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Control of quantum interference frequency combs: Multistable temporal cavity solitons
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Two branches of bistable temporal cavity solitons are found in models of quantum interference in microres-
onators with a � three-level medium in the anomalous dispersion regime. The cavity solitons are due to the
locking of moving domain walls. We identify two distinct Maxwell points on opposite sides of the cavity
resonance where domain walls are stationary and two distinct temporal cavity solitons, one narrow and with
a high peak intensity, the other broader and with a lower peak intensity, coexist over wide parameter ranges
and without the need of secondary cavity resonances. Localized structures combining the two soliton branches
oscillate on timescales of tens of cavity round trips. Frequency combs generated by combinations of different
types of multistable temporal cavity solitons lead to enhanced bandwidths and their control.
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I. INTRODUCTION

Temporal cavity solitons (TCSs) in a driven optical cavity
are circulating pulses of light which maintain their shape
against dispersion through medium nonlinearity. They have
opened novel and interesting applications for all-optical mem-
ory, buffering, and pulse reshaping [1–5] and are used in
both passive [6,7] and active [8–10] media to generate broad
frequency combs. TCSs in microresonators have been partic-
ularly practical in harnessing phase coherence and providing
broad and controllable generation of frequency combs with
important applications from coherent high-speed communica-
tions and range measurements [11,12] to frequency standards
and precise atomic clocks [13,14]. Optical microresonators
have the ability to efficiently store and enhance light hence
realizing nonlinear phenomena with dramatically low input
powers. These topics have become the mainstream in recent
photonics research due to the modern nanofabrication tech-
nologies that have realized optical microresonators with both
a high quality factor and a small mode volume [15,16]. Op-
erating regimes of normal Kerr frequency combs with stable
dissipative temporal solitons are capable of providing a fully
coherent optical comb while minimizing unwanted noise pro-
cesses. These features have made TCS the preferred operating
regime for the generation of Kerr frequency combs despite
the challenges arising from thermal effects due to high-power
pump lasers or transition steps from modulation instability to
soliton states [17,18].

Nonlinear optical microcavities have also been remarkably
successful in enabling quantum optical effects to be used

*g.l.oppo@strath.ac.uk

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

for quantum information processing and networks. Electro-
magnetically induced transparency (EIT) is one of the most
notable quantum optics phenomena with new applications in
optical switching devices, controlling the group velocity of
light, and sensing and field enhancement [19–24]. EIT is a
quantum interference phenomenon manipulating the optical
response of a medium close to resonance where external
electromagnetic fields cancel absorption and enhance the re-
fractive index [25]. In the bare state picture, EIT is explained
by destructive interference between probability amplitudes of
the direct and indirect excitation pathways in a three-level
(or more than three) system with a shared energy state. The
indirect transition route to a second long-lived state acquires
a phase shift of π in coupling from the upper state to the
second metastable state and back. EIT resonance line shapes
have been found in a variety of optical cavities [26] includ-
ing microring resonators in silicon-on-insulator chips with air
holes [27].

Optical cavities with three-level media displaying EIT have
also been studied theoretically for the onset and stability of
various transverse structures, from patterns to diffractive cav-
ity solitons and even rogue waves and chimera states [28–33].
Recently, fast time EIT dynamics in microring resonators
in the presence of group velocity dispersion have been in-
vestigated [34]. Using EIT in three-level media, one can
substantially decrease absorption and input powers for fre-
quency comb generation by avoiding difficulties associated
with thermal effects. Quantum interference coupled with
anomalous dispersion in microring resonators displaying EIT
can lead to stable domain walls (DW), trapped stimulated
Raman adiabatic passage (STIRAP [35]) schemes with no
input pulses, bistable quantum dark sates and novel TCS
for frequency combs that do not require any modulation
instabilities [34].

For three-level media in microring resonators there are
several spatiotemporal features that remain to be studied.
It is the aim of this paper to investigate the dynamics of
DWs leading to different types of multistable TCSs. Bistable

2469-9926/2023/108(5)/053511(10) 053511-1 Published by the American Physical Society

https://orcid.org/0000-0003-4175-5832
https://orcid.org/0000-0002-5376-4309
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.108.053511&domain=pdf&date_stamp=2023-11-20
https://doi.org/10.1103/PhysRevA.108.053511
https://creativecommons.org/licenses/by/4.0/


ESLAMI, HASHEMI, GRANT, AND OPPO PHYSICAL REVIEW A 108, 053511 (2023)

FIG. 1. (a) Schematic representation of a prototypical dispersive
ring resonator device described by Eqs. (1) and (2). The black lines
correspond to polarization beam splitters. (b) The � three energy
level configuration. (c) Schematic representation of another disper-
sive resonator where the field E2 is not circulated in the cavity.

