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Abstract: This paper studies a mechanical metamaterial with tetrachiral topology by mathematical
modeling. Chirality is the property of an object that makes the object distinguishable from its mirror
image; chirality can be left- or right-handed. The mechanical response of two metamaterial unit cells
with different configurations (patterns A and B) is investigated. It is found that the cubic cell with a
regular pattern A exhibits orthotropic mechanical behavior under loading along three coordinate
axes. An irregular pattern B differs from pattern A in that the upper face of the unit cell has an
opposite chirality. This architectural transformation is considered as a topological defect, which en-
hances the twisting effect in the loaded metamaterial. Analysis of displacements and stresses shows
that the mechanical behavior of the pattern B cell is described by the model of a transversely iso-
tropic material. The orthotropic and transversely isotropic behavior of the cells of given configura-
tions is also confirmed by the values of the effective elastic constants. Microstructural geometry and
mechanical deformation of metamaterials are shown to be closely related. It is shown that a topo-
logical defect in a unit cell of a tetrachiral metamaterial strongly determines its twisting behavior.

Keywords: mechanical metamaterial; chiral structure; numerical modeling; cell connection;
effective properties

1. Introduction

Three-dimensional printing technology has provided a unique opportunity to pro-
duce complex structures directly from their digital models [1,2]. The design of modern
structures is often associated with metamaterials whose physical and mechanical proper-
ties depend not on the chemical composition of the base material, but on an artificially
designed architecture. Metamaterials have found wide applications in engineering design
of composites, porous materials, and lattice structures, which are considered as two-phase
materials made up of a solid matrix and voids [3,4], as well as in biomedical applications
for the fabrication of scaffolds [5].

Scaffolds can be designed from materials composed of unit cells [6]. Each cell has a
certain structure and a specific characteristic. The structural properties of cells can be pro-
grammed by changing their structural parameters [7], introducing topological defects
[8,9], or by the type of cell connection in a sample [10]. The first study of cubic tetrachiral
cells was performed by Frenzel et al. [11]. Tetrachirality implies the presence of a node
and four ligaments. Chirality is the property of an object that makes the object distinguish-
able from its mirror image; chirality can be left- or right-handed. The tetrachiral topology
is very interesting from a design point of view due to its auxetic property [12-15]. Com-
pared to two-dimensional (2D) chiral metamaterials, three-dimensional (3D) chiral met-
amaterials have a much more complex configuration and are more difficult to fabricate,
so there is little research on 3D chiral auxiliary structures. Three-dimensional cubic chiral
lattices were developed and numerically analyzed by Ha et al. [16]. Based on two-dimen-
sional tetrachiral honeycombs, Fu et al. proposed a three-dimensional orthotropic chiral
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structure designed by orthogonal assembling [17]. In [18,19], three-dimensional chiral and
antichiral auxetic metamaterials were developed based on a novel node design with
oblique load-bearing ligaments. Other three-dimensional chiral auxetic metamaterials
were also proposed, e.g., in [20].

A tetrachiral structure has a nontrivial mechanical response manifested as twisting
under uniaxial loading conditions. Hence, it is often difficult or even impossible to define
and understand the properties of tetrachiral metamaterials. Mathematical modeling is a
good time- and cost-effective research tool that can be used before the production of full-
size samples. Numerical simulations also help to determine the optimal structure. Artifi-
cial intelligence algorithms show promise in this regard [21].

At present there is a large variety of structures with the load-induced twisting behav-
ior, and the number of works exploring new structures of this type is growing [17,19,22—
35]. Recently, metamaterials with rotational or torsional resonators have been proposed
and investigated as a new way of highly effective vibration energy dissipation [36]. Met-
amaterials can also be applied to partially solve the energy crisis problems in rapidly de-
veloping countries [21]. The advantage in this case is that the use of metamaterials pro-
vides green energy solutions, which allow them to become part of the smart city ecosys-
tem [37,38]. The given approach requires design optimization algorithms for metamateri-
als, and positive findings in other application areas may be useful in this regard [39,40].

Some effects produced by topological defects can be advantageous for metamaterial
design. The impact of topological defects on the mechanical response of two-dimensional
structures was studied by Meeussen et al. [8,9]. To our knowledge, the literature contains
no reports on the influence of topological defects on (i) three-dimensional metamaterials
and (ii) tetrachiral structures. This paper is intended to fill the two research gaps. First, we
investigate topological defects in a three-dimensional metamaterial sample. Second, we
propose considering topological defects in the form of tetrachiral structural elements with
opposite chirality. Mathematical modeling is used to provide evidence that the properties
of a tetrachiral metamaterial can be controlled by a topological transformation of its unit
cells with chiral structure. Of special interest is to study the enhancement of the effect of
structural twisting. The difference in the responses of such structures in different direc-
tions, i.e., anisotropy of their properties because of sample twisting, is considered sepa-
rately.

