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Some Formulas Derived from Finite Integration

Sumio G. Nomachi and Kenichi G. Matsuoka

Abstract

The finite sine series can sometimes be represented hy a function of closed from. And it
may conveniently work on the finite differece equation.
Some finite cosine series which can take functions of closed form, are formulated in this paper.

1. Mother function

Let take mother function ¥, :
me .
cohjxla+—1i)=F,.,
n

m=1,2,3,-,n

where

1 = lmaginary unit,
then we have

LT, = cosh {x<a+ ”;” i)}-{ZCOSh <a+’L7f i)—Z} )

in whic
2 —
AF.Ll”‘ a+1 2Fz+ch715

when F,_ is expressed by

mr .
cosh {"c <a o 1>}

which is written in

PFFE,  =TF.,.

Fv

e

b

So the finite integration of the above becomes

S»Fa-x‘d~r = AF’«'.’L’"I H
or

S _ cosh {x(a o _7%75 z)} —cosh {(x— 1)<a + L;;T z)}
Fodpm—— 0 U AR

2cosh<a -+ _7%71" i>-—2
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Considering that

rL]
== I{W.L

we have at once

n-1 i sinh (na + mnz) smh( + 1”7% z‘>
2ol =— 7{cosh (nec+mai)+ 1} - A )
x=1 Z

2{cosh<a+—”ﬁ i>~1}
7

The imaginary part of the above yields

m
{—1)" sinh ne sm771

mr ’
2l cosh ¢ —cos — .

i)

from which we have

mw

X —_—
. (—1y* sinh na-sin ”

. . mn
> sinh za-sin = TN
o’ 2 (cosh a—cos T)

The inversion theorem leads to the following formula ;

N mr mr
(—1y"sin——-sin——x .
n n n sinh -«

T o SR (1)

= mzn sinh na
2| cosh a—cos -

In like manner, the real part can he written as follows ;
(—1)" sinh na-sinh a

n-1
R, {;1 FM} S %{( 1) cosh na + 1} , < proge ) ,

cosh @ —cos ——
n

The inversion formula :

mw

fld)=2 3 R[Sl cos 2 o,

n w=o

where

\_._\/_/

By [ = { LA+ £ )+ 0
B, [£(2)] = O, [F @]+ (=17 f(n) +5 £10)
R = S g (-1 )+ 5 £0),

leads to the following results ;
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. mr
(—1)" cos n * cosh xa

y,él o mz\  sinh e-sinh 7o
2| cosh a—cos o

2 n-1
n

1 (—1p
" 2n(cosha—1)  2n(cosha+1)"

which is differentiated with respect to a, to be as follows :

, mr )
o oy (—1)"cos & sinh « 2 sinh 2a
n = mr\® ~ sinh a-sinh na
2| cosh @ —cos —

n

n cosh ra-cosh nae  cosh xa-cosh o

sinh a-sinh? na sinh? & - sinh na

sinh a (—1)“sinh o

" 2n(cosha—1¢  2n(cosha+1} "

2. Formulas of Polynomial Function

Letting « be zero in the Egs. (2) and (3), we have

and

Putting n—a for z into the Eq. (5), we have
oo DHE
2 w1 CO8 (72——.1') 1 X —1 1__,_(__1)77 z
I e e e R
o (1 — o8 T)

which becomes upon the action of 42,

2 n2l mn

— 2% o " ) = {1 (1.

By the well known finite integration formulr, we obtain
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sin {E— (n—2x) (m ! >} "

-1 7 E A 5

2 cosl%@ (n—x)= & 2/ _———é—-{l—%—(ul)" x},
m=1

2sin -2% (n—x)

which is same with the Eq. (7).

3. Advanced Formulas

. mz ) .
Denoting that D,, = 2 <1 —CO% -;;-—-) and cosh e =1+ &+ i, the equation (2)
can be written as follows ;

2 nd (1 (D, +E i) mn

N =1 (Dm+§)2+772 cos n x
. cosh xa-sinh g-sinh na 1 (=1 = (E—ni+4)
~ sinh a-sinh a-sinh na-sinhna ~ 7(&+9%) ~  n{E+47%+7%)

The real part of the above, yields

2 2 (=1 (D, +§) mr 1
n 2 (D, +&f+7 €08 ¥ Tcosh 2B —cos 27) (cosh 2nf-—cos 2n7)

X [cosh Br+zx+1cosr(n+1—x)—cosh fln—x—1)cosT(n—1+2)

+cosh B(n+1—x)cosT(n+1+x)—cosh f(n—1+x) cos 7‘(71—1——.:6)]

alg+r)  n{E+47+77)

in which
a=B+7i,
and the imaginary part,
e ST
g (THTes T 1 N
n ,,,j‘:‘jl (D, +&"+7*  nlcosh 28—cos 27)-(cosh 2nf—cos 2n7)

x[sinh Br+1+z)sin¥{(n+1—x)—sinh fn—1—2)sin7{n—1+2)

+sinh B(n+1—x)sin7(n+ 1 +x)—sinh fln—1+2)sin T(n—l—x)]

1 (__1)nvx
n@+) " afE+ A )
(Received May 20, 1972)

-+

References
1) 8. G. Nomachi: On Finite Fourier Sine Series with Respect to Finite Differences, the
Memoirs of the Muroran Institute of Technology, Vol. 5, No. 1, 1965.
2) S. G. Nomachi: A Note on Finite Fourier Transforme Concerning Finite Integration, the
Memori of the Murora Institute of Technology, Vol. 5, No. 2, 1966.
3) F. B. Hildebrand: Finite-Difference Equations and Simulations, Prentice-Hall, 1968,

(228)



