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A Note on Finite Fourier Transforms Concerning

Finite Integration

Sumio G. Nomachi*

Abstract

Since the differential equation has a basic similarity with the finite difference equation, it is
expectable that the principle of an analitical method which is good for the one should analogically
be valid for the other. On this standpoint the discussion is focused to the finite sine and cosine
transforms which play an important part in the boundary problems of the differential equations, in
this paper. The inversioe theorem of finite cosine series is discussed first, and the method of finite

sine and cosine transforms for solving simultaneous finite difference equations is presented.

1. The inversion Theorem of Finite Cosine Series
Concerning Finite Integration

Let = denote a variable defined by integer from zero to #, then any function
flx) apparently makes sense only when x takes the prescribing integer. If f(x)
never takes infinite or multi value, n+1 functions different from each other, which
are continuously single valued from zero to 7 :

F,(x) (r=0,1, -, n)
can be combined as follows :

S A @)=/, (1)
so long as

(F.(x) =0,

where , £=0,1,2, ---, n.

If F(x) is confined to be cosine functions, the expression (1) is written in
A+ 3 A, cos TEE < fla). (2)
r=1

Finite integration of x from 1 to n—1, transforms (2) into

gAOAx + Zn] A, cos Iflﬁdx = gf(x) -dx,
e 3 o} e
1 1

1
which yields

A0<n%1>—% A -] = Sf(x)-dx

and accordingly
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n—1

Ap— L) +fO0)) = 5 f). (3)

Multiplication of (2) and cos mzx/n, through finite integration by x from 1 to
n—1, yields

—éfAO{(—l)””—Fl}%—Am—%—i 4, {(_12)%:%_'_1} —nzlf( x)cos— ni’

=1

where m 20, n, because

7
rex mnx
cos - cos——— Az
- n n

1

[ ins 7o) (o LY g mrEm) o 1A
1 sinz—— <x 2>+Msm - <x 2)
4 sin—=—(r—m) sin nlr+m)
2n Zn 1
_ 1 sinnf(r—m)icos a(r—m) (=12 (4)
4 Lsin-%(r—m) 2n
which is followed by
” l (n ) (m=r)
, gcosff—xcosrﬁ% dxr = B
- 7
i — A=+ (m 37
So that
n 1 i e max
A= {f) (=17 +£10)] = E fler) cos L (5)
When m=mn, the same procedure as the above produces a different result,
because
lim sinz(r+mn) — lim sinn(2n~s)_*:_2n
ron v T £—0 - T
Sll’Lg(?""‘?’l) o (2n—¢)

from which (4) yields

5 rax nﬂéi {(_1)"+r+1} (n=17)

%cos ——cos nx-dx = L

¢ —— {1y (n2er).
Consequently

AL {fln) (=17 —F0)} = 5 Fla) cos e (6)

These results are summed up to be the inversion formula as
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Ao+ Z A,, cos m”?‘ = fla),

where
A= [:Z:ﬂxn ;{f(n)Jrf(O)}], .
Au= 2 [Efwrcos T+ { i (-1 01
A, = 71l [;?1f<x)c05nx+é—{f( Y (=17 41 )}] J

while the inversion formula regarding the finite sine series takes a simpler form
than of the finite cosine series: that is

%‘;l A, sinﬂzﬁ— = flo)?
m—1 . (8)
Ap = 28 flx)sin L

n oz=1

which can not be valid for =0, and x=n, when f(n)x0 and £(0)x0

2. Finite Fourier Transforms of Particular Differences

Since the 2nd and 4th difference frequently appear in engineering problems,
and they are sometimes accompanied by the difference

fle+1l)—fla—1) = Af(x+1)+ 4f(2) ,*
the finite sine and cosine transforms corresponding to the above mentioned differ-
ences will be introduced.

2 n

.omnx . mnx
Sdrf@—r\l) sm 7 Ax = gdrf@,,,’, r S
1 0

7n

7
. mm o . mm
%A”f@,r 1 sm—n—x-dx = A iy sin—= = x]

0

‘2Sin.ﬁﬂ; A7y iz cO8 mr <x+{]>ji
2n n 2 /1,

—4<sm—wr %Ar' f e T+3)Sln~ - (x+1)A

which, with the consideration of

n+1

n
gA”'2ﬁ,n,,7.‘3)sinln;n»(x+1)-dx— 4 f(%r%)sinln;—x,dx

— mnx
4 f(m-y--u sln—n—~ -dx

O\/D*“ 2

*Aflx) = flet 1)~ fl2)
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vields
mr = A"”{f(.’lﬁ—rﬁ»l) sin mm x]" 3
n 0
o . MT g mz 1\
—2sin 5, A7 f iy COS »(:c+72—->Jo
N 2 M gr5p ) T 7
4 sin 5 fia s Sin . x]o (9)
<3 ML g mr [ i\
+8 sin® Bt A sy COS . (x+727>]0
-+16 sin* mﬂ g.d’ i H@sm (x—!—l)-Ax
1
From the above it follows that
ol mn .
I £ fnsin" ez = —sin (1) fln)— £0)]
~2<1~—cos *—-~>Zf( x) sin nﬁ x, (10)
71
3 4 f g sin ”;’f x = —sin ”:f {(—= 18 fn—1)— ££(0)}
x=1
mr mr n
+4 smzng— sm—n— {(-—D f(n)—f(())}
n—1
+16 sin’- 77..“12f< ) sin nﬂ x . (1
1

which are the relations between the finite sine transforms of the 2nd and 4th
difference of a function.

