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Matia P. Edwards,1 Samuel F. D. J. Gómez,2 and Michael S. H. Boutilier3, a)

1)Graduate Research Assistant

Mechanical and Materials Engineering

Western University

London, ON, Canada N6A 5B9

2)Graduate Research Assistant

Chemical and Biochemical Engineering

Western University

London, ON, Canada N6A 5B9

3)Assistant Professor

Chemical and Biochemical Engineering

Western University

London, ON, Canada N6A 5B9

(Dated: February 17, 2023)

1

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
1
4
2
8
0
8



Accepted to Phys. Fluids 10.1063/5.0142808

Demand is growing for a larger catalogue of experimental techniques to measure

flow rates through micro/nanoscale systems for both fundamental research and device

development. Flow emerging from a hole in a plane wall is a common system of interest

in such work for its relevance to membrane separation. In this paper, we consider

the possibility of measuring volume flow rates through small scale orifice plates from

images of dye dispersions downstream. Based on approximate analytical solutions to the

advection-diffusion equation, we show that, at low Reynolds numbers, the concentration

in the nearly hemispherical plume that forms increases linearly with inverse distance

from the pore and that the slope is proportional to volume flow rate. Frommicrographs of

fluorescent dye plumes taken downstream of micropores of three different diameters, we

demonstrate that, at Reynolds numbers below 15, the volume flow rate can be determined

by extracting this slope from fluorescence intensity images. At higher Reynolds numbers,

laminar jets form. In this regime, we derive an approximate similarity solution for the

concentration field and show agreement of imaged dye dispersion shapes with both

analytical expressions for the streamlines and isoconcentration contours at Reynolds

numbers above 25. �e results validate a scalable method for flow rate measurements

applicable to small micropores of any geometry in planewalls and to small areas of porous

materials relevant to membrane systems.

a)Corresponding author: michael.boutilier@uwo.ca
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I. INTRODUCTION

Nanostructured membranes have emerged as a promising class of separation technology

offering enhanced permeance at comparable selectivity to conventional polymer membranes.1–11

Membranes with nanopores defined by the inner diameter of carbon or boron nitride

nanotubes,9–18 vacancies in atomically thin graphene,7,8,19–38 nanochannels formed between

graphene oxide or other nanomaterial flakes,5,6,39–52 or the nanoporous material structure of

metal or covalent organic frameworks53–56 have been explored for liquid and gas phase separation

applications. �e nanostructures in these membranes can accomplish separation through size-

based sieving or through charge or chemical interactions with the pore.

Standard measurement tools for permeance and selectivity are available to characterize the

performance of centimeter-scale membranes.5–10 However, at this size, measurements are of

parallel transport through trillions of pores and include flow pathways through defects present

in the membrane.57,58 For many of these types of membranes, a distribution of pore sizes will

exist due to fabrication challenges, for example in producing nanotubes of the exact same

diameter59 or uniformly nucleating and growing pores in graphene.7 �is complicates optimizing

or tailoring pore structures for specific applications and screening candidate membranematerials

for potential performance prior to larger scale membrane development.

Techniques to determine flow rates through small areas of nanomaterials are desirable for

such studies and in furthering our understanding of unique transport phenomena encountered at

the nanoscale.2,60–62 Molecular simulations and theoretical modelling have provided considerable

insight into transport mechanisms through nanopores.28,36,63–106 However, uncertainty in factors

such as probable pore structures or intermolecular interaction potential leave a need for

experimental data to corroborate such modelling.

Unfortunately, standard techniques formeasuring fluid flows can be difficult to scale tomicron

and sub-micron sizes. Patch clamps are well established tools for sensitively measuring ion

transport rates through small areas and have been successfully used in nanostructuredmembrane

research.20,22,107,108 Measuring uncharged species transport remains a major challenge, though

some clever methods have been devised.17,19,109–115 Bunch and collaborators19,109,110 developed a

technique to measure gas flow rates through micronscale areas of porous graphene by sealing a

microcavitywith the graphene, puncturing it byUV/ozone exposure, charging the cavitywith gas

in a pressure chamber, then subsequently measuring the inflation/deflation rate by atomic force
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microscopy. Bocquet and collaborators17,112 developed and applied twomethods tomeasure liquid

water flow rates out of single carbon and boron nitride nanotubes. Both methods use optical

microscopy to image the larger-scale, slower flow in a downstream reservoir produced by a

smaller, faster nanojet emerging from a pore too small to observe through an optical microscope.

One approach was to use micro-particle image velocimetry to map the velocity field induced

in a reservoir by flow out of a nanotube, then compare it to the analytical Landau-Squire116,117

solution for the velocity field produced by a concentrated force in an infinite reservoir. �e second

approach was to inject dye through the capillary and use fluorescence microscopy to image the

resulting plume, then compare it to an analytical solution for the concentration field of a solute

in a Landau-Squire jet flow.

�is study is motivated by the possibility of measuring volume flow rates through small

membrane areas from microscope images of larger dye dispersions that form downstream. A

prominent characteristic of membrane pores is the flat membrane surface that they extend

through. �is boundary is a distinct difference from the Landau-Squire jet geometry and requires

a different flow field solution. For this geometry, Sampson118 derived the velocity field in the low

Reynolds number (creeping flow) limit. Atwal et al.119 recently solved the advection-diffusion

equation approximately for this flow field and developed a relation for the concentration field.

In the high Reynolds number limit, Squire120 and Yatseyev121 derived an analytical similarity

solution for flow emanating from a concentrated force directed away from awall, thoughwithout

satisfying the no-slip condition along the boundary.122 Schneider123,124 later approached this

problem by dividing the flow into an inner jet and outer entrainment flow for the case of infinite

Reynolds number. Recently, Gusarov125 extended the analysis of Squire120 and Yatseyev121 to

derive analytical equations for the velocity field enforcing the no-slip condition. Although this

solution corresponds to zero-mass flux through the wall, Gusarov126 validated the solution by

comparing with numerical solutions for the flow field produced by a jet emerging through a hole

in a wall.

In this paper, we seek to develop and validate a technique for determining volume flow

rates of liquids through orifice plates in the laminar regime from images of dye dispersions

downstream. We develop equations for the concentration field in the low and high Reynolds

number limits based on existing analytical solutions for the flow field and compare images of

fluorescent dye dispersion to these predictions. Although this work is motivated by flow through

nanopores, to validate the technique and the Reynolds number range of validity of the analytical
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solutions employed, we image fluorescent dye dispersions created downstream of micron-scale

orifices, for which volume flow rates can be confidently calculated. In the low Reynolds number

limit, we show that volume flow rate can be determined from the slope of concentration with

inverse distance from the pore. We validate this approach with experimental plume images and

find that it gives reasonable results up to a Reynolds number based on pore diameter of 15.