The purpose of this work is to study the mechanical behavior of a metamaterial with
a smart tetrachiral structure. The smart structure is understood here as a structure that
can be modified to achieve the required mechanical properties. In other words, mechani-
cal characteristics can be programmed, e.g., using topological defects. The mechanical re-
sponse of tetrachiral unit cells of two configurations under quasi-static uniaxial loading is
numerically simulated.

The rest of the paper is organized as follows: Section 2 provides the mathematical
formulation, including information about the properties of the base material from which
the metamaterial is built; Section 3 details the sample topology and the proposed archi-
tectural transformation; Section 4 summarizes and discusses the results obtained in this
study; and Section 5 concludes the paper.

2. Materials and Methods

The boundary value problem is considered for the system of equations of elasticity
theory for the fields of displacement ui and stress ojj in a three-dimensional formulation.
The system includes equilibrium Equation (1), Cauchy relations (2) for determining
strains via displacements, and constitutive relations (Hooke’s law) (3):

V] ' O-ij = 0, (1)

_1fou; , Ouj
gij T2 <6x] + 0x; 4 (2)
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oij = A GjjEp + 27 1 &, 3)

where oijis the stress tensor components, & is the strain tensor components, xiis the spatial
coordinates, ui is the displacement vector components, A and u are the Lame constants, 0;
is the Kronecker delta, and i, j=1, 2, 3.

The base material is assumed to be isotropic and homogeneous and is therefore char-
acterized by two material constants. The elastic constants have the following values in this
study: Young’s modulus E = 2.6 GPa and Poisson’s ratio v = 0.4. These values correspond
to acrylonitrile butadiene styrene (ABS) plastic. The effective properties of metamaterials
depend to a large extent not on the elastic modulus values of the base material, but on the
macrostructural geometry of the metamaterial.

Here we consider the problem of uniaxial loading of a sample made of a mechanical
metamaterial. The problem was solved numerically by the finite element method using
the Ansys WB 2020R2 software package. Tetrahedral finite elements were used. The size
of the elements was determined from the results of the grid convergence analysis [41]. The
lower face of the metamaterial sample is rigidly fixed, and the upper face is subjected to a
displacement corresponding to a 3% longitudinal compression. All other faces of the sam-
ple are under free boundary conditions, which can be written as follows:

u; =0 for x; €Sy, u, = —0.03! for x; €S,, o;jn; =0 for x; € S5, 4)

where 51 is the lower face, | is the size of the sample along the loading axis, Sz is the upper
face, Ssis the side faces of the sample, and 7;j is the components of the normal vector to the
surface Ss.

Numerical simulations were performed by finite element modeling. A unit cell was
considered as a system of rods or beams, which was modeled as a set of three-dimensional
solid elements in finite element calculations. The sample was deformed without contact
interactions of its constituent elements.

3. Structure of the Studied Sample
3.1. Tetrachiral Structure

Let us consider the tetrachiral element shown in Figure 1. A simple chiral element
consists of a node and tangentially attached ligaments. It can have several ligaments and
is named according to their number. The tetrachiral element depicted in Figure 1 has a
circular node (ring) and four ligaments.

. )

Figure 1. Tetrachiral element of the metamaterial: (a) two-dimensional sketch in the XY plane and
(b) solid model.
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The tetrachiral element geometry is defined by six parameters, as shown in Figure 1:
I'=50 mm is the size of the square in which the element is inscribed (or the tetrachiral
element size), t =5 mm is the ligament height, 1 =5 mm is the ligament thickness, r2=17.5
mm is the outer ring radius, r1 = 12.5 mm is the inner ring radius, and 0 is the inclination
angle of the ligament. The ligament thickness dimension in the tetrachiral element is
formed when the element is extruded along the Z axis. Not all of these parameters are
independent. For example, if the angle 0 is measured from an imaginary line drawn tan-
gentially from the end of the ligament to the ring, then it can be associated with the outer
ring radius and the tetrachiral element size. If we assume that the ligament height coin-
cides with the ring thickness, then the inner ring radius can be expressed in terms of the
outer ring radius and the ligament height.

3.2. Topological Arrangement of Tetrachiral Elements in a Unit Cell

The tetrachiral element from Figure 1 can be considered as a wall of a three-dimen-
sional unit cell. The porosity of the tetrachiral element is 63%. The unit cell is a cube com-
posed of six tetrachiral elements. The porosity of the obtained unit cell is 80%. To study
the possibility of modifying the mechanical properties of a metamaterial, we consider two
unit cell configurations that differ only by the rotation direction of ligaments in the upper
wall (Figure 2).