TCS can induce switching, dynamical transitions, controllable
STIRAP efficiencies, and broadening of frequency combs. In
Sec. II we discuss the details of the model equations and their
steady-state properties. Maxwell points and dynamics of DWs
close to their location in parameter space are presented in
Sec. III. Multistable TCSs, their dynamics, switching, and the
accompanying STIRAP effects are studied in Sec. IV. Differ-
ent aspects of the resulting frequency combs are investigated
in Sec. V while conclusions are drawn in Sec. VI followed by
future outlooks.

II. MODEL

We consider a prototypical microring resonator as dis-
played in Fig. 1(a) with an input from a straight waveguide
at the top and an input at the bottom of the ring. The mi-
croresonator is filled with a three-level medium in the �

configuration, as shown in Fig. 1(b), where states |1〉 and |2〉
are the ground states and state |3〉 is an excited state. The tran-
sitions |1〉 → |3〉 and |2〉 → |3〉 are dipole-allowed transitions
while |1〉 → |2〉 is dipole-forbidden. The field E circulates
in the ring cavity under the external cw driving proportional
to P and couples states |1〉 and |3〉. Note that the field E is
considered here to be blue detuned by � from the resonance of
levels |1〉 and |3〉. The coupler at the top of the ring resonator
in Fig. 1(a) is only for field E with a high reflectivity and
low transmittivity. By using polarization beam splitters [black
lines in Fig. 1(a)] the field E keeps circulating in the cavity
while the field E2 of opposite polarization is flushed out of
the cavity every round trip. The control field E2 couples states
|2〉 and |3〉 and is not recirculated in the ring cavity. In this
way, any small change to the field E2 during a round trip is
forgotten. This means that in the mean-field approximation
the field E2 inside the ring resonator is the same as the cw
pump E2 at all times. Note that field E2 is not affected by
the coupler at the top of Fig. 1(a) because the frequencies of

E and E2 are quite different from each other [see Fig. 1(b)].
For completeness, we show in Fig. 1(c) another ring resonator
configuration with a three-level medium where the field E2

interacts with E in the medium, but is not circulated in the cav-
ity. This configuration has been experimentally implemented
in [36] to control optical bistability in rubidium atoms. In
the case of a medium with a fast response and anomalous
group-velocity dispersion, the dynamics of the field E in the
ring resonator is described by the mean-field equation [37]

∂t E = P − (1 + iθ )E + i(2C)R13 + i∂τ 2 E , (1)

where t is the slow time over several round trips in the cav-
ity, P is the amplitude of the input pump, θ is the cavity
detuning from the input frequency, and 2C is the cooperativity
parameter of the light-matter coupling that is proportional to
the square of the dipole moment of the transition between
levels |1〉 and |3〉. All physical quantities that appear in Eq. (1)
have been made dimensionless by suitable normalizations
following standard procedures for the derivation of models of
the Lugiato-Lefever type [37]. In [28–33] we focused on the
transverse diffractive case while here we investigate the case
of anomalous group velocity dispersion through a longitudinal
variable τ , the fast time in the cavity. R13 is the density matrix
element in the Lindblad master equation given by [28,38]

R13 = χ (|E |2)E = −�|E2|2(|E2|2 + |E |2 − �2 − i�)

D
E ,

D = (|E2|2 + |E |2)3 + �2(|E2|2 + |E |2 + 4|E2|2|E |2
+�2|E2|2 − 2|E2|4). (2)

Again, all quantities are dimensionless by appropriate normal-
izations.