At high Reynolds numbers, we develop an analytical similarity solution for the concentration

field of a solute in Squire’s120 flow field solution. We similarly compute the concentration

field numerically for Gusarov’s125 flow field solution. Comparing the dye dispersion images

to computed streamlines and isoconcentration contours, we find good agreement for Reynolds

numbers above 25.

�is paper is organized as follows. Section II describes the dye dispersion experiments and

flow rate calculations. Section III presents a selection of dye dispersion images and the governing

equations for the concentration field. Section IV considers the low Reynolds number limit; the

approximate solution for the concentration field is reviewed before applying it to show how

volume flow rate can be extracted. �is approach is validated by application to experimental

plume images. Section V considers the high Reynolds number limit; similarity solutions for the

flow field are reviewed and then corresponding similarity solutions to the advection-diffusion

equation are derived for the concentration field. �e results are compared to experimental images

before a summary of the conclusions are presented in Section VI.

II. METHODS

Dispersions of fluorescent dye were produced by applying a pressure difference across a

micropore in a transmission electron microscope (TEM) grid initially separating fluorescein

upstream and water downstream (Fig. 1). �e resulting flow was recorded on a fluorescence

microscope to capture dispersion shapes and fluorescence intensity profiles.

A. Experimental methods

TEM grids, each with a single micropore in the center, formed the orifice plate geometry

(Fig. 1a-d). Micropores of diameter 1, 3, and 6 µm (Norcada NTPR005A-C1, NTPR005D-C3,

NTPR003D-C6) extend through a square silicon nitride window in a 3 mm diameter, 200 µm thick
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silicon frame. �e silicon nitride thickness is 50 nm for the 1 µm diameter pore and 200 nm for

the 3 and 6 µm diameter pores. �e pore diameter fabrication tolerance is ±50 nm. Micropores

of 50 µm diameter are punched through 3 mm diameter, 25 µm thick copper foil (SPI Supplies,

2885C-XA).

To promote we�ing of the pore, the hydrophilicity of silicon TEM grids was increased by

UV/ozone cleaning (Bioforce ProCleaner, 20 min) just before installing in the flow cell. To

expose both sides, the grid was held vertically on Kapton polyimide tape (McMaster-Carr) during

cleaning.

�e flow cell was 3D printed (FormLabs Form3, GREY v4 resin), washed in isopropanol (IPA),

and cured by ultraviolet light exposure (FormLabs FormCure, 30 min, 60oC).

�e TEM grid was mounted with Kapton polyimide tape over a 2 mm diameter opening

between the upstream channel and downstream reservoir of the flow cell shown in Fig. 1e

and sealed with JB Weld MarineWeld adhesive. A 1 mm thick microscope slide (25 mm × 75

mm) and 0.15 mm thick cover glass (22 mm × 40 mm) formed the bo�om and top walls of the

downstream reservoir, respectively, and were also a�ached using JB Weld MarineWeld adhesive.

A�er assembly, the flow cell is le� to dry for 1 h before charging with liquid.

Upstream of the pore, the flow cell was filled with a 1.5 mM solution of fluorescein dye

(Millipore Sigma, F2456) in deionized (DI) water whereas the downstream reservoir was filled

with DI water. Both fluids were passed through a 0.45 µm syringe filter and vacuum degassed

for 2 h prior to charging the flow cell.

�e upstream channel in the flow cell is 3 mm in diameter and follows a curved path between

threaded inlet/outlet ports (Fig. 1e). �e upstream channel is first filled by pipe�ing fluorescein

dye into one of the upstream ports while angling the cell to force air out of the other port.

Once the upstream side is filled, the inlet port is connected to a supply vial (Fig. 1f) containing

fluorescein dye by 1.66 mm Idex PFA tubing (Cole Parmer) and an Idex flangeless fi�ing (Cole

Parmer). �e outlet port is closed with a second Idex flangeless fi�ing. �e downstream reservoir

is filled in the same way, closing the inlet port while connecting the outlet port to the waste vial

(Fig. 1f). During the experiment, a pressure difference in the range 9 - 1000 mbar, with 0.5 mbar

accuracy, is applied across the TEM grid using a pressure controller (Elveflow, MK1) connected

to the supply and waste vials (Fig. 1f).

�e flow cell is placed on the stage of a fluorecence microscope (Zeiss, AxioImager A2m) on

an anti-vibration table. Top-down, reflected light images (Fig. 1g) were acquired using an X-Cite
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Figure 1: Experimental setup. a-dMicrographs of 1, 3, 6, and 50 µm pores, respectively. e
Flow cell assembly. f Schematic showing layout of experiment and connections. g Top view of
flow cell.
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Figure 2: Flow rate simulation results. a,b Streamlines and flow speed color maps for (a)
Re = 0.002 and (b) Re = 44. Here |u| is the magnitude of velocity and |u|max is the maximum
magnitude of velocity in the flow. c Pressure coefficient dependence on Reynolds number for an
infinitesimal thickness orifice plate.

XYLIS light emi�ing diode (LED) light source with a FITC filter cube (Zeiss, Filter Set 38 HE), a

5× objective lens (Zeiss, EC EPIPLAN 5×/0.13 HD), and a digital color camera (Zeiss, Axiocam

705, 5 MP).

B. Flow rate calculations

�e flow rate from an infinitesimal thickness orifice plate varies with pore diameter and

applied pressure difference. �is dependence is expressed non-dimensionally as a dependence

of pressure coefficient (cp = 2∆p/ρV 2) on Reynolds number (Re = V d/ν). Here, ∆p is the

pressure difference applied across the pate, d is the pore diameter, V is the average flow speed

through the pore, ρ is density, and ν is kinematic viscosity. It is also common to express this
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relation instead in terms of a discharge coefficient, also called an orifice coefficient, defined as

co = 1/
√
cp.

127,128

At low Reynolds numbers (Re << 1), the average flow speed through the orifice plate is given

by Sampson’s118 relation,

V =
∆p d

6πµ
, (1)

where µ = ρν is the dynamic viscosity. Rearranging this relation in terms of the pressure

coefficient gives,

cp =
12π

Re
. (2)

At high Reynolds numbers (Re >> 1), Bernoulli’s equation corrected for losses129 provides

the appropriate scaling for flow rate, leading to,

cp = KL, (3)

where KL is the loss coefficient.

Neither equation accurately predicts flow rates at intermediate Reynolds numbers.

Measurements and simulations have been performed on thin orifice plates (small plate thickness

to diameter ratio), o�en inside larger diameter pipes, to determine this trend.127,128,130–132 To obtain

precise values for an infinitesimal thickness plate in a large reservoir, we perform computational

fluid dynamics simulations of laminar, steady, incompressible, axisymmetric flow over a range of

Reynolds numbers inOpenFOAM133 (v2112, simpleFoam). We simulate a 1◦ slice of the cylindrical

domain with a constant high pressure condition imposed on the upstream side of the plate at

both the axial end and outer radial surface. A constant low pressure condition was similarly

imposed on the downstream side of the plate at both the axial end and outer radial surface.

