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Abstract
In this content, we investigate a class of fractional parabolic equation with general
nonlinearities

9z(x, 1)

A+ Wiz 1) = ate) £ (),

where a and f are nondecreasing functions. We first prove that the monotone increasing
property of the positive solutions in x; direction. Based on this, nonexistence of the solutions
are obtained by using a contradiction argument. We believe these new ideas we introduced
will be applied to solve more fractional parabolic problems.

Keywords Fractional parabolic equation - General nonlinearity - Tempered fractional
Laplacian - Monotonicity

Mathematics Subject Classification 35R11 - 35K91

All authors contributed equally to this work.

B Juan J. Nieto
juanjose.nieto.roig@usc.es

Lihong Zhang
zhanglih149@126.com

Yuchuan Liu
lyc731121@163.com

Guotao Wang
wgt2512@163.com

School of Mathematics and Computer Science, Shanxi Normal University, Taiyuan, Shanxi
030031, China

CITMAga, Departamento de Estatistica, Andlise Matemadtica e Optimizacion, Universidade de Santiago
de Compostela, 15782 Santiago de Compostela, Spain

Published online: 17 July 2023 9\ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s12215-023-00932-1&domain=pdf
http://orcid.org/0000-0001-8202-6578

L. Zhang et al.

1 Introduction

As we all know, the nonexistence of solutions to indefinite elliptic and parabolic problems
have been studied extensively. In [1-3], for the following elliptic problem with nonlinearities
and the regular Laplacian

—Au(x) =alxpu’(x), x e R", 1 < p < 0.

the Liouville theorems were studied. In [4], Chen and Zhu applied the extension method [5]
to transform the problem to a local one. They derived the nonexistence of positive solutions
to the following equation:

(=A)’u(x) = xu? (x),

where % <s < land1 < p < oo. In [6], Poldcik and Quittner introduced indefinite

parabolic problem with the regular Laplacian as follows,

az(x,t
(31‘ ' Az(x,t) =a(xpzP(x,1), (x,1) eR" xR,
where x = (x1,x2,---,xy) € R", ¢ € R, a is nondecreasing continuous function. They

received the nonexistence of bounded positive solutions of the above equation. In [7], Chen,
Wu and Wang studied the indefinite fractional parabolic equation

du(x,t)
dt

where 0 < s < land 1 < p < oo and they obtained the monotone increasing and
nonexistence of positive bounded solutions. More details can be seen in [§—11].

In 2023, with the aid of the direct method of moving planes, we [12] studied a tempered
fractional Laplacian parabolic equation with logarithmic nonlinearity, asymptotic symmetry
and monotonicity of radial solution of the parabolic equation were obtained. As a supplement
and continuation of our above research results, in this work, we will study the nonexistence
of solutions for a class of tempered fractional Laplacian parabolic problem with general
nonlinearity, which will further enrich the theory of tempered fractional Laplacian parabolic
problem.

To our knowledge, the nonexistence of solutions to parabolic equation with general
nonlinearity is rarely studied. Here, we mainly focus on the following equation:

d0z(x, 1)
at

where a and f are nondecreasing functions and the tempered fractional Laplacian operator
is defined as

+ (=AY ulx, 1) = xuf (x,1), (x,1) e R" xR,

— A+ 0 = ala) f ), (1.1)

B o Z(x»[)_Z(ya[)
(A+2)2z(x, 1) = —Cn,ﬁ,xPV-/Rn e yl|y — yn B

r%)
27 2|0 (=PI
presents the cauchy principle value and I'(r) = fooo s'~le™*ds is the Gamma function.
. 8 .
Obviously, when z € C;O’Cl N Lg, (A + A)2z(x, 1) is well defined, where Lg = {z(-, 1) €

Llloc(Rn” fRn ll—oz—\(;"t?*-lﬁ dx < 4o0}.

