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Abstract

We introduce discrete and p-adic continuous versions of the FitzHugh-
Nagumo system on the one-dimensional p-adic unit ball. We provide
criteria for the existence of Turing patterns. We present extensive simu-
lations of some of these systems. The simulations show that the Turing
patterns are traveling waves in the p-adic unit ball.

Introduction

Several models involving parabolic equations have been used in neuroscience for the
propagation of nerve impulses. Among these models, the one of FitzHugh-Nagumo

*The author was partially supported by the Lokenath Debnath Endowed Professorship.



plays a central role. Proposed in the 1950s by FitzHugh, this model accurately explains
the propagation of electric impulses along the nerve axon of the giant squid, see [16],
[20] and the references therein. Nowadays FitzHugh-Nagumo system is the simplest
model to describe pulse propagation in a spatial region. The simplest version of this
system is
Oru(z,t) = mu — u® — v+ L,Au
(1.1)
Ow(z,t) = c(u —av — b) + L, Av,

where the system parameters a,b,c, m, L,, and L,, are assumed to be positive, and
the functions v and v depend on time ¢t > 0 and the position £ € R on the domain
of interest. The variable u promotes the self-growth of u and, at the same time, the
growth of v and can thus be named an activator, while v plays the role of an inhibitor
that annuls the growth of w.

In this paper, we introduce a p-adic counterpart of system (|1.1). In the new model
x runs through the ring of p-adic integers Z,, here p is a fixed prime number, and ¢
is a real variable. Geometrically, Z, is an infinite rooted tree; analytically, Z, is a
locally compact topological additive group, with a very rich mathematical structure.
The system takes the following form

Gt (2,t) = f(u,v)— (D§ — X u(z,t)
(1.2)

%(az,t) =g(u,v) —d(D§ — N v(z,t), © € Zp, t >0,
where D§ — X is the Vladimirov operator on Z,, and f(u,v) = pu — u® — v, g(u,v) =
~v(u — dv — B), where u, 8 are real numbers, and =, d, d are positive real numbers.

This system admits a natural discretization of the form

% [uL(I7 t)]IeGL = [MUL(L t) - u%(Lt) - 'UL(L t)] req; AT [UL(Lt)}[eGL

% [UL(Lt)}IeGL = [’Y (ur(I,t) — (SUL(Lt) - ﬂ)]IeGL —dAg [UL(L t)][g(;L )
(1.3)
where G|, is a finite rooted three with L levels, and matrix A7 is a discretization of
operator D§ — A.

We present instability Turing criteria for systems and (1.3)), see Theorems
BT} The conditions for the existence of Turing patterns for both systems are essentially
the same, except for one condition which involves a subset I' of the eigenvalues of
Dg — ), in the case of system , and a subset I';, of the eigenvalues of matrix
A$, in the case of . We provide extensive numerical simulations of some systems
of type ; in particular, these experiments show that the Turing patterns are
traveling waves inside the unit ball Z,. Our numerical experiments also show that
the eigenvalues of matrix A} approximate the eigenvalues of D§ — A. We conjecture
that the Turing patterns of converge, in some sense, to the Turing patterns of
(1.2). The results of Digernes and his collaborators on the problem of approximation
of spectra of Vladimirov operator D® by matrices of type A¢, [6]-[8] provide strong
support to our conjecture.

Nowadays, the study of Turing patterns on networks is a relevant area. In the 70s,
Othmer and Scriven pointed out that Turing instability can occur in network-organized
systems [I8]-[19]. Since then, reaction-diffusion models on networks has been studied
intensively, see, e.g., [2], [B], [5], [11, [14]- [15], [I7]-[19], [22], [26]-[27], and the ref-
erences therein. In particular, Turing patterns of discrete FitzHugh-Nagumo systems
have also been studied [4]. In [31]-[32], the last author established the existence of
Turing patterns for specific p-adic systems of reaction-diffusion equations, but these
papers do not consider the problem of the numerical approximation of the Turing
patterns.



The article is organized as follows. In Section [2| we review some basic aspects of
the p-adic analysis and fix the notation. In Section [3] we present some basic aspects
of the Vladimirov operator, the p-adic heat equation on the unit ball. In Section
@, we introduce our p-adic FitzHugh-Nagumo system, and give a Turing instability
criterion, see Theorem I} In Section [f] we study a discrete version of our p-adic
FitzZHugh-Nagumo system, and and give a Turing instability criterion, see Theorem
Finally, in Section @, we provide extesnive numerical simulation for some discrete
FitzHugh-Nagumo systems and their Turing patterns.

2 p-Adic Analysis: Essential Ideas

In this section, we collect some basic results on p-adic analysis that we use through
the article. For a detailed exposition the reader may consult [1], [13], [23], [25].

2.1 The field of p-adic numbers

Along this article p will denote a prime number. The field of p-adic numbers Q,, is
defined as the completion of the field of rational numbers Q with respect to the p-adic
norm | - |p, which is defined as

0 if =0
|z, =
p7 it z=p'g,
where a and b are integers coprime with p. The integer 7 := ord(z), with ord(0) :=
400, is called the p-adic order of x.
Any p-adic number z # 0 has a unique expansion of the form

_ pord(ac) Z inpj,
=0

where z; € {0,...,p—1} and z¢ # 0. By using this expansion, we define the fractional
part of x € Qp, denoted {z},, as the rational number

0 if z=0orord(z)>0
{z}, =

) Z],—zogdvm—lxjpf if ord(z) < 0.