Zero pressure gradient conditions were imposed along the plate and on the symmetry axis. Zero

velocity gradient conditions were applied on the axial ends and outer radial surfaces and also on

the symmetry axis. No-slip conditions were imposed on the plate surface.

Calculations were first performed on a uniform grid extending 15 pore radii upstream,

downstream, and radially outward from the pore, using a grid spacing of 0.02 radii (designated

30 × 15 radii simulations). For Re > 15, we repeated these simulations on an expanding grid

to simulate a farther distance downstream and verify that the effects of any jet development are

accurately captured. �is grid extends 300 pore radii downstream, 15 pore radii upstream, and
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100 pore radii in the radial direction outward (designated 315 × 100 radii simulations). It has a

uniform spacing of 0.02 radii in the radial direction over the pore, then expands with a constant

cell-to-cell expansion ratio to 0.044 radii at the outer edge. In the axial direction, it expands

with a constant cell-to-cell expansion ratio both upstream and downstream away from the pore,

beginning with a value of 0.02 radii at the pore and expanding to a value of 0.50 radii at the

downstream end.

Figure 2 shows examples of computed flow fields and the dependence of pressure coefficient

on Reynolds number. It follows the predictions of Sampson’s equation at low Reynolds numbers

and approaches a constant value at high Reynolds numbers as predicted by the Bernoulli equation

with losses. �e simulations provide a value for loss coefficient of KL = 2.5, within the range

reported from prior studies on thin orifice plates.127,128,130–132 �e computed volume flow rates

from the uniform and expanding grid simulations agree to within 1%. Flow rates for intermediate

Reynolds numbers are obtained by interpolation from these simulation data.

�e non-zero orifice plate thickness contributes to error in the computed volume flow rates.

�is error is included in uncertainty bars presented in later plots and is estimated by adding

the orifice plate resistance in series with the Poiseuille flow expression for resistance in a fully

developed laminar pipe flow. �is approach was shown to provide flow rate predictions accurate

to with 1% for non-zero thickness orifice plates in the low Reynolds number limit by Dagan et

al.134

III. CONCENTRATION FIELDS

Figure 3 shows five examples of dye dispersion images takenwith different pore diameters and

applied pressures. Images are presented top to bo�om in order of increasing Reynolds number.

In these images, the TEM grid is located on the le� side of the image. A pressure difference is

applied, with higher pressure on the le� side of the TEM grid and lower pressure on the right side.

To the right of the TEM grid, the dye dispersion that forms downstream of the pore is observed.

�e lower Reynolds number images (Fig. 3a,b) show approximately hemispherical plumes

downstream of the pore, with the size of the plume increasing with Reynolds number. At

intermediate Reynolds numbers (Fig. 3c), the plumes become elongated along the axis of the pore.

At high Reynolds numbers (Fig. 3d,e), the dye dispersions develop into narrow jets, extending

out of the field of view.
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Figure 3: Selected dye dispersion images. a-e Photographs. f-j Processed intensity color
maps. k-o Raw image intensity traces along a horizontal line passing through the pore, shown
on the full 16 bit scale. Scale bar in (a) applies to panels (a)-(j). Intensity scale in (f) applies to
panels (f)-(j). (a,f,k) d = 1 µm, ∆p = 550 mbar, Re = 2.9, (b,g,l) d = 1 µm, ∆p = 950 mbar,
Re = 4.8, (c,h,m) d = 6 µm, ∆p = 80 mbar, Re = 12, (d,i,n) d = 6 µm, ∆p = 200 mbar,
Re = 22, and (e,j,o) d = 6 µm, ∆p = 250 mbar, Re = 25.
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�e brightness intensity of each pixel in these images is related to the fluorescein

concentration and can be used to analyse the concentration field downstream of the pore (Fig.

3f-o). By comparing the observed concentration field to analytical models for the concentration

field, we seek to calculate the volume flow rate through the pore directly from dye dispersion

images. To do this, we first examine analytical solutions for the concentration field downstream

of the pore.

A. Governing equations for the concentration field

Laminar flow through a circular orifice is governed by the steady, incompressible,

axisymmetric, zero swirl Navier-Stokes equations. In spherical coordinates, the continuity and

momentum equations are,135

1

R2

∂

∂R

(

R2uR

)

+
1

R sin θ

∂

∂θ
(uθ sin θ) = 0, (4)

uR
∂uR

∂R
+

uθ

R

∂uR

∂θ
− u2

θ

R
= −1

ρ

∂p

∂R
+ ν

[

1

R2

∂2

∂R2

(

R2uR

)

+
1

R2 sin θ

∂

∂θ

(

sin θ
∂uR

∂θ

)]

, (5)

uR
∂uθ

∂R
+
uθ

R

∂uθ

∂θ
+
uRuθ

R
= − 1

ρR

∂p

∂θ
+ν

[

1

R2

∂

∂R

(

R2∂uθ

∂R

)

+
1

R2

∂

∂θ

(

1

sin θ

∂

∂θ
(uθ sin θ)

)

+
2

R2

∂uR

∂θ

]

,

(6)

where uR and uθ are the R and θ components of velocity in spherical coordinates and p is

pressure. For a dilute dye, the concentration field is governed by the steady advection-diffusion

equation, which in spherical coordinates is,135

uR
∂C

∂R
+

uθ

R

∂C

∂θ
= D

[

1

R2

∂

∂R

(

R2∂C

∂R

)

+
1

R2 sin θ

∂

∂θ

(

sin θ
∂C

∂θ

)]

, (7)

where C is concentration and D is the mass diffusion coefficient of the dye.

A general solution for the flow field over all laminar Reynolds numbers is not available,

however, solutions do exist for the low and high Reynolds number limits.118,120,125 We consider

these two cases separately in the following sections.
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IV. LOW REYNOLDS NUMBER PLUMES

In the low Reynolds number limit, the le� hand sides of Eq. 5 and 6 are negligible, reducing

Eq. 4-6 to Stokes equations. Sampson118 solved these equations analytically for pressure driven

flow through a circular hole in a zero-thickness wall in an unbounded domain and obtained the

velocity field,

ur =
3

2
V

q2s

s2 + q2

√

1− q2

1 + s2
, uz =

3

2
V

q3

s2 + q2
, (8)

where q and s are non-dimensional oblate-spheroidal coordinates, defined with respect to

axisymmetric cylindrical coordinates by r = 1

2
d
√

(1 + s2) (1− q2) and z = 1

2
dqs. Here V is

the average flow speed through the hole given by Eq. 1, z is the axial distance measured from the

center of the hole, r is the radial distance measured from the z axis, and ur and uz are the r and

z components of velocity.

