
Modelling of Damage and Failure of
Thermoplastic Matrix Composite Laminates

Guilherme Leal Martinho da Rocha Coelho

FEUP Supervisor:
Prof. José Joaquim da Mota Machado, PhD

FEUP Co-Supervisor:
Prof. Marco Paulo Lages Parente, PhD

ISAE-SUPAERO Supervisor:
Prof. Frédéric Lachaud, PhD

Dissertation developed in the context of a research internship at the Department of
Mechanics, Structures and Materials of ISAE-SUPAERO and submitted to Universidade

do Porto - Faculdade de Engenharia in partial fulfillment of the requirements for the
degree of Master in Mechanical Engineering

Porto, October 6, 2023





Abstract

The use of fiber reinforced polymer composites in the aeronautical industry has seen a
significant increase in the past years. Lighter and more efficient structures made pos-
sible by the use of these materials have become pivotal in its journey to reducing fuel
consumption and achieving sustainability goals when faced with increasingly demanding
regulation regarding emissions and waste. Despite the structural innovations that com-
posites bring forward, there are important concerns regarding their capability to sustain
impact without significant property degradation, especially in the case of low-velocity
impact which leaves barely visible damage that might pass unnoticed under inspection.
Furthermore, the life-cycle of the standard thermoset based composites is unsustainable,
posing environmental concerns due to their non-recyclability.

Hence, the industry is slowing shifting towards the use of thermoplastic matrix com-
posites, which are a promising alternative that is on track to have higher production rates,
better behaviour under low velocity impact and increased sustainability due to their re-
cyclable and repairable nature. As part of this trend, Airbus Atlantic is developing a
cockpit project using a novel thermoplastic matrix composite. Therefore, under the effort
of certification and given that compliance to the special regulatory conditions for compos-
ites can be demonstrated not only by experimental testing but by numerical simulations
as well, this work aims at developing a numerical model for the intraply behaviour of
thermoplastic composites. To this effect, diffuse damage, pseudo-plasticity, fiber rotation,
as well as failure criteria and post-failure damage evolution are implemented under the
frame of continuum damage mechanics. Its application in a computational framework
was done in conjunction with the finite element solver Abaqus via the user material and
vectorized user material subroutines and validation was completed in a representative vol-
ume element, as well as standard test specimens, creating the base for its implementation
in other stereotypical load scenarios and larger scale structures.

The user material subroutine was successfully validated, presenting close resemblance
to experimental results while the vectorize user material subroutine was only partially
validated, requiring future adjustments to the plasticity module. Some key areas that
would benefit from future efforts at improving the model and its corresponding subroutines
are the integration of the interlaminar behaviour by the use of cohesive elements and the
incorporation of strain rate dependent formulation, in order to properly simulate dynamic
behaviour, which is the next stage of the project.
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Resumo

O uso de compósitos poliméricos reforçados com fibras na indústria aeronáutica tem reg-
istado um aumento significativo nos últimos anos. A utilização destes materiais tornou
possível a construção de estruturas mais leves e eficientes, fundamentais para a redução
do consumo de combustível e alcançar objetivos de sustentabilidade, face a medidas regu-
latórias cada vez mais exigentes relativamente à questão de emissões e poluentes. Apesar
das inovações estruturais possibilitadas pelos materiais compósitos, existem preocupações
quanto à sua capacidade de suportar impacto sem sofrerem degradação significativa das
suas propriedades, especialmente no caso de impactos de baixa velocidade, que deixam
danos de difícil observação que podem passar despercebidos durante a inspeção. Além
disso, o ciclo de vida dos compósitos à base de resinas termoendurecidas é insustentável,
suscitando preocupações ambientais devido não poderem ser reciclados.

Por conseguinte, a indústria está a passar por uma lenta conversão para a utilização de
compósitos de matriz termoplástica, uma alternativa promissora que promete ter taxas de
produção mais elevadas, melhor comportamento sob impacto de baixa velocidade e maior
sustentabilidade devido à sua natureza reciclável e reparável. Parte desta tendência, a
Airbus Atlantic está a desenvolver um projeto de cockpit que utiliza um novo compósito de
matriz termoplástica. Assim, no âmbito do processo de certificação e dado que a conformi-
dade com as condições regulamentares especiais de compósitos pode ser demonstrada não
só através de ensaios experimentais como por simulações numéricas, este trabalho tem
como objetivo desenvolver um modelo numérico para o comportamento de compósitos
termoplásticos. Sendo assim, dano difuso, pseudo-plasticidade, rotação das fibras, bem
como critérios de falha e evolução do dano pós-falha são implementados. A sua aplicação
num contexto computacional foi feita através do software de elementos finitos Abaqus
mediante sub-rotinas UMAT e VUMAT, e a sua validação foi realizada num elemento de
volume representativo, bem como em provetes de ensaio padrão, fundamentando a sua
implementação noutros cenários de carga típicos.

A sub-rotina UMAT foi validada com sucesso, tendo grande semelhança com os resul-
tados experimentais, enquanto que sub-rotina VUMAT foi apenas parcialmente validada,
sendo que necessita de ajustes ao módulo de plasticidade. Algumas áreas chave em que
esforços futuros se devem concentrar, de modo a melhorar o modelo, passam pela inte-
gração do comportamento interlaminar, através da utilização de elementos coesivos, e a
adaptação da formulação de modo a incluir os efeitos da taxa de deformação, para simular
eficazmente o comportamento dinâmico, que se enquadra na próxima fase do projeto.

Palavras-chave: Abaqus, aeronáutica, compósitos, dano, sub-rotina, termoplástico
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Chapter 1

Industry Context

The aeronautical industry bases itself on achieving the best performance at the lowest
possible cost, be that in weight, capital, safety or, more recently, environmental impact.
This is an adage that is present at every step of the development process of aircraft.
Hence, due to their remarkable specific properties and increasingly competitive prices,
composites are one of the best material options for use in these applications.

The presence of composites in aircraft dates back to the early days of the aeronautical
industry. Strictly speaking, it was in the 1930s that the first composites were used for this
purpose. One of the most famous examples of this is the Hughes H-4 Hercules, Spruce
Goose, which was constructed using Duramold, a composite made of birch wood imbued
with phenolic resin, laminated and then subjected to elevated heat and pressure [1], in
what is a remarkably similar process to that of modern composite manufacturing and
curing. Duramold, along with Haskelite and other composites, played a significant role
in the 1940s war effort by replacing aluminium alloys and steel in some aircraft parts, as
these were scarce and in high demand for other industries [2].

The 1930s also saw the birth of the fibre reinforced polymer industry, when Owens
Corning introduced fibreglass [3], with it being most prominently used in aircraft radomes
given its radio frequency transparency, an application that continues to this day. However,
it was only in the 1970s that the composites industry started to properly mature and
the properties of these materials began to truly contend with their metal counterparts.
This sparked the beginning of a trend in the increased use of composite materials. At
first limited to the development of auxiliary and secondary parts, composites are now
present in primary structures and fully-fledged assemblies of the latest aircraft, with the
latest commercial jets having composite materials be responsible for about half of their
structural weight, as verified in Figure 1.1.

Nevertheless, impact resistance and the residual strength of the panel is a relevant
weak aspect of these materials, especially when the impact is of low velocity, resulting in
barely visible impact damage (BVID), which may be overlooked or not detectable at all
and may pose risks to the structural integrity of the aircraft in future flights.

The certification process of composite structures is therefore extremely conservative,
both due to the complexity of the composite damage mechanisms and the lack of maturity
in their use in aircraft. Currently, it is based on a building block approach, as verified in

3
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Figure 1.1: Evolution of the presence of composites in aircraft applications across the last decades
(adapted from [4, 5, 6]).

Figure 1.2, from thousands of tests in the lower levels to few and quite expensive ones at
the component testing level. It is due to this that structural computational simulation
using the finite element method started to become imperative in the certification process,
allowing for significant reductions in costs and time.

Figure 1.2: Building block approach for composite structures [7].
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1.1 Thermoplastic Matrix Composites
In the late 1960s up until the 1990s, thermoplastic tapes were used to manufacture a wide
range of parts, particularly in military and defence applications. Good processability,
quick and easy out-of-autoclave consolidation, as well as good mechanical properties and
easy to meet storage requirements were highly attractive characteristics of these materials.
However, research slowed significantly in the 1990s due to lower spending budgets. This,
combined with a higher focus on the development of the already well-established ther-
moset composites, lead to thermoplastic composites being relegated to the background
of composites’ R&D. Nevertheless, thermoplastics have been flying on aircraft since the
1990s, being used to make smaller parts and non-critical substructures.

Currently, with the ever-increasing use of composites in aircraft design, and produc-
tion rates of the Airbus A320 and Boeing 737 workhorses projected to reach all-time
highs, optimizing the production processes to achieve lower cycle times is of paramount
importance for the original equipment manufacturers (OEMs). This high demand is not
compatible with the production of thermosets, which require long periods of time curing
in an autoclave. Thermoplastics have lower cycle times, achieved through two-stage or,
optimally, one-stage manufacturing by in-situ consolidation. Favourable material storage,
higher toughness and the possibility of recycling also make them highly suitable candi-
dates for replacing thermoset composites, especially in the context of the Clean Sky 2
initiative, under which the Multi Functional Fuselage Demonstrator [8] and a one-shot
thermoplastic composite wingbox cover (Figure 1.3) were produced.

Figure 1.3: PEEK thermoplastic wingbox cover produced by the OUTCOME project under the Clean
Sky 2 initiative [9].

The main aspect that must be solved before thermoplastic composites are used ex-
tensively in commercial airframes is their viability and maturity of use in highly-loaded
structures. If they cannot be used in primary and secondary structures, this greatly re-
duces the scope of their employment in aircraft and usefulness for OEMs. However, their
usability is becoming more and more apparent given that, since 2010, they have been em-
ployed in primary structures - tail planes and wings - of smaller aircraft such as business
jets (the Gulfstream G650 has a carbon fiber/polyphenylene sulfide (PPS) rudder and
elevator [10]).





Chapter 2

Dissertation Context

2.1 Hosting Institution
This dissertation’s underlying work was carried out in the Département Mécanique des
Structures et Matériaux of the Institut Supérieur de l’Aéronautique et de l’Espace, one
of the leading institutions in the French aerospace research and development domain.

Most commonly referred to as ISAE-SUPAERO, the Institut Supérieur de l’Aéronautique
et de l’Espace (Figure 2.1) is one of the top aerospace engineering schools in the world.
Its pivotal location in Toulouse, the centre of the French aerospace scene, allows for high
cooperation with the industry and contact with the latest technological breakthroughs.

Formed in 2007 from the merger of ENSAE1 and ENSICA2 with the purpose of syn-
ergizing the faculty and experimental means of those institutions, ISAE-SUPAERO is
overseen by the French Ministry of Defence and the French Government Defence Procure-
ment and Technology Agency. It hosts around 1900 students and 500 permanent staff,
distributed through six teaching and research departments:

• Département Aérodynamique, Énergétique et Propulsion (DAEP)
• Département Conception et Conduite des Véhicules Aérospatiaux (DCAS)
• Département Mécanique des Structures et Matériaux (DMSM)
• Département Ingénierie des Systèmes Complexes (DISC)
• Département Electronique, Optronique et traitement du Signal (DEOS)
• Département Langues Arts Culture et Société (LACS)

More specifically, the internship pertaining to this dissertation took place in the De-
partment of Mechanics, Structures and Materials, described in the following section.

2.1.1 Département Mécanique des Structures et Matériaux
The Département Mécanique des Structures et Matériaux (DMSM) supervises all teaching
activities related to solid mechanics and conducts fundamental and applied research on
aerospace related materials and structures.

1École Nationale Supérieure de l’Aéronautique et de l’Espace or SUPAERO
2École Nationale Supérieure d’Ingénieurs de Constructions Aéronautiques

7
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Figure 2.1: ISAE-SUPAERO campus [11].

With around 60 permanent staff, it is divided into three teams. The scientific team
carries out teaching and research activities, the testing and analysis team focuses on
experimental material and structure testing and analysis, and the manufacturing team
manages the workshop, carrying out the design and production of metallic and composite
parts. This cooperation allows for the DMSM to investigate three key scientific topics:

• Durability & damage tolerance of composite and metallic materials.
• Modelling & qualification of aerospace structures under static or dynamics loadings.
• Multiphysics requirements-driven simulation and design.

Besides that, the DMSM is involved with the Institut Clément Ader in the areas
of structures, impact, modelling, and machining (SIMU), and materials, properties and
processes (MAPP).

A multidisciplinary team, allied with a wide range of manufacturing and testing equip-
ment allows the DMSM to conduct advanced research activities and develop tools and
methods for the design of aerospace structures that meet the needs of the industry.

2.2 Project Details

The Airbus Atlantic Research & Technology department is developing a new cockpit
project aimed at proposing a design with lower mass, reduced costs of manufacturing,
assembly, and integration, and optimized industrialization processes. For this, and given
its promising material properties, the use of a novel thermoplastic matrix carbon fibre
composite is being evaluated.

One of the PRA (particular risk analysis) critical load cases for certification of this
primary structure is the bird-strike (BS) event. In this scenario, in order to have accurate
virtual testing data, it is imperative that the material is properly characterized in both
the static and dynamic behaviour domains. Hence, the primary overall objectives of the
project are to:
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1. Establish an appropriate experimental campaign and protocol to identify and char-
acterize composite damage mechanisms, and obtain the necessary material proper-
ties for implementation in the numerical model.

2. Realize the static and dynamic material characterization tests.
3. Identify the constitutive laws responsible for the behaviour observed during the

tests, develop an according material model and implement it in the commercial
finite element solver Abaqus either as an user-material subroutine (UMAT) or a
vectorised user-material subroutine (VUMAT).

Dissertation objectives: This work will thus specifically focus on the development
of a methodology for the identification and modeling of the behaviour of thermoplastic
matrix carbon fibre composite material systems.

2.3 Methodology
The development phases of the dissertation will be described in this section, noting the
initially planned stages and the adjustments that had to be made to redirect the scope of
the work, due to unplanned setbacks.

Initial Approach In the beginning of the internship, the planned approach was to work
on the project in accordance with the objectives specified in the Airbus Atlantic proposal,
while conducting parallel studies to prepare for further stages. This process is specified
in the following sequence and illustrated in the Gantt chart provided in Figure 2.2.

1. Literature review of the behaviour of thermoplastic matrix composites under various
loading scenarios and test conditions, and identification of typical damage and failure
mechanisms, while studying the elaboration of user material subroutines in Abaqus
and the programming language FORTRAN.

2. Proposal of a testing campaign that allows for the procurement of the necessary
material properties and behaviours. Design and sizing of the specimens for each
experiment and submission of the resulting technical drawings to Airbus Atlantic.

3. Start of development of the material model based on the behaviour of similar com-
posites observed in the literature.

4. Once the laminate arrives from the manufacturer, cut the plates in accordance with
the drawings in order to obtain the specimens and start the testing campaign.

5. Material behaviour analysis and adaptation of the constitutive model accordingly.
6. Numerical implementation of the material model in the finite element solver start-

ing with a static approach through a UMAT subroutine, and then a dynamic one
through a VUMAT subroutine.

7. Writing of the project report and dissertation.

However it was not possible to do any of the expected experimental procedures with
the novel material (explained in Annex A) due to unforeseen circumstances having to
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27/02/2023 19/03/2023 08/04/2023 28/04/2023 18/05/2023 07/06/2023

Literature Review

FORTRAN and subroutine learning

Testing campaign proposal

Material model development

Plate preparation

Experimental testing

Adaptation of the model to results

UMAT subroutine

VUMAT subroutine

Writing of the dissertation

Figure 2.2: Expected project timeline.

do with the manufacturing of the composite laminate plates (displayed in Annex B).
Therefore, the scope of the work changed from characterizing the material at hand, to a
more generalized approach which based itself on experimental data of similar materials
found in the literature. This will hopefully result in an appropriate numerical behaviour
once the material ends up running through the planned experimental campaign.

Final Approach In the end, a more complex material model ended up being developed
given the extension of the duration of the dissertation, adding details which would have
been impossible otherwise, with the final work sequence being displayed in Figure 2.3.

27/02/2023 29/03/2023 28/04/2023 28/05/2023 27/06/2023 27/07/2023 26/08/2023

Literature Review

FORTRAN and subroutine learning

Testing campaign proposal

Material model development

UMAT subroutine

VUMAT subroutine

Writing of the dissertation

Adaptation of literature results

Figure 2.3: Project timeline.
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2.4 Structure of the Dissertation
This dissertation has been divided into five parts and eight chapters.

Part I is the introduction of the project, which covers the industrial context behind
the use of thermoplastic composites (Chapter 1) and the context in which the dissertation
was developed (Chapter 2).

Part II relates to the literature review of the subjects that the dissertation covers,
starting with general concepts about composites and their damage mechanisms (Chapter
3), the theory behind expressing composite material response through a mathematical
formulation, i.e. its elastic behaviour, the criteria by which failure is evaluated, the
concept of damage applied in a continuum and governed by mathematical laws and the
fundamentals of the theory of plasticity (Chapter 4).

Part III develops the intraply constitutive model based on and extending the pre-
viously introduced literature, through the implementation of diffuse damage, plasticity,
fiber rotation, failure criteria, in situ effect and failure damage (Chapter 5).

Part IV consists of the application of the material model in a computational framework,
through the development of subroutines (Chapter 6) and the validation of the formulation
by means of simulations where the behaviour is checked to verify if it corresponds to what
was intended and if it matches experimental results (Chapter 7).

Part V covers the conclusions and key takeaways from the development of the project
and presents suggestions for future work to further improve it (Chapter 8).

Besides this, two appendices which contain a proposed experimental testing campaign
for the procurement of material properties necessary for the model (Appendix A) and the
composite plate drawings designed for that same campaign (Appendix B) were included.
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Literature Review
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Chapter 3

Composite Materials

Produced from two or more distinct materials, composites take advantage of a synergistic
effect to have mechanical properties superior to those of their individual constituents. In
the case of structural composites, these usually contain a stiffer, stronger and more brittle
phase - reinforcement - and a less stiff, weaker and more ductile phase - matrix.

