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Nonlinear Subsystem-Based Adaptive Impedance
Control of Physical Human-Robot-Environment

Interaction in Contact-Rich Tasks
Mahdi Hejrati and Jouni Mattila

Abstract—Haptic upper limb exoskeletons are robots that assist
human operators during task execution while having the ability
to render virtual or remote environments. Therefore, ensuring
the stability of such robots in physical human-robot-environment
interaction (pHREI) is crucial. Having a wide range of Z-width,
which indicates the region of passively renderable impedance by
a haptic display, is also important for rendering a broad range of
virtual environments. To address these issues, this study designs
subsystem-based adaptive impedance control to achieve a stable
pHREI for 7 degrees of freedom haptic exoskeleton. The presented
controller decomposes the entire system into subsystems and de-
signs the controller at the subsystem level. The stability of the
controller in the presence of contact with a virtual environment
and human arm force is proven by employing the concept of virtual
stability. Additionally, the Z-width of the 7-DoF haptic exoskeleton
is illustrated using experimental data and improved by exploiting
varying virtual mass element. Experimental results are provided to
demonstrate the performance of the controller. The control results
are also compared to state-of-the-art control methods, highlighting
the excellence of the designed controller.

Index Terms—Physical human-robot interaction, compliance
and impedance control, adaptive control, haptics and haptic
interfaces.

I. INTRODUCTION

W ITH advancements in technology related to the Fourth
Industrial Revolution, robots are increasingly being uti-

lized in industries to reduce the workload of workers and in
healthcare to improve the quality of human life, showing the sig-
nificance of human-robot interaction (HRI). HRI can be divided
into three categories of human-robot coexistence, human-robot
cooperation, and human-robot collaboration or physical HRI
(pHRI) [1]. Unlike to first two categories, in the pHRI scenario,
the human and robot are working together on the same task
while having a physical impact on each other. An upper limb
exoskeleton (ULE) is one example of such an interaction [2]. On
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Fig. 1. pHREI for HULE, (a) as a master robot in bilateral teleoperation and
(b) as an assisting device for co-manipulation.

the other hand, a haptic ULE (HULE) [3] incorporates haptic
display technology to render a virtual or remote environment
along with the ULE assistance feature. HULE can either be
utilized as a master robot in bilateral teleoperation control with
the ability to display a remote environment or assist a human
during contact-rich co-manipulation (Fig. 1). Consequently,
HULE is impacted by human upper limb dynamics along with
contact with the virtual or physical environments. Therefore,
it is crucial to ensure the stability of physical human-robot-
environment interaction (pHREI) in HULE while contact-rich
tasks are executed. pHREI control can be implemented by means
of the impedance control scheme [4] that provides the robot
with safe and robust compliant behavior throughout interactions
with humans and the environment. Additionally, for a haptic
display, the Z-width is a key feature that represents the dynamic
range of passive impedances that can be rendered. With a larger
Z-width, HULE can display a larger range of virtual or remote
environments with better feelings [5]. For this reason, Z-width is
an important consideration for haptic display, and maximizing
it is desirable.

II. RELATED WORKS

A. Impedance Control in pHRI

Throughout the pHREI, the goal of HULE is to accomplish
the task (which can be co-manipulation or assistance) despite
the impact of human upper limb dynamics and contact with
the environment. Impedance control, which has been widely
utilized in the field of robotics [6], [7], can equip HULE with
such an ability. A multi-point impedance control has been de-
signed to control the pHREI of a 2-DoF robot in [8]. In [9],
an adaptive impedance control has been designed to control
ULE, in which the impedance parameters of the controller are
tuned using surface electromyography and the musculoskeletal
model of the human upper limb. In [10], an adaptive impedance
control has been designed for ULE control based on the muscle
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Fig. 2. (a) HULE in contact with a virtual wall, (b) joint configuration, and
(c) demonstration of the decomposition of the HULE for an ith link and actuator.

circumference sensor for human intention estimation. The goal
of that study is to assist a human while carrying an object by
using 7-Dof ULE with 5 passive and 2 active DoFs. Adaptive
backstepping impedance control is proposed in [11] for rehabili-
tation applications using 7-DoF ULE. Moreover, in [12] iterative
learning impedance control has been proposed to control a
1-DoF ULE driven by series elastic actuators, and the desired
impedance has been achieved through the iterative manner of
the controller. Impedance control has been utilized to control
the haptic display as well. In [13], nonlinear model reference
adaptive impedance control has been proposed to control 5-DoF
haptic display. Weighted admittance-impedance control is de-
signed for pHREI control of a 2-DoF haptic device in [14]. Time
Domain Passivity Approach (TDPA) is employed to stabilize
the haptic interface by using a passivity controller and passivity
observer [15]. All the mentioned works examined either ULE
or haptic devices with low DoFs, whereas, in this study, HULE
is a 7-DoF wearable haptic display (Fig. 2(a) shows the HULE
in contact with an environment and Fig. 2(b) displays the joint
configurations). Therefore, it is crucial to ensure the stability
and performance of the controller in the presence of human and
environmental impact along with considering the complexity of
the system, which guarantees human safety inside HULE.