I
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anJ’oZu .
Y

\ /

1 -

Figure 2. Two configurations of the metamaterial unit cell: (a,c) pattern A and (b,d) pattern B.
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The tetrachiral elements in the unit cell of the first type (pattern A, Figure 2a) have a
right-handed chirality and are arranged in such a way that the ligaments of the adjacent
walls form a regular pattern. In the unit cell of the second type (pattern B, Figure 2b), the
element of the upper wall has an opposite left-handed chirality and therefore breaks the
pattern symmetry. These patterns can be visualized if we unfold the cubic cells onto a
plane (Figure 2c,d). Since the left-handed chirality element makes the pattern irregular, it
was called a topological defect.

4. Results and Discussion
4.1. Twisting

The effect of the topological defect on the mechanical behavior of the unit cell was
investigated by comparing the numerical results obtained for two cell configurations. The
specific feature of the tetrachiral structure design is that such a structure twists under
uniaxial loading. In the three-dimensional case, the nodal points of the loaded unit cell
were displaced both along the loading axis and in the plane perpendicular to this axis. In
other words, the cell twisted. The cell twisting process is schematically described through
point shifts (Figure 3):

Y-X Y-X

r

1.508 Max 1.709 Max
1.173 1.329
0.838 0.949
0.503 0.570
JclylzL 0.168 0.190
-0.168 —-0.190
-0.503 —0.570
4 —0.838 -0.949

-1.329
-1.709 Min

X
Figure 3. Vertex displacements in unit cells of two configurations: (a) pattern A and (b) pattern B.

e Nodal points A, B, C, and D (K, L, M, and N) are fixed subject to the given boundary
conditions,

e Nodal points A’, B’, C/, and D’ (K’, L', M’, and N’) move along the Y axis in accord-
ance with the boundary conditions and are displaced in the XZ plane.

This mode of motion indicates that the 3D structure begins to twist due to the prop-
erty of chirality.

Numerical calculations showed that the deviation of the considered points from the
initial position in the two unit cell configurations is 13.33%. The largest displacement
value can be observed in the cell with the topological defect. This result can be attributed
to the rotation direction of the tetrachiral element/opposite chirality of the upper
tetrachiral element. Let us consider in detail the movement of the nodal points in each of
the faces, with the exception of the rigidly fixed lower face that does not participate in the
movement. We can also neglect the displacement along the Y axis, as it is determined by
the boundary conditions and is the same for both cells.

The direction of movement from point to point will be designated by the symbol

“ ”
—,
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The nodal point displacements for the regular pattern A under uniaxial compression
along the Y axis are as follows:

Face ABCD:A'-D,D'—-C,C —-B,B - A’

Face ABB'A: A’ > B, B —>B,B— A, A— A’;

Face BCC'B:B' - (C,C -C,C—-B,B—B’;

Face CDD'C:C - D', D’'—-D,D->C,C—-Cj;

Face DAA'D:D - A, A’—>A, A—-D,D—-D/’

The point displacements for the irregular pattern B are as follows:

Face KLM'N:K' - L, L'->M,M - N, N - K’;

FaceKLL'K: K - L, L'->L L—-K K—K;

Face LMM'L: L' - M, M -M,M—>L,L—>L;

Face MNN'M':M"—- N, N —-N,N—- M, M — M’;

Face NKK'N:N' - K, K" - K, K—N,N - N".

Of greatest interest is the movement kinematics of the upper and adjacent side walls.
One can see from the above schemes and from Figure 3 that these walls in the pattern B
cell with the topological defect move in one direction. Differences in the displacement
paths are underlined for clarity.

4.2. Effect of the Topological Defect on Unit Cell Behavior along Three Orthogonal Axes

The presence of the topological defect in the unit cell structure caused more pro-
nounced twisting in the plane perpendicular to the loading axis. The mechanical behavior
also changed with changing the loading axis. Figures 4 and 5 display the numerical results
for loading along three orthogonal axes, showing deflections along the coordinate axes.
The X-Y notation means that the load was applied along the X axis and the deviation was
analyzed along the Y axis.
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Figure 5. Mechanical behavior of the pattern B unit cell with the maximum load-induced twisting
effect under loading along three orthogonal axes.

