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Dualities and evolutes of fronts in hyperbolic
and de Sitter space

Liang Chen™ and Masatomo Takahashi®!

1 School of Mathematics and Statistics, Northeast Normal University, Changchun 130024, P.R.CHINA

2 Muroran Institute of Technology, Muroran 050-8585, JAPAN

Abstract

We consider the differential geometry of evolutes of singular curves in hyperbolic 2-
space and de Sitter 2-space. Firstly, as an application of the basic Legendrian duality
theorems, we give the definitions of frontals in hyperbolic 2-space or de Sitter 2-space,
respectively. We also give the notions of moving frames along the frontals. By using
the moving frames, we define the evolutes of spacelike fronts and timelike fronts, and
investigate the geometric properties of these evolutes. As results, these evolutes can be
viewed as wavefronts from the viewpoint of Legendrian singularity theory. At last, we
study the relationships among these evolutes.

Keywords: evolute; spacelike front; timelike front; hyperbolic 2-space; de Sitter 2-space.
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1 Introduction

This paper is a part of our research projects about the differential geometry of evolutes of
singular curves in different ambient space forms. Notions of evolutes (or, focal sets) of regular
curves in Euclidean plane or 3-space are classical topics in differential geometry. As well known,
the evolute of a regular plane curve is defined as the locus of the center of osculating circle of
the original curve. The radius of the osculating circle of a regular plane curve is 1/, where &
is the curvature of the curve. Unfortunately, if the curve is not regular at some point, then we
can not define the evolute at this point as the classical way. The second author of this paper,
however, had presented an alternative method for the studying of evolutes of singular curves in
Euclidean plane [4, 5]. They firstly define frontals (or fronts) in Euclidean plane and Legendrian
curves (or Legendrian immersions) in the unit tangent bundle of R?. The differential geometric
properties of the frontal is studied in [3]. The most difference between a regular curve and a
frontal is that the frontal might exist singular points. A key tool for studying of the frontal is
so called moving frame defined in the unit tangent bundle. By using the moving frame, they
defined a pair of smooth functions like as the curvature of a regular curve and called the pair the
curvature of the Legendrian curve. As results, the existence and uniqueness for the Legendrian
curve which take this curvature as the associated curvature are established. Furthermore, they
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used the moving frame and the curvature of the Legendrian immersion to give a new definition
of an evolute of the front. We remark that this new definition on the evolute is consistent with
the classical one when the curve is a regular curve. They also studied the evolutes of smooth
curves in sphere 2-space as applications of this method [13]. In this paper, we proceed with this
way to investigate the evolutes of smooth curves in hyperbolic 2-space and de Sitter 2-space. As
it to be expected, the situation presents certain peculiarities when compared with the Euclidean
case and the sphere case. For instance, in our case the evolutes of smooth spacelike curves in
hyperbolic 2-space (or, de Sitter 2-space) are split into hyperbolic 2-space and de Sitter 2-space.

The organization of this paper is as follows. In §2, we prepare some basic notions on regular
curves in hyperbolic 2-space and de Sitter 2-space, respectively. We first review the properties
of the evolutes of regular curves in hyperbolic 2-space which developed by S. Izumiya and his
collaborators in [8] (for regular hypersurfaces case please see [9, 10]). Moreover, by using a
similar way to that of [8], we study the evolutes of spacelike regular curves and timelike regular
curves in de Sitter 2-space, respectively. In §3, we give a brief review on the basic Legendrian
duality theorems appeared in [2, 6, 7]. Especially, A;-duality and As-duality are very helpful in
this paper. We define the spacelike frontals (or, spacelike fronts) in hyperbolic 2-space and de
Sitter 2-space, and spacelike Legendrian curves (or, spacelike Legendrian immersions) by using
the Aj-duality. We also use the As-duality to define the timelike frontals (or, timelike fronts)
in de Sitter 2-space and timelike Legendrian curves (or, timelike Legendrian immersions). The
basic properties of the frontals are discussed. We give the definitions of evolutes of spacelike
fronts in hyperbolic 2-space, spacelike and timelike fronts in de Sitter 2-space in §4, respectively.
We also study the geometric properties of these evolutes in this section. In the last section, §5,
we investigate the relationships among the evolutes of these fronts in hyperbolic 2-space and
de Sitter 2-space.

We shall assume throughout the whole paper that all maps and manifolds are C*° unless
the contrary is explicitly stated.

Acknowledgement. The authors would like to thank the referee for helpful comments to
improve the original manuscript.

2 The evolutes of regular curves

In this section, we investigate the basic properties of evolutes of regular curves in hyperbolic
2-space or de Sitter 2-space, respectively. Firstly, we will prepare some notions in Minkowski
space. For details of Lorentzian geometry, see [12].

Let R® = {(x1, x9, 23)|x; € R, i = 1,2,3} be a 3-dimensional vector space. For any vectors
x = (11,72, 73) and y = (y1,%2,y3) in R3, the pseudo scalar product of x and y is defined to
be (x,y) = —z1y1 + Tay2 + 23y3. We call (R?,(,)) the Minkowski 3-space and write R? instead
of (R3,(,)).

We say that a non-zero vector  in R? is spacelike, lightlike or timelike if (x,z) > 0, (x,z) =
0 or (x,x) < 0 respectively. The norm of the vector & € R? is defined by ||z| = /|{z, x)|.

For any @ = (w1, 72, 23),y = (Y1, ¥2, y3) € R, we define a vector x A y by

—€; €y €3
TNANY=|2x1 X2 T3,
o Y2 Y3

where {ey, s, €3} is the canonical basis of R3. For any w € R?, we can easily check that

(w,x \Ny) = det(w, z,y),
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so that A y is pseudo-orthogonal to both & and y. Moreover, if « is a timelike vector, y is a
spacelike vector and & A y = z, then by a straightforward calculation we have

zNx =Y, yNz=—=x.

If x is a spacelike vector, y is a timelike vector and A y = z, then by a straightforward
calculation we have
ZNxXx=—-Y, yAz==x.

If both @, y are a spacelike vectors and * A y = z, then by a straightforward calculation we
have
ZNT=—-Y, yANz—=—x.

For a vector v € R? and a real number ¢, we define the plane with the pseudo-normal v by
P(v,c) = {z € Rj|(z,v) = c}.

We call P(v,c) a timelike plane, spacelike plane or lightlike plane if v is spacelike, timelike or
lightlike, respectively.
We define hyperbolic 2-space by

H*(-1) ={z € R} | (x,x) = —1},

de Sitter 2-space by
$2= [z ek | (wa) =1},

(open) lightcone at the origin by
LC* = {z € R} \ {0}] (=, ) = 0}.

We consider a curve given by the intersection of H?(—1) (or, S?) with the plane P(v,c) as
follows:
HP(v,c) = H*(-1)N P(v,¢) (or, DP(v,c) = S: N P(v,c))

and call it the hyperbolic (or, de Sitter) ellipse, hyperbolic (or, de Sitter) parabola or hyperbolic
(or, de Sitter) hyperbola if v is timelike, lightlike or spacelike, respectively.

We study the evolutes of regular curves in hyperbolic 2-space or de Sitter 2-space, respec-
tively, in the following.

2.1 The evolutes of regular curves in hyperbolic 2-space

We firstly give a brief review on differential geometry of regular curves in H?(—1). For details
please see [8]. Let ~, : I — H?*(—1) be a regular curve, we have ||%,(¢)|| # 0, where v, (t) =
(d~y,/dt)(t). Denoted by t,(t) = F,(t)/||¥,(t)|| € S? the unit spacelike tangent vector. We
can define a unit spacelike vector e, by en(t) = v, (t) A t,(t) and call it the normal vector of
v, then we have a pseudo orthonormal frame {v,,t,,e,} of R} along «,. By the standard
arguments, we can give the following hyperbolic Frenet-Serret type formula:

Yu(t) 0 1 0 Yi(t)
t(t) | =@l 1 0 sl ta(t) |,
eh(t) 0 —lih(t) 0 eh(t)



det (7Y, (6,75, (£),77 1, (6)
where k(1) = ( }||"7h(:)|\3 )

since 7y, is a regular curve in H?(—1), it may admit the arc length parametrization s = s(t).
Therefore, we can assume that -, (s) is a unit speed curve. To the convenience of calculation,
however, we stick to the general parametrization in this paper.

Under the assumption that sy (t) # £1, we define the evolute of 7, as follows:

Eo(y) : T = B, By(m)(t) = iﬁ (s (E17a(t) + enlt))

, we call it the hyperbolic geodesic curvature. We remark that

In the case k2 (t) > 1, E,(v,)(t) is located in H?(—1), we call it the hyperbolic evolute of ~, and
denote it by E"(v,)(t). If 0 < k3 (t) < 1, it is in S?, we call it the de Sitter evolute of ~, and
denote it by E4(v,,)(t). If k,(t)>—1 = 0 for all t € I, then 7y, is a part of a hyperbolic parabola
(horosphere) in H?(—1) (cf. [10]). Moreover, if xp(tg)? — 1 = 0, then k(to)v,(to) + en(to) is
a lightlike point. Then we can not define the evolute at such points in this way. In order to
consider the evolute at such points, we need a theory of type changing curves in R?. Then we
have the following proposition ([8], Proposition 4.1).

