periment. The crystals were sourced from the Blue Bell
Mine, San Bernardino, California, USA. The same set of
crystals had also been used for the previous INS study
on linarite [22]. Each crystal was needle-shaped and sep-
arately characterized using neutron diffraction whereupon
the long axis of each crystal was identified as b axis.
A set of five high-quality single crystals without twins
and with low mosaic spread [full width at half-maximum
(FWHM) < 2◦] was coaligned on thin aluminum plates. The
crystals were affixed using hydrogen-free Teflon tape to en-
sure low background scattering [43]. The b axis was aligned
vertical such that the a and the c axes were contained within
the scattering plane. This enabled recording of the spin exci-
tations along h and l (perpendicular to the chain direction).
The large position-sensitive detectors of LET further allowed
coverage of a k range up to ±0.3 r.l.u. (Ei = 2.981 meV) out
of the scattering plane to record the spin excitations along the
chain direction.

For the experiment at the LET instrument [44], a 3He insert
was used in combination with the wide-bore, 9 T vertical-field
magnet in order to carry out the neutron scattering scans in the
required temperature region of the magnetic phase diagram.
The magnetic field pointed along the crystallographic b axis.
By keeping T = 1.3 K fixed, the magnetic phases I, IV, V

and the field-polarized state could be reached by varying field
only [Fig. 1(c)]. LET was operated in high-flux mode with
chopper frequencies of f1 = 40 Hz, f2 = 10 Hz, f3 = 80 Hz
(pulse removal), f4 = 120 Hz, and f5 = 240 Hz (resolution)
in order to provide in parallel incident neutron energies Ei =
8.246, 2.981, 1.518, and 0.918 meV. The focus of the present
analysis lies on the data set with Ei = 2.981 meV affording an
energy resolution of 0.11 meV.

The sample was zero-field-cooled to 1.3 K, and then a
magnetic field was applied. Neutron scattering scans were
carried out at 1.3 K in fields of 8.8 T (beyond phase V), 7.6 T
(phase V), and 6.5 T (phase IV), measuring from highest to
lowest field while keeping the temperature fixed. A corre-
sponding data set was recorded at 500 mK in magnetic fields
of 8.5 T (phase V) and 6.5 T (phase IV) [45]. In the present
study, the data analysis is focused primarily on the data set
collected at 1.3 K, which enables investigation of the magnetic
state beyond phase V. In Fig. 1(c), the (T, μ0H) points of the
neutron scattering scans are indicated by green circles with
crosses. An additional scan was performed at 40 K and 0 T,
i.e., for T � TN. An angular range of 90◦ with a step width
of 1◦ was covered for each scan. Each step was counted for
an integrated proton current of 10 μA h, corresponding on
average to about 15 min. The INS data were reduced using
the MANTIDPLOT software package [47]. Slices through the
measured data I (Q, E ) were carried out using the program
package Horace in MATLAB [48].

III. EXPERIMENTAL RESULTS

A summary of our INS data recorded at 1.3 K with an inci-
dent energy Ei = 2.981 meV is displayed in Fig. 2, where we
plot color-coded intensity maps as energy transfer over Q =
(h, k, l ) for three applied magnetic fields: 6.5 T (first row),
7.6 T (third row), and 8.8 T (fifth row). In each column (a)–(h),
the same cut through the data has been performed for the
different field points, respectively. The data were smoothed
over a width of two bins along the horizontal and the vertical
directions. All data have been corrected for a nonmagnetic
background by subtracting the data measured at 40 K in 0 T.

In Figs. 2(a)–2(c), we present E -Q slices along k, i.e.,
along the (reciprocal) chain direction. With a limited k range
of ±0.3 r.l.u. out of the scattering plane, we only observe
a part of the spin-wave dispersion of linarite. Along (0.5,
−k,−0.5) [Fig. 2(a)], at 6.5 T, we observe two gapped modes,
which appear almost flat within the limited k range. At 7.6 T,
scattering intensity can be observed at ∼0.8 meV energy
transfer. Generally, the scattering intensity here is reduced.
At 8.8 T, we observe increased scattering intensity close to
the elastic line only, suggesting the presence of one spin-wave
mode. This is in accordance with the sample being (almost)
field-polarized in 8.8 T. For the cuts along (0, −k,−0.25)
[Fig. 2(b)], at 6.5 T, we observe dispersion with shallow
minima at k ∼ ±0.15. Due to the fact that we clearly observed
two modes along (0.5, −k,−0.5) at 6.5 T, the E -Q slice
along (0, −k,−0.25) suggests that the two modes here lie
very close together or on top of each other. At 7.6 T, we find
a broadening and intensifying of the dispersion—here likely
consisting of several modes. At 8.8 T, close to the saturation,
we find the single spin-wave mode intensified and strongly