B. Z-Width

Generally, an environment can be represented by a second-
order mass-spring-damper impedance model,

Z(s) = Ms+B +
K

s
(1)

with M, B, and K being the mass, damping, and stiffness co-
efficients of the environment, respectively. As the virtual wall
enables us to examine the haptic display and impedance control
performance in both high-impedance (having contact with a
virtual wall) and low-impedance (free motion) scenarios, in this
study, we considered the environment as a unilateral constraint
(wall). A larger Z-width means that the haptic display can render

a virtual wall with a wider range of stiffness. Therefore, it is
important to have a larger Z-width in HULE. Numerous studies
have attempted to enhance the Z-width of a haptic display by
examining various issues. In [16], [17], the effect of an increase
in sampling rate has been analyzed. A dual-rate sampling method
is proposed in [18]. However, adding virtual coupling to haptic
devices has been a significant approach to increasing the range
of the Z-width, as introduced in [19]. In several works, virtual
damping has been proposed to enhance the Z-width [15], [20].
Nevertheless, in [21], it has been shown that using virtual inertia
can expand the Z-width of a 1-Dof haptic device more than when
virtual damping is employed. All previous works analyzed the
Z-width for unwearable low-DoF haptic devices only for per-
formance analysis. By contrast, for high-DoF nonlinear haptic
exoskeletons (Fig. 2(a)), it must be ensured that the achieved
Z-width is passive in the presence of human effects and extracted
for real-world applications.

C. Aims and Contributions

Based on the literature overview, the aim of the present study
is to develop a high-performance HULE with stable interactions
with the virtual environment in the presence of human arm
dynamics. The contributions of this letter are as follows. First,
a subsystem-based adaptive impedance scheme is designed to
control the end-effector pose of 7-DoF HULE in the contact-rich
task. The proposed controller decomposes the entire system into
subsystems, which enables us to design a controller without
dealing with the coupled rigid body-actuator nonlinearities at
the subsystem level, yet considering it in the overall control
law. The natural adaptation law (NAL) is incorporated into the
controller to estimate the unknown parameters of the HULE by
requiring only one adaptation gain [22]. NAL also ensures the
physical consistency condition for the estimated parameters. The
performance of the controller is evaluated by performing exper-
iments and comparing simulation results with other methods.
Second, the Z-width of HULE is experimentally drawn in the
presence of human arm dynamics and impedance controller by
considering all nonlinearities of 7-DoF HULE, which makes the
derived achievable Z-width much more reliable in a real-world
application. Additionally, varying virtual mass element is em-
ployed as a new damping element to enhance the Z-width of
HULE.

The letter is organized as follows. In Section III, the mathe-
matical foundation of the approach is described, and the problem
is formulated. In Section IV, the proposed subsystem-based
impedance control is presented, and in Section V, details of Z-
width improvement are given. Experimental results are provided
in Section VI with a conclusion part in Section VII.

III. SUBSYSTEM-BASED CONTROL SCHEME

A. Virtual Decomposition Control

Virtual decomposition control (VDC) [23] is a model-based
control approach that is suitable for highly nonlinear systems.
To design the control action, VDC uses the virtual cutting point
(VCP) concept. VCP is a separate interface that essentially cuts
through a link. The separated parts formed by the VCP remain
in the same position and orientation with applied force/moment
with the same magnitude but in opposite directions (Fig. 2(c)).
Additionally, VCP distributes the control objective of the entire
system to the local control objectives of subsystems with rigid
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body and actuator parts. Then, based on the Newton-Euler
iterative method for a given required velocity, VDC computes
the required forces and torques to accomplish each local control
goal. Required velocity is the design variable in VDC and must
be designed based on the given task. The stability of each sub-
system is proved at the local subsystem level and expanded to the
stability of the entire complex system by employing a scalar term
called the virtual power flow (VPF) and virtual stability scheme.
As a result, regardless of how complex a robotic system is, VDC
deals with subsystems separately as shown in Fig. 2(c), and
designs the controller for each subsystem without dealing with
coupled nonlinearities. Thereby, VDC is specifically designed
for controlling complex systems, such as pHREI control of
a 7-DoF HULE. Recently, VDC scheme has been utilized in
various fields, such as teleoperation [24], impedance control of
hydraulic manipulators [25], and ULE control [22].

