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Chapter

Stability and Bifurcation
in Nonlinear Mechanics

Claude Stolz

Abstract

Analysis of stability and bifurcation is studied in nonlinear mechanics with mech-
anisms of dissipation: plasticity, damage, fracture. With introduction of a set of
internal variables, this framework allows a systematic description of the material
behavior via two potentials: the free energy and the potential of dissipation. For
standard generalized materials, internal state evolution is governed by a variational
inequality depending on the mechanism of dissipation. This inequality is obtained
through energetic considerations in an unified description based upon energy and
driving forces associated with internal variable evolution. This formulation provides
criterion for existence and uniqueness of the system evolution. Examples are
presented for plasticity, fracture and damaged materials.

Keywords: stability, bifurcation, plasticity, damage, fracture, normality law

1. Introduction

Behavior of material based on an energetic approach is providing a large frame-
work for the description of anelastic structures. Various approaches have been devel-
oped. The introduction of the internal variables allows a systematic description of the
material behavior via two potentials: the free energy and the potential of dissipation.

The development of such description is due to the works of several authors [1-4].
The purpose of this chapter is to study the quasistatic evolution of a anelastic structure.
The system evolution is analyzed using the definition of functionals presented here in the
case of nonlinear dynamics, firstly for internal variables associated with volume dissipa-
tion in nonlinear mechanics (plasticity and damage), secondly for dissipation due to
singularities and discontinuity propagation (fracture, phase transformation). Quasistatic
evolution is studied for dissipative materials. Stability and uniqueness of the response of
the system under prescribed loading are discussed, due to the formulation of the rate
boundary value problem in terms of velocity and evolution of internal parameters.

2. Preliminaries and general features

Let a body Q submitted to external forces described by vector fields f over Q and
vector fields T along the boundary 0Q. The external forces are generally functions of
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Bifurcation Theory and Applications

time. Under loading the body is deformed. The actual position x of a material point is
a function @ of its initial position X and of the time. The displacement # is then
defined by:

D_C()_(’ t) - 9()_(’ t) =X+ EO_{’ t) (1)

Hence, a material element dX is transported by the motion to the material element
dx. The corresponding transformation is the linear application associated with the
gradient of transformation F:

dx = —.dX =F.dX (2)

S|

The actual length of the material element is given by:
dx.dx = dX.F' .F.dX = dX.C.dX (3)

The changes of the local geometry, the stretching, and the shearing of material
fibers are determined by the Cauchy-Green tensor C = F'.F. In small perturbations,
the gradient of the displacement is small and the deformation is reduced to its linear
contribution e(u): 2 e(u) = Vu + V'u.

2.1 Notion of stability

For conservative system, when the loading T depends on one parameter 4, the
dynamical system associated with the evolution of the body Q is defined by a
functional

x = F(x,4) (4)

Then, positions of equilibrium are given by F(x, 1) = 0. At this stage without
any particular conditions, the uniqueness x(4) is not ensured. But for a known
position x(4) under small perturbation d2 it is possible to determine the
corresponding variation dx of the position x(4). Secondly, given some perturbation of
equilibrium at fixed 4, if the response remains closed to that position, the equilibrium
is say stable.

The stability of the position of equilibrium x,(4) is then determined with respect to
Lyapounov definition:

Ve 3o (|x(0,2) —x,() + [£(0, D) <a — (6 2) ~x,|<e ()

where x (¢, 1) is solution of (Eq. 4) with initial conditions near the equilibrium state.
It is clear that the notion of stability of an equilibrium position is a dynamical notion.