�e advection-diffusion equation (Eq. 7) in oblate-spheroidal coordinates for this velocity field

is,119,136

3

4
Pe q2

∂c

∂s
=

∂

∂s

[

(

1 + s2
) ∂c

∂s

]

+
∂

∂q

[

(

1− q2
) ∂c

∂q

]

, (9)

where c = C/∆C is the non-dimensional concentration, ∆C is the concentration difference

between far upstream and far downstream of the hole, and Pe = V d/D is the Péclet number.

We consider the case of zero dye concentration far from the hole on the downstream side,

expressed by the boundary condition c(q, s → ∞) = 0. �e condition of uniform concentration

far from the hole on the upstream side is c(q, s → −∞) = 1. Furthermore, the impermeability

of the wall requires ∂c
∂q

∣

∣

∣

q=0

= 0.

Atwal et al.119 applied a Legendre polynomial integral transform to convert the partial

differential equation in Eq. 9 into an equivalent system of ordinary differential equations given

by,

3

4
Pe

[

n2 + 3n+ 2

4n2 + 8n+ 3

dĉn+2

ds
+

2n2 + 2n− 1

4n2 + 4n− 3

dĉn
ds

+
n2 − n

4n2 − 1

dĉn−2

ds

]

=
d

ds

[

(

1 + s2
) dĉn
ds

]

−n (n+ 1) ĉn(s),

(10)

where the concentration field is expanded in the form,

c(q, s) =
∞
∑

n=0,2,4,...

2n+ 1

2
ĉn(s) Pn(q), (11)
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with Pn(q) being the n
th degree Legendre polynomial, normalized such that

∫ 1

0
Pn(q)Pm(q)dq =

1

2n+1
δm,n.

137 Here, δm,n is the Kronecker delta and ĉn(s) are the integral transform coefficient

functions. We define ĉ−2(s) = 0 to avoid treating the n = 0 case separately.

Eq. 11 enforces the wall impermeability boundary condition by excluding terms with odd

values of n. �e concentration boundary conditions far from the hole become, ĉn(s → −∞) =

2δ0,n and ĉn(s → ∞) = 0.

�is system of equations can be solved numerically by truncating the concentration field

expansion (Eq. 11) at a finite value of n. O�en, high accuracy solutions can be obtained with

a small number of terms using integral transform formulations.138 Example concentration fields

from numerical solutions to Eq. 10 and boundary conditions are presented for various values of

Pe in Fig. 4a-d. �ese calculations were performed with the series truncated to the n = 20

term with 200,001 equally spaced grid points over the domain, using a fourth order finite

difference discretization at interior grid points and second order finite difference discretization

at the boundaries. To avoid truncating the infinite domain when solving Eq. 10 numerically, the

equations are first mapped to a finite domain, as described in Ref. 119.

A. Leading order solution for the concentration field

Atwal et al.119 also found that truncating the concentration series expansion to a single term

provides an analytical expression for the solute mass flux through the hole that correctly predicts

the solute mass transfer rate to within 1%. Retaining only the n = 0 term in Eq. 10 leads to,

Pe

4

dĉ0
ds

=
d

ds

[

(

1 + s2
) dĉ0
ds

]

, (12)

with boundary conditions ĉ0(s → −∞) = 2 and ĉ0(s → ∞) = 0. Solving this equation for ĉ0

and substituting back into Eq. 11 results in an approximation for the concentration field of,

c(q, s) =

exp

(

Pe

4
arctan s

)

− exp

(

πPe

8

)

exp

(

−πPe

8

)

− exp

(

πPe

8

) . (13)

We propose to use the rate of decay of concentration with distance from the pore along the z

axis in the downstream reservoir as a way to measure the flow rate through the pore. Along the
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Figure 4: Solution for low Reynolds number concentration field. a-d Color maps of
concentration field from numerical solution up to n = 20 term for (a) Pe = 0, (b) Pe = 1, (c)
Pe = 3, and (d) Pe = 10. e Example concentration profiles along the z-axis. Inset is a sketch of
the plume with coordinate definitions. f Example concentration profiles plo�ed with respect to
inverse distance from the pore. g Far field slope characterizing concentration decay from the
numerical solution up to n = 20 term compared to approximate relations.

z axis (q = 1), s = 2z/d. Far from the pore (s >> 1), this means that arctan s ≈ π/2 − d/2z,

and Eq. 13 simplifies to,

c ≈
1− exp

(−Ped

8z

)

1− exp

(−πPe

4

) , (14)

which reveals the rate of decay of concentration with distance from the pore. Example curves

illustrating this concentration decay are presented in Fig. 4e,f. We define the distant decay rate,

m, as the slope of c vs. 1/z far from the pore, i.e.,

m =
dc

d
(

1

z

)

∣

∣

∣

∣

z→∞

. (15)

Evaluating m (Eq. 15) for the leading order solution at low Reynolds number (Eq. 14) gives a
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decay rate of,

m =

Ped

8
1− exp

(

−πPe
4

) . (16)

For Pe << 1, this becomes m = d/2π whereas for Pe >> 1 it becomes m = Ped/8. Eq. 16

along with the low and high Pe limits are compared to the full numerical solution for the low

Reynolds number concentration field in Fig. 4g. Eq. 16 is accurate to within 1% for the points

shown. For Pe > 7, the equation for the high Pe limit is also accurate to within 1%.

Substituting the definition of Pe into the high Péclet number limit of Eq. 16 predicts a decay

rate of,

m =
Q

2πD
, (17)

where Q = V πd2/4 is the volume flow rate through the pore. By measuring the slope of c

vs. 1/z at large z, Eq. 17 can be used to determine the volume flow rate through the hole.

Conveniently, Eq. 17 can be used to determine the volume flow rate from the concentration field

without knowledge of the hole diameter, provided Re is small and Pe is large.

B. Similarity solution for the low Reynolds number flow field

Gusarov126 derived a similarity solution for the velocity field in a semi-infinite reservoir

created by flow into the reservoir from a small hole in a wall at low Reynolds number. He found

a solution for the flow field of the form,

uR =
φ(θ)

R2
, uθ =

f(θ)

R2
,

p

ρ
=

g(θ)

R3
, (18)

by substituting these expressions into the Navier-Stokes equations (Eq. 4-6) with the terms on

the le� of Eq. 5 and 6 set to zero. �is leads to,

1

sin θ

d

dθ

(

dφ

dθ
sin θ

)

+
3g

ν
= 0,

1

ν

dg

dθ
= 2

dφ

dθ
+ 2f,

d

dθ
(f sin θ) = 0. (19)

Including the impermeable wall condition that f(θ = π/2) = 0 forR > 0 (i.e., assuming the hole

is infinitesimally small) and no-slip condition that φ(θ = π/2) = 0, Eq. 19 is solved resulting in
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f(θ) = 0 and

φ(θ) = A

[

(

3 cos2 θ − 1
)

ln

(

1 + cos θ

1− cos θ

)

− 6 cos θ

]