B. VDC Mathematical Preliminaries

Definition 1 [23]: For a given frame {Bi} at the VCP
(Fig. 2(c)), the VPF is defined as,

pBi
= (BiVr −Bi V)T (BiFr − BiF ). (2)

Definition 2 [23]: A subsystem that is virtually decomposed
from a complex robot is said to be virtually stable with its
affiliated vectors X (t) and y(t) being a virtual function, if and
only if there exists a non-negative accompanying function

ν(t) ≥ 1

2
X (t)TPX (t) (3)

such that,

ν̇(t) ≤ −y(t)T Qy(t) + pA − pC (4)

where P and Q are two block-diagonal positive-definite matri-
ces, and pA and pC denote VPFs in the sense of Definition 1 at
frames {A} (placed at the driven VCPs) and {C} (placed at the
driving VCPs).

Theorem 1 [23]: Consider a complex robot that is virtually
decomposed into subsystems. If all the decomposed subsystems
are virtually stable in the sense of Definition 1, then the entire
system is stable.

Theorem 1 is the most important theorem in the VDC context.
It establishes the equivalence between virtual stability of every
subsystem and stability of the entire complex robot.

Lemma 1 [22]: For any inertial parameter vector φA, there
is a one-to-one linear map f : �10 → S(4) such that,

f(φA) = LA =

[
0.5tr(Ī).1− Ī h

hT m

]

f−1(φA) = φA(m,h, tr(Σ).1− Σ)

where Σ = 0.5tr(Ī)− Ī , and m,h, and Ī are the mass, first
mass moment, and rotational inertia matrix, respectively, with
φA = [m,h, vecI] where vecI = [Īxx, Īyy, Īzz, Īxy, Īyz, Īxz].
Moreover, tr(.) is the Trace operator of a matrix. Then, the
NAL adaptation law can be written as,

˙̂LA =
1

γ
L̂A SA L̂A

where L̂A is estimation of LA, γ is the adaptation gain, and SA

is a unique symmetric matrix.
Lemma 2 [22]: For LA defined in Lemma 1, Bregman

divergence with the log-det function can be defined as,

DF (LA‖L̂A) = log
|L̂A|
|LA| + tr(L̂−1

A LA)− 4.

with the time derivative of,

ḊF (LA‖L̂A) = tr([L̂−1
A

˙̂LA L̂−1
A ] L̃A)

where L̃A = L̂A − LA.

C. VDC Control Design

Consider {Bi} and {Ti} as frames that are attached to the ith
rigid body. Then, the 6D linear/angular velocity vector BiV ∈
�6 and force/moment vector BiF ∈ �6 can be expressed as
follows [23]:

BiV = [Biv, Biω]T , BiF = [Bif, Bim]T

where Biv ∈ �3 and Biω ∈ �3 are the linear and angular ve-
locities of frame {Bi}, and Bif ∈ �3 and Bim ∈ �3 are the
force and moment expressed in frame {Bi}, respectively. The
transformation matrix that transforms force/moment vectors and
velocity vectors between frames {Bi} and {Ti} is [23],

BiUTi
=

[
BiRTi

03×3

(BirBiTi
×)BiRTi

BiRTi

]
(5)

where BiRTi
∈ �3×3 is a rotation matrix between frame {Bi}

and {Ti}, and (BirBiTi
×) is a skew-symmetric matrix operator

defined in [23]. Based on BiUTi
, force/moment and velocity

vectors can be transformed between frames as [23],

TiV = BiUT
Ti

BiV, i = 1. . .7 (6)

BiV = κiq̇i +
Ti−1UT

Bi

Ti−1V, i = 1. . .7 (7)