where 8 € (0,2), A is a sufficient small positive constant and Cy, g5 =

Z. p . .
The fractional Laplacian A is the generator of the B-stable Lévy process, in which the
second and all higher order moments diverge. It sometimes is referred to as a shortcoming
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when applied to physical processes. So a parameter A is introduced to temper the Lévy process.
Tempered Lévy process is the scaling limit of the tempered Lévy flight, which makes the Lévy
flight a more suitable physical model. Moreover, the tempered fractional Laplacian equation
governs the probability distribution function of the position of the particles and some works
on the tempered fractional Laplacian have been done by scholars. For example, in [13],
Zhang, Deng and Fan developed the finite difference schemes for the tempered fractional
Laplacian equation with the generalized Dirichlet type boundary condition. In [14], Zhang,
Deng and Karniadakis established numerical methods in the Riesz basis Galerkin framework
with respect to the tempered fractional Laplacian. In [15], Zhang, Hou, Ahmad and Wang
studied the Choquard equation involving a generalized nonlinear tempered fractional p-
Laplacian operator. In addition, more results on tempered fractional Laplacian operator can
be found in [16-19].

The nonlocal property of the fractional Laplacian operator creates some difficulties to
study it. To overcome this difficulty, an extension method was introduced by Caffarelli and
Slivestre [20], which converts the nonlocal problem into a high dimensional local one. In
addition, the method of moving planes in integral forms also has been widely used to study
the nonlocal problems, please see [21, 22]. However, some nonlocal operators cannot be
solved by the above method. In [23], Chen, Li and Li put forward a novel approach: a direct
method of moving planes method, which is a new idea to solve the fractional Laplacian
problems. By using direct method of moving planes, in [24], Wang and Ren devoted to a
nonlinear Schrodinger equation with the fractional Laplacian and Hardy potential and in
[25], Zhang and Nie studied two nonlinear equations concerning Logarithmic Laplacian.
Recently, in [26], in view of nonlocal parabolic problems, Chen, Wang and Niu developed
the asymptotic method of moving planes and applied it on bounded or unbounded domains.
Numerous results can be seen in [27-29].

In this article, we study parabolic equation involving the general nonlinearity by the direct
method of moving planes. A mass of elliptic equations involving general nonlinearity have
been studied by many authors. Here, we make a new attempt to study parabolic equation
with the general nonlinearity to obtain monotonicity and nonexistence of its solution.

2 Preliminaries

in order for the lemma to work, we introduce the following notations. We define
Ty ={x = (x1,x2,- -, xp) € R"| x; =, for € R}
being the moving planes and
Yo ={x eR" x; <a}

being the region to the left of 7},.
Also,

x% = Qa —x1,x2, -, Xp)
is the reflection of x about T,. Meanwhile, we denote

Zot(x7 t) = Z(xa7 t)v ZOt(x7 Z) = Za(xa t) - Z(xs t)'

In order to continue the proof, we show the following lemma.
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Lemma 2.1 [9] Given any N (t) > O, there exists a positive constant ko such that if N(t) <
—N(0), then
C

—_— >k 0, 2.1
@ —af 07 @D

where x(t) = (x1(t), - - -, X, (1)) is a minimum point of Zo(x, 1) in g for each fixed t.

3 Main results

For this part, our main results are given. The monotonicity of solutions in x; direction and
the nonexistence of positive solutions are established by Theorem.3.1 and Theorem.3.2
respectively. The main content of Theorems are as follows.

Theorem 3.1 Letz(x,t) € (Cl’ ! (R™)YNLg) x C'(R) be a positive bounded classical solution

loc
of (1.1), assume that (1.1) satisfies the following conditions:

(Hy) a(p) =0, for p <0;
(Hy) a(p) > 0 somewhere for p > 0O;
(Hy) f is positive and locally Lipschitz continuous.

Then z(x, t) is monotone increasing in x| direction.