Medium and cavity decays are considered within the Lind-
blad and mean-field approaches, while thermal excitations
from a lower to a higher level can be safely neglected as long
as the energy separation between levels is much larger than the
thermal energy available to the system at room temperature.
For the numerical simulations presented below, expression (2)
is not strictly necessary and can be replaced by any numerical
solver of algebraic equations that provide the steady states of
the density matrix equations given in [38] as done, for exam-
ple, in [28]. Here we use the cavity detuning θ as the control
parameter while keeping the values of medium detuning �,
|E2|2, and 2C fixed unless stated otherwise. In the case of a fast
medium response, the medium linewidth is large, but the EIT
bandwidth remains quite narrow [24] and operations with EIT
advantages require a careful choice of the input frequency that
fixes the medium detuning �. Contrary to two-level systems
where operations are far from medium resonance and tuning is
generally obtained by changing the input laser frequency [13],
we use changes in θ by operating on cavity features with
no consequences on the value of � and input frequency
which can be kept fixed in the simulations. Although scanning
the cavity detuning without changing the input frequency is
uncommon in Kerr resonators, cavity tuning through changes
in length or temperature are standard techniques in nonlinear
optics and laser physics and have been implemented recently
in ring resonators via fiber-spools stretched by piezoelectrical
crystals [39] or micro [40] and Peltier [41] heaters, respec-
tively. The intensities |Es|2 of the homogeneous stationary
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FIG. 2. HSS and branches of TCS in cavity detuning scans.
Black-solid (red-dotted) lines correspond to stable (unstable) HSS
and blue-dashed line to HSS unstable to patterns. Green squares
(purple circles) correspond to high- (low-) peak TCS while red-white
circles to multipeaked dynamical TCS, labeled as hybrid localised
states. The reported values for these structures correspond to the
largest peak intensity of the solitons. The two vertical lines identify
the detuning values of the Maxwell points. Other parameter values
are P = 2.5, � = 0.2, |E2|2 = 0.3, and 2C = 35. The cavity detun-
ing θ and the output intensity |E |2 are considered to be dimensionless
quantities throughout the paper.

solutions (HSS) are obtained from Eq. (1) by setting ∂t = 0
and ∂2

τ = 0:

|P|2 = {[1 + 2C Im(χ )]2 + [θ − 2C Re(χ )]2} |Es|2, (3)

where Re(χ ) and Im(χ ) are the real and imaginary parts
of the complex susceptibility in Eq. (2). HSS are shown in
Fig. 2 when changing the cavity detuning θ . Here we observe
a clear optical bistability close to cavity resonance where
the red-dashed HSS is unconditionally unstable. In contrast
to [34], the bistable region is not a closed bubble but a heavily
curved S-shaped region due to the selected value of |E2|2.
The stability of HSS can be obtained by standard linearization
techniques and it is found that the high-intensity HSS branch
is stable for θ > −2.15 and unstable to modulated perturba-
tions (patterns) for −18.2 < θ < −2.15. This is depicted by
the blue dashed line in Fig. 2.

III. MAXWELL POINTS AND DOMAIN WALLS

On both sides of the cavity resonance, we observe bista-
bility of the low and high intensity branches of the HSS.
There are solutions that connect the low-intensity branch to
the high-intensity branch and vice versa during a round trip
of the cavity. In the absence of an exchange symmetry, kinks
connecting the two bistable states are labeled as switching
waves [42,43]. Although not immediately evident as the field
E2 is not resonated, our model is invariant under the exchange
of the level indices 1 and 2. For this reason, the kinks in
our system are better labeled as domain walls (DW) [44] in
analogy with magnetic systems. Switching waves and DWs
were studied in nonlinear optics in various systems, see, for

FIG. 3. (a) Slow time evolution of stationary DWs excited at the
first Maxwell point θ

(1)
M = −0.8645 and (b) two examples of asymp-

totic intensity profiles. (c) Slow time evolution of stationary DWs
excited at the second Maxwell point θ

(2)
M = +0.41535 and (d) two

examples of asymptotic intensity profiles. Other parameter values as
in Fig. 2.

example, [43–51]. They connect one HSS to another in
regimes of optical bistability. For precise values of the detun-
ing θ the areas corresponding to the two HSS equilibrate and
the DWs connecting these two solutions do not move in time.
These are the so called “Maxwell” points in analogy with the
Maxwell construction for gas-liquid phase transitions when
the two phases balance each other. Away from the Maxwell
points, DW travel and domains of one HSS solution expand
into the regions occupied by the other. The velocity and the
direction of the DW motion depend on the control parameters
of the systems, here the cavity detuning θ .