Proposition 2.1 Suppose that v, : I — H*(—1) is a reqular curve with k3(t) # 1. Then
kn(t) = 0 if and only if E"(v,)(t) or E4(vy,)(t) are constant vectors. Under this condition, v,
1s a part of a hyperbolic ellipse or a part of a hyperbolic hyperbola, respectively.

If vg = E"(,)(to) and co = Frp(to)/+/|K2(to) — 1], then we have v, and HP(vy, cy) are at
least 3-point contact at v, (ty), see [8]. In this case, we call HP(vy, ¢o) the osculating hyperbolic
ellipse (or, osculating hyperbolic hyperbola). Its center vy is called the center of hyperbolic
geodesic curvature. Therefore, the evolutes of 7y, is the locus of the center of hyperbolic geodesic
curvature.

2.2 The evolutes of regular spacelike curves in de Sitter 2-space

We now consider the differential geometry of regular spacelike curves in S?. Let v, : [ — S?
be a regular curve. The regular curve 4, is said to be spacelike if 4,(¢) is a spacelike vector
at any t € I, where J,(t) = (dv,/dt)(t). We call such curve a spacelike curve. Denoted by
ta(t) = A,(0)/||74(t)|] € S? the unit spacelike tangent vector. We can define a unit timelike
vector eg by eq(t) = v,4(t) A ty(t) and call it the normal vector of ~,, then we have a pseudo
orthonormal frame {~,,t4,e4} of R? along «,. By the standard arguments, we can give the
following spacelike de Sitter Frenet-Serret type formula:

Ya(t) 0 1 0 Ya(t)
ta(t) | =13a®OI | -1 0 kalt) ta(t) |,
ey(t) 0 rkq(t) O eq(t)
where r4(t) = det(’yﬂ('i?),’zg(tliﬁd(t)), we call it the spacelike de Sitter geodesic curvature.
d
Under the assumption that r4(t) # £1, we define the evolute of v, as follows:
1
Ey(va) : I = Ry, Ey(70)(t) = £—=——(ra(t)74(t) — €a(t)).
|ra(t) — 1]

In the case r3(t) > 1, E,(v,)(t) is located in S?, we call it the de Sitter evolute of v, and
denote it by E4(v,)(t). If 0 < k2(t) < 1, it is in H?(—1), we call it the hyperbolic evolute of
v, and denote it by E"(v,)(t). We remark that for the case k2(t) = 1, it has similar geometric
meaning with the case x} () = 1. Then we have the following proposition.
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Proposition 2.2 Suppose that vy, : I — 5% be a reqular spacelike curve with k3(t) # 1. Then
ka(t) = 0 if and only if EM(v,)(t) or E4(y,)(t) are constant vectors. Under this condition,
15 a part of a de Sitter ellipse or a part of a de Sitter hyperbola, respectively.

The proof of this proposition is similar to that of Proposition 4.1 in [8], so we omit it.

We assume that vy = E(v,)(to) and c¢g = +ra(to)/\/|k3(to) — 1|, then we have 7, and
DP(vy,cp) are at least 3-point contact at v,(f). In this case, we call DP(vy, ¢y) the osculating
de Sitter ellipse (or, osculating de Sitter hyperbola). Its center vy is called the center of spacelike
de Sitter geodesic curvature. Therefore, the evolutes of v, is the locus of the center of spacelike
de Sitter geodesic curvature.

2.3 The evolutes of regular timelike curves in de Sitter 2-space

Finally, we consider the differential geometry of regular timelike curves in S?. Let vp : I — S?
be a regular curve. The regular curve =, is said to be timelike if 4, (¢) is a timelike vector
at any t € I, where y,(t) = (dvp/dt)(t). We call such curve the timelike curve. Denoted
by tr(t) = A7 (t)/||Yr(t)|| € H?(—1) the unit timelike tangent vector. We can define a unit
spacelike normal vector ey by er(t) = vy, (t) A tr(t) and call it the normal vector of ;. Then
we have a pseudo orthonormal frame {~v,tr, er} of R? along ;. By the standard arguments,
we can give the following timelike de Sitter Frenet-Serret type formula:

Yr(t) 0 1 0 Yr(t)
tr(t) | =@ 1 0 rr(t) tr(t) |,
eT(t) 0 KT(t) 0 eT(t)
where kr(t) = det(’YT(?y”y(f)ﬁiﬁT(t)), we call it the timelike de Sitter geodesic curvature.
T
We define the evolute of v, in de Sitter space as follows:
1
Ej(vr) : 1 — S, Bj(vr)(t) = £—m——= (ke (t)7r(t) — er(t)).
rp(t) + 1

We call it the spacelike de Sitter evolute of ;. Then we have the following proposition.

Proposition 2.3 Suppose that v, : I — S? be a regular timelike curve. Then kr(t) = 0 if
and only if EX(v7)(t) is a constant vector. Under this condition, 7 is a part of a de Sitter
hyperbola.

The proof of this proposition is also similar to that of Proposition 4.1 in [8], so we omit it.

We assume that vy = E%(vy;)(tg) and ¢y = Frp(tg)/\/k%(to) + 1 then we have v, and
DP(vy, o) are at least 3-point contact at (o). In this case, we call DP(vy, ¢p) the osculating

de Sitter hyperbola. Its center vy is called the center of timelike de Sitter geodesic curvature.
Therefore, the spacelike de Sitter evolutes of v, is the locus of the center of timelike de Sitter
geodesic curvature.

3 The frontals in hyperbolic 2-space and de Sitter 2-
space

In this section, we consider the differential geometry of smooth curves in hyperbolic 2-space or
de Sitter 2-space, respectively. If the curve have singular points, we can not define the pseudo
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orthonormal Frenet frame at these singular points. We also can not use the Frenet-Serret type
formula to study the properties of the original curve. In order to overcome this difficulty, we
take advantage of the way developed by the second author of this paper in [3] instead of the
classical way. We give the detailed descriptions about this way as follows.

3.1 The spacelike frontals in hyperbolic 2-space

We firstly consider the differential geometry of curves in H?(—1). Let 7, : I — H?*(—1) be a
smooth curve. We call v, the spacelike frontal in H?(—1), if there exists a smooth mapping
~¢ . I — S, such that the pair (v,,v%) : I — A, satisfies (y,(t), v4(¢))*0 = 0 for all t € I.
Here
A = {(v,w) | (v,w) =0} C H*(—1) x %

is a 3-dimensional manifold and € is a canonical contact 1-form on A; (cf. [6, 7]). The
condition (7,(t),v%(t))*0 = 0 is equivalent to (%, (t), vi(t)) =0, for all t € I. We call (v,,,v%)
the spacelike Legendrian curve in A;. Moreover, if (v,,~v%) is an immersion, we call ~y, the
spacelike front in H?(—1) and (~,,~%) the spacelike Legendrian immersion in A;.

Let (7,,,7%) be a spacelike Legendrian curve in A;. If 7, is singular at a point ¢y in H*(—1),
then we can not define the Frenet-Serret formula at this point. By the definition of the spacelike
Legendrian curve, however, the v¢ is always well defined even if at a singular point of ,,. Let
Y5 (t) = v, (t) Avi(t) € S3. We have a moving frame {~,,~%,~;} which called the hyperbolic
Legendrian Frenet frame of R} along -,. By the standard arguments, we have the following
hyperbolic Legendrian Frenet-Serret type formula:

Yu(t) 0 0 ma(t) Ya(t)
W) | =1 0 0 ma(t) ) |
Yi(t) mp(t) —na(t) 0 Yi(t)

where my(t) = (4, (1), 75 (1)) and ny(t) = (F4(t),~v5(t)). We call the pair (my,n) the space-
like hyperbolic Legendrian curvature of spacelike Legendrian curve (v,,~%). We remark that
if (v4,7%) is a spacelike Legendrian curve (respectively, spacelike Legendrian immersion) with
the spacelike hyperbolic Legendrian curvature (my,, ny,), then both (v, —v%) and (—~,,,v%) are
spacelike Legendrian curves (respectively, spacelike Legendrian immersions) with the spacelike
hyperbolic Legendrian curvatures (—my, ny) and (my, —ny,), respectively.

We will characterize the properties of (my, ny) as follows.

Proposition 3.1 If (v,,7%) : I — Ay is a spacelike Legendrian curve with the spacelike hyper-
bolic Legendrian curvature (my,ny), then (my,ny,) depends on the parametrization of (v,,v%).

Proof. Let (4,,7%) : I — A; be a spacelike Legendrian curve and (1my, 7i;) be its spacelike
hyperbolic Legendrian curvature. Suppose that t : I — I is a (positive) change of param-
eter, that is, t is surjective and has a positive derivative at every point. We assume that
(An (), L (u)) = (v, (), ¥4 (t(u))) for all u € I, then we have

{ mn ()5, (1) = Fp(w) = ma(t(w))E(w)v; (t(w)),
()5, (1) = ¥4 (w) = na(t(w))E(w)y; (t(w)).
It follows from 43 (u) = 3 (t(u)), we have

{ () = m (t(w) ) (u),

nn(w) = np(t(u))t(u).
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Proposition 3.2 Suppose that (v,,v%) : I — Ay is a spacelike Legendrian curve with the
spacelike hyperbolic Legendrian curvature (mp,ng). Then (mp(t), nu(t)) # (0,0) if and only if

(A (), (1)) # (0,0), for allt € I.