144409-3



L. HEINZE et al. PHYSICAL REVIEW B 106, 144409 (2022)

FI
G

.2
.

In
el

as
tic

ne
ut

ro
n

sc
at

te
ri

ng
in

te
ns

ity
m

ap
s,

pl
ot

te
d

as
en

er
gy

tr
an

sf
er

ov
er

(h
,
k,

l)
.T

he
ex

pe
ri

m
en

ta
l

da
ta

w
er

e
re

co
rd

ed
at

1.
3

K
in

ap
pl

ie
d

m
ag

ne
tic

fie
ld

s
of

6.
5

T
(fi

rs
t

ro
w

),
7.

6
T

(t
hi

rd
ro

w
),

an
d

8.
8

T
(fi

ft
h

ro
w

)
w

ith
an

in
ci

de
nt

en
er

gy
E

i
=

2.
98

1
m

eV
.I

n
th

e
se

co
nd

,f
ou

rt
h,

an
d

si
xt

h
ro

w
s,

th
e

re
sp

ec
tiv

e
ca

lc
ul

at
ed

sp
ec

tr
a

on
th

e
ba

si
s

of
L

SW
T

ar
e

sh
ow

n
(f

or
de

ta
ils

,s
ee

Se
c.

IV
).

R
ec

ip
ro

ca
ld

ir
ec

tio
ns

ar
e

gi
ve

n
in

r.l
.u

.F
or

de
ta

ils
,s

ee
th

e
te

xt
.

144409-4



LOW-ENERGY SPIN EXCITATIONS OF THE FRUSTRATED … PHYSICAL REVIEW B 106, 144409 (2022)

broadened [49]. For the cuts along (0, −k,−0.5) [Fig. 2(c)],
at 6.5 T, the two modes apparently lie close to each other.
They appear dispersionless within the experimental k range.
Similar to the cut along (0.5, −k,−0.5), at 7.6 T, we observe
weak scattering intensity at an energy transfer of ∼0.8 meV
along (0, −k,−0.5). At 8.8 T, we observe scattering intensity
merely close to the elastic line.

Next, we analyze the spin-excitation spectra along l
[Figs. 2(d)–2(f)], which allow the investigation of the inter-
chain couplings perpendicular to the chain. In accordance with
Ref. [22], we observe dispersive spin-wave modes. Along
(−0.5, 0, l) [Fig. 2(d)], at 6.5 T, we observe two weak dis-
persing modes, which are likely to cross at l = −0.25. These
two modes are gapped. At 7.6 T, the dominant feature is a
flat band at ∼0.8 meV energy transfer with increasing spectral
weight when l → 0. This dispersionless feature is still present
at 8.8 T but with additional scattering intensity close to the
elastic line at l = −0.5. Along (0.5, 0, l) [Fig. 2(e)], at 6.5 T,
we can clearly resolve two gapped dispersive modes crossing
at l = −0.25. The minimum/maximum of the dispersions is
at l = −0.5. At 7.6 T, it appears that one dispersive mode
extends down to the elastic line at l = −0.5. Additional weak
scattering intensity is seen at ∼0.8 meV energy transfer. At
8.8 T, we can observe a single dispersive mode with a mini-
mum at l = −0.5 and close to the elastic line. These findings
are similar for the cuts along (0, 0, l) [Fig. 2(f)] but with the
details of the spectra less clearly resolved. At 7.6 T (8.8 T), we
additionally observe a spot of enhanced scattering intensity at
∼0.8 meV (1 meV) energy transfer close to l = 0. Further, at
8.8 T, we can observe the single dispersive mode extending
down to the elastic line at l = −0.5. Generally, at 8.8 T, the
minimum at l = −0.5 is in accordance with the results along
k where for those slices with l = −0.5 intensity was mainly
observed close to the elastic line.