BiF = BiF ∗ + BiUTi

TiF, i = 7. . .1 (8)

with Ti−1F = Ti−1UBi
BiF for i = 7. . .1, qi and q̇i being joint

angles and velocities, respectively, κi = zτ for i = 1, 2, 3, 4, 6,
κi = yτ for i = 7, and κi = xτ for i = 5, which zτ =
[0, 0, 0, 0, 0, 1]T , yτ = [0, 0, 0, 0, 1, 0]T , xτ = [0, 0, 0, 1, 0, 0]T ,
and (.)T is Transpose operator. Moreover, for i = 1 we have
T0V = GV = 06×1 and T0F = 06×1, and for i = 7, we have
T7F = f , where f is the interaction force and will be defined
later. BiF ∗ is the net force applied to the ith rigid body, defined
as,

MBi

d

dt
(BiV) + CBi

(BiV) +GBi
= BiF ∗ (9)

where MBi
∈ �6×6, CBi

∈ �6×6, and GBi
∈ �6 are the mass,

centrifugal and Coriolis, and gravity matrices defined in [22],
respectively. The local control objective for the rigid body part
is to reach the given required linear/angular velocity BiVr, which
will be defined later. Therefore, the required force/moment
vector that must be applied to the ith rigid body to accomplish
local control objectives, can be designed as,

BiFr = BiF ∗
r + BiUTi

TiFr. (10)
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with the local control law of,

BiF ∗
r = BiWφ̂Bi

+ KDi
BieV + KIi

∫ t

0

BieVdt (11)

where BieV = BiVr − BiV , and KDi and KIi are diagonal
positive-definite control gains, BiW ∈ �6×10 is the regression
matrix, and φ̂Bi

∈ �10 is the estimation of inertial parameter
vector φBi

∈ �10 [22] defined as,

BiWφBi
= MBi

d

dt
(BiVr) + CBi

(BiVr) +GBi
(12)

The joint actuator dynamics for an electrical motor in the absence
of friction can be expressed as,

Imiq̈i = τ ∗i = τi − τai (13)

where Imi denotes the moment of inertia of the joint. The
equation (13) is exactly in the same sense as (10), with τ ∗i being
the net torque applied to the joint, τi representing the control
torque, and τai = zTτ

BiF . The adaptive VDC control law for
accomplishing both local control objectives can be designed as,

τi = τ ∗ir + τair (14)

with τ ∗ir being the local control law that ensures tracking of the
desired angle for the joint, defined as,

τ ∗ir = Waiφ̂ai + kdieai + kIi

∫ t

0

eai (15)

where Wai ∈ �1×10 is the regression matrix, and φ̂ai ∈ �10 is
the estimation of inertial parameter vector φai ∈ �10 in,

Waiφai = Imiq̈ri. (16)

Also, eai = q̇ir − q̇i, q̇ir is the required angular velocity, kdi
and kIi are positive control gains. Moreover, τair = zTτ

BiFr

stands for accomplishing the local control objectives of a rigid
body part with BiFr being computed from (10). The estimation
of inertial parameter vectors φ̂Bi

and φ̂ai in (11) and (15) can
be computed by exploiting NAL in the sense of Lemma 1 by
replacing {A} with {Bi} and {ai}. The adaptive law in Lemma
1 is only utilized for estimation of inertial parameters of the robot
and human arm model in (11) and (15). As can be seen from
Lemma 1, only one gain is required to be tuned for estimation
of unknown parameters. Moreover, the only condition to satisfy
physical consistency condition of estimated parameters is that
L̂A(0) be physically consistent [22].

The required linear/angular velocity, BiVr, can be computed
as,

BiVr = κiq̇ri +
Ti−1UT

Bi

Ti−1Vr, i = 1. . .7 (17)

where Ti−1Vr is the required velocity of the VCP on the (i− 1)th
rigid body (for i = 1, we have, T0Vr = GVr = 06×1), and q̇ri
is the design variable and should be designed based on the
predefined task. According to (7) and (17), if q̇i → q̇ir, then
BiV → BiVr, satisfying both local control objectives. The con-
trol law in (14) is designed in such a way to accomplish this goal.
Based on what is explained so far, the most important part of
deriving VDC control law (14) is designing q̇ir. In this letter, in
which the task space problem of a 7-DoF HULE is of concern,
q̇ri can be defined as,

q̇ri = JT (JJT )−1Ẋr (18)

with Ẋr being the task space design variable and J ∈ �6×7 is
the Jacobian matrix. In the next section, Ẋr is designed in order
to achieve the impedance control goal.