3. Study of conservative system

The evolution of the system is governed by the total potential energy, which is
composed by the free energy of the material, and by the potential energy of the
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Figure 1.
The metronome.

loading. A generic point of view is given by the study of the metronome (Figure 1)
and introduction of asymptotic expansion to characterize the equilibrium solution

[5, 6].
A vertical rigid bar is clamped by a spiral spring with free energy W(6), and we

applied a vertical loading 4. A mass M is attached at the top of the bar. The total
potential energy £ and the kinetic energy satisfy:

1. .
£0,2) = W(0) — AL(1 — cos 0), K= EMezL2 (6)
Near the position § = 0 the energy is developed as
B N e SR et
W_zcle +3C29 +4C39 + .. (7)
The dynamical system to study becomes
. 0E
ML*0 + — =
0+-5=0 (8)

First, we characterize equilibrium position (6,, 4,) and the research of equilibrium
position near this point is determined by asymptotic expansion as proposed [5, 6],

linking loading 4 to a position 6.
3.1 Static equilibrium path

An equilibrium state (4, 6) satisfies

2
%—iLsineze(Cl+C20+C392+...—ﬁL(l—%..))zO 9)
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then two equilibrium paths exists

1 oW 1
0A)=0,Vi, AL=——""=Ci+(Cr+=C1 )0+ .. 10
() sin(6) 90 1+( 216 1) * (10)

The common point of the paths is the bifurcation point:
Ae=—,0=0 (11)

3.2 Stability analysis

The dynamical behavior around this position is a weakly nonlinear dynamical
system, taking account of a new asymptotic expansion

A= +ME+ LE + ...
0 =0, +6:1(2)+ 6(0)E + ... (12)
T="(Q + EQ + EQ + ..

The characteristic time 7 is chosen to satisfy the dependency of the pulsation of the
system with respect to the loading.

ML2E"(Q(£))%0 + % — ALsinf =0 (13)

The motion is then governed by

ML?E™ (Qp + EQ1 + EQ + ... ) (018 + 087 + ) =
(L2 — C1)&0; + & (L(02 — 1161) — (C16, + C267)) (14)
+ oo

3.2.1 Discussion
e If 4, # A, then m = 0 and we have

ML*Q?01 = (% — 4 )L6; (15)

then 4, </, the position = 0 is stable, Qg = % > 0; and unstable for 1> 4,.
* If 2 =4, and 4; # 0, then m = 1 this implies that £> 0 and
ML*Q?0; = (L1 — C261)61 (16)

If C; # 0, two positions of equilibrium exist: = 0 and 0, = 1; C% A position of
the fundamental path (1 = A + 4:£, 0) with 4; <0 is stable, unstable otherwise.
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The position 6, is stable if 1; > 0. Finally, the position (4, 0) is unstable.

e C, = 0. It is necessary to consider 4; = 0, m = 1, and the motion is governed by

. LA,
ML*Q%6; = (/12L - (C3 + T) 93) 6 (17)

Then, we have three positions of equilibrium, one along the fundamental path
(/1 = A + &, O) , and two other

AL

(18)
Cs+%

A= 2+ g0 = &

The fundamental path 0 = 0 is stable if 1 < A, and stability of position along the
secondary path if and only if 4, > 0, in this case the bifurcation point is a stable point
of equilibrium.

The results are resumed on the following picture, with fundamental path
(6 = 0,1), and particular phase diagram (Figures 2-4).

This description of conservative system is well known, the systematic
proposed expansion can be used for study stability of beams, plates, ..., the
displacement 6 is replaced by a vector displacement. The second derivative of
the potential energy plays a fundamental rule, when this quadratic form is positive
definite, then uniqueness is ensured, that is Lejeune-Dirichlet theorem. For non-
conservative system, the proposed asymptotic expansion should be used, static-
uniqueness does not ensure Lyapounov stability, as illustrated with a bi-pendulum
under following load [7].

Figure 2.
Case A, <0 # o, Stable (s) and unstable (u) paths. Phase diagram for 1 < A.

5
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Figure 3.
Case A, = 0, A, >0, Stable (s) and unstable (u) paths. Phase diagram for 1> A..

Figure 4.
Case A, = o, A, <0, Stable (s) and unstable (u) paths. Phase diagram for A < A..