Proof From the equation (1.1), we deduce that
0Zy(x,1)
ot
=a(x}) f(za) —alx1) f(2)
= (a(x}) — a(x1)) f(za) + a(x1)(f (za) — f(2))
> a(x)(f(za) — f(2))
=a(x)N(a, x)Zy(x, 1)

— (A + 1) Zux )

where N(a,x) = w Meanwhile, we impose the condition that N(a, x) is
nonnegative.
Next, we consider the following problem

i D24 (A 4305 Zy(x, 1) = @GN (@ ) Zo (3. 1), (x.1) € S X R,

Zo(x,1) = =Zo(x%, 1), (x,1) € g x R,
3.1
Step 1. As usual, we want to show that
Zoy(x,t) >0, (x,1) € £y x R, for is sufficiently negative. (3.2)

The assumption that z is bounded, which cannot guarantee the minimum of Z, can be
obtained. To overcome this difficulty, we introduce an auxiliary function
Zy(x,1)
h(x)

where h(x) = |x — (e + Dei|” withe; = (1,0, - - -, 0), 0 is a small positive constant. Based
on above, we know that the sign of Zy (x, t) is same as Z, (x, t).

ZO[(-X’ t) =
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Letting |x| — 400, we have

lim Zg(x,1) — 0. (3.3)

|x|— 400

In the following processes, we will consider Zo(x,1).
According to (3.3), we deduce that there is x (), then

Zo(x(1), 1) = inf Zy(x, 1), for arbitrary fixed ¢ € R.
XEXy
Next, we infer that

if Z,(x(0),1) <0, Z’ait“(x(t), f) > = Zy (x(0), D). (3.4)

_ ¢
1) —alf
In reality, on the basis of a similar calculation as (22) in [9], we have

if Zy(x(@),n <0, —(A+ k)gZa(X(t), 1< #Za(xm, 7).
b1 (1) — al?
Combined with (3.1), then

d

Zy
x(@®, 0 = Zy (x(D), 1).
t |x

9 1(1) —alf

According to the definition of Zo(x, 1), we deduce (3.4).
For arbitrary fixed ¢ € R, let

N(@) := Zo(x(1), 1) = inf Zg(x,1).
xXE€Xy

Proving (3.2) is equivalent to prove the following (3.5)
N() >0, vVt eR. (3.5)

Now we proceed with the proof of (3.5).
Suppose that (3.5) is invalid, there is a = R, then

— N(@) := N(t) = Zo(x(t), 1) < 0. (3.6)
For arbitrary f < t/, we set up a subsolution
m(t) = —Re Fot=D
here kg is defined in (2.1) and
—R= 2iaanR Zo(x, 1).
We show that
Zo(x, 1) = m(t), (x,1) € Tg X [1,1]. (3.7)
Think about the function
Vx, 1) = Zo(x, 1) —m(t), (x,1) € g x [T,1].
From the construction of m(t), we have

V(x,t) = Zo(x, 1) —m(t) = Zg(x, 1) — (—R) > 0, (x,1) € Tq x {i};
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and

V1) = Zg(x, 1) —m(t) = —m(t) > 0, (x, 1) € Ty x [£,1].

Assume that (3.7) is not true, there is (x(7), 1) € Sy x (7, 7], then

V(x(),f) = inf V(x,1) <0,
Sex (@]

Vv
—(x(),1) <0.
b =
On one hand, in view of the definition of V (x, ), then
Zo(x(), 1) = iélf Zo(x, ) <m(@) < 0.

Hence, from (3.4), one has

a

Za (i), ) = Za (e (). ).
t |x

I S
9 1(0) —aff
But on the other, by (3.9), we derive that
V@), D < V),
that is
Zo(x(D). 1) = Zo(x(t). 1) <m(@) —m(') <0

due to monotone increasing property of m(t). As a result,

N@) = Zo(x(D), 1) < Zg(x(t),1) = N() = =N(0).

Taking account of Lemma 2.1, by (3.11), then
C
lx1 () — |
Combined with (3.10), we derive that
0]

>k0>0.

Lo (1000, = —koZalx(@). ).

Then from (3.9), one has
am . 0Z . .
—kom(®) = == () = —= (D, D) = —koZa (x(D), ),
which concludes that
V(x(®),1) = Zg(x(D), 1) —m(#) = 0,
which yields a contradiction to

V(x(D),1) <0.
Therefore, we derive that (3.7) holds. It means that

Za(i 1) > m(t), (x,1) € Tg x [£,1 1.

