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Abstract

This thesis is based on three papers the author wrote while a PhD student [37, 54, 55|, which
concern different notions of complexity for dynamical systems arising from random substitutions.

Before presenting our main results, we first provide an introduction to random substitutions.
In Chapter 2, we give the main definitions that we work with throughout, and prove several
basic properties of random substitutions and their associated subshifts. We define the frequency
measure corresponding to a random substitution, and prove a key result concerning such measures
which will be of fundamental importance in our work.

Chapter 3 is based on the solo-author paper [54] and concerns word complexity and topological
entropy of random substitution subshifts. In contrast to previous work, we do not assume that
the underlying random substitution is compatible. In our main results, we show that the subshift
of a primitive random substitution has zero topological entropy if and only if it can be obtained
as the subshift of a deterministic substitution — answering in the affirmative an open question
of Rust and Spindeler |70] — and provide a systematic approach to calculating the topological
entropy for subshifts of constant length random substitutions. We also consider word complexity
for constant length random substitutions and show that, without primitivity, the complexity
function can exhibit features not possible in the deterministic or primitive random settings.

Chapters 4 and 5 are based on the paper [37], which is joint work with P. Gohlke, D. Rust
and T. Samuel. These chapters focus on measure theoretic entropy and its relationship to
topological entropy. In Chapter 4, we introduce a new measure of complexity for primitive
random substitutions called measure theoretic inflation word entropy and show that this coincides
with the measure theoretic entropy of the subshift with respect to the corresponding frequency
measure. This allows the measure theoretic entropy to be explicitly calculated in many cases. In
Chapter 5, we provide sufficient conditions under which a random substitution subshift supports
a frequency measure of maximal entropy and, under more restrictive conditions, show that this
measure is the unique measure of maximal entropy. Notably, we show that random substitutions
can give rise to intrinsically ergodic subshifts that do not satisfy Bowen’s specification property

[10] or the weaker specification property of Climenhaga and Thompson [13], thus providing an



interesting new class of intrinsically ergodic subshifts. We conclude this chapter by showing that
the random period doubling substitution is intrinsically ergodic.

Finally, Chapter 6 is based on the paper [55], which is joint work with A. Rutar. Here, we
consider multifractal properties of frequency measures. Specifically, we study the multifractal
spectrum and L?-spectrum of frequency measures corresponding to primitive and compatible
random substitutions. We introduce a new notion called the inflation word Li-spectrum of a
random substitution and show that this coincides with the Li-spectrum of the corresponding
frequency measure for all ¢ > 0. Under an additional assumption (recognisability) we show that
the two notions coincide for all ¢ € R. Further, under these assumptions, we show that the
multifractal formalism holds. The techniques we develop allow the L%-spectrum and multifractal

spectrum to be obtained for many frequency measures.
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CHAPTER 1

INTRODUCTION

1.1 Background and context

The discovery of quasicrystals — naturally occurring structures which exhibit long-range order but
lack translation symmetry — came as a surprise to physicists, chemists and materials scientists,
and was honoured with the 1999 Wolf Prize in Physics and the 2011 Nobel Prize in Chemistry.
In 1982, Shechtman [71| discovered an Aluminium-Manganese alloy that exhibits a diffraction
pattern with five-fold rotational symmetry (see Figure 1.1, right). This not possible for crystals,
which always have two-, three-, four- or six-fold rotation symmetry, by the crystallographic
restriction theorem [8]. Since then, many examples of naturally occurring quasicrystals have been
observed, including examples with other symmetries not possible for crystals, such as eight-, 12-
and 20-fold rotational symmetry. This has stimulated a wealth of research in the field of aperiodic

order: the mathematical study of quasicrystals.

Figure 1.1: A Ho-Mg-Zn quasicrystal (left — image credit [32]) and the diffraction spectrum of an
Al-Mn alloy observed by Shechtman (right — image credit [71]).



While a complete classification of the possible configurations of crystals is known, a classifica-
tion of aperiodically ordered structures remains distant [5, 6].

It is fair to say that a classification of a hierarchy of (aperiodic) order has not only not

been achieved yet, but is actually not even in sight. — Baake and Grimm [5, Page 9.

One of the primary objectives in aperiodic order research is to establish such a classification.

Central to understanding properties of quasicrystals from a mathematical viewpoint is the
careful analysis of dynamical systems associated with aperiodic sequences. One of the primary
methods for generating such sequences is via substitutions. A deterministic substitution is a rule
that replaces each symbol from a finite set with a concatenation of symbols from the same set.
For example, the Fibonacci substitution 0: a — ab, b — a is the rule that replaces every letter a
in a given string with the word ab and every b with an a. To a given substitution, a dynamical
system (subshift) can be associated in a natural way. Subshifts of deterministic substitutions
are well-studied dynamical systems that possess a high degree of long-range order, have low
complexity, and provide theoretical models for physical quasicrystals. Many of the key topological
and dynamical properties of substitution subshifts are well understood. For instance, subshifts of
deterministic substitutions always have zero topological entropy and, under a mild assumption
(primitivity), support a unique ergodic measure [67].

Random substitutions are a generalisation of deterministic substitutions where the substituted
image of a letter is chosen from a fixed finite set according to a probability distribution. Similarly
to deterministic substitutions, a subshift can be associated to a given random substitution in a
canonical manner. However, in contrast to their deterministic counterparts, subshifts of random
substitutions typically have positive topological entropy [35] and often support uncountably many
ergodic measures [39]. Nonetheless, random substitution subshifts maintain many of the features
of long-range order witnessed for subshifts of deterministic substitutions. While they have positive
entropy, indicating disorder, random substitutions often admit long-range correlations presenting
as a non-trivial pure-point component in their diffraction spectrum |7, 34, 56]. This competition
between order and disorder, and between long- and short-range correlations suggests an intricate
combinatorial structure that warrants careful study. Further, physical quasicrystals are unlikely
to possess perfect order, but instead exhibit local defects. Thus, a good theoretical model should
exhibit features of both long-range order but also local disorder, features often possessed by

subshifts of random substitutions.



The non-trivial topological entropy of random substitution subshifts provides a new invariant
in their study not available for their deterministic counterparts. Further, to each random
substitution an ergodic measure which captures the underlying probability distribution can be
associated in a natural way [39, 70], the properties of which can provide a means of classifying
random substitutions. In this thesis, we develop techniques to quantify topological entropy and
three measures of complexity for measures arising from random substitutions; namely, measure
theoretic entropy, the multifractal spectrum and the L4-spectrum. With this work, we make the
first steps towards providing a hierarchical classification of random substitutions in terms of their

complexity.

1.2 Symbolic dynamics

Throughout this thesis, we will be concerned with symbolic dynamical systems. The following
symbolic notation will be standard throughout, and is generally in line with the notation used in
[49, 75].

An alphabet A = {aq,...,aq} is a finite collection of symbols, which we call letters. We call a
finite concatenation of letters a word, and let AT denote the set of all non-empty finite words with
letters from A. For a given word w = u - - - up, where n € N and u; € A for all j € {1,...,n},we
write |u| = n for the length of u and, for each a; € A, let |ul,, denote the number of occurrences
of a; in u. To avoid conflicting notation, we denote the cardinality of a given set B by #B
throughout. Given u € A" and i,5 € {1,..., [u[}, we write u}; j = u; - - - u;. The abelianisation
of a word u € A% is the vector ®(u) € Z#A defined by ®(u); = |ul,, for all i € {1,...,d}. For
two words u,v € AT, with |v] < |u], we write |u|, for the number of distinct occurrences v as a
subword of u, namely, |ul, = #{j € {1,...,u] — [v| + 1} uj j4jo|-1] = v}

For a given alphabet A, we let A% denote the set of all bi-infinite sequences of letters in A, and
endow A% with the discrete product topology. We let S: A% — A% denote the (left) shift map,
defined by S(x); = x4 for all j € Z. Note that S is continuous with respect to the topology on
AZ . Since S is invertible on A% and has continuous inverse, S defines a homeomorphism. We
call the dynamical system (A%, S) the full shift on the alphabet A. A subshift is a closed and
S-invariant subspace X of the full shift A%, that is, a subspace for which S~'X = X. We endow

X with the subspace topology inherited from A%. We highlight that we work with two-sided



shifts throughout. It is also possible to define the one-sided shift AY of right-infinite sequences of
letters in A; however, we do not concern ourselves with one-sided shifts in this thesis.

Ifi,jeZ withi <j,and x =---xz_jx0z1 - is an element of a subshift X, then we write
T j = TiTit1 - xj. We let L(X) denote the language of the subshift X: namely, the set of all
finite words u € A% such that there exist z € X and j € Z for which T(j j+jul-1] = u. Observe
that if X and Y are subshifts, then X =Y if and only if £(X) = L(Y). For each n € N, we write
LX) ={u € L(X): |u| =n} for the subset of L(X) consisting of words of length n.

An example of a subshift is given by the set of all bi-infinite sequences over the alphabet
A = {a,b} that do not admit the word bb as a subword. This subshift is known as the golden
mean shift. The golden mean shift is an example of a shift of finite type; namely, a subshift whose
elements can be defined via a finite set of forbidden words. Shifts of finite type (in one dimension)
are a well-studied class of dynamical systems whose topological and ergodic properties are largely
well understood.

For a given subshift X, u € £(X) and m € Z, the cylinder set of u in position m is the subset

of X defined by

[ulm = {2z € X: Tt fu|—1] = u} .

In the case m = 0, we omit the dependence on m and write [u] for the cylinder set of u positioned

at the origin. Let £(X) denote the collection of all cylinder sets that specify the origin; namely,
§(X) = {lu)m: v e LX), 1 —[u] <m <0},

together with the empty set @. The collection £(X) forms a generating algebra for the Borel
sigma-algebra on X. Thus, any pre-measure defined on cylinder sets extends uniquely to a
measure on the Borel sigma-algebra on X by the Hahn—Kolmogorov extension theorem.

The Bernoulli measures are a well-studied family of measures on the full shift. On the full shift
on two symbols X = {a,b}Z, they are defined as follows. Given p € (0,1), let u,: £(X) — [0,1]
be defined by u,([u]m) = plla(1 — p)ll for all u € £(X) and m € {1 — |u],2 — |ul,...,0}.
The set function p, defines a pre-measure on the algebra {(X), which extends uniquely to a
measure on B(X) by the Hahn-Kolmogorov extension theorem. The measure p, is called the
(p, 1 — p)-Bernoulli measure on {a,b}*. Bernoulli measures can also be defined on the full shift

over larger alphabets in an analogous manner.



1.3 Topological entropy and word complexity

One of the most well-studied measures of complexity for subshifts is topological entropy, which
quantifies the asymptotic growth rate of words admitted by a given subshift. For a subshift X,

the topological entropy hiop(X,S) of X is the quantity defined by
.1 n
htop(X7 S) = nllg.lo n log #L (X)a

that this limit exists is a routine consequence of Fekete’s lemma [27]. For ease of notation, we
often omit the explicit dependence on S in the notation and write hyop(X) for the topological
entropy of a subshift X.

For a subshift X, the function px: N — N defined by px(n) = #L£"(X) for all n € N is
called the complezity function of X. If X is a subshift with positive topological entropy, then
the complexity function px(n) grows exponentially in n. We note that the topological entropy
of a subshift on a finite alphabet A cannot exceed log(#.A4), so the complexity function cannot
grow super-exponentially [75]. On the other hand, if X has zero topological entropy, then the
complexity function grows sub-exponentially. In many cases, this growth is polynomial, but there
also exist zero topological entropy subshifts with complexity function that grows faster than any
polynomial [11]. In this latter case, we say that the complexity function has intermediate growth.

Classifying the functions that can be obtained as the complexity function of a subshift is a
central problem in symbolic dynamics [9, 30]. One of the most famous results in this direction is
due to Morse and Hedlund [57], which states that the complexity function of a subshift that is
the orbit closure of a bi-infinite sequence either grows at least linearly or is bounded above by a
constant. Ehrenfeucht and Rozenberg [20] later showed that the same holds for every subshift

over a finite alphabet.

Proposition 1.3.1 ([20]). Let X be a subshift over a finite alphabet. Then, the complexity

function px is either bounded above by a constant or px(n) > n + 1 for all n € N.

The dichotomy that the complexity function always grows at least linearly or is bounded

above by a constant is sometimes referred to as the Morse—Hedlund complezity gap [12].

!Topological entropy can be defined more generally for an arbitrary topological dynamical system. We provide
this more general definition in Appendix A.1.



1.4 Invariant measures and measure theoretic entropy

The classification of measure preserving dynamical systems is an important problem in ergodic
theory. This problem dates back to von Neumann, who asked whether the full shift on three
symbols equipped with the (1/3,1/3,1/3)-Bernoulli measure is (measure theoretically) isomorphic
to the full shift on two symbols equipped with the (1/2,1/2)-Bernoulli measure. In 1959, this
question was answered in the negative by Kolmogorov and Sinai |44, 45, 73], who showed that
these systems have different measure theoretic entropy and that this is an invariant of dynamical
systems. Later, in 1970, it shown by Ornstein [61] that two Bernoulli shifts are isomorphic if and
only if they have the same measure theoretic entropy.? Thus, entropy provides a powerful tool in
the classification of dynamical systems.

Before we define the measure theoretic entropy of a subshift, we first recall some definitions
from ergodic theory. A measure p, supported on a subshift X, is called shift-invariant (or
S-invariant) if u(S~!B) = u(B) for every Borel-measurable set B. We let M (X, S) denote the
set of all shift-invariant measures supported on X. A shift-invariant measure p is called ergodic
if whenever S~'B = B, we have u(B) = 0 or u(B) = 1. It is well known that every subshift
supports at least one shift-invariant (respectively, ergodic) measure [75]. If a subshift X supports
a unique shift-invariant measure, then we say that X is uniquely ergodic. In this case, the unique
shift-invariant measure is ergodic |75].

For a subshift X and shift-invariant measure p supported on X, the measure theoretic entropy
hu(X,S) of X with respect to p is the quantity defined by?

Pu(X,8) = lim = 3" —pu([u]) log p[u]),

n—soo M
ueLm(X)

where, for each n € N, £"(X) denotes the set of all words of length n admitted by the subshift.
Again, this limit always exists by Fekete’s lemma [75]. Similarly to topological entropy, we often
suppress the dependence on S in the notation and write h,(X) for the measure theoretic entropy
of X.

Measure theoretic and topological entropy are related by the variational principle, which

%We note that Ornstein’s theorem only holds in the case of two-sided shifts. The isomorphism problem for
one-sided shifts is more subtle — see [41] for more detials.
3We give a more general definition for an arbitrary measure-preserving dynamical system in Appendix A.1.



states that

hiop(X) = sup  hu(X).
HEM(X,S)

In particular, h;,(X) < hyop(X) for every p € M(X,S). If p is a measure such that h,(X) =
hiop(X), then we say that p is a measure of maximal entropy. For subshifts, there always exists
at least one measure of maximal entropy.* If a subshift X has a unique measure of maximal
entropy, then we say that X is intrinsically ergodic.

Measure theoretic entropy can often be difficult to calculate. However, it is well understood
for many classes of subshifts, such as shifts of finite type. For example, if X is the full shift on

two symbols, p € (0,1) and p,, is the (p,1 — p)-Bernoulli measure, then

hu(X) = —(plogp + (1 — p)log(1 — p)).

In the case p = 1/2, we have h,(X) = log2 = hip(X), so the (1/2,1/2)-Bernoulli measure is
a measure of maximal entropy. Moreover, it can be shown that this is the unique measure of
maximal entropy, so the subshift X is intrinsically ergodic.

Determining conditions under which a subshift is intrinsically ergodic is an important question
in symbolic dynamics and ergodic theory. It was shown by Parry [63] that for all topologically
transitive shifts of finite type, the Parry measure is a measure of maximal entropy. Adler and
Weiss [2] later showed that this is the unique measure of maximal entropy. Hence, all transitive
shifts of finite type are intrinsically ergodic. The approach developed by Parry and Adler and
Weiss was extended by Bowen [10], who showed that all subshifts satisfying the specification
property are intrinsically ergodic. Verifying the specification property has become the prototypical
method for proving intrinsic ergodicity of subshifts, and several relaxations of this property have

been provided in recent years. For a survey of recent progress, we refer the reader to [15].

1.5 Multifractal analysis

The local scaling properties of measures can be studied using tools from multifractal analysis.
For a subshift X, the local scaling behaviour of a measure y, supported on X, is quantified by

the local dimensions and multifractal spectrum. For each x € X, the local dimension of y at x is

“We note that this does not hold for dynamical systems in general.



defined by

—lo Ti_nn
dimlOC(/J'v x) = nh—)rgo g;:l([—i-[l 7 }])7

provided this limit exists. The multifractal spectrum of p quantifies the size of the set of points

in X that have a given local dimension. Specifically, for each a € [0, 00), let

Fu(a) ={z € X: dimjoc(p, ) = a} . (1.1)

The size of the set F),(«) is quantified via its Hausdorff dimension, with respect to a metric
defined as follows. If z,y € A? are such that x # y but xg = 3o, then we let n(x,%y) denote the

largest integer such that z; = y; for all |j| < n. The map d: A% x AZ — R given by

,

1 if zo # yo

d(z,y) = e~ Cn@n+D)  if 3 £y but 29 = yo

0 ifr=y

for all x,y € A% defines a metric on A%, which generates the discrete product topology — see [49]

for more details. The multifractal spectrum of p is the function f,: [0,00) — [0, 00) given by
fu(a) = dimy F, (o)

for all o € [0, 00).
Computing the local dimensions and multifractal spectrum of a measure is often difficult.
However, there is a related notion, called the L9-spectrum, which is typically easier to establish

for a given measure. The Li-spectrum is the function 7,: R — R defined by

1
— T q
mu(q) = lim ——log | > pu([u])
ueLm(X)
for all ¢ € R, provided this limit exists. In some cases, the multifractal spectrum coincides with
the concave conjugate of the Li-spectrum. If this is the case, then we say that the multifractal
formalism holds. It is an important question in multifractal analysis to determine settings in

which the multifractal formalism holds, and to find qualitative conditions describing its failure.



1.6 Deterministic substitutions

Sequences associated with deterministic substitutions are the prototypical examples of math-
ematical quasicrystals. A deterministic substitution is a rule which replaces each symbol in a
finite or infinite string over an alphabet 4 with a finite word over the same alphabet. Typically,
deterministic substitutions are defined via their action on letters, which then extends to finite and
infinite strings by concatenation. Two of the most well-studied deterministic substitutions are
the Fibonacci and period doubling substitutions, which are defined over the two-letter alphabet
A = {a, b} by

a + ab, a + ab,
Opit, : and Opp:

b— a, b— aa,
respectively. Observe that powers of a deterministic substitution can be defined by iteration.
Namely, if § is a deterministic substitution and k& € N, the k*" power of 6 is defined by 6% = §og*<— 1.
For example, for the Fibonacci substitution, we have G%ib(a) = Opip (Opin(a)) = Opip(ab) = aba.
A subshift can be associated to a given deterministic substitution 6 in a natural way. We say
that a word u € AT is f-legal if there exists a letter a € A and a positive integer k& € N such that

u is a subword of 6%(a). Then, we let Xy be the subspace of A? defined by

Xg = {2z € AZ: every subword of z is #-legal}.

Since the set of §-legal words defines a language, Xy is an S-invariant subspace of A%. Thus, Xy
defines a subshift. We call Xy the subshift associated with 6.

A standard assumption in the study of deterministic substitutions is primitivity. We say that
a deterministic substitution 8 over a finite alphabet A is primitive if there exists a k € N such
that, for all a € A, every letter in A appears in 6%(a). For example, the Fibonacci substitution is
primitive since 62, (a) = aba and 6%, (b) = ab, and both of these words contain an occurrence
of an a and a b. Similarly, the period doubling substitution is primitive. Many topological and
dynamical properties of subshifts associated with primitive deterministic substitutions are well
understood. For instance, such subshifts are always non-empty, minimal and either finite or
homeomorphic to a Cantor set [5, 67]. Further, subshifts of primitive deterministic substitutions

are always uniquely ergodic |52, 67].



One of the most striking properties of deterministic substitution subshifts is that they always
have zero topological entropy [67], which is an indication of low complexity. Moreover, it was
shown by Pansiot [62] that the complexity function of a deterministic substitution never grows
faster than quadratic. In fact, Pansiot provided a complete classification of the possible asymptotic
growth rates the complexity function of a deterministic substitution subshift can exhibit. Thus, for
subshifts of deterministic substitutions, the class of possible complexity functions is significantly
more restricted than is permitted for subshifts in general. In the following, and throughout, we
say that a function g: N — N is O(f), for some function f: N — N, if there exist constants
C1,Cy > 0 such that C; < g(n)/f(n) < Cy for all sufficiently large n € N. We also write g is
O(f) if the ratio g(n)/f(n) is uniformly bounded from above, but not necessarily from below,

and g is o(f) if g(n)/f(n) converges to 0 as n — oo.

Proposition 1.6.1 (|62]). Let 6 be a deterministic substitution. Then, the complexity function
of the subshift Xy is either ©(1), O(n), O(nloglogn), O(nlogn) or O(n?). Moreover, if 0 is

primitive, then the complexity function is ©(1) or O(n).

1.7 Random substitutions

Random substitutions are a generalisation of deterministic substitutions where the substituted
image of a letter is chosen from a fixed finite set according to a probability distribution. For ex-

ample, given p € (0,1), we define the random Fibonacci and random period doubling substitutions

by
.
ab with probability p,
a+—
URp: ba with probability 1 — p,
b— a with probability 1,
\
and

ab with probability p,
[

URPD ba with probability 1 — p,

b— aa with probability 1,

respectively. The action of a random substitution can be extended to finite words by applying

the random substitution independently to each letter. In a similar manner to deterministic

10



substitutions, a subshift can be associated to a random substitution in a natural way (we highlight
that the subshift is independent of the choice of non-degenerate probabilities assigned to the
random substitution). However, in contrast to subshifts of deterministic substitutions, random
substitution subshifts often have positive topological entropy and support uncountably many
ergodic measures [70].

Random substitutions were first studied in the physics community, in the context of percolation
theory. A seminal paper of Mandelbrot [50] on turbulence in a fluid initiated the study of fractal
percolation, a phenomenon that random substitutions have proved useful in modelling [16, 17, 18|.
The systematic study of random substitutions from a mathematical viewpoint was initiated
by Godréche and Luck [34] in 1989, who focused on a single example, the random Fibonacci
substitution. Notably, it was there that positive topological entropy for random substitution
subshifts was first identified. Following this discovery, the topological entropy was calculated for
several families of random substitution subshifts, for example by Koslicki [46], Nilsson [58, 59|,
Spindeler |74] and Wing [76].

The mathematical theory of random substitutions and their associated subshifts has developed
rapidly in recent years. In 2018, Baake, Spindeler and Strungaru |7] computed the diffraction
measure for a family of random substitutions and Rust and Spindeler [70] established some key
topological and dynamical properties of random substitution subshifts. For example, they showed
that, under mild conditions, a random substitution subshift is topologically transitive and has
uncountably many minimal components. Further, they provided a weak condition under which a
random substitution subshift has positive topological entropy. Following these works, Rust [69]
provided sufficient conditions under which a random substitution subshift does not admit periodic
points and Miro et al [53] provided sufficient conditions for a random substitution subshift to
be topologically mixing. In addition, it was shown by Gohlke, Rust and Spindeler [38] that
every topologically transitive shift of finite type can be obtained as the subshift of a random
substitution. However, despite this recent progress, the systematic study of random substitutions
is still in its infancy, and many properties remain poorly understood.

The notion of primitivity for deterministic substitutions extends naturally to the random
setting (we give the definition in Chapter 2). As in the deterministic setting, primitivity is a
standard assumption in the study of random substitutions and is assumed in the majority of

the aforementioned works. To each primitive random substitution, a measure can be associated

11



in a canonical manner [70]. This measure, called the frequency measure corresponding to the
random substitution, reflects the underlying probability distribution. It was shown by Gohlke
and Spindeler [39] that for every primitive random substitution, the corresponding frequency
measure is ergodic with respect to the shift action [39].

A systematic approach to calculating topological entropy of random substitution subshifts
was provided by Gohlke [35] in 2020. There, the notion of inflation word entropy for a random
substitution was introduced and shown to coincide with the topological entropy of the associated
subshift, under the assumption that the underlying random substitution is primitive and compatible
(we give the definition in Section 2.2). This allows the topological entropy to be calculated or
accurately estimated for a broad class of random substitution subshifts. However, a limitation
of Gohlke’s result is that it requires the somewhat restrictive condition of compatibility. In
Chapter 3 of this thesis, we continue the development of the theory of topological entropy for
random substitution subshifts. In contrast to [35], we do not require the underlying assumption
of compatibility in our work.

A limitation of topological entropy as a measure of complexity is that it is blind to the choice
of probabilities attached to the random substitution. This is not the case for many important
properties of random substitutions, such as word frequencies, which can be viewed as almost sure
properties with respect to the corresponding frequency measure [70|. In Chapters 4-6, we view
complexity from the perspective of this measure. In particular, we develop a theory of measure
theoretic entropy for random substitution subshifts and study regularity properties of frequency
measures from the perspective of multifractal analysis. Motivated by Gohlke’s inflation word
approach to topological entropy, we introduce new notions called the measure theoretic inflation
word entropy and the inflation word Le-spectrum of a primitive random substitution. We show
that, in many cases, these notions coincide with the measure theoretic entropy and L?-spectrum,
respectively, where the measure in question is the frequency measure. Thus, our approach allows
us to develop a robust theory of measure theoretic entropy and multifractal analysis for frequency

measures arising from random substitutions.
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1.8 Outline of thesis

This thesis is based on three papers the author wrote while a Ph.D. student [37, 54, 55]. We
introduce the key definitions that we work with throughout in Chapter 2 and prove several basic
properties of random substitutions. The majority of the results stated here are either proved in
the paper [37] or available in the literature on random substitutions. However, at the end of this
chapter, we provide a new proof that every Bernoulli measure on the full shift can be obtained as
the frequency measure corresponding to a primitive random substitution.

Chapter 3 contains the main results from the solo-authored paper [54], on topological entropy
and word complexity of random substitution subshifts. The main results proved in this chapter

are the following.

e A primitive random substitution subshift has zero topological entropy if and only if it is
the subshift of a deterministic substitution. This answers in the positive an open question

of Rust and Spindeler [70].

e For all primitive constant length random substitutions, the topological entropy of the
associated subshift coincides with the notion of inflation word entropy introduced by Gohlke
in [35]. Together with the main theorem in [35], this shows that the inflation word entropy
of a primitive random substitution coincides with the topological entropy of the associated

subshift for all random substitutions for which it is well-defined.

e Without primitivity, a wide range of complexity behaviour can occur that is not possible
in the deterministic or primitive random settings. For example, there exist non-primitive
random substitution subshifts with intermediate growth complexity function. A partial
classification of complexity functions for subshifts of constant length random substitutions

is provided.

Chapters 4 and 5 are based on the paper [37], which was written in collaboration with
P. Gohlke, D. Rust and T. Samuel. Chapter 4 focuses on measure theoretic entropy; then, in
Chapter 5,we consider conditions under which a primitive random substitution gives rise to a
frequency measure of maximal entropy. We give the definition of measure theoretic inflation word

entropy in Section 4.1. The main results from these chapters are the following.
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e For all primitive random substitutions, the notion of measure theoretic inflation word
entropy coincides with the measure theoretic entropy of the associated subshift with respect

to the corresponding frequency measure.
e In many cases, a closed-form formula for the measure theoretic entropy can be obtained.

e Under mild assumptions, a primitive random substitution subshift supports a frequency

measure of maximal entropy.

e Under more restrictive assumptions, this measure is shown to be the unique measure of

maximal entropy.
e The random period doubling substitution subshift is intrinsically ergodic.

Chapter 6 concerns multifractal properties of frequency measures. This chapter is based on
the paper [55], which is joint work with A. Rutar. We introduce the notion of the inflation word
L4-spectrum of a random substitution in Section 6.2. In the main results of this chapter, we show

the following.

e For primitive and compatible random substitutions, the inflation word L9-spectrum coincides

with the Li-spectrum of the corresponding frequency measure for all ¢ > 0.
e Under an additional assumption (recognisability), the two notions coincide for all ¢ € R.

e In this latter setting, the multifractal formalism holds.
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CHAPTER 2

RANDOM SUBSTITUTIONS

In this chapter we provide a systematic introduction to random substitutions and their associated
subshifts. In Section 2.1, we give the definition of a random substitution and its associated
subshift and state some basic properties of random substitution subshifts. Then, in Section 2.2, we
introduce various conditions that it is natural to impose on random substitutions and discuss their
consequences. Section 2.3 concerns frequency measures, the class of measures that arise naturally
from random substitutions, which are our main objects of study in Chapters 4-6. After giving
their definition and key properties, we provide the statement of a result which is fundamental to
the proofs of our main results in Chapters 4-6.

Since the content of this chapter is largely foundational, many of the results stated here are
not originally due to the author. We have taken care to provide citations to the original work

where this is the case.

2.1 Random substitutions and their subshifts

2.1.1 Random substitutions

In a similar manner to |35, 37|, we define a random substitution by the data required to determine
its action on letters. We then extend this to a random map on words. In the following, and

throughout, we let F(-) denote the collection of all finite subsets of a given set.

Definition 2.1.1. Let A = {a1,...,a4} be a finite alphabet. A random substitution Jp = (9, P)

is a set-valued substitution ¥: A — F(AT) together with a set of non-degenerate probability
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vectors

ri
P={pi= i1 Pir;)  7i = #a:); pi € (0,1]"; Y pij=1forallie{1,....d}p,
j=1

such that

;

s(1)  with probability Di1,

vp: a; —

s(b7)  with probability Diri»

\

for every 1 < i < d, where ¥(a;) = {s(i’j)}lgjgi.

We call each s(+7) a realisation of ¥p(a;). If there exists an ¢ € N such that |s(+7)| = ¢ for all
ie{l,...,d} and j € {1,...,r;}, then we say that ¥p is of constant length (.

If 6 is a deterministic substitution, defined over the alphabet A, such that 6(a) is a realisation

of Ip(a) for all a € A, then we say that 6 is a marginal of Jp.

Similarly to deterministic substitutions, the action of a random substitution can be extended
to finite and bi-infinite words. In the following, we describe how a random substitution ¥p
determines a Markov process with state space A" and transition matrix Q, indexed by AT x A*.
We interpret the entry ., as the probability of mapping a word u to a word v under the
random substitution. Formally, Q. i) = pij for all j € {1,...,7;} and Qq;,0 = 0 if v & V(a;).
We extend the action of ¥p to finite words by mapping each letter independently to one of its

realisations. More precisely, given n € N, u = a;, - - a;, € A" and v € AT with |v] > n, we let
D,(v) = {(vW,...,0™) e (AT : oW ..o =}

denote the set of all decompositions of v into n individual words and set

n
Qu,v = Z H Qaij ’v(j> .

(v ... vM)eD,, (v) J=1

In other words, ¥p(u) = v with probability Q.