4. Mechanical behavior with time independent processes

Let us consider a local free energy (¢, @) depending on internal parameters a, the
total potential energy becomes

Slwa ) = |

Q

w(e(w), a)dQ —j T uda. (19)

0Qr
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The admissible fields u satisfy u = u? along 0Q,,.

The evolution of internal parameters a is given by additional constitutive law.

Let us consider now time-independent processes, hence there is no viscosity. This
framework permits description of dry friction, plasticity, damage, and fracture.

Let us consider the support function of a convex C defined by a regular convex
function f of the driving force A

AeC={B/f(B)<0} (20)

The evolution of internal variables verifies the normality rule:
d:iizﬂ]\/’, 220, f(A)A=0 (21)

The internal parameter a evolves if the driving force A satisfies f(A) = 0, other-
wise the internal parameter cannot evolve. The rate of « is normal to the equi-
potential surface f = 0, the notation N/ = % is then adopted.

The loading history is described by a increasing parameter z. At each state 7, the
driving force A(x, 7) satisfies the inequality f (A(x, 7)) <0 and the state equations
A= _%

oa*

The system is in equilibrium during the time, so that at the current state, the
potential energy is stationary among the set of admissible displacements éu which
satisfy ou = 0 over 0€,:

% ou =0 (22)

The variations of the potential energy are equivalent to

0
dive =0, o= a—w, on=T" over 0Qr (23)
5

These equations are true at each state of applied loading, so the evolution of
equilibrium is given by (f is the derivative with respect to the fictitious time 7):

0 0
dive=0and 6=—¥ .42V

cé4+——:@inQandé.n = T¢ Q 24
FYE FYEw ainQandé.n = T* over 0Qr (24)

which is equivalent to

d (0 Fv .ty . y
0‘%(@_)'@_ Le@)‘ (@.H@.a)dg—ﬁmg suda  (25)

The current state is determined by the evolution of the internal state a. To deter-

mine existence and uniqueness of the evolution of the system, the rate boundary value
problem must be studied as pointed out in Refs. [8, 9].

4.1 Evolution of a

Considering the normality rule, we can conclude that
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1>0,f<0, =0 (26)

For an internal state such that f = 0, the evolution of f satisfies f <0, and simul-
taneously the time derivative of the condition 4f = 0 implies that

F=if +if =0 27)

When f = 0, 4f = 0 then 2> 0 if and only if f = 0, that is the classical consistency
condition. This provides the definition of the set P of the admissible fields A(x).
At each state 7, the domain Q is decomposed into two complementary sub-domains

Q, and I such that:
x€Q ={xeQ | f(Alx,7)) <0}, x€l={xeQ | f(Alx,7)) =0}  (28)
Then P is defined as:
P ={B(x) | plx) =0, ¥xe€Q, and f(x)>0, VxeI}. (29)

It is obvious that the field A(x) is an element of P.

Considering now a point x € I then A(x) > 0 and consequently f/l = 0. As f <0, we
deduce:

Ax)eP, (Alx)—px))f >0,Vp(x)eP (30)

and

Jguoc) ) F dQ20 (31)

among the set P of admissible fields $. This is a variational inequality.
By using now the definition of f, considering the equations of state for A and the

normality rule for &, the inequality (Eq. (31)) is rewritten as (N = % :

NV

This inequality is a formulation similar to that of Ref. [8].

4.2 The rate boundary value problem

Let us consider the functional F based on the velocities:

f(@,z,f) :J L) Crew) +elw) : M /1+1/1H/1dQ—J oda  (33)
Q2 2

0Qr

. . L~y _ Py . _ .y
with the notations: C = 28 M =2 N H =N : 2 N,
The solution of the rate boundary value problem satisfies the variational

inequality

8
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oF %(

R MR ! )<o (34)

among the set of admissible fields (Q A ) e KxP with K = {Q lv = v¥ over 0Q, }

Generally, the modulus of elasticity C is a quadratic positive-definite operator,

then the field v is unique for given &. So the velocity v can be eliminated: v =

. ~d
v (/1, Ir(, Qd) is linear of each argument and so a new functional, that is defined only on

the internal variables, which is quadratic in 1 is defined:

£ - (o (1) 21 ) - JiQa-aT(A ) 69

Stability condition. It is known that a solution exist if
VBeP, p.Qp20, (36)
where P is the set of admissible fields (Eq. 29). This condition of existence ensures
that the current state is stable.

