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Chapter

Blow-up Solutions to Nonlinear
Schrödinger Equation with a
Potential
Masaru Hamano and Masahiro Ikeda

Abstract

This is a sequel to the paper “Characterization of the ground state to the
intercritical NLS with a linear potential by the virial functional” by the same authors.
We continue to study the Cauchy problem for a nonlinear Schrödinger equation with
a potential. In the previous chapter, we investigated some minimization problems and
showed global existence of solutions to the equation with initial data, whose action is
less than the value of minimization problems and positive virial functional. In partic-
ular, we saw that such solutions are bounded. In this chapter, we deal with solutions to
the equation with initial data, whose virial functional is negative contrary to the
previous paper and show that such solutions are unbounded.

Keywords: nonlinear Schrödinger equation, linear potential, standing wave, blow-up,
grow-up, global existence

1. Introduction

In this chapter, we consider the Cauchy problem of the following nonlinear
Schrödinger equation with a linear potential:

i∂tuþ ΔVu ¼ � uj jp�1u, t, xð Þ∈� 
d, (1)

where d≥ 1, 1< p< 2 ∗ � 1,

2 ∗ ≔

∞ if d∈ 1, 2f g,
2d

d� 2
if d≥ 3,

8

<

:

(2)

and ΔV ≔Δ� V ¼
Pd

j¼1
∂
2

∂x2
j

� V. In particular, we consider the Cauchy problem of

Eq. (1) with initial condition

u 0, �ð Þ ¼ u0 ∈H1


d
� �

: (3)

1



Eq. (1) with V ∈L∞ 
d

� �

is a model proposed to describe the local dynamics at a
nucleation site (see [1]).

Eq. (1) is locally well-posed in the energy space H1


d
� �

under some assumptions,
where Eq. (1) is called local well-posedness in H1


d

� �

if Eq. (1) satisfies all of the
following conditions:

• There is uniqueness in H1


d
� �

for a solution to Eq. (1).

• For each u0 ∈H1


d
� �

, there exists a solution to Eq. (1) with Eq. (3) defined on a
maximal existence interval Tmin,Tmaxð Þ, where Tmax ¼ Tmax u0ð Þ∈ 0,∞ð � and
Tmin ¼ Tmin u0ð Þ∈ �∞, 0½ Þ.

• There is the blow-up alternative. That is, if Tmax <∞ (resp. Tmin > �∞), then we
have

lim
t↑Tmax

∥u tð Þ∥H1
x
¼ ∞ resp: lim

t↓Tmin

∥u tð Þ∥H1
x
¼ ∞

� �

: (4)

• The solution depends on continuously on the initial condition. That is, if u0,n !
u0 in H1


d

� �

, then for any closed interval I⊂ Tmin,Tmaxð Þ, there exists n0 ∈

such that for any n≥ n0, the solution un to Eq. (1) with un 0, xð Þ ¼ u0,n xð Þ is
defined on Ct I;H1


d

� �� �

and satisfies un ! u in Ct I;H1


d
� �� �

as n ! ∞, where u
is the solution to Eq. (1) with u 0, xð Þ ¼ u0 xð Þ.

To state a local well-posedness result, we define the space

K0 
d

� �

≔ f ∈L∞ 
d

� �

: supp f is compact:
� �∥�∥K

, (5)

where

∥f∥K ≔ sup
x∈

d

ð


d

∣f yð Þ∣
x� yj jd�2 dy: (6)

We note that

L
d
2�ε


d

� �

∩L
d
2þε


d

� �

,!L
d
2,1 

d
� �

,!K 
d

� �

≔ f : ∥f∥K <∞f g (7)

for some ε>0, where the space Lp,q


d
� �

denotes the usual Lorentz space.
Theorem 1 (Local well-posedness, [2–4]) Let d≥ 1 and 1< p< 2 ∗ � 1. If V satisfies

one of the following, then Eq. (1) is locally well-posed in H1


d
� �

.

• V ∈Lη


d
� �

þ L∞ 
d

� �

for η≥ 1 if d ¼ 1 and η> d
2 if d≥ 2,

• ∥V�∥K <4π and V ∈L
3
2 

3� �

∩K0 
3� �

, where V� ≔ min V xð Þ, 0f g.

Moreover, the solution u to Eq. (1) conserves its mass and energy with respect to
time t, where they are defined as
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Massð Þ M u tð Þ½ �≔∥u tð Þ∥2
L2
x
,

Energy
� �

EV u tð Þ½ �≔ 1
2
∥u tð Þ∥2

_H
1
x

þ 1
2

ð


d
V xð Þ u tð , xÞj j2 � 1

pþ 1
∥u tð Þ∥pþ1

L
pþ1
x

:

(8)

We turn to time behaviors of the solution to Eq. (1). A solution to Eq. (1) has
various kinds of time behaviors by the choice of initial data. For example, we can
consider the following time behaviors.