Differently from what we presented in [34], we locate and
study two Maxwell points, characterized by zero velocity of
the DWs, when tuning the cavity detuning θ . In the vicinity
of Maxwell points, the DWs are able to create different lo-
calized structures because of the local fast-time oscillations
clearly visible in Fig. 3 close to the high power HSS. The
two Maxwell points here are labeled θ

(1)
M and θ

(2)
M and reside

on the two sides of the cavity resonance where upward and
downward DWs exist and are stationary at many separation
distances, see, for example, Fig. 3 where we consider realistic
microresonators with a free spectral range of around 140 GHz,
input powers of few mWs, and realistic detunings in agree-
ment with realizations of silicon-on-insulators devices [52].
When referring to realistic microresonators, the fast timescale
τ reported in the figures throughout the paper can be thought
of as being in the range of picoseconds. It is important to note
that the tail oscillations are enhanced in DWs close to the
negative Maxwell point θ

(1)
M = −0.8645 compared to those

close to the positive Maxwell point θ
(2)
M = 0.41535 and those

reported in [34]. As we shall see later, this makes it possible
for the DWs to lock at the different minima of the oscillat-
ing tails and form different TCSs. Therefore, the resulting
bistable TCSs are neither supported in the positive side of the
resonance close to the second Maxwell point θ

(2)
M nor in the

parameter regions used in [34].
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When moving across a DW inside the resonator, the high-
est probability of occupancy goes from state |1〉 (low output
intensity) to state |2〉 (high output intensity) while the prob-
ability of occupancy of level |3〉 remains well below 1% due
to CPT and EIT. The probabilities of occupancy of the three
levels R11, R22, and R33 can be obtained from the analytical
expressions given in the Appendix, and the field E provided
by the HSS. Simulations in [34] show that more than 90% of
the population of level |1〉 can be transferred to level |2〉 when
moving from one side of the DW to the other in a process that
we can label as DW-enhanced STIRAP which comes as a result
of the nonlinear response of the cavity and should be distin-
guished from the conventional STIRAP due to gated pulses
in three-level media. STIRAP allows efficient and selective
population transfer between quantum states without suffering
loss due to spontaneous emission since it is prevented from
the intermediate state by quantum interference [35]. STIRAP
has found widespread applications in science and engineer-
ing [53] and is based on a sequence of two gated pulses of
laser light with appropriate Rabi frequency (i.e., intensity)
profiles. The DW-enhanced STIRAP presented here requires
no pulsed light at the input, and once formed by initial per-
turbations of the HSS, it keeps circulating in the resonator.
During this round trip, one part of the resonator resides in one
of the two (dark) quantum states while the other part is in the
second of the two (dark) quantum states. We will see later the
possible manipulation of the STIRAP process when dealing
with two families of TCS.

Away from the values of the cavity detuning θ
(1)
M and θ

(2)
M

corresponding to the Maxwell points where the DWs maintain
a fixed distance, traveling DWs are found with velocities and
directions (i.e., towards or away from each other) depending
on the value and sign of θ . For θ

(1)
M < θ < θ

(2)
M , DWs move

away from each other while for θ < θ
(1)
M and for θ > θ

(2)
M

DWs approach each other. For each value of the detuning θ

the DWs velocity V is constant during motion and can be
measured by evaluating the changing distance between two
DWs in the slow time. We consider a positive value of the
velocity when two DWs approach each other and a negative
value when they move away. The velocities of the traveling
DWs (in femtoseconds per round-trip time) are shown in
Fig. 4 for various values of the detuning θ . The zero crossings
correspond to the locations of the Maxwell points where the
direction of motion flips. Intensity profiles of expanding or
shrinking domains between two DWs are shown in Fig. 5 for
regions 1 to 4 of Fig. 4 where the sign of the DW velocity
changes as explained above.

IV. MULTISTABLE TEMPORAL CAVITY
SOLITONS AND STIRAP EFFICIENCY

Since our optical DWs display local fast time oscillations
due to group-velocity dispersion, for cavity detunings θ for
which DWs travel towards each other, two DWs can lock with
each other and form stable stationary TCS without requiring
modulational instabilities and in a way similar to what was
described for optical parametric oscillators [45,46] and second
harmonic generation [51]. Locking can also take place when
DWs travel away from each other since the resonator has a
finite length. In this case they may form dark TCSs due to

FIG. 4. Velocities of the DWs (femtoseconds/round trip time) in
a cavity detuning scan. Stationary DWs at the two Maxwell points
can be seen in the zero crossing of the curves. Other parameter values
as in Fig. 2.