Uniqueness and no-bifurcation. The solution of the boundary value problem is
also unique if

VBeP*, BQ.J>0, (37)
where P* is the set
P*={B | B(x) =0, Vx€Q,, p(x)#0,xel"} (38)

This condition ensures that there is no bifurcation.

4.3 Property of the functional

Let us consider that a solution is determined, the domain I” is decomposed in three
different domains depending on 4> 0 or not:

¢ the loading zone I', = {er/x el’,u"(x)>0, fT(x) = O}
* the unloading zone I’ = {er/x elf,u"(x) =0, fT(x) < O}

* the neutral zone I} = {xEQ/xEIT,,uT(x) =0, ff(x) = O}

Introducing asymptotic expansion to define a loading path with parameter 7

T4 = T¢ +¢T% + °T% + ...

u’ = g‘é + T@f + rzg‘zi + ..

(39)
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A local response in terms of displacement and internal variable fields is assumed to
be developed also as an asymptotic expansion:

a=ag+tq + 0%+ ... U= Uy +tuq + 1'2112 + .. (40)

The term of order one corresponds to the solution of the boundary value problem
in velocities. Similar asymptotic expansions are deduced from the yielding function f
satisfying the normality rule at each order and constraints are then obtained on the
successive orders of the internal state. Hence, the characterization of order two
shows that

Mf 1 +4f, =0 (41)

The properties of 1, are given related to the decomposition of I* and the field 1, is
an element of the set P,

u(x) =0, if xel'Ul’ Ul
P, =< i/d ulx) >0, if xel, (42)
px) €R, if xel’

The boundary value problem for the order two has the same form that for order
one, except that the linear term contains terms due to order one [10]

Fa iy, 12) = %Q((@Z,Zz), (3, 42)) + Fa2 (g, 1), (i, 1)) (43)

and the solution of the rate boundary value problem of order 2 (satisfies)

0F, , . - 0F, [~ =
2 (a5 — i) + = (B — ) 20 44
_2(2 2) 0/12 2 2 ( )

among the set of admissible field #; which may satisfied the boundary conditions

at order two and ;12* is an element of P,.

The condition of stability on order two is quite different than the condition of
order one, due to the presence of unloading zone. The condition of no-bifurcation is
also changed taking account of 4 = 0 on I’. The loss of positivity of Q on these new

spaces changes the critical value 'Z_"Cd, gf.

5. The Shanley column

This model has been used by many authors [6], especially to study plastic buckling
as discussed in Ref. [11]. The rigid rod model has two degrees of freedom: the down-
ward vertical displacement # and the rotation 6 (Figure 5). The column is supported
by the a uniformly distributed springs along the segment [—[,[]. The behavior of the
spring is elasto-plastic with linear hardening.

1 1
w(e,a) = EE(S —a)’ + iHoc2 (45)

10
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Figure 5.
The Shanley column.