IV. IMPEDANCE CONTROL DESIGN

Impedance control equips the robot with the ability to accom-
plish both free-motion and contact-rich tasks. By neglecting the
inertia in [4], the desired impedance model for the robot can be
expressed as,

−Bd(Ẋd − Ẋ)−Kd(Xd −X) = fd − f (19)

whereBd ∈ �6×6 andKd ∈ �6×6 are diagonal positive-definite
matrices and characterize the desired damping and stiffness,
respectively. f is the force applied to the HULE from the outside,
fd is the desired contact force, and Xd and X are desired
and actual position of the end-effector, respectively. Moreover,
e = Xd −X = [ep, eo], where ep is the position error and eo is
orientation error using the quaternion [22] of the end-effector. As
a haptic exoskeleton, HULE is impacted by human arm force fh
during the execution of the task and virtual environment force fc
whenever contact happens. Therefore, the external force applied
to the robot during pHREI is different and can be expressed as,

f =

{−fh : assisting(pHRI )

−fh + fc : contact(pHREI ).
(20)

The dynamic equation governing human arm dynamics can be
expressed as,

MhẌh +BhẊh +Kh(Xh −X) = fh (21)

where Mh ∈ �6×6, Bh ∈ �6×6, and Kh ∈ �6×6, are diagonal
positive-definite matrices and characterize the inertia, damping,
and stiffness, matrices of the human arm, respectively, and
Xh is human hand position. It must be mentioned that human
exogenous force is omitted. The fc will be defined later.

As mentioned previously, the required task space velocity in
(18) is the control design variable for accomplishing desired
objectives. The following theorem summarizes the subsystem-
based impedance control law.

Theorem 2: For a decomposed system represented in (9) and
(13) with the interaction force of (20), the desired impedance
model (19) can be achieved for the robot if the design variable
in (18), defined as,

Ẋr = Ẋd + Γx(Xd −X) + Γf (fd − f) (22)

with Γx ∈ �6×6, and Γf ∈ �6×6 being positive-definite diago-
nal matrices defined as,

Γf = B−1
d , Γx = Kd B

−1
d . (23)

It must be mentioned that Bd and Kd should be selected from
the achievable dynamic range of robot.

Proof: Appendix A. The following theorem ensures the sta-
bility of the entire system in the sense of Theorem 1 and
Definition 2.

Theorem 3: For a decomposed 7-DoF HULE (Fig. 2(c)) with
a rigid body and actuator dynamics of (9) and (13), control action
of (14), adaptation laws in the sense of Lemma 1, and Ẋr defined
in (22), the non-negative accompanying function can be defined
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as,

νi(t) =

7∑
i=1

[
1

2

(∫ t

0

BieVdt
)T

KIi

(∫ t

0

BieVdt
)

+
1

2
kIi

(∫ t

0

eaidt

)2

+
1

2
BieTV MBi

BieV+
1

2
Imi e

2
ai

+ γDF (LBi
‖L̂Bi

) +DF (Lai‖L̂ai)

]
(24)

where DF (L‖L̂) is defined in Lemma 2. Taken the time deriva-
tive of (24), we can obtain,

ν̇i(t) =

7∑
i=1

(−BieTV KDi
BieV − kdie

2
ai). (25)

where, according to Theorem 1 and Definition 2, the asymptotic
stability of the entire system is proven.

Proof: Appendix B.
Remark 1: The designed control law in (14) has two terms.

The second term on the right-hand side of (14) compensates
for the rigid body forces resulting from motion and gravity.
The first term, on the other hand, concentrates on achieving the
required velocity defined in (18), which ensures that the desired
impedance model defined in (19) is achieved by the robot.
Therefore, the desired impedance is achieved by accomplishing
the local objectives.

V. Z-WIDTH OF HULE

For a haptic display, the Z-width is an indicator of the range
of stiffness of a virtual wall that can be passively rendered. The
passivity condition for a contact with the generated force of fc(t)
and haptic end-effector velocity of v(t) is defined as,

Ec(t) =

∫ t

0

fc(σ) v(σ) dσ ≥ 0. ∀t ≥ 0 (26)

For a stiff virtual wall, the spring force can be computed as,

fs(t) = ke(ze − z) (27)

where ke is the rendered stiffness of the virtual wall, ze is
the position of virtual wall, and z is the position of HULE
end-effector. As can be seen from (27), increasing the stiffness
of the virtual wall generates larger contact forces, resulting in
unstable contact. Therefore, it limits the region of the Z-width.
One alternative to having a wider Z-width (being able to render
a larger ke passively) is to add energy dissipative terms to the
virtual wall. To do so, we employed the varying virtual mass
element. After a contact between HULE end-effector and the vir-
tual environment, unlike virtual damping, varying virtual mass is
activated whenever the absolute amount of kinetic energy in the
environment increases. Then, it dissipates the amount of energy
that is equivalent to acceleration. Based on the explanation,
varying virtual mass can be defined as,

me =

{
md if a.v ≥ 0,

0 else
(28)

where me is the virtual mass felt in the contact direction, md is
the desired virtual mass that must be displayed, and a and v are
the acceleration and velocity of the HULE end-effector in the