For u € A", let (9%(u))nen be a stationary Markov chain on some probability space
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(Qy, Fu,Py), with transition matrix given by @; that is,
P, [95 () = w | 9% (u) = v] = P,[9p(v) = w] = Quu
for all v,w € AT, and n € N. In particular,

Pyu[ip(u) = v] = (Q")u

for all u,v € A", and n € N. We often write P for P, if the initial word is understood. In this

case, we also write E for the expectation with respect to P. As before, we call v a realisation of

U5 (u) if (Q™)u,» > 0 and set
9"(u) = {v e AT : (Q")yp > 0}

to be the set of all realisations of ¥ (u). Conversely, we may regard ¥p(u) as the set 9" (u)
endowed with the additional structure of a probability vector. If u = a € A is a letter, we call a
word v € 9™(a) a level-n inflation word, or exact inflation word.

We now give the definitions of two of the most well-studied random substitutions: the random
Fibonacci substitution and the random period doubling substitution. We will often refer back to

these two guiding examples throughout this thesis.

Example 2.1.2 (Random Fibonacci). Let A = {a, b} and let p € (0,1). The random Fibonacci

substitution 9p = (¢, P) is the random substitution given by

ab with probability p,
a

Ip: ba with probability 1 — p,

b+ a with probability 1,

\

with defining data r, = 2, 1, = 1, s(&Y = ab, 5(42) = ba, s®V = a, P = {p, = (p,1—p), pp = (1)}

and corresponding set-valued substitution ¥: a +— {ab,ba},b — {a}.

Example 2.1.3 (Random period doubling). Let A = {a,b} and let p € (0,1). The random
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period doubling substitution ¥p = (9, P) is the random substitution defined by

ab with probability p,
a+—

Up: ba with probability 1 — p,

b+ aa with probability 1

\

with defining data 74 = 2, 7, = 1, s = ab, s(22) = pa, sV = ga, P = {pa=(p,1 —p),pp =
(1)} and corresponding set-valued substitution 9: a +— {ab,ba},b — {aa}. Observe that Jp is a

constant length random substitution of length 2.

For both the random Fibonacci and random period doubling substitutions, for all a € A and
k € N, every realisation of 9% (a) has the same length. Where this is the case, we write |9*(a)|
for the common length. This is not always the case for random substitutions and, in general, the
length |Jp(a)| is a random variable. We also write || = max,e 4 max,cy(q)|v| for the maximal

length of an exact inflation word.

2.1.2 The subshift associated to a random substitution

To a given random substitution ¥p = (¥, P), one can associate a subshift in a similar manner to

the deterministic setting, via a language generated by the random substitution.

Definition 2.1.4. Let ¢ = (¢, P) be a random substitution over a finite alphabet A. We say
that a word u € AT is (¥-)legal if there exists an a; € A and k € N such that u appears

as a subword of some word in ¥*(a;). The language of ¥ is the subset of AT defined by
Ly ={ue€ A" : uis J-legal}.

Definition 2.1.5. The random substitution subshift of a random substitution Jp = (¢, P) is the
system (Xy, ), where Xy = {x € A% : every subword of z is ¥-legal} and S denotes the usual

(left) shift map.

Under very mild assumptions, the space Xy is non-empty (we give sufficient conditions in
Section 2.1.3). We endow Xy with the subspace topology inherited from AZ%. Since Xy is defined
in terms of a language, it is a compact S-invariant subspace of A%; hence, Xy is a subshift. For

n €N, we write Lj = {u € Ly: |u| = n} for the subset of Ly consisting of words of length n.
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The notation Xy reflects the fact that the random substitution subshift does not depend
on the choice of (non-degenerate) probabilities P. In fact, this is the case for many structural
properties of ¥p. In these cases, one sometimes refers to 1 instead of ¥p as a random substitution,
see for instance [35, 38, 69, 70]. On the other hand, for some applications, one needs additional
structure on the probability space. For example, the measure theoretic properties we consider in
Chapters 4-6 are in general dependent on the explicit choice of probabilities.

The set-valued function 9 extends naturally to Xy, where for w = - - - w_ow_1 - wowq - - - € Xy,
we let ¥(w) denote the (possibly infinite) set of sequences of the form x = ---x_ox_1 - xox1 -
with x; € ¥(w;) for all j € Z. It follows routinely from the definition of Xy that ¥(Xy) C Xy.
Some properties of ¥ are reminiscent of continuous functions, although ¥ itself is not a function.
In the following, we recall that we equip A% with the discrete product topology and a given

subshift of A% with the subspace topology inherited from A%.

Lemma 2.1.6. If 9p = (¢, P) is a random substitution and X C A? is compact, then J(X) is

compact.

Proof. Tt suffices to show that ¥(X) is closed. Let (y™),en be a sequence in 9(X) and assume
that this sequence converges to some y € A%. We show that y € ¥(X). To this end, let (z(™),cn
be a sequence in X with y(™ e 19(:6(")) for all n € N. By the compactness of X, this sequence has
an accumulation point x = ---x_jxgx1 - € X. By restricting to an appropriate subsequence,
we may assume that

(m) _
Plnn) = Plnn]

for all m,n € N with m > n. In which case,

g = )l
with w§n) € 9(z;) for all j € {—n,...,n}. As (y™)en converges to y, we may assume, for
n €N,

Y] = w™ ™l
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again by possibly restricting to an appropriate subsequence. By a standard diagonal argument
utilising the pigeonhole principle, we can choose w; € ¥(x;) for all j € Z such that y =

s w_gw_i.wowiwy - - - . Namely, we have that y € J(x). O

2.1.3 Primitive random substitutions

Similarly to deterministic substitutions, the action of a random substitution on the abelianisation
of a word can be encoded by a matrix. This allows a natural analogue of primitivity for random
substitutions to be defined. In general, the matrix of a random substitution depends on the

choice of probabilities.

Definition 2.1.7. Let 9p = (¢,P) be a random substitution over a finite alphabet A =

{a1,...,aq}. The matriz of Ip is the d x d matrix M = My, defined by

Tj
M; ;= E[[9p(aj)la;] = Y pjkls"Ha,.
k=1

Definition 2.1.8. We say that Jp is primitive if the matrix of Jp is a primitive matrix.

In contrast to the deterministic setting, primitivity is not sufficient to guarantee that the
subshift associated to a given random substitution is non-empty. For example, the random
substitution ¥: a,b — {a,b} is primitive, but Xy = @. However, it was shown by Rust and
Spindeler |70, Prop. 9| that a primitive random substitution gives rise to an empty subshift if
and only if, for every a € A, ¥(a) consists only of realisations of length 1. To keep the statements
of our main results simple, we exclude these pathological cases and from now on restrict the
definition of primitivity to those random substitutions that give rise to a non-empty subshift.

By the Perron—Frobenius theorem, if ¥p is a primitive random substitution, then there exists
a real number A > 1 such that A is an eigenvalue of the matrix of Jp, and every other eigenvalue
is strictly smaller than A in modulus. Moreover, X is a simple eigenvalue, so has a one-dimensional
eigenspace. Further, the left and right eigenvectors corresponding to the eigenvalue A consist of
positive real entries. We normalise R such that its entries sum to 1 and normalise L such that
LT -R = 1. For simplicity, we call A the Perron-Frobenius eigenvalue of Op (as opposed to the
Perron—Frobenius eigenvalue of the substitution matrix of ¥p). Similarly, we call L and R the

left and right eigenvectors of 9p. Together, we call (\, L, R) the Perron—Frobenius data of Jp.
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The Perron—Frobenius data of a random substitution encodes information on expected inflation

lengths and letter frequencies. This is summarised in the following.
Proposition 2.1.9 ([39, Lemma 3.5]). Let ¥p = (0, P) be a primitive random substitution with
Perron—Frobenius data (A, L, R). Then, for all a € A, we have

Eog@l) ., ElE@I

_—UPPARL L,
E[[g " (a)] o

as m — oo. Moreover, for all b € A, we have

Eflvg (a)]s]

Elop@)

as m — oQ.

If Ip is a random substitution and M is the matrix of ¥p, then for all & € N, M* is the
matrix of the random substitution 79%,. Thus, if ¥p is primitive, then 19’}“, is primitive for all £ € N.
Moreover, if (A, L, R) is the Perron-Frobenius data for ¥p, then (A\*, L, R) is the Perron-Frobenius
data for 19’{,.

While the matrix of a random substitution is dependent on the choice of probabilities,
primitivity itself is independent of the choice of (non-degenerate) probabilities. In fact, primitivity

can be characterised entirely in terms of the underlying set-valued substitution.

Proposition 2.1.10 (|70, Def. 4]). Let 9p = (¢, P) be random substitution over a finite alphabet
A. Then ¥p is primitive if and only if there exists a positive integer K such that, for all a,b € A,

the letter a appears as a subword of some realisation of ¥ (b).

We emphasise that while primitivity is independent of the choice of probabilities, the Perron—
Frobenius data corresponding to the random substitution does, in general, depend on the

probabilities. This is highlighted by the following example.

Example 2.1.11. Let p € (0,1), and let Jp = (¥, P) be the random substitution defined by

aa with probability p,
a —

Up: ab with probability 1 — p,

b — a with probability 1.
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We have that ¢¥p(a) = aa with probability p and 9p(a) = ab with probability 1 — p, so
E[ldp(a)l] = 2+ (1—p) = 1+ p. Siilarly, E[dp(@)ls] = 1 - p. E[dp(®)d = 1 and
E[|9p(b)|a] = 0, so the matrix of ¥p is given by

M- E“??P(a”a] E[Wp(bﬂa] _ 14p 1

E[ldp(a)ls] E[[dp(b)]s] 1-p 0

The Perron-Frobenius eigenvalue of M is A = (p + 1+ y/p? — 2p + 5)/2 and the corresponding

(normalised) right eigenvector is R = (1 — f(p), f(p)), where

f(p) = 20— 1)
3p—1—p>—2p+5

The above example also illustrates that primitivity is not preserved under passing to marginals.

The marginal at p = 1 is the deterministic substitution 0: a — aa, b — a, which is not primitive

since b does not appear as a subword of 6%(a) or 8¥(b) for any k € N.

2.2 Special classes of random substitutions

Since primitive random substitutions give rise to a wide variety of subshifts, including all
topologically transitive shifts of finite type [38] and all primitive deterministic substitution
subshifts, it is reasonable to impose additional conditions in their study. In this section, we

introduce some common conditions imposed on random substitutions.

2.2.1 Compatible random substitutions

One of the most common assumptions in the study of random substitutions is compatibility, which
states that the inflated image of every word has a well-defined abelianisation. Compatibility is a
fundamental assumption in Gohlke’s work on topological entropy [35], which we summarise in
Chapter 3, and is also assumed in the main results of |7, 33, 53, 69]. In the following, recall that

for a given u € A%, we let ®(u) = (Julq)aeca denote the abelianisation of u.

Definition 2.2.1. We say that a random substitution 9p = (9, P) is compatible if for all a € A

and u,v € ¥(a), we have ®(u) = ®(v).
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Compatibility guarantees that the length [9%(a)| is well-defined for all @ € A and k € N.
Further, if 9p = (¢, P) is compatible, then for all u € AT, a € A and s,t € ¥(u), we have that
|s|a = [t|a- We write |9(u)|q to denote this common value. It is straightforward to verify that if
Jp is compatible, then 19];, is compatible for all £ € N.

Note that the matrix of a compatible random substitution is independent of the choice of
probabilities P. Therefore, if a random substitution is both primitive and compatible, the Perron—
Frobenius eigenvalue and corresponding right eigenvector do not depend on P. In fact, there is a
uniform inflation rate and uniform letter frequencies, which are encoded by the Perron—Frobenius

data. Specifically, we have the following.

Proposition 2.2.2 ([35, Prop. 13]). If ¥p = (J,P) is a primitive and compatible random
substitution with Perron-Frobenius data (A1, L, R), then for all € > 0 there is an integer N such

that every word v € Ly of length at least NV satisfies

[0l(Ra =€) < |v]a < [v](Ra +¢)

for all a € A, where R, is the entry of R corresponding to a. Consequently, for all a,b € A,

[ (0)la
|9+ (b)]

— R,

as k — oo. Hence, for all z € Xy,
|$[—n,n]|a

— R,
2n +1 “

as n — oQ.

The following is proved in [67, Prop. 5.8| for primitive deterministic substitutions. The proof

presented there extends to primitive and compatible random substitutions.

Proposition 2.2.3. Let 9p = (¢, P) be a primitive and compatible random substitution, with
Perron—Frobenius data (A1, L, R). Further, let Ay denote the second largest (in absolute value)
eigenvalue of the substitution matrix. Then, there exists a constant ¢ > 0 such that for all m € N
and a € A,

A'Lg — c|A2|™ < |9 (a)| < AT'Lg + c|A2|™,
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where |A2| denotes the modulus of Ag. In particular,

9™ (a)]
AT

— L.

as m — oo for all a € A.

The random Fibonacci substitution defined in Example 2.1.2 is compatible, since ®(ab) =
®(ba) = (1,1). For any choice of probabilities, the right Perron—Frobenius eigenvector is given by
(1, 7_2)T, where 7 denotes the golden ratio. Thus, in every element of the associated subshift,
the letter a occurs with frequency 7= and the letter b occurs with frequency 7—2. Similarly,
the random period doubling substitution defined in Example 2.1.3 is compatible, with right

Perron-Frobenius eigenvector (2/3,1/3)7.

2.2.2 Generalisations of compatibility

For compatible random substitutions, the Perron—Frobenius data (A, L, R) is independent of the
choice of probabilities. A natural generalisation of compatibility is to allow R to depend on the
probabilities but still insist that A and L are independent of the probabilities. Such random
substitutions are called geometrically compatible, since this is the natural setting in which a
random substitution can be viewed as a random inflation rule on an associated tiling dynamical

system. For more details, we refer the reader to [36].

Definition 2.2.4. We say that a primitive random substitution Jp is geometrically compatible if
there is a real number A > 1 and a vector L with strictly positive entries, such that L is a left

eigenvector with eigenvalue A for all marginals of ¥p.

As well as encompassing all compatible primitive random substitutions, the class of geometri-
cally compatible random substitutions also includes all primitive random substitutions of constant

length.

Lemma 2.2.5. Let Jp = (¢, P) be a primitive random substitution over a finite alphabet A. If

Jp is compatible or constant length, then ¥p is geometrically compatible.

Proof. For compatible random substitutions, the result follows from the fact that the substitution

matrix is independent of the choice of probabilities and is preserved under passing to marginals,
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so it remains to consider the constant length case. To this end, let ¥p be a primitive random
substitution of constant length ¢ and let 6 be a marginal of 9p. The constant length property
is preserved under passing to marginals, so 6 has Perron—Frobenius eigenvalue A\ = £. Let
L= (1,...,1)T € R#*4 Since 6 is of constant length £, we have that > vea El[Y(a)]s] = £ for
all a € A. In particular, the column sums of the substitution matrix M are all equal to £.
Hence, /LT = MTLT, so L is a left eigenvector for the eigenvalue ¢ and we conclude that Jp is

geometrically compatible. O

The reverse inclusion in Lemma 2.2.5 does not hold. Namely, there exist geometrically
compatible random substitutions that are neither compatible nor constant length. This is

illustrated by the following example.

Example 2.2.6. Let Jp be the primitive random substitution defined over the alphabet A = {a, b}
by

a— abb with probability 1,

YIp: a  with probability p,
b—

bb with probability 1 — p.

The random substitution ¥p is geometrically compatible with L = (2,1) " and A\ = 2. We highlight

that Jp is neither constant length nor compatible.

Beyond geometric compatibility, there is the class of random substitutions with wunique
realisation paths. Recall that for v = vy - - - vy, the random word ¥p(v) = ¥p(v1) - - - ¥p(v,) can
be written as a concatenation of the random variables 9p(v1), ..., 9p(vy). In general, there might
be several realisations of (Jp(v1),...,0p(vy,)) that concatenate to the same realisation of ¥p(v).

For random substitutions with unique realisation paths, this phenomenon can be excluded.

Definition 2.2.7. We say that Jp has unique realisation paths if for every v € Ly and k € N,

the vector (9% (v1),..., ﬂlf,(vw)) is completely determined by 9% (v).

While the definition above is most adequate for our purposes, we note that the property of
having unique realisation paths does not depend on the choice of P. Indeed, it is straightforward

to verify that a random substitution ¥p = (¥, P) has unique realisation paths if and only if for
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all v € Ly and k € N the concatenation map
OF(v1) x -+ x ﬁk(v|v|) — Ly, (.. w)—wlw

is injective.

Lemma 2.2.8. Every primitive, geometrically compatible random substitution has unique

realisation paths.

Proof. Let Jp be primitive and geometrically compatible. Since the same holds for 19’{,, we may
restrict to the case k = 1 in the following. Let v € Ly and let u be a realisation of the random

word

’19];)(1]) = ﬁP(Ul) T ﬂP(UM)

and (u!,...,ul’l) a corresponding realisation of (9p(v1),...,0p (v}y])) satisfying

Let M be the substitution matrix of a marginal of ¥p with v; + wu1. Since L has strictly positive

entries, there is a unique 1 < m < |u| such that

Lo (ufy ) = L®(u') = LM1®(v1) = ALy, .

1

This determines u" = uj ,,) unambiguously. Inductively, we find that u’ is uniquely determined

by u for all 1 < j < |v|. O

For the reader’s convenience, we summarise the relation between different characterisations of

primitive random substitutions in Figure 2.1.

2.2.3 Separation conditions

In this section, we introduce additional conditions that either (1) impose a certain separation on

inflation words, or (2) impose a certain uniformity on the inflation and the probabilities.
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Constant Length Compatibility

NS

Geometric Compatibility

l

Unique Realisation Paths

Figure 2.1: Implication diagram for some conditions on primitive random substitutions.

Definition 2.2.9. A random substitution Jp = (9, P) satisfies the disjoint set condition if
u,v € ¥(a) withu #v = 9(u) NI @) =2
for all a € A and k € N. It satisfies the identical set condition if
u,v € 9(a) = 9*(u) = 9% (v)

for all a € A and k € N. Moreover, we say that ¥p has identical production probabilities if for all

a€ A keNandwv € 9¥a),
P (1) = 0] = P05 (uz) = 0]

for all uj,us € 9(a).

Observe that the identical and disjoint set condition depend only on the underlying set-valued
substitution. However, the property of having identical production probabilities is dependent on

the probability distribution.

Remark 2.2.1. The conditions introduced in Definition 2.2.9 can also be rephrased in probabilistic
terms. Specifically, ¥p satisfies the disjoint set condition if and only if ¥p(a) is determined by
Vg (a) for all n € N and a € A. The identical set condition with identical production probabilities
holds for ¥p if and only if the random words ¥p(a) and ¥%(a) are independent for all n > 2 and

a € A. This formulation will be useful when we consider measure theoretic entropy in Chapter 4.

In general, it is not straightforward to verify whether a given random substitution satisfies
the identical or disjoint set condition. However, for some families of random substitutions there

are sufficient conditions that are easy to check.
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Proposition 2.2.10. If 9p = (¥, P) is a random substitution such that ¥(a) = J(b) for all

a,b € A, then ¥p satisfies the identical set condition.

Proof. Since ¥(a) = 9(b) for all a,b € A, it follows inductively that ¥*(a) = 9*(b) for all k € N.

Hence, Jp satisfies the identical set condition. O

The sufficient condition for the identical set condition given by Proposition 2.2.10 is not a
necessary condition. For example, any random substitution defined over the set-valued substitution

¥ a,b— {abe,bac}t, ¢ — {ach, bea} satisfies the identical set condition, but ¥(a) # 9(c).

Proposition 2.2.11. If ¥p = (¢, P) is a constant length random substitution such that ¥(a) N

(b)) = @ for all a,b € A with a # b, then Jp satisfies the disjoint set condition.

Proof. We show that, for each k£ € N and each level-(k + 1) inflation word w, there is a unique
level-k inflation word v such that w € ¥(v). By the constant length property, w can be decomposed
into ¢* level-1 inflation words w = w! - - w’ so that w' € I(v;) for all i € {1,...,¢%}. Moreover,
this is the unique such decomposition of w into level-1 inflation words. By assumption, v; is the
unique letter such that w’ € ¥(v;), so it follows that v is the unique level-k inflation word such
that w € ¥(v). It then follows inductively that there is a unique level-1 inflation word u such
that w € 9¥*(u). Since this holds for all £ € N and all level-(k 4 1) inflation words, we conclude

that the disjoint set condition is satisfied. O

Example 2.2.12. Given p € (0,1), let Jp = (¢, P) be the random period doubling substitution

ab with probability p,
a

Up: ba with probability 1 — p,

b+ aa with probability 1.

Since ¥ is constant length and 9¥(a) NY(b) = &, Proposition 2.2.11 gives that Jp satisfies the

disjoint set condition.
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Example 2.2.13. Given p € (0,1), let ¥p = (9, P) be the random Fibonacci substitution

ab with probability p,
a +—

Up: ba with probability 1 — p,

b+ a with probability 1.

Observe that ab,ba € Y(a) and aba € J(ab) N Y(ba), so Yp does not satisfy the disjoint set

condition. On the other hand, aab € ¥(ba) \ ¥(ab), so ¥(ab) # ¥(ba) and thus ¥p does not satisfy

the identical set condition either.

The above example illustrates that the constant length assumption in Proposition 2.2.11
cannot be dropped. The issue in the non-constant length setting is that an inflation word can
have multiple different decompositions into lower level inflation words. For the random Fibonacci
substitution, this happens for the level-2 inflation word aba, which can be decomposed into level-1

inflation words as (ab, a) or (a,ba).

2.2.4 Recognisable random substitutions

A consequence of the disjoint set condition is that for every a € A, k € N and w € 9¥*(a), there
is a unique v € ¥¥~1(a) such that w € ¥(v). In other words, every exact inflation word can be
uniquely “de-substituted” to another exact inflation word. The following definition extends this

idea from inflation words to all elements in the subshift.

Definition 2.2.14. Let ¥p = (¢, P) denote a random substitution over a finite alphabet A,
and suppose that [J(a)| is well-defined for all a € A. We call dp recognisable if, for all z € Xy,
there exist a unique y = -+ - y_1yoy1 - - - € Xy and a unique integer k € {0, ..., |9 (yo)| — 1} with
S~ (x) € I(y).
In other words, for all i € Z, there exist words w' € ¥(y;) such that = can be uniquely
1,0 .1

decomposed into inflation words as (..., w™!, w® w',...). We call each w’ an inflation tile or

supertile of x and call each index j; such that z;, = wh a cutting point of inflation tiles.

A common strategy for verifying that a given random substitution is recognisable is to first
show that, in every element of the subshift, the cutting points of inflation tiles are uniquely

determined, and then show that each inflation tile has a unique preimage. This is especially
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useful for constant length random substitutions, since once one cutting point is determined, this

determines all cutting points of inflation tiles in a given inflation word decomposition.

Example 2.2.15. Let p1,p2 € (0,1) and let 9p = (¢, P) be the random substitution defined by

abbaa with probability pq,
a—

aabba with probability 1 — pq,
Up: >

babaa with probability ps,
b—

baaba with probability 1 — ps.

\

Observe that ab appears as a subword in every element of Xy. Since, for every x € Xy, there
exists a y € Xy and j € {0,...,[9(y1)|} such that z € S7(9(y)), it follows that every = € Xy
contains the word v = bbuaba as a subword, for some (possibly empty) legal word u that does
not contain bb or aba as a subword. Since u does not contain aba as a subword, we deduce
that the occurrence of aba in v must lie on the overlap of an a and a b supertile. Since Jp is
constant length, this determines the positions of all cutting points of inflation tiles and, as all
exact inflation words are distinct, the inflation word decomposition of x is uniquely determined.

Hence, we conclude that Jp is recognisable.

In the following, we present an example of a non-constant length random substitution that is

recognisable.

Example 2.2.16. Let p € (0,1) and let 9p = (9, P) be the random substitution defined by

abb with probability p,
a—

Up: bab with probability 1 — p,

b+ aa with probability 1.

We show that Jp is recognisable. Observe that, for each element in Xy, if one cutting point
between inflation tiles is known, then all can be determined by reading from left to right, or
right to left, since the first two and last two letters of every realisation are distinct from each
other. Further, note that no letter can appear more than three times consecutively. We deduce

recognisability by showing that the cutting points of inflation tiles are determined by the repeated
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occurrences of letters. First, observe that any occurrence of bbb must lie on the overlap of two
a supertiles, and that abba can only occur on the overlap of an a and a b supertile, or two a
supertiles, and reading the letter immediately to the right of the occurrence of abba determines
which case we are in. Thus, any word that contains multiple occurrences of b has a unique
decomposition into inflation words. Since every element of the subshift Xy admits an occurrence
of bb, we thus deduce that every element has a unique decomposition into inflation words. Hence,

Jp is recognisable.

Like many of the properties we have encountered before, recognisability does not depend on
the choice of probabilities, and could equivalently be defined in terms of the underlying set-valued
substitution. An alternative characterisation of recognisability is the following local version.
Intuitively, local recognisability means that applying a finite window to a sequence is enough to

determine the position and the type of the inflation word in the middle of that window.

Lemma 2.2.17. Let ¥p = (¢, P) be a primitive random substitution over an alphabet A, and
suppose that |9(a)| is well-defined for all a € A. If ¥p is recognisable, then there exists a
smallest natural number x(19), called the recognisability radius of ¥, with the following property.

If 2 € ¥([a]) for some a € A and T|_,(9),x(9)] = Y|—r(9)x(9) for some y € Xy, then y € J([a]).

Proof. By way of contradiction, suppose there is no radius of recognisability. In which case,
there exists a sequence of tuples ((z®), y*))), ey with (), y(*)) € 9([a]) x (Xy \ ¥([a])) and
x[(ﬁ)k K= [(?,f K] for all K € N. Let (z,y) € Xy x Xy be an accumulation point of this sequence.

By recognisability,

[9(b)|—1
Xo=|] || S*w@)),
bc A k=0

and by construction, z = y. Due to Lemma 2.1.6, and since S is continuous, we have that
Sk(W([b])) is compact for all b € A and k € Z. Hence, both 9([a]) and Xy \ ¥([a]) are compact.

It therefore follows that = € ¥([a]) and x =y € Xy \ ¥([a]), leading to a contradiction. O

As a consequence of the local characterisation of recognisability, for every legal word u with
length greater than twice the radius of recognisability there exists an inflation word w, appearing
as a subword of u, that has a unique decomposition into exact inflation words. We call the largest

such w the recognisable core of wu.
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Every recognisable random substitution satisfies the disjoint set condition. However, in
contrast to the disjoint set condition, recognisability is preserved under taking powers. Moreover,
the recognisability radius of ¥{ grows (asymptotically) at most with the inflation factor as m

increases.

Lemma 2.2.18. If a random substitution Jp is recognisable, then it satisfies the disjoint set

condition.

Proof. By way of contradiction, suppose that ¥p does not satisfy the disjoint set condition. In
which case, there exist a € A, and s and ¢t € ¥(a) with s # t and J(s) NY(t) # @. For x € [a],
observe that there exist y and z € ¥(x) such that Y[o,l9(a)|-1] = S» 2[0,|8(a)|—1] = ¢, and y coincides
with z at all other positions. Hence, there exists a w € J(y) NJ(z) that can be constructed by
mapping s and ¢ to the same word v € ¥(s) N¥(¢). This is a contradiction to recognisability, so

we conclude that ¥p must satisfy the disjoint set condition. O

Lemma 2.2.19. Let Jp = (¢, P) be a primitive random substitution for which |[J(a)| is well-
defined for all a € A. If Jp is recognisable, then 19’{, is recognisable for all kK € N. Moreover, if Jp

is of constant length ¢, then for all m € N we have that

k(") <

Proof. Let © € Xy and assume that there exist y,y’ € Xy and i € {0,..., |9 (yo)| — 1}, €
{0,...,|0%(yh)| — 1} such that x € S{(¥*(y)) and = € S7(9*(y/)). We show that y = ¢/ and i = j.
By definition, there exist elements wg = x, w1, ..., Wp_1, W = Y, 20 = T, 21, - .. Zk—1, 2k = Yy and
integers i, € {0,...,[9(wh)| — 1}, jr € {0,...,][9(z5)| — 1} such that w" € S (J(w" 1)) and
w” € S (9(2"7Y)) for all 7 € {1,...,k}. Since Up is recognisable, we must have that i; = j;
and wy = z1. Then, it follows inductively that i, = j, and w, = z, for all r € {1,...,k}. In
particular, we must have that y = 3/ and ¢+ = j. Since # € Xy was arbitrary, we thus conclude
that 19%, is recognisable.

Now assume that ¢p is of constant length /. We prove the bounds on the recognisability
radius by induction. The claim is immediate for m = 1. Assume it holds for some m € N, and
note, by primitivity, that Xy = Xym. Let a € A, x € 9" ([a]) and y € Xy with z(_y 1) = Y[_g 4

for k = (r(9™) + Kk(¥); in particular, y € ¥(Xy). Let v € 9™([a]) be such z € Y¥(v), and let
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w € Xy such that y € ¥(w). Applying the local characterisation of recognisability given by
Lemma 2.2.17 to the pair (S7z, $7%y) for each j € {—k(9™),...,k(9™)}, in combination with
Lemma 2.2.18, we obtain that V=g (9m),k(9M)] = W[—r(9m),k(9™)]- By the definition of x(¥"), this

implies w € ¥™([a]) and so y € Y(w) C 9™+ ([a]), yielding

-1
k(O™ < LR(O™) 4 k(D) = K(V) Zw = —n(),
7=0
where the second to last equality follows from the inductive hypothesis. O

While every recognisable substitution satisfies the disjoint set condition, the reverse implication
does not hold. A counterexample is given by the random period doubling substitution, which

satisfies the disjoint set condition but is not recognisable.

Example 2.2.20. Let p € (0,1) and let 9p = (9, P) be the random period doubling substitution
defined by

ab with probability p,
a

Up: ba with probability 1 — p,

b+— aa with probability 1.

We show that the subshift Xy admits elements that do not have a unique inflation word decom-
position. For example, let # = (aab)Z. Since, for all k € N, we have b(aab)@%_l)/3 € 92k(b), it
follows that x € Xy. We note that (22% —1)/3 is always an integer since 22F —1 = (28 —1)(2F 4-1),

and one of these factors must be divisible by 3. Observe that both

-aa _ba ab - aa ba ab --- and ---a_ab aa b-a ab aa b---,
a a a a a a a

are valid inflation word decompositions of x. Hence, z does not have a unique inflation word

decomposition and so ¥p is not recognisable.

2.3 Frequency measures

If 4 is a primitive deterministic substitution, then the subshift Xy supports a unique shift-invariant

measure u. For each v € Ly, p assigns to the cylinder set [v] mass equal to the word frequency of
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v under repeated iteration of the substitution; namely,

o 8]
ullo) = Bim S o

By primitivity, this limit always exists and is independent of the choice of a. For random
substitutions, the associated subshift is typically not uniquely ergodic. However, a shift-invariant
measure can be constructed in a similar manner. In particular, for a given random substitution
Jp, there exists a shift-invariant measure pp that is compatible with the word frequencies that
arise almost surely in the limit of large inflation words. Moreover, it was shown by Gohlke and

Spindeler [39] that this measure is ergodic with respect to the shift action.

2.3.1 Definition and basic properties

Recall that for every subshift X, the algebra £(X) of cylinder sets that specify the origin, together
with the empty set, generates the Borel sigma-algebra B(X). Frequency measures assign to a

given cylinder the expected frequency of the word under repeated substitution.