• (Scattering) We say that the solution u to Eq. (1) scatters in positive time (resp.
negative time) if Tmax ¼ ∞ (resp. Tmin ¼ �∞) and there exists ψþ ∈H1


d

� �

(resp. ψ� ∈H1


d
� �

) such that

lim
t!þ∞

∥u tð Þ � eitΔVψþ∥H1
x
¼ 0 resp: lim

t!�∞
∥u tð Þ � eitΔVψ�∥H1

x
¼ 0

� �

, (9)

where eitΔV f is a solution to the corresponding linear equation with Eq. (1)

i∂tu t, xð Þ þ ΔVu t, xð Þ ¼ 0, u 0, xð Þ ¼ f xð Þ: (10)

We say that u scatters when u scatters in positive and negative time.

• (Blow-up) We say that the solution u to Eq. (1) blows up in positive time (resp.
negative time) if Tmax <∞ (resp. Tmin > �∞). We say that u blows up when u
blows up in positive and negative time.

• (Grow-up) We say that the solution u to Eq. (1) grows up in positive time (resp.
negative time) if Tmax ¼ ∞ (resp. Tmin ¼ �∞) and

lim sup
t!∞

∥u tð Þ∥H1
x
¼ ∞, resp: lim sup

t!�∞
∥u tð Þ∥H1

x
¼ ∞

� �

: (11)

We say that u grows up when u grows up in positive and negative time.

• (Standing wave) We say that the solution u to Eq. (1) is a standing wave if u ¼
eiωtQω,V for some ω∈, where Qω,V satisfies the elliptic equation

�ωQω,V þ ΔVQω,V ¼ � Qω,V

�

�

�

�

p�1
Qω,V : (12)

In particular, Qω,V is ground state to Eq. (12) if

Qω,V ∈ ϕ∈Aω,V : Sω,V ϕð Þ≤ Sω,V ψð Þ foranyψ ∈Aω,V
� �

≕Gω,V , (13)

where Sω,V fð Þ≔ ω
2 M f½ � þ EV f½ � (and)

Aω,V ≔ ψ ∈H1


d
� �

n 0f g : S0ω,V ψð Þ ¼ 0
� �

: (14)

We know the following results (Theorems 2 and 3) for time behaviors of the
solutions to Eq. (1). For related results, we also list [5–38].
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Theorem 2 (Hong, [3]) Let d ¼ p ¼ 3, u0 ∈H1


3� �

, and Q1,0 ∈G1,0. Suppose that V

satisfies V ∈L
3
2 

3� �

∩K0 
3� �

, V ≥0, x � ∇V ∈L
3
2 

3� �

, and x � ∇V ≤0. We also assume
that

M u0½ �EV u0½ �<M Q1,0

	 


E0 Q1,0

	 


and∥u0∥L2∥u0∥ _H
1
V
< ∥Q1,0∥L2∥Q1,0∥ _H

1 : (15)

Then, the solution u to Eq. (1) with Eq. (3) scatters.
Theorem 3 (Hamano–Ikeda, [4]) Let d ¼ 3, 73 < p< 5, u0 ∈H1


3� �

, and Q1,0 ∈G1,0.

Suppose that V satisfies V ≥0 and x � ∇V ∈L
3
2 

3� �

. We also assume that

M u0½ �
1�sc
sc EV u0½ �<M Q1,0

	 

1�sc
sc E0 Q1,0

	 


, (16)

where sc ≔ d
2 � 2

p�1.

1.(Scattering)

If V ∈L
3
2 

3� �

∩K0 
3� �

, x � ∇V ≤0, and

∥u0∥
1�sc
sc

L2 ∥u0∥ _H
1 < ∥Q1,0∥

1�sc
sc

L2 ∥Q1,0∥ _H
1 , (17)

then Tmin,Tmaxð Þ ¼ , that is, exists globally in time. Moreover, if u0 and V
are radially symmetric, then u scatters.

2.(Blow-up or grow-up)

If “V ∈L
3
2 

3� �

∩K0 
3� �

or V ∈Lσ


3� �

for some 3
2 < σ ≤∞,” 2V þ x � ∇V ≥0,

and

∥u0∥
1�sc
sc

L2 ∥u0∥ _H
1
V
> ∥Q1,0∥

1�sc
sc

L2 ∥Q1,0∥ _H
1 , (18)

then u blows up or grows up. Furthermore, if one of the following holds:

• “u0 and V are radially symmetric,” x � ∇V ≥0, and V ∈L∞ 
3� �

,

• xu0 ∈L2


3� �

,

then u blows up.
Remark 1 Mizutani [39] proved that for any ψ ∈H1, there exists ϕ� ∈H1


3� �

such
that

lim
t!�∞

∥eitΔVψ � eitΔϕ�∥H1
x
¼ 0 (19)

under the assumptions V ∈L
3
2 

3� �

and V ≥0, where the double-sign corresponds.
Combining this limit and scattering part in Theorem 3 (or Theorem 2), we can see that
the nonlinear solution u to Eq. (1) approaches to a free solution eitΔϕ� as t ! �∞ for
some ϕ� ∈H1


3� �

.
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We realize that there is no potential, which satisfies scattering and blow-up or
grow-up parts in Theorem 1 at the same time. Indeed, if V satisfies x � ∇V ≤0 and
2V þ x � ∇V ≥0, then V ∉ L

3
2 

3� �

. Then, we consider a minimization problem

nω,V ≔ inf Sω,V fð Þ : f ∈H1


d
� �

n 0f g, KV fð Þ ¼ 0
� �

(20)

to get a potential V, which deduces scattering and blow-up or grow-up at the same
time. It proved in [40] that the condition Eq. (16) can be rewritten as the following by
using nω,V .