Figure 4 shows the results for the cell without a topological defect (pattern A). This
configuration implies the orthotropic mechanical behavior of the unit cell. This type of
behavior can be identified if we consider the deviation values, except for the cases of X—
X, Y=Y, and Z-Z, as they correspond to the values of the boundary conditions. For all
other cases, the deviation values are repeated (Figure 4). This effect is expected as a con-
sequence of the regular tetrachiral structure pattern. The given metamaterial property can
be important from the viewpoint of metamaterial-based design.
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As has been shown above, the cell with a topological defect (pattern B) exhibits a
more pronounced twisting effect. Numerical experiments revealed that the highest devi-
ation value is achieved in the X-Z and Z-X cases (Figure 5), which is unexpected and not
obvious. The maximum displacement in these planes is 2.124 mm, taken modulo, because
one wall is shifted in the positive axis direction and the other is shifted in the negative
direction during twisting. The unpredictable effect is explained by the smaller contact sur-
face of adjacent tetrachiral elements. The least interaction between two ligaments of per-
pendicular walls is observed in the vertices with maximum deviation.

4.3. Effective Poisson’s Ratio

Unit cells as a trivial case are convenient for studying the Poisson’s ratio in metamate-
rial samples. Let us consider the effective Poisson’s ratio values in a metamaterial unit cell
composed of tetrachiral elements.

Regardless of the unit cell configuration (with or without a topological defect), the
cell changes its shape during twisting. In this case, each cell wall is deformed in more than
one plane. This is the main difficulty in determining the effective Poisson’s ratio with this
type of deformation. The pattern A cell exhibits comparable deviations along the X and Z
axes (Figure 6). This means that there is no transverse deformation and the upper face
performs a purely rotational motion. Compressional deformation along the Y axis is con-
stant and nonzero in this case. Using finite difference equations [42], we can calculate
strains from displacements of several points in the unit cell to determine the effective Pois-
son’s ratios. For example, two Poisson’s ratios can be determined in compression along
the Y axis.

1.508 Max 1.709 Max
1.173 1.329
0.838 0.949
0.503 0.570
0.168 0.190
-0.168 -0.190
-0.503 -0.570
-0.838 -0.949
-1.173 -1.329
-1.508 Min -1.709 Min

Figure 6. Selected reference points on metamaterial unit cells: pattern A (a) and pattern B (b).

Exx €2z
Vay =7 7+ Vay = 7
y Y T &,
The strain along the compression axis can be determined based on the given bound-
ary conditions:
-

£ .
vy 1
The strains along two other orthogonal coordinate axes can be determined, e.g., from
the displacements and coordinates of four points in a plane perpendicular to the loading
axis using the following formulas:
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ouy, (Uxz — Uxa) (23 — 21) — (Uy3 — Uy) (22 — Z4)
B =TT 25
0u,  (uz —Uzg) (X3 — x1) — (Upz — Uzg) (X — X4)
2 =7 T 25
where
25 = (23 — 24) (x5 — x1) — (23 — 2) (xz — X4).
Hence,
(Uxz —Uxa) (23 — 21) — (Uyz — Uy ) (2 — 24) |
Vyy A = — —

(2 — 24) (x5 — x1) — (25 — 2) (X3 — x4) Uy

Calculations with this equation were carried out for groups of four selected points
on different faces, as indicated in Figure 6a. The estimates of the effective Poisson’s ratio
on the upper face were vy, = 0.078 and vz = 0.078.

Other Poisson’s ratios were calculated similarly: vy = 0.078, vzx = 0.078, vyz = 0.078, and
vz = 0.078. The results obtained confirm that the pattern A cells are orthotropic, and the
Poisson’s ratio values are close to zero.

Now let us consider the compression of the pattern B cell along the Y axis. The cell
has a fourfold rotational symmetry axis, so the equality vxy = vzy also holds for it. The ef-
fective Poisson’s ratios estimated by the above equations have the following values: vx, =
—0.046, vzy = -0.046, vyx = —0.141, var = 0.380, vy = —0.142, and vz =0.380. This means that the
estimates correspond to the model of a transversely isotropic body with the XZ isotropic
plane.

4.4. Effective Young’'s Modulus

The effective Young’s moduli for the two studied unit cell configurations were esti-
mated by analyzing the support reaction force of the fixed wall under loading along three
coordinate axes (Figure 6). Pattern A maintains a constant value for the three coordinate
axes due to the orthotropic behavior of the cell. In the case of pattern B, the greatest reac-
tion force is observed under loading along the Y axis. This effect is caused by the embed-
ded topological defect that prevents adjacent tetrachiral elements from rotating. As a re-
sult, compression of the sample to the same strain requires greater force.