Before proceeding with the analysis of the E -Q slices,
in the given context, we briefly discuss our applied-field
INS data along k and l in view of the zero-field data from
Ref. [22]. Recorded in zero magnetic field and at 500 mK,
those previous INS data captured the spin-wave excitations of
the incommensurate, elliptical helix with propagation vector
q = (0, 0.186, 0.5). Along (0, k, 0.5), multiple modes col-
lapsing at the elastic line at k = ±0.186 were observed. In
the present experiment, in the field-induced phase IV with a
commensurate magnetic propagation vector q = (0, 0, 0.5) at
6.5 T, we observe two gapped modes along k. This trans-
formation of the spectrum reflects the change to (canted)
commensurate antiferromagnetism of linarite. The dispersion
along (0, −k,−0.25) features two shallow minima at k ∼
±0.15. Although recorded in a commensurate magnetic state,
this reflects remnant features of the incommensurability in
the spin dynamics of linarite—imposed by the competing
exchanges J1 < 0 and J2 > 0 along b. The shallow minima
along (0, −k,−0.25) persist up to the highest experimental
field of 8.8 T. Along (0, 0.186, l), in zero magnetic field [22],
dispersing modes collapsing at the elastic line at l = ±0.5
were observed resulting in a rather complicated spin-wave
spectrum. By applying a magnetic field, in the present study,
the spectrum is transformed successively to a rather simple
one with a single mode at 8.8 T featuring a minimum at
l = −0.5. This reflects an antiferromagnet being driven into

a field-polarized state and thus supports the predominance of
antiferromagnetic exchange interaction along the c axis.

We now proceed with the analysis of the E -Q slices along
h [Figs. 2(g) and 2(h)]. As for the l direction, these data allow
investigation of the interchain couplings. Studies of the spin
excitations along the h direction, however, have not yet been
reported for linarite. Along (h, 0,−0.5) [Fig. 2(g)], at 6.5 T,
we observe dispersion of two modes indicating that weak
interchain couplings out of the bc plane are present. The 6.5 T
data sliced along l favor a picture of the upper mode along
(h, 0,−0.5) being rather flat while the second disperses. At
7.6 T, along the same reciprocal direction, we observe less
distinct dispersion about 0.8 meV. At 8.8 T, we observe weak
dispersion about 1 meV energy transfer along (h, 0,−0.5) for
h < −0.5 as well as enhanced scattering intensity close to the
elastic line for h > −0.5. We note that the essence of this
spectrum is not fully resolved. Now turning to Fig. 2(h), along
(h, 0,−0.25), a broadened dispersion is evident under a field
of 6.5 T. The results at 7.6 and 8.8 T resemble each other
along (h, 0,−0.25) with almost no dispersion present between
h = −1 and h = 0 (E ∼ 0.8 meV/1 meV). This is a curious
observation as we know from the measurements under a field
of 6.5 T that weak interchain couplings out of the bc plane
must be present. We will return to these findings for the 7.6
and 8.8 T slices in Sec. IV in light of LSWT results.

When globally assessing our INS results, we note that in
addition to the dominant exchange couplings J1 and J2, we
have resolved residual exchange couplings forming a very
weak 3D network of chains—likely responsible for the mag-
netic ordering of linarite at TN. From the data recorded at 6.5
and 8.8 T, we can mostly extract the spin-wave dispersions,
whereas those recorded at 7.6 T are less intense [e.g., along
(0, k,−0.5), (0.5, 0, l), and (0, 0, l)]. This observation is
consistent with the unusual character of phase V: a previous
NMR study in this field region suggested phase separation
into the SDW phase and a phase without detectable dipolar
long-range order [30]. From the field-dependent drop of the
integrated intensity of magnetic Bragg peaks measured at the
phase boundary IV–V at 1.3 K [29], we can roughly esti-
mate that both environments are equally contributing to the
phase-separated phase V. Thus, in the INS data, the intensity
reduction in phase V is reasonable on the basis of previous
experiments. At 8.8 T, along (−0.5, 0, l), we curiously seem
to observe a flat as well as a (weak) dispersive mode. This
appears unusual for a saturated state. At 7.6 and 8.8 T, for the
slices along (h, 0,−0.5), the essence of the spectra is not fully
resolved. We will discuss these findings later in Sec. IV. By
looking closely at the E -Q slice along (0, 0, l) at 8.8 T, there is
no clear evidence of a Goldstone mode close to Q = 0; for a
2D nematic state, the Goldstone mode should be isotropically
observable [39]. To deepen our understanding of the spin
excitations of linarite, we will next model the INS data on
the basis of DDMRG and LSWT.