2.2 Basic topology of Q,

For r € Z, denote by By(a) = {z € Qp;|z —al|p, < p"} the ball of radius p” with center
at a € Qp, and take B,(0) := B,. We also denote by S,(a) = {z € Qp; |z —al|, =p"}
the sphere of radius p” with center at a € Qp, and take S-(0) := S,.. We notice that
St = Z, (the group of units of Z,). The balls and spheres are both open and closed
subsets in Qp. In addition, two balls in QQ, are either disjoint or one is contained in
the other.

As a topological space (Qp, | - |p) is totally disconnected, i.e., the only connected subsets
of Qp are the empty set and the points. A subset of @, is compact if and only if it
is closed and bounded in Q,, see e.g., [25] Section 1.3], or [I, Section 1.8]. Since
(Qp, +) is a locally compact topological group, there exists a Haar measure dz, which
is invariant under translations, i.e., d(z 4+ a) = dz. If we normalize this measure by
the condition fzp dx = 1, then dz is unique.

Notation 1 We will use Q2 (p_r|;r: — a|p) to denote the characteristic function of the
ball Br(a). For more general sets, we will use the notation 1a for the characteristic
function of set A.



2.3 The Bruhat-Schwartz space

A complex-valued function ¢ defined on Q), is called locally constant if for any = € Q,
there exist an integer I(x) € Z such that

o(xz +a") = p(z) for any 2’ € By(y,). (2.1)

A function ¢ : Q, — C is called a Bruhat-Schwartz function (or a test function) if
it is locally constant with compact support. Any test function can be represented
as a linear combination, with complex coefficients, of characteristic functions of balls.
The C-vector space of Bruhat-Schwartz functions is denoted by D(Q,). We denote
by Dr(Qp) the R-vector space of Bruhat-Schwartz functions. For ¢ € D(Q,), the
largest number | = I(y) satisfying is called the exponent of local constancy (or
the parameter of constancy) of .

We denote by C (Q,), the C-vector space of continuous functions defined on Q,
and by Cr (Qp) its real counterpart.

2.4 L’ spaces

Given an open subset U of subset of Qp, and p € [1,00), we denote by L? (U) :=
L*? (U,dx) , the C-vector space of all the complex-valued functions ¢ satisfying

1

loll, = / o @) de b < oo,
U

The corresponding R-vector space are denoted as L§ (U) = Lg (U,dz), 1 < p < oo.
We denote by D(U) the C-vector space of test functions with supports contained in
U, then D(U) is dense in L” (U), for 1 < p < oo, see e.g., [I, Section 4.3].

2.5 The Fourier transform

Set x,(y) = exp(2mi{y}p) for y € Qp. The map x,(-) is an additive character on Qy,
i.e., a continuous map from (Qp, +) into S (the unit circle considered as multiplicative
group) satisfying x,(zo+21) = X, (%0)x,(*1), 0,1 € Qp. The additive characters of
Qp form an Abelian group which is isomorphic to (Qp, +). The isomorphism is given
by k — x,(kz), see, e.g., [I, Section 2.3].

The Fourier transform of ¢ € D(Q)) is defined as

(Fo(©) = [ xpleo)pla)d, for € € Q.
Qp
where dz is the normalized Haar measure on Q,. We will also use the notation F,_¢p
and @ for the Fourier transform of ¢.
The Fourier transform extends to L? (Q,). If f € L? (Q,), its Fourier transform is
defined as
FN@=jim [ (i@ forceq,

|x|p§pk

where the limit is taken in L? (Q,).

2.6 Distributions

The C-vector space D’ (Q,) of all continuous linear functionals on D(Q,) is called the
Bruhat-Schwartz space of distributions. Every linear functional on D(Q)) is contin-
uous, i.e., D' (Q,) agrees with the algebraic dual of D(Q,), see e.g., [25, Chapter 1,
V1.3, Lemma]. We denote by Dy (Q,) the dual space of Dr (Q,).



We endow D’ (Q,) with the weak topology, i.e., a sequence {7}, in D' (Qp)
converges to T if lim;_,o0 Tj (¢) = T (¢) for any ¢ € D(Qp). The map

D' (Qp) xD(Qy) — C
(T, ¢) = T(p)

is a bilinear form, which is continuous in 7" and ¢ separately. We call this map the
pairing between D’ (Q,) and D(Q,). From now on we will use (7', ¢) instead of T ().
Every f in Lj,. defines a distribution f € D’ (Q,) by the formula

(f, ) = Q{ [ ()¢ (x)de.

Notice that for f € L§ (Qp), (f, ) = (f,9), where (-,-) denotes the scalar product in
Lz (Qp)-

2.7 The Fourier transform of a distribution
The Fourier transform F [T of a distribution T' € D’ (Q,) is defined by
(F[T],¢) = (T, F[g]) for all p € D(Qy).