Definition 2.3.1. Given a primitive random substitution Jp = (¢, P), we define the expected

frequency of a word v € Ly by

(2.1)

We note that, by primitivity, the limit in (2.1) always exists and is independent of the choice
of a. In fact, we have the stronger property that the word frequencies exist P-almost surely in the

limit of large inflation words and are given by freq(v) for all v € Ly (see [39] for further details).

Definition 2.3.2. Let ¥p = (¢, P) be a primitive random substitution and define up: £(Xy) —
[0,1] by up (@) = 0, up(Xy) =1 and pp([v]m) = freq(v) for all v € Ly and m € {1 — |[v|,2 —
|v|,...,0}. The set function up defines a pre-measure on the algebra £(Xy), which extends
uniquely to a measure on B(Xy). We call the measure up the frequency measure corresponding

to the random substitution Jp.

Proposition 2.3.3 (|39, Proposition 5.3 and Theorem 5.9]). Let Y¥p be a primitive random sub-
stitution. Then, the corresponding frequency measure is a shift-invariant and ergodic probability

measure on the subshift Xy.
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Since pp is ergodic, it follows by Birkhoft’s ergodic theorem that for every u € Ly, we have

1
2n+1

i {Z € {_n7 cee >n}: Lliyit|u|-1] = u} H—OO> ;U'P([u])

for up-almost all x € Xy. This motivates the term frequency measure.

For all a € A, we have that up([a]) = Rg, the entry of the right Perron-Frobenius eigenvector
corresponding to a. It is also possible to define the measures of longer words in a similar
manner, as the entries of the right Perron—Frobenius eigenvector of an associated induced random
substitution. However, Definition 2.3.2 is sufficient for our purposes so we do not include this
alternative characterisation here. For more details, we refer the reader to [39, 70].

Note that frequency measures are dependent on the probabilities of the random substitution.
As such, primitive random substitution subshifts often support uncountably many ergodic
measures. This is in contrast to subshifts of primitive deterministic substitutions, which are

always uniquely ergodic [52, 67].

2.3.2 Renormalisation lemma

The presence of an inherent hierarchical structure allows for the application of renormalisation
techniques in the study of random substitutions. Since the frequency measure corresponding to
a primitive random substitution reflects the underlying Markov process, it is natural to expect
this measure will exhibit some kind of dynamical self-similarity. This is given by the following

self-consistency relation, which was shown as the first step in the proof of [39, Prop. 5.8|.

Lemma 2.3.4. Let 9p = (9, P) be a primitive random substitution, with corresponding frequency

measure pup. Then, for all n € N and u € L%, we have

19 m
pp(]) = 5 3 me((e]) Y PIp(0)yyeamsy = w and [ip(wr)] = m].
m=1 j=1

veLly

Lemma 2.3.4 relates the measures of cylinder sets via the action of the random substitution.
This is a very powerful tool for studying frequency measures, and is fundamental to the proofs of
our main results on measure theoretic entropy and multifractal properties of frequency measures
in Chapters 4-6.

If additional assumptions are imposed on the random substitution, then simpler formulations of
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Lemma 2.3.4 can be obtained. For example, if the inflated image of every letter has a well-defined

length, then we have the following.

Lemma 2.3.5. Let ¥p = (9, P) be a primitive random substitution with corresponding frequency
measure pp. Additionally assume that, for all @ € A, the length |J(a)| is well-defined. Fix n € N

and let k be an integer such that every v € £¥ has [9(v)| > n + |9(v1)|. Then, for every u € L1,

9(0)
pe(lu]) = > () Plde (0)j,j4+m-1) = ul;

Proof. For all v € L%, the length [9(v1)| is well-defined, so for all u € £ and j € {1,...,[9(v1)|},

we have

PIp(v)}jjin-1) =1ul if m=[d(v1)],
P[Ip(v)}jjn—1) = u and [Jp(v1)| = m] =

Hence, it follows by Lemma 2.3.4 that

[P (v1)]
1
pe(lu]) = 5 > ue(ll) Y Pp(w)y4m-1 =],
v€£§ Jj=1
which completes the proof. O

We note that if ¥p = (¢, P) is compatible or constant length, then the condition that |9(a)]

is well-defined for all a € A is satisfied.

2.3.3 Frequency measures on the full shift

We conclude this chapter by providing conditions under which a class of frequency measures on
the full shift are Bernoulli measures. We highlight the following is a new result which has not

been presented in any of the papers on which this thesis is based.

Proposition 2.3.6. Given pi,pa,p3,ps € (0,1) such that Z?Zl pi = 1, let 9p = (9, P) be the
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random substitution defined by

,

aa with probability pi,

ab with probability po,
Yp: a,b—

ba  with probability ps,

bb with probability py,

and let pup denote the corresponding frequency measure. Then, the associated subshift X is the

full shift {a,b}%. Further, the measure up is Bernoulli if and only if there exists a p € (0,1) such

that p1 = p?, p2 = p3 = p(1 — p) and py = (1 — p)?. In this case, yup is the (p,1 — p)-Bernoulli

measure on {a,b}?.

Proof. For each k € N, we have that 9%(a) = 9*(b) is the set of all words of length 2* over the

alphabet {a, b}, so it follows by the definition of the subshift associated to a random substitution

that Xy is the full shift {a,b}?.

To prove the necessary and sufficient conditions under which the frequency measure up is

a Bernoulli measure, we use the renormalisation lemma stated in Section 2.3.2. In particular,

since ¥p is constant length, we can apply the version stated in Lemma 2.3.5. For each n € N and

u € Ly, Lemma 2.3.5 gives that

pp() =5 S () S R o) ) = ol

verk/2l 1 j=1
For all v!,v?% € Egn/ng and j € {1,2} we have
PP (o) 5 1) = 1] = PO (%) g1 = ),
so the above expression simplifies to

e ([u]) = 5 (FI9p )1 ) = o] + Plop (@) = o)

[n/2]+1
9

for any choice of v € £ , noting that ZUGLIL;L/%—&-I wp([v]) = 1.

We first show that when p; = p?, po = p3 = p(1 — p) and py = (1 —p)?, the frequency measure
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pp is the (p, 1 — p)-Bernoulli measure. Observe that for every w € ¥(a) = ¥(b), we have
P[dp(a) = w] = P[¥p(b) = w] = pl¥la(1 — p)lwle

and, if j € {1,2} and ¢ € {a, b}, then
Pldp(c)j =a]=p and PlIp(c); =0 =1-p.

Hence, splitting each of the probabilities in (2.2) into inflation tiles, we obtain

PP (v) (1 o) = u] = P[9P () ufs1 = u] = pll(1 — p)lule,

so it follows by (2.2) that pp([u]) = pl“le(1 — p)!“le. Since this is true for all u € Ly = {a,b}*, we
conclude that pp is the (p,1 — p)-Bernoulli measure.

Now, we show that if up is a Bernoulli measure, then there exists a p € (0,1) such that p; = p?,
p2 =p3 = p(1 —p) and py = (1 — p)?. If up is a Bernoulli measure, then up([u]) = Hli'l pp ([wi])

for all u € Ly. Thus, we require pp([ab]) = pp([ba]). By Equation (2.2), we have

e (lab]) = 5 (2 + (01 + p3) (s + p)

e (fbal) = 3 (ps + (01 + p2)(p2 + 1)),

and these two quantities coincide if and only if po = p3. Next, note that the right Perron—Frobenius

eigenvector of ¥p is given by

R - (1 +p1 — P4 1—101+p4>T
n 2 ’ 2 ’

SO
1+p1—p4
pe(la]) = ————

5 =p1 + p2,

where in the second equality we have used that py = 1 —p; — p2 — p3 and pa = p3. Thus, by (2.2),

if up is a Bernoulli measure, we require

(1 + p2)? = p(la))pp () = p(faa) = 5 (01 + (01 -+ 2)?).
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In other words, we require (p1 + p2)? = p1. If p € (0,1) is the real number such that p; = p?,
then this identity holds if and only if ps = p(1 — p). Since p3 = p2, we also require p3 = p(1 — p).
Finally, since Z?Zl pi = 1, we have py = 1 — p? — 2p(1 — p) = (1 — p)2. This completes the

proof. O
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CHAPTER 3

TOPOLOGICAL ENTROPY AND WORD COMPLEXITY

In contrast to subshifts of deterministic substitutions, random substitution subshifts often have
positive topological entropy. As such, topological entropy provides a new invariant in the study
of random substitution subshifts not available for their deterministic counterparts.

Positive topological entropy was first identified for subshifts of random substitutions in the
pioneering work of Godréche and Luck [34], who showed that the random Fibonacci substitution
gives rise to a subshift with positive topological entropy. Following this, the topological entropy
was calculated for several families of random substitution subshifts, for example, see [46, 56, 58, 59,
74, 76]. In each of these references, the topological entropy was calculated by first quantifying the
asymptotic growth rate of inflation words and then showing the topological entropy coincides with
this quantity. This approach was unified by Gohlke [35], who showed that for every primitive and
compatible random substitution, the topological entropy of the associated subshift coincides with
the notion of inflation word entropy, which is characterised entirely in terms of the substitution
branching process, as opposed to the subshift. Further, Gohlke showed that if the underlying
random substitution satisfies either the identical or disjoint set condition, then a closed-form
formula for the topological entropy can be obtained.

In this chapter, we continue to develop the theory of topological entropy for random substitution
subshifts. In Section 3.1, we provide necessary and sufficient conditions under which a primitive
random substitution gives rise to a subshift of positive topological entropy. In particular, we
show that a primitive random substitution subshift has zero topological entropy if and only
if it can be obtained as the subshift of a deterministic substitution, answering in the positive
an open question of Rust and Spindeler [70]. Then, in Section 3.2, we develop techniques for

calculating topological entropy for subshifts of constant length random substitutions, without the
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requirement of compatibility. This allows the topological entropy to be calculated for a broad
class of non-compatible random substitution subshifts. Further, we obtain general bounds on the
topological entropy of constant length random substitutions that hold even without primitivity. In
contrast to the primitive setting, non-primitive random substitutions can give rise to subshifts that
cannot be obtained as the subshift of a deterministic substitution. In Section 3.3, we show that
these subshifts exhibit a rich variety of complexity behaviour not witnessed in the deterministic
or primitive random settings.

The results in this chapter are largely based on the solo-authored paper [54].

Notation. Throughout this chapter, we write ¥ for a random substitution instead of Jp, to
reflect the fact that the topological entropy of the associated subshift does not depend on the
choice of probabilities. We note that all the results in this chapter can be framed in terms of
set-valued substitutions. However, we still refer to ¢ as a random substitution to keep in line

with the rest of the thesis.

3.1 Positivity of topological entropy for random substitution sub-
shifts

3.1.1 Statement of main results

While random substitution subshifts typically have positive topological entropy, every deterministic
substitution subshift is itself the subshift of a random substitution, so it is not true that all random
substitution subshifts have positive topological entropy. Rust and Spindeler [70] conjectured
that, under primitivity, the zero entropy random substitution subshifts are precisely those that
can be obtained as the subshift of a deterministic substitution. Here, we provide a proof of this

conjecture.

Theorem 3.1.1. Let X be the subshift of a primitive random substitution. Then h¢op(X) = 0 if

and only if X is a deterministic substitution subshift.

We give the proof of Theorem 3.1.1 in Section 3.1.2. By combining Theorem 3.1.1 with the
classification of complexity functions for subshifts of primitive deterministic substitutions given
by Pansiot (Proposition 1.6.1), we obtain the following. In particular, we highlight that there do

not exist primitive random substitution subshifts with intermediate growth complexity function.
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Corollary 3.1.2. If ¢ is a primitive random substitution such that hip(Xy) = 0, then the

complexity function of Xy is either ©(1) or O(n).

Corollary 3.1.2 illustrates that there exists a complexity gap for subshifts of primitive random
substitutions. In particular, any function that grows faster than linearly but sub-exponentially
cannot be obtained as the complexity function of a primitive random substitution subshift. On
the other hand, there is no exponential complexity gap, as Gohlke, Rust and Spindeler [38,
Theorem 42| showed that the set {hiop(Xy): ¥ is a primitive random substitution} is dense in
[0, 00).

Without primitivity, the conclusion of Theorem 3.1.1 does not hold. In Section 3.3, we show
that non-primitive random substitutions give rise to subshifts whose complexity functions exhibit
a rich variety of behaviour not witnessed for subshifts of deterministic or primitive random
substitutions. In particular, we show that there exist zero entropy subshifts of non-primitive
random substitutions that have intermediate growth complexity function, as well as ones with
polynomial growth not possible for deterministic substitutions. A key feature of these examples

is the existence of letters that occur with frequency zero, which is not possible under primitivity.

3.1.2 Proof of Theorem 3.1.1

We now turn towards the proof of Theorem 3.1.1. Our proof uses the notion of a splitting pair
for a random substitution introduced by Rust and Spindeler [70]. There, it was shown that this

notion provides a sufficient condition for positive entropy of the associated subshift.

Definition 3.1.3. Given u,v € A", we say that u is an affiz of v if u is either a prefix or a suffix
of v, namely, if u = vy ] OF U = V[jy|—|y|41,jv))- If © is both a prefix and a suffix of v, then we call

u a strong affix of v.

Definition 3.1.4. If ¢ is a random substitution and a € A is such that there exist realisations
u,v € Y(a) with |u| < |v| for which u is not a strong affix of v, then we say that a admits a

splitting pair for v.

Proposition 3.1.5 (|70, Corollary 34|). If ¥ is a primitive random substitution for which there

exists a letter that admits a splitting pair, then hgop(Xy) > 0.
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If 9 is a primitive random substitution, then for all m € N the random substitution 9" gives
rise to the same subshift as ©J. Hence, to ascertain that the subshift Xy has positive topological
entropy, it is sufficient to verify that there exists a positive integer m such that 9" admits a
splitting pair. Thus, to obtain Theorem 3.1.1, it suffices to show that every primitive random
substitution for which no power admits a splitting pair can be obtained as the subshift of a
deterministic substitution. In particular, we show that any such random substitution gives rise to

the same subshift as one of its marginals.

Proof of Theorem 3.1.1. Let 9 be a primitive random substitution with hyp(Xy) = 0. It follows
by Proposition 3.1.5 that no letter in A admits a splitting pair for any power of 9. Thus, for
every m € N and a € A, there exists a unique realisation of 9" (a) of greatest length, since if
u,v € 9™ (a) have |u| = |v| and u is a strong affix of v, then we require u = v. Let € be the
marginal of ¥ that maps each letter a € A to the realisation of ¥(a) of greatest length. By
construction, for each a € A and m € N, 8™(a) is the realisation of 9™ (a) of greatest length.
Since, for every a € A, a does not admit a splitting pair for ¥, every realisation of ¥(a) appears
as a subword of 6(a), so primitivity transfers to 6. Now, let u € £(Xy). Since ¢ is primitive, we
have £(Xy) = Ly, so there exist m € N, a € A and v € 9" (a) such that u appears as a subword
of v. But every realisation of ¥™(a) appears as a subword of ™ (a), so u € Ly. Primitivity of 6
gives that £(Xy) = Ly, so we have that u € L£(Xy). Hence, L(Xy) = L(Xp) and so we conclude
that Xy = Xp. O

While Theorem 3.1.1 guarantees that every zero entropy primitive random substitution
subshift can be obtained as the subshift of a deterministic substitution, it does not guarantee that
every random substitution that gives rise to that subshift must be deterministic. For example,
the primitive random substitution ¢: a — {a,aba}, b — {bab} gives rise to the finite subshift
Xy = {(ab)?, (ba)”}. However, if a primitive random substitution is additionally assumed to have
unique realisation paths (recall Definition 2.2.7), then its subshift has zero topological entropy if

and only if it is itself deterministic.

Proposition 3.1.6. If 9 is a primitive random substitution with unique realisation paths and

there exists a letter b € A such that #9(b) > 2, then hiop(Xy) > 0.

Proposition 3.1.6 is a consequence of a lower bound on measure theoretic entropy that we

prove in Chapter 4. In particular, there exists a frequency measure p, supported on the subshift
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Xy, such that Xy has positive measure theoretic entropy with respect to the measure p. Positivity
of topological entropy then follows from the fact that measure theoretic entropy provides a lower

bound for topological entropy. We refer the reader to Proposition 4.1.5 for the exact details.

3.2 Inflation word entropy

A systematic approach to calculating topological entropy for subshifts of primitive and compatible
random substitutions was provided by Gohlke [35]. There, it was shown that topological entropy
coincides with the notion of inflation word entropy, which is defined in terms of the underlying

random substitution.

Definition 3.2.1. Let 9 be a random substitution such that the length |9 (a)| is well-defined
for all m € N and a € A. The lower and upper inflation word entropy of type a, respectively, are

defined by

1
h, = liminf ———— log(#V™" (a
e KTy (#0™ (a))

hq = limsup

1 m(g
. ng(#ﬂ (a)).

When these limits coincide, we denote their common value by h,, which we call the inflation

word entropy of type a.

Note that the length [9™(a)| is well-defined for all m € N and a € A if and only if ¥ is

compatible or of constant length.

3.2.1 Compatible random substitutions

For primitive and compatible random substitutions, Gohlke [35] showed that the inflation word
entropy h, exists and coincides with the topological entropy for all a € A. In this section, we
summarise the main results from [35] and show how these can be applied to obtain the topological

entropy for some examples.

Proposition 3.2.2 ([35, Theorem 17]). Let 9 be a primitive and compatible random substitution

with Perron—Frobenius eigenvalue A and right eigenvector R. Then, for all m € N and a € A, the
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following bounds hold:

= Y Ralog(#9™(a)) < hy < ha < hiop(Xy) < Am — > Rylog(#9™(a)).
acA acA

Moreover, the lower bound is non-decreasing in m. In particular, the inflation word entropy h, is

well-defined and independent of a € A, and the topological entropy can be calculated via

hiop(X9) = h = lim —ZR log(#0™ (a)) = sup — ZR log(#9™(a)).

acA meN acA

If a primitive and compatible random substitution ¥ satisfies the identical or disjoint set
condition, then a closed-form formula for the topological entropy of the associated subshift can

be obtained.

Proposition 3.2.3 ([35, Corollary 18]). Let ¥ be a primitive and compatible random substitution.

If 19 satisfies the identical set condition, then

htop X19 ZR log #19( ))

aeA
If 9 satisfies the disjoint set condition, then
hiop(Xo) = ~— Z R log(#9(a)).
aEA

Proposition 3.2.3 allows the exact value of the topological entropy to be obtained for a broad
class of random substitution subshifts. We now present several examples where this is possible.
Our first example satisfies the identical set condition and our second satisfies the disjoint set

condition.

Example 3.2.4. Let 9 be the random substitution defined by

ab,
9:a,b—

ba.

Since 1 satisfies the identical set condition and has Perron—Frobenius eigenvalue A = 2 and right
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eigenvector R = (1/2,1/2) T, by Proposition 3.2.3 we have
1 1
heop(Xg) =  (Ralog(#9(a)) + Ry log(#9(b))) = 7 log 2.

Example 3.2.5. Let 9 be the random period doubling substitution

(

ab,
a

9 ba,

b— aa.

We have previously shown that ¢ satisfies the disjoint set condition and has Perron—Frobenius
eigenvalues A = 2 and right eigenvector R = (2/3,1/3)T. Thus, it follows by Proposition 3.2.3

that

rop(Xg) = 3 (Ralog(#9(a) + Ry log(#0(0))) = - log 2.

The following example does not satisfy the identical set condition or disjoint set condition, so

Proposition 3.2.3 cannot be applied. However, a precise estimate for the topological entropy can

be obtained using the bounds given by Proposition 3.2.2.

Example 3.2.6. Let 9 be the random Thue-Morse substitution defined by

ab,
a+—

9 ba,

b +— ba.

Noting that 9 has Perron-Frobenius eigenvalue A = 2 and right eigenvector R = (1/2,1/2)7,

Proposition 3.2.2 gives that

1

s (0B(#I™ (@) + 108(#9™ () < haop(Xo) < 5y — (08(#0™ (0)) + log(#0™ (1))

Using these bounds, a computer-assisted calculation of the cardinalities #9"(a) and #9™(b)

gives that, to four decimal places, the topological entropy of the subshift X is 0.2539.

For some random substitutions, an exact value can be obtained for the topological entropy of
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the associated subshift even if neither the identical set condition nor the disjoint set condition are
satisfied. This is the case for the random Fibonacci substitution, where a closed-form recursive
relation for the cardinalities of inflation sets allows the topological entropy of the associated

subshift to be expressed as an infinite sum.

Example 3.2.7. Let 9 be the random Fibonacci substitution

ab,
a
9 ba,
b—a.
It was shown in [34, 58] that
. logn
hiop (X) = 2_32 s 0444399,

where 7 denotes the golden ratio.

3.2.2 Constant length random substitutions

Proposition 3.2.2 and Proposition 3.2.3 provide a means of calculating the topological entropy of
a broad class of random substitution subshifts. However, a limitation is the somewhat restrictive
assumption of compatibility. The random substitutions that give rise to many well-known
subshifts, such as shifts of finite type [38], are typically not compatible. As such, it is desirable
to better understand topological entropy for non-compatible random substitution subshifts.
However, there are two main barriers to extending the inflation word entropy approach to the
non-compatible setting. Firstly, the lower and upper inflation word entropy are only well-defined
for compatible and constant length random substitutions. Secondly, subshifts of non-compatible
random substitutions do not have uniform letter frequencies, a property fundamental to the proof
of Proposition 3.2.2 in [35]. Here, we develop techniques to circumvent the latter of these issues in
the constant length setting. We show that for primitive random substitutions of constant length,
the topological entropy of the associated subshift can be calculated via inflation word entropy.
This allows the topological entropy to be calculated for a broad class of non-compatible random

substitution subshifts, which previously has only been possible for isolated examples.

47



Theorem 3.2.8. Let ¢ be a primitive random substitution of constant length. Then, for all

a € A, the inflation word entropy h, exists and coincides with hyop(Xy).

We present the proof of Theorem 3.2.8 in Section 3.2.3. In general, the conclusion of
Theorem 3.2.8 does not hold without primitivity. For example, consider the non-primitive random
substitution defined by ¥: a + {ab,ba}, b — {aa}, c — {cc}. The associated subshift Xy contains
the subshift of the random period doubling substitution as a subsystem. In Example 3.2.5, we
showed that this subshift has topological entropy log(4)/3, so hiop(Xy) > log(4)/3 > 0. However,
since #9™(c) =1 for all m € N, we have h. = 0.

We now present two examples of non-compatible random substitutions where Theorem 3.2.8

can be applied to obtain the exact value of the topological entropy.

Example 3.2.9. Let ¥ be the primitive random substitution defined by ¥: a — {aa, bb}, b —

{aa}, and let Xy denote the corresponding subshift. Using Theorem 3.2.8, we show that
1
htop(Xﬁ) = § log 2.
Observe that 9™ (b) C 9" (a) for all m € N. Hence, by the constant length property, we have
9" (a) = 9" Ha)9™ Ha) U™ D)D) = 9 ()9 Ha)
for all m € N, so #9™(a) = (#9™ 1(a))?. It follows inductively that
1 . 1 1
om log(#0™ (a)) = ) log(#9(a)) = ) log 2

for all m, so we conclude by Theorem 3.2.8 that hiop(Xy) = he = log(2)/2.

Example 3.2.10. Let ¢ be the primitive random substitution defined by 9: a — {aa, ab}, b —

{ba}, and let Xy denote the corresponding subshift. The topological entropy of Xy is
=1
hiop(X9) = Y o logn ~ 0.507834.
n=1

To see this, note that since ¥ is primitive and constant length, it follows by Theorem 3.2.8 that

hiop(X9) = hq = hp, so we can calculate hiop(Xy) by computing h, or hy. Since for all distinct
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realisations u,v € J(a) U Y(b) we have u # v and ¥ is constant length, we have
9" (@) = 9™ (aa) U 9™ (ab) and 9"TH(b) = 9™ (ba)
for all m € N, where the union is disjoint. It follows that
#I"H (@) = #0™ () (F0™ (a) + #0™ (b)) and #9™FH(b) = #9™ (a)#I™ (1),

noting that 9™+ (u) = 9™+ (uy) - - 9™ (uy,) for all u € Ly. We next show that #9™(a) =
(m + 1)#09™(b) for all m € N. For m = 1, the identity clearly holds since #9(a) = 2 and
#9(b) = 1. For m > 2, we have

#0™(a) _ #0™ N (@)FITHa) + #ITHD) _ #9™(a)
#0m(b) #O0™ = a)#0™1(b) #Um=1(b)

+1;

thus, it follows by induction that #9(a)/#9™(b) = m+1 for all m € N. Specifically, #9™(a) =
(m+ 1)#9™(b). Hence,

log(#9™ (b)) = log(#0™ " (a)#9™ (b)) = log m + 2log(#0™ (b)),

and it follows inductively that

1
— log (F#9™(b Z on logn.
Letting m — oo, we obtain
oo
1
htop(X9) = hp = Z on logn.
n=1

We note that the topological entropy of the subshift in Example 3.2.10 can also be written as

log o, where o is Somos’s quadratic recurrence constant:

Wi -1 (1)

k=1

It is an open question as to whether o is algebraic or transcendental [31, p. 446|. Similarly, it is not

known whether the topological entropy of the random Fibonacci substitution (Example 3.2.7) is
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the logarithm of an algebraic number. Gohlke, Rust and Spindeler asked whether the topological
entropy of a primitive random substitution is always the logarithm of an algebraic number [38,
Question 44]. This question was recently answered in the negative by Escolano, Manibo and
Miro [22], who presented an example of a primitive random substitution for which the topological
entropy of the associated subshift is the logarithm of a transcendental number.

In the compatible setting, the exact value of the topological entropy can be obtained if either
the identical or disjoint set condition are satisfied (recall Proposition 3.2.3). For constant length
random substitutions, this is also possible, provided the random substitution has uniform inflation

set cardinalities.

Proposition 3.2.11. Let 9 be a primitive random substitution of constant length ¢ > 2 for
which there exists an N € N such that #9(a) = N for all a € A.

If 9 satisfies the identical set condition, then

1
hiop(Xy) = 7 log N.
If ¥ satisfies the disjoint set condition, then
1
hiop(Xy) = o1 log N.

Proof. First, assume ¢ satisfies the identical set condition. We prove, by induction, that #9*(a) =

ek—l

N for all Kk € N and a € A. This is immediate in the case k = 1, so assume it holds for all
k < m € N. The identical set condition gives that, for each a € A, we have 9™ (u) = ¥"(v) for

all u,v € ¥(a). Hence, for any fixed u € ¥(a), we have

14

#9™ L (0) = #0™ (u) = [ [FI™ (uy)) = (N7 = N,

=1

where the second equality follows by the constant length property and the third follows by the

inductive hypothesis. Thus, for all kK € N and a € A, we have

1

i los(#0"(a)) = 7 log(#9(a)) = 7 log N.

14 14
Letting k — oo, it follows by Theorem 3.2.8 that hop(Xy) = ¢~ !log N.
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Now assume o satisfies the disjoint set condition. We show that #9%(a) = N 550 for all k € N
and a € A. Again, this is immediate for £k = 1, so assume it holds for all £ < m € N. By the
disjoint set condition, for all u,v € ¥(a) with u # v, we have ¥ (u) N 9™ (v) = @, so it follows

that

14

i) = Y )= Y [0 w) = @) (N ) = NS

u€d(a) u€d(a) j=1

where the second inequality follows by the constant length property, the third follows by the

inductive hypothesis and the fourth by the fact that #9(a) = N. Hence, for all £k € N and a € A,

we have
1 14 1
k k
gklog(#ﬂ (a)) = ek;ﬁ logN—>€_110gN
as k — oo. Thus, it follows by Theorem 3.2.8 that
1
hiop(Xy) = 71 log N,
and this completes the proof. O

3.2.3 Proof of Theorem 3.2.8

If ¥ is a primitive random substitution of constant length ¢, we have ¥ (a) C L£§" = £ (Xy) for
allmeNand a € A, so h, <h, < htop(Xy). Thus, to prove Theorem 3.2.8 it suffices to show
that hop(Xy) < by, for all a € A. The following upper bound for h¢op,(Xy) is central to our proof

of this inequality. We highlight that the following does not require primitivity.

Proposition 3.2.12. Let ¥ be a random substitution of constant length ¢ and let m € N. For
each k, let u¥ denote the level-k inflation word for which #9™ (u*) is maximised. Then, for all

k € N, the following inequality holds:

htop(Xﬁ < gm — Z |U |a #ﬁm( ))

aGA

Proof. Fix m,k € N and let n € N. By definition, every finite word admitted by the subshift is a

subword of a realisation of 9™ (v) for some v € L(Xy). Moreover, since ¥ is constant length, for
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every legal word of length né™, there exists such a v with length n + 1, so

e (Xy) C U U o [J J+nem—1]- (3.1)

veLntl(Xy) j=1
By the definition of the subshift Xy, for every v € £"T(Xy) there exists a legal word u and
w e vk (u) such that v is a subword of w. Moreover, by the constant length property, there exists

such a u with length k, = [£7%(n 4 1)] + 2, so we have that

7 (0) < 0™ (w) < (W) = [T (0™ (a))e) "

acA

where the second inequality follows by breaking w into level-k inflation words and the fact that
u is the level-k inflation word for which #9™ (u*) is maximised. Since this bound is independent

of the choice of v € LT, it follows by (3.1) that

1 nl™ m n+1 k m
_— < _—
Y log(#L™ (Xy)) E log 0™ + g log(#L" (Xy)) gm aéA]u o log(#9™ (a)).

Noting that k,/n — £7% as n — oo, we deduce that

<1_€1)hmpxﬁ Ly e g,

acA
Dividing by 1 — /=™ completes the proof. O
We now give the proof of Theorem 3.2.8.

Proof of Theorem 3.2.8. It suffices to show that h, > hiop(Xy) for all a € A. To this end, let
n € N and, for each k € N, let u* be the level-k inflation word for which #9"(u¥) is maximised.

By Proposition 3.2.12, we have

u”|g n
op(X0) < e 3 2L g0 ()
acA

for all £ € N, and so

1 . . |uk|a n
hiop (X) < 11m1nf§4 i log(#0" (a). (3.2)

— k—o00
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We show that, for every b € A, the right hand side is bounded above by ¢*(¢" — 1)~'h,. For
each b € A and k € N, let v denote the realisation of ¥¥(b) for which #9"(vf) is maximised. By
definition, for every k € N there exists a b € A such that v} = uF. For each k € N, let b(k) € A
be a letter such that #ﬁ"(vf(k)) < #9"(vF) for all @ € A. By primitivity, there is an integer K
such that, for all @ € A, there is a realisation of ¥/ (a) in which every letter appears at least once.
By construction, there exists an inflation word w € ¥¥(b) such that v¥ € 9*~(w). Moreover,

since v} was chosen so that #0"(vF) is maximised, for all w € 9% (b) we have

ZK
#0" (o) > [[ #9075 = T #0" @b ).
j=1 acA

Since, by primitivity, there exists a realisation of ¥ (b) in which every letter appears at least

once and, for all k, there exists a ¢ € A for which v¥~% = u*=X it follows that

log(#0" (vp)) = log(#0™ (u~5)) + (17 = 1) log(#0" (v, 5 ))).