IV. SPIN-WAVE ANALYSIS

For a parametrization of our present set of in-field INS
data, we have carried out different modeling approaches. First,
we have reanalyzed the spin-excitation spectra recorded along
k and l using DDMRG [50], now optimizing the coupling
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FIG. 3. Magnetic coupling scheme used for the LSWT calcula-
tions consisting of the dominant intrachain couplings J1 and J2 as
well as the two residual interchain couplings J3 and J4; the magnetic
Cu ions are represented by the blue spheres. Solid lines indicate the
structural unit cell.

parameter set J1–J3 from Ref. [22] on the basis of the applied-
field INS data (details are given in Ref. [45]). Furthermore,
we have applied LSWT on the field-induced phases IV and
V as well as the paramagnetic state close to field polariza-
tion. In the past, LSWT modeling of the spin-wave excitation
spectra in phase I produced a very good agreement between
experiment and theory [22]. Following the procedure of that
study, the present calculations were carried out using the
MATLAB library SpinW [51]. As this program package uses
(quasi)classical numerical methods, we present in the follow-
ing a corresponding description of linarite with the awareness
that it does not fully account for the quantum nature of this
system. Still, applying LSWT to model the in-field INS data
has proven to be a reasonable approach for linarite as dis-
cussed in the previous study [22]. The spin-wave analysis
hence enables us to assess which features of the spin excita-
tion spectra can be explained as spin waves, in turn facilitating
the search for features of the spectra which cannot.

Initially, for the calculations in the present study, the ex-
change interactions obtained from the previous zero-field INS
experiment were used: J1 = −114 K, J2 = 37 K, and J3 =
4 K [22], as visualized in Fig. 3. However, as detailed in this
section, for all field-induced phases small modifications to the
exchange parameters had to be applied to obtain satisfactory
descriptions of the in-field INS data. We refer to the supple-
mental material [45] for a comparison between the LSWT
calculations using the initial and the optimized set of exchange
parameters.

Beyond the results from Ref. [22], in the present study
dispersive modes along h were observed in the INS data
[Figs. 2(g) and 2(h)]. Since no estimates for the respec-
tive magnetic exchanges in this direction had been made,
we performed density-functional-theory (DFT) band-structure
calculations using the full-potential code FPLO version 18
[52]. Nonmagnetic calculations were done on a k-mesh of
24 × 14 × 30 points (2896 points in the irreducible wedge)

using the generalized gradient approximation [53] for the
exchange and correlation potential. By projecting the half-
filled bands onto the Cu 3dx2−y2 states [45], we constructed
an effective one-orbital model whose parameters—transfer
integrals ti j—can be further mapped onto a Hubbard model
with an effective on-site repulsion Ueff. The corresponding
antiferromagnetic exchange JAF

i j was estimated in second-
order perturbation theory as 4t2

i j/Ueff. In this way, we find
only one residual coupling out of the bc plane, labeled J4. It
corresponds to a diagonal bond running along a and c (Fig. 3).
Taking Ueff = 4.5 eV and adopting t4 from our effective one-
orbital model, we arrive at JAF

4 	 0.13 K. All other transfer
integrals out of the bc plane give rise to minute exchanges that
are at least one order of magnitude smaller than JAF

4 . In view
of previous experimental results, the magnetic propagation
vector of linarite, which is of the general form q = (0, ky, 0.5)
in all phases [30,32], further supports the DFT finding: A
diagonal antiferromagnetic bond in the ac plane stabilizes a
ferromagnetic alignment along a with an antiferromagnetic
alignment along c.