Composites can usually be identified by the type, geometry and orientation of their
reinforcing phase. There are three major categories, as illustrated in Figure 3.1, which
can be described by mathematical material models. For the particulate type of compos-
ites, the ample distribution of their constituents results in a quasi-homogeneous material
nature. Discontinuous or short-fiber composites are characterized by their anisotropy –
in case the fibers are oriented along one direction, or quasi-isotropy – when they are ran-
domly oriented. Continuous fiber composites are considered the most efficient due to the
possibility of arranging them in unidirectional, perpendicular (right angles to each other
e.g., cross-ply or woven fabric) or multidirectional arrangements, in which case they can
be characterised as quasi-isotropic [12].

Besides that, fiber reinforced polymers can usually be identified by the type of material
constituting their matrix. There are four primary categories: polymer matrix compos-
ites which can be either thermosets or thermoplastics, metal matrix composites, ceramic
matrix composites and carbon matrix composites [13].

3.1 Laminae and Laminates
Fiber reinforced polymers are employed in structures in the form of laminates of diverse
composition. Figure 3.2 illustrates the different scales by which fiber reinforced composites
might be analysed, and their constituents. A lamina or ply is an orthotropic unidirectional
layer of composite material, with its longitudinal axis aligned with the direction of the
fibers, transverse axis normal to the fiber direction but in the plane of the lamina, and
out-of-plane axis corresponding to the direction normal to the plane of the ply. These are
the principal axis of the individual laminae and are designated 1, 2 and 3, respectively.

As for the laminate, it is composed of two or more laminae which can be stacked at the
same or different orientations. The multiple possible orientations of these laminae allows

15
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Reinforcement 

type

Particulate
filler

Discontinuous
fibres or whiskers

Continuous
fibers

UD discontinuous 
fibre composite

UD continuous   
fibre composite

Crossply or fabric 
continuous fibre composite

MD continuous 
fibre composite

Quasi-isotropic
composites

Particulate
composite

Randomly oriented discon-
tinuous fibre composite

Figure 3.1: Composite material designation according to their reinforcement type (adapted from [12]).

for a custom layup solution for the specific stress-state that the structure is required to
handle. Since the orientation of the laminate may not always correspond to the orientation
of the individual plies that compose it, as in the case of a multidirectional laminate, the
system of coordinates by which it is analysed is the classical fixed system (x,y,z).

1
2

3

x

z

y

0º

90º

0º

90º

1

3

2

Representative volume element Unidirectional lamina Multidirectional laminate

Fibre

Matrix

Figure 3.2: Schematic representation of the several scales of fiber reinforced composites, where (1, 2, 3)
corresponds to the ply’s local coordinate system and (x, y, z) to the laminate’s global coordinate system.

3.2 Thermoplastic Matrix Reinforced Composites
Unlike thermoset polymers which cross-link during curing, thereby forming irreversible
chemical bonds (Figure 3.3), thermoplastics are fully polymerized polymers that can usu-
ally be repeatedly softened by heating and hardened by cooling. This has the heightened
advantage of allowing recycling the composites with this type of matrix, reducing their
overall environmental impact.
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Figure 3.3: Molecular arrangement of thermosetting and thermoplastic polymers [14].

Besides that, thermoplastic composites have advantages in relation to thermosets in
what concerns high strain to failure, high fracture toughness and damage tolerance, longer
shelf life and the ability to reshape and reuse. However, this comes with certain disadvan-
tages such as reduced performance to cost ratio and manufacturing difficulties. Moreover,
given that thermoplastic resins have high viscosities at processing temperatures, inade-
quate impregnation might occur, leading to large void content.

Nevertheless, thermoplastics with welded interfaces may allow the significant reduction
of the need for mechanical fasteners, decreasing stress concentration phenomena in the
areas where they are present. However, anti-peeling fasteners or chicken rivets should still
be installed at all critical stringer run-out areas.

The use of these composites allows for the in situ consolidation (ISC) of parts. ISC via
automatic tape-laying (ATL) or automatic fiber placement (AFP) consists of heating pre-
pegged thermoplastic tapes or tows in the tape head up to their melt temperature, place
them on the tool, where they are immediately consolidated by the end-effector. Although
an additional high-pressure consolidation step is currently required to achieve porosity
targets this process is ultimately expected to provide 100% consolidation in a single step.
Despite lacking maturity, this manufacturing process could prove to be revolutionary
regarding the time and costs of composite production [15].

Expanding upon this notion, some relevant aspects of thermoplastic composite man-
ufacturing are that:

1. Curing is not necessary.
2. Residual stresses are related to the basic material properties and processing tem-

peratures, which are usually higher for thermoplastics.
3. They have reduced tendency for delamination.
4. Fiber movement occurs during thermoforming and welding.
5. They have increased tendency for resin rich areas.
6. Variation in the crystalline morphology might occur due to the difference in the

cooling rate within the components, leading to changes in the mechanical properties.
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3.3 Damage Mechanisms in Unidirectional Laminae
The heterogeneous and anisotropic nature of composites leads to rather distinct failure
modes when compared to more conventional materials. This is due to the complex interac-
tions between the reinforcement and matrix constituents resulting from different material
properties, also influencing the fiber-matrix interface. It is thus of no surprise that a
plethora of different damage mechanisms arises from this coupled nature.

3.3.1 Longitudinal Tension
When composites are loaded in tension, failure will typically occur in the constituent with
the lowest ultimate strain. For a longitudinal loading scenario, the composite will fail when
the ultimate tensile strain of the fiber is reached. Assuming a homogenized, uniform value
for the fiber’s properties, the composite strength can be given by the following equation,
as a direct result of the Rule of Mixtures [12], where a distinction is made between the
case where the ultimate fiber tensile strain εu

ft is lower than the ultimate matrix tensile
strain εu

mt and vice-versa:XT = FftVf + σmVm when εu
ft < εu

mt

XT = FmtVm + σfVf when εu
mt < εu

ft

(3.1)

where XT , Fft and Fmt are the longitudinal, fiber and matrix tensile strengths, σf and σm

are the average longitudinal fiber and matrix stress when the ultimate strain is reached,
and Vf and Vm are the fiber and matrix volumes, respectively.

However, this approach does not take into consideration the variation of fiber and
matrix properties across the laminate. In fact, the strength of the fibers will have a
statistical distribution, varying across their length and between themselves. Furthermore,
once the weakest fiber fails, a non-uniform stress state is formed around it, leading to
stress redistribution governed by the fiber-matrix interface which transfers the stress back
to the fiber after a certain distance. As such, the fiber breakage process is inherently of
a statistical nature [16].

In the case of a relatively ductile matrix and strong interface, such as what is verified
in the thermoplastic matrix composites, fiber breakage leads to a failure mechanism in the
form of conical shear fractures in the matrix. With increased loading, more and singlets
are formed, eventually coalescing and spreading across the span of the laminate, which
ultimately leads to catastrophic failure.

3.3.2 Longitudinal Compression
Compressive failure on composites can occur due to various mechanisms, identified by
Budiansky and Fleck [17] and illustrated in Figure 3.4, where:

(a) Elastic micro-buckling is a shear buckling instability.
(b) Fiber kinking is a plastic shear instability due to significant shearing of the matrix.

Also referred to as plastic micro-buckling.
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(c) Fiber crushing consists of the fiber failure prior to the matrix.
(d) Shear band formation precedes in-phase micro-buckling at high values of Vf and

for well aligned fibers. Failure occurs in a band oriented at around 45◦ in relation
to the loading axis due to shear-driven failure of the fibers.

(e) Matrix cracking is similar to the longitudinal tensile failure of the matrix.
(f) Buckle delamination relates to an out-of-plane buckling where the whole ply

delaminates due to insufficient bonding.

Figure 3.4: Failure modes in composites under compressive loading. (a) elastic micro-buckling (b) fiber
kinking (c) fiber crushing (d) shear band formation (e) matrix cracking (f) buckle delamination [18].

Of these, fiber kinking proves to be the dominant failure mode in unidirectional com-
posites, and specifically in the thermoplastic matrix composite AS4/PEEK, as can be
observed in the compressive failure map in Figure 3.5.

Figure 3.5: Compressive failure map highlighting three modes of failure [17, 19].

According to Rosen [20], there are two idealized patterns of micro-buckling deformation
(Figure 3.6). For low fiber volume (Vf ) ratios, the extensional or out-of-phase mode is
predicted. Conversely, the shear or in-phase mode is anticipated for higher Vf values.

In-phase micro-buckling might lead to high flexural stresses and large shearing of the
matrix, causing plastic micro-buckling or kink band formation. Depending on the nature
of the fibers, severe deformation or fracture can occur, as illustrated in Figure 3.7a. A
real-life example of kink band formation in a thermoplastic matrix composite can be found
in Figure 3.7b.
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(a) (b)

Figure 3.6: Micro-buckling modes in unidirectional lamina under longitudinal compression: (a) out-of-
phase or extensional and (b) in-phase or shear modes [12].

(a) (b)

Figure 3.7: (a) micro-buckling leading to the formation of kink bands with high deformation, or even
fracture planes [12] and (b) kink band formation in the AS4/PEEK composite [18].

3.3.3 Transverse Tension
Failure under this type of loading emerges from high stress and strain concentrations in
the matrix and in the fiber-matrix interface, where progressive fracture occurs until a
catastrophic crack emerges. It is possible to observe in Figure 3.8 a micrograph of the oc-
currence of this crack coalescence phenomenon, from where it can be verified that the first
phase of failure comprises fiber-matrix debonding, which then leads to the combination of
those isolated crack into a unified one. Besides the loading state, this failure mechanism
is also influenced by curing and hygrothermal stresses, derived from the manufacturing of
the composite and the ambient conditions where it is situated, respectively [12].

(a) (b)

Figure 3.8: Crack formation mechanism under transverse loading where (a) initial fiber-matrix debond-
ing occurs and (b) the micro-cracks propagate, creating a unified transverse fissure [21].
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3.3.4 Transverse Compression
This type of loading may lead to two fundamental failure mechanisms according to Daniel
and Ishai [12]. On the one hand, high compressive stress may lead to compressive or shear
failure of the matrix, or fiber crushing, on the other, high interfacial shear stresses may
lead to matrix shear failure or fiber matrix debonding. This shear dominated failure
modes are corroborated by observations of Agarwal et al. [22], that show inclined planes
in relation to the loading direction, as can be verified in Figure 3.9.

Figure 3.9: Micrograph of the lateral surface of AS4/Epoxy specimen under transverse compression,
where the formation of a fracture plane is visible [23].

3.3.5 In-plane Shear
In this load scenario, high shear stresses develop at the fiber matrix interface, leading to
the development of microcracks in the matrix, oriented along the fiber direction, as can
be observed in Figure 3.10

Figure 3.10: Micrograph of crack formation under in-plane shear stress, shown as τ [24].





Chapter 4

Mathematical Model

It is necessary to consider several different mechanisms of composite behaviour in order
to express its response through mathematical laws. The elastic behaviour of composites,
appropriate failure criteria, continuum damage mechanics and the occurrence of plasticity
will be introduced in this chapter.

4.1 Elastic Behaviour
Given that an orthotropic material has at least two orthogonal planes of symmetry, as is
the case with fiber reinforced laminates, only nine elastic constants are necessary for the
establishment of its constitutive model, as opposed to 21 for an anisotropic material [12].

Therefore, the stiffness matrix for composites, derived from the inverse of the compli-
ance matrix established by Hooke’s Law [25], is given by:



σxx

σyy

σzz

σyz

σzx

σxy


=



1−νyzνzy

EyEz∆
νyx+νzxνyz

EyEz∆
νzx+νyxνzy

EyEz∆ 0 0 0
νxy+νxzνzy

EzEx∆
1−νzxνxz

EzEx∆
νzy+νzxνxy

EzEx∆ 0 0 0
νxz+νxyνyz

ExEy∆
νyz+νxzνyx

ExEy∆
1−νxyνyx

ExEy∆ 0 0 0
0 0 0 2Gyz 0 0
0 0 0 0 2Gzx 0
0 0 0 0 0 2Gxy





εxx

εyy

εzz

εyz

εzx

εxy


(4.1)

where Eij and Gij are the stiffness and shear modulus and νij the Poisson ratio in the
principal laminate directions ij and,

∆ = 1− νxyνyx − νyzνzy − νzxνxz − 2νxyνyzνzx

ExEyEz

(4.2)

Since the stiffness matrix is symmetric, the following statements must be obeyed:
vyx+vzxvyz

EyEz∆ = vxy+vxzvzx

EzEx∆
vzy+vzxvxy

EzEx∆ = vzy+vxzvyz

ExEy∆
vzx+vyxvzy

EyEz∆ = vxz+vxyvyz

ExEy∆

(4.3)

23



24 Chapter 4. Mathematical Model

4.2 Failure Theory
In order to construct effective structures, it is necessary to use materials that can handle
the forces which they are required to sustain. Once the stress or strain field imposed
upon the material surpasses that which it can handle, local fracture occurs, which can
lead to catastrophic failure of the part. Failure theory is used to establish the stress or
strain domain to which the material can safely be subjected. This study of failure can
be undertaken in different manners and with different levels of detail, depending on the
type of material (homogeneous, orthotropic, transversely isotropic, monoclinic, to name a
few), expected stress fields (3D stress state, plane stress, plane strain, among other) and
how critical the component at hand is (primary versus secondary structures in aircraft,
for example).

The first failure theories developed for composites were proposed by taking failure
criteria initially developed for homogeneous and isotropic materials and extending them
to account for the anisotropy in the stiffness and strength of the laminae. These non-
phenomenological formulations are usually less demanding of computational power and
some even take into account stress interaction, depending on the availability of exper-
imental data [26]. Overall, the failure theories can be distinguished into three groups:
limit, interactive and phenomenological criteria.

Formulations that fall under these types will be compared and their failure envelopes
displayed under certain fundamental stress scenarios. Unless otherwise specified, the
material used is the IM7/8552 composite, whose properties are shown in Table 4.1.

Table 4.1: IM7/8552 material properties used in the calculation of the failure envelopes shown in this
Chapter. Values sourced from Gan et al. [27], Camanho and Lambert [28], Catalanotti et al. [29],
Koerber et al. [30] and Camanho et al. [31].

.

E1 [MPa] 161000 [27] ν23 0.435 [27] SL [MPa] 89.5 [30]
E2 [MPa] 11400 [27] XT [MPa] 2323.5 [29] ST [MPa] 75 [29]
G12 [MPa] 5290 [28] XC [MPa] 1017.5 [29] α0 55.3 [29]
G23 [MPa] 3980 [27] YT [MPa] 160.2 [29] β 2.12E-8 [31]
ν12 0.32 [27] YC [MPa] 255 [30]

4.2.1 Limit Failure Criteria
These criteria assess failure by directly comparing the value of the primary stress or strain
components with the limit values obtained in experimental results of tests done in those
directions. They have the great advantage of being extremely simple to implement and,
likewise, having small computational cost.

4.2.1.1 Maximum Stress Criterion

One of the most fundamental failure theories, the maximum stress criterion, initially de-
veloped by Rankine [32], states that failure occurs when a stress component in a principal
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direction is higher than the material’s strength in that direction. It doesn’t account for
stress interaction and distinguishes between longitudinal and transverse tension and com-
pression, and shear stress failure modes. Failure occurs when the failure index Fij is equal
to one, according to the following formulation:

Longitudinal:
F σ

1t = σ11
XT

, for σ11 > 0
F σ

1c = |σ11|
XC

, for σ11 < 0
(4.4)

Transverse:
F σ

2t = σ22
YT

, for σ22 > 0
F σ

2c = |σ22|
YC

, for σ22 < 0
(4.5)

Shear: F σ
12 = |τ12|

SL

(4.6)

where XT and XC are the longitudinal tensile and compressive strengths, YT and YC are
the transverse tensile and compressive strengths, and SL is the in-plane shear strength.

Failure Envelope: The failure envelopes resulting from the application of the maximum
stress criteria to the σ11-σ22 and σ22-σ12 stress spaces are illustrated in Figure 4.1.

(a) (b)

Figure 4.1: Maximum stress criterion for (a) σ11-σ22 and (b) σ22-σ12 failure envelopes.

4.2.1.2 Maximum Strain Criterion

In a similar fashion to the maximum stress criterion, the maximum strain criterion relies
on comparing the strain state to the principal uniaxial failure strains in order to determine
the occurrence of failure. Poisson’s effect allows for some interaction between the stress
components, as can be verified in Equations 4.10 and 4.11.

Longitudinal:


F ε

1t = ε11
εf

1t

, for ε11 > 0

F ε
1c = |ε11|

εf
1c

, for ε11 < 0
(4.7)
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Transverse:


F ε

2t = ε22
εf

2t

, for ε22 > 0

F ε
2c = |ε22|

εf
2c

, for ε22 < 0
(4.8)

Shear: F ε
12 = |ε12|

εf
12

= |γ12|
γf

12
(4.9)

The expression of this criterion in terms of stresses is given by the following equation,
with failure occurring when the equivalent stress is equal to or greater than the maximum
strength in that direction [12].

Longitudinal: σ11 − ν12σ22 − ν13σ33 =
XT , for ε11 > 0

XC , for ε11 < 0
(4.10)

Transverse: σ22 − ν21σ11 − ν23σ33 =
YT , for ε22 > 0

YC , for ε22 < 0
(4.11)

Shear: |τ12| = SL (4.12)

Failure Envelope: While the failure envelope of the maximum strain criteria under
the strain-based formulation given by Equations 4.7, 4.8 and 4.9 presents a similar nature
to that of the maximum stress criterion, when it is expressed in relation to the stresses,
Poisson’s effect has a visible impact in the σ11-σ22 envelope, resulting in sloped boundaries,
visible in Figure 4.2a. Not affected by this phenomenon, the shear failure envelope σ22-σ12
remains as it was under the maximum stress criterion, as it can be verified by comparing
Figures 4.1b and 4.2b.

(a) (b)

Figure 4.2: Maximum strain criterion expressed in terms of stress. (a) σ11-σ22 and (b) σ22-σ12 failure
envelopes.
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4.2.2 Interactive Failure Criteria
This kind of criteria has better consideration for the interaction of stress components
by considering bi-axial testing data which provides a more accurate failure envelope.
Although criteria of this type consider all stress components in one expression, which
allows them to also be referred to as polynomial criteria [33], they do not identify the
particular mode by which failure occurred.

