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Let G be a simple connected graph of order n. Let D¢, (G, i) be the family
of connected vertex-edge dominating sets in G with cardinality i .The
polynomial Dy (G, x) = Xi'oy,  deye(G, 1) x* is called the connected

vertex - edge domination polynomial of G, where d (G, i) is the number of
connected vertex - edge dominating sets of G. In this paper, we study some
properties of connected vertex-edge domination polynomials of the Friendship
graph F,,. We obtain a recursive formula for d ., (Fj,, i) . Using this recursive
formula, we construct the connected vertex - edge domination polynomial

Deye(Fryx) = X2 deye (B i) XU of Ey, where depe(Fp, i) is the
number of the connected vertex - edge dominating sets of [, of cardinality i
and some properties of this polynomial have been studied.
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1. Introduction

LetG = (V,E ) beasimple graph of order n. For any vertex v € V, the open neighbourhood of v
is the set N(v) = {u € V/uv € E} and the closed neighbourhood of v is the set N[v] = N(v) U
{v}. ForasetS € V, the open neighbouhood of S is

N(S) =U,es N (V) and the closed neighbourhood of Sis N[S] = N (s) U S.
A vertex u € V(@) vertex - edge dominates ( ve - dominates) an edge vw € E(G) if
1. u=wvor u=w(uisincidentto vw) or
2. uvoruw isanedgein G (u is incident to an edge that is adjacent to vw)

A vertex - edge dominating set S of G is called a connected vertex - edge dominating set if the induced
subgraph (S) is connected.

The minimum cardinality of a connected vertex - edge dominating set of G is called the
connected vertex - edge domination number of G and is denoted of y,,,. (G). A connected vertex - edge
dominating set with cardinality y,,. (G) is called ¥, — set.

Consider the Friendship graph F,, which has n + 1 vertices. We use a recursive method to
construct the families of connected vertex-edge dominating sets of F,,. The connected vertex — edge
domination polynomials of the Friendship graph F,, are then studied. For the combination 7 to i we
use (?) as normal.
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Connected vertex - edge dominating sets and connected vertex - edge domination polynomials of
graphs

Definition 2.1: A set S <V is a dominating set of G, if N[S] = V or equivalently, every vertex in
IV —S is adjacent to atleast one vertex in S. The domination number of a graph G is defined as the
minimum cardinality taken over all dominating sets of vertices in G and it is denoted as y (G).
Definition 2.2: The domination polynomial D(G,x) of G is defined as D(G,x) =
ZL’;(VG()G') d(G,i)x*, where d(G,1) is the number of dominating sets of G of cardinality i and y(G) is
the domination number of G.

Definition 2.3: A vertex u € V(G) vertex-edge dominates (ve - dominates) an edge vw € E(G) if
0] oru = w (uisincidentto vw) or
(i) uv oruw is anedge in G (u is incident to an edge that is adjacent to uw).

Definition 2.4: A vertex-edge dominating set S of G is called a connected vertex-edge dominating set
if the induced subgraph < S > is connected.

Definition 2.5: The minimum cardinality of a connected vertex-edge dominating set of G is called the
connected vertex-edge domination number of G and is denoted by y,,.(G). A connected vertex-edge
dominating set with cardiality ¥, (G) is called ., — set.

Definition 2.6: Let D.,.(G,i) be the family of connected vertex-edge dominating set of G with
cardinality i and let d ., (G, 1) = |Dcpe (G, 1) |.

Then the connected vertex-edge domination polynomial D, (G, x) of G is defined as D, (G, x) =
Zn deve (G, D",

i=Ycve
Example 2.7: Consider the graph G in the following Figure 1.27.
V] Vz
Vs
V3 Vq
Figure 2.1

In Figure 1.28, Sy, 5,, 53,54, S5 and Sg are the connected vertex-edge dominating sets of cardinalities
2.

S1 = {v, v} S, ={v1,v3}
V1 Vs Vi Vs

Vs Vs
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S3 = {v,, s} S4 = {v3, Vs}
Vl Vz vl VZ
VS V5
V3 V4 V3 Vyq
S3 = {v3, s} Sy = {4, Us}
Vl V2 V] Vz
Vs Vs
V3 V4 V3 V4

Figure 2.2

In Figure 1.29, S, Sg, So, S10, 511,512 and S;3 are the connected vertex-edge dominating sets of
cardinalities 3.