Proposition 1 Let d≥ 3, 1þ 4
d < p< 2 ∗ � 1, f ∈H1


d

� �

, and Q1,0 ∈G1,0. Assume that
V satisfies (A2) with ∣a∣ ≤ 1 and (A6) below. Then, the following two conditions are
equivalent.

1.M f½ �
1�sc
sc EV f½ �<M Q1,0

	 

1�sc
sc E0 Q1,0

	 


,

2.There exists ω>0 such that Sω,V fð Þ< nω,V .

Using nω,V , we expect that if Sω,V u0ð Þ< nω,V and KV u0ð Þ≥0, then the solution u
scatters and if Sω,V u0ð Þ< nω,V and KV u0ð Þ<0, then the solution u blows up or grows
up, where KV is called virial functional and is defined as

KV fð Þ≔ d

dλ

�

�

�

�

λ¼0
Sω,V edλf e2λ�

� �� �

¼ 2∥f∥2
_H
1 �
ð


d
x � ∇Vð Þ f xð Þj j2dx� p� 1ð Þd

pþ 1
∥f∥

pþ1
Lpþ1 :

(21)

It is well known that KV u tð Þð Þ denotes variance of the solution and if xu0 ∈L2


d
� �

then

KV u tð Þð Þ ¼ 1
4
� d

2

dt2
∥xu tð Þ∥2

L2
x

(22)

for each t∈ Tmin,Tmaxð Þ. We also consider a minimization problem rω,V , which
restricts nω,V to radial functions, that is,

rω,V ≔ inf Sω,V fð Þ : f ∈H1
rad 

d
� �

n 0f g, KV fð Þ ¼ 0
� �

(23)

and expect for radial initial data u0 and radial potential V that if Sω,V u0ð Þ< rω,V and
KV u0ð Þ≥0, then the solution u scatters and if Sω,V u0ð Þ< rω,V and KV u0ð Þ<0, then the
solution u blows up. For more general minimization problems

nα,βω,V ≔ inf Sω,V fð Þ : f ∈H1


d
� �

n 0f g, Kα,β
ω,V fð Þ ¼ 0

n o

,

rα,βω,V ≔ inf Sω,V fð Þ : f ∈H1
rad 

d
� �

n 0f g, Kα,β
ω,V fð Þ ¼ 0

n o (24)

with

α>0, β≥0, 2α� dβ≥0, (25)
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the authors showed in [40, 41] the following results (Theorems 4 and 5) Eq. (27),
where the functional Kα,β

ω,V is given as

Kα,β
ω,V fð Þ≔ d

dλ

�

�

�

�

λ¼0
Sω,V eαλf eβλ�

� �� �

: (26)

Here, we realize nω,V ¼ nd,2ω,V , rω,V ¼ rd,2ω,V , and KV ¼ Kd,2
ω,V .

To state the results, we give the assumptions of the potential V : Let a∈ ∪ 0f gð Þd.

A1. V ∈L
3
2 

3� �

∩K0 
3� �

A2. xa∂aV ∈L
d
2 

d
� �

þ Lσ


d
� �

for some d
2 ≤ σ <∞

A3. xa∂aV ∈L
d
2 

d
� �

þ L∞ 
d

� �

A4. xa∂aV ∈Lη


d
� �

þ Lσ


d
� �

for some d
2 < η≤ σ <∞

A5. xa∂aV ∈Lη


d
� �

þ L∞ 
d

� �

for some d
2 < η<∞

A6. V ≥0, x � ∇V ≤0, 2V þ x � ∇V ≥0

A7. V ≥0, x � ∇V ≤0, ω≥ω0 for

ω0 ≔ � 1
2
ess inf x∈

d 2V þ x � ∇Vð Þ: (27)

We note that the third inequality implies 2V þ x � ∇V þ 2ω≥0 a.e. x∈
d.

Theorem 4 Let d≥ 3 and 1þ 4
d < p< 2 ∗ � 1.

• (Non-radial case) Let V satisfy (A2) with ∣a∣ ≤ 1 and (A6). Then, for each α, βð Þ
with Eq. (25) and ω>0, nα,βω,V ¼ nα,βω,0 holds. Moreover, if x � ∇V <0, then nα,βω,V is
never attained.