4.2.2.1 Tsai-Hill Criterion

Based on the deviatoric strain energy concept, the Tsai-Hill approach stems from a mod-
ification of the von Mises yield criterion for the case of anisotropic ductile metals by Hill
[34] and further adaptation to transversely isotropic unidirectional composite laminae by
Azzi and Tsai [35]. In a two-dimensional stress state, the Tsai-Hill criterion is given as:

σ11
2

F1
2 + σ22

2

F2
2 + σ12

2

F6
2 −

σ11σ22

F1
2 = 1 (4.13)

where F6 = SL and, since this theory does not consider any distinction between tensile
and compressive strengths, the F1 and F2 components are adapted to the stress state:

F1 =
XT , for σ11 > 0

XC , for σ11 < 0
(4.14)

F2 =
YT , for σ22 > 0

YC , for σ22 < 0
(4.15)

Failure Envelope: The failure envelopes resulting from the application of this formu-
lation to the σ11-σ22, σ11-σ12 and σ22-σ12 are shown in Figure 4.3. It is possible to verify
that, on pure stress scenarios, e.g. only σ11, failure still occurs at the maximum strength
of the material. However, in between those states, the given point of failure is much more
nuanced than the previous limit type criteria, due to the greater interaction between the
different stress components.

(a) (b)
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(c)

Figure 4.3: Tsai-Hill criteria for (a) σ11-σ22, (b) σ11-σ12 and (c) σ22-σ12 failure envelopes.

4.2.2.2 Tsai-Wu Criterion

Tsai and Wu [26] proposed a modified tensor polynomial theory by assuming the existence
of a failure surface in the stress space. Developed for use in orthotropic or transversely
isotropic laminae, requiring only simple modifications for isotropic and plane stress cases,
this criterion allows for distinction between tensile and compressive strengths and inter-
action between the normal stresses, with the possibility of determining the interaction
coefficients experimentally.

Like the Tsai-Hill criterion, it is expressed as a single criterion which is operationally
simple and easily implemented in a computational scenario. Its formulation for a three-
dimensional stress state is established as:

f1σ1 + f2(σ2 + σ3) + f11σ1
2 + f22(σ2

2 + σ3
2) + f44τ4

2

+ f66(τ5
2 + τ6

2) + 2f12(σ1σ2 + σ1σ3) + 2f23σ2σ3 = 1
(4.16)

and in a plane stress state (σ1, σ2, σ6) as:

f1σ1 + f2σ2 + f11σ1
2 + f22σ2

2 + f66τ6
2 + 2f12σ1σ2 = 1 (4.17)

where the coefficients are obtained by applying elementary loads to the laminae. For
example, in the case of longitudinal tension where σ1 = XT and the rest of the stress
components are null, the following relation is true: f1XT + f11XT

2 = 1. Combining this
expression with the one obtained for longitudinal compression: −f1XC + f11XC

2 = 1
allows solving for f1 and f11.

Failure Envelope: Figure 4.4 thus presents the failure envelopes resulting from the
application of the Tsai-Wu criteria on the σ11-σ22, σ11-σ12 and σ22-σ12 stress states.
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(a) (b)

(c)

Figure 4.4: Tsai-Wu criteria for (a) σ11-σ22 (b) σ11-σ12 and (c) σ22-σ12 failure envelopes.

4.2.3 Phenomenological Failure Criteria
Criteria of this type have a physical based formulation, not only taking into account the
directionality of failure but its nature and the phenomena that lead to it. Given that fail-
ure stems from the accumulation of micro-mechanical damage mechanisms, understanding
them and expressing that behaviour in a mathematical formulation leads to more accu-
rate results. Nevertheless, in some cases, this approach might not be optimal due to the
increased complexity and larger computational effort that is required to implement it.

4.2.3.1 Linde Failure Criteria

Based on a meso-level approach which considers the laminate layer as an homogeneous
material with orthotropic constitutive parameters, the failure criteria developed by Linde
et al. [36] encompasses the fiber fracture and matrix cracking failure modes.

It has a strain-based continuum damage mechanics formulation, with different con-
ditions for fiber and matrix failures. Matrix failure is evaluated through the following
formulation:

fm =

√√√√εt
22

εc
22

(ε22)2 +
(

εt
22 −

(εt
22)2

εc
22

)
ε22 +

(
εt

22
εs

12

)2

(ε12)2 (4.18)
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where εt
22 and εc

22 are the transverse failure strains under tension and compression, re-
spectively, and εs

12 is the shear failure strain. Failure occurs if fm reaches the value of εt
22.

Regarding fiber fracture, the criterion is given by:

ff =

√√√√εt
11

εc
11

(ε11)2 +
(

εt
11 −

(εt
11)2

εc
11

)
ε11 (4.19)

where εt
11 and εc

11 are the failure strains for fiber direction tension and compression. In
this case, failure occurs when ff reaches εt

11.

Failure Envelope: The failure envelopes under the Linde formulation are given in
Figure 4.5 for the strain states ε11-ε22 and ε22-ε12. Interestingly, the ε11-ε22 failure envelope
presents a nature similar to that of the maximum strain criteria.

(a) (b)

Figure 4.5: Linde criteria for (a) ε11-ε22 and (b) ε22-ε12 failure envelopes.

4.2.3.2 Hashin Failure Criteria

Given the noticeable differences between the behaviour of composites in fiber and trans-
verse directions, in both tension and compression, Hashin proposed a set of interactive cri-
teria that consider failure modes in these directions, in both planar and three-dimensional
stress states [37].

Tensile Fiber Mode: σ11 > 0(
σ11

XT

)2
+ σ12

2 + σ13
2

SL
2 = 1 or σ11 = XT (4.20)

Compressive Fiber Mode: σ11 < 0

σ11 = −XC (4.21)
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Hashin does not consider the effect of fiber kinking in this failure mode, relying on the
maximum stress criterion to evaluate failure until that mechanism is better understood
and thorough experimental investigation is conducted.

Tensile Matrix Mode: σ22 + σ33 > 0(
σ22 + σ 33

YT

)2
+ σ23

2 − σ22σ33

ST
2 + σ12

2 + σ13
2

SL
2 = 1 (4.22)

where SL is the in-plane shear strength and ST is the transverse shear strength.

Compressive Matrix Mode: σ22 + σ33 > 0[(
YC

2ST

)2
− 1

] (
σ22 + σ33

YC

)
+ (σ22 + σ33)2

4ST
2 + (σ23

2 − σ23σ33)
ST

2 + σ12
2 + σ13

2

SL
2 = 1 (4.23)

Like the previous criteria, these are also quadratic polynomials of stresses but they are
derived from the first four transversely isotropic stress invariants. Hashin assumes that the
fracture plane for the matrix mode is the maximum transverse shear plane, however this
may not be always true [38]. A more general approach based on the Mohr-Coulomb failure
theory for matrix failure is considered to be more effective and was therefore considered
by Puck and Schürmann in the development of their matrix failure criteria [39].

Failure Envelope: The failure envelopes resulting from the Hashin criteria are pre-
sented in Figure 4.6, where the σ11-σ22, σ11-σ12, σ22-σ12, σ22-σ23, σ12-σ13 and σ12-σ23 stress
spaces are considered.

(a) (b)
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(c) (d)

(e) (f)

Figure 4.6: Hashin criteria for (a) σ11-σ22, (b) σ11-σ12, (c) σ22-σ12, (d) σ22-σ23, (e) σ12-σ13 and (f)
σ12-σ23 failure envelopes.

4.2.3.3 Three-dimensional Failure Criteria:

Developed by Catalanotti et al. [29] with the purpose of predicting the onset of failure
in complex, three dimensional stress states and provide information about the type of
failure and the orientation of the fracture plane, this set of criteria can be subdivided in
two classes: transverse and longitudinal failure criteria.

Transverse Failure: When a composite is subjected to a stress state such that matrix
failure mechanisms arise, the formation of a fracture plane occurs. This surface can be
characterized through α, the angle between the fracture plane and the through-thickness
direction, as shown in Figure 4.7. The assessment of the matrix’s failure index will then be
done according to the stresses acting on the fracture plane, which are directly dependent
on α.

The fracture plane stress components can be defined as:

tN = t · n2 = σα
22 tL = t · n1 = σα

23 tT = t · (n1 × n2) = σα
21 (4.24)

where n1 is a unit vector, n2 is the unit normal vector to the fracture plane and t is the
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Figure 4.7: Fracture plane and its stress components [29].

stress acting on the fracture plane:

n1 = {1 0 0}T n2 = {0 cos(α) sin(α)}T t = σ · n2 (4.25)

· Transverse Tension: tN > 0

ϕMT =
(

tN

Sis
T

)2

+
(

tN

Sis
T

)2

+
(

tL

Sis
L

)2

+ λ

(
tN

Sis
T

)(
tL

Sis
L

)2

+ κ

(
tN

Sis
T

)
(4.26)

where ϕMT is the matrix tension failure index and Sis
L and Sis

T are the in-situ longitudinal
and transverse shear strengths, respectively. The coefficients κ and λ are obtained by
imposing ϕMT = 1 when tN = Y is

T , being defined as:

κ = Sis
T

2 − Y is
T

2

Sis
T

2
Y is

T
2 λ = 2ηLSis

T /Sis
L − κ (4.27)

· Transverse Compression: tN < 0
In the case of transverse compression, Catalanotti et al. provide an extension of Puck’s
criterion in order to account for in-situ effects on the ply strength. The formulation is
established as:

ϕMC =
(

tL

Sis
L − ηLtN

)2

+
(

tT

Sis
T − ηT tN

)2

(4.28)

where ϕMC is the matrix compression failure index and ηL and ηT are the longitudinal
and transverse friction coefficients, respectively.

Longitudinal Failure: Longitudinally aligned loading leads to two extremes of com-
plexity in terms of failure assessment. On the one hand, tensile failure is simply assessed
by the previously introduced maximum strain criterion, on the other, the compressive
stress state leads to complex failure mechanisms, as shown in Section 3.3.2, with Cata-
lanotti’s criteria considering the occurrence of fiber kinking failure mode.
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· Longitudinal Tension: σ11 > 0
In this case, the maximum strain criterion is used:

ϕLT = ε11

εT
11

(4.29)

· Longitudinal Compression: σ11 ≤ 0
This stress state leads to the emergence of fiber kinking which ultimately results in matrix
failure in the fiber misalignment frame of reference. In this scenario, three coordinate
systems, shown in Figure 4.8 will be at play:

1. 123 is the conventional material reference axis, with 1 being aligned with the fiber
direction, 2 the transverse and 3 the out-of-plane directions.

2. 1θ2θ3θ is the coordinate system associated with the fiber kinking plane, defined by
a rotation of 123 around the axis 1 by the angle θ.

3. 1ϕ2ϕ3ϕ is the frame of reference linked to the kink-bands’ orientation, associated to
a rotation of 1θ2θ3θ around the axis 3θ by the ϕ.

Figure 4.8: Coordinate systems associated with fiber kinking [29].

The fracture plane then forms with respect to the 1ϕ2ϕ3ϕ frame of reference, being
identified by the angle α, in the same manner as the transverse failure scenario. The angle
θ that defines the kinking plane can be obtained as:

θ = 1
2 arctan

(
σ23

σ22 − σ33

)
(4.30)

and the rotation of the stress tensor to that coordinate system is done such that σθ = Tθ·σ
with the help of the 3D stress transformation tensor introduced by Lekhnitskĭı [40], defined
in Equation 4.31.
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Tθ =



1 0 0 0 0 0
0 cos2 θ sin2 θ 0 0 2 cos θ sin θ

0 sin2 θ cos2 θ 0 0 −2 cos θ sin θ

0 0 0 cos θ sin θ 0
0 0 0 − sin θ cos θ 0
0 − cos θ sin θ cos θ sin θ 0 0 cos2 θ − sin2 θ


(4.31)

Likewise, the stress can then be rotated to the misalignment plane, characterized by
the angle φ, where the stress tensor is defined as σφ = Tφ · σθ and Tφ is:

Tφ =



cos2 φ sin2 φ 0 2 cos φ sin φ 0 0
sin2 φ cos2 φ 0 −2 cos φ sin φ 0 0

0 0 1 0 0 0
− cos φ sin φ cos φ sin φ 0 cos2 φ− sin2 φ 0 0

0 0 0 0 cos φ − sin φ

0 0 0 0 sin φ cos φ


(4.32)

where both of these tensors are used in conjunction with a stress tensor of the form:

σ = {σ11, σ22, σ33, σ12, σ13, σ23}T (4.33)

Once the stress tensor in the misalignment frame is obtained, the same process as the
one described for the occurrence of transverse failure takes place, albeit with the fracture
plane stress components being defined in relation to the misalignment coordinate system.
Thus, if tϕ

N < 0:

ϕKMC =
(

tφ
L

Sis
L − ηLtφ

N

)2

+
(

tφ
T

Sis
T − ηT tφ

N

)2

(4.34)

and if tφ
N ≥ 0, the failure index is given by:

ϕKMT =
(

tφ
N

Sis
T

)2

+
(

tφ
N

Sis
T

)2

+
(

tφ
L

Sis
L

)2

+ λ

(
tφ
N

Sis
T

)(
tφ
L

Sis
L

)2

+ κ

(
tφ
N

Sis
T

)
(4.35)

Finally, the failure index for fiber kinking is defined as the maximum of the tensile
and compressive fiber kinking indices: ϕK = max(max(ϕKMT ), max(ϕKMC))

Failure Envelope: The limit stress configurations resulting from the application of the
Catalanotti three-dimensional failure criteria are shown in Figure 4.9, which considers the
σ11-σ22, σ11-σ12, σ11-σ23, σ22-σ12, σ22-σ13, σ22-σ23, σ12-σ13 and σ12-σ23 stress spaces.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 4.9: Catalanotti criteria for (a) σ11-σ22 (b) σ11-σ12 (c) σ11-σ23 (d) σ22-σ12 (e) σ22-σ13 (f) σ22-σ23
(g) σ12-σ13 (h) σ12-σ23 failure envelopes.
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4.2.4 Comparison
After presenting some of the main formulations used in the literature to determine failure,
it is relevant to analyse their effectiveness at conveying this state. Thus, experimental
results were compared with the predictions made by the failure criteria for the AS4/55A
and IM7/8552 carbon fiber composites in Figures 4.10 and 4.11, respectively.

Taking these (and other comparisons made in the literature which consider other
materials [29]) into consideration, it is possible to determine that Catalanotti’s three
dimensional failure criteria presents the best correlation with what occurs experimentally.

Figure 4.10: Failure envelopes of the AS4/55A UD carbon epoxy laminate obtained by various theories,
with experimental results from Sun [41] and Swanson et al. [42]

Figure 4.11: Failure envelopes of the IM7/8552 UD carbon epoxy laminate obtained by various theories,
with experimental results from Koerber et al. [30]
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4.3 Continuum Damage Mechanics
The continuum damage mechanics (CDM) approach, originally developed by Kachanov
and Rabotnov [43, 44, 45] through the area reduction method, and later improved by
Lemaitre and Chaboche [46, 47] considers the effect of cracks in the structure by degrad-
ing its properties, such as moduli and strength, homogenizing the effect of the localized
damage in a continuum. A mesoscale approach, through the lens of CDM, differentiates
between the plies of a composite material and the interface between those plies. The in-
traply behaviour of a unidirectional lamina is orthotropic and, in effect, the longitudinal
axis corresponds to the fiber and the transverse axis corresponds to the matrix. Hence,
any degradation of these constituents will influence the properties of the ply in that di-
rection. Through CDM, by applying degradation laws to the constituents and orienting
them in the correct disposition, it is possible to express the behaviour of the material in
a realistic manner.

In order to account for the complex mechanical behaviour of composites brought about
by the deterioration of each phase when subjected to loading, as well as the inter-phase
interactions, it is necessary to establish damage models which account for the decay of the
mechanical properties according to the stress state. The continuum damage mechanics
approach represents the damage state of the material through damage variables di.

Figure 4.12: Deformation and damage of a bar under tensile load [48].

These damage variables are directly related to the accumulation of cracks in the ma-
terial and the corresponding reduction of load carrying effective area [45]. Considering
the example in Figure 4.12, the transition of the cross-sectional effective area from A0 to
Ã as damage progresses leads to a proportional increase in effective stress σ̃, given by:

σ̃ = dF

dÃ
= σ

1−D
(4.36)

Applying the elastic law under uniaxial loading and considering strain equivalence
between the damaged and fictitious undamaged states of Figure 4.12:

σ̃ = E0ε
e ↔ σ = E0(1−D)εe = Edεe (4.37)
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where Ed is expressed as the damaged material modulus. Expanding this concept to
the three-dimensional domain gives rise to the d damage tensor, acting on each stress
component as:

σ̃ = σ : d−1 (4.38)

leading to an elastic constitutive relation given through damaged compliance matrix in
the form of:



ε11
ε22
ε33
γ12
γ23
γ13


=



1
E1(1−d1) −ν21

E2
−ν31

E3
0 0 0

−ν12
E1

1
E2(1−d2) −ν32

E3
0 0 0

−ν13
E1

−ν23
E2

1
E3(1−d3) 0 0 0

0 0 0 1
G12(1−d4) 0 0

0 0 0 0 1
G23(1−d5) 0

0 0 0 0 0 1
G13(1−d6)





σ11
σ22
σ33
σ12
σ23
σ13


(4.39)

where the non-diagonal components are independent of damage, given that the Poisson
ratio νij is considered to receive the same damage as the moduli Ei and Gij [49], assuring
a symmetrical compliance matrix.

νij (1− di)
Ei (1− di)

= νij

Ei

(i, j = 1, 2, 3 i ̸= j) (4.40)

4.4 Plasticity
Another phenomenon that can be observed in the material response of composite lami-
nates is pseudo-plasticity, as illustrated in Figure 4.13, which is induced by the plasticity
of the matrix and fiber matrix slippage [50]. Thermoplastic matrix composites have higher
susceptibility to the occurrence of plastic and pseudo-plastic deformation phenomena, es-
pecially on transverse and shear load configurations. This is due to the more ductile
nature of their matrix, when compared to thermoset based composites.