− B cos2 θ, (20)

where A and B are integration constants. Eq. 20 gives the θ dependence of uR. �e first term

on the right is singular at θ = 0. Gusarov126 found that including only the second term on the

right (i.e., choosing A = 0) provided good agreement with numerical solutions for the flow field

at Re . 10. �is corresponds to a velocity field of

uθ = 0 and uR ∝ cos2 θ

R2
. (21)

We note that this velocity field scaling matches that of Sampson’s118 solution (Eq. 8) at large

distances from the hole. �is can be shown by noting that since 0 ≤ q ≤ 1, at R >> d,

s >> 1 and R ≈ 1

2
ds. Furthermore, for Sampson’s118 velocity field (Eq. 8) at s >> 1,

tan θ = r/z ≈
√

1− q2/q ≈ ur/uz . �is shows that cos θ ≈ q, sin θ ≈
√

1− q2, uθ ≈ 0,

and uR ≈
√

u2
r + u2

z . Using these approximations and Sampson’s118 velocity field (Eq. 8) in this

last expression for uR leads to Eq. 21, verifying that Sampson’s118 and Gusarov’s126 solutions

give the same scaling far from the pore. �erefore, Gusarov’s126 similarity solution for the

concentration field at low Reynolds numbers leads to the same prediction for the rate of decay

of the concentration field as obtained from Sampson’s118 solution for the flow field far from the

hole (Eq. 16 and 17). Furthermore, although derived for Re << 1, since Gusarov126 found good

agreement between numerical solutions and this flow field even in the range 2 . Re . 10, we

expect to be able to apply this approach for Re ∼ 1

C. Measuring flow rate from concentration field images

We propose to measure the rate of decay of concentration with distance from the pore from

images of fluorescent plumes to determine the volume flow rate. Images taken with different

pore diameters and applied pressures were acquired with different illumination intensities and

exposure times to provide high contrast without overexposure in regions where measurements

are made. Pixel intensity values were scaled down by the fluorescence intensity and exposure

time to translate intensity values in each image onto the same relative scale.

Measured intensity profiles (Fig. 5a) are plo�ed with respect to 1/z (Fig. 5b) and the
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Figure 5: Measured light intensity (I) profiles, normalized by the maximum intensity within the
image (Imax), plo�ed against a axial distance from the pore (z) and b inverse axial distance from
the pore (1/z). Each profile is offset vertically from the previous profile by 1. �e diameter and
pressure difference for the profiles are: (i) 1 µm, 550 mbar, (ii) 1 µm, 750 mbar, (iii) 1 µm, 950
mbar, (iv) 3 µm, 100 mbar, (v) 3 µm, 200 mbar, (vi) 3 µm, 500 mbar, (vii) 6 µm, 41 mbar, (viii)
6 µm, 80 mbar, (ix) 6 µm, 130 mbar.

slope is calculated by least squares fi�ing over the linear range. �e resulting slope should be

proportional to volume flow rate according to Eq. 17. All measurements are performed with the

same dye and at the same upstream concentration. �us, a single scaling factor common to all

measurements taken on the system can be applied to map the measured slope to volume flow

rate. Once this calibration factor is determined for one pore, it can be applied to measurements

for all pores.

Here, we find the calibration factor by least squares fi�ing the measured slopes to the

calculated volume flow rates for the full set of measurements (Fig. 6a). �e ability of this single

calibration factor to provide close agreement of the measured volume flow rates to the calculated

values in Fig. 6a provides validation for the method.
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�e same results are shown in non-dimensional form in Fig. 6b. From this it is seen that

accurate results can be obtained up to a Reynolds number of ∼15. However, it should be noted

that the dye plumes start to become elongated in the axial direction at the higher end of this range.

�is results in greater uncertainty in the measurement, as reflected in the errorbars in Fig. 6b,

due to greater variation in the measured slope with the axial location where it is taken. Other

potential sources of error in this method include background fluorescence noise created by slow

dye accumulation in the far field over time due to the finite reservoir size and contributions from

out-of-focal plane dye particles on the recorded fluorescence intensity.139 If applied to very low

flow rates, the impacts of photobleaching due to long residence times in the field of view would

have to be examined and alternative fluorophores may perform be�er. �e need for optical access

to the downstream reservoir and susceptibility to blockage by dye particle agglomerations are

also considerations when employing this approach.

We further note that because the method developed here only relies on image intensity data

far from the pore, it can be applied even if images are overexposed in regions near the pore, where

the dye concentration is high. In some cases, allowing such overexposure may make be�er use

of the image sensor range in regions far from the pore where the measurement is made.

D. Control volume approximation for Re ∼ 1

By comparison with numerical solutions, Gusarov126 found that his similarity solution for the

velocity field (Eq. 21) far from a pore derived for Re << 1 was actually accurate up to Re ≈ 10.

Consistent with this finding, we observe from experiment that although Eq. 17, relating the rate

of decay of concentration to the volume flow rate, was derived in the Re << 1 limit, it provides

reasonable values for flow rate at Reynolds numbers even up to Re ≈ 15. We rationalize this

result in the case of concentration based on the observation that there is a small Reynolds number

range (10 . Re . 20) between the dye dispersion being approximately hemispherical and the

formation of a narrow jet. Even though Sampson’s118 solution for the flow field at Re << 1 will

not apply up toRe ≈ 15, the lack of a narrow jet means that the flow speed will decrease rapidly

with radius in all directions at these Reynolds numbers. While strong advection is primarily

responsible for solute being carried through the orifice, many diameters from the pore, transport

will be primarily by diffusion (Fig. 7).

With this approximate model for mass transfer in mind, we consider steady solute mass
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Figure 6: Comparison of measured flow rates to computed flow rates. a Volume flow rate
vs applied pressure difference for pores of three different diameters. Error bars on
measurements include standard error in least squares fit for the calibration factor and also
minimum and maximum difference in computed intensity slope for ±15% shi� in the 1/z range
where the linear fit is performed. Shaded areas show uncertainty in calculated curves due to
fabrication tolerance on pore diameter and the non-zero thickness of the orifice plate. b
Pressure coefficient vs Reynolds number. Error bars on measurements include uncertainty in
volume flow rate included in panel (a) as well as fabrication tolerance in diameter. Shaded area
shows uncertainty in calculated curve due to non-zero thickness of pores.

transfer in a one-dimensional hemispherical control volume with solute mass transfer through

the pore being purely by advection, and that many diameters away from the pore being purely

by diffusion (Fig. 7). �e rate of mass advection through the pore is ṁin = Q∆C , where ∆C
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Figure 7: Sketch of hemispherical control volume used in approximate
one-dimensional control volume analysis.

is the solute concentration far upstream of the orifice in this case, because the concentration far

downstream is zero. �e rate of mass diffusion away from the pore, far downstream of the pore,

is ṁout = −DAdC
dR

, where A is the area of the outflow control surface (i.e., A = 2πR2). Equating

the rates of mass inflow and outflow results in the differential equation,

Q∆C = −2πR2D
dC

dR
. (22)

Solving this equation with the boundary condition of zero concentration far downstream of the

orifice (i.e., C(R → ∞) = 0) leads to a non-dimensional concentration of,

c =
Q

2πRD
. (23)

Calculating the decay rate for this approximate concentration field by substituting Eq. 23 into

Eq. 15 with R = z results in,

m =
Q

2πD
, (24)

the same as obtained in Eq. 17 from Sampson’s118 Re << 1 flow field.