The finite cosine tranforms of the 2nd difference of the function is defined as
i% Ffla—1)cos "UEz- 4z = Af(n—1)(— 17"~ 4f(0) cos "%
i
mm 1
+2f(n) sin 7 :77 -sin - nf<n -‘—2—>
_ mm_ 1 in? T
2/ )smA?g—sm . <1—|— 5 ) 4 sin
x Sf(x +1) cos vn:l—ﬂ (x+1)dx, (12)

the left side of which is found by finitely integrating by part, and the series
expression becomes

n—1

X £flx=1)cos Tz = Af(n—1) (= 1"~ 4f10)~ {fln) (= 1)" +/(0)}

-1

% Il—cos~m—ﬂ] — 4 sin2 > f(x) cos T x .
{ n 2n n

z=1

(13)
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The substitution of £f{x—1) for f(x) in the above yields

A“f(x 2) cos7ﬂx
= Ffln—2) (=17 = ££0)— {£fln—1) (=17 + ££0)} [1—cos |

—4 sin® —— 2 {Af( —1L)(—1)" —Af(O)} +4sinzj-2nnl<l——c05—%£>

N {f(n)(—l)’”%—f(O)} +16 sin* -2 mﬂ Zf( ) cos e (14)

The same finite integration of f(x+1)—f(x—1) are related to the finite sine
or cosine transforms of f{x) as follows,

g (Af(x) +4f(x— 1)) . Sin-m;x Az

% S (f(x+ 1) +f(x)) cos—n;f— <x+%> Adx, (15)

which can evidently be tranformed into the series expression :

5 (4f@)+ Af(@—1))sin 75

— (A1) +£0) ) sin 7= — 5 (fl-+1)sin -+ 1)— fla) sin T x)

x— flx)si

n-1
+Z<f(x+1)sin mzx mz (x+1)>.
a=1 n n
The above equation reduces to the formula:
n-1,
> flez+1)— fla— 1)>sin n;lﬂ x

x=1

= —sin 7 fln) (=1 f0)} —2 sin 22 5 fle) cos 7Tz (16)

z=1

Replacing sinmrx/n by cosmax/n in (15) leads to

S(Af(x)+df(x—l)>cos% xdx

= {fla)+ fla—1)} cos»”%’ix} +2sin- 2

n

S (Al 1) ) sin 28 (45 de
which can be written in
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1

T {4f(@)+4fw+1)] cos "E x

= {Fln)+ fr— D} (= 1"~ [ (1) + /(0)] cos

-1 n—1

_"2 flae+1)cos " (z+1)+ X, fla) cos f—”;l”x

-1 n—1

+21f(x+1)cos~v%75—x—2f(x) cos W: (x+1).

x=1

It follows from the above that

x

?_*‘i {f(x+ 1+ fla— 1)} cos ﬂ:f

= —{4fln—1) (=1 + 4710)} +<1 +cosﬂn’i> {fln) (=1 —£(0)}

42 sm%zl Fla)sin % (17)
which, in particular case of m=0 and m=n, yields
Z {fla+1)—fla—1)} =fn) + fln—1)— £(1)— £(0)
and
"Zi {flx+1)—fle—1)} = —4f(n—1) (=1 +4f(0)
respectively.

3. Finite Transformation Method for Solving a Simultaneous
Finite Difference Equations

Let us introduce here a couple of finite difference equations
Lpz—1)+ag(x)—b {plax+1)—plx—1)} =p., (18)
Fpla—1)+cpa@)+e{plx+1)—glx—1)} =0, (19)

of which boundary conditions satisfy
¢(n)=¢(0)=0,
Af(n—1)——-pln)—edp(n—1)=0, (20)

—49(0)— - $(0)—edp (0)=0..

Supposing ¢(x) denote the slope of joint x and ¢(x), its deflection, the expres-
sions (18), (19), and (20) can easily be translated into the equilibrium equations
appropriate to the bending problem of the continuous beam elastically fixed at each
joint.

(210)
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The finite sine transform of (18) and the finite cosine transform of (19) by
means of the finite integration by x from 1 to n—1, are written in

@ (m) (a—D*—2b sin m—ﬁﬁ’f( )—smﬁr— {(—l)m(,fi(n)—gb(O)} =Pim),

g ! (21)
¥ (m) (D) 2e sin "5 O m) + {4 (n—1) (= 1" — 4 (0)}
— 5 W1+ 90 —e{4p(n—1) (~ 1+ 450} =0, (22)
which and the conditions (20) yield the results
& (m) = Pm) (e—D?) (23)

{a— D% {c— D% —4be sin® %

2bP (m) sin 7
U (m) = n (24)
(a—D?) (¢~ D) —dbe sin® 2%

where
2 . mnx B, 2y . omax
D(m >_;§1¢( )smvn— , P(m)f7~§,lesm ot
V)= 2 L ln) (=14 $(0)+ 5, g cos "L,
D2=2<1—cos mx ) R 1<x: integer<n—1.
n

The substitution of m for 0 and » into (22) leads to
W (0)+ (dgp(n—1)— 4 (0)] = {$(m) +6(0)} —e {dp(n—1)+ 4p(0)} =0,
S () + (A (n—1) (= 1" — 46 (0)) = { () (—1)* +¢(0)]

—e{dp(n—1)(=17+4p(0)} =0,
to which application of (20) yields

TO)=%(n)=0.
The inversion formulas, therefore, give the solution as follows :
¢<x>:'£”§ P(m)(c—D? ) -¢in X
%ot (g DP) (c— D) — dbe sinzj?;—ﬂ— "
B 2b sin T P (1m)
27 n M
Plx (x)= n Z e cos ,
! (@—D?) (c— D¥)— 4be sin? 7T n
n

(211)



718 Sumio G. Nomachi

which, by virtue of the relation between the inversion function and its finite
transformation with respect to the finite integration”, may be expressed by the
closed form.

{Received Apr. 30, 1966)
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