In more general terms, the theory of plasticity aims to characterize the plastic, i.e.
permanent deformation of materials after they have been subjected to load configurations
that cause the stress levels to surpass the elastic, or yield, limit of the material. It can
be differentiated into rate-dependent and rate-independent plasticity. That is, whether
or not the timescale and sequence of events influence the material behaviour. Only rate-
independent plasticity will be discussed, being most suitable for the study of quasi-static
loading regimes.

The fundamental aspect of plasticity is the existence of two domains, one elastic and
another plastic, divided by the yield stress σy. Once the stress increases beyond that limit,
plastic flow occurs whereby the increase of plastic strain εp takes place. Furthermore, an
effect designated as hardening is commonly found accompanying plasticity. It is given as
the evolution of the yield stress itself as a function of the plastic strain, which can be seen
occurring in the shear stress strain curves of Figure 4.13.
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(a) (b)

Figure 4.13: Shear stress strain curves for (a) AS4/PEKK thermoplastic and (b) T300/914 thermoset
matrix composites, with plastic deformation development. Adapted from [51] and [52], respectively.

In order to understand the fundamental principles and inner workings of the theory
of plasticity, a simple one-dimensional elasto-plastic constitutive model, upon which the
plasticity model implemented in this dissertation is based, will be described. The stress
strain curve resultant from this model is illustrated in Figure 4.14.

Figure 4.14: Model curve of uniaxial tension experiment with the occurrence of plasticity [53].

Elasto-plastic decompositon of the axial strain

ε = εe + εp (4.41)

The presence of the elastic and plastic domains gives rise to their associated strains,
one of which, εe, is fully reversible and the other, εp, is permanent. This is especially
apparent by observing the point O1 of Figure 4.14 which despite having no acting stress,
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presents deformation equal to that sustained in the plastic domain.

Elastic uniaxial constitutive law

σ = Eεe (4.42)

The stress is therefore defined, in the elastic domain, as function of the elastic modulus
E and the elastic strain εe.

Yield function and criterion

Fp(σ, σy) = σ − σy (4.43)

As stated before, the yield strength limits the elastic stress region. Therefore, the set
of stresses σ that satisfy Fp < 0 are in that same domain. If, however, the stress level
increases such that that condition is not verified, it must only lie in the yield limit, with
no stress level being permitted to exceed σy. Hence, the yield function is such that:

Fp(σ, σy) ≤ 0 (4.44)

Plastic flow rule When Fp = 0, either loading continues, plastic deformation occurs,
and the plastic strain rate ε̇p is not null; or elastic unloading takes place, in which case
ε̇p = 0. Considering the case of plastic straining:

ε̇p = λ̇
∂Fp

∂σ
(4.45)

where λ̇ is the plastic multiplier, a non-negative scalar which also acts as a consistency
parameter [54], and ∂Fp

∂σ
is the plastic flow vector, stating the direction of flow in the

strain space, as illustrated in Figure 4.15b. Given that the plastic rate is null in the
elastic domain:

Fp < 0⇒ λ̇ = 0⇒ ε̇p (4.46)

Hence, the Karush-Kuhn-Tucker conditions for the elasto-plastic model are defined as
a consequence of Equations 4.44, 4.46 and the non-negativity of λ̇:

Fp(σ, σy) ≤ 0 ∧ λ̇ ≥ 0 ∧ Fpλ̇ = 0 (4.47)

Hardening The evolution of the yield stress as plastic strain increases is a clear indica-
tor that hardening is occurring. It can be included in the mathematical model by stating
that σy is defined as:

σy = σy(ε̃p) (4.48)

where ε̃p =
∫ t

0 |ε̇p|dt and σy is a function of the accumulated plastic strain ε̃p.
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(a) (b)

Figure 4.15: (a) Isotropic hardening and (b) associated plastic flow [55].

Plastic multiplier Finally, the only parameter left unknown is the plastic multiplier λ̇.
Based on the expressions on 4.47 and given that during plastic yielding Fp = 0, it leads
that Ḟpλ̇ = 0. Hence, since λ̇ ≥ 0⇒ Ḟp = 0, given by the following expression:

Ḟp = 0⇒ dFp

dσ
σ̇ − dσy

dε̃p
˙̃εp = 0⇔ dFp

dσ
E(ε̇− ε̇p)− dσy

dε̃p
˙̃εp = 0 (4.49)

Considering Equation 4.45 and that, from the definition of ε̃p, ˙̃εp = |ε̇p|:

dFp

dσ
E

(
ε̇− dFp

dσ
λ̇

)
− dσy

dε̃p

∣∣∣∣∣dFp

dσ
λ̇

∣∣∣∣∣ = 0 (4.50)

which, considering the non-negativity of λ̇, results in its definition as:

λ̇ =
dFp

dσ
E

dσy

dε̃p +
(

dFp

dσ

)2
E
|ε̇| (4.51)
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Chapter 5

Ply Behaviour

This chapter focuses on establishing a material model for ply behaviour. A continuum
damage mechanics framework is implemented via the damage model developed by Lade-
vèze and Le Dantec [52], introducing damage evolution laws that lead to the prediction
of the transverse and shear non-linear response.

Pseudo-plasticity is taken into account by a coupled non-linear hardening formula-
tion, in order to consider the residual deformation observed during transverse and, most
notably, shear loading scenarios.

The occurrence of fiber, matrix and fiber kinking failure is determined by the three-
dimensional failure criteria developed by Catalanotti et al. [29]. Post-failure behaviour is
governed by the evolution of a failure damage parameter df such that the energy dissipated
in this stage reflects the fracture energy of the failed constituent.

Phenomenae such as the in situ effect and fiber rotation are also considered in the
described material model.

5.1 Diffuse Damage
The first stage of development of the model focused on appropriately characterizing the
non-linear response occurring when composites are solicited in shear and transverse stress
configurations, which can be observed in Figure 5.2a and Figure 5.2b, respectively.

For this effect, the introduction of a formulation developed by Hahn and Tsai [56] was
first considered. The non-linearity of the shear behaviour is governed by the coefficient
β, designated as the shear response factor, which is obtained from experimental data.
Validated by Chang et al. [57], this formulation is given as:

γ12 = 1
G12

σ12 + βσ3
12 ⇒ β =

γ12 − σ12
G12

σ3
12

(5.1)

As can be verified in Figure 5.1, this method can be useful to describe the initial
stages of the shear stress-strain response, where the operating envelope of most cross-ply
laminates is. Accordingly, this approach will be used in Section 5.5 to obtain the in-situ
properties of embedded plies.

45
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(a) (b)

Figure 5.1: Shear response factor approach to describe shear behaviour in (a) AS4/3501-6 and (b)
E-Glass/LY556/HT907/DY063 epoxy composites. Experimental data obtained from Soden et al. [58].

However, this method does not assess the non-linear transverse behaviour and is also
insufficient to describe the later stages of the shear response, relying on a rough curve
fitting approximation that yields inconsistent results, instead of a physical damage-based
framework. Therefore, a formulation based on the work of Ladevèze and Le Dantec [52]
and Lachaud [59] was implemented.

In this approach, continuum damage mechanics are employed to describe matrix micro-
cracking and fiber-matrix debonding damage modes, differentiating between tension and
compression. A plane stress state is assumed in the original formulation [52]. The ply
complementary free energy density is first characterized as:

ED = 1
2

[
σ2

11
E0

1
− 2ν0

12
E0

1
σ11σ22 + ⟨σ22⟩2+

E0
2(1− dm) + ⟨σ22⟩2−

E0
2

+ σ2
12

2G0
12(1− dfm)

]
(5.2)

where dfm and dm are scalar damage variables for fiber-matrix debonding and matrix
microcracking, respectively, and ⟨•⟩ are the Macaulay brackets, indicating that, for any
real number x, ⟨x⟩+ = (x + |x|)/2 or ⟨x⟩− = (x − |x|)/2 [54]. Crack closure under load
reversal is taken into account by nullifying the transverse damage variable when under
compressive stress. The shear damage variable is not considered to be affected by the
crack closure effect since transverse cracks do not close under shear stresses [60]. Hence,
the damaged elastic law is given by:

εe = K−1σ ⇔



εe
11 = σ11

E0
1
− v12

E0
1
σ22

εe
22 = ⟨σ22⟩+

E0
2(1−d22) + ⟨σ22⟩−

E0
2
− v0

12
E0

1
σ11

εe
12 = σ12

2G0
12(1−d12)

(5.3)

where the damage variables are defined through a damage development law defined as:

d = ⟨Y − Y0⟩+
Yc

(5.4)
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The components Y0 and Yc are the initiation and critical values, respectively, for
damage evolution and Y is defined as:

Y (t) =
supτ≤t

(√
Ydm(τ)

)
, for matrix microcracking.

supτ≤t

(√
Ydfm

(τ) + bYdm(τ)
)

, for fiber-matrix debonding.
(5.5)

Yd is a property analogous to the energy release rate, in the sense that it governs the
development of damage [59]. This thermodynamic variable is linked with the damage
variables dfm and dm through Eq. 5.6 and Eq. 5.7. Regarding b, it is a coupling coeffi-
cient between the transverse and shear damage. It corresponds to the ratio between the
transverse traction modulus, Et

22 and the shear modulus, G12. The term supτ≤t represents
the irreversibility of the damage process, whereby Y has the maximum value from any
previous time τ up until the current time t.

Ydm = ρ
∂φ

∂dm

∣∣∣∣∣
σ,dfm

= ∂ED

∂dm

∣∣∣∣∣
σ,dfm

= 1
2

⟨σ22⟩2+
E0

22 (1− dm)2 (5.6)

Ydfm = ρ
∂φ

∂dfm

∣∣∣∣∣
σ,dm

= ∂ED

∂dfm

∣∣∣∣∣
σ,dm

= 1
2

σ2
12

G0
12 (1− dfm)2 (5.7)

Since the current numerical model is developed for a three dimensional context, it is
necessary to expand the ply complementary free energy density given in Equation 5.2 to
the following relation:

ED = 1
2

[
σ2

11
E0

1
+ ⟨σ22⟩2+

E0
2(1− dm) + ⟨σ22⟩2−

E0
2

+ ⟨σ33⟩2+
E0

3(1− dm) + ⟨σ33⟩2−
E0

3
−

2ν0
12

E0
1

σ11σ22 −
2ν0

13
E0

1
σ11σ33 −

2ν0
23

E0
2

σ22σ33+

σ12
2

2G0
12(1− dfm) + σ13

2

2G0
13(1− dfm) + σ23

2

2G0
23(1− dfm)

] (5.8)

with the diffuse damage incurred from matrix damage and fiber-matrix debonding affect-
ing the out-of-plane directions of the laminate.

It is noteworthy to mention that, contrary to this approach, Wang et al. [54] does not
include the extension of the damage components to the out-of-plane related directions,
continuing to act solely on the transverse and in-plane shear components (Equation 5.9).
Both methodologies will be implemented in the computational model, with the possibility
of activating one or the other.

ED = 1
2

[
σ2

11
E0

1
+ ⟨σ22⟩2+

E0
2(1− dm) + ⟨σ22⟩2−

E0
2

+ σ2
33

E0
3
− 2ν0

12
E0

1
σ11σ22 −

2ν0
13

E0
1

σ11σ33−

2ν0
23

E0
2

σ22σ33 + σ12
2

2G0
12(1− dfm) + σ13

2

2G0
13

+ σ23
2

2G0
23

] (5.9)
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Application: In a more practical sense, the damage evolution laws must first be char-
acterized with the help of experimental data. The following scenario exemplifies this
procedure for the transverse and shear stress-strain response of the AS4/PEEK compos-
ite, obtained as a result of cyclic tensile tests conducted by Lachaud [59] on (±45)2S and
(90)16 specimens, which can be observed in Figure 5.2.

The emergence and progression of damage can be verified by observing the degradation
of the secant stiffness modulus for each loading and unloading cycle. Quantifying this
evolution requires measuring it at each inflection point of the cyclic test (slope of the
straight line that passes through the last point of cycle i and the first point of cycle i + 1)
and comparing it to the original modulus, measured before the beginning of the non-linear
response, in accordance with ASTM D3518 [61].

(a) (b)

Figure 5.2: Cyclic stress-strain curves for (a) shear and (b) transverse stress response of AS4/PEEK
composite.

The damage parameters di
12 and di

22 can then be measured via the following expres-
sions:

di
12 = 1− Gi

12
G0

12
di

22 = 1− Ei
22

E0
22

(5.10)

Once the damage parameters are obtained, it is possible to plot them against Y ,
previously specified in Equation 5.5, and obtain the damage evolution laws through a
curve fitting procedure.

Lachaud [59] observed in (+45)2S tests that the transverse component Ydm is insignif-
icant in relation to the shear component Ydfm

: σ+45
22 ≈ 0.078σ+45

12 . Thus, the expression of
Y for fiber-matrix debonding can be simplified to:

Y 12(d12) = sup

√1
2G0

12γ
e
12

2

 (5.11)

eliminating the need to establish the parameter b, present in Equation 5.5.
It is good practice to not limit this analysis to a single test (i.e. just a tensile test of a

(±45)2S specimen, for shear response) but also test other layup configurations ((+45)2S

and (±67.5)2S, for example), since those will provide a corroboration of the results, better
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understanding of the transverse-shear coupling nature, and damage parameter values for
different domains of Y . In this scenario, as can be observed in Figure 5.3a, damage values
resulting from the tensile test of a (+45)2S specimen resulted in better understanding of
the early stages of damage, leading to a piecewise damage evolution law.

(a) (b)

Figure 5.3: Experimental damage behaviour and curve fitting for (a) shear and (b) transverse response
of AS4/PEEK composite.

The shear damage evolution is therefore characterized on a first phase by a linear law,
transitioning soon after to a power law type progression, given by Equation 5.12.

dfm = d12 =


0 , if 0 ≤ Y 12 < Y 0

12

0.3780Y 12 − 0.0114 , if Y 0
12 ≤ Y 12 < Y trans

12

0.6094− 0.245Y 12
−1.84 , if Y trans

12 ≤ Y 12 < Y c
12

(5.12)

Regarding transverse damage, it behaves as shown in Figure 5.3b, leading to a linear
damage evolution law, specified in Equation 5.13.

dm = d22 = 0.0685Y 22 (5.13)

Once the damage components have been identified, they are considered in the stiffness
matrix originating the damaged stiffness matrix Cd, as shown in Equation 5.14.

Cd =



C11 C12 C13 0 0 0
C21 C22(1− dm) C23 0 0 0
C31 C32 C33(1− dm) 0 0 0
0 0 0 C44(1− dfm) 0 0
0 0 0 0 C55(1− dfm) 0
0 0 0 0 0 C66(1− dfm)


(5.14)

The diffuse damage calculation process in a computational environment can thus be
described through Algorithm 1.
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Algorithm 1 Diffuse damage evolution
Require: E22, G12, ν12, ν21, εc

11, εc
22, γc

12

Ensure: Matrix failure has not occurred.
Y c

22 ←
√

1
2E22

1+ν12
1−ν12ν21

(εc
11 + εc

22)2

Y c
12 ←

√
1
2G12γc

12
2

Y 22 ←
√

1
2E22

1+ν12
1−ν12ν21

⟨εe
11 + εe

22⟩
2
+

Y 12 ←
√

1
2G12γe

12
2

if Y 0
ij ≤ Y ij < Y c

ij then

dij ← f(Y ij)
end if

5.2 Plasticity

As discussed in Section 4.4 and observed in Figure 5.2, pseudo-plastic phenomena take
place in fiber reinforced composites. This concept will be implemented in the current
numerical model through an elasto-plastic approach with non-linear isotropic hardening,
expanding the previously introduced framework to a three-dimensional scenario.

In order to do this, a tensor based formulation was used alongside the free energy
potential concept within a thermodynamic framework. The free energy φ is such that:

φ = φ(εe, p, α) (5.15)

where εe is the elastic strain tensor, p is the effective accumulated plastic strain and α is
associated to kinematic hardening [50], the latter of which will not be considered in the
current approach. The yield function can then be expressed as:

Fp(σ̄, R) = σeq −R (5.16)

where R describes the evolution of the yield surface obtained by:

R(p) = ρ
∂φ

∂p
(5.17)

and σeq is a Hill-type plastic potential function, independent of the longitudinal effective
stress σ̄11 due to purely elastic behaviour in that direction:

σeq =
√

σ̄2
12 + σ̄2

13 + σ̄2
23 + a2(σ̄2

22 + σ̄2
33) (5.18)

where the parameter a2 describes the relation between plastic deformation formed due to
transverse loads compared to shear loads [52], being obtained experimentally and defined
through the following relation:
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a2 =
˙̄εp
22(1− d22)2σ12

2 ˙̄εp
12(1− d12)2σ22

(5.19)

The use of σ̄ij effective stress components in the plastic potential is due to the notion
that the internal stress generated under loading is sustained by the undamaged part of
the material [54]. As a result, plastic effects only occur in that section and are described
in relation to the effective stress σ̄, obtained through the undamaged stiffness matrix C0
by Equation 5.21. The definition of p also takes into account the effect of damage in the
measured plastic strain so that the effective accumulated plastic strain is obtained [59]:

p = 2(1− d12)εp
12 (5.20)

σ̄ = C0 : εe (5.21)

where the previous considerations for the additive decomposition of the elastic strain
tensor remain valid:

ε = εe + εp ∧ ε̇ = ε̇e + ε̇p (5.22)

The plastic strain rate tensor is expressed as a function of the plastic multiplier and
the plastic flow tensor:

ε̇p = λ̇
∂Fp

∂σ̄
(5.23)

and the rate of the hardening variable p is analogously given by:

ṗ = −λ̇
∂Fp

∂R
(5.24)

Considering the Karush-Kuhn-Tucker conditions expressed in Equation 4.47 and the
condition that stresses must remain on the yield surface when plastic flow is occurring:

Ḟp = 0⇒ ∂Fp

∂σ̄
: ˙̄σ + ∂Fp

∂R
: Ṙ = 0 (5.25)

where:  ˙̄σ = C0 : ε̇e = C0 : (ε̇− ε̇p) = C0 : (ε̇− λ̇∂Fp

∂σ̄
)

∂Fp

∂R
= −1

(5.26)

Using an hardening law of the type R = Kp⇒ Ṙ = Kṗ = Kλ̇, the plastic multiplier
can then be expressed by the following relation:

λ̇ =
∂Fp

∂σ̄
: C0 : ε̇

∂Fp

∂σ̄
: C0 : ∂Fp

∂σ̄
+ K

(5.27)

Special attention must be given to the value of λ̇ when implementing the model since
a negative plastic multiplier would imply plastic unloading from the yield surface, which
is not possible [62]. Therefore, if Equation 5.27 results in a negative value, λ̇ should be
assumed null, so that elastic unloading occurs.
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Application: Considering once again the behaviour of the AS4/PEEK composite, it is
possible to compute the evolution of the effective accumulated plastic strain in relation to
the effective stress, thereby obtaining the material specific hardening law. This evaluation
is done using data from the [±45]2S tensile test due to its significant plastic behaviour,
allowing for better understanding of its development. A necessary step that must be taken
before characterizing plasticity is the establishment of the damage evolution law.