�is approximate analysis shows why, even through the precise flow field is not known

analytically for higher Reynolds numbers in the range Re . 15, Eq. 17 can still be applied to

calculate the flow rate from the rate of decay of concentration; in this Reynolds number range,
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the flow speed decays sufficiently by the radius where the decay rate is measured that this rate is

governed solely by diffusion, independent of the precise velocity field. �is approximate control

volume analysis does not assume a pore geometry in the membrane through which solute passes,

only that it is through a small area relative to the size of the wall and distance at which the slope

is measured. �is implies that the same scaling and measurement approach will apply for pores

of different geometries or even to flow through several parallel pores, such as in small areas of

membrane materials. It further explains how similarC ∝ 1/R far field scaling is found both here

for plumes emerging into semi-infinite reservoirs and also for Landau-Squire plumes112 in infinite

reservoirs. However, increasing the Reynolds number to the point that a jet forms invalidates the

requirement of low flow speed at the radius where the slope is measured, as there will be a narrow

region far from the orifice where the velocity is still high and advection remains important.

V. HIGH REYNOLDS NUMBER JETS

At Re & 20, the dye dispersions abruptly transition into jets (Fig. 3) and the approach taken

to measure flow rates from the decay of concentration used at lower Reynolds numbers cannot

be applied. At these higher Reynolds numbers, we consider the possibility of comparing the dye

dispersion to analytical solutions for laminar jet flow out of a wall.

A. High Reynolds number flow field

Similarity solutions for laminar jets issuing from a hole in a wall were derived by Squire116,120,

without satisfying the no-slip condition at the wall, and later by Gusarov125,126, including the no-

slip condition at the wall. Below, we first review the derivation of both of these velocity fields and

then use them to develop an expression for the resulting concentration field for a solute flowing

from the hole.

In both cases, a flow field of the form,

uR =
φ(θ)

R
, uθ =

f(θ)

R
,

p

ρ
=

g(θ)

R2
, (25)

was shown to satisfy the Navier-Stokes equations by substituting these relations into Eqs. 4-6.
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�e resulting differential equations for φ, f , and g are,

φ = − 1

sin θ

d

dθ
(f sin θ) , (26)

f
df

dθ
+

dg

dθ
= ν

dφ

dθ
(27)

f
dφ

dθ
− f 2 − φ2 − 2g =

ν

sin θ

d

dθ

(

dφ

dθ
sin θ

)

(28)

Eqs. 26-28 can be combined to eliminate g and φ, leaving a single differential equation for f ,

df

dθ
=

1

2ν
f 2 + f cot θ + 2ν

(

a2 cos θ − a1
sin2 θ

+
a

2

)

, (29)

where a, a1, and a2 are integration constants.

Squire120 found that a = a1 = a2 corresponds to a jet flow from a hole in a wall, with velocity

slip at the wall. For this case, the solution to Eq. 29 subject to the impermeable wall condition

(f(θ = π/2) = 0) is,120

f

ν
=

2a (1− cos θ)

sin θ
[√

−1− 2a cot
(√

−1−2a
2

ln (1 + cos θ)
)

− 1
] . (30)

One problem with this solution is that the total mass flow rate through a hemispherical shell

centered on the hole varies with radius. Squire116 proposed that such flows could instead be

characterized by the equivalent force exerted at the origin that would produce this flow. It is

calculated by integrating the z momentum transfer across a hemispherical shell, which for this

flow is,117,125

M = 2πρ

∫ π/2

0

[(

uRuR +
p

ρ
− 2ν

∂uR

∂R

)

cos θ −
(

uRuθ − ν
1

R

∂uR

∂θ
− ν

∂uθ

∂R
+ ν

uθ

R

)

sin θ

]

R2 sin θdθ.

(31)

Different choices of a correspond to different values of M (Fig. 8a). At high Reynolds numbers,

the first term on the right dominates and the rate of momentum transfer can be approximated

as,

Mapprox = 2πρ

∫ π/2

0

uRuRR
2 cos θ sin θdθ. (32)
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Figure 8: High Reynolds number flow field solution. a,b Applied force,M , computed as a
function of the free parameter in the solution of (a) Squire120 and (b) Gusarov.125 c-d Example
streamlines from Squire120 (solid lines) and Gusarov125 (dashed lines) solutions for (c)
√

M/ρν2 = 50, (d)
√

M/ρν2 = 200, and (e)
√

M/ρν2 = 1000.

Gusarov125,126 showed that, instead choosing a = 2a1 = 2a2, is necessary for both a finite

value of momentum flux (M ) and no-slip at the wall (φ(θ = π/2) = 0). He solved Eq. 29 and

obtained,

f

ν
=

{

2
αβ

γ

(

cos
θ

2

)γ+1

sin2 θ

2
F

(

α + 1, β + 1; γ + 1; cos2
θ

2

)

(33)

−
(

cos
θ

2

)γ−1[

2−
(

2 + γ
)

sin2 θ

2

]

F

(

α, β; γ; cos2
θ

2

)

+ 2b

(

2− α
)(

2− β
)

2− γ

(

cos
θ

2

)3−γ

sin2 θ

2
F

(

3− α, 3− β; 3− γ; cos2
θ

2

)

− b

(

cos
θ

2

)1−γ[

2−
(

4− γ
)

sin2 θ

2

]

F

(

2− α, 2− β; 2− γ; cos2
θ

2

)

}/

{

(

cos
θ

2

)γ

sin
θ

2
F

(

α, β; γ; cos2
θ

2

)

+ b

(

cos
θ

2

)2−γ

sin
θ

2
F

(

2− α, 2− β; 2− γ; cos2
θ

2

)

}

,

where F is the hypergeometric function, 2α = 2 −
√
1 + a +

√
1 + 2a, 2β = 2 −

√
1 + a −

√
1 + 2a, and γ = 1 −

√
1 + a. �e constant b is calculated for a given value of a by enforcing

the wall impermeability condition, that f (π/2) = 0. Different values of a correspond to different

values ofM (Fig. 8b). φ and g can be derived from the solution for f ,125 but this is not described
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here because they are not needed in the concentration field derivation.

Both Squire’s120 and Gusarov’s125 solutions predict streamlines as curves of constant fR sin θ.

Example streamlines are shown in Fig. 8c-e. Streamlines from the two solutions line up well

along the jet axis far from the hole, with agreement improving at larger M . �e solutions differ

significantly near the wall, where one satisfies the no-slip condition whereas the other does not.