Proof. By the hyperbolic Legendrian Frenet-Serret type formula, this assertion holds. a

Example 3.3 Let 7, be a regular curve in H*(—1) with the hyperbolic geodesic curvature ry,.
If we take v¢ = ey, then (,,~%) is a spacelike Legendrian curve with the spacelike hyperbolic
Legendrian curvature (—||9,|[,||%4||%n). In fact, it is a spacelike Legendrian immersion. More-
over, by a straightforward calculation, we have n,(t) = |my(t)|k,(t) for all t € I. In this case,
we have ny(t) = 0 if and only if x;(t) = 0.

Example 3.4 Let v, : I — H?*(—1) be v,(t) = (V1 + 2" + 2™ " t™), where m = n + k,
m,n,k € N. It is obviously that the origin is the singular point of v,. We assume that

1
e (t) (Kt™V/1 + 20 4 2m |t™ ™ 4 mt® kt*™ — n).

V2™ ;- m2tek 4 2
By a straightforward calculation, we have

1 + t2n + t2m ( mt2k+n + nt" k)
n, mt

B \/k2t2m + m2t2k +n2 \/1 + t2n t2m’

Yh(t)

and (,,7%) is a spacelike Legendrian curve with the spacelike hyperbolic Legendrian curvature
(mp, np), where

IR 4 2tk n?

mp(t) = )
0 NAESD
0 ktE=1 (B22m20 om(m + n)t™ + n(m + n)t*™ + mn)
np = .

(thQm + mZtQk + n2) 1 + th + t2m

Moreover, if k = 1, then (v,,~%) is a spacelike Legendrian immersion. In the case when n = 2
and m = 3, we call v, the hyperbolic 3/2-cusp, see Figure 1 (i).
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Example 3.5 Let [ = [0,27). We define v, : [ — H?*(—1) by

v (t) = (\/1 + cosb t 4 sin® ¢, cos® ¢, sin® t>

and call it the hyperbolic astroid, see Figure 1 (ii). It is obviously that -y, is singular at point
t =0,7/2,7 and 37/2. We assume that

d 1
7ilt) = V1 +sin®tcos? t
By a straightforward calculation, we have
B 1
V1 +sin’tcos?t

and (,,7%) is a spacelike Legendrian curve with the spacelike hyperbolic Legendrian curvature
(mp, ny), where

(sintcost\/l +sin®¢ + cosb ¢, sin (1 + cos* ), cos t(1 + sin* t)) :

5 (t) (sin2t — cos2t, — cost\/1 + sin® ¢ + cosS ¢, sin £/ 1 + sin® ¢ + cos® t)

3sintcostv'1 + sin® t cos? ¢
V1 +sin® ¢t + cosb ¢
3sin?tcostt 4+ 3sin?tcos?t — 1 — sin®t — cosb ¢

(1 +sin®t cos? t)v/1 4 sin® ¢ 4 cosb ¢

mh(t) =

ny(t) =

Moreover, (y;,,v%) is also a spacelike Legendrian immersion.

Let (v,,7%) : I — A; be a spacelike Legendrian curve in A;. We define a mapping
N9 I — H?*(—1) by
V4 () = cosh gy, (1) + sinh gy (1),
where ¢ is any fixed real number. Then 7‘5@) is the point on the geodesic started from =y, (%)

directed by v¢(t) with a constant length. We call it the hyperbolic parallel of the frontal ~, (cf.
[10]). Then we have the following assertion.

Proposition 3.6 Let (v,,v%) : [ — Ay be a spacelike Legendrian curve with the spacelike

hyperbolic Legendrian curvature (mp,ny). For any fived real number ¢, ('yi, (’yfz)d) I — Ay s

a spacelike Legendrian curve with the spacelike hyperbolic Legendrian curvature (mf7 ni), where

(Vi) I = SE, (v)"(t) = sinh gy, (1) + cosh ¢y (1),

my(t) = cosh gy (t) 4 sinh ény, (t), nf(t) = sinh ¢my,(t) + cosh ¢y (t).
Moreover, (m)2(t) — (n)2(t) = m2(t) — n3(t) for all t € I.
Proof. Tt is obviously that (7% (t), (v7)4(t)) € Ay and (¥0(t), (v7)%(t)) = 0 for all t € I. By
the definition of spacelike Legendrian curve, (’yi, ('y‘i)d) is a spacelike Legendrian curve in A;.
On the other hand, we have v¢(t) A (v$)%(t) = ~;(t). Hence {77, (v)% ~;} is a hyperbolic
Legendrian Frenet frame of R? along 'yi. Moreover,

4 (t) = (cosh gy, (t) + sinh ¢y (1))75 (), (¥7)%() = (sinh gma(t) + cosh gna(t))¥; (1)-

According to the hyperbolic Legendrian Frenet-Serret type formula, we have

m?(t) = cosh gmy (t) + sinh gny, (t), nf(t) = sinh gmy(t) 4 cosh dny, (t)
are the spacelike hyperbolic Legendrian curvature. By a direct calculation, we have (m$)2(t) —

(n?)2(t) = m3(t) —ni(t) for all t € I. O

We call (*yz, ('ﬁ)d) the spacelike parallel Legendrian curve.
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3.2 The spacelike frontals in de Sitter 2-space

We now consider the differential geometry of spacelike curves in S?. Suppose v, : [ — 5%
is a spacelike curve at regular points t € I, namely, “,(t) is a spacelike vector at the regular
points. We call v, the spacelike frontal in S? if there exists a smooth mapping 4% : I — H?*(—1)
such that the pair (y%, ~,) : [ — A; satisfies (v%(t),v,(t))*0 = 0 for all t € I. The condition
(Y2 (t),v4(t)*0 = 0 is equivalent to (y,(t),¥4(t)) = 0, for all t € I. We call (v,4,~") the
spacelike Legendrian curve in A;. Moreover, if (v,,7") is an immersion, we call v, the spacelike
front in S? and (vy,,~") the spacelike Legendrian immersion in A;.

Let (74, 7") be a spacelike Legendrian curve in A; and v5(t) = v,4(t) Av%(t) € S7. We have
a moving frame {v,,~" 5} which called the spacelike de Sitter Legendrian Frenet frame of
R3 along v,. By the standard arguments, we have the following spacelike de Sitter Legendrian
Frenet-Serret type formula:

Ya(t) 0 0 mgy(t) Ya(t)
i) | = 0 0 na(t) Yit) |,
Ya(t) —mq(t) na(t) 0 va(t)

where mg(t) = (4,4(t),v5(t)) and ng(t) = (¥3(t),~v5(t)). We call the pair (mg, ng) the spacelike
de Sitter Legendrian curvature of the spacelike Legendrian curve (v,4,~%). We remark that if
(74, Y1) is a spacelike Legendrian curve (respectively, spacelike Legendrian immersion) with
the spacelike de Sitter Legendrian curvature (mg,nq), then both (v, —v"%) and (—~v,,v") are
spacelike Legendrian curves (respectively, spacelike Legendrian immersions) with the spacelike
de Sitter Legendrian curvatures (—myg,ng) and (mg, —ng), respectively.

We can also characterize the properties of the spacelike de Sitter Legendrian curvature
(ma, ng) by the similar arguments with the spacelike hyperbolic Legendrian curvature (my, ny).
We summarize here as follows.

Proposition 3.7 If (v,4,~") is a spacelike Legendrian curve with the spacelike de Sitter Leg-
endrian curvature (mg,ng), then (mgq,ng) depends on the parametrization of (vy4,Y%).

The proof is almost the same with Proposition 3.1, so that we omit it.

Proposition 3.8 Suppose that (v,,7%) be a spacelike Legendrian curve with the spacelike de
Sitter Legendrian curvature (mg,ng). Then (mg(t), ng(t)) # (0,0) if and only if (3,(t), ¥4 (1)) #
(0,0), for allt € 1.

Example 3.9 Let v, be a regular spacelike curve in S? with the spacelike de Sitter geodesic
curvature rq. If we take v = ey, then (v,,7%) is a spacelike Legendrian curve in A; with the
spacelike de Sitter Legendrian curvature (||, [|[4llcq). In fact, it is a spacelike Legendrian
immersion in A;. Moreover, it follows from the spacelike de Sitter Legendrian Frenet-Serret
type formula, we have ng(t) = |mq(t)|xq(t) for all ¢ € I. Then we have ny(t) = 0 if and only if
/€d<t> =0.