Ri + R0 =
√

2
∫ σmax

12

0

σ12

(1− di
12)

dσ12 = σi
12

1− di
12

(5.28)

pi =
∫ (εp

12)i

0
2(Ri + R0)

(1− di
12)

2

σi
12

dεp
12 = 2(1− di

12)(ε
p
12)

i (5.29)

Figure 5.4: Master plasticity curve for AS4/PEEK.

Resulting in a power law of the type R(p) = K(p + β)α. The yield function can thus
be established:

Fp =
√

σ̄2
12 + σ̄2

13 + σ̄2
23 + a2(σ̄2

22 + σ̄2
33)−R(p) (5.30)

and the plastic multiplier given by the following relation:

λ̇ =
∂Fp

∂σ̄
: C0 : ε̇

∂Fp

∂σ̄
: C0 : ∂Fp

∂σ̄
+ Λ

, where Λ = Kαpα−1 (5.31)

Figure 5.4 illustrates the measured experimental data, along with the derived master
plasticity curve previously described. The application of plasticity in a computational
environment is given by Algorithm 2.
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Algorithm 2 Plasticity algorithm
Require: σ̄, C0, ε, ε̇, R(p), a2

Ensure: Matrix failure has not occurred.
Fp ←

√
σ̄2

12 + σ̄2
13 + σ̄2

23 + a2(σ̄2
22 + σ̄2

33)−R(p)
if Fp = 0 then

λ̇←
∂Fp
∂σ̄

:C0:ε̇
∂Fp
∂σ̄

:C0: ∂Fp
∂σ̄

+Λ

if λ̇ < 0 then

λ̇← 0
end if

else

λ̇← 0
end if

ε̇p ← λ̇∂Fp

∂σ̄

εe ← ε− (εp + ε̇p)

5.3 Fiber Rotation

An increase of stress can be observed in the later stages of the [±45]2S quasi-static ten-
sile test (Figure 5.5a), where the laminate reaches large strain values. This occurs in
agreement with the standard ASTM D3518 [61] and the observations made by Wisnom
[63], which warn of significant fiber scissoring effects in this type of test that limit the
validity of the shear stress results up to 5% of calculated shear strains values [61]. It is
especially relevant to consider fiber rotation in the case of composites with matrices of
higher ductility, such as thermoplastics, since this effect is exacerbated in those materials,
as it can be verified in Figure 5.5b, where the AS4/PEEK thermoplastic sustained 10◦ of
fiber rotation under shear solicitation.

Moreover, although this event is not expected to affect typical quad-type laminates
since the 0◦ layer fails before the large axial strains necessary for fiber rotation take place,
structures designed in accordance with the novel double-double composite layup method
will be susceptible to it. Therefore, it was considered relevant to include and model the
fiber scissoring phenomenon in the present model.

Three methods of calculating and implementing fiber rotation were considered, with
increasing orders of complexity. The first one stems from the general rule of Kellas et
al. [64] that states that one degree of fiber rotation occurs for every 2% of axial strain,
or 3.5% of shear strain; the second one consists of a geometrically based approach that
considers the effect of the principal axial strains, developed by Herakovich et al. [65] and
Fuller and Wisnom [66]; the third one, formulated by Eskandari et al. [67] is a tensor
based formulation that unpacks the total rotation tensor into rigid rotation and fiber
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(a) (b)

Figure 5.5: Behaviour of the [±45]2S laminate of AS4/PEEK subjected to a uniaxial tensile load [59].
(a) Shear stress strain response and (b) Variation of fiber angle in relation to the imposed stress.

rotation tensors with the aid of body kinematics, where the latter, expressed as R, is a
second order tensor that represents the rotation of the fiber in three dimensions.

Given the high complexity of the tensor based formulation and the overgeneralized
approach of the first method, the calculation fiber rotation was based on the approach of
Herakovich et al. [65] and Fuller and Wisnom [66], where the fibers are considered to be
inextensible, realigning towards the direction of applied stress. The updated fiber angle
θ′ is thus function of the axial strains εxx and εyy is given by Equation 5.32, resulting in
the fiber angle evolution illustrated in Figure 5.6.

θ′ = arctan
(

tan(θ) + εyy

1 + εxx

)
(5.32)

In the case of large deformations, fiber rotation can significantly influence the shear
behaviour of the specimen. In that case, the strain-stress curve does not represent a pure
shear stress state since it is based on the assumption of a constant fiber angle. Thus, it
is necessary to adapt the curve considering the rotation of the fibers.

Lamination theory allows for the stresses in the principal coordinate system to be
described in relation to the longitudinal axial stress σxx and the orientation angle θ of the
laminate in relation to the principal axis [65]:

σ11 = Bσxx

σ22 = (1−B)σxx

σ12 = −1
2mn

[B(1− 2m2) + m2]σxx

(5.33)

where m = cos θ, n = sin θ and:

B =
 m2(2m2 − 1) + 4m2n2 G12

E22

(
E22
E11

ν12 + 1
)

4m2n2 G12
E22

(
E22
E11

+ 2E22
E11

ν12 + 1
)

+ (2m2 − 1)(m2 − n2)

 (5.34)

Given that the experimental shear stress was obtained considering θ = 45◦ and thus,
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Figure 5.6: Variation of fiber rotation with the increase of axial strain, for an initial ply angle of 45◦.

σxx/2, and that the fiber angle went down to less than 35◦ (Figure 5.5b), there is a large
discrepancy between the value of pure shear stress and the directly measured one, as can
be verified in Figure 5.7.

Figure 5.7: Variation of σ12/σxx in relation to fiber angle.

Since a correction will have to be done to the shear stress-strain curve, it is also
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necessary to consider the adjustments to the shear strain γ12. This is done through the
strain transformation relation:

ε11
ε22
γ12

 =

 m2 n2 mn

n2 m2 −mn

−2mn 2mn m2 − n2


εxx

εyy

γxy

⇒ γ12|γxy≈0 = −2mn(εxx − εyy) (5.35)

The effect of fiber rotation on the material properties is minor [68] and will therefore
not be taken into account. Thus, with m and n updating as fibers reorient, the corrected
shear stress strain curve is displayed in Figure 5.8.

Figure 5.8: Original shear stress strain curve vs corrected pure shear stress strain curve.

Consequently, the diffuse damage curve has to be adapted to what now is the pure
shear stress strain curve, resulting in Figure 5.9.

The (45)2S experimental test data was not adjusted given that its domain is only
marginally affected by fiber rotation. The corrected shear diffuse damage is therefore
given by:

dfm =


0 , if 0 ≤ Y 12 < Y 0

12

0.3780Y 12 − 0.0114 , if Y 0
12 ≤ Y 12 < Y trans

12

0.9− 0.505Y 12
−0.765 , if Y trans

12 ≤ Y 12 < Y c
12

(5.36)
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Figure 5.9: Corrected diffuse shear damage master curve.

Application: The insertion of the fiber rotation process in a computational environment
can then be summarized by Algorithm 3.

Algorithm 3 Fiber rotation algorithm
Require: 0 < θ0 < π/2
Ensure: 0 ≤ θ ≤ π/2

εxx ← ε11+ε22
2 + ε11−ε22

2 cos(−2θ) + γ12
2 sin(−2θ)

εyy ← ε11+ε22
2 − ε11−ε22

2 cos(−2θ)− γ12
2 sin(−2θ)

εxy ← − ε11−ε22
2 sin(−2θ) + γ12

2 cos(−2θ)
if θ > 0 then

θ′ ← arctan
(

tan(θ0)+εyy

1+εxx

)
else

θ′ ← − arctan
(

tan(θ0)+εyy

1+εxx

)
end if

ε′
11 ←

εx+εyy

2 + εxx−εyy

2 cos(2θ′) + εxy sin(2θ′)
ε′

22 ←
εxx+εyy

2 − εxx−εyy

2 cos(2θ′)− εxy sin(2θ′)
γ′

12 ← 2
(
− εxx−εyy

2 sin(2θ′) + εxy cos(2θ′)
)
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5.4 Failure Criteria
It is now necessary to establish the criteria by which failure is evaluated. Based on the
comparison of different formulations done in Section 4.2.4, the three-dimensional failure
criteria developed by Catalanotti et al. [29] was deemed the most reliable.

This formulation considers longitudinal and transverse failure modes, in both tension
and compression, whose implementation process will be explained next.

5.4.1 Transverse Failure

It was previously introduced that failure in the transverse direction leads to the formation
of a fracture plane characterized by the angle between the fracture plane and the through-
thickness direction, α. The determination of this angle requires that a maximization
problem is solved, that is, finding the angle that maximizes the matrix failure index for a
given stress state.

Hence, an iterative process is done by varying α from 0◦ to 180◦ and rotating the stress
tensor σ by that same amount in order to calculate ϕMT and ϕMC , the failure indices for
matrix tension and compression, respectively.

σα = T α · σ (5.37)

where T α is given by Equation 4.32. And the stresses on the fracture plane are established
as:

tN = σα
22 tL = σα

21 tT = σα
23 (5.38)

The fracture angle α then corresponds to the angle that originated the maximum
failure index in tension or compression. Experimental results indicate that α0 = 53± 2◦

in uniaxial compression [39], decreasing to around 40◦ as the off-axis compression degree
increases, going then suddenly to 0◦ [60], as illustrated in Figure 5.10 for the specific
case of a unidirectional E-glass epoxy lamina. Therefore, if it is necessary to decrease
the computational effort of the model, α0 can be assumed as either 53◦ in the case of
compression or 0◦ in the case of tensile stress.

Looking now at the failure indices’ formulation, it is necessary to determine several
material related properties, namely: Sis

L in situ longitudinal shear strength; Sis
T in situ

transverse shear strength; Y is
T in situ transverse tensile strength; Y is

C in situ transverse
compressive strength; ηL longitudinal friction coefficient and ηT transverse friction coeffi-
cient, who are highlighted in the following equations:

ϕMC =
(

tL

Sis
L −ηLtN

)2
+
(

tT

Sis
T −ηT tN

)2

ϕMT =
(

tN

Sis
T

)2
+
(

tN

Sis
T

)2
+
(

tL

Sis
L

)2
+ λ

(
tN

Sis
T

)(
tL

Sis
L

)2
+ κ

(
tN

Sis
T

)
κ = Sis

T
2−Y is

T
2

Sis
T

2
Y is

T
2

λ = 2ηLSis
T /Sis

L − κ

(5.39)
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Figure 5.10: Matrix failure envelopes of a unidirectional E-glass epoxy lamina subjected to in-plane
transverse compression and shear loading [69].

Of these, Sis
L and Y is

T will be determined in the following Section 5.5, which concerns
the in situ effect, and ηT was obtained by Dávila et al. [69] such that:

ηT = −1
tan(2α0)

(5.40)

According to Koerber and Camanho [30] ηL can be obtained from a 15◦ off-axis test
(with other bi-axial test data also being suitable). However, if no experimental data is
available, ηL can be obtained from the relation between the friction coefficients proposed
by Puck and Schürmann [39]:

ηL

ηT

= SL

ST

⇔ ηL = −SL cos(2α0)
YC cos2(α0)

(5.41)

which then allows for the designation of Y is
C and Sis

T by the following relations [29]:

Y is
C = −Sis

L (2 cos2(α0)− 1)
ηL cos2(α0)

(5.42)

Sis
T = Sis

L (2 sin2(α0)− 1)
2
√

1− sin2(α0) sin(α0)ηL

(5.43)

An aspect that must be addressed is the fact that establishing these material properties
requires the value of α0 to be known. This property can be obtained from experimental
tests but, if it is not defined, a value of 53◦ is assumed.
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5.4.2 Longitudinal Failure
Regarding this type of failure, the main aspect that must be addressed lies within the
fiber kinking failure mode and concerns the misalignment frame angle φ which is obtained
through a Newton-Raphson procedure [70].

The total misalignment angle φ is understood to be comprised of the initial misalign-
ment angle φ0 and an angle γm originated by the shear stress. Assuming that the initial
material is in pristine conditions, φ0 = 0 and thus:

φ = sign(σ12)γm (5.44)

However, γm depends on the shear constitutive law τ = f(γm) which, simplifying for
a material that possesses linear behaviour in shear leads to:

σm
12 = χγm (5.45)

where χ is expressed as:
χ = sin(2φC)XC

2φC

(5.46)

and φC is the misalignment angle at failure, when subjected to pure axial compression,
and corresponds to:

φC = arctan


1−

√
1− 4

(
Sis

L

XC
+ ηL

)
Sis

L

XC

2
(

Sis
L

XC
+ ηL

)
 (5.47)

Solving Equation 5.45 can thus be solved using the Newton-Raphson method, where
the same relation can be expressed as:

F = χγm + 1
2(σ11 − σ22) sin(2γm)− |σ12| cos(2γm) (5.48)

and its derivative as:

dF

dγm

= χ + (σ11 − σ22) cos(2γm) + 2|σ12| sin(2γm) (5.49)

γm is then computed iteratively by:

γi+1
m = γi

m −
F |γm=γi

m

dF
dγm
|γm=γi

m

(5.50)
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Application: The implementation of these criteria can then be summarized through
the following algorithms, where Algorithm 4 relates to the transverse failure criteria and
Algorithm 5 describes the longitudinal criteria.

Algorithm 4 Transverse failure criteria algorithm
Require: σ, T α, Y is

T , Sis
L , Sis

T , ηL, ηT

κ← Sis
T

2−Y is
T

2

Sis
T Y is

T

λ← 2ηLSis
T /Sis

L − κ

α← 0
while α < 180 do

σα ← T ασ

tN ← σα
22 ∧ tL ← σα

12 ∧ tT ← σα
23

if tN > 0 then

ϕMT ←
(

tN

Sis
T

)2
+
(

tN

Sis
T

)2
+
(

tL

Sis
L

)2
+ λ

(
tN

Sis
T

)(
tL

Sis
L

)2
+ κ

(
tN

Sis
T

)
else if tN < 0 then

ϕMC ←
(

tL

Sis
L −ηLtN

)2
+
(

tT

Sis
T −ηT tN

)2

end if

if max(ϕMT , ϕMC) > ϕM then

ϕM ← max(ϕMT , ϕMC)
αC ← α

end if

α← α + 1
end while



62 Chapter 5. Ply Behaviour

Algorithm 5 Longitudinal failure criteria algorithm
Require: σ, T θ, T φ, T α, εft

11, XC , Y is
T , Sis

L , Sis
T , ηL, ηT , tolγ

if σ11 > 0 then

ϕLT ← ε11
εft

11

else if σ11 ≤ 0 then

θ ← 1
2 arctan

(
σ23

σ22−σ33

)
σθ ← T θσ

φC ← arctan


1−

√
1−4
(

Sis
L

XC
+ηL

)
Sis

L
XC

2
(

Sis
L

XC
+ηL

)


χ← sin(2φC)XC

2φC

while ∆γ > tolγ do

F ← χγm + 1
2(σ11 − σ22) sin(2γm)− |σ12| cos(2γm)

dF ← χ + (σ11 − σ22) cos(2γm) + 2|σ12| sin(2γm)
γi+1 ← γi − F

dF

∆γ ← |γi+1−γi|
|γi|

end while

if σθ
12 < 0 then

φ← −γ

else

φ← γ

end if

σφ ← T φσ

end if
... ▷ Employ the procedure for determining the fracture plane angle from Algorithm 4,
with the consequent failure indices being ϕKMT , ϕKMC and ϕK .
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5.5 In situ Effect
While investigating the occurrence of constrained cracking in the inner layers of cross-ply
laminates and the effect that ply thickness had on it, Parvizi et al. [71] observed that when
a composite’s layer is constrained by plies with different fiber orientations, its transverse
tensile and shear strengths are higher than when the same ply is part of a unidirectional
laminate .

Under those circumstances, ply strength becomes dependent on the ply’s location in
the laminate, its relative thickness and the orientation of its neighbouring plies. Therefore,
in order to have accurate stress-based models for matrix cracking, it is necessary to take
into account this effect and determine the in situ transverse and shear strengths of those
plies.

With this in mind, Camanho et al. [31] distinguished ply configurations into three
fundamental types: thick plies, thin plies, and thin outer plies. This is based on the
notion that, under a fracture mechanics approach, these types of plies have inherently
different boundary conditions for the propagation of a crack, which ultimately leads to
different in situ strengths [72].

5.5.1 Thick Plies
In a thick embedded ply, as shown in Figure 5.11, the slit crack is smaller than the
ply’s thickness. Therefore, it propagates in the transverse direction, until it reaches the
neighbouring plies.

Figure 5.11: Embedded thick ply [31].

The in situ tensile strength can be obtained by:

Y is
T =

√√√√ 2GT
Ic

πa0Λ0
22
⇔ Y is

T = 1.12
√

2YT (5.51)

where GT
Ic is the mode I transverse fracture toughness, a0 is half of the slit crack length

and Λ0
22, given by Dvorak and Laws [73], is a component of the tensor Λ established by

Laws [74] when defining the solution of the interaction energy for a slit crack.