Unfortunately, neither Squire’s120 nor Gusarov’s125 solutions correspond to a jet with a

constant, non-zero mass flow rate. However, by comparison to numerical solutions, Gusarov126

did find reasonable agreementwith streamlines produced by flow through a hole at high Reynolds

numbers (Re & 30). He further reasoned that the equivalent force parameter, M/ρν2, was

proportional to Re2, providing a parameter that can approximately relate the two flows. Se�ing

Re ≈
√

M/ρν2 appears to be a reasonable approximation with Reynolds number defined based

on average velocity through the hole and the hole diameter;
√

Mapprox/ρν2 is within 6% ofRe for

both a parabolic velocity profile (corresponding to Poiseuille flow) and a semi-elliptical velocity

profile (corresponding to Sampson118 flow). Values ofM as a function of a are provided in Fig. 8a,b

and show that for
√

M/ρν2 > 20,
√

Mapprox is within 4% of
√
M for Gusarov’s125 flow field and

within 1% for Squire’s120 flow field.

B. High Reynolds number concentration field

We consider the possibility of using the dispersion pa�ern of dye in the jet flow to estimate

Re. Using either Squire’s120 or Gusarov’s125 solution for the jet flow field, an expression for the

concentration field of a solute flowing with the jet can be derived. Substituting a concentration

of the form,

C(R, θ) =
W (θ)

R
, (34)

and the general form for the flow field (Eq. 25) into the advection diffusion equation (Eq. 7) leads

to,
1

sin θ

d

dθ

(

sin θ
dW

dθ

)

=
1

D

[

f
dW

dθ
− φW

]

, (35)

where W (θ) is a function to be determined. Invoking Eq. 26 relating φ to f results in,

d

dθ

(

sin θ
dW

dθ

)

=
1

D

[

f sin θ
dW

dθ
+W

d

dθ
(f sin θ)

]

. (36)
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Factoring by reverse product rule and integrating gives,

dW

dθ
=

1

D
Wf, (37)

where the constant of integration has been set to zero to enforce the impermeability condition

at the wall, i.e.,
∂C

∂θ

∣

∣

∣

∣

θ=
π
2

= 0, (38)

or equivalently,
dW

dθ

∣

∣

∣

θ=
π
2

= 0, (39)

and the impermeable wall condition (f (π/2) = 0). Integrating again yields,

W = W0 exp

(

−Sc

∫ π/2

θ

f(θ′)

ν
dθ′

)

, (40)

where Sc = ν/D is the Schmidt number and W0 is a constant. �e integral in Eq. 40 can be

evaluated for f from either Squire’s120 solution (Eq. 30) or Gusarov’s125 solution (Eq. 33). In the

case of Squire’s120 solution, the integral is evaluated analytically by substituting Eq. 30 into Eq. 40,

resulting in,

W = W0

(

(−1− 2a)
{

cot2
[

1

2

√
−1− 2a ln (1 + cos θ)

]

+ 1
}

(1 + cos θ)
{√

−1− 2a cot
[

1

2

√
−1− 2a ln (1 + cos θ)

]

− 1
}2

)Sc

. (41)

We evaluate Eq. 40 numerically for Gusarov’s125 solution.

Constant concentration contours have the shapeR ∝ W (θ). Example contours are presented

in Fig. 9. At Sc = 1 (Fig. 9a), varying Re between 1 and 100 results in dye dispersions

ranging from approximately hemispherical, as expected at low Reynolds numbers, to being

highly elongated, as expected for high Re jets. Although these curves appear qualitatively

reasonable, at Re . 30 the jet flow solutions are not valid126 so these contours will not reflect

the actual flow. At Re = 1 for example, the flow rate is accurately predicted by Sampson’s118

equation (Fig. 2c) where flow from the hole spreads in all directions (Fig. 2a) rather than forming

a focused jet. �is issue becomes more clear when considering the higher Schmidt number of

∼2500 for the fluorescein dye used in our experiments (Fig. 9b).140 In this case, even for Re = 1,
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Figure 9: High Reynolds number concentration field solution isoconcentration contour

shapes. Example isoconcentration contours are shown for various values of
√

M/ρν2 at a
Sc = 1 and b Sc = 2500. �e vertical and horizontal scales are one to one. Note that some
values of

√

M/ρν2 plo�ed are below the expected range of validity of the high Reynolds
number solutions.

the high Reynolds number concentration field solution produces extremely elongated jets.

Very near the pore, constant concentration contours appear to be approximately linear, in

agreement with the jet images in Fig. 3. Although not apparent in Fig. 9b, very near the pore the

concentration contours curve steeply as the pore is approached. As a result of this curvature, the

27

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
1
4
2
8
0
8



Accepted to Phys. Fluids 10.1063/5.0142808

slope of the concentration contour near the pore depends strongly on which isoconcentration

value is plo�ed. �is value depends on W0 and is not explicitly specified in Eq. 40. Instead, the

curves in Fig. 9 are all normalized to have the same enclosed area. Consequently, the Squire and

Gusarov isoconcentration contours in Fig. 9b have different slope near the pore, but this is not

an indication of similarity or discrepancy between the two, as a different choice of normalization

could be made to closely match these slopes.

A more reliable comparison of the Squire and Gusarov concentration fields is made based on

isoconcentration contour shape in Fig. 10, by plo�ing the ratio of the contour widths (w2/w1)

taken at two distances from the pore, the second twice as far as the first (z2 = 2z1). �ese

distances are indicated in Fig. 10a. Figure 10b compares these ratios along contours of different

M . All curves in Fig. 10b originate in the top right near a ratio of w2/w1 = 2 as a result of

the near linear shape of the contour near the pore. �is ratio decreases as distance from the

pore increases as the contour rounds toward its maximum width. Higher Reynolds numbers (i.e.,

higherM ) result in narrower dispersions, and thus in curves extending farther to the le� in Fig.

10b.

For all M values plo�ed in Fig. 10b, the curves calculated from Squire’s120 and Gusarov’s125

flow field solutions are similar, indicating agreement of the two solutions on isoconcentration

contour shape. �e agreement improves asM increases.

C. Experimental jet flows

Figure 11 shows the dye dispersion images obtained for jet cases. Because Sc >> 1 for

the fluorescein dye and Re > 1 in all cases, these flows all correspond to Pe = ScRe >> 1.

Consequently, dye is transported almost entirely by advection, with diffusion being negligible.

Under these conditions, constant concentration contours will approximately follow streamlines

in the flow.

Figure 11 superposes selected streamlines from Squire’s120 and Gusarov’s125 jet flow solutions

over the experimental images for comparison. For Re ≥ 25 (Fig. 11b-h), the streamlines follow

the dye dispersion edge well for z & 0.5 mm. �e dispersions do not follow the portions of the

streamlines along the vertical wall that draw water from the reservoir into the jet, since the dye

enters the reservoir through the orifice and is not present away from the hole along the wall.