Knowing the support reaction, the effective Young’s modulus for all loading scenar-
ios and for both cell configurations can be determined by the following formulas:

F 1732.7
_ _ _ S _25x1075 _
EAX = EAy = EAZ = Al = —15 < 10-*% = 0.231 GPa

l 5x 1073

23244

F

_ S _25x10°5 _

Bo. = a7 = Tox 107 = 0-310GPa
I

5x10-3
F 2669.2
_ S _25x10° _
Bo, = A7 = T2 10-F = 0-356 GPa
l 5x 1073
F 23239
_ S _25x10°° _
By, = 47 = 12 10-7 = 0310 GPa
] 5x 1073

The Young’'s modulus values for pattern B along the Y axis were 15% larger than
those for pattern B along the X and Z axes. The Young’s moduli for pattern A along all
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three axes were the same and turned out to be lower by 54% compared to the Young's
modulus for pattern B along the Y axis.

4.5. Equivalent Stress Distribution

This section analyzes the local stress values for the two studied configurations. Figure 7
shows the distributions of equivalent stresses (von Mises stresses) in the cells loaded along
three orthogonal axes. The stress distributions in the pattern A cell confirm its orthotropic
behavior. The maximum stresses are observed at the wall junctions and in the contact
areas between ligaments and rings in the tetrachiral elements.

X X
102.24 Max 279.89 Max
90.883 248.79
79.523 217.69
68.163 186.59
56.802 155.49
45.442 124.40
34.082 93.297
20722 62.198
11.361 31.099
0 Min 0 Min

/Ln "
sl z/k
X

"

111.07 Max
98.729
86.388
74.047
61.706
49.365
37.024
24.683
12.342
0 Min

Y
315.26 Max
280.23
2452
210.17
175.14
140.12
105.09
70.058
35.03
0 Min
\ A
z’*‘\_ Z 4
Z
103.6 Max 270.23 Max
92.092 2402
80.581 210.18
69.069 180.15
57.558 150.13
46.047 120.10
34,535 90.076
23.024 60.051
11.512 30.026
0 Min 0 Min
- Y
,/L z'*n
A . »

Figure 7. Equivalent stress distributions under loading along three orthogonal coordinate axes.
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Pattern B is characterized by a more inhomogeneous stress distribution, with
stronger stress concentrators at the junctions between the upper and adjacent walls. At-
tention should be paid to the contact areas not only between the upper and adjacent walls,
but also between ligaments and rings. The topological defect in pattern B can be consid-
ered as a nonoptimal metamaterial design, leading to the appearance of additional strain
localization regions with maximum equivalent stresses. One can see that the maximum
value of equivalent stresses is higher by a factor of three compared to pattern A. The stress
distributions under loading along the X and Z axes are similar, indicating the transversely
isotropic behavior of the pattern B cell.

5. Conclusions

This paper studied the behavior of two cubic metamaterial unit cells of different con-
figurations (patterns A and B) with walls formed by tetrachiral elements. The difference
was that the upper wall in one of the cells had an opposite chirality. It was shown that this
design feature can be interpreted as a topological defect. The twisting behavior of the unit
cells was discussed for the case of uniaxial loading conditions.

Numerical experiments showed that the pattern A cell has the same physical and
mechanical characteristics when loaded along three orthogonal axes. This suggests that
the cell exhibits orthotropic mechanical behavior.

The pattern B cell was modified in order to increase the twisting effect. The chirality
of its upper wall was reversed in such a way as to satisfy the condition of increasing the
load-induced twisting effect in the XZ plane under loading along the Y axis. The opposite
chirality of the upper wall was considered as a topological defect in pattern B, which was
visualized by unfolding the cubic cell onto a plane. The topological defect was shown to
increase the twisting degree of the cell by 13%.

The symmetry of pattern B was broken by the topological defect, and as a result the
unit cell was no longer orthotropic. Further analysis of the cell showed an unexpected
result: the maximum displacement values were observed along the Z axis under loading
along the X axis and along the X axis under loading along the Z axis, being equal to dx- =
—-2.124 mm and dz«=2.124 mm.

Equivalent stress distributions were also analyzed for patterns A and B. Characteris-
tic stress distributions for each of the three loading axes confirmed the orthotropic me-
chanical behavior of the pattern A cell and the transversely isotropic behavior of the pat-
tern B cell. The maximum stress values in the pattern B cell were about three times higher
than for pattern A.

The obtained results confirm the close relationship between microstructural geome-
try and mechanical deformation. The introduction of topological defects into metamate-
rial structures plays a key role in the control of their behavior. It was shown that a topo-
logical defect in a unit cell of a tetrachiral metamaterial strongly determines its twisting
behavior.
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