Iterating the above, we obtain that for all m € N and k > Km, we have

m

( )
]71

Noting that all terms in the above are non-negative, it follows that for all b € A and m € N, we

have

log(#9™ (b)) > ginhmmf El log(#9" (vf))

1
= lim inf
by =il G koo

1 Ko\ o hiK
> It K Z K hkrglcng log(#9™ (u )
j=1

By the constant length property and (3.2), we have

n | i ]K|a n n
lim inf -~ Klog(#ﬂ (uF=75Y) —hrgggfz i log(#0" (@) > (£ = Dhuop(X)-

acA

93



for all j € {1,...,m}. Hence, we obtain

"1 s S I L
by, 2 e wop (Xo) > < K > == g Twon(X0),
j=1
noting that Z?’;l((fK — 1)/¢%)i=1 = ¢K_ Finally, since this bound holds for all n € N, we

conclude that hy > hiop(Xy), which completes the proof. O]

3.2.4 General bounds for constant length random substitutions

The coincidence of topological entropy and inflation word entropy given by Theorem 3.2.8 provides
a mechanism for calculating the topological entropy for a broad class of non-compatible random
substitution subshifts. However, a limitation of Theorem 3.2.8 is that it does not give any
information about the rate of convergence. Moreover, it does not provide a means of calculating
topological entropy for non-primitive random substitutions. In this section, we prove general
bounds on the topological entropy for constant length random substitutions, which provide a
means of obtaining good estimates, even in cases where a closed-form expression cannot be

obtained via Theorem 3.2.8. Central to our approach is the following definition.

Definition 3.2.13. Let ¢ be a random substitution over some alphabet A. We say that a
vector v = (Vg)aea € [0, 1]#A is a permissible letter frequency vector for 4 if there exists a letter
be AN L(Xy), a sequence of integers (ny ), and sequence of exact inflation words v* € 97 (b)

such that [v¥|,/[v*| — v, for all a € A.

The assumption that b € £(Xy) guarantees that the sequence v* is admitted by the subshift
Xy. The inclusion A C £(Xy) always holds under primitivity, however, there are non-primitive
random substitutions for which there exists a letter not admitted by the subshift. For example,
for the random substitution 9: a — {ab,ba}, b — {aa}, c — {bb} we have that ¢ ¢ L(Xy).

Recall from Proposition 3.2.2 that if 9 is a primitive and compatible random substitution,
with Perron—Frobenius eigenvalue A > 1 and corresponding right eigenvector R = (R;)qc 4, then

the following bounds hold for all m € N:

%m S Ralog(#0"(a)) < huop(Xg) < Aml_ - Raloa(#9™(a).

acA acA
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Under compatibility, the only permissible letter frequency vector is R. However, without
compatibility there often exists a continuum of permissible letter frequency vectors. We prove
an analogue of the above bounds for constant length random substitutions that holds without
compatibility, using the notion of a permissible letter frequency vector. In the lower bound, we
can replace R with any permissible letter frequency vector; however, for the upper bound we

require a particular choice.

Proposition 3.2.14. Let 9 be a random substitution of constant length £ > 2 and let v = (v4)aca

be a permissible letter frequency vector. Then,

htop Xﬁ >

N\H

Z Vo IOg #19( ))
acA

Moreover, there exists a permissible letter frequency vector n = (1,)qc4 such that

ht0p<X19 S Znal()g #19( ))

aEA

In particular, 77 can be taken to be any permissible letter frequency vector that maximises the

quantity » - 1 14 log(#9(a)).

Proof. We first prove the lower bound. For any permissible letter frequency vector v, there exists
a letter b € AN L(Xy), a sequence of positive integers (ng)r with np — oo and realisations
vF € 9™ (b) such that [v*|,/[vF| = v, as k — oo, for all @ € A. Since ¥(Xy) C Xy, every
realisation of ¥(v*) is admitted by the subshift Xy. As every realisation of ¥(v*) has length

g1t follows that £+ (Xy) > #09(v*). Moreover, the constant length property gives that

#0(0F) = [T, 4(#0(a)""l2, s0 we have

L tog(#L™ T (X)) 2 2 S V1o (a)
Enk-i-l g U4 - g gnk g :

acA

Letting kK — oo, we obtain

htop Xﬂ Z Vg log #79( ))

aEA

The upper bound is largely a consequence of Proposition 3.2.12. Letting (uk )i denote the sequence

95



of level-k inflation words for which #(u*) is maximised, Proposition 3.2.12 gives

|u

k
ol Log (07 (). (33)

1
htop(Xﬂ) < 6—71 Z
acA

Since A is finite, there exists a letter b € A such that u* € ¥*(b) for infinitely many k. Thus, by
the compactness of R#4, there exists a sequence of positive integers (ky,), such that u*» € 9% (b)
for all n € N and |u*"|,/¢*» converges for all @ € A. By definition, this limit is a permissible

letter frequency vector 7. Passing to limits along the subsequence (ky), in (3.3), we obtain that

hon(Xa) < 775 3 talog(#(a).
acA

In particular, the above holds for any permissible letter frequency vector that maximises the

quantity > 47 log(#9(a)). This completes the proof. O

As a consequence of Proposition 3.2.14, we obtain the following characterisation of positive
topological entropy for constant length random substitutions. We emphasise that, in contrast to

the results in Section 3.1, we do not assume primitivity in the following.

Corollary 3.2.15. If ¥ is a constant length random substitution, then hiop(Xy) > 0 if and only

if there exists a permissible letter frequency vector v and a € A such that v, > 0 and #9(a) > 2.

We conclude this section by presenting an example of a primitive random substitution where
Theorem 3.2.8 is insufficient to obtain an exact formula for the topological entropy but where the

bounds given by Proposition 3.2.14 allow us to obtain a good estimate.

Example 3.2.16. Let 9 be the primitive random substitution defined by 9: a — {aa, bb}, b —
{ab}, and let Xy denote the associated subshift. Since for all m € N, there exists a realisation
of ¥ (a) in which a is the only letter that appears, the vector (1,0)" is a permissible letter
frequency vector for every power of . For all m € N, #49™(a) > #19™(b), so for every permissible
letter frequency vector v = (1,4, 15), we have v, log(#9™(a)) + vy log(#9™ (b)) < log(#9™(a)),

noting that v, + v, = 1. Hence, it follows by Proposition 3.2.14 (applied to ¥"") that

s 8™ (@) < heop(Xy) < o log(#97 (a).

-1
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For all m € N, the inflation sets ¥ (a) satisfy the following relations:
9" (a) = 9™ L (aa) U™ (b)) and  I(b) = 9™ L (ab).

Since ¥ is constant length and ¥(a) N ¥(b) = &, we have that ¥"(a) N ¥ (b) = & for all m € N.

Hence, it follows from the above relations that

m—2
#0™ (a) = (#0977 (@) + (#9(1)" = (0" (0)" + [] (#0'(a
=1

A computer-assisted calculation for the case m = 14 gives that, to four decimal places, the

topological entropy of the subshift Xy is 0.4115.

3.3 Non-primitive random substitutions

Recall from Corollary 3.1.2 that if a primitive random substitution subshift has zero topological
entropy, then the complexity function is either ©(1) or ©(n). Without primitivity, the picture
is very different. In this section, we show that, without primitivity, constant length random
substitutions give rise to a broad variety of subshifts with complexity functions not witnessed in

the deterministic or primitive random settings.

3.3.1 Polynomial growth

There is no polynomial complexity gap for subshifts of constant length random substitutions,

beyond that given by the Morse-Hedlund theorem [20, 57|. In particular, we have the following.

Proposition 3.3.1. The set of a for which there exists a constant length random substitution

subshift with ©(n®) complexity function is dense in [1,00).

Proof. We show that there exists a set A that is dense in [1,00) such that, for every a € A, there
exists a constant length random substitution whose subshift has ©(n®) complexity function. To

this end, let £ > 3, let A = {ai,...,ap12} be an alphabet of ¢ + 2 letters, and let

Re = {u eAl: forallie {1,...,¢}, a; appears in u precisely once} .
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Note that every u € Ry has length |u| = £. Given a non-empty subset S of Ry, let ¥, s be the

random substitution of constant length ¢ defined over the alphabet A by

)
a; — a;---a; forallie{l,... 0},

Ves: § appr = S,

Q42 F> Q41004207 - - - A1,

and let X, s denote the corresponding subshift. For notational convenience, we write py s for
the complexity function of X, 5. We show that py s is ©(n!Tlose (#5)). We first prove this in the
case n = ¥ for some k € N and then extend to all n € N in the second step. To this end, we
first compute the cardinalities #19™(a;) for each m € N and ¢ € {1,...,¢ 4+ 2}. Observe that
#09"(a;) =1 for all m € N and 7 € {1,...,¢}. Further, since every word in the set S contains
only letters from the set {ay,...,ar}, we have that #9"(asy1) = #S for all m € N. Finally, we

have

#O™ (ag42) = (FI"Hae) FO Haesa)) = (#S)(H#O™ Haera)) = (#S)™

for all m € N. Every letter in the alphabet A is admitted by the subshift, so £(X,s) = Ly, s
and thus pys(n) = #L5 for all n € N. By the constant length property, if k € N, m € {1,...,k}
and v is a legal word of length %, then there exists a legal word v of length £~ 4+ 1 and an

integer j € {1,...,¢F"™} such that u € U™ (V)5 j4ex]; hence,

Em
k m
Los= U U @pygse-y (3-4)

k—m =1
rt +17J
IS Dy

For all k¥ > 2, we have that #9%(apy2) > #0%(apy1) > #0%(a;) for all 4 € {1,...,¢}. Since
ary2a042 is not a legal word, it follows that #9%(v) < #9%(apr1)#9*(aps2) = (#S)* for all

v € L3. Hence, it follows by (3.4) in the case m = k that

Pes(t) < prs(2)(#8)" = pes(2) (£F)1Floe#5), (3.5)

For the lower bound, observe that the £+ 1 letter word w = agy1ap420a1 - - - ay is legal, so it follows
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by (3.4) in the case m = k — 1 that
[k—l
k _
‘Cge,s =2 U s l(w)[jijr@k*l]' (3.6)
j=1

Every realisation of 9*~1(w) contains precisely one occurrence of the letter asyo. Further, there
is a positive integer /F~! < n < 20! such that for every realisation of ¥*~!(w), the letter aso
appears in position n. Thus, the above union is disjoint. Moreover, for all j € {1,... ,Ek_l},
the inflated image of the second letter of w is contained in the corresponding realisation of

ﬁkil(w)[jyjﬂk_”, S0 #ﬁkil(w)[m%k_l] > #0ap0) = (#8)F72. Hence, it follows by (3.6)

that

Pes(CF) > L (FS)F 72 = (71 (3£8) T2 (£F) Hloee(#5), (3.7)

Now, let n € N and let k be the unique integer such that /¥ < n < ¢¥*1. By the monotonicity of

the complexity function, we have

pz,s(gk) <prs(n) < pe,s(ﬁkﬂ)

and so it follows by (3.5) and (3.7) that
(P (HS) P! T8 #E) < py g(n) < Lpys(2) ! HOBFS),
Hence, we conclude that the complexity function of X, s is O(n!to8c#5)) Since the set
A={l1+log,k: € {3,4,5,...}, ke {1,...,0}}

is dense in [1,00) and, for every a € A, there exists an £ € {3,4,5,...} and a subset S of Ry such

that the subshift X, s has ©(n®) complexity function, the result follows. O

By combining Proposition 3.3.1 with Pansiot’s classification of complexity functions for

deterministic substitutions (Proposition 1.6.1), we obtain the following.

Corollary 3.3.2. There exist subshifts of constant length random substitutions with zero

topological entropy that cannot be obtained as the subshift of a deterministic substitution.
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Example 3.3.3. Let 9 be the random substitution defined by 9: a — {aaa}, b — {bbb}, ¢ —
{cce}, d v {abe, acb}, e — {dea}. The associated subshift has ©(n'*1°¢32) complexity function.
By Proposition 1.6.1, there does not exist a deterministic substitution subshift with this complexity

function, so the subshift Xy cannot be obtained as the subshift of a deterministic substitution.

3.3.2 Intermediate growth

It is also possible for the subshift of a non-primitive constant length random substitution to have
an intermediate growth complexity function. In the following, we give sufficient conditions for

this phenomenon to occur.

Proposition 3.3.4. Let ¥ be a constant length random substitution for which the following hold:
e for all a € A with #9(a) > 2 and all permissible letter frequency vectors v, we have v, = 0;
e there exists a letter b € A for which #9(b) > 2 and a realisation v € 9(b) with |v|, > 2.

Then, the associated subshift Xy has intermediate growth complexity function.

Proof. The first condition guarantees that hyop(Xy) = 0 by Corollary 3.2.15. Meanwhile, it follows
inductively from the second condition that for all m € N, there exists a realisation v € ¥ (b)
with [v™], > 2™. This gives that the letter b is admitted by the subshift, so for all m € N we

have 9™ (b) C L (Xy); hence,
P, (€)= 0™ (b) > 0() > 9P > 92 = 9l

Thus, if n € N and m is the integer such that /™ < n < ¢™*! then by monotonicity of the

complexity function we have

logy 2 lnIOgE 2

)

px,(n) > px, (£M) > 2T > 927

which grows faster than any polynomial. Hence, we conclude that the complexity function of Xy
has intermediate growth. d

Example 3.3.5. Let ¥ be the random substitution defined by 9¥: a — {aaa}, b — {abb, bba}

and let Xy denote the corresponding subshift. We have that [0 (a)|, = 0 and [9™ ()], = 2™ for
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all m € N, so for every realisation v € 9" (a) U 9™ (b) we have |v|;/3™ < 2™/3™ — 0. Hence,
the only permissible letter frequency vector is (1,0)7; since #9(a) = 1, the first condition of
Proposition 3.3.4 is satisfied. Moreover, since abb € J(b) and #v(b) > 2, the second condition
is also satisfied. Therefore, it follows by Proposition 3.3.4 that Xy has intermediate growth

complexity function. Specifically, one can show that px,(n) > 22711832 o all m o€ N.

Propositions 3.3.1 and 3.3.4, together with our results on topological entropy, illustrate that
a broad variety of functions can be obtained as the complexity function of the subshift of a
non-primitive random substitution. However, these results are far from a complete classification,
and further work is required to better understand the full range of behaviour that can be exhibited,

particularly the different possible intermediate growth rates.
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CHAPTER 4

MEASURE THEORETIC ENTROPY

Topological entropy is, almost by definition, blind to the generating probabilities assigned to a
random substitution. This is not the case for aspects such as word frequencies and diffraction
spectra, which are almost-sure properties in the limit of an appropriate substitution Markov
process [65]. Alternatively, these properties can be associated with the corresponding frequency
measure. It is therefore reasonable to treat entropy on the same footing: interpreting it as a
quantity that is generic with respect to the frequency measure. Moreover, this perspective more
closely reflects the original context considered by Godréche and Luck [34], who were interested in
random substitutions providing models for physical quasicrystals, the entropy of which depend
on the underlying Markov process.

In this chapter we provide a systematic treatment of measure theoretic entropy for random
substitution subshifts, where the measure in question is a frequency measure. We introduce
a new notion called measure theoretic inflation word entropy which, similarly to the notion of
inflation word entropy studied in Chapter 3 for topological entropy, is defined in terms of the
underlying random substitution, as opposed to the subshift. We show that for all primitive
random substitutions, this notion coincides with the measure theoretic entropy of the associated
subshift with respect to the frequency measure. This allows the measure theoretic entropy to
be calculated for many random substitution subshifts and establishes a natural analogue to
the results on topological entropy presented in Chapter 3. However, we emphasise that our
present setting is more general, as we do not assume that the underlying random substitution is
compatible or constant length.

We give the definition of measure theoretic inflation word entropy in Section 4.1, followed by

the statements of our main results. We then present some consequences of these results and give
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examples of random substitution subshifts where our inflation word analogue allows the measure
theoretic entropy to be calculated or accurately estimated. Following this, in Section 4.2, we
present the proofs of our main results.

The results presented in this chapter are based on [37, Section 3|, which is joint work with

P. Gohlke, D. Rust and T. Samuel and has been published in Annales Henri Poincaré.

4.1 Measure theoretic inflation word entropy

4.1.1 Definitions and main results

For a primitive random substitution ¥p = (¥,P), m € N and a € A, we let

Hm,a = Z —P[ﬁ%(a) - U] 10gP[19¥}(a) - U]
vEV™ (a)
and let H,, be the vector given by H,, = (Hy,q)q. To reflect the notation for entropy of a
partition, we often denote H,, , by Hp(¥p (a)). Our main result of this section is that the measure
theoretic entropy h,,(Xy) of the subshift Xy, with respect to the corresponding frequency

measure up, coincides with the quantity

1
lim —H,, R,

m—oo \™

where R is the right Perron—Frobenius eigenvector of the substitution. Before giving the formal
statements of our main results, we first introduce some notation. Given p € (0, 1), we write H(p)

for the entropy of the vector (p,1 — p). That is,

H(p) = —plogp — (1 — p)log(1 — p).

Our most general result on the relation between the entropy of up and the sequence of

entropies assigned to the Markov processes (9§ (a))m, with a € A, takes the following form.

Theorem 4.1.1. Let Jp = (¢, P) be a primitive random substitution with Perron-Frobenius

eigenvalue A\ and right eigenvector R, and let up be the frequency measure corresponding to Jp.
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Then, for all m € N, the following bounds hold:

1 1
—H,, -R-HO\™< Xy) <

H,,  R.

In particular,

1
hup(Xg) = lim —H,,-R.

m—oo \

If the random substitution ¥p is additionally assumed to have unique realisation paths (recall
Definition 2.2.7), then the H(A™™) counter-term in the lower bound can be removed. Further,
under this additional assumption, we obtain necessary and sufficient conditions for when the

lower and upper bounds are achieved.

Theorem 4.1.2. Let Jp = (¢, P) be a primitive random substitution with unique realisation
paths, with Perron—Frobenius eigenvalue A and right eigenvector R, and let up be the frequency

measure corresponding to ¥p. Then, for all m € N, the following bounds hold:

1 1
— . < <
i R <l (X0) < Sy

H,  R.

The upper bound is an equality if and only if ¥J{ satisfies the disjoint set condition; the lower
bound is an equality if and only if ¥} satisfies the identical set condition with identical production

probabilities. Further, the sequence of lower bounds (A™""H,, - R),, is non-decreasing in m.

We present the proofs of Theorems 4.1.1 and 4.1.2 in Section 4.2.
It is natural to enquire whether the counter-term H(A™"") can also be dropped in the more

general case. However, this is not possible, as can be seen from the following example.

Example 4.1.3. Given p € (0, 1), let ¥p be the random substitution defined by

a with probability p,
a —

Up: aba  with probability 1 — p,

b bab with probability 1,

and let up denote the corresponding frequency measure. The random substitution ¥p gives rise
to the finite subshift Xy = {(ab)Z, (ba)Z}; thus, h,p(Xy) = 0. On the other hand, Jp is primitive

and Hp(9p(a)) = —(plogp + (1 — p)log(1 —p)) > 0.
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4.1.2 Applications

In general, for a random substitution ¥p = (¢, P) with corresponding frequency measure pp, the
measure theoretic entropy h,, (Xy) depends on the choice of P. This is in contrast to topological
entropy, which is blind to the choice of probabilities. As a consequence of Theorem 4.1.1 we obtain
that the dependence on the probability parameters is continuous. In the following, we regard P
as a vector in R" equipped with the Euclidean topology, where r = Zle T = Z;-i:l #9(a;) and
d is the cardinality of the alphabet. We emphasise that we assume that P is non-degenerate in

the sense that all probabilities are assumed to be strictly positive.
Corollary 4.1.4. Assume the setting of Theorem 4.1.1. The map P — h,,(Xy) is continuous.

Proof. For 0 < € < 1, let D, be the domain of those P such that all entries of P are greater
than €. Since the complete domain of P can be obtained as a (nested) union over all Dy, it is
enough to show that the map P +— h,,(Xy) is continuous on D, for arbitrary €. The general
strategy of the proof is to represent h,,(Xy) as a uniform limit of continuous functions on D,
via Theorem 4.1.1.

Recall that A\, H,,, and R all depend implicitly on P. By primitivity, the Perron—Frobenius
eigenvalue A > 1is a simple eigenvalue for all P. Since the substitution matrix depends analytically
on the probability parameters, we can resort to standard results in perturbation theory; compare
for example [42]. In particular, A depends analytically on P € D, and since \ is simple, so does
R. The entries of H,, inherit continuity from the fact that the maps P +— P[Jp (a) = u| are

continuous for all @ € A and u € AT. Hence, the function

1

Sm:P}—))\imHm'R,

is continuous in P for all m € N. With this notation, Theorem 4.1.1 can be rephrased as

A" —1

e (Xo) < sm(P) < hyup (Xo) + H(AT™), (4.1)

for all m € N. Note that h,,(Xy) is uniformly bounded from above by the topological entropy of
Xy and X is bounded from below by its minimal value A. > 1 on the compact set D.. Therefore,
the convergence

lim s, (P) = hyp(Xy)

m—o0
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is uniform on D, and the result follows. O

Recall that measure theoretic entropy is always bounded above by topological entropy. Thus,
if ¥p = (¥, P) is a primitive random substitution with corresponding frequency measure pp,
then hy, (Xy) < hiop(Xy). As a consequence of Theorem 4.1.2, we obtain the following sufficient
conditions for positive topological entropy for subshifts of primitive random substitutions with

unique realisation paths.

Proposition 4.1.5. Let 9p = (¢, P) be a primitive random substitution with unique realisation
paths for which there exists a letter b € A such that #9(b) > 2 and let up denote the corresponding

frequency measure. Then, 0 < hyp(Xy) < hiop(Xy).

Proof. Since #9(b) > 2, there exists a realisation v € ¥(b) such that 0 < P[Jp(b) = v] < 1. By
primitivity, the right Perron—Frobenius eigenvector R of ¥/p has strictly positive entries, so it follows

that A™'H; - R > 0. Hence, we conclude by Theorem 4.1.2 that 0 < hyp (Xy) < hiop(Xy). O

4.1.3 Examples

We now present several examples where Theorems 4.1.1 and 4.1.2 allow the measure theoretic
entropy to be calculated or accurately estimated. We first give some examples for which

Theorem 4.1.2 can be applied to obtain a closed-form formula for the measure theoretic entropy.

Example 4.1.6 (Random period doubling). Given p € (0,1), let ¥p = (¢, P) be the random

period doubling substitution

ab with probability p,
a—

Up: ba with probability 1 — p,

b+ aa with probability 1,

and let up denote the corresponding frequency measure. Recall that Jp satisfies the disjoint set

condition and has Perron-Frobenius data A =2, R = (2/3,1/3)7, so Theorem 4.1.2 gives that

1

2
hye (Xy) = +—Hi-R = S(plogp + (1~ p)log(1 - p)).

A plot of hy, (Xy), for p € (0,1), is given in Figure 4.1 (left).
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Figure 4.1: Plots of measure theoretic entropy for Example 4.1.6 (left) and Example 4.1.7 (right),
for p € (0,1).

Example 4.1.7. Let p € (0,1) and let Jp = (3, P) be the random substitution defined by

aa with probability p,
[ g

Up: ab  with probability 1 — p,

b— ba with probability 1,

\

with corresponding frequency measure pup. Since Yp is constant length, it has unique reali-
sation paths, so Theorem 4.1.2 can be applied. Moreover, since Jp satisfies the conditions
of Proposition 2.2.11, the disjoint set condition is satisfied. The random substitution ¥p has

Perron—Frobenius data A = 2 and

1 1-
R = ——a——g;
2—-p 2-p

thus, it follows by Theorem 4.1.2 that

1

1
hpup (Xy) = ﬁHl ‘R = —ﬂ(plogp-i- (1 —p)log(l—p)).

A plot of the measure theoretic entropy, for p € (0,1), is given in Figure 4.1 (right).
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Example 4.1.8. Let p € (0,1) and let ¥p = (¥, P) be the random substitution defined by

aa with probability p,
dp:a,b—

ab with probability 1 — p,

and let pup denote the corresponding frequency measure. The random substitution Jp satisfies the
identical set condition with identical production probabilities and has unique realisation paths,
so Theorem 4.1.2 can be applied to obtain an exact formula for the measure theoretic entropy.

Since ¥p has Perron-Frobenius data A = 2 and R = (1/2,1/2)", Theorem 4.1.2 gives that

1 1
hup (Xo) = Hi-R=—c(plogp+(1 — p)log(1 —p)).

Recall that the random Fibonacci substitution does not satisfy the identical or disjoint
set condition. However, we can still obtain bounds on the measure theoretic entropy using

Theorem 4.1.2.

Example 4.1.9 (Random Fibonacci). Let ¥p = (¢, P) be the random Fibonacci substitution

with uniform probabilities, namely

ab with probability 1/2,
a—

URF: ba with probability 1/2,

b+ a with probability 1,

and let pup denote the corresponding frequency measure. Since ¥p is primitive and compatible,

thus has unique realisation paths, Theorem 4.1.2 gives that

1
FHk ‘R < hyp (Xy) <

1
/\k_lHk-R

for all £ € N. Obtaining the exact value of Hy - R for arbitrary k is difficult. However, a

computer-assisted calculation for the case k = 7 yields the following bounds:

0.4164 < hyp (Xy) < 0.4313.
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4.2 Proof of main results

The majority of the work in proving Theorems 4.1.1 and 4.1.2 lies in proving the sequence of
lower and upper bounds on h,,(Xy). Central to proving these bounds is the renormalisation
lemma (Lemma 2.3.4). Before we give the proof of Theorems 4.1.1 and 4.1.2, we first provide
a reformulation of Lemma 2.3.4 in terms of random variables that will be appropriate for our
purposes. We also summarise some of the standard properties of entropy and conditional entropy
that we require in our proofs. For ease of notation, we write B¢ for the complement of a given

set B in what follows.

4.2.1 Renormalisation

The renormalisation lemma (Lemma 2.3.4) is a fundamental ingredient in our proof of Theorems
4.1.1 and 4.1.2. We first prove a reformulation of Lemma 2.3.4 that will be more appropriate
for our purposes, by interpreting the expression appearing in Lemma 2.3.4 via the distribution
of an appropriate random variable that mirrors the action of Jp on the initial distribution up,
together with the choice of the origin in the inflation word decomposition. For each n € N and

w € Ly, we write

™ (w) = pe ([w)).

Lemma 4.2.1. For each n € N, u( is the distribution of a random word W, on a finite

probability space (Qy,, P,), defined as follows. The space
Qn = {(’U,Ul,' o 7un7j) v e Eg?“l S ﬁ(vl)vl S] S ”U,1|}

is equipped with the probability vector

Pt (v,un,++ v un, ) = s pp(o]) [T B (00) = i

The random word W,, is defined via
Wn: (Uv U, - 7un7j) = (ul T un)[j,j+n71}-

Proof. Let w € L. We note that W, *({w}) comprises all those elements in €2, such that the
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property (u1 - - - un)[jj+n—1) = w holds. That is,

|“l| n

Pn Z Z Z /\MP H [ﬁp(vi) = ul] 5w,(U1--~Un)[j,j+n,1]'

VELY ULy Un j=1

Comparing with the expression in Lemma 2.3.4, we further note that

P[ﬂP(U)[j,j-i-n—l} w A ’1913 1)1 Z HP 1913 UZ = ’U,Z] 5m,|u1| 6w7(ul“‘un)[j,j+n—1]'

UL yeonyUn 1=1
From this, we obtain that P,,(W,, = w) = pup([w]) and the claim follows. O

Remark 4.2.1. We may interpret the factors occurring in the definition of P, in terms of the
renormalisation step. The term A~! corresponds to a change of scale due to the expansion of
the length of words, up([v]) reflects the choice of a word before the inflation step, and each of
P[¥p(v;) = w;] gives the probability of mapping v; to the particular word w; as we apply the
random substitution. Marginalised to (prefixes of) v, the distribution induced by P, and up are

closely related but different in general. To be more precise, we will be interested in the random

variable
Vim] s (0,01 Up, §) = U m]
for some m < n. Integrating out the dependencies on us, ..., u, and j in the first step, we obtain
1 1
PV =) =5 S a3 fulBlop(en) = wi] = 5 pp () E[ 90 (e1)]).

V(1) =V u1

The additional factor A™'E[|[Jp(v1)|] accounts for the fact that starting the inflation word

decomposition of a word within some u; € ¥(v;) is more probable if E[|Jp (v1)|] is large.

Lemma 4.2.1 provides us with an alternative way to calculate the measure theoretic entropy

that will be instrumental for the proof of our main theorems.

Lemma 4.2.2. The measure theoretic entropy h,, (Xy) satisfies

h'uP(Xﬁ) = lim Hp (W )

n—oo N
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Proof. Let I,: v — v be the identity map on £}. By the definition of measure theoretic entropy,

1
h,U«P(Xﬁ) = lim *H#(n)(In)'

n—oo N

Since (™ = P, o W' by Lemma 4.2.1, it follows that H ) (In) = Hp,(Wn). O

4.2.2 Properties of entropy and conditional entropy

In the proof of Theorems 4.1.1 and 4.1.2, we use properties of conditional entropy. For the reader’s

convenience, we state here the key definitions and properties that we require.

Definition 4.2.3. Let (X, B, ) be a probability space and let  and & be measurable partitions
of X. We write H,(§) for the entropy of the partition {. For each set A € B, let pus: B —
(AN B)/u(A) denote the normalised restriction of p to the set A. The entropy of £ given 7 is

the quantity defined by
Hu(&lm) == u(A)H,, ().

Aen
We will mostly be concerned with partitions that are generated by some random map U/, that
is, a measurable function on a probability space (€2, F, u). More precisely, if U has a finite image

Im(U), then it generates the partition

If we are dealing with two such random maps U and V', we set
H,U,V) := H,(§(U,V))),

where

U, V) =EU)VEWV) ={ANB: AcU), Be(V)}

is the common refinement of the partitions generated by U and V. Conditional entropies are
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defined accordingly. Namely, H, (U | V) = H,(U)|£(V)), H.(U,V W) = H,(EU)VEDV) | EOWV))
and H,(U |V, W) = H,(&U) |£(V) VEW)), where U,V and W are random maps on (2, F, u).

In the proof of Theorems 4.1.1 and 4.1.2, we utilise several standard properties of entropy
and conditional entropy, which we summarise in the following. For more further details, we refer

the reader to [75, Ch. 4].

Lemma 4.2.4. Let U,V and W be (measurable) random maps with finite image as above. Then,

the following hold:

(1) H,(U) < log(#Im(U)), with equality precisely if p ol ™! is equidistributed;

(2) H,(U) < H,(U,V), with equality if and only if {(U) is a refinement, up to nullsets, of £(V);
(3) Hud,V) = Hu(V) + H (U | V);

(4) H,(U|V) < H.W|V)+HU[W);

(5) H,(U|V) < H,(U), with equality if and only if ¢/ and V are independent;

(6) H,U[V,W) < Hu(U[V);

(7) HyU, VW) = H,(U| W)+ H,(V|U,W).