• (Radial case) Let V satisfy (A3) with ∣a∣ ≤ 1 and (A7). Let V be radially
symmetric. Then, rα,βω,V is attained for each α, βð Þ with Eq. (25). Moreover, if V

satisfies (A3) with ∣a∣ ≤ 2 and 3x � ∇V þ x∇2VxT ≤0, then M
α,β
ω,V,rad ¼ Gω,V,rad

holds, where ∇2V denotes the Hessian matrix of V,

M
α,β
ω,V,rad ≔ ϕ∈H1

rad 
d

� �

: Sω,V ϕð Þ ¼ rα,βω,V , Kα,β
ω,V ϕð Þ ¼ 0

n o

,

Gω,V,rad ≔ ϕ∈Aω,V,rad : Sω,V ϕð Þ≤ Sω,V ψð Þ for any ψ ∈Aω,V,rad
� �

,

Aω,V,rad ≔ ψ ∈H1
rad 

d
� �

n 0f g : S0ω,V ψð Þ ¼ 0
� �

:

(28)

The inequality nα,βω,V ≤ rα,βω,V holds by their definitions and the attainability of nα,βω,V

and rα,βω,V deduces the following corollary.
Corollary 1 Under the all assumptions of (Non-radial case) in Theorem 4, we have

6
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nα,βω,V < rα,βω,V : (29)

Remark 2 In the case of V ¼ 0, it is well known that nα,βω,0 and rα,βω,0 are attained by

Qω,0 ∈Gω,0. That is, n
α,β
ω,0 ¼ rα,βω,0 ¼ Sω,0 Qω,0

� �

holds.
Then, we investigate global existence of a solution to time-dependent Eq. (1).
Theorem 5 (Global well-posedness in H1) Let d≥ 3 and 1þ 4

d < p< 2 ∗ � 1.

• (Non-radial case) Let u0 ∈H1


d
� �

and Qω,0 ∈Gω,0. Suppose that V satisfies “(A1)
or (A4) with ∣a∣ ¼ 0,” (A2) with ∣a∣ ¼ 1, and (A6). We also assume that there
exist α, βð Þ satisfying Eq. (25) and ω>0 such that

Sω,V u0ð Þ< Sω,0 Qω,0

� �

¼ nα,βω,V

� �

, Kα,β
ω,V u0ð Þ≥0: (30)

Then, the solution u to Eq. (1) with Eq. (3) exists globally in time. In
particular, it follows that

sup
t∈

∥u tð Þ∥H1
x
<∞: (31)

• (Radial case) Let u0 ∈H1
rad 

d
� �

and Qω,V ∈Gω,V,rad. Suppose that V is radially
symmetric and satisfies “(A1) or (A5) with ∣a∣ ¼ 0,” (A3) with ∣a∣ ¼ 1, 2, (A7),
and 3x � ∇V þ x∇2VxT ≤0. If there exist α, βð Þ with Eq. (25) and ω>0 satisfying
ω≥ω0 such that

Sω,V u0ð Þ< Sω,V Qω,V

� �

¼ rα,βω,V

� �

, Kα,β
ω,V u0ð Þ≥0, (32)

then the solution u to Eq. (1) with Eq. (3) exists globally in time.

1.1 Main theorem

In the previous paper, the authors handled the solution u to Eq. (1) with initial data
u0 satisfying Sω,V u0ð Þ<mω,V and KV u0ð Þ≥0, where mω,V denotes nω,V or rω,V . We
note that mω,V is mα,β

ω,V with α, βð Þ ¼ d, 2ð Þ and mα,β
ω,V is independent of α, βð Þ. In this

chapter, we are interested in the solutions to Eq. (1) with initial data satisfying
Sω,V u0ð Þ<mω,V and KV u0ð Þ<0. Our main theorem is the following:

Theorem 6 Let d≥ 3 and 1þ 4
d < p< 1þ 4

d�2.

• (Non-radial case) Let u0 ∈H1


d
� �

and Qω,0 ∈Gω,0. Suppose that V satisfy “(A1)
or (A4) with ∣a∣ ¼ 0,” (A2) with ∣a∣ ¼ 1, and (A6). We also assume that there
exists ω>0 such that

Sω,V u0ð Þ< Sω,0 Qω,0

� �

¼ nω,Vð Þ, KV u0ð Þ<0: (33)

Then, the solution u to Eq. (1) with Eq. (3) blows up or grows up. Moreover, u
blows up under the additional assumption xu0 ∈L2


d

� �

.
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• (Radial case) Let u0 ∈H1
rad 

d
� �

and Qω,V ∈Gω,V,rad. Suppose that V is radially
symmetric and satisfies “(A1) or (A5) with ∣a∣ ¼ 0,” (A3) with ∣a∣ ¼ 1, 2, (A7),
and 3x � ∇V þ x∇2VxT ≤0. We also assume that there exists ω>0 satisfying
ω≥ω0 such that

Sω,V u0ð Þ< Sω,V Qω,V

� �

¼ rω,Vð Þ, KV u0ð Þ<0: (34)

Then, the solution u to Eq. (1) with Eq. (3) blows up.
Remark 3 Let V be a potential in Theorem 6. Combining Theorems 5 and 6, we

complete bounded and unbounded dichotomy of
u0 ∈H1


d

� �

: Sω,V u0ð Þ< Sω,0 Qω,0

� �� �

and global existence and blow-up dichotomy of
u0 ∈H1

rad 
d

� �

: Sω,V u0ð Þ< Sω,V Qω,V

� �� �

by using sign of the virial functional of initial
data.