Let (74, ~") be a spacelike Legendrian curve in A;. We define a mapping 'yfl) : [ — S% by

Y3 (t) = cosh ¢y,(t) + sinh pyj(¢),

where ¢ is any fixed real number. Then 'yﬁ(t) is the point on the geodesic started from ~,()
directed by «"(¢) with a constant length. We call it de Sitter parallel of the spacelike frontal
~,4 (cf. [10]). Then we have the following assertion.
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Proposition 3.10 Let (v,,v%) be a spacelike Legendrian curve in Ay with the spacelike de
Sitter Legendrian curvature (mg,ng). For any fived real number ¢, (4%, (v5)") is a spacelike
Legendrian curve in Ay with the spacelike de Sitter Legendrian curvature (mﬁ,nﬁ), where

(V)" L = H*(=1), (v9)"(t) = sinh dryy(t) + cosh gyy(1),

mS(t) = cosh pmg(t) + sinh ¢ng(t), n(t) = sinh ¢mg(t) 4 cosh png(t).
Moreover, (m$)2(t) — (n9)2(t) = m3(t) — n3(t) for allt € I.

Proof. Tt is obviously that ((v$)"(t),¥%(t)) € Ay and (3%(t), (v$)"(t)) = 0. By the definition
of spacelike Legendrian curve, (79, (v%)") is a spacelike Legendrian curve in A;. On the other
hand, we have v (£)A(v5)"(t) = v5(t). Hence {~, (v9)", 75} is a spacelike de Sitter Legendrian
Frenet frame of R? along ’yﬁ. Moreover,

A3(t) = (cosh gmy(t) + sinh ¢na(t))vi(t), (v3)"(t) = (sinh gmy(t) + cosh dna(t))y3(?).
According to the spacelike de Sitter Legendrian Frenet-Serret type formula, we have

m%(t) = cosh ¢mg(t) + sinh ¢ng(t), nG(t) = sinh gmg(t) + cosh gng(t)

are the spacelike de Sitter Legendrian curvature. By a direct calculation, we have (m$)2(t) —

(n2)2(t) = m3(t) — n2(t) for all t € I. O

3.3 The timelike frontals in de Sitter 2-space

We now consider the differential geometry of timelike curves in S?. Let v : [ — S? be a
timelike curve at regular points ¢t € I, namely, () is a timelike vector at the regular point.
We call v the timelike frontal in S? if there exists a smooth mapping 4% : I — S, such that
the pair (vp,v%) : [ — Aj satisfies (y4(t),¥%4(t))*a = 0 for all t € I. Here

As ={(v,w) | {v,w) =0} C S} x S

is a 3-dimensional manifold and « is a canonical contact 1-form on Aj (cf. [2, 6]). The condition
(v (), ¥4 (#))*a = 0 is equivalent to (Y5 (t),¥%(t)) = 0, for all t € I. We call (v, v%) the
timelike Legendrian curve in As. Moreover, if (v, v%) is an immersion, we call vy, the timelike
front in S and (y4,v%) the timelike Legendrian immersion in As.

Let (v7,v%) be a timelike Legendrian curve in Az and v2(t) = v, (t) Av4(t) € H3(—1).
We have a moving frame {v;,v%, %} which called the timelike de Sitter Legendrian Frenet
frame of R} along ;. By the standard arguments, we have the following timelike de Sitter
Legendrian Frenet-Serret type formula:

’YT(t) 0 0 mT<t> ’7T(t)
Fe(t) | = 0 0 nr(t) YH(t) |,
A (t) mr(t) nr(t) 0 vi(t)

where mp(t) = —(p(t), ¥5(t)) and np(t) = —(F4(t),¥%(t)). We call the pair (my,nz) the
timelike de Sitter Legendrian curvature of timelike Legendrian curve (v, v%). We remark that
if (v7,~v%) is a timelike Legendrian curve (respectively, timelike Legendrian immersion) in Aj
with the timelike de Sitter Legendrian curvature (mp, nr), then both (v5, —v%) and (=7, v%)
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are timelike Legendrian curves (respectively, timelike Legendrian immersions) in As with the
timelike de Sitter Legendrian curvatures (—my, ny) and (my, —nr), respectively.

We can also characterize the properties of the timelike de Sitter Legendrian curvature
(mg,n7) by the similar arguments with the spacelike de Sitter Legendrian curvature (mg, ng).
We summarize them and omit the proofs as follows.

Proposition 3.11 If (y4,~v%) : I — As is a timelike Legendrian curve with the timelike de Sit-
ter Legendrian curvature (mrp,nr), then (mp,ny) depends on the parametrization of (7, v%).

Proposition 3.12 Suppose that (yp,v%) 1 I — As is a timelike Legendrian curve with the
timelike de Sitter Legendrian curvature (mp,ny). Then we have (mp(t), ny(t)) # (0,0) if and

only if (yp(t), 44(t)) # (0,0), for all t € 1.

Example 3.13 Let v, be a regular timelike curve in S? with the timelike de Sitter geodesic
curvature k. If we take 4 = er, then (v,,v%) is a timelike Legendrian curve in Az with the
timelike de Sitter Legendrian curvature (||vz||, ||[¥rlx7r). In fact, it is a timelike Legendrian
immersion in As. Moreover, we have nr(t) = |my(t)|xr(t) for all ¢ € I. Therefore, we have
nyr(t) = 0 if and only if k7 (t) = 0.

Let (y7,v%) : I — As be a timelike Legendrian curve in As. We define % : I — S? by

Y7 (t) = cos Oy (t) + sin 65 (t),

where 6 € [0,27) is a fixed number. Then ~9%.(¢) is the point on the geodesic started from ~,(¢)
directed by v4(t) with a constant length. We call it the timelike parallel of the timelike frontal
~r. Then we have the following assertion.

Proposition 3.14 Let (v7,v%) : I — As be a timelike Legendrian curve with the timelike de

Sitter Legendrian curvature (mgp,ng). For any fized 0 € [0,27), (v5, (v5)) : I — As is a

timelike Legendrian curve with the timelike de Sitter Legendrian curvature (m$%,n%.), where

(vp)*: T = ST, (¥7)*(t) = — sinbyp(t) + cos Oy(1),
mé.(t) = cos Omyp(t) + sinOnp(t), n(t) = —sinOmyp(t) + cos Onp(t).
Moreover, (m%)*(t) + (n5)?(t) = m2(t) + n2(t) for all t € I.

Proof. It is obviously that (v5(t), (v5)%(t)) € As and (¥5-(t), (v5)%(t)) = 0. By the definition of
timelike Legendrian curve, (7%, (v5)?) is a timelike Legendrian curve in As. On the other hand,
we have v5.(t) A (v5)4(t) = v(t). Hence {75, (v5)%, v} is a timelike de Sitter Legendrian
Frenet frame of R? along v4. Moreover,

50(8) = (cos B (t) + sin Onr()JYh(), (HR)9() = (— sin B (t) + cos Bz (1) 7 (1).
Therefore

mé.(t) = cos Omq(t) + sinOnp(t), ni(t) = — sin Omp(t) + cos Onp(t)

are the timelike de Sitter Legendrian curvature and (m%)2(t) + (n)?(t) = mZ(t) + n2.(t) for all
tel. O

We call (75, (v5)%) the timelike parallel Legendrian curve.
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4 The evolutes of fronts in hyperbolic 2-space and de
Sitter 2-space

4.1 The evolutes of spacelike fronts in hyperbolic 2-space

We firstly consider the geometric meanings of evolutes of spacelike fronts in H?(—1). Let
(V4 vE) : I — A; be a spacelike Legendrian immersion with the spacelike hyperbolic Legen-
drian curvature (my,np,) which satisfies n2(t) # mi(t) for all ¢ € I. We define a mapping
gv(’)/h) L — Ril)) by

1
=4+
Vg (t) —mi ()]

and call it the totally evolute of v, in R}. We remark that if n2(t) > m3(t), then &,(v,)(t) €
H?(—1). In this case, we denote it by £"(~,) and call it the hyperbolic evolute of ~,,. Moreover,
if nZ(t) < m2(t), then &,(v,)(t) € S7. We rewrite it as £4(y,,) and call it the de Sitter evolute
of 7,. Furthermore, if n,(t)? — my(t)?> = 0 for all ¢ € I, then ~, is a part of a hyperbolic
parabola (horosphere) in H?(—1). If ny(to)? — mp(to)? = 0, then ny,(to)y,(to) — ma(to)vé(to)
is a lightlike point. Then we can not define the evolute at such points in this way. By a direct
calculation, we have the following properties about the totally evolutes of ~,.

E(v1)(t)

(na &)y (1) — mu ()73 (1))

Proposition 4.1 Suppose that (v,,v%) : I — Ay is a spacelike Legendrian immersion with
the spacelike hyperbolic Legendrian curvature (mp,np). Then the totally evolute E,(y;,) of 7y,
is independent on the parametrization of (7, v%).

Proof. According to the proof of Proposition 3.1, if we take ¢ : I — I as a (positive) change of
parameter, that is, ¢ is surjective and has a positive derivative at every point. Then we have

{ mn(u) = ma(t(u))t(w),

i (u) = ng, (t(w))(u).
Therefore,

E(vp)(u) =+

(ron () 7a (E(w)) — ma (t(w)) ¥ (£ (w))) £(u)

— + .
VIn2 () = m3 () |i2(u)
= £,(m)(1). =

Remark 4.2 Let (v,,v%) : I — Ay be a spacelike Legendrian immersion.
(i) If we take —=, instead of 7,, then the totally evolute of 7y, does not change.
(ii) If we take —~¢ instead of v, then the totally evolute of v, does not change.