4.2.3 Control over large deviations

Recall that the Perron—Frobenius eigenvalue A\ of a primitive random substitution ¥p can be
regarded as an inflation factor. In the case that ¥p is of constant length ¢, this interpretation
is exact in the sense that, for all v € AT, every realisation of ¥p(v) has length ¢|v|. If Jp is
compatible, then it still holds that every realisation of ¥p(v) has the same length, but this length
might deviate slightly from A|v|. However, we still obtain that A is arbitrarily close to the ratio
|¥(v)]/|v| for sufficiently long legal words v. In general, such a strong statement does not hold if
we drop the assumption of compatibility. However, the probability that [9p(v)| deviates by a
positive fraction from A|v| decays quickly with the length of v for typical choices of v. We make

this more precise in the following.
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Lemma 4.2.5. Let A\_ < A < Ay and let (my,), be a sequence of integers such that m < n for

all n € N and lim,,_,,, m,, = co. Further, let

Ay =A{(v,ur, ... up,j) € Qi Aomy, < |ug -+ U, | < Apmy}

for all n € N. Then, lim,,_,o, P, (A,) = 1.

Proof. Let AY := {(ug,...,Um,): Aomy < |ug - tUnp,| < Apmy} be the set of (ug,..., upm,)-

tuples that extend to elements in A,. By definition of P, and A,,

1 .
Pu(An) = 1 > wp(gm) Y lwPPe(v) =w] ) [T PWe (vi) = i
Ul1,mn] u1 (UQ7...,umn)EA% =1
1
= > e (Vi mg DE[Op ()| PIA-my < [9p (02« vm,, )| < Apma).
V[1,mn]

We show that for pp-almost every z € Xy, we have

lim PA_m, < |[dp(z2-- 2y, )| < Aypmy] = 1. (4.2)

n—oo

Since pp is ergodic, Birkhoff’s ergodic theorem (Theorem A.1.5) gives that for up-almost every

x € Xy and every § > 0, it holds that
mp(Rq —6) < ‘m[Q,mn]’a < mp(Rq +6),

for each a € A and large enough n € N. In this case, it follows by Cramér’s theorem (Theo-

rem A.2.1) that for all §' > 0,

Y 1Wp)] < (1+8)ma(Ra + 0)E[[9p(a)]], (4.3)

1,0, =a

up to a set E = FE(n,v,4,d") whose probability decays exponentially with n. By the definition of

the substitution matrix M, we have

Elldp(a)] = S Elldp ()] = 3 M.

be A be A
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Summing over a € A in (4.3), we obtain that

(vt )| < a1+ 8 3 MR+ 6191 ) = (14 8)(0+ 310,
a,bec A

up to an exponentially decaying probability. Choosing 4§, " small enough, we get
[Op(v2 -+ Um,, )| < Ay

in these cases. The estimate for the lower bound follows by analogous arguments. Hence, there

exist ¢ = ¢(v) > 0 and ng = no(v) such that
PA_m, < |[Up(ve- - vm,)| < Aymy] > 1 —e ™n¢

for all n > ng. In particular, (4.2) holds pp-almost surely and it follows by the dominated

convergence theorem that

n—oo

lim Py (Ay) = i/X E[|0p (v1)]] dpp (v) = 1. 0

4.2.4 The upper bound

As a first step towards the proof of our main results, we establish the sequence of upper bounds for
the measure theoretic entropy stated in Theorem 4.1.1 and Theorem 4.1.2. For ease of notation,
we let ¢: [0,00) — R denote the function defined by ¢(0) = 0 and ¢(x) = —xlogz for all

z € (0,00).

Proposition 4.2.6. Let ¥p = (¢, P) be a primitive random substitution with corresponding

frequency measure up. Then,

hHP (X,g) < H,. R

AP —1

for all k£ € N.

Proof. Tt suffices to show the relation for k = 1, since for all k¥ € N, up is the frequency measure
corresponding to 19’1% and A* is the Perron-Frobenius eigenvalue of 19’1%. By Lemma 4.2.2; it is

possible to control h,, (Xy) via the entropy of W,. We wish to refer to data in 2, via a set of
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appropriate random variables. To this end we define (or recall in the case of V[l,m])
® Viim: (V,u1:Up, J) = vy for all 1 <m <,
o J: (vyut,... ,un,j)— 7,
o Uy: (v,uy - up,j)—ug forall 1 <k <n,
o Uy = U,....Uy) for 1 <k <l <.

Also, recall that W, is given by (uj -- -un)[j7j+n,1]. On average, the words ux have length A,
and therefore, in typical situations, W, in fact only depends on u; with 1 < k < m(n), for
some integer m(n) which deviates from n/X by at most a constant. This motivates the following

notation. Fix € > 0 and let A_ = A — . Further, let n € N and

As a first step, we bound the entropy by
Hp,(Wh) < Hp, U m)» T) + Hp, Wa Ui m), ),
using properties (2) and (3) of Lemma 4.2.4. Setting
An ={(v,u1,.. un, j) € Qn | |uz- - um| = n},

we note that on A,, W, is given by (u - -- Um)[j,j-s—n—l} and hence is completely determined by

Ui ,m and J. On AY we can bound the (conditioned) entropy of W, by

log(#L5) < nlog(#.A),

using property (1) of Lemma 4.2.4. Combining these two observations, we obtain

Hp, W |Upt ), T) < Pu(AS) nlog(#A).
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By Lemma 4.2.5, the term Pn(Ag) converges to 0 as n — 00, so we have

Hp,(Wh) < Hp, U1 m)> T) + o(n).
On the other hand, since both J and U; have a bounded number of realisations,
Hp, (Up m), J) = Hp,(Up,m)) + O(1).
Conditioning on Vy ,,,), we therefore obtain
Hp,(Wh) < Hp,Ujam)) +o(n) < Hp, (Vi1,m) + Hp, Uz,m) | Vi1,m)) + 0(n). (4.4)

For the calculation of the entropy Hp, (V)1 ), recall from Remark 4.2.1 that

PaVitsn) = tftm)) = 510 (ofa g DEL 2 (00)]) (4.5)

In the following, we show that the modification by the factor A~!E[|¥p (v1)|] is inessential for
our purposes. To this end, we make use of the general observation that ¢(pq) = pe(q) + qp(p).
For an arbitrary probability vector (p;)ier and a finite sequence of real numbers ¢ = (¢;)icr, this
implies that

> olpigi) < max p(q;) + > aio(pi).
icl '€ icl

Using this for I = L', and the probability vector with entries up([v]1,,]), We obtain via (4.5)

that

5
=
3

|
g
3S)

(5w (B (0]
- OO g ) + 01,

Recall that m = m(n) implicitly depends on n and note that we can rewrite

m —log(pp ([vp1,m)])) E[|9e (v1)]]
n Jx, m A

1 T E[[9p (v1)]

3 o(pp([vp,m)]) = dpp (v).

V[1,m) €LY
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Due to the ergodicity of up and the Shannon-McMillan-Breiman theorem (Theorem A.1.9),
we have that —log(up ([vp,m)]))/m converges to hyp(Xy) in L'(Xy, up). It follows that the
product with any uniformly bounded function g also converges in L'(Xy, up). Applying this to
g: v ALE[|[9p(v1)]] yields

1 1 E[|dp(v
T Hp, (V) = 3 (X0) 3 (o) 125
1_ U1E.A (46>
Tl o (X) Z MyoRa = 7hup(X19)
abG.A

We next turn to the calculation of the conditional entropy Hp, (Ujz,m) | V}1,m))- Denoting by

Py v, the normalised restriction of P, to {V}1m) = v1,m)}, we have
m
Pn,v[Lm] [U[2,m] = (ug,--- 7um)] = HPWP(W) = ui]?
i=2

and thereby

Hp, ., o Ui2m) = > Hp(9p(v:) = Hy - ()]
=2

Using (4.5), this yields

1
HPn(u[2,m]|V[1,m]):X Z P ([01,m D E[|9p (v1)[] H1 - @(v)2,m))-
E

For the corresponding asymptotic behaviour we note that, by Birkhoff’s ergodic theorem (Theo-

rem A.1.5), ®(v[,,))/m converges to R for pp-almost every v, so

Elvptoll) - Ly g )

1
lim Hpn(Z/[[Qm |V[1m ) = 7H1 ‘R Z NP([Ul]) Y by

n—oco n A
vi€EA

Hence, combining the contributions from (4.6) and (4.7), we obtain by (4.4) that
1
e (X) = T Hp, (W) < 5 (I (Xg) + Hi - R).
As e — 0, we have A_ — A, so it follows that

1
hup (Xﬂ) < ﬁHl ‘R,
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which completes the proof. O

The sequence of vectors (Hy,)nen can be bounded via a matrix-recursion that involves the

substitution matrix.

Proposition 4.2.7. Let Jp be a primitive random substitution. Then, for each a € A and all

n,k € N, we have that
Hp(03"(a)) < H,, - (M"e,) + Hp(9p(a)),
where M is the matrix of ¥p and e, is the unit vector corresponding to the letter a. In particular,
H,.. -R<)H, R+H, R.

If ¥p has unique realisation paths, equality occurs precisely if ¥§(a) is completely determined by

1971?“]“((1).

Proof. First, let v € L}, for some m € N, and note that the random variable ¥ (v) can be
written as a function of (Vg (vi),- -+ ,¥%(vm)). Due to the independence of the random variables

in the last tuple, we obtain that

Ho (03 (v)) < Hp (9 (01), ..., 9p(vn)) = 3 He(9p(vr) = H, - ®(v).
=1

If ¥p has unique realisation paths, then we have equality. Using the Markov property of the

substitution process in the first step, for each a € A, we have

He(0p ™ (@)[9p(a)) = Y PIp(a) = o]Hp(0B(v)) <H,- [ Y P[Ip(a) = v]@(v)
vedk(a) ved*(a)

=H,-E[®(Up(a)] = H, - (M e,),
with equality if ¢¥p has unique realisation paths. Therefore, for all a € A,
Hp(035+* (@) < He (0" (@]9 () + He (9 () < H Mbe, + Hya.

The result now follows by summing over all a € A, weighted with respect to the entries of the
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right Perron—Frobenius eigenvector. The first inequality in the above is an equality precisely if
9% (a) is completely determined by 95" (a) and the second inequality is an equality provided

that ¥p has unique realisation paths. O

Corollary 4.2.8. Let ¥p be a primitive random substitution. Then, for all n € N,

1 1
- R< — -R.
o REyTHeR

If ¥p has unique realisation paths, we have equality for all n € N if and only if ¥p satisfies the

disjoint set condition.

Proof. Given n > 2, iterating the relation H, - R < A" 'H; - R+ H,,_; - R yields

n—1
Hn-Rng-RZ)\k:
k=0

immediately giving the required inequality. Under the assumption of unique realisation paths,
equality holds if and only if ¥ (a) completely determines ¥p(a) for all a € A and n € N. This is

just a reformulation of the disjoint set condition (compare Remark 2.2.1). O

4.2.5 The lower bound

We now establish the lower bounds for the measure theoretic entropy in Theorem 4.1.1 and
Theorem 4.1.2. Again, our proof relies heavily on the self-consistency relation for up presented in

Section 4.2.1.

Proposition 4.2.9. Let Jp be a primitive random substitution with corresponding frequency

measure up. Then,
1

hMP (Xﬂ) >

for all k£ € N. If ¥p has unique realisation paths, then
1
hﬂP (Xﬂ) Z VHk . R,

for all £ € N.
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Proof. Again, it suffices to consider the case k = 1. We use the same notation as the proof of

Proposition 4.2.6, with one modification. For € > 0, we now consider Ay = A 4+ ¢ and set
n
m=m_(n)=|—|.
m=[57]
This is to ensure that W,, and J determine Us - - -U,,, on a set of large probability, given by
Bn = {(U,Ul, s aunaj) : |U2 o um| <n-— |’l9|}ﬂ

where we recall that || = max,e 4 max,ecy(q)|v|. By properties (4) and (5) of Lemma 4.2.4, we
have

Hp,(Wn) > Hp, Wi | Vitm) 2 Hp, Upgm) | Viim) — He, Uz m) | Wa)- (4.8)
and it follows by analogous arguments to those in the proof of Proposition 4.2.6 that

1

o1
lim EHPn (U[Q,m] |V[1vm]) - Ay

n—oo

H, - R.

It remains to find an adequate upper bound for Hp, (U, | Wr). To that end, we introduce an

additional random variable on €2,,, namely,
Em: (U,Ul,---,un,j) = |u2um|
It then follows by properties (6) and (7) of Lemma 4.2.4 that

Hp, Ug,m) | Wn) < Hp, U m) | Was T bm) + Hp, (T b [Wha) (19)

= HPn (u[Q,m] ‘ W’m \77 gm) + O(log(m))

The last step follows because the number of distinct realisations of (7, ¢,,) can be bounded from
above by [9]?>m. Conditioned on W,,, 7, £, and provided £,,, < n — ||, knowledge of Ug,m) is

equivalent to knowledge of

Uligm): (Vs U,y un, J) = (luzl, - [uml)-

Indeed, on the set B, (that is, if £,, < n — |¥|) we observe that W,,, 7, ¢, determines the word
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U2+ - * U, such that knowing the lengths of the individual words allows us to infer (ug, ..., uy).

By conditioning,
Hp, (Ugm) | Wn, T bm) < Hp, (U] 2,m) | Whis T, bm) + Hp, Upp,m) | [U|[2,m) Was T )

Let M = maxge4 #9Y(a), implying #Im(U, ,,,)) < M™. By the observations above, we can bound
Hp, Uz | U2, Wiy T i) < Pr(BS) mlog(M).

Since P(BY) — 0 as n — oo by Lemma 4.2.5, it follows that
Hp,(U,m) | Wi, T, bm) < Hp, ([Ulj2,m) [ £m) + o(n). (4.10)

If Jp has unique realisation paths, then W,,, J, £, determines U ,,,) completely on B, yielding

Hp, (U m) | Wn, T ) = o(n),

by an analogous argument. Given ¢, = ¢, the number of possible values of |U |[2,m] is bounded
above by the number of choices to decompose a block of length £ into m — 1 smaller blocks, that
is, by the binomial coefficient (::_12). Using this bound on B,, and the fixed bound M™ on Bg,

we obtain

<>

n—|9

/-1
Hpn(‘bﬂ[g’m] Mm) < Z Pn[gm = E] log (m B 2) + Pn(BS)mlog(M)

f=m—1

< log mTi 2) +o(n) <nH((m—2)/n)+ o(n).

Since we have seen in (4.9) and (4.10) that Hp, ([U][2,m] | €m) bounds Hp, (Ujg m) | Wh) up to a

term of order o(n), we obtain from (4.8) that

1 .1 .
hup (Xo) = lim = Hp, (Wa) 2 i = Hp, Upy,m) | Vivm) =l sup Hp, Upym) [ Wn)

1 1
> —Hi-R-HO\) =0 THUR-HO).
+
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If Jp has unique realisation paths, then Hp, (U ) | Wh) = o(n), which gives the stronger bound
1
hyp (X9) > XHI -R.

This completes the proof. O
For the remainder of this section, we restrict to the case of unique realisation paths.

Proposition 4.2.10. Let ¥p be a primitive random substitution with unique realisation paths.

Then, for each a € A, we have
HP<197IL’+I€(CL)) >H,- (Mkea)

for all n,k € N, where e, is the unit vector corresponding to a. Equality holds if and only if

95*(a) is independent of ¥ (a) for all a € A.

Proof. In the proof of Proposition 4.2.7, we showed that Hp(ﬂgfk | 9% (a)) = H,, - (M*e,) for

each a € A. Thus, we have
Hp(035"(a)) > He(0p™* |03 (a)) = Hy, - (MFey),

for each a € A, and equality holds if and only if 19}‘,+k(a) and Y% (a) are independent random

variables. O

Corollary 4.2.11. Let ¥p be a primitive random substitution with unique realisation paths.

Then, for all m < n,
1 1

—H,, - R<—-H, R.
A T An

Equality holds for all m < n if and only if ¥p satisfies the identical set condition with identical

production probabilities.

Proof. 1t follows by Proposition 4.2.10 that

1 1
—H,,  (M""™R)=—H,, R.

1
—H,-R>
- An A

)\n
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Equality for all m < n holds precisely if

1

1
—H, -R=-H, R,
An At

for all n € N. This is the case if and only if for all a € A, Jp(a) is independent from V% (a)
for all n € N, which means that 95 ' (v) has the same distribution for all possible realisations
v of ¥p(a). This is precisely the identical set condition with identical production probabilities

(compare Remark 2.2.1). O

4.2.6 Proof of main results

Our main results now follow in a straightforward manner from the results we have already

established.

Proof of Theorem 4.1.1. The fact that A\™™H,,, - R—H(A™™) < h,p (Xy) < (A —1)"'H,,-R for
all m € N follows directly by combining Proposition 4.2.6 and Proposition 4.2.9. The convergence

of A\™"H,, - R as m — oo can be seen from the reformulation of this relation in (4.1). O

Proof of Theorem 4.1.2. The upper and lower bounds for h,, (Xy) were established in Proposi-
tion 4.2.6 and Proposition 4.2.9. The statements on the equivalent conditions for equality with
the lower or upper bound are given in Corollary 4.2.8 and Corollary 4.2.11. The fact that the

sequence of lower bounds is non-decreasing is also contained in Corollary 4.2.11. O
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CHAPTER 5

MEASURES OF MAXIMAL ENTROPY

Recall that a measure p supported on a subshift X is called a measure of maximal entropy if
hu(X) = hiop(X) and that for every subshift there always exists at least one measure of maximal
entropy. In this chapter, we combine the theory developed in Chapters 3 and 4 on topological and
measure theoretic entropy to ascertain conditions under which a primitive random substitution
gives rise to a frequency measure of maximal entropy. This allows us to show that there exists a
frequency measure of maximal entropy for a broad class of random substitution subshifts. Further,
in a more general setting, we show that a measure of maximal entropy can be constructed as the
weak*-limit of a sequence of frequency measures.

Recall that we say a subshift is intrinsically ergodic if it has a unique measure of maximal
entropy. We prove intrinsic ergodicity for several families of random substitution subshifts and
show that the unique measure of maximal entropy is a frequency measure. These subshifts often
do not satisfy the specification property, the prototypical method for verifying intrinsic ergodicity,
thus provide an interesting new class of intrinsically ergodic subshifts.

The results in this chapter are largely based on [37, Section 4]. However, we highlight that
some of the results in Section 5.1 on the existence of frequency measures of maximal entropy
are slightly more general than those presented in [37], since we apply results from Chapter 3 on
topological entropy which were proved after the paper [37] was published. Nonetheless, the proofs
are very similar to those in [37]. Also, our proof that the subshift associated with the random

period doubling substitution is intrinsically ergodic is new.
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5.1 Frequency measures of maximal entropy

5.1.1 Existence of frequency measures of maximal entropy

Using our results on topological and measure theoretic entropy, we can show that for many
random substitution subshifts, there exists a frequency measure of maximal entropy. As a guiding

example, let ¥p = (9, P) be the random period doubling substitution

ab with probability p,
a—

Up: ba with probability 1 — p,

b — aa with probability 1,

for some p € (0,1), and let up be the corresponding frequency measure. Since ¥p is primitive and
compatible, both topological entropy and measure theoretic entropy of the associated subshift
coincide with the inflation word analogues introduced in Chapters 3 and 4. Moreover, since Jp
satisfies the disjoint set condition, closed-form formulae can be obtained for each. Specifically, in
Example 3.2.5, we showed that

2
hiop(Xy) = 3 log 2

and, in Example 4.1.6, we showed that

s (X9) = = (plogp+ (1~ p) log(1 ~ p)).

Observe that when p = 1/2, hy,, (Xy) and hiop(Xy) coincide. Hence, the frequency measure
corresponding to p = 1/2 is a measure of maximal entropy. More generally, by combining the
theory established so far for measure theoretic entropy and topological entropy, we can show that
there exists a frequency measure of maximal entropy for many random substitution subshifts. In

the following, we provide sufficient conditions under which this occurs.

Theorem 5.1.1. Let ¥p = (¢, P) be a primitive random substitution satisfying either the
identical set condition or disjoint set condition, for which P[dp(a) = v] = 1/(#9(a)) for alla € A

and v € ¥(a). Further, assume that at least one of the following holds:

e Jp is compatible;
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e Up is constant length and there exists an N € N such that #(a) = N for all a € A.

Then, the corresponding frequency measure up is a measure of maximal entropy for the subshift

Xy.

Proof. For all a € A and v € ¥(a), we have that P[Jp(a) = v] = 1/(#3(a)); hence,

H; R =) R,log(#(a)).

acA

If ¥p satisfies the disjoint set condition, then by Theorem 4.1.2 we have

hup (X9) = +—= Z Rqlog(#9(a)).

aGA

Thus, if Jp is compatible, it follows by Proposition 3.2.3 that A, (Xy) = hiop(Xy), and so pp is
a measure of maximal entropy. On the other hand, if Jp is constant length and #(a) = N for all
a € A, then we have h,, (Xy) = (A\—1)"!log N, which is equal to htop(Xy) by Proposition 3.2.11.

Now assume that Jp satisfies the identical set condition. Before we can apply Theorem 4.1.2,
we first need to verify that ¥p has identical production probabilities. To this end, let a € A, and

u,v € ¥(a). Since Ip is compatible, |ul, = |v], for all b € A. Hence, if t € ¥?(a), it follows that

PWp(u) =] = [ #0®) " = ] #0(0) """ = Pop(v) =1

beA be A

By way of induction, let n € N and assume that P[0 ' (u) = w] = [9p ' (v) = w] for all w € ¥"(a).

Since ¥p satisfies the identical set condition, for all ¢ € 9"+ (a) we have t € 9" (u) NI (v), so

Pp(u) =t]= ) Pp '(u) = w]Plp(w) = 1]

wedIr—1(u)

= > P (v) = w]Pldr(w) = ] = P95 (v) = 1].

weIn—1(v)

Therefore, by induction, ¥p has identical production probabilities, and thus by Theorem 4.1.2 we

have

s (X0) = 5 3 Ralog(#9(a).
acA
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Comparing this with the expressions for topological entropy given by Propositions 3.2.3 and

3.2.11, we conclude that h,p,(Xy) = hiop(Xy). Namely, pp is a measure of maximal entropy. [

For the random Fibonacci substitution, the conclusion of Theorem 5.1.1 does not hold. Thus,
the assumption that either the identical set condition or disjoint set condition is satisfied cannot

be dropped in general.

Example 5.1.2. Let 9p = (¥, P) be the random Fibonacci substitution with uniform probabili-

ties,

ab with probability 1/2,
a—

Up: ba with probability 1/2,

b— a with probability 1,

and let up denote the corresponding frequency measure. In Example 4.1.9, we showed that
the measure theoretic entropy of the subshift Xy with respect to the measure up satisfies the
following bounds:

0.4164 < hyp (Xy) < 0.4314.
However, hiop(Xy) = > oo_,log(m)/7™ 12 a2 0.4444, so up is not a measure of maximal entropy.

The following example shows that the assumption that the cardinalities of inflation sets
coincide cannot be dropped for constant length random substitutions. Further, it illustrates that
the frequency measure of greatest entropy may not correspond to uniform probabilities in the

non-compatible setting.

Example 5.1.3. Let p € (0,1) and let Jp be the random substitution defined by

aa with probability p,
a +—

Up: ab with probability 1 — p,

b — ba with probability 1,

with corresponding frequency measure up and subshift Xy. Recall that ¢p satisfies the disjoint
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set condition. In Example 3.2.10 we showed that the topological entropy of the subshift Xy is

oo
1
hiop(X9) = o logn ~ 0.507834.

n=1

Further, in Example 4.1.7, we showed that

e (Xs) = =5 (plogp+ (1= p)log(1 ~ p)),

which is maximised when p = 77!, where 7 denotes the golden ratio. Letting jimax denote the

measure corresponding to this value of p, we have
P (X)) = log 7 ~ 0.481212.

Hence, pimax is not a measure of maximal entropy for Xy.

5.1.2 Weak*-limits of sequences of frequency measures

Examples 5.1.2 and 5.1.3 demonstrate that neither constant length nor compatibility are sufficient
to guarantee the frequency measure corresponding to uniform probabilities is a measure of
maximal entropy. However, in both of these settings, a measure of maximal entropy can be
obtained as the weak*-limit of a sequence of frequency measures. In particular, the measures
in this sequence can be taken to be frequency measures corresponding to powers of the random

substitution with uniform probabilities.

Theorem 5.1.4. Let Jp = (¢, P) be a primitive random substitution. Further, assume that Jp
is compatible or constant length. Then, there exists a sequence of frequency measures (i), such

that p, converges weak* to a measure of maximal entropy for the system subshift Xy.

Proof. For each n € N, let P, denote the family of probability vectors corresponding to uniform
probabilities on ¥"*. Since the subshift of a random substitution is independent of the choice
of probabilities, the random substitution (9", P,,) gives rise to the subshift Xy. Let p, denote
the frequency measure corresponding to the random substitution (9", P,). Since the space
of shift-invariant probability measures on Xy is weak*-compact, there exists a shift-invariant

probability measure p and a sequence (ny)y of natural numbers such that (uy, )ken converges
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weak™® to p. As we have assumed that ¢p is compatible or constant length, ¥p has unique

realisation paths. Thus, by Theorem 4.1.2 we have

iy (X0) > 53 3 Ralog(#0™(a) (51)
acA

for all £ € N. If ¥p is compatible, then the right hand side converges to hiop(Xy) by Proposi-

tion 3.2.2. On the other hand, if Jp is of constant length ¢, then

Ank 3" Ralog(#™ (a)) = Y R, EEV0)

I
acA acA

for all k, which converges to hiop(Xy) by Theorem 3.2.8. Hence, in either case, we have

im hy, (Xg) > hiop(Xv),

k—o0

and so it follows by the upper semi-continuity of measure theoretic entropy that h,(Xy) =

hiop(Xy)- 0

Notice that in the proof of Theorem 5.1.4, the only place we have used compatibility or the
constant length property is in establishing the coincidence of topological entropy with the quantity
n (5.1). As such, we expect the full strength of compatibility or the constant length property are

not required for the conclusion of Theorem 5.1.4 to hold.

5.2 Intrinsic ergodicity of random substitution subshifts

Theorem 5.1.1 gives that for a broad class of random substitution subshifts, there exists a
frequency measure of maximal entropy. It is natural to enquire whether this measure is unique as
a measure of maximal entropy. In this section, we show that this is indeed the case for many

random substitutions satisfying the conditions of Theorem 5.1.1.
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5.2.1 Techniques for proving intrinsic ergodicity

A common technique for proving a subshift is intrinsically ergodic is to show that there exists a

measure of maximal entropy p for which there are constants A, B > 0 such that
Ae7luh < 1y([u]) < Be~lulh (5.2)

for every legal word u, where h denotes the topological entropy of the subshift. Such a uniform
restriction on the scaling of cylinder sets is often called a Gibbs property. This technique was first
used by Adler and Weiss [2| to show that the Parry measure is the unique measure of maximal
entropy for every irreducible shift of finite type (although we note that Parry [63] previously
showed that this measure is a measure of maximal entropy). Generally, verifying the property
(5.2) holds can be difficult. However, Bowen [10] introduced a sufficient condition, called the
specification property, under which this property holds, which is typically easier to verify than
proving the bounds in (5.2) directly. Verifying the specification property has become a standard
technique for proving intrinsic ergodicity of subshifts and, in recent years, several weaker versions
of this property have been introduced, which are still sufficient to establish intrinsic ergodicity.
For example, Climenhaga and Thompson [13, 14] introduced a weak specification property that
holds for all subshift factors of S-shifts and S-gap shifts, for which Bowen’s specification property
is not satisfied, thus establishing intrinsic ergodicity for a broad class of subshifts. However, their
approach still relies on the existence of a measure of maximal entropy that satisfies the property

(5.2).

5.2.2 A class of random substitutions satisfying the identical set condition

For a class of subshifts arising from constant length random substitutions satisfying the identical
set condition, we can show that the measure of maximal entropy given by Theorem 5.1.1 satisfies
the Gibbs property in (5.2), thus is the unique measure of maximal entropy. These subshifts were
shown to be intrinsically ergodic by Gohlke and Spindeler [39]. In their proof, they showed that
these subshifts are coded shifts, which are well known to satisfy Bowen’s specification property.
Here, we present an alternative proof, which does not rely on specification, but instead uses the

renormalisation lemma (Lemma 2.3.5) to directly verify the Gibbs property (5.2).

90



Proposition 5.2.1. Let A be a finite alphabet, £ > 2 and s!,...,s* € A" be distinct words of
length ¢, such that for every letter a € A there exists an i € {1,...,k} such that a appears in s°.

Let 9p = (¥, P) be the random substitution defined by

s' with probability 1/k,

dp: a—

sk with probability 1/k,

for all @ € A and let up denote the corresponding frequency measure. Then, the measure up
satisfies the Gibbs property (5.2). Thus, the subshift Xy is intrinsically ergodic and pp is the

unique measure of maximal entropy.

Proof. First observe that, since for any a € A, every letter in A appears in a realisation of
Y¥(a), the random substitution Jp is primitive; hence, £(Xy) = Ly. Let u € Ly. We prove the
Gibbs property (5.2) by application of the renormalisation lemma. Since ¥p is constant length,

Lemma 2.3.5 gives that

pe(u)) =7 Y ue([) D POP)y iy = ul. (5.3)

veLlul/e+ =1

We have that 9(a) = 9(b) for all a,b € A and P[Jp(a) = w] = 1/k for all w € ¥(a). Hence,
it follows by the Markov property of ¥p that, for all v € LI/ and j € {1,....4}, if

u € 19(1})[]'7]'_;'_|u‘_1], then

I\ Tlul/e+1 N
<k> < PP (V) jtuj—1) = U] < (k) :

Otherwise, if u & 9(v)(; j4u|—1], then P[Ip(v)(; j4u—1) = u] = 0. Since u is legal, there exists at

least one j € {1,..., £} such that u € 9(v)[j j4|u-1), s0 it follows by (5.3) that

1 1 ~1 1
= o lulhtop(Xy) — & —|ulf logk < < —lult= logk __ —|ulhtop(Xy)
ﬁke Kke < up([v]) < ke ke ,

noting that ZvGEHuV[H-l pe([v]) =1 and hiop(Xy) = £~ log k by Proposition 3.2.11. Thus, we
[

conclude that the Gibbs property (5.2) holds, so the subshift Xy is intrinsically ergodic. O]
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Example 5.2.2. Let Jp be the random substitution defined by

ab with probability 1/2,
vp:a,b—

ba with probability 1/2,

and let up denote the corresponding frequency measure. Since Up satisfies the conditions of
Proposition 5.2.1, the associated subshift is intrinsically ergodic, and pp is the unique measure of

maximal entropy.

5.2.3 Recognisable random substitutions

While the class of intrinsically ergodic random substitution subshifts given by Proposition 5.2.1
satisfy the Gibbs property (5.2), this is not the case in general for random substitution subshifts.
For a broad class of recognisable random substitutions, the frequency measure of maximal entropy
given by Theorem 5.1.1 does not satisfy this Gibbs property. Nonetheless, we can prove that this

frequency measure is the unique measure of maximal entropy by other means.