Λ0
22 = 2

(
1

E2
− ν2

21
E1

)
(5.52)

Regarding the in situ shear strength for a thick ply, it can be obtained from the
following expression, where Sis

L corresponds to its only positive real root.
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(Sis
L )2

G12
+ 6

4β(Sis
L )4 = (Sis

L )2

2G12
+ 3

4β(Sis
L )4 (5.53)

where β is the shear response factor previously mentioned.

5.5.2 Thin Plies
A thin ply has the same or smaller thickness than its surrounding plies, with the slit crack
stretching across the ply’s thickness and only growing in the longitudinal direction, as can
be observed in Figure 5.12.

Figure 5.12: Embedded thin ply [31].

The in situ tensile strength of this type of ply can be obtained with the following
expression, where GL

Ic is the mode I longitudinal fracture toughness and t is the thickness
of the ply.

Y T
is =

√√√√ 8GL
Ic

πtΛ0
22

(5.54)

For a thin ply, the value of the in situ shear strength is given as the real root of the
following expression:

(Sis
L )2

8G12
+ 3

16β(Sis
L )4 = GL

IIc

πt
(5.55)

5.5.3 Outer Plies
In this type of ply, shown in Figure 5.13, the fact that the slit crack is in the vicinity of
the surface of the laminate contributes to the magnification of the energy release rate.

Figure 5.13: Thin outer ply [31].

The in situ transverse tensile strength is given as:

Y is
T = 1.79

√√√√ GL
Ic

πtΛ0
22

(5.56)
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while the in situ shear strength is obtained by solving the following expression:

(Sis
L )2

4G12
+ 3

8β(Sis
L )4 = GL

IIc

πt
(5.57)

5.5.4 Generalized in situ shear strength
Camanho et al. [31] verified that the solution of the in situ shear strength for each of the
layer types has the same general form, given by:

Sis
L =

√√√√√1 + βϕG12
2 − 1

3βG12
(5.58)

where ϕ is dependent on the ply configuration:

ϕ =


12(SL)2

G12
+ 18β(SL)4 , for a thick ply.

48GIIc

πt
, for a thin ply.

24GIIc

πt
, for an outer ply.

(5.59)

Application: The procedure for obtaining the in situ material properties can thus be
summarized in the form of Algorithm 6.

Algorithm 6 Assessment of in situ properties
Require: E1, E2, G12, ν12, YT , SL, β, tply, GL

Ic, GL
IIc, location, ply_type

Λ0
22 ← 2

(
1

E2
− ν212

E1

)
if location = inner then

if ply_type = thick then

ϕ← 12SL
2

G12
+ 18βSL

4

Y is
T ← 1.12

√
2YT

else if ply_type = thin then

ϕ← 48GL
IIc

πtply

Y is
T ←

√
8GL

Ic

πtΛ0
22

end if

else if location = outer then

ϕ← 24GL
IIc

πtply

Y is
T ← 1.79

√
GL

Ic

πtΛ0
22

end if

Sis
L ←

√√
1+βϕG122−1

3βG12
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5.6 Failure Damage
Three formulations for the evolution of failure damage were evaluated according to their
ability to describe the post-failure behaviour of the material and the fracture energy
resulting from their application.

The numerical implementation of all approaches took into account the regularization
of the dissipated energy by including the characteristic length of the finite element in
its calculation. This ensures that the solution is objective and independent of mesh
refinement and element geometry [75].

5.6.1 First Method
In this approach, Wang et al. [54] implements linear progressive damage laws similar
to those found in cohesive element damage formulation. The damage factor is based on
the instantaneous strain present at each time step ε, the damage onset strain ε0 and the
complete failure strain εf . The failure damage variables are thus given by:

dft =
εf

ft

εf
ft − ε0

ft

(
1−

ε0
ft

εft

)
(5.60)

dfc =
εf

fc

εf
fc − ε0

fc

(
1−

ε0
fc

εfc

)
(5.61)

where the indices ft and fc represent the fiber tensile and compressive failure modes,
respectively. The damage initiation strains and complete damage strains are:

ε0
ft = XT

E11
εf

ft =
2GT

fC

XT Lc
(5.62)

ε0
fc = XC

E11
εf

fc =
2GC

fC

XCLc
(5.63)

where GT
fC and GC

fC represent the fracture toughness associated with fiber tensile and
compressive failure, respectively, and Lc corresponds to the characteristic element length.
The longitudinal failure behaviour under this formulation in tension, compression, and
cyclic tension and compression is highlighted by Figure 5.14.

Regarding the matrix failure damage components, they are expressed as follows:

dmt = εf
mt

εf
mt − ε0

mt

(
1− ε0

mt

εmt

)
(5.64)

dmc = εf
mc

εf
mc − ε0

mc

(
1− ε0

mc

εmc

)
(5.65)

where mt and mc correspond to the matrix tensile and compressive failure modes. In the
tensile direction, the damage initiation strains and complete damage strains are obtained
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Figure 5.14: Longitudinal stress strain response under the Wang et al. failure damage formulation.
Dashed lines correspond to pure tensile and compressive behaviour while the solid line represents a cyclic
load scenario, alternating between tensile and compressive stresses.

in a similar way to the fiber related ones:

ε0
mt = YT

E22
εf

mt = 2GT
mC

YT Lc
(5.66)

where GT
mC corresponds to the fracture toughness of the matrix under tensile failure. For

compressive matrix failure, the damage factor is dependent on the strains acting on the
fracture plane. Hence, εmc =

√
εn

2 + γT
2 + γL

2 where:
εn = ε22 cos2 θ + ε33 sin2 θ + γ23(cos2 θ − sin2 θ)
γT = 2(ε33 − ε22) sin θ cos θ + γ23(cos2 θ − sin2 θ)
γL = γ31 sin θ + γ21 cos θ

(5.67)

In this case, the value for the onset strain ε0
mc is obtained by recording the value of

the strain εmc when failure occurs and the value for the final strain εf
mc is given by:

εf
mc = 2GC

mC

σ0
mcL

c
(5.68)

where GT
mC is the fracture toughness of the matrix under tensile failure and the onset

stress σ0
mc is obtained in a similar way to that of the onset strain ε0

mc, that is, saving the
value of σmc =

√
σn

2 + τT
2 + τL

2 when compressive matrix failure occurs.
The post failure behaviour for matrix failure is similar to that of fiber failure, shown

in Figure 5.14.
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5.6.2 Second Method

Linde et al. [36] describes the behaviour of damage after failure as a gradual deterioration,
with its exponential evolution being governed by the dissipation of the fracture energy of
the fiber or matrix, depending on the failed constituent.

Fiber and matrix deterioration after failure are controlled by the same formulation:

dk = 1− εk
ii

fk

e
−Ciiε

f
ii

(fk−ε
f
ii

)
GCk (5.69)

where k = f, m representing either fiber or matrix, Cii is the modulus stiffness described
in Section 4 and GCk is the fracture energy of the constituent.

Given that the original formulation is established in relation to criteria that assume
the occurrence of failure once the maximum principal strains are reached (see Section
4.2.3.1) and that the criteria employed in this model do so by means of failure indexes, it
is necessary to adapt the formulation of damage evolution as follows:

dk = 1− 1
fk

e
(1−fk)CiiLcε

f
i

2

GCk (5.70)

Thus, Figure 5.15 highlights the post-failure behaviour according to the described
formulation, for fiber tension and compression, with the matrix post-failure behaviour
being similar due to being based on the same formulation.

Figure 5.15: Longitudinal stress strain response with the Linde et al. failure damage formulation under
the same loading scenarios as previously.
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5.6.3 Third Method
The final approach that was analyzed for modeling the propagation of intralaminar failure
mechanisms was developed by Maimí et al. [60, 76]. Like the other approaches, once a
failure criterion is activated, the damage evolution laws force softening of the material,
differentiating between fiber and matrix failure modes. Moreover, in the latter, closure
and opening of crack under cyclic load reversal is taken into account.

Except for the longitudinal damage evolution law, the response of all the failure modes
is represented by exponential laws. In a sense, it mixes the first method which is purely
linear with the second which is completely exponential.

Under longitudinal tensile loading, the damage law is composed of two phases. The
first, linear stage, simulates the fiber-bridging and fiber pull-out phenomena. Once the
fiber pull-out strength XP O is reached the softening response starts following an exponen-
tial law, as illustrated in Figure 5.16a.

d1+ = 1− (1− dL
1+)(1− dE

1+) (5.71)

where dL
1+ and dE

1+ correspond to the linear and exponential damage variables. In the case
of longitudinal compression, the law consists of a combination of the failure mechanisms
caused by tensile, d1+(r1+), and compressive, d∗

1−(r1−), loads:

d1− = 1− [1− d∗
1−(r1−)][1− A±

1 d1+(r1+)] (5.72)

Under the transverse domain, the tensile and compressive damage variables operate in
a similar manner to the longitudinal ones, with tensile damage considering compressive
and tensile mechanisms and compressive damage accounting only for compressive, owing
to the matrix crack closure effect occurring under load reversal, as can be verified in
Figure 5.16b.

d2+ = 1− 1
f2+(r2+) exp [A2+(1− f2+(r2+))] (5.73)

d2− = 1− 1
r2−

exp [A2−(1− r2−)] (5.74)

where the parameters A2+ and A2− are obtained through numerical integration algorithms.
Shear loading results in shear stiffness reduction as a result of longitudinal and transverse
cracks, with its damage variable being defined as follows:

d6 = 1− [1− d∗
6(r2+)](1− d1+) (5.75)
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(a) (b)

Figure 5.16: Stress strain response under the Maimi et al. damage formulation for (a) longitudinal load
cycle O–A–B–O–C–D–E–O–F and (b) transverse load cycle O–A–B–O–C–D–O–E [76].

5.6.4 Comparison
Numerical simulations employing the described failure damage evolution approaches were
conducted in order to assess their effectiveness and computational efficiency. The frac-
ture energy resulting from each method was obtained by calculating the area under the
stress-strain curve through trapezoidal numeric integration and multiplying it by the
characteristic element length, Lc.

Table 5.1: Comparison of the values obtained by each formulation for the fracture energy per unit area
in relation to the experimental result, per failure mode. Evaluation made for the AS4/PEEK composite,
with experimental values sourced from Lachaud [59].

Experimental Wang Linde Maimí
Fiber Tension - Gft

Ic [N/mm] 218 214.82 218.16 215.70
Relative Error [%] - 1.46 0.07 1.06

Fiber Compression - Gfc
Ic [N/mm] 104 102.66 103.66 102.48

Relative Error [%] - 1.29 0.33 1.46
Matrix Tension - Gmt

Ic [N/mm] 1.16 0.96 1.05 -
Relative Error [%] - 17.24 9.48 -

Matrix Compression - Gmc
Ic [N/mm] 1.98 4.67 2.04 -

Relative Error [%] - 135.86 3.03 -

As can be verified in Table 5.1, the Linde et al. formulation obtained the most accurate
results across all loading scenarios. It is necessary to mention that the Maimí formulation
was not tested in the transverse domain due to the high complexity of the processes
necessary to obtain its auxiliary parameters, which leaves room for the possibility of this
approach achieving better results in that scenario.

Nevertheless, the Maimí continuum damage model presents the most comprehensive
formulation of all three, given its incorporation of several relevant physical phenomena.
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Thus, a similar approach to the response described by it under tensile and compressive
load reversal scenarios in both the longitudinal and transverse domains will be included
in the model under development.

It is understood that the longitudinal and transverse damage domains are not coupled
due to the experimental results [77] and micromechanical models [78, 79, 80, 81] present
in the literature. Conversely, compression and tensile damage present a coupled nature,
influencing the material response under load reversal [60].

In the case of the transverse domain, tensile loads cause cracks perpendicular to the
mid-plane, i.e. with α = 0◦. If the material is then subjected to compressive loads,
those cracks close and, in effect, the transverse damage variable returns to its previous
state. On the contrary, if the material is subjected to compressive loads that result in
matrix cracking, this damage directly affects the tensile response, in the same manner
that tension originated cracks do.

Regarding longitudinal loading, in the case of tensile stresses, the fracture is perpen-
dicular to the fiber direction, with the occurrence of fiber and matrix cracking. Load
reversal then leads to the closure of cracks and regeneration of matrix strength but not
of the fractured fibers. In the case of compressive loads, the fiber kinking phenomenon
originates kink bands and matrix cracking which, under load reversal, contribute to the
tensile damage in a similar way to what occurs in the transverse domain.

Hence, the implemented softening response after failure is governed by the formulation
developed by Linde et al. [36], with the load reversal considerations expressed by Maimí et
al. [60]. Given that the damage parameter never truly reaches the value of one, reaching
instead a saturation limit [59], maximum values of 0.87 and 0.95 are imposed on the fiber
and matrix damage variables, respectively [68], which also helps prevent the occurrence
of numerical instabilities in the computational implementation.

Application: Failure damage evolution can then be specified in a concise manner
through Algorithm 7 in the case of fiber failure damage and Algorithm 8 in the case
of matrix failure damage.
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Algorithm 7 Fiber failure damage evolution
Require: fift, fifc, fft, ffc, Lc, XT , XC , E1, C11, GT

fC , GC
fC

if fift > 1 then

if fft ← 0 then

Lc
f ← Lc

fft ← 1
end if

εft
11 ← XT

E1

dft ← 1− 1
fift

e

(1−fift)C11Lc
f

ε
ft
11

2

GT
fC

else if fifc > 1 then

if ffc ← 0 then

Lc
f ← Lc

ffc ← 1
end if

εfc
11 ← −XC

E1

dfc ← 1− 1
fifc

e

(1−fifc)C11Lc
f

ε
fc
11

2

GC
fC

end if

df ← min (0.87, max (dft, dfc))



5.6. Failure Damage 73

Algorithm 8 Matrix failure damage evolution
Require: fimt, fimc, fmt, fmc, fikmt, fikmc, fkmt, fkmc, Lc, YT , YC , E2, C22, Gmt

C , Gmc
C

mode← {mt, mc, kmt, kmc}
for i = 1, mode(end) do

if fimode(i) > 1 then

if fmode(i) ← 0 then

Lc
m ← Lc

fmode(i) ← 1
ε

mode(i)
22 ← ε22

end if

dmode(i) ← 1− 1
fimode(i)

e

(1−fimode(i))C22Lc
mε

mode(i)
22

2

G
mode(i)
C

end if

if ε22 > 0 then

dm ← min (0.95, max (dmt, dmc, dkmt, dkmc))
else if ε22 < 0 then

dm ← min (0.95, max (dmc, dkmc))
end if

end for



74 Chapter 5. Ply Behaviour

5.7 Overview of the Constitutive Model
A general scheme of the constitutive model is presented in Figure 5.17, highlighting the
role of each module in achieving the desired output.

Figure 5.17: Structure of the developed constitutive model.
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Numerical Implementation

75





Chapter 6

Subroutine Development

Once the constitutive model is developed, the next step is its implementation in a com-
putational framework. In the current approach, the commercial finite element analysis
software Abaqus developed by Dassault Systèmes was the platform selected by Airbus At-
lantic and the constitutive model was applied in both its Standard and Explicit schemes.

The final objective of the project is to develop a material model for the thermoplastic at
hand, which can be used for static and dynamic analyses. This requires its implementation
in the Abaqus finite element solver through a User Material (UMAT) subroutine and a
Vectorized User Material (VUMAT) subroutine. Both options were developed because
the UMAT provides higher fidelity results for static simulations, where convergence of
the implicit formulation is achievable while the VUMAT, is especially useful for dynamic
solicitations and impact cases, where the strain-rate effect becomes relevant. In that case,
given the high non-linearities and strain rates, the convergence of the implicit formulation
is difficult. Hence, the VUMAT uses an explicit formulation, advancing incrementally
the kinematic state, resulting in less precision but not requiring convergence at each
increment. A simplified scheme of the Abaqus solver stages in presented in Figure 6.1.

Figure 6.1: Simplified flowchart of the Abaqus solver, adapted from [82], where dashed lines pertain to
phases exclusively involving the Standard solver and dash-dotted lines relate to the Explicit solver.

6.1 General Considerations
Given the application of the constitutive model in a numeric environment via the Abaqus
software, it is important to consider this new context and make some adjustments.

77
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6.1.1 Return Mapping Algorithm
Since the implementation of the constitutive model is done incrementally, a given increase
of stress may lead to the infringement of the condition that Fp must be lower or equal
than zero. In this scenario, the stress must be brought back to the yield surface by means
of a return mapping algorithm. The implemented method is a radial return algorithm
with basis on the backwards Euler integration procedure [54, 83, 84] similar to the closest
point projection method [85], whose the procedure is established in Algorithm 9 and is
illustrated in Figure 6.2, where the n variable represents the previous increment and the
k variable corresponds to the iteration of the return mapping algorithm.

Algorithm 9 Plasticity update with return mapping algorithm
Require: σ̄, C0, ε, ∆ε, R(p), a2

Ensure: Matrix failure has not occurred.
εn+1 ← εn + ∆εn+1

σ̄trial
n+1 ← σ̄n + C0 : ∆εn+1

Fp ←
√

σ̄2
12 + σ̄2

13 + σ̄2
23 + a2(σ̄2

22 + σ̄2
33)−R(pn)

if Fp > 0 then

while Fp > 0 do

δλ(k) ←
∂F

(k)
p

∂σ̄
:C0:(∆εn+1−∆εp(k))

∂F
(k)
p

∂σ̄
:C0:

∂F
(k)
p

∂σ̄
+ ∂R

∂p

if δλ(k) < 0 then

δλ(k) ← 0
end if

∆λ
(k+1)
n+1 ← ∆λ

(k)
n+1 + δλ(k)

∆εp(k+1) ← ∆λ
(k+1)
n+1

∂F
(k)
p

∂σ̄

εp
n+1

(k+1) ← εp
n + ∆εp(k+1)

σ̄
(k+1)
n+1 ← C0 : (εn+1 − εp

n+1
(k+1))

p
(k+1)
n+1 ← pn + ∆λ

(k+1)
n+1

Fp ← σ(k+1)
eq −R

(
p

(k+1)
n+1

)
end while

else

∆λn+1 ← 0
end if

∆εp
n+1 ← ∆λn+1

∂Fpn+1
∂σ̄n+1

εe
n+1 ← εn+1 − (εp

n + ∆εp
n+1)



6.1. General Considerations 79

Figure 6.2: Stress return corresponding to the closest point projection algorithm [84].