Remark 4 The following potential satisfies all of conditions in Theorem 6:

V xð Þ ¼ γ log 1þjxjð Þf gθ
xj jμ , γ >0, 0≤ θ≤ μ< 2, μ>0ð Þ: (35)

Theorem 6 with the potential Eq. (35) having θ ¼ 0 was considered in the previous
paper [19] by the authors. As the other example, we put

V xð Þ≔ γ

xh iμ , γ >0, 0< μ< 2ð Þ, (36)

where �h i is called the Japanese bracket and is defined as 1þ �j j2
� �1

2
.

1.2 Organization of the paper

The organization of the rest of this chapter is as follows. In Section 2, we collect
some notations and tools used throughout this chapter. In Section 3, we prove non-
radial case in Theorem 6 by using an argument in [13]. In Section 4, we show radial
case in Theorem 6 by using an argument in [33].

2. Preliminaries

In this section, we define some notations and collect some tools, which are used
throughout this chapter.

2.1 Notation and definition

For 1≤ p≤∞, Lp ¼ Lp


d
� �

denotes the usual Lebesgue space. For a Banach
space X, we use Lq I;Xð Þ to denote the Banach space of functions f : I � 

d ! whose
norm is

∥f∥Lq I;Xð Þ ≔∥∥f tð Þ∥X∥Lq Ið Þ <∞: (37)

8
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We extend our notation as follows: If a time interval is not specified, then the
t-norm is evaluated over �∞,∞ð Þ. To indicate a restriction to a time subinterval
I⊂ �∞,∞ð Þ, we will write as Lq Ið Þ. Hs


d

� �

and _H
s


d
� �

are the usual Sobolev spaces,

whose norms ∥f∥Hs ≔∥ 1� Δð Þs2f∥L2 and ∥f∥ _H
s ≔∥ �Δð Þs2f∥L2 respectively. We also

define the Sobolev spaces Hs
V 

d
� �

and _H
s

V 
d

� �

with the potential V via norms

∥f∥Hs
V
≔∥ 1� ΔVð Þs2f∥L2 and ∥f∥ _H

s
V
≔∥ �ΔVð Þs2f∥L2 respectively.

2.2 Some tools

Proposition 2 Let p≥ 1. For f ∈H1
rad 

d
� �

, we have

∥f∥
pþ1
Lpþ1 R≤ jxjð Þ ≤

C

R
d�1ð Þ p�1ð Þ

2

∥f∥
pþ3
2

L2 R≤ jxjð Þ∥f∥
p�1
2

_H
1
R≤ jxjð Þ

(38)

for any R>0, where the implicit constant C is independent of R and f .
To state the next proposition, we define two functions:

XR ≔R2X
∣x∣

R

� �

, (39)

where X : 0,∞½ Þ ! 0,∞½ Þ (forms)

X rð Þ≔
r2 0≤ r≤ 1ð Þ,

smooth 1≤ r≤ 3ð Þ,
0 3≤ rð Þ

8

>

<

>

:

(40)

and satisfies X 00 rð Þ≤ 2.

YR xð Þ≔Y
∣x∣

R

� �

, (41)

where Y : 0,∞½ Þ ! 0,∞½ Þ (forms)

Y rð Þ≔

0 0≤ r≤
1
2

� �

,

smooth
1
2
≤ r≤ 1

� �

,

1 1≤ rð Þ

8

>

>

>

>

>

<

>

>

>

>

>

:

(42)

and satisfies 0≤Y 0 rð Þ≤ 3.
Proposition 3 (Localized virial identity, [3]) Let w be XR or YR defined as Eqs. (39)

and (41) respectively. For the solution u to Eq. (1), we define

Iw tð Þ≔
ð


d
w xð Þ u tð , xÞj j2dx: (43)

Then, we have
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Iw0 tð Þ ¼ 2Im
ð


d

x � ∇u
∣x∣

uw0dx,

Iw0 0 tð Þ ¼
ð


d
F1 x � ∇uj j2dxþ 4

ð


d

w0

∣x∣
∇uj j2dx�

ð


d
F2 uj jpþ1dx

�
ð


d
F3 uj j2dx� 2

ð


d

w0

∣x∣
x � ∇Vð Þ uj j2dx:

(44)

where

F1 w, jxjð Þ≔4
w00

xj j2
� w0

xj j3

 !