Having established the minimal spin model, we computed
its magnon spectra. LSWT calculations were first carried out
for a fully field-polarized state with a magnetic propagation
vector q = (0, 0, 0) in a magnetic field of 8.8 T. These cal-
culations ought to be compared to the INS results under a
magnetic field of 8.8 T, i.e., between the boundary of phase
V and the saturation field μ0Hsat = 9.64 T [29]. Here, the
magnetic character is that of an almost fully field-polarized
paramagnet [54]. Essentially, our experimental observations
in 8.8 T are reproduced on the basis of LSWT with an opti-
mized set of exchange parameters: J1 = −114 K, J2 = 30 K,
J3 = 2.9 K, and J4 = 0.5 K [55]. The parameter set J1–J4 was
subsequently applied to phases IV and V.

Phase IV contains a commensurate magnetic state with a
propagation vector q = (0, 0, 0.5) where the magnetic mo-
ments lie in the ac plane with an angle of −27◦ between
the moment direction and the a axis [30]. For the LSWT
calculations, the magnetic structure from the refinement in
Ref. [30] was set as initial magnetic structure. Then, the spins
were canted out of the ac plane by +33◦ to account for
the effect of the external magnetic field H ‖ b axis. At this
canting angle, the best matching between the INS data and
the calculations was obtained. The LSWT calculations were
carried out for a supercell matching the magnetic unit cell. The
magnetic phase V was modeled as a longitudinal SDW with a
magnetic propagation vector q = (0, ky, 0.5) according to the
refinement of the magnetic structure carried out in Ref. [30].
The present INS measurements at 1.3 K and 7.6 T were carried
out in the high-field region of phase V where ky is almost field-
and temperature-independent [29]. Following these findings,
ky = 1/11 was set for the calculations. Moreover, to account
for the effect of the magnetic field on the spin structure, the
spin density was shifted towards positive values to obtain a
magnetic state with M = 0.8 Msat (see magnetization mea-
surements in Ref. [21]). The calculations were carried out for
a supercell matching the magnetic unit cell.

In the second, fourth, and sixth rows of Fig. 2, we present
the LSWT results for the magnetic states described above.
They are presented as color-coded spin-wave dispersions plot-
ted as energy transfer over (h, k, l ). The calculated spectra
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were convoluted with a Gaussian function of 0.1 meV width
to simulate a finite energy resolution comparable to the exper-
imental data. We provide the SpinW scripts used in Ref. [45].

The LSWT results describe well the spin-wave excitation
spectra along k within our accessible range in reciprocal
space and along the energy transfer axis [Figs. 2(a)–2(c)].
At 6.5 T, our model describes the two distinct modes ob-
served along (0.5, −k,−0.5) and (0, −k,−0.5) as well as
the two overlapping modes in the experimental data along
(0, −k,−0.25). For phase V, at 7.6 T, the agreement is more
limited. LSWT here predicts a complex spectrum consisting
of multiple modes—most of them very weak—and which are
not entirely resolved in the present experiment, likely due to
the phase separation. At 8.8 T, the LSWT calculations support
the experimental data sliced along (0.5, −k,−0.5) and (0,
−k,−0.5), where the single dispersive mode is mainly close
to the elastic line within the accessible k range. LSWT further
produces a single gapped mode along (0, −k,−0.25), but at
a lower energy transfer than observed experimentally. In the
INS data, we further observe a strong broadening of this mode
[Fig. 2(b)], which we found to occur mainly due to the integra-
tion with l ∈ [−0.35,−0.15] for producing the corresponding
E -Q maps from the INS data. In this l range, the 8.8 T-mode
is strongly dispersive along l and thus the corresponding slice
covers a broader energy transfer range. The same applies
for the INS data along (0, −k,−0.25) at 7.6 T. We present
an exemplary demonstration of this broadening in Ref. [45]
by performing a resolution analysis in Horace/SpinW [56],
which mimics the slicing of experimental INS data to obtain
E -Q maps, and also takes into account the finite size, angular
divergence, and time spread of the neutron beam using a
Monte Carlo sampling method.