Deviations from the analytical streamlines very near the pore are a�ributed to the fact that the
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Figure 10: Summary of isoconcentration contours from high Reynolds number
solutions. a Sketch of dye dispersion geometry outlining a constant concentration contour
with definitions of geometric parameters used in panel b. b Predicted ratio of isoconcentration

contour width at z1 and z2 = 2z1. Below each curve, the corresponding value of
√

M/ρν2 is
indicated.

similarity solutions approximate the pore as a point source of momentum, whereas the orifice in

the experiment has non-zero diameter. For example, Gusarov’s125 solution corresponds to zero

mass flux from the pore, such that in the similarity solution, all streamlines proceed along the

vertical wall toward the momentum source and then turn toward the horizontal, entering or

following the jet. While entrainment streamlines of this type are a major part of the flow when

there is mass flux from the pore, there are also streamlines passing through the pore, directly

into the jet. �ese streamlines are not captured by the similarity solutions, but are present in the

experiments and are partly responsible for the difference in the dye dispersion shape from the

analytical streamlines near the pore.

�e lowest Reynolds number jet observed (Re = 22, Fig. 11a) has a much wider spreading

angle than streamlines from Squire’s120 and Gusarov’s125 analytical solutions. Since these

solutions are for flow created by significant momentum transfer, they do not apply at low

Reynolds numbers. By comparison to numerical solutions, Gusarov126 found good agreement

with the analytical solution at Re = 30 but not at Re = 10. �ese experimental dye dispersions
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Figure 11: Jet images with analytical streamlines and isoconcentration contours
overlaid. a d = 6 µm, ∆p = 200 mbar, Re = 22. b d = 6 µm, ∆p = 250 mbar, Re = 25. c d =
50 µm, ∆p = 6.2 mbar, Re = 34. d d = 50 µm, ∆p = 9.1 mbar, Re = 42. e d = 50 µm, ∆p = 39
mbar, Re = 89. f d = 50 µm, ∆p = 45 mbar, Re = 95. g d = 50 µm, ∆p = 54 mbar, Re = 104.
h d = 50 µm, ∆p = 63 mbar, Re = 113. Streamlines and isoconcentration contours correspond

to
√

M/ρν2 = Re. Isoconcentration contours are shown for Sc = 2500 and are offset to a
virtual origin upstream of the pore.

are consistent with this finding. �e agreement with the high Reynolds number analytical

solutions for Re = 25 but not at Re = 22 provides an estimate of the valid Reynolds number

range of these solutions for orifice plate flows. Moreover, this comparison provides further

validation for using Squire’s120 or Gusarov’s125 analytical solutions to describe far field jet flow

from an orifice plate.

Figure 11 also compares selected constant concentration contours based on Squire’s120 (Eq. 41)
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and Gusarov’s125 (from Eq. 40) analytical flow fields with the imaged dye dispersions. Since the

similarity solution assumes a point source of dye whereas the experimental flow has a non-

zero pore diameter from which dye enters the reservoir, the constant concentration contours are

plo�ed from a virtual origin upstream of the pore to allow some spreading before reaching the

pore. �is was not necessary when plo�ing streamlines, because Sc >> 1 for fluorescein, such

that momentum diffuses away from the point source more rapidly than the dye; the difference in

creating a jet from a point source rather than a pore becomes unimportant at a shorter distance

from the source for streamlines compared to isoconcentration contours because momentum

diffusion away from the source is stronger thanmass diffusion. While the constant concentration

contours align well with the dye dispersion edge, even near the pore (z . 0.5 mm), at this scale

the constant concentration contours are nearly linear. Furthermore, choice of W0 allows for a

wide range of slopes. �us, while consistent with Eq. 39 and 40, this comparison does not provide

strong validation for the derived constant concentration profile shapes.

Although this comparison provides further validation for the use of Squire’s120 and

Gusarov’s125 solutions to approximate the far field laminar flow from orifice plates at high

Reynolds numbers, the change in streamline shapes with Reynolds number is likely too gradual

to resolve small differences in Reynolds numbers from dye dispersion images.

VI. CONCLUSIONS

In this paper we explore the possibility of using microscope images of dye dispersions to

measure volume flow rates through small diameter orifice plates. Dye dispersion images show a

transition from approximately hemispherical plumes at relatively low Reynolds numbers (Re .

10), to plumes elongated in the axial direction at intermediate Reynolds numbers, and then to

narrow jets at higher Reynolds numbers (Re & 20).

From an approximate solution to the advection-diffusion equation for Sampson’s118 velocity

field solution for creeping flow through an orifice plate, we show that at high Péclet number,

the concentration field for this flow decays linearly with inverse distance from the pore at large

distances, with a slope proportional to the volume flow rate. We further show that the same

scaling is predicted from a similarity solution by Gusarov126 for low Reynolds number flow

emerging from a small hole in a plate. We propose to use images of dye plumes to measure

the decay of fluorescence intensity with distance from the pore to determine volume flow rate

31

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
1
4
2
8
0
8



Accepted to Phys. Fluids 10.1063/5.0142808

and validate this approach with images of flow through three micropores of different diameters.

Although the approach is derived for Re << 1, it is found to provide good results for Re . 15.

�is is rationalized by an approximate one-dimensional control volume analysis in which dye

enters the plume by advection alone, but far from the pore is transported solely by diffusion due

to flow spreading and the rapid decay in velocity with distance from the pore.

At higher Reynolds numbers, the velocity remains high in the narrow jet region throughout

the field of view. Advection remains significant along the jet axis everywhere in image and the

concentration decay rate approach is ineffective. We solved the advection-diffusion equation for

the velocity field derived from similarity solutions of Squire120and Gusarov125 for the jet flow

emerging from a concentrated momentum source on a wall, with and without slip, respectively.

�ese solutions predict isoconcentration contours ranging from nearly hemispherical to highly

elongated for various Reynolds and Schmidt numbers. However, for the Schmidt number of

fluorescein dye in these experiments and in the expected range of valid Reynolds numbers for

the similarity solutions, the predicted isoconcentration contours are all extremely elongated,

providing approximately conical spreading near the pore. Due to the high Péclet number, dye

follows streamlines in the flow, and comparison of dye images to streamlines from Gusarov’s125

and Squire’s120 solutions, as well as to the derived isoconcentration contours, show good

agreement for Re & 25. However, precise measurement of volume flow rate by fi�ing

streamlines may be challenging.

�e measurement technique validated for lower Reynolds numbers is expected to apply for

even smaller pores since it was derived from the flow field for Re << 1. Furthermore, we

have shown from an approximate control volume analysis that the long range decay of the

concentration field at low Reynolds numbers is independent of the geometry of the dye source,

provided it is restricted to a finite area in a much larger wall. �e method should therefore be

suitable for sub-micron pores of arbitrary geometry and tomeasuring flow throughmany parallel

pores in small areas of membrane materials. �e technique adds to the available tools for small

scale fluid flow characterization.
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