, F2 w, jxjð Þ≔ 2 p� 1ð Þ
pþ 1

w00 þ d� 1
∣x∣

w0
� �

,

F3 w, jxjð Þ≔w 4ð Þ þ 2 d� 1ð Þ
∣x∣

w 3ð Þ þ d� 1ð Þ d� 3ð Þ
xj j2

w00 þ d� 1ð Þ 3� dð Þ
xj j3

w0
:

(45)

3. Non-radial case of main theorem

In this section, we prove (Non-radial case) for Theorem 6. First, we recall
rewriting of nω,V , which is given in [40].

Lemma 1 Let d≥ 3, 1þ 4
d < p< 1þ 4

d�2, and Qω,0 ∈Gω,0. Assume that V satisfies
(A2) with ∣a∣ ≤ 1 and (A6). Then,

Sω,0 Qω,0

� �

¼ nω,V ¼ inf Tω,V fð Þ : f ∈H1


d
� �

n 0f g, KV fð Þ≤0
� �

(46)

holds, where the functional Tω,V is defined as

Tω,V fð Þ≔ Sω,V fð Þ � 1
4
KV fð Þ: (47)

Next, we give uniform estimate of the virial functional KV .
Lemma 2 Under the all assumptions of (Non-radial) in Theorem 6, there exists

δ>0 such that

sup
t∈ Tmin,Tmaxð Þ

KV u tð Þð Þ≤ � δ<0: (48)

Proof: Let δ≔4 Sω,V Qω,V

� �

� Sω,V u0ð Þ
� �

>0. Applying Lemma 1, we have

Sω,V Qω,V

� �

≤Tω,V u tð Þð Þ ¼ Sω,V u0ð Þ � 1
4
KV u tð Þð Þ

¼ Sω,V Qω,V

� �

� 1
4
δ� 1

4
KV u tð Þð Þ,

(49)

which implies the desired result.
The blow-up result with xu0 ∈L2


d

� �

of (Non-radial case) in Theorem 1.1 follows
immediately from Lemma 2.

Proof of blow-up part in (Non-radial case) for Theorem 6:We assume that the
solution u exists globally in time for contradiction. When xu0 ∈L2


d

� �

, we have
Eq. (22). Combining Eq. (22) and Lemma 2, there exists δ>0 such that
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d2

dt2
∥xu tð Þ∥2

L2 ¼ 4KV u tð Þð Þ< � 4δ<0 (50)

for any t∈. Therefore, we obtain ∥xu tð Þ∥2
L2 <0 if ∣t∣ is sufficiently large.

However, this is contradiction.
We consider Lemmas 3 and 4 to prove blow-up or grow-up part in (Non-radial

case) for Theorem 6.
Lemma 3 Let d≥ 3 and 1þ 4

d < p< 1þ 4
d�2. We assume that u∈C 0,∞½ Þ;H1� �

be a
solution to Eq. (1) satisfying C0 ≔ supt∈ 0,∞½ Þ∥u tð Þ∥

_H
1
x
<∞. Then, it follows that

∥u tð Þ∥2
L2 jxj≥Rð Þ ≤ oR 1ð Þ þ η (51)

for any η>0, R>0, and t∈ 0, ηR
6C0∥u∥L2x

 �

, where oR 1ð Þ goes to zero as R ! ∞ and is

independent of t.
Proof:We consider IYR

given in Eq. (43). Using Proposition 3,

I tð Þ ¼ I 0ð Þ þ
ðt

0
I0 sð Þds≤ I 0ð Þ þ

ðt

0
∣I0 sð Þ∣ ds

≤ I 0ð Þ þ 2t
R
∥Y 0∥L∞ sup

t∈ 0,∞½ Þ
∥u tð Þ∥

_H
1
x
∥u∥L2

x
≤ I 0ð Þ þ

6C0∥u∥L2
x
t

R

(52)

for any t∈ 0,∞½ Þ. By the definition of YR, we have

I 0ð Þ ¼
ð


d
YR xð Þ u0 xð Þj j2dx≤∥u0∥

2
L2 jxj≥ R

2ð Þ ¼ oR 1ð Þ (53)

and hence, we obtain

∥u tð Þ∥2
L2 jxj≥Rð Þ ≤ I tð Þ≤ oR 1ð Þ þ η: (54)

Lemma 4 Let d≥ 3 and 1þ 4
d < p< 1þ 4

d�2. Let u∈C 0,∞½ Þ;H1


d
� �� �

be a solution
to Eq. (1). Then, for q∈ pþ 1, 2 ∗ð Þ, there exist constants C ¼ C q, ∥u0∥L2 ,C0ð Þ>0 and
θq >0 such that the estimate

IXR 00 tð Þ≤4KV u tð Þð Þ þ C∥u tð Þ∥ pþ1ð Þθq
L2 R≤ jxjð Þ þ

C

R2 (55)

holds for any R>0 and t∈ 0,∞½ Þ, where θq ≔
2 q� pþ1ð Þf g
pþ1ð Þ q�2ð Þ ∈ 0, 2

pþ1

� �

, C0 is given in

Lemma 3, and IXR
is defined as Eq. (43).