S7 ={v1,v2,v3} Sg = {v1, 0,14}
Vl V2 vl v2
VS VS
V3 Va V3 Va
Sg = {v1, v, s} S10 = {v1, V3, U4}
%
1 V2 V] V2
Vs
Vs
V3 V4
V3 V4
S11 = {v2, V3, U4} S12 = {v2, V4, U5}
Vl A%
V1 Vy 2
¥
Vs 5
Vv V4
V3 V4 3

- 1288 - Available online at: https://jazindia.com


https://jazindia.com/

S13 = {V3, Vs, Us}

V1 V2
Vs
V3 V4
Figure 2.3

In Figure 1.30, S14, S15, S16, S17 and S; g are the connected vertex-edge dominating sets of cardinality
4.

S14 = {V1, V2, V3, 4} S15 = {v1,V;, V3, U5}
Vl V2 Vl vz
Vs Vs
V3 V4 V3 V4
S16 = {V1, V2, V4, Vs} S17 = {v1,V3, V4, U5}
Vl V2 vl V2
Vs Vs
V3 Va V3 Va

S18 = {V2, V3, V4, U5}

Vl v2

Vs

V3 V4
Figure 2.4
In Figure 1.30, S;9 is the connected vertex-edge dominating sets of cardinality5.

S19 = {V1, V2, V3, V4, Vs }

Vl V2
Vs
V3 Vq
Figure 2.5
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Here S;,S55,S53,54 and Sg are the minimum connected vertex-edge dominating sets.
Hence Y, e (G) = 2.

The connected vertex-edge domination polynomial of G is

Deye(G,x) = leg/il((;) deye (G, i)xi

= ZL'5=2 depe (G, i)xi
= dcve (Gl z)xz + dcve (Gl 3)x3 + dcve (Gl 4)x4 + dcve (G, 5)x5
= 5x2 + 7x3 + 5x* + x°.
Connected Vertex — Edge Dominating Sets of Friendship Graph F,,

Definition 3.1: The Friendship graph E, can be constructed by joining n copies of the cycle graph C;
with a common vertex. Itis a planar undirected graph with 2n + 1 vertices and 3n edges.
Example 3.2:  The Friendship graph F, is shown below:

Vl V2

V3

Vg Vs

V7 v6
Figure 3.1

Definition 3.3: Let D, (F;,, i) be the family of connected vertex — edge dominating sets of £, with
cardinality i. Then the connected vertex-edge domination number of F,, is defined as the minimum
cardinality taken over all connected vertex — edge dominating sets of vertices in £, and it is donoted
by Yeve (Fo, 0)-

Lemma 3.4: Let F, be the Friendship graph with 2n + 1 vertices, then its connected vertex — edge
domination number is ¥, (F,) = 2.

Proof: Let F, be the Friendship graph with 2n + 1 vertices and 3n edges. Let the vertices be
{vl, U, V3 wes Upy Unt1s oos Von, v2n+1}. It is the graph obtained by joining n copies of cycle C5 with
common vertex. Let the common vertex be v;. For the n copies of cycle C5 the two edges from each

cycle must incident with the common vertex vs. Also, by the definition of vertex — edge domination
sets, all the edges are covered and they are connected. Thus, the minimum cardinality is 2. Hence,

Yeve (Fn) = 2.

Lemma 3.5: Let F,, n = 2 be the Friendship graph with |V (FE,)|= 2n + 1. Then d . (F,, i) = 0 if
i<2ori>nand dg,(F, i) >0if2 <i<n.

Proof: If i < 2 ori> n, then there is no connected vertex - edge dominating set of cardinalities i.
Therefore, d . (F,, 1) = @. By lemma 2.4, the cardinality of the minimum connected vertex - edge
dominating set is 2 . Therefore,d e (Fy,, i) > 0 if i > 2 and i < n. Hence, we have d . (Fy, i) =
0ifi<2 ori >nanddgye(Fy, i) >0if 2<i<n.

Lemma 3.6: Let F,, n = 2 be the Friendship graph with [V(E,)| = 2n + 1.
Then,

(1) D,ye(Fy, x) has no constant and first-degree terms.
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(1) D¢ye (Ey, x) is a strictly increasing function on [ 0,00).
Proof:

Q) Since the graph is a connected graph, at least two vertices must need cover the edges. So
the polynomial D, (F,, x) has no constant and first degree terms.

(i) Since n is increasing, the polynomial D, (Fy,, x) is strictly increasing on [ 0,00).

Theorem 3.7: Let F,,, n = 2 be the Friendship graph with 2n + 1 vertices, then

() dpe B = (7)) i i< 2041

i) g (Fa—(2n},0) = ( 11) if i <2n+ 1.