(3.8)

(3.9

(3.10)

(3.11)

(3.12)

For any t, the above forﬂlla is true. Letting 7 — —o0, we have m(t) — 0. Consequently,
Zy(x,t) = 0,(x,1) € y X (—o0,t ], which contradicts to (3.6). Therefore, (3.5) is true

and so does (3.2).
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Remark 3.1 Using a proof similar to Step 1, we deduce that for arbitrary o > 0, Z (x, 1) is
a solution to (3.1) and

Zo(x(1),1) = inf Zy(x, 1) <0,
XEXy
it follows that x{ (t) > 0. The above will be employed in Szep 2.

Step 2. On account of (3.2), we move the T, as long as the inequality holds. Let
ag = supl{a|Z,(x,t) >0, V(x,1) € ¥, xR, v < «}.
Now we verify that
oy = 400. (3.13)

We use a contradiction argument. Assume that 0 < g < 400, then in view of the definition
of «y, there is a sequence o \( g such that

inf Z 1 0.

i?xR a (X, 1) <

Let

Zak(x,t)
h(x) '

where 4 (x) is mentioned earlier. Then obviously,

Zak(x, t) =

— Ny = _inf Zg (x,1) <O0. (3.14)
Eaka

Since ¢t € R, the minimum point of Zak might not be obtained for finite value ¢. For more

information about aZ“’ét(x’t), we pick a sequence i, and x (x) and 7 N\ 0, then
Zoy (x(8), 1) = inf Zoy (1) = =Ny + TN (3.15)
o

We construct an auxiliary function
Zoy (2, 1) = Zog (x, 1) = 5N (1),
here ¥ (1) = ¥ (t — 1), ¥ (1) € C°(R), |9 ()| < 1and

_fr o=,
ly(t)_{o 1] > 2.

Next we study the value of Zuk (x,1)in Xg, X (tx — 2, # + 2). In view of the definition of
Zy, (x, 1), we have

Zoy (x (), 1) = —Ni.
Otherwise, when |t — x| > 2,
Zoy (X, 1) = Zgy (x, 1) > —Np..

To sum up, the minimum point of Zyk (x, t) is obtained in g, x (fx — 2, #r +2). We denote
it as (x(#), f). That is

Zoy (x (), 1) = _inf_(x,1) <O0.
O‘kXR
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Hence,
Zoy . o o»
1r), t :O,
o (x (), 1)
which means that
9Z . n 30
| 8:k(x(lk)7fk)|=|Tka?|STka~ (3.16)

Combined the definition of Ny in (3.14) and
Zoy 20, 1) < Zog (2 (@1, 0,
we have
— N < Zoy (x(f1), 1) < Zoy (x(t), tk) = — N + T Ni. 3.17
From the definition of Zxk (x, t), we have

Zo, (x(f1), fx) = inf (x, ) < 0.
o

According to Remark 3.1, we know that x;(f;) > 0. Therefore, we could assume 0 <

x1(fx) < ap + 1. Then by a similar process as (22) in [9], we deduce

—-(A+ )»)gZak (e (), 1) < Zoy (x(T1), ). (3.18)

x1(fx) — P

Obverse that there is a positive number 1, then
a(x1 ()N, x) < mj.

Together with (3.1), (3.18) and Zg, (x(f), fx) < 0, we arrive at

C

7% Ay D AL oA

x(t), tr)) + —————Z,, (x(tp), 1
o (x(tk), 1) G0 — ol o (x (), ) -
>a(e1 ()N (0, %) Zag (x(R0), o) G-19)

> Zey (x (1), ).
For above inequality, we divide 4 (x(#}), #x) on both sides. Then we obtain
0Z0; . o » - A - A

(x (@), k) + Zoy (X (15 1) = my Loy (x (1), 1) (3.20)

o1 x1 (k) — ok |P

Together with (3.16),(3.17) and (3.20), we divide — Nj on both sides, one can arrive at

C mi .
———— < —, for gk is small, (3.21)
X1 (@) — ol — 2

which concludes that
Ix1(fx) — ax] > mp >0
and

~ my
|x1 (8) — apl > - = 0. (3.22)
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When £ is sufficiently large, one has