Proof: Using Proposition 3, we have

I00XR
tð Þ ¼ 4KV u tð Þð Þ þR1 þR2 þR3 þR4, (56)

where Rk ¼ Rk tð Þ k ¼ 1,2,3,4ð Þ are defined as

R1 ≔4
ð


d

1

xj j2
X 00 r

R

� �

� R

xj j3
X 0 ∣x∣

R

� �

( )

x � ∇uj j2dx

þ4
ð


d

R

∣x∣
X 0 ∣x∣

R

� �

� 2
� �

∇u t, xð Þj j2dx,
(57)
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R2 ≔ � 2 p� 1ð Þ
pþ 1

ð


d

X 00 ∣x∣

R

� �

þ d� 1ð ÞR
∣x∣

X 0 ∣x∣

R

� �

� 2d
� �

u t, xð Þj jpþ1dx, (58)

R3 ≔ �
ð


d

1
R2 X

4ð Þ ∣x∣

R

� �

þ 2 d� 1ð Þ
R∣x∣

X 3ð Þ ∣x∣

R

� �

þ d� 1ð Þ d� 3ð Þ
xj j2

X 00 ∣x∣

R

� �

(

þ d� 1ð Þ 3� dð ÞR
xj j3

X 0 ∣x∣

R

� �

)

u t, xð Þj j2dx,
(59)

R4 ≔ 2
ð

R≤ ∣x∣
2� R

∣x∣
X 0 ∣x∣

R

� �� �

x � ∇Vð Þ u tð , xÞj j2dx: (60)

We set

Ω≔ x∈
d

:
1

xj j2
X 00 ∣x∣

R

� �

� R

xj j3
X 0 ∣x∣

R

� �

≤0

( )

: (61)

By the inequality X 0 ∣x∣
R

� �

≤ 2∣x∣
R , we have

R1 ≤4
ð

Ω
c
X 00 r

R

� �

� 2
n o

∇u t, xð Þj j2dx≤0, (62)

where Ωc denotes a complement of Ω.
Next, we estimate R2. Applying Hölder’s inequality and Sobolev’s embedding, we

have

R2 ≤C∥u tð Þ∥pþ1
Lpþ1 R≤ jxjð Þ ≤C∥u tð Þ∥ pþ1ð Þ 1�θqð Þ

Lq R≤ jxjð Þ ∥u tð Þ∥ pþ1ð Þθq
L2 R≤ jxjð Þ

≤C∥u tð Þ∥ pþ1ð Þ 1�θqð Þ
H1 ∥u tð Þ∥ pþ1ð Þθq

L2 R≤ jxjð Þ ≤C∥u tð Þ∥ pþ1ð Þθq
L2 R≤ jxjð Þ:

(63)

Next, we estimate R3.

R3 ≤
C

R2 ∥u tð Þ∥2
L2 R≤ jxjð Þ ≤

C

R2 : (64)

Finally, R4 is estimated as R4 ≤0 by X 0 ∣x∣
R

� �

≤
2∣x∣
R and x � ∇V ≤0, which completes

the proof of the lemma.
Proof of blow-up or grow-up part in (Non-radial case) for Theorem 6. We

assume that

Tmax ¼ ∞ and sup
t∈ 0,∞½ Þ

∥u tð Þ∥
_H
1
x
<∞ (65)

for contradiction. By Lemmas 2, 3, and 4, there exists δ>0 such that

I00XR
sð Þ≤ � 4δþ C∥u sð Þ∥ pþ1ð Þθq

L2
x R≤ jxjð Þ þ

C

R2 ≤ � 4δþ Cη
pþ1ð Þθq

2 þ oR 1ð Þ (66)

for any η>0, R>0, and s∈ 0, ηR
6C0∥u0∥L2

h i

. We take η ¼ η0 >0 sufficiently small

such as
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Cη
pþ1ð Þθq

2
0 ≤ 2δ: (67)

and set

T ¼ T Rð Þ≔ α0R≔
η0R

6C0∥u0∥L2
: (68)

Applying Eq. (67), integrating Eq. (66) over s∈ 0, t½ �, and integrating over
t∈ 0,T½ �, we have

IXR Tð Þ ≤ IXR 0ð Þ þ I0XR
0ð ÞT þ 1

2
�2δþ oR 1ð Þð ÞT2

¼ IXR
0ð Þ þ I0XR

0ð Þα0Rþ 1
2

�2δþ oR 1ð Þð Þα20R2
:

(69)

Here, we can see

IXR
0ð Þ ¼ oR 1ð ÞR2 and I0XR

0ð Þ ¼ oR 1ð ÞR: (70)

Indeed, we get

IXR
0ð Þ≤R∥u0∥

2
L2 jxj≤

ffiffiffi

R
pð Þ þ cR2∥u0∥L2

ffiffiffi

R
p

≤ jxjð Þ ¼ oR 1ð ÞR2, (71)

and

I0XR
0ð Þ≤4

ffiffiffi

R
p

∥u0∥ _H
1∥u0∥L2 jxj≤

ffiffiffi

R
pð Þ þ cR∥u0∥ _H

1∥u0∥L2
ffiffiffi

R
p

≤ jxjð Þ ¼ oR 1ð ÞR: (72)

Combining Eqs. (69) and (70), we get

IXR
Tð Þ≤ oR 1ð Þ � δα20

� �

R2
: (73)

We take R>0 such as oR 1ð Þ � δα20 <0. However, this contradicts IXR
Tð Þ≥0.