Fig. 3. Experiment steps for Z-width plot, (a) initial configuration for HULE,
(b) VDC regulator calibrates joint angles, and (c) impedance control moves robot
and contact happens. (VE: Virtual Environment).

direction of contact. The damping force of virtual elements can
be computed as,

fdamp =

{
mea for n = 1

bev for n = 2
(29)

with be being virtual damping coefficient. Finally, the contact
force can be computed as,

fc(t) = fs(t) + fdamp(t). (30)

By substituting (29) and (30) in (26), we can obtain,

Ec(t) =

{∫ t

0 (ke(ze − z) +mea) v(σ) dσ ≥ 0 for n = 1∫ t

0 (ke(ze − z) + bev) v(σ) dσ ≥ 0 for n = 2

(31)
where n = 1 and n = 2 represents varying virtual mass and
virtual damping, respectively. For a given damping element type
and velocity and acceleration of the end-effector at the time
of contact, the region of passively renderable stiffness can be
derived by solving of (31). However, in this letter, the passive
region is extracted experimentally to avoid solving of (31). It also
must be mentioned that for a 1-DoF haptic interface a compact
mathematical expression of the (31) with virtual damping is
expressed in [26], whereas there is no compact expression for
7-DoF HULE because of the extremely nonlinear and coupled
dynamics. In the results section, the generated energy with both
designed varying virtual mass and virtual damping is experi-
mentally demonstrated using (31), and their effect on contact
stability is examined. It is shown that employing varying virtual
mass in (28) helps to achieve a larger Z-width.

VI. RESULTS AND DISCUSSION

A. Z-Width Results

In this section, the Z-width of the HULE using both virtual
damping and varying virtual mass is drawn. Fig. 3 demon-
strates the experimental setup and steps for drawing Z-width.
When the operator grasps the handle (Fig. 3(a)), HULE is
activated at a random initial condition for joint angles. For
a better comparison with having the same initial start point,
a VDC-based joint controller is employed (Fig. 3(b)) to reg-
ulate the joint angles. Then, a 5th order smooth-acceleration
trajectory is generated in Cartesian space with the specified
time tf [27]. The lower tf , the faster the trajectory and vice
versa. Finally, the proposed impedance control makes HULE
follow the desired path (Fig. 3(c)). The desired impedance of
the robot in (19) is fixed toKd = 100 diag([2, 2, 1, 1, 1, 1])N/m
and Bd = 40 diag([1, 1, 1, 1, 1, 1])Ns/m.
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Fig. 4. (a) Z-width plot of HULE for Kd = 100N/m and Bd = 40Ns/m
with tf = 5 s. The light blue area is Z-width with varying virtual mass and the
light brown area is with virtual damping. The region under the lines is a passive
region. (b) Contact force plots and (c) energy generation figure during contact
with and without damping elements for the environment with ke = 2500 N/m
and tf = 5 s.

For virtual damping (be) varying from 0 to 60 Ns/m with an
interval step of 5 Ns/m, and for virtual mass (md) varying from
0 to 1.68 kg with an interval of 0.14 kg, the maximum virtual
stiffness that can be rendered passively is illustrated in Fig. 4(a).
The critical value shows the value for each damping element that
results in the rendering of zero stiffness. Using this term gives
a better intuition that by changing each damping element from
zero to maximum appliable value, how much stiffness can be ren-
dered. As can be seen from Fig. 4(a), employing varying virtual
mass expands the Z-width of HULE. Moreover, to demonstrate
the effect of adding varying virtual mass, in Fig. 4(b) and 4(c),
the result of contact with a virtual wall with ke = 2500N/m is
displayed. Fig. 4(b) and 4(c) demonstrate that the contact with no
damping element and with virtual damping be = 5Ns/m is un-
stable, while with varying virtual mass md = 0.14 kg passivity
condition of (31) is ensured. Considering all the aforementioned
along with uncertainties and nonlinearities, Z-width drawn in
Fig. 4(a) is much more reliable and applicable for real-world
application.