Theorem 5.2.3. Let Jp = (¥, P) be a recognisable primitive random substitution of constant

length ¢ and assume that at least one of the following holds:
(i) there exists an N € N such that #9(a) = N for all a € A;
(ii) Jp is compatible and ¢ is the only non-zero eigenvalue of the substitution matrix.

Under these hypotheses, the system (Xy, S) is intrinsically ergodic. Moreover, the unique measure

of maximal entropy is the frequency measure corresponding to uniform probabilities.

We present the proof of Theorem 5.2.3 in Section 5.2.5. Our technique is to show that for
the frequency measure of maximal entropy given by Theorem 5.1.1, a weaker Gibbs property
holds for cylinder sets of exact inflation words. This, together with the underlying assumptions

of recognisability and constant length, is sufficient to obtain the conclusion of Theorem 5.2.3.
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Example 5.2.4. Let ¥p = (¢, P) be the random substitution defined by

(

abbaa  with probability 1/2,
a +—r
aabba  with probability 1/2,
vp: ;
babaa with probability 1/2,
b—

baaba with probability 1/2,

and let up denote the corresponding frequency measure. In Example 2.2.15, we showed that Jp
is recognisable. Thus, since #9(a) = #9(b), the conditions of Theorem 5.2.3 (specifically (i)) are
satisfied. Hence, the subshift Xy is intrinsically ergodic and pp is the unique measure of maximal

entropy.

5.2.4 Gibbs properties of frequency measures

In this section we prove the (weak) Gibbs property satisfied by the measure of maximal entropy
for subshifts of random substitutions satisfying the conditions of Theorem 5.2.3. This is the

content of Lemma 5.2.8, which utilises the following auxiliary results.

Lemma 5.2.5. Let 9p = (¥, P) be a primitive random substitution with corresponding frequency
measure pup. Further assume that ¥p is compatible or constant length. Then, for all v € Ly and

w € Y(v),

e () 2 Sap () PP (0) = ).

In the case that Jp is constant length and recognisable and |9(v)| > 2k(¥), we have
pe([w]) = < D ue([u)Pp(u) = w).
ueﬁ‘;‘

Proof. Let v € Ly and let w € ¥(v) be fixed. Let n = |w| and Jn(v) = {u € L : upy o) = v}

Since Jp is compatible or constant length, Lemma 2.3.5 gives that

|9 (u1)]
pp () = 3 3 pe(ful) D FlOp ()i = v
ueLly j=1
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Noting that [v] is the union of all [u] with u € J,(v), we thus obtain

pp(l) > 1 S () Bp )y =l = 5 > ap(u)BIp () =]
ISVAY ()] u€EIn (v)
1

= Sup (o] Blip () = ).
If ¥p is constant length and recognisable, and |[9(v)| > 2k(¥), then there is a unique way to

decompose w into inflation words. However, there might still be several words u € Ly with

|u| = |v| such that w € J(u). Hence, it follows by Lemma 2.3.5 that

pp(w) =5 > pe([u))Pop(u) = . O

ueﬁl;)‘
Lemma 5.2.6. Let ¥p = (0, P) be a primitive random substitution satisfying the disjoint set
condition. Assume that P[Up(a) = s] = 1/#0(a) for all a € A and s € J(a) and that at least one

of the following conditions is satisfied:
(i) Yp is of constant length ¢ and there is an N € N such that #9(a) = N for all a € A,

(ii) Jp is compatible and the second largest eigenvalue 7 of the substitution matrix satisfies

|7 < 1.

Under these hypotheses, there exists a constant ¢ > 0 such that P[9% (a) = w] > ce™[wIhtop(Xo)

for allm € N, a € A and w € ¥"(a). In particular, when ¥p is of constant length, we have that

PlYg(a) = w] = ehtop (X9) g—|w|htop (Xg)

Proof. As Up satisfies the disjoint set condition, it follows by the Markov property of ¥p and

induction that, for a € A, m € N and w € 9™ (a), we have

PR (@) = ul = 19; ot (5.4)

Let us first consider case (i). It follows by the constant length property and disjoint set condition

that #9™(a) = NI+ for all m € N. By Proposition 3.2.11, we have that hiop(Xy) =
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log N/(¢ — 1). Noting that 7' ¢/ = (€™ — 1) /(¢ — 1), it follows that

m—1

log(#0™(a)) =log N Y £ = (£ ~ Dhuop(X9) = |wlhiop(X9) — huop(Xo)
j=0
for all m € N, a € A and w € 9" (a). Taking the exponential of both sides, we conclude from

(5.4) that

P[ﬁg(a) = w] — ehtop(Xﬁ)e—‘w‘hmp(Xﬂ).

Let us now consider case (ii). Since the Perron—Frobenius eigenvalue A of Jp is simple, we can
split the substitution matrix M as M = ARL" + N, where R and L are respectively the right
and left Perron-Frobenius eigenvectors of ¥p and where NRLT = 0= RL'N. For each m € N,
we let g, denote the vector indexed by A defined by ¢, o = log(#9™(a)) for all a € A. It was
shown in [35, Lemma 10] that for all primitive and compatible random substitutions satisfying

the disjoint set condition, q, = qir Z:ol MP* for all m € N. Hence,

m—1 m—1 m—1
an=a] Y M‘=q Y MNRL'+q] ) N*
k=0 k=0 k=0
A1 m—1 m—1
=5 @ RLT +qf > N¥= (A" = Dhop(Xg)L" +qf Y N*.

k=0 k=0

By construction, 7 is the dominant eigenvalue of N, and so there exists a ¢ > 0 and n € N
such that |[N¥||o < ck™|7|F for all k € N. Hence, there is 7 € R with || < r < 1 such that

|N¥|loo < cr®. We therefore obtain

m—1
log(#0™(a)) < (A" = 1) Lahiop(X) +lanlloc Y _ [N*]|oo
k=0
c
< (A" = 1) Lahtop(Xy) +ﬁ”(I1HOO~

On the other hand, by Proposition 2.2.3, we have that

(9™ (a)| > LeA™ — DI7|™ > LeA™ — D,

for some D > 0. Hence, there exists a constant C' > 0 such that log(#9™(a)) < [9™(a)|htop(Xy)+

C. Taking the exponential of both sides, we conclude from (5.4) that PYg(a) = w] >
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e~ lwlhtop(X9)e=C  Setting ¢ = e~¢ completes the proof. If ¥p is additionally assumed to

be of constant length, then 7 = 0 since the eigenvalues of the matrix associated to a con-
stant length substitution are integers. In this case, the matrix M satisfies M = ARL", where
L =(1,...,1) by the constant length property. Thus, it follows by the same arguments as above
that log(#9™(a)) = (A" — 1)htop(Xy). Taking the exponential of both sides, it follows from (5.4)

that P[ﬁg(a) = U)] — ehtop(Xﬁ)e_hU‘htop(Xﬂ)' =

Lemma 5.2.7. Let ¥p = (J,P) be a random substitution satisfying either of the conditions
of Lemma 5.2.6 and let up denote the corresponding frequency measure. Then, there exists a
constant ¢ > 0 such that

ool

pp([w]) > “P([”DW

for all v € Ly, m € N and w € 9" (v). If, in addition, ¥p is constant length and recognisable and
|v| > 2k(1), then

’v‘e‘z}'htop(xﬂ)

pp ([w]) <

- |w|e|w|ht0p(X19) ’

Proof. Let v € Ly, m € N and w € 9™(v) be fixed. Applying Lemma 5.2.5 to ¥} yields

1
pe([wl) 2 o up (W)EWE (v) = w]. (5.5)
Since ¥p is compatible or constant length, we can decompose w into subwords w = w' - - - wl!
such that w/ € 9™ (v;) for all j € {1,...,|v|}. Hence, it follows by Lemma 5.2.6 that there is a
constant ¢ > 0 such that
|v] . |v] ,
PR (v) = w] = HPW%(%’) = wl] > Hce_|w]|htop(X19) — clg—lwlhiop(Xs) (5.6)
j=1 j=1

By Proposition 2.2.3, there is a universal constant D > 0 such that A" < D]9™(a)| for all m € N
and a € A. Combining this with (5.5) and (5.6) yields the desired result.

Now, assume additionally that ¥p is recognisable and of constant length ¢. Then by
Lemma 5.2.6 we have that P[0 (u) = w] = elUlhor(Xo)e=lwlhion(Xv) for every u € L"l;}' with

w € Y(u). Thus, the lower bound follows by identical arguments to the above, taking ¢ = ehtor(Xo)
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For the upper bound, observe that if |v| > 2k(9), we also have |9 (v)| = £™|v| > 2k(J™), for all
m € N, by Lemma 2.2.19. Hence, noting that |u| = |v| and £~™ = |v|/|w|, Lemma 5.2.5 gives
that

|U‘elv|ht0P(X19)

pp () = g S () PIOR () = u] <
I

- |w‘e|w|ht0p(X79) ’
ueﬁg

In the proof of Theorem 5.2.3 we only require the lower bound of Lemma 5.2.7. However, the
upper bound allows us to show that the subshifts we consider in Theorem 5.2.3 do not satisfy
the Gibbs property (5.2), therefore do not satisfy Bowen’s specification property or the weaker

specification property of Climenhaga and Thompson. This is illustrated by the following.

Lemma 5.2.8. Let Jp = (¢,P) be a random substitution satisfying the conditions of Theo-
rem 5.2.3, and let pup denote the corresponding frequency measure. Then there exist constants

c1,¢2 > 0 such that for all a € A, m € N and w € 9™(a),

A = wlhop(X9) < i ([w]) < 2 e~ lwlhon(X9),

|wl - |wl
Proof. The lower bound follows immediately from Lemma 5.2.7, taking ¢; = minge4 cup([a])
where c is the constant given by Lemma 5.2.7. For the upper bound, let M be the least integer

X9)_ Since up is a probability

such that M > 2k(0) and set ¢y = maxueﬁm‘u|§gM|u|e|“|ht°P(
measure, pp([w]) < cge™Wlrior(X0) /lgy| if |w| < M. On the other hand, if m > M and w € 9™ (a)

then it follows by Lemma 5.2.7 that there is a v € 9 (a) such that

‘,U|e|’v‘htop(X’t9) Co —|wlh
e 2 'LU| top(Xﬂ).
MP([w]) = ’w|e|w\htop(xz9) - |w|e

This completes the proof. O

The upper bound on pup in Lemma 5.2.8 is irreconcilable with the bound for the unique
measure of maximal entropy on subshifts with a weak specification property established in [14,
Lemma 5.12|. In particular, the subshifts for which Theorem 5.2.3 establishes intrinsic ergodicity

do not satisfy the weak specification property in [14].
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5.2.5 Proof of Theorem 5.2.3

We now present the proof of Theorem 5.2.3. In addition to the Gibbs property proved in the
previous section, we also utilise the following result, which is proved in [21]. For ease of notation,
we let A denote the symmetric difference of two sets. That is, given two sets A and B, we write

AAB = (AUB)\ (ANB).

Lemma 5.2.9 (|21, Lemma 8.8]). Let (X, d) be a compact metric space and let ¢ be a Borel
probability measure on X. If B C X is measurable and (§,),en is a sequence of finite measurable
partitions of X for which lim,_,.c maxpce, diam(P) = 0, then there exists a sequence of sets
(Ap)nen with A, € o(&,) and lim, o 0(A,AB) = 0. Here, o(&,) denotes the sigma algebra

generated by the partition &,.

Proof of Theorem 5.2.3. Let u denote the frequency measure of maximal entropy given by Theo-
rem 5.1.1 and let m € N. For each k € {0,...,¢™ — 1}, let X,, j, denote the subset of Xy defined
by Xmk = S*(9™(Xy)). It follows by recognisability that these subsets are pairwise disjoint for
different choices of k. Note, by Lemma 2.1.6, that the subsets X, ;, are closed, and since by the

constant length property we have
S (Xmp) = S (S (0™ (X)) = SHO™(5 X)) = SHWI™(Xg)) = Xk,

it follows that X,,; is a S _invariant subspace of Xy. Since every z € Xy can be split into

level-m inflation words, we have

-1

Xy = |_| Xk
k=0

where the union is disjoint due to recognisability. Lemma 2.2.19 implies that » = [x(9) /(¢ — 1)]+1
satisfies

-1

gm
r > /1

k(D) + 0 > k(I™) + O™,

By the constant length property, this ensures that every word of length at least 2r¢™ has a unique
decomposition into inflation words. This together with Lemma 2.2.17 implies, for all u € E?{ and

w € 9™ (u), that |w| = 2rf™ and S™" ([w]) C ¥™(Xy). Let us consider the following partition of
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Emk = Sre ({Sk([w]) cw € 9" (u) and u € E%{}) .

This in turn yields a partition of Xy, namely
1
fm = U gm,k-
k=0

By way of a contradiction, assume that v % p is another ergodic measure of maximal entropy.
Since distinct ergodic measures are mutually singular, there exists an S-invariant set B with
pu(B) =0 and v(B) = 1. Note that the diameter of the atoms of &,, tends uniformly to zero as m
tends to infinity, so ({m,)men meets the requirements of Lemma 5.2.9. Applying it to the measure

o = (u+v)/2 we obtain that, given £ > 0, there exist m € N and A,,, € 0(&,,) such that
(u+v)(AnAB) < e. (5.7)

For k € {0,...,0™ =1}, let Ay = A N Xy i and By, , = BN X, 1, and define the conditional

probability measures fi,,  and vy, i by

1 1
Pk = —o— M|x,,, and Vpp=-———<V[X, ,-
S ) Mo e = Vo
For all j € {0,...,¢™ — 1}, we have S*77(X,, ;) = Xk, and since p and v are S-invariant and

the sets X,, . are disjoint, it follows that

1 1
(X i) = (Xm,j) = o and v(BNXpk) =v(BNXpy,) = o

Consequently, vy, x(Bm k) = (" v(B N Xy ) = 1. On the other hand, fiy, x(Bm k) = (" u(B N

Xomk) =0. Since {X,, 1, : k€ {0,...,¢™ —1}} forms a partition of Xy, we can rewrite (5.7) as

o1 1
Z (tmk + Vi) (Am kDB i) = £ Z (n+v)((AnAB) N Xy k)
k=0 k=0

=0"(n+v)(AnAB) < (Me.
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Hence, there exists a k' such that
(it + Vi) (A DB ) < €. (5.8)

Here, we observe that A, i € 0(&,, 4), and recall that if [v| > 2¢™r, then the word v has a unique
inflation word decomposition under ™. Therefore, there exists a unique j € {0,...,¢™ — 1} such
that [v] C X,y ;.

Note that the system (X, ;, ng) equipped with the measure v, ; is an induced subshift
obtained from (Xy, S) equipped with the measure v by inducing on X, ;. Hence, by Abramov’s
formula (Lemma A.1.10), we have

1 o
Py (X ST,

h(Xo,S) = 7

The remainder of the proof follows a similar line of arguments to Adler and Weiss’ [2| proof
of intrinsic ergodicity for topologically transitive shifts of finite type, applied to the system

(kar,Sém) and the S"-invariant measures Py and v, s For ease of notation, in the

following we write k = k' and T = S". Note that
e = {S*([w]) : w € 9™ (a),a € A}

forms a generating partition of X, 1, and by the fact that ¥p is of constant length and recognisable,
r—1
ém,k = \/ T (am,k)'
j=-r

Let 0 = {Amk, Xm i \ Amk} and for a given set A C X, , denote by ¢,,,(A) the number of

atoms in &, ; that intersect A. Then, we have

200"y (Xy, S) = 2rhy,, (X, S°) < Hy, (§mk)
< HVm,k (ﬁm) + HVm,k (fm,k ’ 77m)

< log 2+ Vm,k(Am,k:) log(tm(Am,k)) + Vm,k:(Xm,k \ Am,k) log(tm(Xm,k \ Am,k))
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Let S™"**[w] € &k, with w € ¥ (v) for some v € L. By Lemma 5.2.7, we have that

2 m
> Co—2rl™hiop(Xy,5)

2Wnrhiop(Xg) — ’

pon (ST ) = €7 [w]) > (o) 5

taking C' = CQT(minveﬁgT p([v]))/2r. We have that C' > 0 since p([v]) > 0 for all v € L. Hence,
1 m
tn(Am) < = (A )T or(X0:S)

and

1 .
b (X \ ) < 5 (X \ A )20 i (X0:8),

This yields that 0 < log(2) — log(C) + v k(Am.k) 10g(ttm k(Am.k)). By (5.8), we have that

L e (Am k) < € and vy, (Ap k) > 1 —e. This implies the following contradiction:
0< 1ir% (log2 —log(C) + (1 —¢e)loge) = —oc. ]
e—

From Lemma 5.2.7, we have used only the lower bound in the proof of Theorem 5.2.3.
Since this inequality holds under less restrictive conditions, it seems natural to enquire whether
Theorem 5.2.3 can be sharpened accordingly by replacing the constant length assumption with a
weaker condition. However, a closer inspection reveals that the last part of the proof relies on
the detailed control that the constant length assumption provides. A definite answer therefore

remains an open problem.

5.2.6 Random period doubling

We have shown that for the random period doubling substitution

ab with probability p,
a

Up: ba with probability 1 — p,

b+ aa with probability 1,

the frequency measure u corresponding to p = 1/2 is a measure of maximal entropy for the

associated subshift Xy. We now show that this is the unique measure of maximal entropy.
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Theorem 5.2.10. The subshift associated to the random period doubling substitution is in-
trinsically ergodic. Moreover, the unique measure of maximal entropy is the frequency measure

corresponding to p = 1/2.

Our strategy of proof is to construct a random substitution gp = (¢, P) satisfying the
conditions of Theorem 5.2.3 that gives rise to a subshift with the same topological entropy as
Xy, for which there exists a factor map m: X, — Xy. That is, a continuous surjective map for
which 7 0§ = § o w. Uniqueness of the measure of maximal entropy then follows by the intrinsic
ergodicity of the subshift X, and the fact that every measure of maximal entropy on Xy is the

push-forward of a measure of maximal entropy on X,. A proof of this latter fact is given in [51].

Lemma 5.2.11 ([51, Theorem 3.3]). Let X and Y be subshifts with hop(X) = hop(Y) and let
m: X — Y be a factor map. Then, every measure of maximal entropy on Y is the push-forward

of a measure of maximal entropy on X.
We now give the proof of Theorem 5.2.10.

Proof of Theorem 5.2.10. Let op = (¢, P) be the random substitution defined over the alphabet
A - {a07 ai, bOa bl} by

( (
apby  with probability 1/2,
ag —
bpa; with probability 1/2,
\

apby  with probability 1/2,
pp: { ap —

bia; with probability 1/2,
\

bo — apgag with probability 1,

b1 — ai1a; with probability 1,

\

and let v denote the corresponding frequency measure. We claim that w% satisfies the conditions
of Theorem 5.2.3. Since g02P gives rise to the same frequency measure as pp, this gives that the
frequency measure v is the unique measure of maximal entropy for the subshift X,. It is clear
that pp is a primitive random substitution of constant length, therefore so is cp%,. Also, observe
that #p?(ag) = #2(a1) = #¢%(bo) = #¢%(b1) = 4, so the only condition of Theorem 5.2.3 that

it remains to verify is that gp%, is recognisable. By Lemma 2.2.19, it suffices to show that pp is
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recognisable. To show this, we prove that for all x € X, there is a unique j € {0,1} and y € X
such that 2 € S~ (p(y)). Since all exact inflation words are distinct, for each j € {0,1}, if x € X
then there is a unique y € X such that x € S77(¢(y)). Hence, it suffices to show that there is a
unique j € {0, 1} such that z € S77(¢(X)). Observe that every x € X contains an occurrence of
bo or by. If an occurrence of either of these letters is followed by ag, bg or by, then this uniquely
determines the choice of j, since these two letter words cannot appear on the overlap of two exact
inflation words. On the other hand, if the following letter is an a1, then j is uniquely determined
by the number of occurrences of a; before another letter is observed. In particular, if there are
an even number of occurrences of a1, then bja; lies on the overlap of two inflation tiles and if
there are an odd number, b;aq is contained within a single inflation tile. Thus, ¢p is recognisable,
therefore satisfies the conditions of Theorem 5.2.3. Hence, the subshift X, is intrinsically ergodic.

Observe that a factor map 7: X, — Xy can be defined onto the random period doubling
subshift Xy by 7(ag) = 7(a1) = a , w(by) = 7w(b1) = b. Thus, by Lemma 5.2.11, every measure of
maximal entropy on Xy is the push-forward of a measure of maximal entropy on X,,. Since the
subshift X, is intrinsically ergodic, it follows that the only measure of maximal entropy on Xy is
the push-forward of the unique measure of maximal entropy on X,,. In particular, the subshift
Xy is intrinsically ergodic. By Theorem 5.1.1, the unique measure of maximal entropy is the

frequency measure corresponding to p = 1/2. O

5.2.7 The golden mean shift

It was shown in [38] that every topologically transitive shift of finite type can be obtained as
the subshift of a primitive random substitution. For the golden mean shift, we show that the
unique measure of maximal entropy, the Parry measure, can be obtained as the weak*-limit of a

sequence of frequency measures corresponding to primitive random substitutions.

Example 5.2.12 (The golden mean shift). The golden mean shift is the shift of finite type over
the alphabet {a,b} defined by the forbidden word set F = {bb}. The subshift X can be obtained
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as the subshift of the random substitution Jp defined by

aa  with probability 771,

a+—

Up: aba with probability 72,

b— b with probability 1.

However, this random substitution is not primitive, so we cannot directly apply our results. To

circumvent this issue, let € € (0,1) and let ¥, be the random substitution defined by

aa  with probability 7,

a t—

aba with probability 772,

b with probability 1 — e,
b—

abb with probability e,

\ \

and let p. denote the corresponding frequency measure. For all e € (0,1), 9. is a primitive
random substitution with unique realisation paths, satisfying the disjoint set condition. Since the
space of shift-invariant measures on X is weak™-compact, there exists a shift-invariant measure
such that p. converges weak™ to u as e — 0. One can show that R,./(A\e — 1) — 72/(7% + 1)
as € — 0, where . and R,. are the Perron-Frobenius eigenvalue and the entry of the right
Perron—Frobenius eigenvector corresponding to the letter a, respectively, and 7 denotes the golden

ratio. Thus, it follows by the upper semi-continuity of entropy and Theorem 4.1.2 that

-1
hu(X) > limsup hy,_ (X) = limsup H{R > limsup ——— Ro (7 2log7 2 + 7 log 1)

e—0 e—0 e 1 e—0 e 1
7 2 1
= 217"+ 7 ) logT =logT,
where the last equality is a consequence of the characteristic equation 72 = 7 + 1. Since

htop(X) = log 7 and the Parry measure is the unique measure of maximal entropy (2, 63] on X,

we conclude that p must be the Parry measure.

In [38], it was shown that for any topologically transitive shift of finite type, there is an
algorithm which constructs a primitive random substitution that gives rise to that subshift.

Thus, this algorithm yields a primitive random substitution that gives rise to the golden mean
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shift. However, a closer inspection reveals that if the corresponding frequency measure is the
Parry measure then we require two of the realisations to occur with probability zero and the
resulting random substitution is the random substitution Jp defined in Example 5.2.12; which is
not primitive. As to whether there exists a primitive random substitution for which the Parry

measure is the corresponding frequency measure remains open.

5.2.8 An example with multiple measures of maximal entropy

So far, all of the examples we have considered in this section have been intrinsically ergodic.
However, there exist subshifts of primitive random substitutions that support multiple measures
of maximal entropy. This is illustrated by the following example, the Dyck shift, which supports

two distinct ergodic measures of maximal entropy.

Example 5.2.13 (The Dyck shift). For each i € {1,2,3,4}, let p; = (pi1,piz2,pi3) be a

probability vector and let ¥p = (¥, P) be the random substitution defined over the alphabet

A= {(7 )7 [7 ]} by

with probability p1 1,

with probability ps 1,

( (() with probability p; 2, ()) with probability pa 2,
) ([]  with probability p 3, []) with probability ps 3,
i [ with probability ps 1, ] with probability p4 1,

[ —

with probability p3 2,

with probability ps 3,

with probability p4 2,

with probability p4 3.

Gohlke and Spindeler [39] showed that the corresponding subshift is the Dyck shift, which supports
two distinct ergodic measures of maximal entropy [47]. The random substitution Jp does not
have unique realisation paths since, for example, the word (()) can be obtained as two different

realisations of () under ¥p.

5.2.9 Outlook

We have established intrinsic ergodicity for several families of random substitution subshifts.

However, we are still far from a classification of intrinsic ergodicity for random substitution
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subshifts. In particular, we highlight that there is a large gap between the theory of measure
theoretic entropy developed in Chapter 4, which applies to all primitive random substitutions,
and the more restrictive conditions that we require to establish intrinsic ergodicity. We conclude
this chapter by presenting several open questions and possible directions for future work.

The intrinsic ergodicity of random period doubling substitution subshift suggests a relaxation
of the recognisability assumption in Theorem 5.2.3 to the disjoint set condition may be possible.
In this more general setting, the conditions of Theorem 5.1.1 are still satisfied, so the frequency
measure corresponding to uniform probabilities is a measure of maximal entropy. Moreover, this
measure satisfies the lower bound of the Gibbs property used in the proof of Theorem 5.2.3.
However, the proof of Theorem 5.2.3 relies on the existence of a finite recognisability radius, which
we no longer have without the assumption of recognisability. Therefore, a different approach will
be required. One possible approach could be to extend the techniques we used to show intrinsic
ergodicity for the subshift of the random period doubling substitution. Namely, by constructing a
surjective measure preserving factor map from the subshift of a recognisable random substitution
satisfying the conditions of Theorem 5.2.3.

It remains open as to whether the subshift associated with the random Fibonacci substitution
is intrinsically ergodic. In Example 5.1.2, we showed that the frequency measure corresponding to
uniform probabilities is not a measure of maximal entropy. However, by Theorem 5.1.4, a measure
of maximal entropy can be obtained as the weak*-limit of a sequence of frequency measures. A
careful analysis of the properties of this measure could provide an indication as to whether or not
it is unique as a measure of maximal entropy.

The Dyck shift illustrates that, in general, primitive random substitutions need not be
intrinsically ergodic. However, the random substitution that gives rise to the Dyck shift is a
somewhat pathological example as it does not have unique realisation paths. We are not currently
aware of any random substitutions with unique realisation paths for which it is known that the

corresponding subshift supports multiple measures of maximal entropy.
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CHAPTER 6

MULTIFRACTAL PROPERTIES OF FREQUENCY
MEASURES

So far, we have developed techniques to study the measure theoretic entropy of the subshift Xy
of a primitive random substitution Jp = (¢, P), with respect to the corresponding frequency

measure pup. It follows by the Shannon-McMillan-Breiman theorem (Theorem A.1.9) that

lo T_
i PTG ()

for pp-almost all z € Xy. However, entropy does not give any information about the scaling
behaviour of up([x[_y ,]) for non-typical z. In this section, we develop techniques to study this
behaviour. Specifically, we study the fine scaling properties of frequency measures from the
perspective of multifractal analysis. This perspective is relevant in a wide variety of contexts, such
as the geometry of fractal sets and measures and in dynamical systems, with typical applications
to geometric measure theory and number theory. In our setting, our primary objects of study
are the Li-spectrum, a parametrised family of quantities that capture the inhomogeneous scaling
properties of a measure, and the local dimensions, which capture the exponential growth rate of a
measure around a point. The L9-spectrum and local dimensions are related through a heuristic
relationship known as the multifractal formalism, first introduced and studied in a physical
context in [40]. It is an important and well-studied question to determine settings in which the
multifractal formalism holds, and to determine qualitative conditions describing its failure.

Much of the work on multifractal analysis has been done in the setting of local dimensions of
self-similar measures (see [3, 28, 29, 48, 72| for some examples) and Birkhoff sums of potentials

in dynamical systems with a finite type property (see, for example, [25, 66] and the references
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therein). As a notable recent example, in Shmerkin’s proof of Furstenberg’s intersection conjecture
[72], the Li-spectrum is computed for a large class of dynamically self-similar measures and
related to the multifractal analysis of slices of sets. However, we note that alternative proofs of
Furstenberg’s intersection conjecture have been provided by Austin [4] and Wu [77], which do not
rely on techniques from multifractal analysis. For more details on the geometry of measures and
multifractal analysis, we refer the reader to the foundational work of Olsen [60| and the classic
texts of Falconer |23, 24| and Pesin [64].

We have already seen that random substitution subshifts have characteristic features of
(dynamical) self-similarity, but in many cases are far from being shifts of finite type. This is
highlighted by the fact that Theorem 5.2.3 provides a broad class of random substitutions for
which the associated subshift supports a frequency measure that is the unique measure of maximal
entropy but does not satisfy the Gibbs property. Thus, frequency measures typically do not fall
into any of the classes for which the main multifractal properties are already well understood.

Here, we derive symbolic expressions for the L?-spectrum of frequency measures corresponding
to primitive and compatible random substitutions. We introduce an inflation word analogue of
the L%-spectrum that reflects the underlying Markov process, in a similar vein to the analogue
of measure theoretic entropy introduced in Chapter 4. For ¢ > 0, we show that this coincides
with the Li-spectrum and often yields a closed-form formula. For ¢ < 0, it provides a lower
bound for the LI-spectrum but the two notions need not coincide in general. Our results on the
Li-spectrum are presented in Section 6.2. Under the additional assumption of recognisability, we
show that the two notions coincide for all ¢ € R. Moreover, we establish that the multifractal
formalism holds, which allows the multifractal spectrum to be obtained. We present our results
on the multifractal spectrum and multifractal formalism in Section 6.3.

The results in this chapter are based on the paper [55], which is joint work with A. Rutar.

6.1 Multifractal analysis and the L?-spectrum

6.1.1 Local dimensions

One of the primary methods of studying local properties of measures in multifractal analysis

is via local dimensions and the multifractal spectrum. Local dimensions quantify the scaling
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behaviour of a measure at a given point.

Definition 6.1.1. Let 1 be a Borel measure supported on a compact metric space X. For each
x € X, we define the lower and upper local dimension of u at x, respectively, by
. . logpu(B(z,7))
dimy, . (p, ) = lim inf T logr

- log 1Bz,
dimloc(lu’ x) = lim sup M
r—0 logr

When these quantities coincide, we refer to their common value as the local dimension of u at x,

which we denote by dimjec(u, x).

Observe that the definition of local dimensions requires a metric structure. For subshifts, a
natural metric can be defined as follows. With this metric, the lower and upper local dimensions

can be expressed in terms of cylinder sets.

Definition 6.1.2. Let A be a finite alphabet. If 2,y € AZ are such that « # y but 29 = yo,
then we let n(z,y) denote the largest integer such that z; = y; for all |j| < n. A metric
d: A% x AZ — R can be defined by

1 if zo # Yo

d(z,y) = e~ Cnl@y)+)  f 4 = y but xg = yo

0 ifx=y

for all z,y € AZ.

We note that the metric d generates the (discrete product) topology on A% — see [49] for more
details. Throughout this chapter, we assume that the subshifts we consider are equipped with this
metric. If z € A%, and n € N, then B(x, e_(2n+1)) is precisely the set of elements in X that agree
with x on positions —n up to n; that is, the cylinder set [x[_mn]]. Moreover, for all r > 0, we have
that B(z,7) = [¥[_n(r),ne)], Where n(r) is the integer such that e~ @+ < < = (2nln)-1),

Hence, the local dimensions of a subshift can be characterised as follows.