4. Radial case of main theorem

In this section, we prove (Radial case) for Theorem 6. First, we introduce another
characterization of rω,V .

Lemma 5 Let d≥ 3, 1þ 4
d < p< 1þ 4

d�2, and Qω,V ∈Gω,V,rad. Assume that V is radially
symmetric and satisfies (A3) with ∣a∣ ≤ 2, (A7), and 3x � ∇V þ x∇2VxT ≤0. Then,

Sω,V Qω,V

� �

¼ rω,V ¼ inf Uω,V fð Þ : f ∈H1
rad 

d
� �

n 0f g, KV fð Þ≤0
� �

(74)

holds, where the functional Uω,V is defined as

Uω,V fð Þ≔ Sω,V fð Þ � 1
d p� 1ð ÞKV fð Þ: (75)

Proof: The lemma follows from proof of Lemma 1 (see [40], Lemma 4.3) com-
bined 2ωþ 2V þ x � ∇V ≥0.
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Proof of (Radial case) for Theorem 6. Assume that the solution u to Eq. (1) exists
globally in time for contradiction. We consider IXR

again and recall

I00XR
tð Þ ¼ 4KV u tð Þð Þ þR1 þR2 þR3 þR4, (76)

where Rk 1≤ k≤ 4ð Þ are defined as Eqs. (57) � (60). We use same estimates with
proof of blow-up or grow-up for R1, R3, and R4. Applying Proposition 2 and the
Young’s inequality, we have

R2 ≤
C

R
d�1ð Þ p�1ð Þ

2

∥u tð Þ∥
pþ3
2

L2 R≤ jxjð Þ∥u tð Þ∥
p�1
2

_H
1
R≤ jxjð Þ

≤
C

R
2 d�1ð Þ p�1ð Þ

5�p ε
4

5�p

∥u∥
2 pþ3ð Þ
5�p

L2 þ 2 d p� 1ð Þ � 4f gε∥u∥2
_H
1

≤
C

R
2 d�1ð Þ p�1ð Þ

5�p ε
4

5�p

∥u∥
2 pþ3ð Þ
5�p

L2 þ 4d p� 1ð ÞεUω,V uð Þ

(77)

for each positive ε>0, which is chosen later. Collecting these estimates, we have

I00XR
tð Þ

≤4KV uð Þ þ 4d p� 1ð ÞεUω,V uð Þ þ C

R
2 d�1ð Þ p�1ð Þ

5�p ε
4

5�p

þ C

R2

¼ 4d p� 1ð Þ Sω,V uð Þ � Uω,V uð Þf g þ 4d p� 1ð ÞεUω,V uð Þ þ C

R
2 d�1ð Þ p�1ð Þ

5�p ε
4

5�p

þ C

R2

<4d p� 1ð Þ 1� δð ÞSω,V Qω,V

� �

þ 4d p� 1ð Þ ε� 1ð ÞUω,V uð Þ þ C

R
2 d�1ð Þ p�1ð Þ

5�p ε
4

5�p

þ C

R2

≤4d p� 1ð Þ ε� δð ÞSω,V Qω,V

� �

þ C

R
2 d�1ð Þ p�1ð Þ

5�p ε
4

5�p

þ C

R2 ,

(78)

where the second inequality is used Sω,V uð Þ< 1� δð ÞSω,V Qω,V

� �

for some δ∈ 0, 1ð Þ
and the third inequality is used Sω,V Qω,V

� �

≤Uω,V (see Lemma 5). Taking ε∈ 0, δð Þ
and sufficiently large R>0, there exists η>0 such that I00XR

tð Þ< � η<0 for each t∈.
However, this inequality implies that if ∣t∣ is sufficiently large, then . This is contra-
diction and hence, we complete the proof.

5. Conclusions

In this chapter, our main result is Theorem 6. Combining the main result and a
previous result (Theorem 5), we can classify time behavior of solutions to Eq. (1) with
initial data below the ground state in the sense of their action Sω,V by using sign of the
virial functional for the initial data. More precisely, for the solution u tð Þ with
Sω,V u0ð Þ< Sω,0 Qω,0

� �

, if KV u0ð Þ≥0 then u is bounded in H1


d
� �

and if KV u0ð Þ<0
then u is unbounded in H1


d

� �

. In addition, for the radial solution u tð Þ with
Sω,V u0ð Þ< Sω,V Qω,V

� �

, if KV u0ð Þ≥0, then u exists globally in time and if KV u0ð Þ<0
then u blows up.
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