Let us consider a state for which the plastic domain I, is [d, []. The value of d is
determined by the condition of neutral loading [@|(d,t) = 0. The equations of
equilibrium are deduced from the potential energy

l
E(u(x),alx), Td) = J_ll//(e, a)dx + Td(u +L(1-6%/2)), e(x)=u—x0 (46)

then the equilibrium state obeys to

l
E(x)(e —a)dx, 0= —T"LO+ J+ E(x)x(e — a)dx (47)
—l

+
0=T"+ J
-1
These equations are valid during the loading process, taking account of the deter-
mination of d(¢). Then, we obtain

/
Exédx + J Erxédx (48)
d

_ d ! +d
0= Td + J Eédx + J Erédx, 0= —L-T?0 +J
-

d -l

A non-trivial solution in € is obtained by introducing the time-scale = such

that the velocity x1 = d of propagation of the unloading domain is finite. The domain
I', = [x.,1] is defined with a asymptotic expansion

d=x.= x7 (49)

At point x,, the condition [a(x,,7)] = 0 where a(x,t) = > ;a;(x)7; gives conditions
on the asymptotic expansion:

11
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0= [a1(xo)] 0= [aa(xo)] +x1[cy(x0)] O = [as(ax0)] + 2ea [y (o) ] + (207 + x2) [a] (o)
(50)

A non-trivial solution is then obtained as
a”(x,7) = a(r) +m(r)x (51)

We can take the time derivative of the equilibrium equations taking account of the
position of x, and of discontinuities (Eq. (50)) of the mechanical quantities on this
boundary. It is obvious that we have:

I

d : +
G| peoa = | fon o oo (52)
-1 _ 4
We find T, = Tr = 2E = BTy m; = 0 and m, = —T,/2HI’,
x2—4—lzT72 T—Trs1, o, 9= D12 T (53)
VT3 Ty-Ty 0 T 7?27 7 T 3LH(Ty —Tr) 2

This is a bifurcated path. The condition of stability of the fundamental path
(0 =0,T) is preserved for loading near T' = T but for T' > T, another path exists
which is also a stable path. This is quite different of conservative system, for which the
bifurcation point corresponds to a loss of stability of the fundamental path.

More applications can be found in many papers for elasto-plasticity [12] with
implications on the constitutive laws [9, 13]. Influence of pre-bifurcation conditions
have been also analyzed [14, 15].

5.1 A simple model of fracture

Let us consider a straight beam under bending with fixed extremities /1, l;, where
the beam is clamped. The length of the beam is /; + I, the vertical displacement is v(x)
defined on segment [—I1, ;] and the strain is given by: v: ¢ = 2" (x)y. We apply a load at
the origin, and we study the possibility of decohesion at points I1,/,. We study two
cases, first the applied load is a vertical displacement v(0) = V and second the load is
controlled at the origin T'(0) = F. For the first case, the potential energy at the equi-
librium is

3
W(h, 1, V) = gEIVZ% = %k,v2 (54)
1112

We define J; = — ‘932_/

(1 +15)* L

- 55
HE 9

]1:3

and J, is obtained permuting indices. The evolution of the delamination is given by
the normality law

>0, J;<G., (J;i—G)li=0 (56)

12
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and existence and uniqueness are given with respect to positivity or not of Q
such that

i Bl +21 22
Q= gy =W _qgprphith Bl rah) -kl
ol;ol; Lo eo B2 + 1)

(57)

For [; =15, Q is always positive definite, the position is then always stable and we
have no bifurcation.
When the force is controlled

2 3
W(ly, Lo, F) = B gty

; 58

The associated Q matrix becomes

22 4] B, -1 20212
Q-2 _hb 2(2221) e (59)
EI (ll + lz) 21112 ll (ll — lz)

is always negative definite. The symmetric equilibrium is always an unstable state
with possible bifurcation, the eigenvalue of Q having opposite signs.

For multi-cracking of a body, the rate boundary value problem has been formu-
lated and condition of existence and uniqueness have been deduced [16, 17].

6. Stability of moving surfaces

We study now a moving surface associated with a change of mechanical proper-
ties. This framework is used to describe damage or phase transformation. Variational
formulations were performed to describe the evolution of the surface between the
sound and the damaged material [18-20]. Connection with the notion of configura-
tional forces [21] can be investigated.