When comparing experiment and LSWT results for the
directions perpendicular to the (reciprocal) chain direction,
we find good agreement with our experimental data for the
l direction [Figs. 2(d)–2(f)]. Here, we can properly describe
the dispersing and crossing of the two gapped modes at 6.5 T
along all three directions, as observed in the INS experiment.
At 7.6 T, agreement for the directions (0.5, 0, l) and (0,
0, l) is found, where the INS data suggest that the most
intense dispersive mode extends down to the elastic line at
l = −0.5. However, the experimental intensity of this mode
is very low—in agreement with the phase separation of phase
V as discussed in Sec. III. In contrast, along (−0.5, 0, l) a flat
band was observed experimentally, but LSWT here predicts a
dispersive mode analogous to the directions (0.5, 0, l) and (0,
0, l). The case is similar for the field-polarized state: At 8.8 T,
the LSWT results along (0.5, 0, l) and (0, 0, l) also match well
the experimental observations with the single dispersive mode
extending down to the elastic line at l = −0.5. Again, along
(−0.5, 0, l) the experimental data predominantly suggest a flat
band, while LSWT predicts dispersion. We will address this
observation later in this section.

Along h [Figs. 2(g) and 2(h)], we find the best agreement at
6.5 T, where LSWT can widely describe the two modes along
(h, 0,−0.5) with an amplitude comparable to experiment for
the lower mode, which disperses more strongly. For small
h, the experimentally observed dispersion appears a little
skewed. At 6.5 T, there is less agreement along (h, 0,−0.25),
where a similar broadening occurs as for the INS data along

(0, −k,−0.25) [45]. At 7.6 T, the agreement between LSWT
and experimental results is quite limited: Experimentally,
along (h, 0,−0.5), we observe weakly dispersive scattering
intensity about ∼0.8 meV, whereas LSWT mainly predicts in-
tensity close to the elastic line. Along (h, 0,−0.25), although
we know from the results at 6.5 T that weak exchange interac-
tions out of the bc plane must be present, we experimentally
observe an (almost) flat mode at ∼0.8 meV energy transfer
at 7.6 T. The case is similar at 8.8 T: Along (h, 0,−0.5), for
h < −0.5 there is weakly dispersive scattering intensity about
∼1 meV, while for h > −0.5 we observe scattering intensity
close to the elastic line. Here, a weakly dispersive mode close
to the elastic line would be in accordance with the LSWT
results. Along (h, 0,−0.25), as for the results at 7.6 T, we
experimentally observe an almost flat mode at ∼1 meV at
8.8 T. This is in disagreement with the LSWT results predict-
ing dispersion at lower energy transfer.

One observation standing out from the spin-wave analysis
is that of the apparently flat bands in the experimental spin
excitation spectra along (−0.5, 0, l) and (h, 0,−0.25), and
which are not reproduced by LSWT. Also, along (h, 0,−0.5),
we observe weakly Q-dependent scattering intensity about
∼1 meV at 8.8 T for h < −0.5, in disagreement with the
LSWT results. As the seemingly flat bands cannot be ex-
plained as spin waves within our model with exchange
parameters J1–J4 but still feature a field-dependent shift to-
wards larger energy transfers, we present an analysis of the
intensity distribution at constant energy transfers in Ref. [45].
As of yet, however, the origin of the observed intensity distri-
bution is unknown, but it appears to be intrinsic to linarite.

Summarizing our LSWT-based spin-wave analysis, we can
describe the coupling out of the bc plane, which is of the order
of �1 K, i.e., �1% of J1. Our findings reflect the dramatically
different energy scales between the dominant and the residual
couplings present in linarite. We have addressed and resolved
the relevance of couplings into all three dimensions for a
strongly frustrated quantum spin chain.