Proposition 4.3 Let v, : [ — H?*(=1) be a reqular curve in H?*(—1) with the hyperbolic
geodesic curvature K, which satisfies k, # +£1. Then we have the following assertions:

(1) If ki (2) > 1, then E}(v,)(t) = £(7,)().
(ii) If w5 (t) < 1, then E(v,)(t) = &1(7,)(t)-
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Proof. Without loss of generality, by Example 3.3, we take v¢ = ey, then (v,,,7}) is a spacelike
Legendrian immersion with the spacelike hyperbolic Legendrian curvature (—||%,||, [|7n|l5n)-
It follows from the definition of the totally evolute «;,, we have

1
\/’”h )|
W( A7 (0) + en(t))

t) > mi(t), we have E"(v,)(t) = E"(v,)(t). Moreover,
t), we have Ef(y,)(t) = E/(v,)(®)- O

E(7) (1) = (i (&) va(t) — ma(t)75(1))

Since k% (t) > 1 if and only if n

2
i
k7 (t) < 1if and only if n2 (t) < m3(

According to the above proposition, we have shown that the definition of the totally evolute
of 7, is consistent with the definition of the evolute of v, when ~,, is a regular curve in H*(—1).
Proposition 4.4 Suppose that (v,,v%) : I — Ay be a spacelike Legendrian immersion with
the spacelike hyperbolic Legendrian curvature (my,ny). Then we have the following assertions:
(i) If to is a singular point of ~,,, then EM(v,)(to) = £, (to).
(ii) If to is a singular point of v¢, then E4(v,)(to) = £v%(to).

(iii) (a) If n2(t) > mi(t), then (EM(v,),~5) : I — Ay is a spacelike Legendrian immersion with
the spacelike hyperbolic Legendrian curvature

mhnh — mhhh
_—— + n2 — m2 .
n2 _ m2 ) h h
h h

(b) If n2(t) < mi(t), then (EX(vyy,),~v;) : I — As is a timelike Legendrian immersion with
the timelike de Sitter Legendrian curvature

mhhh — mhnh
_—— + m2 — n2 .
m2 _ n2 ) h h
h h

Proof. (i) Since ty is a singular point of -, we have my(ty) = 0. It follows that

EL0)t0) = £l (1) = 3, (o).

(ii) Since tq is a singular point of v¢, we have ny(ty) = 0. It follows that
£l to) = £ ——
mj, (to)

(iii) We firstly suppose that n2 () > m2(¢) and denote that

mi(to) i (to) = £ (to)-

Vo = EXON) Vo= W AV = Vi Th =T AT

By a straightforward calculation, we have

v () (t) — ma(t)in(t) ( +1

nj, () — mj (1)

%’h(t) =



and

It follows that

0(0). F40) = (€200, 740) = 0. (Gi(0) 540)) # (0,0)
and
nlt) = (), 73 (1)) = 0D = e i1

mn(t) = (Va(t), ¥i (1)) = £/ni(t) — mi(2).
This means that (3,,5%) = (E"(y,),v;) : I — Ay is a spacelike Legendrian immersion with

the spacelike hyperbolic Legendrian curvature (w, +4/n2 — m,%) Therefore the
ny, —my,
assertion (a) of (iii) holds.

Moreover, if n?(t) < m2(t), then

E)(1) = mh(““’;“)‘m;“)”h“)( — (mh<t>vh<t>—nh<t>ﬁ<t>)>.

We have

X oy = - (B0 <

my, (1) = ny(t)
Thus £%(v,)(t) is a timelike vector at a regular point of £%(y,) in S?. We denote that
Yr = 0> 1 =Yio V1 =1 A

By using almost the same arguments as above, we have

T (1) = 31(0) = £y/mi(0) - (1) ( s (0 - nh<t>vz<t>>) ,
o +1
RN OETD

(1) 74(1) = (E1) @), 73(1) = 0, Fr(t) F2(1)) # (0,0)

(mn ()7 (1) = na(B)Y5(1))

and
e mp(H)an(t) — 1 (B)n(t)
mir(t) = e Fr(0) = = —

Tir(t) = (), 75 () = £/ma (1) —n2 (1)

This means that (Y,5%) = (£4(,),7;) : I — Aj is a timelike Legendrian immersion with
the timelike de Sitter Legendrian curvature (w,i\/m% - n%) Therefore the

2 .2
mp — Ny,

assertion (b) of (iii) holds. O
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Let (v,,7%) : I — A be a spacelike Legendrian immersion with the spacelike hyperbolic
Legendrian curvature (my,n;) which satisfies n7 # m?. We now explain the hyperbolic or de
Sitter evolute of the spacelike front v, : I — H?(—1) as a wavefront from the viewpoint of
Legendrian singularity theory [1, 11, 14] as follows. We define a function H? : [ x H*(—1) — R
by HT(t,v) = (v5(t),v) and call it the hyperbolic timelike height function on the space-
like Legendrian immersion (v,,~v%). We also define another function H® : I x S? — R by
H5(t,v) = (vi(t),v) and call it the hyperbolic spacelike height function on the spacelike Legen-
drian immersion (v,,~%). By a straightforward calculation, we have the following proposition.

Proposition 4.5 Let (v,,,~}) : I — Ay be a spacelike Legendrian immersion with the spacelike
hyperbolic Legendrian curvature (mp,ny,).

(i) Suppose that v € H*(—1) and ni(t) > ma(t) for allt € I:

a) HT(t,v) = 0 if and only if there exist real numbers a and b such that v = a~y,(t) +byi(t).
b) HT(t,v) = (OHT /0t)(t,v) = 0 if and only if v = EM(v,)(1).

Suppose that v € S? and n2 (t) < mi(t) for allt € I:

a) H3(t,v) = 0 if and only if there exist real numbers a and b such that v = a~y,(t) +byi(t).
(b) H3(t,v) = (0H® Jot)(t,v) = 0 if and only if v = E(~,)(t).

(
(
(i)
(

Proof. (i) Taking {~,,v%,~;} as the moving frame of R} along ~,,. For all (t,v) € I x H?(—1),
H”(t,v) = 0 if and only if (v;(¢),v) = 0. This means that there exist real numbers a and b
with 2 —a? = —1 such that v = a~,,(t) +by%(t). Thus, the assertion (a) of (i) holds. Moreover,
HT(t,v) = (0HT /ot)(t,v) = 0 if and only if (my,(¢)v,(t) —nn ()L (L), avy,(t) +bvi(t)) = 0. By
a direct calculation, we can show that v = £"(~y,)(t). Therefore, the assertion (b) of (i) holds.

(ii) By almost the same arguments as the assertion (i), we can show the assertion (ii). O

One can show that (HT,0H” /0t) is non-singular at (¢,v) € D(HT), where
T

OH
D(HT) = {(t,v)|H" (t,v) = 5 (t,v) = 0}.
This means that H” is a Morse family. Therefore, the hyperbolic evolute £"(«y,) of the spacelike
front ~, is a wavefront of a Legendrian immersion generated by H?. Moreover, the hyperbolic
spacelike height function H® is also a Morse family. Hence the de Sitter evolute £%(vy,,) of the
spacelike front =, is also a wavefront of a Legendrian immersion generated by H?.

Proposition 4.6 Let (v,,,~}) : I — Ay be a spacelike Legendrian immersion with the spacelike
hyperbolic Legendrian curvature (mp,np). If to is a singular point of ~,, then we have the
following assertions:

(i) to is a regular point of EM(v,) if and only if iy, (to) # 0.
(ii) ¢ is a singular point of EM(~y,) if and only if 4, (ty) = 0.

Proof. By a direct calculation,

“h o ()na(t) — ma(t)nn(t) 1
&0 = e ( T i

Since my(ty) = 0, we have E*(v,)(ty) = j:ab:((fg))"yi(to). Therefore, t, is a regular point (re-
spectively, a singular point) of £(y,) if and only if 72, (tg) # 0 (respectively, 1y (tg) = 0).
Furthermore, since 4, (t) = my,(t)y; () +mn ()75, (1), we have 4,,(to) = vy (to)y; (t). Therefore,

mp(to) = 0 if and only if 4, (tg) = 0. O

(ma(t)va(t) — m(ﬂvﬁ(ﬂ)) .
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Remark 4.7 If ty is a singular point of 7, then my(ty) = 0 and hence we can not define
E(y,,) at this point to. This is the reason why we don’t consider the properties of E4(,,) at
singular point of v;,.

Proposition 4.8 Let (v,,,~}) : [ — Ay be a spacelike Legendrian immersion with the spacelike
hyperbolic Legendrian curvature (mp,ny,).

(i) n2(t) > m2(t) and EM(~,)(t) = 0 for all t € I if and only if ~,(t) is a point or there exist
a constant timelike vector v and a constant real number C' with C* < 1, such that ~,(t) €
HP(v,—1) and ~}(t) € DP(v,—C) for allt € I.

(i) m2(t) > n2(t) and EX~,)(t) = 0 for all t € I if and only if v} (t) is a point or there
exist a constant spacelike vector w and a constant real number C with C* < 1, such that
v, (t) € HP(w,C) and v¢(t) € DP(w, 1) for allt € 1.