6.1 Some general features

The domain Q is composed of two distinct volumes €4, Q, of materials with
different mechanical characteristics. The bounding between the materials is perfect
and the interface is denoted by I', (I' = 0Q,n0Q,). The external surface 0Q is
decomposed in two parts dQ, and dQr on which the displacement #% and the loading
T* are prescribed, respectively. We consider isotherm processes. The material 1
changes into material 2 as the motion of the interface I' by an irreversible process.
Hence, I' moves with the normal velocity ¢ = ¢v in the reference state, v is the
outward Q, normal, then ¢ is positive.

Along I', the mechanical quantities f can have a jump denoted by [f]. =f; —f>,
and any volume average has a rate defined by

d .
Ejg(r)fdg a Lz(r)fdg N Jr[f(&r,t)]r pda (60)

13
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where ¢ is the normal propagation of the interface.

The state of the system is characterized by the displacement field u, from which
the strain field ¢ is derived. The main internal parameter is the spatial distribution of
the two phases given by the position of the interface boundary I'. We analyze quasi-
static motion of I" under given loading prescribed on the boundary 0Q.

Introducing the total potential energy of the system

fwr.r) = |

Q

wi(ede+ |

Q

m(e)dsz—J T uda (61)

0Q2

The behavior of the phase i is assumed linear elastic. The state equations are
reduced to

1 9y,
t,ul-:ie:(ci:s, c= %

(62)

We can notice that the position of the interface I' becomes an internal parameter
for the global system. The characterization of any equilibrium state is given by the
stationary point of the potential energy (% - 5u = 0) among the set of the admissible

field éu satisfying u = 0 over 0Q,. This formulation is equivalent to the set of local
equations:

¢ local constitutive relations: 6 = p% =C;:e on Q
e momentum equations: div 6 = 0 on Q, [6],.v = 0 over I', 6.7 = T over 0 Qr,

* compatibility relations: 2¢ = Vu + Vu, [u]p = 0 over I',u = u?

over 0 Q,.

This equation emphasized the fact that the position of the interface I" plays the role
of internal parameters (Figure 6).
The driving force associated with the motion of the interface I' is obtained as

—gfaw=LG@pmwGMmG@w=wu—@awmpn:mk—a:MF (63)

An energy criterion is chosen as a generalized form of the well-known theory of
Griffith. Then, we assume

$20, G(xp,t) =G <0, (G(xr,t) —G)p =0, (64)

This decomposed the interface into two part I'" where G = G, and the comple-
mentary part. At a point x- in I'", where the propagation occurs

%(g(o_cr(t),t) —G.) =0,and¢>0 (65)

The critical value is conserved following the moving interface: D,G = 0. This leads
to the consistency solution, which determines ¢(x)

14
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X + ¢(s)ndt = X (t + dt)

A\
“o/

S(X(t+dt),t+dt) =0

Figure 6.
Propagation of the interface.

(¢ — ¢ )DyG(xr(r),1) 2 0,Y9" 20, overI"* (66)

For a given loading v?, T? and a propagation ¢(s) of the interface, the evolution of
the internal state satisfies

* local constitutive relations: 6 = C; : ¢(v), on Q;,
* momentum equations: div 6 = 0 on Q,D, ([a]r.g) = Qover[,6.n = T? over 0 Qr,

* compatibility relations: 2e(v) = Vo + Vo, Dy ([Z‘]r) = Qoverl,v = v?overod Q,.

where

Dylulr = [l + ¢[Vulr.v =0,

D,o].v = [6].v — divr ([6]-¢) = 0 (67)

with divpF = divF — v.VF.v. The velocity v is the solution of a problem of hetero-
geneous elasticity with boundary conditions linear with respect to the propagation ¢:

v = v(¢p,0%, T%). And we obtain

DyG = o]y : Yoy — 62 : [Vu] — ¢G,

68
G, = —[o] : (VVuy.v) + Vor.u - [ul; (68)
Finally, the evolution of the system is determined by the functional
1 i 1,
F,p) =1 ze(v) : C:e(n)dQ — T wda — | ¢lo];: Voda+=¢°G,da  (69)
and the variational inequality
oF oF
i % i — ) >
o L)+ 550 —97)20 (70)