V. DISCUSSION

Altogether, we have carried out an extreme-environment
INS experiment on the FF J1-J2 chain linarite using magnetic
fields up to 8.8 T and temperatures as low as 500 mK under the
condition of a challenging sample mass of ∼150 mg. Together
with previous INS measurements recorded in zero magnetic
field [22], we have measured the spin excitation spectra of
linarite in the entire field range of its magnetic phase diagram,
i.e., in the magnetic phases I, IV, V, and the field-polarized
state close to saturation. The INS experiment—motivated by
the search for spin-multipolar states close to saturation—has
led us first to a parametrization of the applied-field INS data
by means of DDMRG and LSWT using the parameter set
J1–J3 [22]. On the basis of our experimental data, however, we
conclude that an additional exchange path out of the bc plane
is needed to explain the dispersive spin-wave modes along h.
A DFT-based analysis supports this finding and identifies J4, a
diagonal bond within the ac plane, to be the leading exchange
out of the bc plane, albeit with a size of only JAF

4 ∼ 0.1 K.
The DFT calculations exclude the relevance of alternative
exchange paths out of the bc plane.
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We have introduced this very weak exchange J4 in the
magnetic model of linarite. Together with the dominant intra-
chain couplings J1 = −114 K and J2 = 30 K (α = −3.8) as
well as an (effective) residual interchain coupling J3 = 2.9 K,
we have derived an effective 3D coupling scheme. For all
magnetic fields from zero field up to saturation, we have
parametrized our INS data using LSWT, hereby starting with
the field-polarized state beyond phase V. Interestingly, the
DFT calculations have also identified the interchain exchange
perpendicular to the chains (dCu…Cu = 4.6829 Å) to be the
leading interchain exchange within the bc plane, while the
diagonal exchange J3 used in the present work and previous
studies was found to be significantly smaller [45]. Revisiting
our LSWT calculations, we have therefore compared the spin-
wave spectra calculated for a field-polarized state at 8.8 T
for three different interchain coupling schemes—on our ex-
perimental basis, however, we cannot distinguish between the
three models [45]. While we can neither identify nor exclude
a direct bond along c on the basis of our INS data, we note
that the topology of the interchain couplings might affect a
possible presence of spin nematicity in linarite.

In view of the spin-wave analysis, our experimental data
pointed to a couple of issues—especially concerning the spin
dynamics in phase V and in the magnetic state close to
saturation. Here, the LSWT-based analysis yielded some dis-
crepancies to the INS data, which we discuss in the following:
(i) The experimental spin-wave spectra recorded in phase V
appear less intense compared to the LSWT results and to the
spectra recorded in the other two phases. As discussed in
Sec. III, this discrepancy is consistent with phase separation
observed previously by means of NMR [30]. On the basis
of previous neutron diffraction results [29], we can estimate
that both phase-separated environments roughly contribute
equally in this field region, yielding an explanation for the
reduction of the INS intensity. (ii) In phase V and beyond,
we observed flat-band features in the experimental spin-wave
spectra recorded along (−0.5, 0, l) and (h, 0,−0.25), and
which are not reproduced by means of LSWT. We were able
to identify the origin of these seemingly flat bands in our
INS data as being an intensity pattern at constant energy
transfer [45]. As of yet, however, the physical origin of these
features in I (Q, E ) is unknown—although apparently intrinsic
to linarite—and requires further investigation. These results
tell us that phase V and its peculiarities are not yet fully un-
derstood. The same applies for the field region between phase

V and saturation. (iii) We found some of the discrepancies
of enhanced broadening between INS data and LSWT results
being caused by the slicing of the INS data (especially in the
spectra with fixed l = −0.25). We were able to mimic the
slicing for the LSWT calculations using Horace/SpinW and
thus uncovered the origin of the broadening being mostly a
resolution issue [45].

Considering these points, we have—despite using a sam-
ple with a small magnetic moment and very low sample
mass—successfully assessed the weak 3D coupling scheme
of linarite, which is an important step towards understanding
its magnetic behavior. In high magnetic fields, the modeling
of the spin waves of linarite by means of LSWT works rea-
sonably well, as already proven in zero magnetic field [22].
We note that in our high-field INS data, we do not observe ev-
idence for a Goldstone mode close to Q = 0. If a nematic state
exists in linarite at this temperature and field, its signature in
the INS data might simply be too weak to be observed in the
recorded spin excitation spectra. In our experiment, predom-
inantly, the dipolar character of an (almost) field-polarized
frustrated spin chain is reflected. Therefore, proving the ex-
istence of a spin-multipolar state in a FF J1-J2 chain remains
an interesting and at the same time highly challenging task for
future investigations.
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