Proof. (i) Since

En () (1) = =

— (ma(t)7(1) — nh<t>v;§<t>)) ,

we have £"(v,)(t) = 0 if and only if 77, (t)ny(t) — ma(t)ns(t) = 0 for all t € I. Therefore,
there exists a constant real number C' with C? < 1 such that my(t) = Cny(t). In the case
when C' = 0, we have 4,,(t) = 0. This means that «,(¢) is a point. Moreover, if C' # 0, then
A, (t) = CAL(t). Tt follows that ~,(t) = C~%(t) + v, where v is a constant timelike vector. It
is obviously that {,(t),v) = —1 and (v{(t),v) = —C for all t € I.

Conversely, if =, (t) is a point for all t € I, then my(t) = mu(t) = 0. It follows that
EMA,)(t) = 0. If v is a constant timelike vector and C' is a constant real number, then
~v,(t) € HP(v,—1) and ~4(t) € HP(v,—C). Since (y,(t),v) = —1 and (~}(t),v) = —C,
we have (4,(t),v) = 0 and (¥%(t),v) = 0. Therefore, v = ~,(t) — Cy%(t). Then © =
mp(t)y;(t) — Cnp(t)yi(t) = 0. It follows that my(t) = Cny(t) and 1y (t) = Cng(t). This
means that 7o, (t)ns(t) — my(t)7,(t) = 0 for all t € I. Therefore, £ (~,)(t) = 0 for all t € I.

(ii) By almost the same arguments as the proof of the assertion (i), we can show that the
assertion (ii) holds. O

Proposition 4.9 Suppose that (v,,v%) : I — Ay is a spacelike Legendrian immersion with the
spacelike hyperbolic Legendrian curvature (my,ny) and (’yi, ('yi)d) : I — Ay is a spacelike par-
allel Legendrian immersion with the spacelike hyperbolic Legendrian curvature (mi,ni) Then

Eu(vh) = Eu(7}) for any ¢ € R.

Proof. According to the definition of the totally evolute of the spacelike front in H?*(—1) and
Proposition 3.6, we have

E (V) ==

for any ¢ € R. O

In the last of this subsection, we calculate the evolutes of spacelike fronts defined in Example
3.4 and Example 3.5, respectively.
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Example 4.10 Let v, : [ — H?(=1) be v, (t) = (V1 +t* + 5,12, %) and v¢ : [ — S? be

|
) . — <t3\/1 0,45 4 3¢5 — 2) .
V4 + 92 + t6

By Example 3.4, we have

0 tV/4 + 9t2 + 16 0 19 + 155 + 10t* + 6
m = , N = .
" I+ T 4+ 92+ tI 11

Therefore, we have
(6(1+¢* +¢5)3/2, 3¢% + 615 — 27¢* — 612, 617 + 8t7 + 24¢% + 8¢)

&y t) ==
(r)®) V| (#10 +15t6 + 10t* + 6) — t2(4 4 9t + 6)3]

Y

see Figure 2.

Example 4.11 Let ~, : I — H*(—1) be

v (t) = (\/1 + cosb t +sin®¢, cos’ ¢, sin’ t)
and v¢ : [ — S} be
B 1
V1 +sin®tcos? t

~%(t) (sintcost\/l +sin%¢ + cosb ¢, sin (1 + cos* t), cos (1 + sin* t)) :

where I = [0,27). By Example 3.5, we have

3sintcostV1 + sin’tcos? t
V1 +sin®t + cosbt
3sin*tcostt + 3sin®tcos?t — 1 —sin®t — cosb ¢

(1 +sin®tcos?t)V1 +sin® ¢ + cosb ¢

mh(t) =

nh(t) =

Thus, we have

(av/a, acos®t+b/cost, asin®t+ b/sint)
V(b —a)? — 3b(1 + sin? t cos? t)?|

where a = 1 4 cos®t +sin®¢, b = 3sintcos*t + 3sin®t cos? ¢, see Figure 3.

E(1n)(t) =+

Y

1 7, T ._| T '~~' — 19_(95]'5 '...:|....7|..'.7.|....|....|.-u|- :;plz

hyperbolic evolute of the hyperbolic de Sitter evolute of the hyperbolic
3/2-cusp 3/2-cusp
Figure 2

17



_0'716' T T T T T T T
T Tt Y T b4 -22 1 0 -1 2

hyperbolic evolute of the hyperbolic de Sitter evolute of the hyperbolic
astroid astroid
Figure 3

4.2 The evolutes of spacelike fronts in de Sitter 2-space

We now consider the geometric meanings of evolutes of spacelike fronts in S7. Let (7,4, v")
be a spacelike Legendrian immersion in A; with the spacelike de Sitter Legendrian curvature
(mg, ng) which satisfies n2(t) # m2(t) for all ¢t € I. We define a mapping &,(v,) : [ — R} by

1
+
VIng(t) — mg(t)]

and call it the totally evolute of 7, in R3. We remark that if n2(t) < m3(t), then &,(v,)(t) €
H?(—1). In this case, we denote it by £"(v,) and call it the hyperbolic evolute of ~y,. Moreover,
if n2(t) > m2(t), then &,(v,)(t) € SE. We rewrite it as £4(y,) and call it the de Sitter evolute
of vv,4. Furthermore, for the case n3(t) — m3(t) = 0, it has similar geometric meaning with the
case ni(t) —mi(t) = 0. By a direct calculation, we have the following properties about the
totally evolutes of ~,.

E(va)(t) = (na(t)va(t) — ma(t)va(t))

Proposition 4.12 Suppose that (v ~,) : I — A, is a spacelike Legendrian immersion with
the spacelike de Sitter Legendrian curvature (mg,nq). Then the totally evolute E,(v,) of v, is
independent on the parametrization of (74, y%).

Proof. If we take t : [ — I as a (positive) change of parameter, that is, ¢ is surjective and has
a positive derivative at every point. Then we have

{ ma(u) = ma(t(u))i(u),

na(w) = ng(t(w))t(u).

Therefore,
1
Ev(vg)(u) ==£ ng(u)yy(u) — mqg(u e
(V)1 = e (Ralu}al1) = )7} (0)
=+ ! (na(t(u))va(t(w)) = ma(t(w))yg(t(u)) i(u)
VIn3(t(u) = m3(t() ()
= E(7a)(1). O
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Remark 4.13 Let (v%,v,) : I — Ay be a spacelike Legendrian immersion.
(i) If we take —=, instead of v, then the totally evolute of vy, does not change.
(ii) If we take —~y" instead of ¥%, then the totally evolute of ~y, does not change.

Proposition 4.14 Let v, : I — S} be a regular spacelike curve in S} with the spacelike de
Sitter geodesic curvature kg which satisfies kg # +1. Then we have the following assertions:

(i) If 3(t) > 1, then EJ(v,)(t) = EJ(v4)(1)-
(ii) If k3(t) < 1, then EY(vy)(t) = &} (va)(2).
Proof. Without loss of generality, by Example 3.9, we take v/ = e, then (v,,~%) is a spacelike

Legendrian immersion with the spacelike de Sitter Legendrian curvature (||%,||, [|74llka)- It
follows from the definition of the totally evolute ~y,, we have

1

Eu(va)(t) = % NCOE0] (na(t)va(t) — ma(t)v5(t))
1
= W (Ka(t)vq(t) — ea(t)) .

Since x2(t) > 1 if and only if n3(t) > m2(t), we have Ed(v,)(t) = E¥(v,)(t). Moreover,
k2(t) < 1if and only if n2(t) < m3(t), we have E(v,)(t) = EM(v,)(t). O

According to the above proposition, we have shown that the definition of the totally evolute

of v, is consistent with the definition of the evolute of v, when =, is a regular spacelike curve
in S7.

Proposition 4.15 If (v% ~,) : I — A, be a spacelike Legendrian immersion with the spacelike
de Sitter Legendrian curvature (mg,ng), then we have the following assertions:

(i) If to is a singular point of v,, then EX(v,)(to) = +y,(to).

(ii) If to is a singular point of ¥%, then EM(v,)(to) = £ (t0).

(iii) (a) If n2(t) > m3(t), then (EX(v,),~5) : I — As is a timelike Legendrian immersion with
the timelike de Sitter Legendrian curvature

mdhd — mdnd
s i n2 —m2 .
2 2 ) d d
nd — md

(b) If n2(t) < mi(t), then (EM~,),~v3) : I — Ay is a spacelike Legendrian immersion with
the spacelike hyperbolic Legendrian curvature

Mgng — Mqiq
B B VAL Bk R
my — Ny

Proof. (i) Since tq is a singular point of v,, we have mgy(to) = 0. It follows that

ﬁhmmzi—%gﬁﬂwMMZim%)
ndo

(ii) Since tq is a singular point of 4%, we have ng(to) = 0. It follows that

ELV) 1) = et ) = o).
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(iii) We firstly assume that n2(t) > m?(¢) and denote that
Vr = £V A1 =i A1 = Vo AT

By a straightforward calculation, we have

:.)V/T(t) = 2

and

It follows that

Frt), 74(1) = (€L B, 73(0) = 0, Fr(t), 7r(1)) £ (0,0)

and
~ . - ~ . md(t)hd(t) — md(t)nd(t)

Fr(t) = —(Yr(t), 7o () = £4/nd(t) — m3(2).