B. Experimental Results of Designed Controller

The performance of the designed controller is examined in this
section. The control goal of HULE is to track a desired square
path in y − z plane with the desired orientation while carrying a
human arm and having stable contact with a virtual wall placed
in z direction. Two different paths with tf = 2 s (fast trajectory)
and tf = 5 s (slow trajectory) are generated, and the perfor-
mance of the controller is analyzed. The control parameters are
selected as: γ = 10,KDi = 0.5,KIi = 7, kdi = 0.05, kIi = 7.
The HULE robot is the ABLE robot [3], manufactured by
Haption. The control signals are transmitted back and forth to
the robot using SIMULINK and Haption interface with a sample
time of 1ms.

Fig. 5 demonstrates the performance of the designed control
for the slow trajectory. Fig. 5(a) shows the tracking of desired

Fig. 5. Experimental results of designed controller with ke = 1000N/m,
md = 0.14 kg, and tf = 5 s with contact in z direction. (a) Position tracking.
(b) Orientation error, position error, and contact force.

Fig. 6. Experimental results of designed controller with ke = 1000N/m,
md = 0.14 kg, and tf = 2 s with contact in z direction. (a) Position tracking.
(b) Orientation error, position error, and contact force.

trajectory in the x− y − z direction, while Fig. 5(b) shows
the tracking errors of position and orientation along with the
contact force. It can be seen that the orientation error is kept
at less than 1 deg. Moreover, the position tracking error in the
x− y direction is less than 1 cm, while stable contact with the
environment is ensured in the z direction. Fig. 6 displays the
results for the fast trajectory. It can be concluded from Fig. 6
that although the velocity of the end-effector at the contact
point is increased, the contact is still stable, and the tracking
error of position and orientation are less than 1 cm and 2 deg,
respectively.

To show the performance of the controller, the interaction with
a virtual wall with ke = 1500N/m and tf = 2 s is examined in
Fig. 7. The stiffness of the environment is increased along with
the velocity of the contact, which can result in instability. It
can be seen from Fig. 7 that not only is the contact stable, but
the controller also shows good performance in keeping tracking
errors considerably low. The performed analysis shows that the
designed controller ensures the goals of pHREI in different
scenarios.

To have a better performance evaluation, the designed con-
troller is compared to the state-of-the-art methods, such as
neuro-adaptive backstepping impedance control (NABIC) [28]
and model-free adaptive impedance (MFAI) control [29]. Con-
trol parameters are tuned to get the best performance for each
controller. The control goal is the same as in Fig. 6. The
root-mean-square (RMS) value of simulation results for position
error in the z-direction (epz

) and xy-direction (epxy
) in mm,
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Fig. 7. Experimental results of designed controller with ke = 1500N/m,
md = 0.14 kg, and tf = 2 s with contact in z direction. (a) Position tracking.
(b) Orientation error, position error, and contact force.

TABLE I
COMPARISON OF CONTROL METHODS

orientation error eo in deg, and control action along with the
maximum contact force are presented in Table 1. It can be seen
that the proposed controller demonstrated excellent performance
in comparison to other methods for a given approximately the
same control action. As explained in Remark 1, the perfect
performance of the presented controller can be attributed to its
subsystem-based approach that enables the controller to focus
on the rigid body and actuator part separately.

C. Discussion

The difference between TDPA presented in [15] and VDC
must be clarified. TDPA is a nonmodel-based approach that
ensures the passivity of the system by adding virtual damping
to the generic controller of the system, whereas VDC is a
model-based approach that designs a controller to accomplish
control objectives. Additionally, VDC does not need any virtual
damping to stabilize the contact. The damping element utilized
in this letter is only employed to expand the Z-width of the
HULE, which shows the renderable impedance of the environ-
ment. In contrast to TDPA, in which the passivity term (passivity
observer) is a crucial term to ensure the passivity, VDC can
stabilize the contact with no need for damping elements for a
limited region of Z-width. The expansion of the Z-width only
helps to have a wider range of stability for VDC. Moreover, VPF
in VDC may look like the passivity observer (PO) in TDPA in
the way that they are defined. However, PO is utilized in TDPA
to adjust control action, whereas VPF is only utilized in stability
analysis and has no impact on control action.