15
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The stability of the actual state is determined by the condition of the existence of a
solution (With wW=F (le, o, Id))

A%
5¢a¢a¢5¢20’ S¢>0 onI'"", 8¢ # 0, (71)

and the uniqueness and non-bifurcation is characterized by

2

7
5¢b a¢a¢5¢20’ 5¢ # 0onT™. (72)

6.2 Delamination of a thin membrane under pressure
The strain energy y of the membrane is given as y/ () = 3K (Vu)? where u is the

transverse displacement as depicted on (Figure 7). The potential energy of the whole
system is:

E(u(x,y),p) = JQ%I((Vu)Zda — Lpuda (73)

The displacement # = 0 over Q. When the boundary dQ2 is moving with normal
velocity ¢ the variation of energy determines the associated driving force

0
o8 = | S~ pw awda— | (w-p waps)da (74)

where the displacement 6u is related to the boundary dQ which is moving with the
velocity d¢. Along the front # = 0 at each instant, then the variations are linked as:

Su+ Vun 5¢p =0 (75)

Figure 7.
Delamination of a thin membrane.

16
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In the domain, the variations of the solution satisfies
KAdu =0 xeQ (76)

The driving force G (satisfies)

Dy = | wépda = | G6)69()da, G =g 77)
0Q

0Q

The variational inequality takes the form
d
| S(@-Ga@m-paazo, vapzo (78)
o0 dt

The boundary value problem is given by the functional

FG.d) = |

%K(Vv)zdg - \/ZKGCJ n.VVu.ng*da (79)

0Q

v and ¢ are linked by the constrain v + ¢Vu.n = 0 over 0Q. The evolution of G is
given by

6G = KVu.Véu + (KVu.VVu.n)dp (80)

The set of the admissible velocities v is K:
K={(,8)|06) +d6)Vun=0, $>0, G<G., $HG-G)=0} (81

For circular geometry, the displacement solution is # = 2 (R* — 7?) and the prop-

agation is possible when G = G, that defines the critical pressure p, = 21/2KG,. Con-
sider a change of shape by a Fourier expansion

¢ =a, + »_a;cos(if) + b; sin(i0) (82)
the associated velocity solution of the rate boundary value problem is

ol 15_;; (% + " (aicos(i) + b; sin(i6)) (%)) (83)

Evaluating the functional W(¢) = F (v, ¢), the condition of stability is deduced as

272G, (—Za,f + Z(i —1)(a; + bf)) >0 (84)

hence the circular shape is unstable for pressure controlled system.
If now the volume is controlled, the pressure becomes the Lagrange multiplier

associated with the condition [,udQ = V*. The condition of stability under this load-
ing, becomes

17
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272G, <6a§ +3 (- 1)(a? + bf)) > 0. (85)

The stability is ensured, but uniqueness is not, 2; and b1 can be defined such that
8¢ = a, + a1 cos @ + by sin @ > 0. Many other examples are founded in literature for
more complicated situations.

7. Conclusions

We have presented an introduction to the analysis of bifurcation and stability
during the evolution of nonlinear system governed by potential energy, potential of
dissipation and normality rule. This framework is used in elasto-plasticity, in fracture
and for moving interfaces.

The rate boundary value problem has a formal identical structure and leads to
variational inequalities that the evolution of internal state must satisfy. These
inequalities are based on the second derivative of the energy of the system, and are
quadratic operators. The properties of these operators give the condition of existence
and uniqueness of the system evolution.

Some applications have been presented. Many other situations can be investigated
as in phase transformation [19]. This last example shows how the analysis of stability-
bifurcation has strong implications in homogenization for the definition of an
homogenized constitutive behavior.

The conditions of stability and no-bifurcation can also be used to determine crite-
rion of initiation of defect as pointed out in Refs. [22, 23].
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