Proposition 6.1.3. Let x be a Borel probability measure supported on a subshift X C .A%. For
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all x € X, the lower and upper local dimensions of p at = are given by

. .. . log M([‘T[—n,n]})
dimyoe (41, ) = lim inf sl
lOg :U'([x[fn,n]])

dim ,x) = limsu
loc(H, ) n%oop o+ 1

The multifractal spectrum quantifies the size of the set of points that have a given local

dimension. For a > 0, we define
Fu(a) ={z € X: dimjoc(p, z) = a}. (6.1)

We quantify the size of each of the sets F},(«) via their Hausdorff dimension, which is defined as
follows.
Definition 6.1.4. Let E be a subset of a compact metric space X and let s > 0. For each ¢ > 0,

let

H3(E) = inf {Z(diam(Ui))s: {U;} is a countable cover of E by sets of diameter at most (5} .

i=1

The s-dimensional Hausdorff measure of X is defined by

HP(E) = sup H3(E).
>0

The Hausdorff dimension of E is then defined by
dimpg F = inf {s > 0: H*(E) = 0}.

We use the convention that dimpg @ = —oo, which is standard in multifractal analysis.

Definition 6.1.5. Let p be a Borel measure supported on a compact metric space X. The

multifractal spectrum of p is the function f,: [0,00) — [0, 00) defined by
Ju(a) = dimg F, (o)

for all o > 0.
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Related to the local dimensions and multifractal spectrum is the notion of Hausdorff dimension
of a measure. While the multifractal spectrum provides information about the local scaling

behaviour of a measure, the Hausdorff dimension is a global property.

Definition 6.1.6. Let i be a Borel probability measure supported on a compact metric space X.

The Hausdorff dimension of i is defined by
dimyg p = inf{dimyg F : u(E) > 0},

where the infimum is taken over all Borel-measurable sets E.

Proposition 6.1.7 (|23, Prop. 10.1]). Let u be a Borel probability measure supported on a

compact metric space X. Then,

dimy p = sup{s : dimy,.(u, ) > s for p-a.e. x}.

6.1.2 The Li-spectrum

The Li-spectrum is a well-studied quantity in multifractal analysis which encodes scaling properties
of a measure, in a weak sub-exponential sense. The L%-spectrum and multifractal spectrum are
closely related, however the Li-spectrum is generally easier to compute. In the following, we give
the definition for the L?-spectrum of a shift-invariant measure supported on a subshift. We note
that it is possible to define the L%-spectrum more generally for measures on arbitrary metric

spaces, however, the following is sufficient for our purposes.

Definition 6.1.8. Let X be a subshift and g be a shift-invariant Borel probability measure

supported on X. The L%-spectrum of p is defined by
T.(q) = liminf—l log Z p(u))?
® n—00 n
ueLn(X)
We also define the upper variant 7, by taking limit superior in place of the limit inferior.

We first list some basic properties of the L9-spectrum of the measure p. Here, (a) is well-known

and is a routine consequence of Holder’s inequality and (b) is proved in [72, Lemma 1.4].
Lemma 6.1.9. Let u be a shift-invariant measure on X.
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(a) The L%-spectrum 7, is continuous, increasing and concave on R.

(b) Let amin = limgoo 7u(q)/q and amax = limg_o 7,(¢)/q. Then, for every s < amin <
Omax < t, all n sufficiently large and v € L, e7'" < p([u]) < e™*". In particular, the local

dimensions satisfy

Olmin S inf diimloc(l’h ‘T) S sup dimloc(u7 .T) S Omax-
zeX zeX

We also note that the Li-spectrum encodes both the measure theoretic and topological
entropy. In the following, (a) follows immediately from the definition and (b) was proved in |26,

Theorem 1.4|.

Proposition 6.1.10. Let p be a fully-supported shift-invariant measure supported on a subshift
X. Then,

(a) 7,(0) = hiop(X), and
(b) if 7, is differentiable at ¢ = 1, then 7/, (1) = h,(X).

We conclude this section by presenting a technical result concerning the L9-spectrum that

will be useful in later proofs.

Lemma 6.1.11. Let y be a shift-invariant probability measure supported on a subshift X and
let ¢ > 1. Then

1. . 1
Tu(g) = 7 liminf — - log > p([u) (6.2)
ueLlénl(X)
and
1. 1
7,(q) = = limsup —— log Z w([ul)? | . (6.3)
C n—00 n
uEELC"J(X)

Proof. 1t follows by standard properties of limits inferior and superior that

1 1
7u(q) < = liminf —— log Z w([u])?
C n—oo n werlin) (X)

1. 1
Tu(q) > = limsup —— log E p([u))? |,
C n—00 n
ueLlén) (x)
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so it suffices to show the opposite inequalities. For ease of notation, we write Sy ,(q) =
> ueck(x)M[u])? for each k € N and ¢ € R. First, let ¢ < 0 and let n € N be arbitrary.
Let k,, be minimal so that |(k,] > n. Observe that there is some M € N (independent of n)
so that [Ck,| < n+ M: it follows that lim, o n/k, = ¢. Then if v € LI*)(X) is arbitrary,

[v] C [u] for some u € L™(X) and p([v])? > wp([u])?. Thus

StcknJ uu«(q) > Sn,;;(Q)

which gives (6.2) for ¢ < 0 since lim,,_,oo n/k, = C.
Similarly, for ¢ > 0, since there are at most (#A)™ words v € L) (X)) with [v] C [u], for

cach u € £"(X) there is some v(u) € LI*=)(X) such that u([v(u)])? > (#A) "M pu([u])9. Hence,

S\chnl (@) = FA) TS, ().

This gives (6.2) for ¢ > 0. The arguments for (6.3) follow similarly, by choosing k,, maximal so
that [Ck,| < n. O

6.1.3 Relation between the L-spectrum and multifractal spectrum

In general, it is difficult to compute the multifractal spectrum of a measure. However, in some

cases, the multifractal coincides with the concave conjugate of the Li-spectrum.

Definition 6.1.12. Let g: R — R be a concave function. The concave conjugate of g is the

function g* defined by

9" (o) = inf{qa — g(q)}.
geR

The function g* is itself concave since it is the infimum of a family of affine functions. For more

detail concerning the theory of concave functions, we refer the reader to [68].

In general, the concave conjugate of the L%-spectrum provides an upper bound for the
multifractal spectrum (this is the content of Proposition 6.1.13). Further, in some cases, it
coincides exactly with the multifractal spectrum. When this is the case, we say that the
multifractal formalism holds. The multifractal formalism is a powerful tool for computing the

multifractal spectrum of a measure. As such, determining conditions under which it holds is a
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central question in multifractal analysis.

Proposition 6.1.13. Let p be a shift-invariant measure on a subshift X. Then f,(a) < 7;(a)

for all @ € R.

Proof. Let « € R, n € N and € > 0, and let

s —=

M) = {u € £7(X): @ DO%0) < y([u]) < om0l |,

In other words, M,, («) is an e-approximation of F,(c) at level n. Our strategy is to control
the size of the sets M,, («) in terms of the Li-spectrum of x, and then use these sets to build a
good cover of F},(«). Since 7, 1s a concave function, the left and right derivatives exist at every
point. Let ¢~ and ¢* denote the left and right derivative of 7, at a, respectively. By concavity,

q~ >qt. Let g € [¢7,q]. For the remainder of the proof, we assume that ¢ > 0; the case ¢ < 0

is analogous. Observe that

Yoou)' = Y p(u])t = e CrEDVOTEgA, (o). (6.4)

ueL™(X) UEMp ¢ (o)
Since, by Lemma 6.1.11, 7,(¢) = liminfy 00 (-, e p2n+1(x) #([u])?)/(2n + 1), there is a positive
integer N such that for all n > N, we have ¢ qn(x) #([u])? < e~ (@D (u(@=¢) " Further, since

q € [q",q7], we have that ag — 7,(q) = 7;;(c), so it follows by (6.4) that,

#Mne(a) < e—(2n+1)(’r(q)—e) . e(27’L—|—1)(()¢-i—6)q _ €(Qn-l-l)(T*(oc)-‘r(q-‘rl)e) (65)

for all n > N..
Now for each x € Fj,(a), we can find some n, € N so that for all n > ng, p([z|_pn]) =

e~(@nt1)(ete) I particular,

ge = U Mn,e(a)

n=DN,
is a Vitali cover for F),(«).

Now suppose {I;}52, is any disjoint sub-collection of Ge. Then, setting s = 7*(a) + 2¢(1 + ),
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we have

i diam I;) Z Z (diam[u])® < i e_(2"+1)5#./\/ln,e(a)
j=1

n=Ne uEMn, () n=N,

< Z e~ (2n+1)s ,(2n+1)(7*(a)+(g+1)e)

n=DN,
oo

_ Z (67(1+q)e)2n+1 < o0,

n=N,

where the third inequality follows by (6.5). Thus, by the Vitali covering theorem, there is a cover
{E;}32, for Fj,(a) such that

i diam F;)

and so dimp F,(a) < 7%(ar) 4 2¢(1 4 ¢). Since € > 0 was arbitrary, the desired result follows. [

6.2 Li-spectra of frequency measures

6.2.1 Inflation word Li-spectra

Given a primitive random substitution 9p = (9, P), we can define an analogue of the L9-spectrum
in terms of its production probabilities, in a similar manner to the inflation word analogue of
measure theoretic entropy introduced in [37]. We will see that, in many cases, this notion coincides
with the L?-spectrum of the frequency measure associated to ¥p. For each & € N and ¢ € R, we

define

— Z R, log Z P[5 (a) = s]7 | ,

acA sev*(a)
where R = (Rg)qca is the right Perron—Frobenius eigenvector of ¥p. We define the inflation

word L1-spectrum of 9p by

vr(a)

Typ(q) = hmlnf F

k—o00

We similarly define the upper variant Ty p by taking a limit supremum in place of the limit
infimum.

We first state some key properties of Ty p(q) that follow easily from the definition. Firstly,
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if 9p is a primitive and compatible random substitution that satisfies either the disjoint set
condition or identical set condition with identical production probabilities, then the limit defining
Ty p(q) exists for all ¢ € R and is given by a closed-form expression. We will see later that, for

q > 0, these expressions transfer to the L?-spectrum.

Proposition 6.2.1. Let ¥p be a primitive and compatible random substitution and ¢ € R. If

Up satisfies the disjoint set condition, then the limit defining Ty p(q) exists and

1
A—1

Typ(q) = ©1(q).

If Yp satisfies the identical set condition and has identical production probabilities, then the limit
defining Ty p(q) exists and

Typ(q) = %wl(Q)

Proof. Fix q € R. By the Markov property of ¥p, for all a € A, k € N and v € ¥¥(a),

Pop(a) =v] = ) Plip(a) = s| Py '(s) = o]. (6.6)
s€d(a)

If ¥p satisfies the disjoint set condition, then for every v € 9¥¥(a) there is a unique s(v) € 9(a)
such that v € ¥¥~1(s(v)). Thus, for all s € ¥(a) such that s # s(v), we have P[95 ! (s) = v] = 0,

and so it follows by (6.6) that

Y PWp(@) =)= ) Pp(a)=s()]"Bp ‘(s(v)) = o]

ved* (a) vevk(a)
= > Pp(a)=s] D PUp'(s)=ul
s€¥(a) uedk—1(s)
[F(a)l
=| X Pwe@=s17| - J[| > PwE'(0)=ul ,
s€d(a) beA \uevk—1(b)
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where in the final equality we use compatibility to split the second sum into inflation tiles. Thus,

onl@) = — S RS [0(@lblog [ S BIoET() = u)t

acA beA u€¥k—1(b)
— > Rylog | > Plp(a) = s
acA sed(a)

= Apr—1(q) + »1(9),

noting that ) . 1 Rq|Y(a)ly = ARy. It follows inductively that

k
1 1 k—o00
Fen(@) =) 5erla) = 1),

so the limit defining Ty p(q) exists and is equal to (A — 1)"1p1(q).

On the other hand, if Jp satisfies the identical set condition and has identical production
probabilities, then P[0 (s') = u] = P[0 (s?) = u] for all s, 5% € ¥(a). Hence, it follows by
(6.6) that

Y Popla)=v]"= Y Pl (s) =0

veYk(a) vEV* (a)

for any choice of s € ¥(a). By compatibility and the Markov property of Jp, we have

[9(a)lb

Y BB =o=]]( > PWp'0)=u’ ;
)

veV* (a) beA \uedk—1(b

thus,

oe(@) =D > Rald(a)lplog [ D PRE D) =17 | = Agr-1(g),

bcAacA veIk—1(b)

noting that >, 4 Ra|9(a)|y = Rp. It follows by induction that ¢ (q)/A* = ¢1(q)/A for all k € N,

so we conclude that Ty p(q) exists and equals A~ 11 (q). O

Proposition 6.2.2. Let ¥p be a primitive and compatible random substitution. For all ¢ > 1
and ¢ < 0, the sequence (A *¢1(q))s is non-decreasing; for all 0 < ¢ < 1, the sequence is

non-increasing.

Proof. This is largely a consequence of Jensen’s inequality. Note that on the interval (0, 1], the
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function z — x? is convex if ¢ > 1 or ¢ < 0, and concave if 0 < g < 1. We prove the claim for
the case ¢ > 1 or ¢ < 0; the other case follows similarly. For all a € A, kK € N with £ > 2 and

v € ¥¥(a), it follows by the Markov property of ¥p that

> PBlp(a)=vi= ) > P[0p(a) = s|P[0p '(

veV*(a) vevk(a) \sed(a): ved*—1(s)
<y (Zseﬁ(a):veﬁk—l(s)P[ﬂp(G) Plog " (s) = 0] )
ved*(a) D sed(a): veor—1(s) FUP(a) = ]
[¥(a)lb

=11 > Ewp'®)=wl

beA \wek—1(b)

In the second line we have applied Jensen’s inequality and in the third we have used compatibility

to decompose each probability P[9%(s) = w] into inflation tiles. It follows that

1 _ 1
TEPr@) ZRbZR [Wa)lplog | D PR () =w)| = =t Pr-1(a);

beA acA wedk—1(b)

noting that ) . 4 Ra|U(a)ly = A
The 0 < g < 1 case follows by similar arguments, with Jensen’s inequality giving the opposite

inequality since x — x? is concave. O

6.2.2 Li-spectra for non-negative ¢

For ¢ > 0, we show that for every primitive and compatible random substitution, the L4-spectrum
of the corresponding frequency measure coincides with the inflation word analogue introduced in

Section 6.2.1. In particular, we have the following.

Theorem 6.2.3. Let Jp = (¥,P) be a primitive and compatible random substitution with
corresponding frequency measure pp. Then, the limits defining 7, (¢) and Ty p(g) exist and

coincide for all ¢ > 0. Moreover, the following bounds hold.

(1) Forall 0 < ¢ <1,

(@) < Tupla) < 5p9k(a) (67)

and (A\"Fr(q))32, converges monotonically to 7,5 (q) from above.
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(2) For all ¢ > 1,

k@) < Tup (@) < S ou(a) (68)

and (A" (q))32, converges monotonically to 7, (q) from below.

We give the proof of Theorem 6.2.3 at the end of this subsection. If Jp satisfies the disjoint or
identical set condition, then Proposition 6.2.1 and Theorem 6.2.3 together provide a closed-form

formula for the Li-spectrum of the corresponding frequency measure.

Corollary 6.2.4. Let Jp = (¥,P) be a primitive and compatible random substitution with

corresponding frequency measure pp and let ¢ > 0.
(1) If 9p satisfies the disjoint set condition, then

e (@) = 51 1(0)

(2) If ¥p satisfies the identical set condition with identical production probabilities, then

e (0) = 1 1(a).

In particular, if ¥p satisfies the disjoint set condition or identical set condition with identical

production probabilities, then 7, is analytic on (0, c0).

We now apply Theorem 6.2.3 to calculate the Li-spectrum for some familiar examples. First,
we obtain a closed-form expression for the Li-spectrum on [0,00) for the frequency measure

corresponding to the random period doubling substitution.

Example 6.2.5. Given p € (0, 1), let ¥p be the random period doubling substitution

ab with probability p,
a

Up: ba with probability 1 — p,

b+— aa with probability 1,

and let up denote the corresponding frequency measure. The random substitution Jp satisfies

119



er/(AF = 1)
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Figure 6.1: Lower and upper bounds on the L%-spectrum of the frequency measure corresponding
to the random Fibonacci substitution with p = 1/2, for k = 3 (faint lines), k = 5 (grey lines) and
k =7 (black lines).

the disjoint set condition, so Corollary 6.2.4 gives that

1

(@) = 5 1(0) = 3 log(p + (1~ p)?)

for all ¢ > 0.

As we have already seen, the random Fibonacci substitution does not satisfy the identical
set condition or disjoint set condition. However, in a similar vein to measure theoretic entropy,
we can obtain a sequence of converging lower and upper bounds for the L9-spectrum of the

corresponding frequency measure from Theorem 6.2.3.

Example 6.2.6. Given p € (0, 1), let ¥p be the random Fibonacci substitution

ab with probability p,
a+—

Vp: ba with probability 1 — p,

b+ a with probability 1,

\

and let up denote the corresponding frequency measure. Theorem 6.2.3 provides lower and upper
bounds for 7, which hold for all ¢ > 0. See Figure 6.1 for a plot of these bounds for k € {3,5,7},

in the case that p = 1/2. The bounds displayed were obtained computationally.
The majority of the work in proving Theorem 6.2.3 lies in proving the bounds in (6.7) and
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(6.8). To achieve this, we will make use of the following result, which follows routinely from

standard properties of compatible random substitutions.

Lemma 6.2.7. Let 9p = (¢,P) be a primitive and compatible random substitution and let
q > 1. For all € > 0, there is an M € N such that for every m > M and v € L],
m(Ra-‘r&‘) m(Ra_f)
I > Ple(a) =) < > PWew)=wl'< [ | > PWe(a)=s)
)

acA \s€d(a) wed (v acA \s€d(a)

For ¢ < 1, the same result holds with reversed inequalities.

Proof. Since ¥p is compatible, the cutting points of inflation tiles are well-defined, so breaking

the sum into inflation tiles we obtain

> PWp)=wl'= Y Pp)=wl Y - > Pp(vm) =w"]"

weY(v) wled(vr) w2ed(ve) wm™ €Y (vm,)
v]a
=11 > PWwe(a) =4
a€A \sed(a)

The result then follows by applying Proposition 2.2.2 to bound |v|,, noting that for all a € A we
have 3 cy) PlUp(a) = s]? <1if g > 1 and } oy PlUp(a) =s]? = 1if ¢ < 1. O

Proposition 6.2.8. Let ¢p be a primitive and compatible random substitution with corresponding

frequency measure pup. Then, for all ¢ > 1, we have

1
A—1

Tup(q) < ©1(q).

Proof. Fix ¢ > 1. Let € > 0 and, for each n € N, let m(n) be the integer defined by

m(n):hi{j.

Then the integers n and m(n) satisfy the conditions of Lemma 2.3.5, so it follows that

q
[9(v1)]

S @)= [ X ) Y PRy =

ueLly ueLly veﬁgl(n) J=1
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Since ¢ > 1, the function x — x? is super-additive on the interval [0, 1], so

[9(v1)] I
Youp()?= Y > () (i Z PlOp (V) j4n-—1) = u]>

ueLy ueLly v€£$<") j=1
1 [9(v1)]
> 2 () > PR () = ol
veLr™m Jj=1 ueLly

We now bound the probability on the right of this expression by the production probability of
an inflation word. If w(u) € J(v) contains u as a subword in position j, then P[Jp(v)(; j4n—1) =

u] > P[¥p(v) = w(u)]. Hence,
Z Pldp (v)(jjn—1] = u]? > Z P[ip(v) = w]?
ueLy weY(v)

for all j € {1,...,|9(v1)|}.
Since ¥p is compatible, by Lemma 6.2.7 there exists an N € N such that for all n > N and

all v € £$(n)

wed(v) acA \sed(a)

m(n)(Ra-+e)
> Pp(v) =wl!> ] ( > PlYp(a) = s]q) .

Hence,

m(n)(Ra+e)
S ()= 5 T | 2 Ploe(a) = s > (i)
acA

ueLn se€d(a)

Taking logarithms, rearranging and dividing by n gives

~log (Z upw)q) < log| Y ()| + - log s

ueL? verm™
=) S Ryt e)log | 3 Blop(a) = 87 |
n acA se€d(a)
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Noting that m(n)/n — (A — &)~ as n — oo, it follows by Lemma 6.1.11 that

where ¢ = (#A) maxaeca10g(>_ cy(q) P[Up(a) = s]7). But € > 0 was arbitrary; letting € — 0 and

rearranging we obtain

_ 1
Tue (@) < 7—7%1(9);

which completes the proof. O
We now prove the corresponding lower bound.

Proposition 6.2.9. For all ¢ > 1,

Tup (@) > %cm(q)-

Proof. Let € > 0 and, for each n € N, let m(n) be the integer defined by

Since ¢ > 1, the function x — x4 is convex on the interval [0, 1]. Hence, it follows by Lemma 2.3.5

and two applications of Jensen’s inequality that

[9(v1)]

Sl =3 {1 X ) Y Plop)y 0 =u

ueLy ueLly vEEZLW) j=1

L o)l I
< Z pp([v]) Z N Z Plde (v)jjtn-1 = ul

vermm ueLy j=1

‘79’(171 |19(U1)‘
< > pe() D PlIp () jrn—1 = u]?.

vers™m j=1 ueLy
9

We bound above the probability on the right of this expression by the production probability of a
sufficiently large inflation word contained in u. By compatibility, there is an integer k(n) such

that j +n < [9(v[1 m(n)—k(n))| for alln € Nand v € £gl(n), where lim k(n)/n = 0. In particular,
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for every v € L, a realisation of ¥(v[g,;(n)—k(n))) 18 contained in u as an inflation word, so

> Ple(v)jen—) = u)! < > PlIp (v2 - - Vp(n)—k(n)) = w]%.

uely WED (V2 Uy (n) — k(n))
We now bound this quantity uniformly for all v € Egl(n). By Lemma 6.2.7 and the above, there

is an N € N such that for all n > N

(m(n)—k(n)—1)(Ra—¢)

> we(u)’ < T | X Bloe(a) = o

ueLly acA \s€d(a)

Taking logarithms, rearranging and dividing by n gives

n
u€Ly acA s€d(a)

Lo | Y () | = ™IS 5 oiog [ 3 Bl (a) = o

 log(|9]71/A9)

n

n—00 1

=5 D (Ba—e)log | Y Plip(a) =57 |,
acA sed(a)

But € > 0 was arbitrarily, so

which completes the proof. O

We now state the bounds for the ¢ € (0,1) case. We do not give a proof here since the
arguments mirror the proofs of Propositions 6.2.8 and 6.2.9, except with reversed inequalities:

since x — x? is concave rather than convex and subadditive as opposed to superadditive.

Proposition 6.2.10. If g € (0,1), then

371 = Tup (@) < Tpp (@) < S1(q).

We are now in a position to prove Theorem 6.2.3.

Proof of Theorem 6.2.5. By primitivity, for each k € N, the random substitution 9% gives rise

to the same frequency measure as ¥p. Applying Propositions 6.2.8, 6.2.9 and 6.2.10 to 9%, we
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obtain that

for all ¢ > 1 and

1 _ 1
1 9R(@) = Tup(@) < Tup (@) < en(a)

for all 0 < g < 1. Letting k — oo gives

Tup (0) = Tpp (0) = Ty, p(q) = Ty .p(q)

for all g € (0,1) U (1,00), so the limits defining 7, (q) and Ty p(g) both exist and coincide. The
same holds for ¢ = 0 and ¢ = 1 by continuity. The monotonicity of the bounds A*y(q) follows

by Proposition 6.2.2. O

6.2.3 Li-spectra for negative ¢

For ¢ < 0, the inflation word L?-spectrum provides a general lower bound for the L%-spectrum.

Proposition 6.2.11. Let ¥p be a primitive and compatible random substitution with corre-

sponding frequency measure up. Then, for all kK € N and ¢ < 0, we have

e (0) > 510k (a). (6.9)

In particular,

Tup (@) = Ty p(q) = Ty p(q).

Proof. We prove (6.9) for k = 1. The bounds for £ > 1 then follow by considering higher powers

of ¥p. Let € > 0 be sufficiently small and for n sufficiently large, let m(n) be the integer defined

mm:hfi

To avoid division by zero, we rewrite Lemma 2.3.5 in a form where we do not sum over elements

by

equal to zero. Here, we write u € ¥(v) to mean there exists w € ¥(v) for which u appears
as a subword of w. For each v € Egb(n) and u € L, let J(v,u) = {j € {1,...,[d(v1)]} : v €

I(0)jj4n-11} [ J ¢ T(u,v), then P[Ip(v)jj4n—1] = u] = 0, and if u does not appear as a
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subword of any realisations of J(v), then J(u,v) = &. Therefore, we can rewrite Lemma 2.3.5 as

1

pe(lu]) = + o owe(p) Y PWp(v)jn-1 =l
veLy ™ JET (v,u)
u<4d(v)

Hence, by subadditivity of the function z — 27 on the domain (0, 1],

q
1
Z pp([u])? = Z N Z e ([v]) Z P[Ip (v)}jj+n-1) = ul
ueLy ueLy veﬁgl(n) jeT (v,u)
u<4d(v)
1
< \a Z e ([v])? Z P[ﬁP(U)[j,jJrn—u = ul
ueLly veﬁ;n(n) JET (v,u)
u4d(v)
1
=% Yoo > D> PR () =ul
,Ue[:m(") ueLly jeJ(v,u)
9

u<4d(v)

For each j € J(v,u), let w;(u) € ¥(v) be a word such that w;(u)(; j+n—1) = u. Note that there

are at most K := 2|9|(#.A)1l different u € L7 such that w;(u)(jj+n—1) = u. Hence,

S0 POy =< Y Y PWp(v) =wj(u))

ueLly jeJ(v,u) ueLly jeJ(v,u)
u<4d(v) u<4¥(v)
<K Z Pdp(v) = w]?
wed(v)

and it follows that

S () <AUK S e Y Plop(v) = wlt

ueLy vel:gl(n) wed(v)

Thus, by Lemma 6.2.7, for all € > 0 there is an integer N such that for all n > N, we have

m(n)(Ra+e)
Y up(u)? < AK [ ( Y Plop(a) = S]q) > up([)

ueLy acA \ s€d(a) UECZ;L(")
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Taking logarithms, rearranging and dividing by n gives

tog | Y ue) | =~ Stog| S pp() | + 1 los(\7K)

weLy " vern ™
_mn) D (Ra+e)log [ Y Plp(a) = s]?
L=y sc9(a)

Noting that m(n)/n — (A —¢&)~! as n — oo, it follows by Lemma 6.1.11 that
1 1 ,
Tue (4) = ETMP (@) + N—¢ Z log Z Pldp(a) =s]? | +ce
acA s€d(a)

where ¢ := (#A4) maxaecal0g(3_ e y(q) PlUp(a) = s]?). Letting € — 0 and rearranging, we obtain

_ 1
Tue (4) = y— #1(a),

and by considering higher powers of 9% we obtain (6.9) for all £ € N. Finally, letting k — oo in

(6.9) gives that 7, (q) > Ty p(q) > Ty p(q), which completes the proof. O

In general, the corresponding upper bound does not hold for ¢ < 0, even under compatibility.
In particular, the quantities 7, (¢) and Ty p(q) need not coincide. This is illustrated by the
following two examples. In the first, we show that this can occur for frequency measures on the
full shift. Then, in the second we provide a compatible example, which is a slight modification of

the first.

Example 6.2.12. Let p; < p2 € (0,1) such that p; + 3ps = 1 and let ¥p be the random
substitution defined by

ab  with probability p1,

ba  with probability ps,
Yp:a,br—>

aa  with probability po,

bb  with probability ps.

We show for all sufficiently small ¢ < 0 that 7,,(q) > Ty p(q). Observe that, for each k € N, the
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word vF = (ab)?" € 91 (a) N 9*1(b) occurs with probability
P5 (o) = o] = PR () = o] = i

Since p1 < po, this is the minimal possible probability with which a level-k inflation word can

occur, so it fOHOWS that
T,
li 4, P (Q)

q——00 q

Ty og p1-

Now, let u € L’f;“ be arbitrary. We show that pp([u]) > p2 p2" /2. Since ¥(a) = 9(b) with

identical production probabilities, it follows by Lemma 2.3.5 that, for any choice of w € E?;H,

pp([u]) = 5 (PlOp ()1 prir) = 6] + [Ip (w)p ety = u]).

l\.’J\»—l

If Plp(w)p orty = u] > ka 1p§k71, then we are done. Otherwise, at least half of the letters
in v must be mapped to ab. But then for u to appear from the second letter, at least half of
the letters in v must be mapped to ba or bb, so P[Up(w)or+1q] = u] > P2 'p2" . Hence,

pp ([u]) >p2k ' Zk /2 so, in particular,

1 ok—1 ok—1
min _pp([u]) > =p7  pj
u€£§k+1 2

It follows that

1 1 T
lim Tee(9) < —Z(logpl + log pa) < —5108;131 = lim L(q),

g——o00 ¢ B q——00 q

Example 6.2.13. Let p; < p2 € (0,1) such that p; + 3ps = 1 and let ¥p be the random
substitution defined by

abba with probability pq,

ba ab with probability po,
dp:a,br—

abab with probability po,

ba ba with probability ps.
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By similar arguments to the previous example, it can be shown that

lim ~kP (2) 1

g——o00 @

1 T
< —g(logpr +logpy) < — logpr = lim L(q).

g——00 q

oo

In particular, there exists a go < 0 such that 7,,(¢q) < Ty p(g) for all ¢ < go.

6.2.4 Recognisable random substitutions

A key feature of the random substitutions in Examples 6.2.12 and 6.2.13 is the existence
of legal words v and v for which there are distinct ji,jo € {1,...,|9(v1)|} such that u €
D)5y 11wl —1] VI (V) js ot v|—1)- The inflation word L9-spectrum does not capture the averaging

procedure across these realisations, thus it is possible for Ty p(q) and 7,,(¢) to be disparate for

q < 0. If we additionally assume recognisability, then we can exclude this possibility.

Theorem 6.2.14. Let Jp be a primitive, compatible, and recognisable random substitution with

corresponding frequency measure pp. Then for all g € R,

1

Tue (@) = Ty.p(9) = S—#1(a)-

It follows from Proposition 6.2.11 that (A — 1)~1¢;(q) is a lower bound for the L9-spectrum,
so it only remains to show the upper bound. Central to the proof of this bound is the following
version of the renormalisation lemma. In the proof of Theorem 6.2.14, we only require the upper
bound in the following. However, we will use the lower bound when we consider the multifractal
formalism in Section 6.3. Recall that, for a recognisable random substitution, the recognisable
core of a legal word u with length at least twice the recognisability radius, is the largest inflation

word, appearing as a subword of u, that has a unique decomposition into exact inflation words.