6.1.2 Fiber Rotation
It is important to note that, within the Abaqus operating environment, the material
coordinate system does not change based on the deformation sustained by the element
(Figure 6.3), hence the necessity for a fiber rotation algorithm within the subroutine.
Alternatively, a ORIENT subroutine could have been developed but this was not deemed
expedient for the current project.

Figure 6.3: Abaqus material orientation vectors in (left) undeformed and (right) deformed element.

Although Algorithm 3 describes the process by which strains are transformed into
their updated orientation following the event of fiber rotation, it is necessary to transform
the resulting stress back into the element frame of reference.

Therefore, after the procedures of the subroutine have concluded, the resulting stress
and Jacobian (in the case of the UMAT) tensors are rotated by:
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σundef
11 = σ11 + σ22

2 + σ11 − σ22

2 cos 2(θ − θ′) + σ12 sin 2(θ − θ′) (6.1)

σundef
22 = σ11 + σ22

2 − σ11 − σ22

2 cos 2(θ − θ′)− σ12 sin 2(θ − θ′) (6.2)

σundef
12 = −σ11 − σ22

2 sin 2(θ − θ′) + σ12 cos 2(θ − θ′) (6.3)

6.1.3 Required Inputs

The properties given in Table 6.1 relate to the inputs necessary to effectively run the
subroutines. The indices one to six concern the stiffness moduli, seven through nine the
Poisson ratios, 10 to 18 the failure strains, 19 to 24 the material strengths, 25 the fracture
angle under matrix compression failure, 26 the longitudinal friction coefficient, 27 the
shear response factor, 28 to 32 the fracture toughnesses, 33 the viscous regularization
parameter, 34 specifies the location of the ply, used in the in situ effect and 35 the
orientation angle of the ply.

Table 6.1: Property vector inputted in the beginning of each iteration of the subroutines.

props(1) E1 props(13) εc
11 props(25) α0

props(2) E2 props(14) εc
22 props(26) ηL

props(3) E3 props(15) εc
33 props(27) β

props(4) G12 props(16) εs
12 props(28) Gft

IC

props(5) G13 props(17) εs
13 props(29) Gfc

IC

props(6) G23 props(18) εs
23 props(30) Gmt

IC

props(7) ν12 props(19) XT props(31) Gmc
IC

props(8) ν13 props(20) XC props(32) Gms
IIC

props(9) ν23 props(21) YT props(33) η
props(10) εt

11 props(22) YC props(34) ply location
props(11) εt

22 props(23) SL props(35) ply angle
props(12) εt

33 props(24) ST

6.2 User Material Subroutine

The UMAT runs in the context of the Standard solver, where the formulation is implicit
and equilibrium is enforced between externally applied loads and internally generated
reaction forces at every solution step, using the Newton Raphson method. This approach
is unconditionally stable, being incremental as well as iterative.

Therefore, some considerations have to be taken into account while developing the
UMAT, especially regarding the stability and convergence of the calculation.
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6.2.1 Viscous Regularization

Softening behaviour and stiffness degradation in implicit analysis might lead to instabili-
ties in the simulation due to spurious loss of positive definiteness of the tangent stiffness
matrix, which leads to damage localization and convergence issues [86].

In order to avoid this, viscous regularization is introduced, causing the tangent stiffness
matrix to be positive definite for small time increments and improving the convergence
of the implicit calculation. This is done by regularizing the damage variables through the
introduction of a viscosity regularization factor η, where the viscous damage variable is
given by:

δdν = 1
η

(d− dν)δt (6.4)

which is then used to compute the viscous damaged elastic matrix Cν
d and the viscous

Jacobian matrix ∂∆σ
∂∆ε

ν instead of the previously calculated damage variables d. The stress
output of the UMAT is also given in its viscous form σν .

Given that η represents the relaxation time of the viscous system, using this value
such that η < ∆t improves the convergence without compromising the accuracy of the
results [87]. In effect, the solution of the regularized system then relaxes to that of the
inviscid case as time increases. Implementing this concept in the UMAT requires the use
of a backward Euler approach, resulting in the following relation for the viscous damage:

dt+∆t
ν = η

η + ∆t
dt

ν + ∆t

η + ∆t
dt+∆t (6.5)

It is possible to observe in Figure 6.4 the effects of different viscous regularization
values, with the relaxation times being evidently larger as η increases.

Figure 6.4: Effect of different values of η in the final stress strain curve.
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6.2.2 Jacobian matrix
Besides the stress tensor, the UMAT is required to provide the Jacobian matrix, given
by:

J = ∂∆σ

∂∆ε
=



∂σ11
∂ε11

∂σ11
∂ε22

∂σ11
∂ε33

0 0 0
∂σ22
∂ε11

∂σ22
∂ε22

∂σ22
∂ε33

0 0 0
∂σ33
∂ε11

∂σ33
∂ε22

∂σ33
∂ε33

0 0 0
∂σ12
∂ε11

∂σ12
∂ε22

0 ∂σ12
∂ε12

0 0
∂σ13
∂ε11

0 ∂σ13
∂ε33

0 ∂σ13
∂ε13

0
0 ∂σ23

∂ε22
∂σ23
∂ε33

0 0 ∂σ23
∂ε23


(6.6)

This is necessary due to the use of a backwards Euler procedure by the Standard
solver, which requires the Newton Raphson method to be implemented.

Each of the terms are specified analytically, where an example of one is given as:

∂σ11

∂ε11
= (1− df1)(1− dd1)C11 −

∂dd1

∂ε11
(1− df1)C11ε11 −

∂df1

∂ε11
(1− dd1)C11ε11−

∂df1

∂ε11
(1− dd2)(1− df2)C12ε22 −

∂df1

∂ε11
(1− dd3)(1− df3)C13ε33

(6.7)

6.3 Vectorised User Material Subroutine
The VUMAT, through the Explicit solver, does not require the calculation of the Jacobian
matrix, neither does it require the solution to converge at every increment. Its accuracy is
obtained by significantly reducing the increment size, with the solution being determined
without iterating by explicitly advancing the kinematic state from the previous increment.
Therefore, it is much less demanding, especially so for complex models.

Unfortunately, it was not possible to finish the implementation of the VUMAT in the
computational framework, given that higher priority was given to the UMAT. Therefore,
the VUMAT is missing three-dimensional coupled plasticity, only presenting coupling
between the transverse and shear directions, and three-dimensional failure criteria, having
the previously implemented the Linde failure criteria, introduced in Section 4.2.3.1.
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Validation

The robustness of the model will be evaluated by subjecting it to various stress conditions,
first through an RVE with fundamental load scenarios and then by simulating standard
test specimens. Numerical results will be compared with experimental tests available
in the literature. Multiple modeling strategies were implemented in the Standard and
Explicit solving schemes:

1. Standard:

(a) UMAT SE - Single Element model, used only in the RVE.
(b) UMAT CL - Continuous Laminate (modeled using the Composite Layup tool

of the Property module. Only valid in Standard since, in Explicit, solid ele-
ments can only be composed of a single homogeneous material).

(c) UMAT DL - Discrete Laminate (each layer is modeled individually).

2. Explicit:

(a) VUMAT SE
(b) VUMAT DL

7.1 Material Selection

This chapter has the objective of clarifying the selection of composite material systems
that are suitable to be used in the evaluation and validation of the numerical model under
development.

This selection process requires that extensive experimental data about these materials
is available in the literature and that all the required properties for their use are accessible
or able to be inferred through reasonable engineering assumptions.

The AS4/PEEK material system was chosen given the experimental procedures done
by Lachaud [59] and the material properties supplied by Liu et al. [88]. The data presented
in Table 7.1 was then used in the numerical simulations.

83
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Table 7.1: AS4/PEEK material properties.

Property Lachaud [59] Liu et al. [88] Calculated Assumed Used
E11 [MPa] 143463.8 127000 - - 143463.8
E22 [MPa] 9417.56 10300 - - 9417.56
E33 [MPa] - 10300 - 9417.56 9417.56
G12 [MPa] 5794.4 5700 6457.318 - 6457.318
G13 [MPa] - 5700 - 7642.141 7642.141
G23 [MPa] - - - 3700 3700
ν12 0.297 0.3 - - 0.297
ν13 - 0.3 - 0.297 0.297
ν23 - - - 0.45 0.45
εft

11 0.01072 - - - 0.01072
εft

22 0.00997 - - - 0.00997
εft

33 - - - 0.00997 0.00997
εfc

11 0.00836 - - - 0.00836
εfc

22 0.00637 - - - 0.00637
εfc

33 0.00637 - - - 0.00637
γs

12 0.195 - - - 0.195
γs

13 - - - 0.195 0.195
γs

23 - - - 0.195 0.195
XT [MPa] 1601.74 2070 - - 1601.74
XC [MPa] - 1360 - - 954.6
YT [MPa] 80.78 85 - - 80.78
YC [MPa] - 276 - - 205.9
SL [MPa] 164.6 186 - - 164.6
ST [MPa] - 186 - - 72.7
α0 [◦] - - - 53 53
ηL - - 0.608 - 0.608
β - - - 4.72E-08 4.72E-08
Gft

Ic [N/mm] - 218 - - 218
Gfc

Ic [N/mm] - 104 - - 104
Gmt

Ic [N/mm] - 1.7 - - 1.7
Gmc

Ic [N/mm] - 2 - - 2
Gms

Ic [N/mm] - 2 - - 2
GIc [N/mm] 1.156 1.7 - - 1.156
GIIc [N/mm] 1.98 2 - - 1.98
BK - 1.09 - - -
t0
33 [MPa] - 43 - - -

t0
31 [MPa] - 50 - - -

t0
32 [MPa] - 50 - - -

K [MPa/mm] - 6.40E+05 - - -
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7.2 Homogenized Representative Volume Element

In a first stage, a unit sized cube (1x1x1 mm) is used for testing the mechanical behaviour
of the composite under fundamental load conditions. The use of a singular element is
useful to corroborate the implementation of the behaviour established by the constitutive
model in a low computational effort environment.

The previously described modeling strategies are employed. Nevertheless, the element
type used is C3D8 in both Standard and Explicit formulations. The boundary conditions
are controlled by two reference points connected to opposing faces of the RVE by means
of kinematic coupling constraints whose degrees of freedom can be activated as deemed
necessary. Generally, one of the reference points is pinned in the load direction whilst the
other is prescribed a finite displacement following a determined amplitude (Figure 7.1).

Figure 7.1: Representative volume element with corresponding constraints and boundary conditions.

The RVE will be used to validate the model in the longitudinal, transverse and shear
stress states, which will be achieved by varying the layer / material orientation to the
corresponding layup configuration. In order to obtain the data directly from what the
model predicts and given that this elementary model converges easily, viscous regulariza-
tion is disabled in Standard and no mass scaling is used in Explicit. The total number of
outputs was set to 1000.

7.2.1 Longitudinal

This section pertains to simulations done with loading applied longitudinally, i.e. along
the fiber axis, in continuous and cyclic tension and compression, and load reversal cases.
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7.2.1.1 Tensile

A displacement of 1 mm was imposed resulting in the longitudinal stress-strain curve
found on Figure 7.2. In order to assess if damage was behaving as intended, that is, not
reducing when the stress state is outside the failure state, cyclic loading was employed
with load interruption at determined stages.

Cyclic behaviour is shown in Figure 7.3a, where it is possible to verify gradual stiffness
degradation, as the damage state evolves. Regarding that, as is verifiable in Figure 7.3b,
the fiber failure damage does not diminish when load alleviation occurs, maintaining
instead its current level until the stress state once again reaches the failure envelope.

Figure 7.2: Longitudinal tensile stress strain response under monotonic loading.

(a) (b)

Figure 7.3: Longitudinal tensile response under cyclic loading given by (a) stress strain curve and (b)
fiber failure damage evolution.
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7.2.1.2 Compressive

As expected, under compressive longitudinal loading, the material behaves in a similar
fashion to that when under tensile loading, incurring in linear elastic behaviour before
failure and then suffering an exponential type degradation, as is verifiable in Figure 7.4.
Figure 7.5 illustrates cyclic compressive loading and its respective fibre failure damage
evolution, which remains constant under load alleviation.

Figure 7.4: Longitudinal compressive stress strain under monotonic loading.

(a) (b)

Figure 7.5: Longitudinal compressive response under cyclic loading given by (a) stress strain curve and
(b) fiber failure damage evolution.
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7.2.1.3 Load reversal

Under longitudinal cyclic tension-compression loading, damage is cumulative and trans-
ferable from one failure mode to the other, i.e. the damage incurred during compression
has effect on the behaviour under tensile loading, and vice-versa, as observed in Figure
7.6.

Figure 7.6: Longitudinal cyclic tension-compression stress strain response and fiber damage evolution.

7.2.2 Transverse

Considering now loading in the transverse direction the material orientation was rotated
by 90◦ and the same approach was taken as for the longitudinal direction, evaluating the
behaviour of the material under tensile and compressive monotonic and cyclic loading,
and under load reversal solicitation.

7.2.2.1 Tensile

The transverse behaviour under monotonic loading can be seen in Figure 7.7, where a
non-linear stage can be spotted before failure occurs. This is the effect of plasticity and
diffuse damage, which can be observed in Figure 7.8a, where the curve, upon unloading
returns to a strain value larger than zero, and in Figure 7.8b where it is possible to observe
the development of diffuse damage. In the latter, the line corresponding to the value of
diffuse damage returns several times to zero. That is due to the nullification of damage
when the matrix enters the compressive domain, i.e. εe

22 < 0.
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Figure 7.7: Transverse tensile stress strain under monotonic loading.

(a) (b)

Figure 7.8: Transverse tensile response under cyclic loading given by (a) stress strain curve and (b)
matrix diffuse and failure damage evolution.

7.2.2.2 Compressive

The behaviour under compressive loading was not modeled to present either plasticity
nor diffuse damage and it should therefore be similar to that of the longitudinal domain.
However, as can be verified on Figure 7.9, the stress strain curve after failure does not
present the exponential decay that it is supposed to have. Upon further analysis, it is
verified that the compressive kinking failure mode was activated and the matrix started
prematurely taking damage from it. Once compressive kinking failure stops being the
governing mode, the stress strain response returns to the expected exponential evolution.

Checking the state of the element at the time when failure began gave some insights
as to why this is occurring. It can be verified in Figure 7.10 that spurious unsymmetric
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Figure 7.9: Transverse compressive stress strain under monotonic loading.

deformation of the element took place, transitioning the stress state from purely compres-
sive to a more complex one, which ended up incurring in matrix compression failure in
the fiber kinking misalignment frame.

Figure 7.10: Normal element deformation amplitude under compressive loading (left) and observed
element deformation amplitude which incurred in kinking matrix compression failure (right).

In order to obtain the compressive behaviour isolated from boundary conditions that
might induce those deformations, it was decided to switch from a single element RVE to
one meshed with elements of 0.2 mm in size. This resulted in the updated stress strain
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curve visible in Figure 7.11, where the evolution of matrix damage corresponds to what
is expected.

Figure 7.11: Transverse compressive stress strain curve using a 0.2 mm mesh size in the RVE.

Unexpectedly, the cyclic compression simulation with the single element RVE did not
present the same spurious phenomena as the monotonic loading one, with the damage
and stress strain response evolving according to what was projected, as can be verified in
Figure 7.12.

(a) (b)

Figure 7.12: Transverse compressive response under cyclic loading given by (a) stress strain curve and
(b) failure damage evolution.
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7.2.2.3 Load reversal

Cyclic transverse tension and compression, leads to the stress strain and matrix damage
evolution curves of Figure 7.13, where it can be observed the accumulation of damage
in the tensile domain, being additive with the compression originated damage. Thus,
even after the material has completely failed in tension, if it is displaced in the sense of
compression, it still retains stiffness pertaining to that mode.

Figure 7.13: Transverse cyclic tension-compression stress strain response and matrix damage evolution.

Given the unnatural transition of damage between the tensile and compressive domains
and the possibility that such an abrupt variation might lead to local instabilities in the
solver, smooth damage activation functions are proposed, in a similar concept to what
viscous regularization accomplishes but with control over the damage convergence rate.

Damage deactivation function - tension to compression: Passing from a tensile
domain to a compressive one entails that the damage attained due to tension loads is
neutralized by crack closing phenomena and the only damage that is sustained is the
previously gained under compression.

df = (dmt
f + dmc

f ) + kc(df − dmc
f )(εe

22)3 (7.1)

where kc is expressed as:

kc =
(dmt

f + dmc
f )− d

−ε3(dmc
f − d) (7.2)

and where d and ε are the control variables stating how much damage has to have occurred
by a certain strain. These should be used in relation to explicit properties, e.g. d = 1.1dmc

f
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and ε = 0.9εfc
22, especially the damage variable, since d ∈]dmc

f , dmc
f + dmt

f [. The specified
function can then be observed in Figure 7.14.

Figure 7.14: Damage deactivation function when entering compressive loading with rate of convergence
controlled by parameters d = 0.4 and ε = 0.3.

Damage activation function - compression to tension: When going from com-
pression to tension, the inverse behaviour is desired, that is, the compressive damage will
effect tensile behaviour. Thus, the activation function is expressed in Equation 7.3 and
illustrated in Figure 7.15.

df = dmc
f − kt(df − (dmt

f + dmc
f ))(εe

22)3 (7.3)

where kt is given by:
kt =

d− dmc
f

ε3((dmt
f + dmc

f )− d) (7.4)
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Figure 7.15: Damage activation function when entering tensile loading with rate of convergence con-
trolled by parameters d = 0.6 and ε = 0.1.

7.2.3 In-plane shear
It is under in-plane shear that the greatest development of plasticity and diffuse damage
is observed, allowing for the verification of the return mapping algorithm and the diffuse
damage and plasticity evolution laws. Furthermore, by employing a composite layup
with differently oriented layers, it is possible to validate the fiber rotation feature of the
subroutines. Therefore, the modeling strategy adopted for validation under shear loading
switched from using a single element RVE representing a unidirectional ply to a multi-
layered one, portraying a multi-directional laminate in its simplest form. Figure 7.16
showcases this approach.