Proof: Let F, be a Friendship graph with 2n + 1 vertices. Let the vertices be vy, v,, V3 ..., Uy,
VUpa1s - Van, Vanae1- The Friendship graph F, can be obtained by joining n copies of cycle C5 with

common vertex. Letthe common vertex be v;. There are ( Zn ) connected vertex - edge dominating

-1
sets with n vertices of cardinality i to need cover all the edges.Thus, depe (E,i) = (i 2_n1) if i <

2n + 1.Also there are (Zin_—ll) connected vertex - edge dominating sets with F, — {2n} of
cardinality i to need cover all the edges.
Thus (E, —{2n},i) = (Zn - 1) if i < 2n + 1.Hence the proof is complete
) dC'Ve n ) - L _ 1 . p p .
Theorem 3.8: Let F,, n = 2 be the Friendship graph with 2n + 1 vertices, then
(i) d e (E, i) = e (E, —{2n},i) + d e (E,—{2n},i—1)if 3<i<n.
(ii) d e (Fni) =1+ dove (E,—{2n},0)if i = 2.

i) g, Fa—2nh) =g (Foy,D+g,  (Fupi-1if3<i<n

V) g, Ba— 20 ) =1+ g (Foy,i),ifi =2,

Proof: By Theorem 2.7, we have

m(n,)—( 1) if { <2n+1and

(F, — {2n)}, z)—( 11) if i <2n+ 1.

cve

W a,, F-2n0+g, (F-{@2n,i-1)
- (Zln —_11) - (zln —_21)
- (i 2—n1)

(F, 1)

= dcye

(i) Consider,
dcve (Fn 1Jl)+d (Fn—lfi_l)

-0 -(00)

(B
- (1)
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(F, —{2n}, D)

dC‘VE

Proof of (iii) and (iv) are obvious.
Connected vertex - edge domination polynomials of Friendship graph F,,

Definition 4.1: Let dpe (E,, i) be the number of connected vertex - edge dominating sets of the

Lollipop graph F, with cardinality i. Then the connected vertex - edge domination polynomial of F, is

defined as Dy (Fp, x) = X725 oy Geve (Fu ) xt , where ¥, (E,) is the connected vertex — edge

domination number of E,.

Theorem 4.2: Let D, (F,, x) be the connected vertex - edge domination polynomial of a Friendship
graph E, with 2n + 1 vertices, then

() DevelFr) = 525727l

(i) Deve (Fy — {2n},) = 525, (1 7 1)

Proof: Proof follows from Theorem 3.7 and by the definition of connected vertex - edge domination
polynomial.

Theorem 4.3: Let D, (F,, x) be the connected vertex — edge domination polynomial of a Friendship
graph F, with 2n + 1 vertices, then

() Deve(Fn,x) = x* + (1 4 %) Deye (F, — {21}, x)
(ii) Deye (Fy — {213, %) = x* + (1 + x) Deye (F_1, X).
Proof: By the definition of connected vertex - edge domination polynomial, we have
Deve (Fy ) = X237 deve (Fo 1) X
= deye (Fy, 2)x% + X723  depe (Fr 1)

= [1+ deye (Fy — {20}, )] + 32251 g (F, — {2n}, D)2 |

+ 2744, Fa— (20} 0 =
1t ]
by Theorem 3.8
=% + deye (F — {21}, 2)x% + B3 deye (F — {20}, D 1
+ X253 deve(Fy — {20}, i — D !
=x% + X2 deye (B — {20}, D) x + x X2 d ey (B, — {20}, — 1) x'1
= X% + Deye (Fy — {21}, x) + XDy (F, — {20}, x)
= x2 + (1 + x)Dpe (E, — {21}, x).
(ii) By the definition of connected vertex - edge domination polynomial, we have
Deye (B, — {20}, x) = X241 d o (F, — {21}, 1) x*
= deye(F, — {20}, 2)x* + X725 deye (Fy — {20}, 1) &
= [1+ deye (Fno1, 16 + X2 [depe (Fpo1, ) + % depe(Fr1,i — 1)]
= X% + deye(Fno1,2)%% + X3 depe (Fooy, 1) X
+ X5 deve(Fpog, i — D !
= 2%+ 275 deye (Fpog, D) ' + x X2 deye (Fog, i — 1) 607
= x? + Deye (Fp—1,%) + XDeye (Fy—1, X)
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= x% + (1 + x)Dpe (Fr—1, X).
Example 4.4: D,,(F,,x) = 8x2% + 28x3 + 56x* + 70x° + 56x° + 28x7 + 8x% + x°
Verification: By Theorem 4.3, we have

Deye(Fy, x) = x* + (1 + x) Dy (F, — {8}, %)

=x2+ (14 x)[7x? + 21x3 + 35x* + 35x° + 21x° + 7x7 +
x®]
=x% 4+ 7x% 4+ 21x3 + 35x* + 35x° + 21x% + 7x7 + x® + 7x3 + 21x* +

35x5 + 35x% + 21x7 + 7x8 + x°

= 8x% + 28x3 + 56x* + 70x° + 56x° + 28x7 + 8x® + x°

Example: Dy (Fs — {10},x) = 8x2 + 36x3 + 84x* + 126x° + 126x° + 84x7 + 36x® +
9x° + x10