Lemma 6.2.15. Let ¥p = (¥,P) be a primitive and compatible random substitution, with
corresponding frequency measure pup and let u € Ly. If v € Ly and w € ¥(v) contains u as a

subword, then

pe([u]) > s (o] Pldp (1) = ]

If, additionally, Jp is recognisable, |u| > 2k(¥) and w’ is the recognisable core of u with v € Ly
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the unique legal word such that w’ € 9(v'), then

e () < D e () PlOR () = ]
Proof. If u is a subword of w € 9(v), then pup([u]) > pp([w]). Thus by Lemma 2.3.5 applied to
p ([w]),

(1)) > 5 e ([)EIp (0) = ]

Now, assume that Jp is recognisable, |u| > 2x(¢) and w’ € 9(v') is the recognisable core of wu.
Let k be an integer such that every ¢ € L£F has |9(¢)] > k + [0(v1)|. Since there are at most
k(1) letters of u preceding the recognisable core, if t € Efg is a word for which u € 9(t); j4|ul-1]
for some j € {1,...,[9(t1)[}, then t;---t;; -1 = v’ for some i € {1,...,x(J)}. Moreover, since
there is a unique way to decompose w’ into exact inflation words, for each t € £§ there can be at

most one j € {1,...,9(t1)} such that u € V(t)(; j4ju—1)- Hence, it follows by Lemma 2.3.5 that

[9(t1)]

o) = 5 3 () Y Blop(O)540 1 =

teLk j=1

<

k(1)
<Y Y wERG) = w)
=1

teck
i tig o] —1=V
k(Y
= 5 () BIR () = ],
which completes the proof. O

Using Lemma 6.2.15, we prove the following upper bound on the L%-spectrum for q < 0.

Proposition 6.2.16. If Jp is a primitive, compatible and recognisable random substitution,

then, for all £k € N and ¢ < 0, we have

Tup(q) < ©1(q).

A—1

Proof. Again, it suffices to verify the bounds in the case £k = 1. To this end, let € > 0 be
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sufficiently small and, for each n € N sufficiently large, let m(n) be the integer defined by

n
m(n) = L\ — €J .
n+2k(9)

For each u € L , let w(u) denote the recognisable core of u. Further, let v(u) denote the

unique legal word such that w(u) € ¥(v(u)). Then, by Lemma 6.2.15,

e (ul) < o) Bloe (o(u)) = (o). (6.10)

For all u € EZHH(&), the recognisable core w(u) has length at least n so, by compatibility, there
is an integer N such that if n > N, then |v(u)| > m(n) for all u € £§+2”(§). In particular,
for every wu there exists a v € ng(n) such that pp([v(u)]) < pp([v]) and a w € ¥(v) such that

Pp(v(u)) = w(u)] < P[¥p(v) = w]. Hence, it follows by (6.10) and Lemma 6.2.7 that

S @)= Y () Y Plop() = ul?

uEEng%(ﬁ) veﬁgl(n) wed(v)
m(Rg—¢)
1
> LTI X et = s S ()
acA \s€d(a) veLm

9

noting that since ¢ < 0, the function = — 27 is decreasing on (0, 1]. Taking logarithms, rearranging

and dividing by n gives

1 1 1
——log | > ()| < = ~log [ > up([e])? |+~ log X
ueﬁg vec:’;(")
- me”) > (Ra—e)log [ Y Pp(a) = s
acA s€d(a)

Noting that m(n)/n — (A —¢&)~! as n — oo, it follows by Lemma 6.1.11 that

1 1
Tup(q) < E?MP(Q) + - Z log Z Plip(a) = s]? | +ce
acA s€d(a)
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where ¢ == (#A4) maxae410g(>_ cy(q) P[P (a) = 5]7). Letting ¢ — 0 and rearranging, we obtain

Tup(q) < ©1(q),

A—1
which completes the proof. O
We now give the proof of Theorem 6.2.14.

Proof of Theorem 6.2.14. In the case ¢ > 0, the result follows from Corollary 6.2.4, noting
that every recognisable random substitution satisfies the disjoint set condition. For ¢ < 0, the
conclusion follows by combining the upper bound on 7, (q) given by Proposition 6.2.16 with the

lower bound given by Proposition 6.2.11. OJ

6.2.5 Recovering entropy from the L?-spectrum

Since the L%-spectrum encodes both topological and measure theoretic entropy, Theorem 6.2.3
provides an alternative means of proving the coincidence of these quantities with the inflation
word analogues introduced in Chapters 3 and 4 for all random substitutions that satisfy the
conditions of Theorem 6.2.3. In particular, we obtain the conclusion of Proposition 3.2.2 in full

generality and the conclusion of Theorem 4.1.2 under the additional assumption of compatibility.

Theorem 6.2.17. Let 9p = (¢, P) be a primitive and compatible random substitution with
corresponding frequency measure pp.
(1) The limit
1
lim — > Ry log(#0"(a))

k— )\k
> acA

exists and is equal to hyop(Xy).

(2) The Li-spectrum of up is differentiable at 1. Moreover, the limit

tim = ST R Y Pl (a) = o] log(P[oh (a) = o]

k—o0
acA vedk (a)

exists and is equal to 7/, (1) = hyp (Xy) = dimy pp.
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Proof of Theorem 6.2.17. We first establish the result for topological entropy. By Theorem 6.2.3,
the limit defining Ty p(0) exists; in particular,
1
lim — Z R log(#9™(a))

m—oo \™M

acA

exists. Since hiop(Xy) = —7up (0) = =Ty p(0), we conclude that

op(Xg) = = Tim 1= S™ Ry log(#9™ (a))

acA

as claimed.

Now we consider measure theoretic entropy. For notational simplicity, we set

pr=—_ Ra Y PlIp(a) = s]log(PIp(a) = s]).
acA sk (a)
for each k € N. We first make the following elementary observation: if f and g are concave
functions with f(1) = g(1) and f(z) < g(z) for all z > 1, then f(1) < g*(1). Indeed, for all

e >0,
g(1+¢)—g(1)

)

ﬂ1+d—fﬂ)§

€ €

and taking the limit as e — 0 (which always exists by concavity) yields the desired inequality.
Recall that 7,, and A"¥p; are concave functions with 7, (1) = ¢x(1) = 0 for all k € N.
Moreover, ¢y, is differentiable for all £ € N with ¢} (1) = pi, and, by Proposition 6.2.2, ()\’kgok)k
converges monotonically to 7,, from below. Thus, it follows by concavity, and the fact that
Tup (1) = A Fpr(1) = 0 for all k, that py/A* is a monotonically increasing sequence bounded

above by TJP (1), so the limit exists. Therefore, by these observations,

since ¢y (q)/(A¥ — 1) > 7, (q) for all g € (0, 00).
The result for TH_P(I) follows by an identical argument, instead using monotonicity and the
corresponding bounds for ¢ € (0,1). Thus 7/, (1) = limg 0 pr/ M. 50 the desired result follows

by Lemma 6.1.9(c). O
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6.3 A multifractal formalism for frequency measures

For primitive, compatible and recognisable random substitutions, Theorem 6.2.14 provides a
closed-form formula for the Li-spectrum for all ¢ € R. In this section, we prove that the
multifractal formalism holds for all such random substitutions. This allows the multifractal

spectrum to be obtained from the L%-spectrum.

Theorem 6.3.1. Let Jp be a primitive, compatible and recognisable random substitution with
corresponding frequency measure pp. Then, the multifractal formalism holds for up. Moreover,
*

Jup = T,;p 1s an analytic and concave function.

Our strategy of proof is to establish a variational principle by considering typical local dimen-
sions of one frequency measure up relative to another frequency measure puq. The multifractal
formalism then follows from this dimensional result combined with the formula for the L?-spectrum

proved in Theorem 6.2.14 — we give the proof in Section 6.3.2.

6.3.1 Non-typical local dimensions

To prove the multifractal formalism holds for a given frequency measure pup, we show that for
every & € [(min, Omax), there exists another frequency measure p1q such that dimyg pg > e ()
and dimye.(pp, x) = a for pg-almost every x € Xy. Given a primitive set-valued substitution o,

,a

permissible probabilities P and Q, m € N and a € A, we define the quantity Hp' Q by

Further, let Hp o denote the vector (HF",L, g)ae A- We first prove some properties of the quantity

Hp o that we will use in the proof of Proposition 6.3.6.

Lemma 6.3.2. If ¢ is a primitive and compatible set-valued substitution and P and Q are

permissible probabilities, then for all m € N, a € A and s € ¥(a),

S PWE(s) = vl log PIOE(s) = o] = >_|0(a)|s Hp'g.
veEY™(S) be A

Proof. Since ¢ is compatible, we can decompose each v € ¥"(s) into inflation words v =
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vl 0l"@l By the Markov property of Ip (respectively ¥q), we have

P (s) = v] = P[I§ (s1) = 0] - - P[IB (s19(a))) = 0" 1],
and it follows that
> PE(s) = v]logPp(s) =v] = > [a)ly Y. PHIG(1) =w]logP[I§ (b) = w]
veEY™(s8) beA weﬁm(b)
=Y _[9(a)s Hplg,
bec A
which completes the proof. O

Lemma 6.3.3. If ¥ is a primitive and compatible set-valued substitution satisfying the disjoint set
condition, with right Perron—Frobenius eigenvector R, and P and Q are permissible probabilities,
then

1

. 1
T P7Q-R—>—>\_1H£,Q'R

as m — Q.

Proof. Since 9 satisfies the disjoint set condition, for all m € N and a € A,

Hp o -R= > R, > Pwm“( ) = v]log P[0 (a) = v]

acA vedmtl(a

= D _Ra ) Pliq(a) = s]logPlip(a) = s|

acA sed(a)
+) Ra Y Pligla)=s] > PU§(s) = v]log P[0 (s) = ]
acA s€¥(a) veI™(s)
=Hpq R+ HEED [9(a)Ra
beA acA
=Hp o R+A\>_ RHRY
be A

=Hpq -R+AHE g R.

In the second equality we have used the Markov property of ¥p and ¥q, laws of logarithms, and
that 3~ ,cym s P[UG(s) = v] =1 for all s € ¥(a); in the third we have applied Lemma 6.3.2 and

the fourth follows from the fact that A is an eigenvalue of the substitution matrix. Applying the
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above inductively,

1 1 mooo 1
NG ?,Q'R:;M-HP,Q'R—> T 1Hra R
which completes the proof. O

Given a recognisable random substitution ¢¥p = (9, P), any bi-infinite sequence = € Xy can
be written uniquely as a bi-infinite concatenation of exact inflation words: = = - - - w™tww?! - - -.
Moreover, there is a unique y € Xy and j € {0, ..., |9(yo)| — 1} such that € S7(J(y)). For each
a € Aand w € ¥(a), we define the inflation word frequency of (a,w) in x € Xy by

fe(a,w) = lim f7'(a,w)

n—o0

fi(a, w)

= o 1#{m: am = a,w™ = w,w™ is contained in z_,, »},
n b

provided the limit exists. For a given frequency measure up, the inflation word frequency of a

pp-typical word is determined by the production probabilities. Specifically, we have the following.

Lemma 6.3.4. Let ¥p = (¢, P) be a primitive, compatible and recognisable random substitution
with corresponding frequency measure pp. For up-almost every x € Xy , the inflation word

frequency exists and is given by
1
fola,w) = XRQIP’WP(UL) = w],

for all @ € A and w € ¥(a).

Proof. Let Ay, be the set of points z € Xy such that the above does not hold. We show
that A, is a null set. Taking the complement and then the intersection over all a,w gives a
full-measure set with the required property. Given ¢ > 0, let E(n,¢) be the set of x € Xy such
that

|72 (a,w) — § RaPlp(a) = ] > .
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By the Borel-Cantelli lemma, it suffices to show that

> pp(E(n,e)) < oo

neN

for all € > 0 in order to conclude that A, ,, is a nullset. To this end, we show that pup(E(n,¢))
decays exponentially with n. Given u with |u| = 2n + 1 > 2k(d), let uf* denote the recognisable
core of u, which has length at least |u| — 2k(¢}). Lemma 6.2.15 gives that

|v]

[T 2loe () = wi*]

i=1

o) < " o (0B (0) = 0] = U (o)

where each w»% is the inflated image of v; in u®. By compatibility, we can choose an integer
N such that every v of length at least N satisfies |v|(Rq — €/3) < |v|q < |[v|(Rq + €/3) for all
a € A. For each v and a € A, let A,(v) denote the set of u' € ¥(v) such that the frequency of
indices i € {j : a; = a} with w"* = w deviates from P[¥p(a) = w] by more than ¢/3. Since Jp
acts independently on letters, it follows by Cramér’s theorem (Theorem A.2.1) that the sum
> weaw) PlUp(v) = o] decays exponentially with [v], (and hence with |v]). In particular, there

is a constant C' > 0, independent of the choice of v, such that

> Plp(v) =u]<e " (6.11)

u/'€A(v)
Note that if u is a sufficiently long legal word and has [u] N E(n,c) = &, then we require that
uft € A(v). Indeed, if v’ ¢ A(v) and |v| > N, then the relative inflation word frequency of w is

bounded above by

IN

0 =l (i) a1 )

ol ful

(Rt 5) (Ploeta) =ul+ )

1
3
< LR.PlIp(a) = u] +e
A

and, similarly, bounded below by R,P[Jp(a) = w]/\ — ¢; hence, [uff] N E(n,e) = @. Let V,

denote set of all words that appear as the (unique) preimage of the recognisable core of a word of
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length n. It then follows by Lemma 6.2.15 that

ppEm) < Y ) <Y pp(h]) Y BWe(w) = ) <"
ueLly vEVn u/'€A(v)
[ulNE(n,e)#2

where in the final inequality we have used (6.11) and that

doue(]) <> > pe(l]) <n,

vEVn jil ’UG,C{S

absorbing this contribution and the x()/A factor into the constant C. It follows that

o [o¢]
> up(E(n,e) <Y e " < oo,
n=1 n=1

and the result then follows by the Borel-Cantelli lemma. OJ

Finally, we require the following bounds on the exponential scaling rate of measures of
cylinders, which is a consequence of Theorem 6.2.3 and standard properties of the L4-spectrum
and multifractal spectrum. In particular, these give bounds on the possible local dimensions of

the measure.

Proposition 6.3.5. If Jp is a primitive and compatible random substitution with corresponding
frequency measure up, then there are values 0 < s; < s9 < 0o and c1, ¢y > 0 such that for all

n € Nand v € L"(Xy) = L}, we have
sin+c1 < logup([v]) < son +co

Proof. By Theorem 6.2.3, for all k € N and ¢ > 1,

1
TMP(Q) < e 19019((]);

and for g < 0,
1

m@k(Q) < Tup (),
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Moreover, for each k, with

_ er(q) B 3 _
Bk min *— qli{go q(/\k — 1 aeAR log (végzlen )P[ﬂ (a) - U])
Bimax = lim 210 ) R, log ( max P95 (a) = v]) ,
R azeA o2

it follows that [Bk min; Bkmax] C (0,00) is a decreasing nested sequence of intervals, so with
Bmin = limy_ o0 6k,min and Brax = limy_,o0 5k,maxa

0 < Bmin < qli_)rrolo Tup(¢) < lim 7,5(¢) < Pmax < 00.

q——00

Applying Lemma 6.1.9(b) gives the result. O
Finally, we obtain our main conclusion concerning relative local dimensions.

Proposition 6.3.6. Let ¥ be a primitive, compatible and recognisable set-valued substitution,
let P and Q be permissible probabilities, and let up and pq denote the respective frequency

measures. Then, for pq-almost all z € Xy,

dimioe(p. #) = = S Ro 3 ~PIg(a) = v log P9 () = o] (6.12)

aeA ved(a)
Proof. Fix m € N. It follows by Lemma 2.2.19 that since Jp is recognisable, so is J§. For
each z € Xy and n € N with n > x(9™), let u” (z) denote the recognisable core of x[_, , and
let u’} (x) denote an inflation word of minimal length that contains T[_pnm- By compatibility,
[u (x)[/(2n 4+ 1) = A™™ and |[ul}(z)]|/(2n+ 1) — A7 as n — oo. Further, let v” () be the legal
word such that u” (z) € 9™ (v" (x)) and v"! (x) be the legal word such that u'} (xz) € 9™ (v% (x)).

Then, it follows by Lemma 6.2.15 and the definition of local dimension that

i (=5t log ([0 () 5.7 TogPlie(e” () = (0)])

S @10(}(/”’]?7 ) d mlOC (MP? )

log pp ([uly (2)]) —

< lim sup (—

n—o0

2n+1 2n+1
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By Proposition 6.3.5, there exists a constant C' > 0 such that for all x € Xy,

o 1 n . 1 n
0< hmlnf—2 1 log pp ([u” (2)]) < hmsup—Qn 1 log pp ([ul} (x)]) < C.

n—00 n+ n—00

Hence, it follows from the above that

lim inf — 1 Lo P[Ip (v2(2)) = ul(2)]
< @loc(ﬂpa l‘) < mIOC(MP’ l’) (613)
< lim sup — log P[p (vl (2)) = uly (z)] + Q

We now show that for p1q-almost all x € Xy,

hmlnf——logIP’[ﬁp( "(x)) =u"(z)] = limsup—%logP[ﬁp(vi(x)) = u} (z)]

n—o0 n—o0
— 1 m
= wirq R

By compatibility, we can decompose the production probabilities into inflation tiles as

P[0 (v" (z)) = =11 1II wm = ] New(@n)

acAwed™(a

where, for each a € A and w € ¥"(a), Ng(x,n) denotes the number of a’s in v™ (z) that map

to w. It follows by Lemma 6.3.4, applied to 198, that for pqg-almost all € Xy,

1

1 meoN
m 7RQ]P)[19Q(CL> = U}}

Na’w Y
w(z,n) — S

asn — oo for all a € A and w € 9™ (a). Hence, it follows that

7 log Pl (vX(2)) = ul(2)]

= YR Y PlUg(a) = o] log Pl (a) =]

acA  wed™(a)

1
= wmHra R,

11m
n—oo 2N +

with the same convergence holding for u/} () by identical arguments. Thus, it follows from (6.13)
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that

1 _ . L .
T HPQ R < dimy(up, 2) < dimoe(pp, #) < {7Hp g - R+ 170

Since the above holds for all m € N, by letting m — oo it follows by Lemma 6.3.3 that dimjo.(up, x)
exists and
1

dim]OC(MP, IE) = ﬁH%)’Q . R,

which completes the proof. O

6.3.2 Proof of the multifractal formalism

In this section, we apply the results obtained in the previous subsection, along with results on

the L%-spectrum under recognisability, to prove Theorem 6.3.1.

Proof of Theorem 6.5.1. In light of Proposition 6.1.13, it remains to show that f,,(a) > 77 ()

for each @ € R. By Theorem 6.2.14, for all ¢ € R, we have

1 1
Tup (@) = =7 01(0) = 35— D RaTu(9)
acA

where, for each a € A,

Tu(q) = —log [ > Plp(a) = s)?
s€d(a)

First, fix @ € (aumin, @max) and let ¢ € R be chosen so that T[LP (9) = a. Observe that

qa — Tup(q) = 7, (a). Then define Q by the rule

PYq(a) = s] = P[Ip(a) = s]%eT=(@

141



for all @ € A and s € ¥(a). Then by Theorem 6.2.17,

dimy i = ﬁ S Ru(~ 3 Plig(a) = v]logPlig(a) = o))

acA ved(a)
g % S Ra(= Y Plq(e) = v]logPlip(a) = v])
acA ved(a)
1 Y RTa) Y Fldq(a) =
acA ved(a)

since

_ Plde(a) = v]91loe PlYe(a) = v
TLP(Q)—A;;RG Lved(a) [P((j_Ta(q]) gPlop(a) = v]
- ﬁ ZR“(_ Y Pg(a) = v]log P[dp(a) = UD'

acA ved(a)

In fact, this shows that dimj,.(up, z) = a for pg-almost all z € Xy by Proposition 6.3.6. Thus
fup (@) > dimp pq = 7, (@), as required.

The result for o« = apin (resp. @ = amax) follows similarly by taking a degenerate probability
vector Q assigning equal value to the realisations of ¥J(a) with maximal (resp. minimal) probabil-
ities given by P, and zero otherwise. The corresponding non-degenerate sub-substitution is also

compatible and recognisable, so the same arguments yield the corresponding bounds. O

6.3.3 Examples

Example 6.3.7. Let p > 0 and let ¥p be the random substitution defined by

(

abb with probability p,
a +—

Up: bab with probability 1 — p,

b+ aa with probability 1,
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T1/5
-==-T2/5

(a) Li-spectrum (b) Multifractal spectrum
Figure 6.2: Li-spectrum and multifractal spectrum corresponding to the frequency measure in
Example 6.3.7 for p € {1/5,2/5}.
and let pup denote the corresponding frequency measure. The random substitution Jp is compati-

ble, with corresponding primitive substitution matrix

Perron—Frobenius eigenvalue A = (1 ++1/17)/2, and (normalised) right Perron-Frobenius eigenvec-

tor

—34+ V17 517
2 ' 2 ‘

We showed in Example 2.2.15 that the random substitution ¥p is recognisable. Hence, Theo-

rem 6.2.14 gives that for all ¢ € R, we have

1 7—

i @) = Typ(@) = zia(0) = ~ = 1og + (1 = ).

Further, it follows by Theorem 6.3.1 that up satisfies the multifractal formalism. A plot of the
Li-spectrum and multifractal spectrum for two choices of p is given in Figure 6.2. We note that
when p = 1/2, the L9-spectrum of the measure up is a straight line and the multifractal spectrum

is equal to hiop(Xy) at hiop(Xy), and —oo otherwise.

In the following example, we highlight that the multifractal spectrum need not have value 0

at the endpoints.
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*
T1/5

*
___'T2/5

T1/5
-==-T2/5

(a) Li-spectrum (b) Multifractal spectrum
Figure 6.3: Li-spectrum and multifractal spectrum corresponding to the frequency measure in
Example 6.3.8 for p € {1/5,2/5}.
Example 6.3.8. Let ¥p be the random substitution defined by

( (

abb  with probability p,

@+ § bab with probability p,
Ip:

bba with probability 1 — 2p,

\

b+— aaa with probability 1.

\

Similarly to Example 6.3.7, Jp is primitive, compatible and recognisable, so Theorem 6.3.1 gives

that the multifractal formalism holds. By Theorem 6.2.14, we have

3
Tup (@) = 10 log(2p? + (1 — 2p)?),

with the multifractal spectrum given by the concave conjugate. For p = 1/5 and p = 2/5, the

L4-spectrum and multifractal spectrum of pp are plotted in Figure 6.3.
Example 6.3.9. Given p € (0,1), let ¥p = (¢, P) be the random substitution defined by

abbaa with probability p,
a —

aabba with probability 1 — p,
dp: »
babaa with probability p,
b—

baaba with probability 1 — p,

and let up denote the corresponding frequency measure. We have previously shown that Jp
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is primitive, compatible and recognisable, so by Theorem 6.3.1, up satisfies the multifractal

formalism. In Example 5.2.4, we showed that the subshift Xy is intrinsically ergodic, with the

frequency measure corresponding to p = 1/2 being the unique measure of maximal entropy.

Further, we showed that this measure does not satisfy the Gibbs property (5.2).

6.4 Outlook

We conclude this chapter with a list of open questions which we feel could be potentially interesting

directions for future work.

(1) What is the Li-spectrum of the frequency measure corresponding to a primitive and compatible

(2)

random substitution when ¢ < 07 Example 6.2.12 demonstrates that, without recognisability,
the L4-spectrum and inflation word L4-spectrum need not coincide for ¢ < 0. However,
even for this example, we do not know an exact formula for the L%-spectrum when ¢ < 0.
Obtaining precise results for ¢ < 0 is substantially more challenging than for ¢ > 0, since
the sum in the definition of the L%-spectrum depends on the measure of cylinders with very
small (but non-zero) measure. For example, in the self-similar case, without the presence of
strong separation assumptions, little is known. This is in stark contrast to the ¢ > 0 case,

which is generally well understood.

Without the disjoint set condition and the identical set condition, what can be said about
differentiability of the Li-spectrum? For ¢ > 0, we give the L?-spectrum as a uniform limit
of analytic functions: however, aside from the exceptional point ¢ = 1 where we can say more,

this is not enough to give information about differentiability.

Does the frequency measure corresponding to the random period doubling substitution
satisfy the multifractal formalism? More generally, can the assumption of recognisability in

Theorem 6.3.1 be relaxed to a weaker condition, such as the disjoint set condition?
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APPENDIX A

MATHEMATICAL BACKGROUND

A.1 Ergodic theory and dynamical systems

Much of our work concerns properties of topological and measure theoretic dynamical systems.
Here, we summarise some of the key concepts from ergodic theory that we work with throughout,
and give the definitions and key properties of measure theoretic and topological entropy in the
more general setting of topological dynamical systems. For a detailed introduction to ergodic
theory, we refer the reader to Walters’ book [75].

Throughout this section, we assume that a given topological space X is equipped with the

Borel sigma-algebra B(X).

A.1.1 Invariant and ergodic measures

Definition A.1.1. Let T: X — X be a transformation of a topological space X. We say that a
probability measure u: B(X) — R is T-invariant if u(T~'B) = u(B) for all B € B(X). We call
the triple (X, u, T') a measure-preserving transformation. Further, we let M(X,T') denote the set

of all T-invariant Borel probability measures on X.

Definition A.1.2. We say that a sequence of measures (p,), € M(X,T) converges weak* to

w € M(X,T) if for every continuous f: X — R, we have

[ taun [ san

as n — oQ.
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Under the assumption that the topological space X is compact and metrisable, and the
transformation 1': X — X is continuous, the set of all T-invariant probability measures on X is

weak*-compact.

Proposition A.1.3 (|75, Theorem 6.10]). Let T: X — X be a continuous mapping of a compact

metric space. Then, the space M(X,T) is weak*-compact.

Definition A.1.4. Let T: X — X be a continuous transformation of a compact metric space
and let p € M(X,T). We say that u is an ergodic measure for T if for every B € B(X) with
T~!B = B, we have u(B) = 0 or u(B) = 1.

A notable consequence of ergodicity is the following.

Theorem A.1.5 (Birkhoff’s ergodic theorem). Let (X, u,T') be an ergodic measure-preserving

transformation and f: X — X be an L'-function. Then,

n—1
lim IZf(Tj:z:):/fdu
n~>oonj:0

for p-almost every x € X.

A.1.2 Measure theoretic entropy

Here, we give the general definition of measure theoretic entropy for an invertible measure-

preserving transformation. We first define the entropy of a measurable partition.

Definition A.1.6. Let (X, B, i) be a probability space and let 7 be a measurable partition of X.

The entropy H,(n) of n with respect to p is the quantity defined by

Hy(n) = —p(A)log u(A).
Aen

Definition A.1.7. Let (X, u,T) be a measure-preserving transformation. Further, let £ be a
finite measurable partition of X with V;enT~*(€) = B(X), up to null sets. For each n € N, let
& = \/?Z_OlT ~i(¢). The measure theoretic entropy of the system (X, u,T) is the quantity defined
by
.1
ho(X,T) = lim —H,(&,).

n—oo n
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That the limit exists follows from the fact that the sequence (H,(&,))n is sub-additive and Fekete’s

lemma [27].

If the space X is compact and metrisible and the transformation 7': X — X is continuous,

then the entropy map p — h,(X,T') is upper semi-continuous.

Proposition A.1.8 (|75, Theorem 8.2|). Let T: X — X be a continuous transformation of a
compact topological space X and let (), be a sequence of T-invariant measures which converge
weak® to a T-invariant measure p. Then,

hu(X,T) > limsup hy, (X,T).

n—o0

If 41 is additionally assumed to be ergodic, then the measure theoretic entropy h,(X,T) can
be obtained from the individual points almost surely. This result is commonly known as the
Shannon—McMillan-Breiman theorem. We give the statement here for the special case of subshifts.

For a more general result, we refer the reader to Keller’s book [43].

Theorem A.1.9 (Shannon-McMillan-Breiman). Let X be a subshift over a finite alphabet,

equipped with an ergodic probability measure . Then,

~ log ([ ) = h(X)

as n — 00, both almost-surely and in L!.

If 4 is an S-invariant probability measure on a shift space (X, S), then the entropy of the
systems (X, S™), m € N, are related to the entropy of the system (X,.S) by Abramov’s formula
[1]. We note that Abramov’s result applies more generally to flows on Lebesgue spaces. However,

the following formulation is sufficient for our purposes.

Lemma A.1.10. Let X be a subshift equipped with an S-invariant probability measure p. For

all m € N, the following identity holds:

hu(X,S™) = mhy,(X, S).
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A.1.3 Topological entropy

Topological entropy can similarly be defined more generally for topological dynamical systems

(X,T), where X is a compact space and T: X — X is a continuous transformation of X.

Definition A.1.11. Let X be a compact topological space and let a be an open cover of X. We
let N(«) denote the smallest cardinality of a sub-cover of a. By compactness, N(«) < oo. We
define the entropy of « to be

H(a) =log N(a).

Definition A.1.12. Let X be a compact topological space, let «, 8 be open covers of X and let
T: X — X a continuous transformation of X. We let o VvV 3 denote the open cover of X by sets
of the form AN B, where A € a, B € 8 and let T~ 'a denote the open cover by sets of the form

T71A, A€ a.

Definition A.1.13. Let T: X — X be a continuous transformation of a compact topological

space X and let o be an open cover of X. The topological entropy of (X,T) relative to « is

defined by
n—1
1 —j
hiop(X, T, @) :7};120 EH \/ T7a]. (A1)
=0
The topological entropy of (X, T) is then defined by
hiop(X,T) = sup{hiop(X, T, a): v is an open cover of X }. (A.2)

The limit in (A.1) always exists due to the sub-additivity of the sequence (\/;L:_&T*j a)p and

Fekete’s lemma [27]. See [75] for the precise details.

A.2 Large deviations theory

Some of our proofs utilise results from large deviations theory. Here, we provide a brief overview
of the theory of large deviations and give the statement of Cramér’s theorem, which we apply in
the proofs of Theorems 4.1.1 and 6.3.1. For a more detailed introduction to large deviations, we
refer the reader to the excellent book by Den Hollander [19].

Let X1, Xo, ... be a sequence of independent, identically distributed random variables on a
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probability space (R, B(R),P), with mean ¢ € R and standard deviation o. For each n € N, let

S, = X1 + -+ X,, denote the n'® partial sum. By the strong law of large numbers,
1
*Sn — C
n

P-almost surely. However, the strong law of large numbers does not provide any quantitative
information about the rate of convergence. Observe that the central limit theorem gives that

b
o\/n

(Sn—Cn) = Z

in distribution, with respect to P, where Z is the standard normal distribution. In particular, the
central limit theorem quantifies the probability that S,, differs from ¢n by an amount of order /n.
Such deviations are referred to as normal deviations. The theory of large deviations is concerned
with quantifying the size of the set of points for which S, differs from {n by an amount of order n.

One of the most famous results in this direction is Cramér’s theorem, which states the following.

Theorem A.2.1. Let (X;);en be a sequence of independent, identically distributed random
variables and assume that

o(t) = E[e"1] < 00

for all t € R. For each n € N, let S,, denote the n'" partial sum S, = > X;. Then, for all
o > E[Xl],

1
—logP[S,, > an] — —I(«)
n

as n — 0o, where

I(x) = Sup {at —log é(t)} .

In particular, there exists a constant C' > 0 such that
P[S, > an] < e~ "

for all n € N.
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