local oscillations close to the bottom of the DWs. In our model
these dark TCSs can be stable in very small parameter regions
and will be discussed elsewhere. The fact that our TCSs do
not require modulational instabilities to form is very useful
to avoid unwanted thermal effects due to sudden changes in
circulating intracavity power as it happens for dissipative Kerr
solitons for two-level media [6]. In these cases, the seeding
and excitation of the TCS can lead to large thermal resonance
shifts during the excitation process and render the soliton
states short lived. This is detrimental for TCS in two-level
media with anomalous dispersion since they can only exist
over a restricted detuning range since a changing thermal

FIG. 5. Moving DWs in regions labeled 1 to 4 in Fig. 4. (a) DWs
approach each other and lock to form a low-peak TCS for θ = −1.25
inside region 1. DWs move away from each other and the entire struc-
ture switches to the upper HSS for (b) θ = −0.5 and (c) θ = +0.25
inside regions 2 and 3. (d) DWs approach each other but they do not
lock for θ = +0.5 inside region 4. Note that DWs stably lock and
form a temporal cavity soliton for θ

(2)
M < θ < 0.480 similar to (a).

Other parameter values as in Fig. 2.
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FIG. 6. Intensity profile of (a) a high-peak TCS and (b) a low-
peak TCS at θ = −1.5 and (c) a low-peak TCS at θ = +0.42. (d)
Slow time evolution of the intensity at θ = −1.8 of a periodic pattern
solution initially obtained at θ = −2.3. Other parameter values as in
Fig. 2.

shift accompanies a displaced detuning. Power kicking and
other practical techniques have been introduced to overcome
the effects of modulational instabilities and thermal effects
in accessing Kerr soliton states [17,18,54]. None of these are
necessary for the TCS due to quantum interference described
here since the dynamics leading to their formation is purely
deterministic, robust to fluctuations and does not induce any
thermal shift.

For θ = −1.5, pump amplitude 2.5 and a stable low HSS
equal to 2.02 × 10−2, we use an initial Gaussian perturbation
of amplitude 5 and width 3.084 ps and observed the low-
intensity HSS expanding into the region of high-intensity HSS
until the DWs lock and form a quantum interference TCS, see
Fig. 6(a). By using instead an initial Gaussian perturbation
of a similar amplitude but much smaller width (0.046 ps) a
different TCS is formed, see Fig. 6(b). In view of the different
peak height of these two bistable localized states, we label the
first (second) one as high-peak (low-peak) TCS. These two
stable TCSs correspond to DWs locking at different minima
of the oscillating tails [45,46,55]. On the positive side of the
cavity detuning, there is only one type of TCS which has a
peak intensity close to that of the low-peak TCSs observed at
negative cavity detunings, see Fig. 6(c). Of the three different
TCS branches reported here, it is only the high-peak TCSs that
are analogous to those discussed in [34] where enhanced local
tail oscillations and a second Maxwell point on the positive
side of the cavity resonance are missing. Figure 6(d) shows
how sequences of high-peak and low-peak TCSs can originate
spontaneously. By quickly changing the cavity detuning from
−2.3 to −1.8, a periodic pattern breaks up into two high-peak
and two low-peak TCSs that remain stable in the long time.
The motion of the DWs is also clearly visible. In Fig. 7 we
show two bistable TCS during a single cavity round trip and
the long term stability of such configuration.

Figure 8 shows the bands of excitation of single high-
and low-peak TCSs as a function of the cavity detuning and
the perturbation amplitude. In the region labeled “Multiple

FIG. 7. (a) Intensity profile of a high-peak and low-peak TCS
sequence for θ = −1.5. (b) Slow time stability of the TCS sequence.
Other parameter values as in Fig. 2.

high-peak TCS,” two or three (or more) high-peak TCSs are
created but not single (high or low) peak TCS. These are
reminiscent of the so-called soliton crystals [56]. To under-
stand better the coexistence of the two types of multistable
TCSs on the negative side of the cavity resonance and their
switching we sketch in Fig. 9 the phase-space dynamics for
successful excitation of these two TCSs for θ = −2.38 by
proper perturbation amplitudes shown in Fig. 8. It is seen
that the trajectories starting from the same homogeneous state
converge to two different attractors belonging to low-peak
and high-peak TCSs depending on the perturbation amplitude
of the initial condition. The branches of high- and low-peak
TCSs on the left side of the cavity resonance and that of
low-peak TCSs on its right side are shown in Fig. 2. It is
remarkable that the bistable TCS exists in a region where
there is bistability of HSS as well. When scanning the de-
tuning from negative values to resonance, one first observes
a single HSS (later the high intensity HSS) that is unstable
to Turing patterns. Then two new HSS are created through
a saddle-node bifurcation around θ = −6. The newly created
low-intensity HSS is stable and provides the base for the high-
peak TCS through the mechanism of bistable homogeneous