020, .~ & C Ao
x(ty), ty) + ———Zy, (x (), 1,
o (x (), 1) GO — P o (x (), 1) .
>(a(x{ (i) = x1(@)) f (Zoy )N (@, %) Zay (x (1), ) '
>m3 > 0,
where we use the fact that f is locally Lipschitz continuous and
Zay(x.1) = Zay(x,1) > 0.
On account of Zg, (x(f), fx), from (3.23), we derive that
0Zay . a2
a1 (x (), i) = m3 > 0. (3.24)
Next we let
Zag (6, 1) = Zog (x + x(B), 1 + ),
from (3.24), we arrive at
024,
™ (0,0) > m3 > 0. (3.25)

In view of [30], we have
I Za, II,I:E”S(HE)E m4, ¥V (x,1) € 2x (—-T,T) CCR" xR,

it concludes that there is a subsequence of (x (f;), fx) and when k — 400,

. . 024, 374,
Z(xk(xvt)_> Zao(x7t)57(xv t)_) (x7 t)
ot ot
On account of
0 < x1(fk) < o,
and
o —> ag, k — +oo.
Hence, there is a subsequence of x| (fr) and 0 < xlo < wg, then
x1(f) — x?.
Now we think about Zao (x, ). Obviously, one has
Zog(x,1) 20, (x,1) € Ty 0 xR
Taking account of
Zoy (x(f1), ) < O,
we arrive at

Z4y(0,0) =0 = inf Rzao(x, 1).

ag —x? x
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Hence
374,
0,0) =0.
a7 0,0)
It contradicts to (3.25). As a result, we have ag = +00.
Therefore, z(x, t) is monotone increasing in x; direction. O

Theorem 3.2 Let z(x,t) € (Cllo’c1 RN Lp) x CY(R) and satisfy the conditions of Theorem
3.1, then (1.1) has no positive bounded classical solutions.

Proof We will use a contradiction to verify it. Suppose in the contrary, there exists a positive
bounded solution of (1.1), we will obtain a contradiction.
We define A1 being the first eigenvalue of the following problem

—(A+150(x) = hpx), xeB(b+2,0),
¢(x) =0, x € B{(b+2,0),

with 0 < b € R is sufficiently large.
For the sake of integration by parts, we mollify ¢(x) to

p1(x) =0 * p(x) € CFIRM).
Consequently,
— A+ 201(x0) < Mg1(), x € R, (3.26)

here * stands for convolution, o(x) € C§°(B1(b + 2, 0,)) is a mollifier which satisifies
Jrn @(X)dx = 1.

The above (3.26) will be verified by adopting the idea of ( [7] Lemma A.1).

Suppose that

/ p1(x)dx = 1.
Rn

Owing to the mollification, the support of ¢ is included in By(b + 2,0'). Let

Dy (1) ::/]R z(x,t)gz)](x)dx:/ z(x, 1)1 (x)dx.

By (b+2,0")
Together with Jensen inequality and (3.26), we derive that

d
IQh(t) = —f —(A +)»)§z(x, N1 (x)dx +/ () £ (@)o1 () dx
t e A
=— [n z(x, 1) — (A —H»)g(pl (x)dx + /Rn a(x1) f(2)e1 (x)dx
> — )»1/ z(x, D1 (x)dx +b/ (@)1 (x)dx (3.27)
R» R
> —1Dp(0) + bf(/R (@)1 (x)dx)
> — A Dp(1).

In view of the monotone increasing property in x; by Theorem 3.1, we conclude that for
arbitrary fixed r € R, ®;(#) is monotone increasing about b. As a result,

®4(0) > ¢g := Dp(0), (3.28)
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where we choose ¢q to be a number so that —\cg is positive. From (3.27), we have

d
—®p(t) = —A1Dp(2).
7 p(t) = =1 DPp(1)

Combined with (3.28), we get
Dp(1) > —Ajcoe’.

Hence, ®,(¢) is monotone increasing about ¢. Letting t — +o00, ®p(t) — +00, which
yields a contradiction to the boundedness of z(x, 7). ]
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