Verification: By Theorem 4.3, we have
Depe (Fs — {10}, x) = x% + (1 4 x)Dye (Fy, X)

= x? + (1 + x)[8x% + 28x3 + 56x* + 70x° + 56x° + 28x7 +
8x8 + x7]

= x2 + 8x% + 28x3 4+ 56x* 4+ 70x° + 56x° + 28x7 + 8x8 + x° 4+ 8x3 + 28x* +
56x° + 70x° + 56x7 + 28x8 + 8x° + x1°

= 8x2% + 36x3 + 84x* + 126x5 + 126x° + 84x7 + 36x8 + 9x° + x10

We obtain d e (Fy,, i) , 2 < n < 15 as shown in the following table 1:

L
234567891011121314;
n
F,—{4} [4 [3 |1
F, 4 |6 |4 |1
1
F,={6} |5 |5 |10 |5 |1
1
F, 6 | (20 |15 |6 1
2
F,—{8) |7 |7 |35 |35 |21 |7 1
2
F, 8 |g |56 |70 |56 |28 |8 |1
3
9 9 | |84 |126 126 |84 |36 |9 |1
1[4
Fe o |5 [120 210|252 |210 |120 |45 |10 |1
1|5
F,—{12} || |, |165|330 |462 |462 |330 | 165 |55 |11 |1
1|6
Fg 5 |g 220|495 792 | 924 |792 | 495|220 |66 |12 |1
1 171 | 12
F = {14} | 273 286 | 715 | 1287 | 1716 67 78 715 [ 286 |78 |13 |1
F, 1 ]9 100 343 [ 300 | 200 | 100 |36
4 |1 [364 |7 [2002 3003 | " | 2T 2 |91 ]14 |1
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Theorem 4.5: Forevery n € N and 3 <i < n, |Dcve(Ln,1, i)| is the coefficient of u™v’ in the
utv3[(v+2)%+3
1-u(1+v)

Proof: Set f(u,v) = Y4 X523 |Deve (Ln1, i) |[u™v! by recursive formula for |Dgye(Lp1,i)| in
Theorem 2-9 we can write f (u, v) in the following form:

fu,v) = X0-4 X2l Deve (Ln—1,1’i - 1)| + |Dcve (Ln—1,1: i)lunvi
= Ynea 2i23|Deve (Ln1,, 1 = D) [uv’ + X524 2825 |Deve (Ln-1,1, 1) [0
= UV Yy Z?o=3|Dcve(Ln—1,1»i - 1)|un_1vi_1 +uUYn-s Z?i3|Dcve(Ln—1,1f i)|un_1vi
= uv [[|Deve(Ls,1, 2)[uPv? + |Dege(La 1, 3)|uv® + Deye(Ls 14) [udv?|
+uv N5 B25| Deve (Ln-1,1, 0 = 1) [u" 07
+ 1| Deve (L3 1, 3)[4Pv® +|Deye (La 1, 4) [uv* + uXis Xi25| Deve (Ln—1,1, 1) [u" 0]

D ye (Ln,l, i) is family of connected vertex-edge dominating set with cardinality i of L,, ;.

expansion of the function f(u, v) =

From Table 1, we have, |Deye(Lz1,2)| = 4, |Deve(Ls,3)| = 3and [Depe (L3 1,4)] = 1.
Then f(u,v) = ww[4udv? + 3udv3 + udv?*] + uvf (u, v) + u[3udv3 + u3v?*] + uf (u, v)
= wudv?[4 + 3v + v?] + wvf(u, v) + uuBv3[3 + v] + uf (u,v)
fu,v) = u*v3[4 + 3v + v + u*v3[3 + v] + f(u, v)[uv + u]
flu,v) = u*v3[v? + 3v + 4] + u*v3[3 + v] + f(u, v)[uv + u]
=utv3[v2 +3v+4+3+v]+ f(w,v)[uv + ul
=utv3[v? +4v + 7] + f(u, v) [uv + u]
fu,v) — fu,v)[uv + v] = u*tv3[w? + 4v + 7]
fu,v)[1—uv —vu] = u*v3[w? + 4v + 4 + 3]
fu,v)[1—u(l+v)] =u*v3[(v+2)% + 3]

utv3[(v+2)%+3]

Hence, f(u,v) = Tu(its)

4. Conclusion

In this paper, the connected vertex - edge domination polynomials of Friendship graph F, has been
derived by identifying its connected vertex - edge dominating sets. Also find the recursive formula for
connected vertex - edge dominating sets and using this relation | have derived some interesting
properties.

Acknowledgement: The author wishes to thank the anonymous referees for their comments and
suggestions.
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