FIG. 8. Gaussian perturbation amplitude required for exciting
high- and low-peak TCSs normalized to the input pump amplitude.
Multiple TCSs can be excited from homogeneous solutions beyond
the intermediate dynamical region (up red triangles) for θ � −2.5.
The width of the Gaussian perturbation is 0.046 ps. Other parameter
values as in Fig. 2.
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FIG. 9. Phase-space trajectories during excitation of multistable
TCSs at θ = −2.38. The initial homogeneous state is shown by a red
circle and the final states belonging to high- and low-peak TCSs are
marked by red crosses. Perturbation amplitudes are 1.35 and 3.9 for
switching high- and low-peak TCSs, respectively, with a fixed width
of 0.046 ps. Other parameter values as in Fig. 2.

and Turing pattern states as described in [57]. This kind of
TCS is typical of anomalous dispersion regimes. At around
θ = −2.15 the high intensity HSS gains stability while the
high-peak TCS remains stable. A new TCS [the low-peak
TCS, see Fig. 6(b)] due to the locking of the DWs is now
created around the stable high intensity HSS. For a wide range
of detuning values one observes TCS bistability.

TCS multistability is an uncommon phenomenon and
makes it possible to have access to two families of separate
localized states with different temporal shapes and spectral
profiles at the same values of the control parameters and
conditions of operation. Multistability of cavity solitons for
a nonlinear cavity under quantum coherence and the action of
diffraction instead of dispersion was reported in [32]. Multi-
stability and coexisting solitons were also studied in [58–60]
where a second family of soliton solutions (also known as
supersoliton) due to the nonlinear bending of the response
over the next cavity resonance was included (by either us-
ing an Ikeda map [58,59] or an augmented Lugiato-Lefever
equation [60]). A multistable regime that supports two types
of bistable cavity solitons was also reported in a doubly
resonant and dispersive cavity system phase-matched for
third-harmonic generation [61]. Note that our bistable TCS
are due to the locking mechanism of DW’s oscillating tails, to
quantum interference with small medium and cavity detunings
and do not require secondary cavity resonances. As well as
bistable single peak TCSs, we also observe intermediate local-
ized structures between the high- and low-peak TCS branches
(see red half-filled circles in Fig. 2). Starting from a low-peak
TCS and moving to more negative values of the cavity detun-
ing, the single-peak TCS widens and gradually develops two
other peaks on its sides, see Figs. 10(a) and 10(b) correspond-
ing to θ = −2.0. The appearance of side peaks leads to an
oscillating hybrid localized structure formed by alternating a
high-peak TCS with side peaks and a two-high-peak localized

FIG. 10. Fast time intensity profiles of (a,b) a broad low-peak
TCS for θ = −2.0, (c,d) from single to double peak and back dynam-
ics for θ = −2.6 and (e,f) stable twin high-peak TCS for θ = −3.2.
Other parameter values as in Fig. 2.

structure as shown in Figs. 10(c) and 10(d) corresponding to
θ = −2.6. Oscillatory localized structures continue until one
encounters the high-peak TCS branch at θ = −3.0 where two
well-separated high-peak TCSs are observed, see Figs. 10(e)
and 10(f). Once formed, these two well-separated high-peak
TCSs move apart from each other due to the interaction of
the exponentially decaying tails until an equilibrium distance
is found. These repulsive interactions of the two soliton peaks
are robust and present for detuning values down to θ = −5.80
where Turing patterns set in. We note that repulsive interac-
tions of TCS with exponentially decaying tails were found in
passively mode-locked lasers [62].

At the end of the dynamic region, twin high-peak TCSs
follow the high-peak TCS branch. It is interesting to see that
for a region of parameter space between θ = −3.0 and θ =
−2.55 high-peak TCSs are bistable with oscillating localized
structures that branch out from the low-peak TCS branch.
As a matter of fact, when decreasing the cavity detuning
there exists a Hopf bifurcation of the single low-peak TCS at
θ = −2.554. Around θ = −2.6 this oscillation morphs into
an oscillating hybrid structure formed by alternating single
and double-peak solitons as shown in Figs. 10(c) and 10(d).