This means that (7,5%) = (£%(7,4),75) : I — As is a timelike Legendrian immersion with

Mg — Mgn
the timelike de Sitter Legendrian curvature | ——o 94 4 nZ — mfl) Therefore, the

n2 —m2
assertion (a) of (iii) holds.

Moreover, we assume that n2(t) < m?3(t) and denote that
~ ~d s ~s ~ ~
Yi = E0(Va)s T =Yar Th =T AN Va

By a direct calculation, we can show that

- - md(t)nd t) — md(t)nd(t) :Fl
alt) = T ( s (7,00 - nd<t>vz<t>>> ,

Y1) = Halt) = /mi(e) —n3(1) ( e (na0)740) - nd<t>vz<t>>>

and

Therefore, we have




and

Fin(t) = Ga(t),7(t)) = et

() = (F (1), 7)) = £/ m3(t) — nd(2).

This means that (3,,57) = (EM(v,4),75) : I — A; is a spacelike Legendrian immersion with
the spacelike hyperbolic Legendrian curvature (w, +4/m? — ni) Therefore the

2 2
my — Ny

assertion (b) of (iii) holds. O

Let (v4,7") be a spacelike Legendrian immersion in A; with the spacelike de Sitter Leg-
endrian curvature (mg, ng) which satisfies n? # m?2. We can also explain the hyperbolic or de
Sitter evolute of the spacelike front v, as a wavefront from the viewpoint of Legendrian singu-
larity theory as follows. We define a function DT : I x H?(—1) — R by D*(t,v) = (v5(t),v)
and call it the de Sitter timelike height function on the spacelike Legendrian immersion (7,4, v%).
We also define another function DS : I x S — R by D%(t,v) = (v5(t),v) and call it the de
Sitter spacelike height function on the spacelike Legendrian immersion (v,,~"%). By a direct
calculation, we can show the following proposition.

Proposition 4.16 Let (y" ~,) : I — Ay be a spacelike Legendrian immersion with the space-
like de Sitter Legendrian curvature (mg,ng).
(i) Suppose that v € H*(—1) and n2(t) < mA(t) for allt € I:
(a) DT(t,v) = 0 if and only if there exist real numbers a and b such that v = a~y,(t)+by"(t).
(b) DT (t,v) = (ODT/ot)(t,v) = 0 if and only if v = EM(v,)(t).
(ii) Suppose that v € S} and n2(t) > mA(t) for all t € I:
(a) D(t,v) = 0 if and only if there exist real numbers a and b such that v = a~y,(t)+by"(t).
(b) D3(t,v) = (0D%/0t)(t,v) = 0 if and only if v = EH(~,)(t).

One can show that (DT,0DT/dt) is non-singular at (¢,v) € D(DT), where

T T oDT
This means that D7 is a Morse family. Therefore, the hyperbolic evolute £"(vy,) of the spacelike
front ~y, is a wavefront of a Legendrian immersion generated by DT. Moreover, the de Sitter
spacelike height function D is also a Morse family. Hence the de Sitter evolute £4(vy,) of the
spacelike front v, is also a wavefront of a Legendrian immersion generated by D*.

By almost the same arguments with Propositions 4.6, 4.8, 4.9 and Remark 4.7, we have the
following propositions and remark.

Proposition 4.17 Let (v%,~,) : I — A} be a spacelike Legendrian immersion with the space-
like de Sitter Legendrian curvature (mg,ng). If to is a singular point of ~y,, then we have the
following assertions:

(i) to is a regular point of EX(~,,) if and only if mhg(te) # 0.
(ii) ¢ is a singular point of EX(vy,,) if and only if ¥ ,(te) = 0.
Remark 4.18 If ty is a singular point of ~,, then my(ty) = 0 and hence we can not define

EM(~,) at this point to. This is the reason why we don’t consider the properties of EM(~y,) at
singular point of ~y,.
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Proposition 4.19 If (v%,~,) : I — A be a spacelike Legendrian immersion with the spacelike
de Sitter Legendrian curvature (mg,ng), then we have the following assertions:

(i) n3(t) > m3(t) and E4~,)(t) = 0 for all t € I if and only if v,4(t) is a point or there
exist a constant spacelike vector v and a constant real number C with C?* < 1, such that
~v4(t) € DP(v,1) and v%(t) € HP(v,C) for allt € I.

(i) m2(t) > n2(t) and EM~,)(t) = 0 for all t € T if and only if ¥(t) is a point or there
exist a constant timelike vector w and a constant real number C' with C? < 1, such that
~v4(t) € DP(w,—C) and v"(t) € HP(w, —1) for all t € I.

Proposition 4.20 Suppose that (v,4,~") is a spacelike Legendrian immersion with the space-
like de Sitter Legendrian curvature (mg,ng) and (73, (7$)h) is a spacelike parallel Legendrian
immersion with the spacelike de Sitter Legendrian curvature (m$,n%). Then E,(v,) = Es(75)
for any ¢ € R.

4.3 The evolutes of timelike fronts in de Sitter 2-space

Finally, we consider the geometric meanings of evolutes of timelike fronts in SZ. Let (yp,~%) :
I — Ajs be a timelike Legendrian immersion with the timelike de Sitter Legendrian curvature
(mp,nr). We define a mapping £%(v4) : I — S7 by

1
E4vp)(t) = +
) =

and call it the spacelike evolute of v in S?. By a direct calculation, we have the following
properties about the spacelike evolutes of timelike fronts in S%.

(nr(t)y7(t) — mr(t)¥3(t))

Proposition 4.21 Suppose that (vp,v%) : I — As is a timelike Legendrian immersion with
the timelike de Sitter Legendrian curvature (mp,nr). Then the spacelike evolute E,(yr) of Yr
is independent on the parametrization of (Y, vY%).

Remark 4.22 Let (yp,v%) : I — As be a timelike Legendrian immersion.
(i) If we take —~ instead of vr, then the spacelike evolute of v, does not change.
(ii) If we take —v% instead of v%, then the spacelike evolute of v, does not change.

Proposition 4.23 Let v, : I — S? be a reqular timelike curve in S? with the timelike de Sitter
geodesic curvature kr. Then E4(yp)(t) = EX(yy)(t).

Proof. Without loss of generality, by Example 3.13, we take v% = e, then (v5,~v%) is a timelike
Legendrian immersion with the timelike de Sitter Legendrian curvature (||¥7||, [|¥7||kr). It
follows from the definition of the spacelike evolute of v, we have

£l =+ (t)1+ s (nr (O ()~ mr 0 )
= e (el () = ex(0)
— By (0). .

According to the above proposition, we have shown that the definition of the spacelike
evolute of v, is consistent with the definition of the evolute of v, when ~, is a regular timelike
curve in S%.
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Proposition 4.24 If (v, %) : I — Aj is a timelike Legendrian immersion with the timelike
de Sitter Legendrian curvature (mr,nr), then we have the following:

(i) If to is a singular point of vy, then EX (1) (to) = yr(to).
(ii) If to is a singular point of v, then EX(y1)(to) = £v4(to).

(iii) (%, E4(yy)) : I — Ay is a spacelike Legendrian immersion with the spacelike de Sitter

Legendrian curvature
mqnr — mrnr
( 2 s =\ /np +mi ).
ng +ms

Proof. (i) Since tq is a singular point of ~,, we have mp(tg) = 0. It follows that

EXyr) (ko) = £ ——na(to)yr(to) = £71(t0):

ni(to)
(ii) Since tq is a singular point of ¥4, we have nr(ty) = 0. It follows that
1
EH(vr)(to) = £—m===mr(to)¥7(to) = Y7 (to).
mi(to)

(iii) We denote that 4, = E4(v7), '72 = vk and 4 = , A '72 By a straightforward
calculation, we have

;.)V/d(t) =

mp(O)ip(t) — () (t) ( +1

d
Vg () + ma(t) (m (8)y(8) + nT(t)'rT(t))> ,

and

It follows that

and

alt) = (Fa(t), 7alt)) = +\/nd(t) +mi(2).

This means that (35,7,) = (¥, £%~;)) : I — A, is a spacelike Legendrian immersion with
the spacelike de Sitter Legendrian curvature

mThT — anT
+4/nZ +mz ). O
2 2 ) T T
ny + my

Let (v, %) : I — As be a timelike Legendrian immersion. We now define a function
F5:1x8% - R by F(t,v) = (¥4(t),v) and call it the de Sitter height function on the
timelike Legendrian immersion (v,,v%). By a straightforward calculation, we can show the
following proposition.
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Proposition 4.25 Let (y7,v%) : [ — As be a timelike Legendrian immersion with the timelike
de Sitter Legendrian curvature (mp,ng). For all (t,v) € I x S?, we have the following:
(i) F5(t,v) = 0 if and only if there exist real numbers a and b such that v = ayp(t) + byh(t).
(ii) F5(t,v) = (OF° /0t)(t,v) = 0 if and only if v = EX(v7)(t).
One can show that (F¥,0F%/0t) is non-singular at (t,v) € D(F?), where
oF®
D(F®) = {(t,v)|F*(t,v) = W(t,v) = 0}.

This means that £ is a Morse family. Therefore, the spacelike evolute () of the timelike
front v, is a wavefront of a Legendrian immersion generated by F°.