Figure 7.16: RVE modelling strategies. (left) Discrete laminate with highlighted (−45) layers, (middle)
continuous laminate and (right) ply stack plot of the continuous laminate.
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7.2.3.1 Tensile

In a similar fashion to what was done for longitudinal and transverse orientations, mono-
tonic and cyclic loading will be simulated. Continuous loading, found in Figure 7.17
confirms that the characteristically high shear strain and the increase in stress due to
fiber rotation are successfully simulated by the material model.

Figure 7.17: In-plane tensile shear stress strain under monotonic loading.

Furthermore, under cyclic solicitation, it is possible to observe in Figure 7.18a the
development of diffuse damage, through the noticeable decrease in the slope of the load
alleviation regions, indicating degradation of the shear stiffness, as well as the development
of significant plastic strains. Figure 7.18b illustrates the successful application of the
shear diffuse damage laws and, in Figure 7.18c, the implementation of plasticity with
the return mapping algorithm controlling the value of the plastic yield function (Figure
7.18d), successfully obeying the consistency condition Fp ≤ 0.

(a) (b)
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(c) (d)

Figure 7.18: In-plane shear response under cyclic loading given by (a) stress strain curve, (b) diffuse
damage evolution, (c) plastic strain evolution and (d) plastic yield function.

7.2.4 Result Comparison
Assessing the values at which failure occurred and the respective fracture toughnesses
originated by the evolution of the failure damage, the values resulting from the UMAT
are given in Table 7.2.

Table 7.2: Experimental strength and fracture energies versus obtained results, for the UMAT formu-
lation.

Property Experimental Obtained (Error)
XT [MPa] 1601.74 1621.48 (1.23%)

Gft
Ic [N/mm] 218 218.16 (0.07 %)

XC [MPa] 954.6 958.66 (0.42%)
Gfc

Ic [N/mm] 104 103.66 (0.33 %)
YT [MPa] 80.78 80.72 (0.07%)

Gmt
Ic [N/mm] 1.156 1.11 (3.98 %)
YC [MPa] 205.9 197.38 (4.14 %)

Gmc
Ic [N/mm] 1.98 2.04 (3.03 %)
SL [MPa] 164.6 133.81 (18.58 %)
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7.3 Coupons

In order to better validate the subroutines, it was deemed appropriate to test them in
scenarios closer to the real world. Therefore, coupons similar to those used to characterize
composites in what is the first step in the building block approach were simulated.

Mesh size was considered according to the notion that a local snap-back must not
exist in the stress-strain relation, .i.e. the elastic energy at the onset of localization must
be equal or lower than the fracture energy [76], hence:

l∗ ≤ 2EMGM

X2
M

(7.5)

where M represents each damage law (M = ±1 ∨M = ±2).
Tensile specimens based on the standard test method ASTM D3039 [89] and compres-

sion specimens based on the work of Gohorianu [90] were simulated.

7.3.1 Tensile Specimen

Longitudinal, transverse and in-plane shear tests were simulated. The results of these tests
will be compared with experimental data obtained by Lachaud [59], for the AS4/PEEK
composite. The dimensions of the models are presented in Figures B.1, B.2 and B.4 for
the tensile (also shown in Figure 7.19 in the model form), in-plane shear and transverse
specimens, respectively. UMAT CL, UMAT DL and VUMAT DL modeling strategies
were employed. Following a mesh convergence study, and ensuring that the condition of
Equation 7.5 is fulfilled, an approximate global element size of 4mm was employed.

Figure 7.19: Longitudinal tensile specimen.
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7.3.1.1 Longitudinal

The tensile specimen was displaced 1.8 mm until failure occurred resulting in the stress
strain response found in Figure 7.20.

Figure 7.20: Simulation of longitudinal tension applied on a [0]8 specimen compared with experimental
data.

Although the experimental curve deviates slightly from the linear elastic type curve of
the simulation, due to unaccounted for hardening phenomena, and indicates failure before
the simulation does, good results are considered to have been achieved. This is because
the inputted material properties indicated a maximum strength XT of 1601.74 MPa and
a maximum stress of 1603.99 MPa in the UMAT CL and 1604.94 MPa in the UMAT DL
were achieved.

7.3.1.2 Transverse

Regarding the transverse tension simulations, whose stress strain curves can be found
in Figure 7.21, the ones resulting from the UMAT presented close similarity to what
was observed experimentally, with diffuse damage and plasticity evolutions matching the
experimental ones. Regarding the curve resulting from the VUMAT, it did not coincide
with the developed material model, given that its implementation was not completed, as
stated in Section 6.3.

Notably, the comparison between the UMAT and VUMAT showcases the effect of using
a correct three-dimensional formulation for plasticity. Whilst the VUMAT presented the
same plasticity and diffuse damage evolution laws, plasticity was only influenced by shear
and transverse stress components, resulting in loss of information given by the other
directions and a less than optimal solution.
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Figure 7.21: Simulation results of transverse cyclic tension applied on a [90]8 specimen compared with
experimental data.

In terms of strength of the specimen, the UMAT CL coupon failed at 80.80 MPa while
the UMAT DL failed at 80.27 MPa, in relation to an experimental value of 80.78 MPa. It
is possible to verify in Figure 7.22 the damage incurred by transverse tension, distributed
across the specimen.

Figure 7.22: Tensile matrix damage distribution across the transverse tensile test specimen.
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7.3.1.3 In-plane shear

The results from the UMAT in-plane shear test were remarkably positive, as can be
verified in Figure 7.23. A cyclic displacement was applied, as to mimic the experimental
solicitations, unveiling the diffuse damage and plasticity evolution as the test progressed.
Both the CL and DL modeling strategies had similar behaviours, with the plastic strain
and diffuse damage developing as they did in the experimental test.

Figure 7.23: Simulation of in-plane cyclic shear tension applied on a [±45]2S specimen compared with
experimental data.

An aspect that needs to be improved is the determination of failure, which happens
prematurely. Nevertheless, it is important to mention that in situ effects were not con-
sidered in this simulation despite being implemented in the model. These could prove to
be the key to achieving the correct shear strength.

Regarding the VUMAT, despite having an incomplete implementation, its behaviour
is similar to that of the experimental one, as it was in the transverse solicitation. Failure
was disabled for this test given that the VUMAT’s implemented failure criteria used the
Linde formulation, resulting in extremely premature failure of the matrix under this type
of solicitation.

7.3.2 Compression Specimen
The dog-bone geometry, developed by Gohorianu [90] was used in the compression spec-
imen, instead of the one proposed in ASTM D3410 [91] due to not requiring a specific
mounting to carry out the tests and also because this design allows the least over-stress in
the central rectangular gauge section. The dimensions of this specimen can be found on
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Figures B.5 and B.6 for the longitudinal and transverse cases, respectively and the model
used for the simulations can be found in Figure 7.24. Following a mesh convergence study
and taking into account the localization of stress in the center region of the specimen, a
2 mm mesh with gradual decrease to 0.6 mm in the center region was implemented.

Figure 7.24: Compressive "dog-bone" specimen with biased mesh configuration.

7.3.2.1 Longitudinal

Considering the cross-sectional area of the specimen (37.536 mm2), the maximum com-
pressive stress reached in the simulation is given as 963.96 MPa, in relation to a compres-
sive strength of 954.6 MPa. In the later stages, after the onset of failure, it is possible to
observe buckling occurring in the specimen (Figure 7.25), leading to the increase of the
slope of the curve in the force displacement graph given in Figure 7.26.

Figure 7.25: Fiber damage distribution across the longitudinal compressive test specimen.
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Figure 7.26: Force displacement curve for longitudinal compressive loading.

7.3.2.2 Transverse

In the case of transverse compression, the occurrence of the plateauing region is even more
apparent, as the simulation was able to achieve higher post-failure displacements (Figure
7.27). In this scenario, the specimen withstood a maximum of 236.4 MPa of compressive
stress, versus a strength of 205.9 MPa, having relatively good accuracy. It is noteworthy
to mention that in the linear elastic region, the increment size was large, which might
have lead to an overstep in this regard, resulting in larger values of failure stress.

Figure 7.27: Matrix compressive damage distribution across the transverse compressive test specimen.
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Figure 7.28: Force displacement curve for transverse compressive loading.





Part V

Final Considerations
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Chapter 8

Conclusion

The aim of the work developed in this dissertation was to develop a constitutive model that
accurately characterizes the intra-ply behaviour of thermoplastic composites and laying
the foundation for further improvements that will lead to the development of a static
and dynamic material model for intra and inter-ply behaviour. To this effect, UMAT
and VUMAT subroutines were developed and employed in the Abaqus commercial finite
element solver.

Broad literature research was conducted to select the most appropriate modules of the
constitutive model, leading to the inclusion of diffuse damage, plasticity, fiber rotation,
in situ effect, failure criteria and failure damage features. Unfortunately, not all of these
were able to be implemented in the VUMAT, as the main development focus lied within
the UMAT.

In order to verify the viability of the model, RVE-based simple load tests were done, in
order to check the model’s behaviour under longitudinal, transverse and shear tensile and
compressive loading. Cyclic and alternating loading was also verified, with the objective
of including all possible alternatives that might occur under a real loading scenario.

Standard tensile specimens were then simulated and compared with experimental re-
sults, with the complete UMAT achieving accurate results in the longitudinal, transverse
and in-plane shear load configurations, proving the effectiveness of the model in that do-
main. Compressive test specimens were also tested, proving the occurrence of expected
buckling phenomena but not being able to verify quantitatively the accuracy of the sim-
ulation.

In essence, the constitutive model was developed successfully for the static intra-ply be-
haviour of thermoplastic composites, with partial experimental validation via comparison
with AS4/PEEK tests found in the literature. Although the VUMAT was not completely
developed to the same level of detail as the UMAT, it still constituted an important step
to the end goal of producing a dynamic-based model.
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8.1 Future Works
In order to improve the work that has been done, the first step should be to complete the
VUMAT, bringing it up to the standard of the UMAT. Following this, the inclusion of
strain-rate effects is apparent, as well as the addition of inter-ply behaviour, either through
the use of cohesive elements or by the development of a specific UMAT, VUMAT, UINTER
or an additional module inside of the current subroutines, for the characterization of those
elements, validated through the DCB, ENF, ILSS and L-Shape experimental tests.

Besides that, the inclusion of kinematic plasticity, allied with better convergence meth-
ods in the return-mapping algorithm could prove instrumental to better results and less
computation time.

Finally, more tests in load scenarios of higher complexity, such as a bolted joint or
impact simulations are necessary for a better validation of the model, with higher levels
of the test pyramid also being extremely pertinent.
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Appendix A

Proposed Experimental Testing
Campaign

Given the purpose of establishing the intra-ply, inter-ply and impact behaviour of the
composite, an assortment of tests is proposed. Five iterations of each should be carried
out in order to achieve statistical significance of the acquired data.

For intra-ply properties and behaviour, the tests displayed in Table A.1 should be im-
plemented. These allow for the characterization of the material’s fundamental properties
in longitudinal, transverse and in-plane shear directions, as well as its fracture related
properties, both in tension and compression.

Table A.1: Tests for characterisation and identification of damage, plasticity and failure.

Type of test Properties Layup Nr. of tests

Longitudinal tensile XT , ϵR
11, E11 [0]8 5

Transverse tensile YT , ϵR
22, E22 [90]16 5

In-plane shear SL, ϵR
12, G12 [±45]2S 5

Coupled tensile Coupling coefficient [±60]2S 5
Longitudinal compressive XC , ϵR

11, Ec
11 [0]34 5

Transverse compressive YC , ϵR
22, E22 [90]34 5

Compact tension GT
c [(0/90)5]S 5

Compact compression GC
c [(0/90)5]S 5

Regarding the inter-ply behaviour, double cantilever beam (DCB) and end notch flex-
ure (ENF) tests should be done to characterize the interface fracture energy in mode I
and II, respectively. Interlaminar shear strength (ILSS) and L-shape tests are used for
evaluating the out-of-plane properties, allowing for a three dimensional representation of
the laminate.
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Table A.2: Tests for characterization of delamination and out-of-plane behaviour.

Type of test Properties Layup Nr. of tests

DCB GI [0]16 5
ENF GII [0]16 5
ILSS σR

13 [0]16 5
L Shape σR

33 [0]22 5

A.1 Procedure
This section describes proposed procedures for the longitudinal, transverse and in-plane
shear tensile tests, describing as well the equipment used for that purpose.

A.1.1 Testing Systems
Intra-ply and inter-ply tests are done with the aid of servo-hydraulic Instron universal
testing machines - 5900R 5969 and 4200 4206 - with a load capacity of 50 and 100
kN, respectively, maximum stroke of 100 mm and frame stiffness of 595 kN/mm. Their
actuator speed can vary between 1 µm/hr and 300 mm/min, providing a suitable range of
velocities in which to perform the necessary quasi-static characterization of the composite.

Force and displacement data is measured by the machine and strains are obtained
through a non-contacting video extensometer, Instron AVE 2 Non-Contacting Video Ex-
tensometer, with 490 Hz data rate which tracks four points in the surface of the specimen,
outputting the longitudinal and transverse strains. Data treatment and analysis is then
carried with the Bluehill 3 software.

A.1.2 Ply Characterization
The first stage of material characterization consists of obtaining the intralaminar proper-
ties through the tests highlighted in Table A.1.

A.1.2.1 Longitudinal Tensile

This test is performed along the fiber direction, allowing for the characterization of the
properties of the composite across this dimension. These are the longitudinal tensile
stiffness modulus Et

11, the ultimate tensile strength XT and strain ϵt
11, as well as the

Poisson ratio ν12.
In order to take into consideration external factors that may influence the tensile

behaviour of the specimen and in agreement with the recommendations of the standard
test method ASTM D3039 [89], the following characteristics should be measured at the
time of testing.

1. Material preparation
2. Layup
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3. Specimen preparation
4. Specimen conditioning
5. Testing environment
6. Specimen alignment and gripping
7. Testing speed
8. Temperature
9. Void content

10. Fiber volume

Test Procedure: A set of guidelines are proposed to ensure proper data gathering.

• Calibrate the AVE 2 video extensometer through the calibration bar. The distance
between two neighboring horizontal or vertical points should be 6± 0.005[mm].

• Measure the specimen’s width and thickness.
• Paint four dots in the specimen, two aligned with the longitudinal axis and two with

the transversal axis. Experience with a GFRP specimen suggests that a 5 mm white
dot with a 3 mm black dot inside of it might be the best strategy. However, given
that the color & light interaction properties of CFRP are vastly different, a single
3 to 5 mm white dot should be the best option, as designated by the manufacturer
in the User’s Manual. Note: the AVE2 uses polarized light.

• Verify the alignment of the specimen with the machine axis.
• Input the width, thickness of the specimen, longitudinal and transversal distance

between the marked points, pre-stress, test velocity, maximum displacement, maxi-
mum F, maximum ∆F [%] between two consecutive measurements.

• Zero the machine – displacement.
• Register the ambient temperature.
• Begin the test.
• After failure / ending – save the data and export to an Excel data sheet for post-

treatment.

A.1.2.2 Transverse Tensile

Performing a tensile test in a layup of [90]16 is useful for determining the transverse
behaviour and properties of the composite. The transverse tensile stiffness modulus Et

22,
ultimate transverse strength YT and strain ϵt

22 can all be obtained through this procedure.
In a similar way to the longitudinal tensile test, ambient conditions and material

characteristics should also registered at the time of the test.

A.1.2.3 In-plane Shear

This test allows for the characterization of the composite in the plane shear configuration,
providing the shear modulus G12 and both the ultimate shear strength SL and strain ϵs

12
The standard ASTM D3518/D3518M [61] suggests that data reporting should termi-

nate at 0.05ϵ due to fiber scissoring effects hindering the reliability of the data gathered
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after those values of engineering strain. This value amounts to approximately 1.5 degrees,
after which, the conditions sustained by the specimen differ significantly to those of pure
shear. Hence, the shear modulus should be defined in the interval of 2000 to 6000µϵ or,
alternatively, 500µϵ below the upper limit of the material’s linear region.

The shear strain-stress response is obtained by converting the global tensile stress into
the local shear stress, through the plane stress transformation relation where:

τ12 = −σx − σy

2 sin2θ + τxycos2θ (A.1)

Given that the laminate is composed of a [±45] layup and that there is no applied
stress in the transverse direction, the only non-null component is σx, which is equal to
the average applied tensile stress. Hence:

τ12 = σx

2 (A.2)

As for the shear strain, it is obtained from the axial and transverse strains measured
by the strain gauges, through the following relation:

γ12 = ϵx − ϵy (A.3)
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Technical Drawings of the Test
Plates
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Figure B.1: Longitudinal tensile test plate.
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Figure B.2: In-plane shear tensile test plate.

60

AD

BC AD

33

22

44

11

This drawing is our property; it can't be reproduced or communicated without our written agreement.

SCALE

  1:2
WEIGHT (kg)

0.10
DRAWING NUMBER

-60/60° TENSILE TEST SAMPLES

SHEET

1/1

SIZE

A4 ISAE - SUPAERO

CHECKED BY:

XXX
DATE:

XXX

DESIGNED BY:

g.leal-coelho
DATE:

21/03/2023

A _

B _

C _

D _

E _

F _

G _

H _

I _HTS_PEKK_194_0.184_T700_LMPAEK

8 layers of 0.184 mm

[+60/-60]2S layup

300

2
0

25

2
0

2

250

5050

Front view
Scale:  1:2

x

y

0°
 o
ri
en
ta
ti
on

2
0
0

1 .472

Left view
Scale:  1:2

Figure B.3: Coupled tensile test plate.
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Figure B.4: Transverse tensile test plate.
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Figure B.5: Longitudinal compressive test plate.
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Figure B.6: Transverse compressive test plate.
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Figure B.7: Compact tension test plate.
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Figure B.8: Compact compression test plate.
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Figure B.9: Double cantilever beam test plate.
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Figure B.10: End notch flexure test plate.
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Figure B.11: Interlaminar shear strength test plate.
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Figure B.12: L-shape tensile test plate.
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Figure B.13: Dynamic longitudinal tensile test plate.
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Figure B.14: Dynamic in-plane shear tensile test plate.
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Figure B.15: Dynamic transverse tensile test plate.
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