To complete the investigation of the bistable TCS we report
in Fig. 11(a) the full-width-at-half-maximum (FWHM) sizes
of quantum interference TCSs over the intervals of TCS exis-
tence in the cavity detuning parameter θ . These values are in
the subpicosecond regime when using realistic comparison to
real devices [52] as specified in [34]. By using the expressions
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FIG. 11. (a) Full-width-at-half-maximum sizes of TCSs at the
two sides of the cavity resonance in θ scans. (b) STIRAP efficiency
values (in percentage) in the cavity detuning θ scan. HP and LP stand
for high-peak and low-peak, respectively. Other parameter values as
in Fig. 2.

in the Appendix, it is possible to evaluate the probabilities
of occupancy of the three energy levels once the intensity
profiles of the TCS are specified. The formation of TCS
by locking of moving domain walls leads to an underlying
STIRAP process corresponding to the transfer of probability
of occupancy from level |1〉 to level |2〉 and vice versa. In
Fig. 11(b) we show that the efficiency of the STIRAP process
is between 86% and 97% for the TCS presented here since the
probability of occupancy of state |1〉 is very high in the TCS
tails and the probability of occupancy of state |2〉 is very high
at the TCS peaks. We observe that high-peak TCSs close to
cavity resonance feature the highest STIRAP efficiencies that
are accessible without any complicated use of gated pulses,
phase fluctuation managements, or balancing of two-photon
resonances.

V. QUANTUM INTERFERENCE
IMPLEMENTATION OF FREQUENCY COMBS

Quantum interference TCSs formed by locked DWs have a
very high contrast (visibility) since their tails are anchored on
the lower HSS branch corresponding to very low intensities
of the light. We also observe that there are almost no local
modulations at the bottom of the TCS peaks making them
quite different from typical TCSs in two-level Kerr resonators
in the anomalous dispersion regime and excellent candidates
for the generation of frequency combs. Figure 12 shows three
examples of frequency combs for the multistable high- and
low-peak TCSs at θ = −2.0 and the low-peak TCS at θ =
+0.45. The high-peak TCS [Fig. 12(a)] has a high intensity
definition resulting in a broad spectrum while the low-peak
TCS at the same cavity detuning value [Fig. 12(b)] displays a
lower peak intensity and a wider width resulting in a narrower
spectrum. The frequency combs of TCS on the positive side
of the cavity resonance [Fig. 12(c)] also display spectra that
are narrower than those corresponding to high-peak TCS. The
modulations appearing on the sides of the spectra of our TCS
are due to the mechanism of locking of DWs that results in
phase distributions not following the amplitude profiles of the
solitons.

The bandwidth of frequency combs generated by quantum
interference dark states is shown in Fig. 12(d). The frequency
comb spectrum provided by the high-peak TCSs with negative
cavity detuning is much broader than their low-peak counter-
parts on both sides of the cavity resonance. It is interesting

FIG. 12. Spectrum of the locked DW TCSs for (a) high-peak and
(b) low-peak states of θ = −2.0, and (c) the only TCS type (low-
peak) of the θ = +0.45 after subtraction of the carrier frequency of
the input light. (d) The bandwidth of frequency combs obtained from
different types of multistable TCSs in a cavity detuning scan. FC
stands for frequency comb. Other parameter values as in Fig. 2.

to note that multistable TCS branches in our system make
it possible for the operator to choose between two frequency
combs of remarkably different bandwidth, i.e., one can realize
much broader bandwidths by choosing a high-peak instead
of a low-peak TCS with all system parameters (e.g., cavity
detuning) unchanged.

A further advantage of operation in the bistable TCS
regime is that of creating soliton crystals or soliton glass made
of regular or irregular sequences of the high- and low-peak
TCS, respectively. For the basic high- and low-peak configu-
ration of TCS, see Fig. 7(a), the frequency comb displayed in
Fig. 13(a) clearly maintains the broad width of the spectrum of
the single high-peak TCS while doubling the number of teeth
in the comb. This is similar to the comb generated by two
high-peak TCS but with the possibility of coding messages in
the sequence of high-low peaks. In standard microresonators
with two-level media and a periodic intracavity potential field,
regularly spaced soliton crystals with up to 32 TCS were
demonstrated [56]. In our quantum interference case it should
be possible to have crystals of 64 TCS with chosen sequences

FIG. 13. (a) Spectrum of the two-peak configuration of Fig. 7 for
θ = −1.5. (b) Spectrum the dynamical configuration of Fig. 10 for
θ = −2.6. The red region is due to the two-peak structure. Other
parameter values as in Fig. 2.
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of the high and low TCS capable to communicate coded
messages.