VII. CONCLUSION

In this study, a subsystem-based adaptive impedance control
is designed for the pHREI control of a 7-DoF HULE. The
VDC controller divided the complex system into subsystems
and based on the VDC-impedance law (22), the control law is

designed in (14) to achieve the desired impedance of (19). The
Z-width plot of the 7-DoF HULE was drawn, and it was shown
that employing varying virtual mass can enhance the renderable
impedances by the haptic display. Moreover, the performance
of the designed controller was examined by performing some
experiments and comparing to state-of-the-art control methods.
Section VI shows that HULE with the presented controller
demonstrates better performance and perfectly follows the de-
sired path and tolerates human arm and virtual wall forces.

APPENDIX A
PROOF FOR THEOREM 2

Substituting (23) and (19) in (22), we have,

Ẋr = Ẋd + Γx(Xd −X)−B−1
d (Bd(Ẋd − Ẋ)

+Kd(Xd −X)) = Ẋd + Γx(Xd −X)

−B−1
d Bd(Ẋd − Ẋ)−B−1

d Kd(Xd −X)

= Γx(Xd −X) + Ẋ − Γx(Xd −X) = Ẋ (A.1)

Now, utilizing result of (A.1) in (22), one can obtain,

fd − f = −Γ−1
f (Ẋd − Ẋr)− Γ−1

f Γx(Xd −X) (A.2)

= −Bd(Ẋd − Ẋ)−Kd(Xd −X) (A.3)

which shows that the desired impedance in (19) is achieved.

APPENDIX B
PROOF FOR THEOREM 3

Subtracting (11) from (9) and (15) from (13) along with using
(12) and (16) result in,

MBi

d

dt
BieV = (BiF ∗

r − BiF ∗)− BiWφ̃Bi
− CBi

BieV

− KDi
BieV − KIi

∫ t

0

BieVdt (B.1)

Imi
d

dt
eai = (τ ∗ir − τ ∗i )−Waiφ̃ai− kdi eai− kIi

∫ t

0

eaidt

(B.2)

where φ̃Bi
= φ̂Bi

− φBi
and φ̃ai = φ̂ai − φai. Taking the time

derivative of (24), using Lemma 2, (B.1), (B.2), and conducting
mathematical manipulation, we get to,

ν̇i(t) =

7∑
i=1

[
BieTV (BiF ∗

r −Bi F ∗)− φ̃T
Bi

sBi

− BieTV KDi
BieV + eai (τ

∗
ir − τ ∗i )− φ̃T

ai sai

− kdie
2
ai + tr([L̂−1

Bi

˙̂LBi
L̂−1
Bi
] L̃Bi

)

+ tr([L̂−1
ai

˙̂Lai L̂−1
ai ] L̃ai)

]
(B.3)

with sBi
= WT

Bi

BieV and sai = WT
ai eai. By rewriting (B.3)

using φ̃T
Bi

sBi
= tr(L̃Bi

SBi
) and φ̃T

ai sai = tr(L̃aiSai), and
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Lemma 1, we have

ν̇i(t) =

7∑
i=1

[
BieTV (BiF ∗

r −Bi F ∗) + eai (τ
∗
ir − τ ∗i )

− BieTV KDi
BieV − kdie

2
ai

]
. (B.4)

The first two terms on the right side of (B.4) are VPFs related to
the rigid body and actuator parts. It can be shown that [23],

BieTV (BiF ∗
r −Bi F ∗) = pBi

− pTi
(B.5)

eai (τ
∗
ir − τ ∗i ) = −pBi

+ pTi−1
(B.6)

where pT0
= 0 because the ground has no velocity. By replacing

(B.5) and (B.6) in (B.4), it can be concluded that all the VPFs
cancel one another at the VCP, except that which represents
contact with the environment,

ν̇i(t) =

7∑
i=1

[−BieTV KDi
BieV − kdie

2
ai]− pT7

. (B.7)

It is obvious from (B.7) that if pT7
vanishes, the asymptotic

stability of the entire system is established. As the T7 frame is
attached to the end-effector of the robot, its velocity and force
are velocity and force represented in Cartesian space. Therefore,
utilizing the definition of VPF in (2), T7Vr = Ẋr, T7Fr = fd,
(19), (22), and (23) one can get,

pT7
= (Ẋd − Ẋ)T (Bd B

−1
d Bd −Bd) (Ẋd − Ẋ)

+ (Ẋd − Ẋ)T (2B−1
d Kd Bd −Kd

−B−1
d Kd Bd)(Xd −X)

+ (Xd−X)T (Kd B
−1
d Kd

−Kd B
−1
d Kd) (Xd −X) = 0. (B.8)

Finally, by replacing the result of (B.8) in (B.7), the stability of
the entire system in the sense of Theorem 1 is ensured.
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