By almost the same arguments with Proposition 4.6, we have the following proposition.

Proposition 4.26 Let (v, v%) : I — As be a timelike Legendrian immersion with the timelike
de Sitter Legendrian curvature (mp,nr). If to is a singular point of vr, then we have the
following assertions:

(i) to is a regular point of EX(~¢) if and only if mr(ty) # 0.

(ii) to is a singular point of EX(yy) if and only if Y4 (to) = 0.

Proposition 4.27 Let (yp,v%) : I — A5 be a timelike Legendrian immersion. E(v7)(t) =0
for all t € I if and only if v,(t) is a point or ¥4(t) is a point or there exist a constant

spacelike vector w and two constant real numbers Cy and Cy with (Cy,Cs) # (0,0), such that
7T(t) < DP(’U), Ol) and 7%@) S D.P(’U)7 _CQ)

Proof. Since

E(vr)(t) =

mT(t)nT(t) — mT(t)nT(t) +1
nz.(t) + mi.(t) V2 () + mZ (1)

we have £%(y,)(t) = 0 if and only if 7y (t)np(t) — me(t)ap(t) = 0 for all t € I. Therefore,
there exist two constant real numbers C; and Cy with (C}, Cy) # (0,0) such that Cymyp(t) =
Cynp(t). In the case when C; = 0, we have 4%(t) = 0. This means that y%(t) is a point.
Moreover, if Cy = 0, we have 4, (t) = 0. This means that v, (t) is a point. Otherwise, we have
Cip(t) = CoAh(t). So that Ciyp(t) = Coyh(t) 4+ w, where w is a constant spacelike vector.
It is obviously that (y;(t),w) = C; and (y4(t),w) = —C, for all t € I.

Conversely, if v,(t) is a point for all t € I, then mr(t) = 1mp(t) = 0. It follows that
EX () (t) = 0. Moreover, if 4%(t) is a point for all t € I, then ny(t) = np(t) = 0. It also follows
that £%(y,)(t) = 0. On the other hand, we assume that w is a constant spacelike vector, C; and
Cy are constant real numbers which satisfy (Cy,Cy) # (0,0), v7(t) € DP(w,C}) and v4(t) €
DP(w,—Cy). It follows that (y,(t),w) = C; and (v%(t), w) = —Cy, then (y,(t), w) = 0 and
(F4(t),w) = 0. We denote w = Cyyp(t) — Coyh(t), then w = Crmp(t)¥a(t) — Conp(t)yh(t) =
0. Thus we have Cymyp(t) = Cony(t) and Cimp(t) = Cong(t). This means that g (t)np(t) —
mp(t)ir(t) = 0 for all t € I. Therefore, E4(~,)(t) = 0 for all t € I. 0

(mr(t)yr(t) + nT(t)’YdT(t))> :

We also prove the following proposition by the similar arguments with Proposition 4.9.

Proposition 4.28 Suppose that (yp,v%) : I — As be a timelike Legendrian immersion
with the timelike de Sitter Legendrian curvature (mrp,nr) and (v, (v5)%) be a timelike par-
allel Legendrian immersion with the timelike de Sitter Legendrian curvature (m%,n%). Then

E(vr) = EX(v%) for any 6 € [0,27).
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5 The relationships among the evolutes of spacelike fronts
and timelike fronts

We investigate the relationships among the evolutes of spacelike fronts and timelike fronts in

hyperbolic 2-space and de Sitter 2-space. We firstly discuss the relationship between the totally

evolute &,(7,,) of a spacelike front -, in H?(—1) and the totally evolute &,(,) of a spacelike
front v, in S?. As results, we can show the following theorem.

Theorem 5.1 Suppose that (v,,,7vy) : I — Ay is a spacelike Legendrian immersion with the
spacelike hyperbolic Legendrian curvature (my,ny) which satisfies ma (t) # ni(t) for all t € 1.
Then we have:

() If mi(t) < i (2), then EJ(v,)(t) = £)(7a) (1)
(i) If mi (1) > nj(t), then EJ(v,)(t) = EJ(va)(2).

Proof.  We firstly assume that v§ = v, A v, and v¢ = ~,. Since (v,,7,) : I — A is a
spacelike Legendrian immersion, we have

{ () = a3 (1),

A (t) = ()75 (8) = Aa(t)-

On the other hand, we denote that 4§ = v, A7, and v = 4,. Then we have v% = —~; and
{ Yat) = ma(t)v3(t),

Ya(t) = na(t)vi(t) = 4, ().

It is obviously that
mh(t) = —nd(t), nh(t) = —md(t).
Therefore if m2(t) < ni(t), then we have m?2(t) > n?(t) and

h = 1 n —m
EL D) = s (10198~ m0)al0)
L (DY) — MmO (8) = EN ().

mg(t) —ng(t)

Moreover, if m2 (t) > n2(t), then we have m2(t) < n2(t) and

d _ 1 o
Ex(vp)(t) = % TOBII0) (n (), (1) n(t)va(t))

e (n0)7al) — (1) = EXC) 0
ng(t) — mg(t)

On the other hand, according to the timelike de Sitter Legendrian Frenet-Serret type for-
mula, if v, : [ — S? is a timelike front in S?, then we can know that 4% : I — S? is a
timelike curve in S? and (v%(t),v,(t)) € As. Therefore, 4% is also a timelike front in S?. We
can define the spacelike evolute of v% as follows: we assume that 4, = ~%, ﬁ% = =, and
b =, ANFE = —~%, then we have

(AR (E) = F(t) = A4(E) = np(D)yh(t) = —ng(OFM(E),
Ar (DA = Fp(t) = 32(t) = mp)yh(t) = —mr(HFR(2).
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Therefore, mr(t) = —nr(t), nr(t) = —myp(t). Then we have
1
\/nT +mi(t)

Hence we have shown the following theorem.

EJ(Y)(t) = ENFr)(t) =

(—=ma(O)YE(E) + not)yr(t) = EJ(v) ().

Theorem 5.2 Let (yp,v%) : I — As be a timelike Legendrian immersion, then E3(vy,)(t) =
EX~NL)(t) forallt € 1.

Remark 5.3 By Proposition 4.28, if we take 0 = 7/2, then we can also prove EX(~y;)(t) =
EX~L)(t) for allt € 1.

Theorem 5.4 Suppose that (v,,~}) : I — A, is a spacelike Legendrian immersion with the
spacelike hyperbolic Legendrian curvature (mp,ny). Then we have the following assertions for
allt € I:

(1) If mi(t) > ni(t), then i is a timelike front in S? and EX(~;)(t) = ELEH,))().
(i) If m2(t) < ni(t), then ~; is a spacelike front in S?. Moreover,

(a) if (nj(t (8))° > (riwn () (t) — ma(8)iea(t))*, then E(v;)(t) = ELEL (vu)) (1)
(b) if (na(t (6))° < (i (O)na () — mp(8)ien(1))?, then EX(v;)(t) = EXEN (1)) (1).

Proof.  According to Proposition 4.4, if m2(t) > n2(t), then (E4(v,)(t),v;(t)) € As is a
timelike Legendrian immersion. Therefore, v; is a timelike front in S?. Moreover, it follows
from Theorem 5.2, we have £4(~;)(t) = EL(E4(,,))(t).

On the other hand, If m?(t) < ni(t), then (E(y,)(t),v;(t)) € A is a spacelike Legendrian

immersion. Therefore, v; is a spacelike front in S?. Moreover, it follows from Proposition 4.4
and Theorem 5.1, we have £}(v;)(t) = £(E)(v,))(t) and EJ(v;)(t) = EJ(E) (7,))(F)- 0

) —m3
) —m3

Remark 5.5 Since £4(~y,) : [ — S? is a timelike front in S3, EM(E%(~y,)) does not exist.

By Aj-duality, Theorems 5.1 and 5.4, we have the following corollary.

Corollary 5.6 Suppose that (¥, ~,) : I — Ay is a spacelike Legendrian immersion with the
spacelike de Sitter Legendrian curvature (mg,ng). Then we have the following assertions for all
tel

(i) If m3(t) > n3(t), then % is a spacelike front in S?. Moreover,

(a) 4f (mi(t) — n3(1))* > (a(t)na(t) — ma(t)ia(t))’, then € (v3)(t) = EXEL(va))(D)-
(b) if (mi(t) —n3(t)* < (rma(t)na(t) — ma(t)ina(t))*, then EL(v3)(t) = EXE} (va))(1)
(ii) If m2(t) < n3(t), then ~% is a timelike front in S? and EX(v3)(t) = EL(EH(v,))(1).

)
)

By almost the same arguments as Theorem 5.4, we have the following result.

Theorem 5.7 If (v,v%) : I — Ay is a timelike Legendrian immersion with the timelike de
Sitter Legendrian curvature (mg,nr), then ¥4 is a spacelike front in H?. Moreover, we have
the following assertions for allt € I:

(a) if (3 (1) + m3(1))* > (rivr(t)nr(t) — me(t)ir(1))?, then EL(VE)(E) = EMEL(v2))(D).
(b) if (n3-(8) +mF(t))* < (mr(O)nr(t) — me()ir(t), then EFVE)(E) = EXEN(v2))(2).
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