Finally, we show in Fig. 13(b) the frequency comb gen-
erated when operating in the slowly oscillating localized
structure displayed in Fig. 10 for θ = −2.6. Since the dy-
namics alternates between a two-peak and a single-peak
configuration, it is possible to identify in the spectrum the
components of each these structures. The red region of the
frequency comb shown in Fig. 13(b) is due to the two-peak
structure while the narrower frequency comb (in blue) is due
to the single-peak structure. The coexistence of four separate
frequency combs due to the high-peak TCS, low-peak TCS,
their alternation in the fast time, and their oscillations in the
slow time shows the richness of possible behaviors of the
quantum interference processes in our system.

VI. CONCLUSION

We discussed dynamical DWs and TCSs formed by locked
DWs as localized quantum interference structures which are
robust to perturbations, have a wide range of existence and
stability, and, at difference from stable DWs observed experi-
mentally for two-level media with normal dispersion [43,44],
allow one to operate in the anomalous dispersion regime.
Quantum interference DWs and TCSs do not require mod-
ulational instabilities, in contrast to their two-level Kerr
counterparts, providing ease of access to soliton states without
dealing with undesirable thermal shifts affecting the soliton
existence range [17,18]. We showed that quantum interference
is responsible for the generation of stable DWs and TCSs
on both sides of the cavity resonance due to the locking of
DWs in the vicinity of the two separate Maxwell points in
microresonators driven by two external fields close to the
medium resonances and in the presence of anomalous group
velocity dispersion.

We demonstrated that TCSs via quantum interference and
anomalous dispersion can exist in the presence of two sta-
ble homogeneous states, display very low absorption, and
enhance nonlinear features due to EIT. In particular, we in-
troduced here two different types of bistable TCSs referred
to as low- and high-peak TCSs with distinct properties and
consequences on the generation of frequency combs over wide
ranges of the detuning variations. Their unusual coexistence
is due to the locking of fronts with oscillatory tails at separate
distances. High-peak TCSs provide frequency combs much
broader than their low-peak counterparts at the same values of
the control parameters due to their higher intensities and nar-
rower widths. As well as the optimal shape of the TCSs due to
quantum interference for the generation of microresonator fre-
quency combs, their bistability enables the operator to choose

the desired bandwidths without need of changing system
parameters. We identified, for example, a regime where four
different frequency combs due to multistable configurations
of TCS are possible. One advantage of our bistable regime of
operation is the possibility of generating not only sequences
of TCS all of the same kind, but also of an alternating kind and
even randomly distributed solitons of one kind in sequences of
the other. In practical applications this should allow for the re-
alization of soliton crystals with random impurities due to the
rare occurrence of the second type of solitons. In the bistable
regime described here, two kinds of crystals with impurities
are possible, one with periodic high-peak TCSs and random
low-peak TCSs and the other with periodic low-peak TCSs
and random high-peak TCSs. The number of different soliton
sequences at the disposal of the operator is huge with great
advantages in coding of signals and optical communications.

We also discussed dynamical states formed by single- and
double-peak localized states and frequency combs generated
by sequences of quantum interference TCSs and dynamical
states. It is remarkable to see that our bistable TCS due to
quantum interference and EIT do not require secondary cavity
resonances as used for supersolitons in [58–60].

There are still many open topics of interest in this area
of research such as oscillations in slow-time dynamics, the
effect of detuned and intense E2 fields leading to Fano-like
resonances, cavities where both fields E and E2 are resonated,
normal dispersion configurations, as well as quantum inter-
ference in V and ladder three-level media in ring resonators
which are presently under investigation.

APPENDIX: PROBABILITIES
OF OCCUPANCY OF ENERGY LEVELS

Given HSS values of the field intensity |Es|2 the probability
of occupancy of each of the three levels are given by

R11 = 1 − R22 − R33,

R22 = |Es|2[(|Es|2 + |E2|2)2 + �2(1 + |E2|2)]

D
,

R33 = 2�2|Es|2|E2|2
D

, (A1)

where D is the denominator appearing in Eq. (2). Since we are
working at small values of the medium detuning � coherent
population trapping (CPT) leads to extremely low values of
the probability of occupancy of the excited state |3〉 (R33)
below 0.035 in the parameter regions explored in this paper. In
principle, this value can be made even lower by manuvering
over the parameter values, see, for example, [34].
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