The Fourier transform T' — F [T is a linear and continuous isomorphism from D’ (Q,)
onto D’ (Qp). Furthermore, T = F [F [T] (=£)].

3 Vladimirov operator and p-adic wavelets

3.1 The p-adic heat equation

For a > 0, the Vladimirov operator D¢ is defined as
D(Qy) — L*(Qp)NC(Qyp)
e D%,

where

(DQQO) (l‘) _ : igfp:71 / [30 (1' _‘yﬁl‘/g; @Y (m)] dy.
Qp P

The p-adic analogue of the heat equation is

Ou (z,t)
ot

The solution of the Cauchy problem attached to the heat equation with initial datum
u(z,0) = ¢ (x) € D(Qp) is given by

+aD%u (z,t) =0, with a > 0.

U(M):/Z(w—y,t)w(y)dy,

Qp
where Z (z,t) is the p-adic heat kernel defined as
Z(z,t) = /Xp (—x€) e8I de, (3.1)
Qp

where x, (—z€) is the standard additive character of the group (Qp,+). The p-adic
heat kernel is the transition density function of a Markov stochastic process with space
state Qp, see, e.g., [13], [28].



3.2 The p-adic heat equation on the unit ball

We define the operator D§, o > 0, by restricting D to D(Zp,) and considering
(D%p) (z) only for x € Zy. The operator Df satisfies

. 19 [pm—y) @)
(DF ~Nelo) = 71y [ Ay (32)
Zp
for ¢ €D(Zy), with
)= p— 1 (e
- pa+1 _ lp

Consider the Cauchy problem
ulet) 4 (D§ — Nu(z,t) =0, x€Zp, t>0;
u(w,()):gp(x)7 T € ZLp,

where ¢ €D(Z,). The solution of this problem is given by

u(@t) = [ Zo(e = 0,00 ) dy. € Zy. t >0
ZP
where
Zo(z,t) := eMZ(x,t) + c(t), :EGZp,t>0

oo

1
C(t) =1- 1 - >\t Z —'n.oL—l7

=0
and Z(z,t) is given (3.1)). The function Zo(x, t) is non-negative for = € Z,, t > 0, and

/Zo(x,t)dw =1,

Zp

[13]. Furthermore, Zy(z,t) is the transition density function of a Markov process with
space state Z,.

3.3 p-adic wavelets supported in balls
The set of functions {¥,.,;} defined as

Wrny (2) =92 X, (07 (00 =) @ (1972 = nl, ) (3.3)

where r € Z, j € {1,--- ,p— 1}, and n runs through a fixed set of representatives of
Qp/Zp, is an orthonormal basis of L?(Q,) consisting of eigenvectors of operator D® :

DV,,; = p(l_T)a\Ilmj for any 7,n, 7,

see, e.g., [12, Theorem 3.29], [1, Theorem 9.4.2]. By using this basis, it is possible to
construct an orthonormal basis for L?(Z,):

Proposition 1 (|29, Propositions 1, 2]) The set of functions

{Q(|’”|p>}U U U U (%@} (3.4)

je{l,....,p—1} r<0 npiTGZp
n€Qp/Zp



is an orthonormal basis of L*? (Z,). Furthermore,

L*(Z,) = CQ (|a;| ) Priz (3.5)

where

L3(Z,) =4 fe L2<Zp);/f dz =0

Now, by using (3.2)), (3.3), (3.4), the functions in (3.4)) are eigenfunctions of D§ — \:
(D§ = A) Ty = p' ", (3.6)

forany r <0,n€p'Z,NQp/Zyp, j €{1,...,p— 1}, and

(DS —\) (\m|p) =0 (|x|p) , for € Z,. (3.7)

3.3.1 An eigenvalue problem in the unit ball

We now consider the following eigenvalue problem:

(D§ —X)0(x)=rO(x), KER
(3.8)
0cL§(Z,).

By using (3.6)-(3.7), the functions ¥,,; (z) given in (3.4) are complex-valued eigen-
functions of 1) with eigenvalues k € { (17”0‘; r < 0¢. Therefore

v cos ({7} ) (2 ),

o s (a5 03),) 0 (7 ).
with [p™"nl, <1 and r<0,n€pZ,NQp/Zp, j€{1,...,p— 1}, are real-valued

eigenfunctions of (3.8) with x = p(1~ T)O‘ Furthermore, any f ( ) € L3 (Z,) admits an
expansion of the form

= Zp% Re(Arn;j) cos ({priljx - pilnj}p) Q (|pTx - n|p)

™mj

=S (A sin ({7 gz —p7 g}, ) @ (We—nl,) (39
rnj
T A0 (mp)
where
Re(Arnj) = /f cos p iz —p 'nj p) Q (|prm — n|p) dz,
t(Ar) =p% [ f()sin ({550 = pn},) @ (197~ )
Zp
and
Ap = /f(m)dw
Zp



4 A p-adic FitzHugh-Nagumo system on 7,

A reaction-diffusion system exhibits diffusion-driven instability, or Turing instability,
if the homogeneous steady state is stable to small perturbations in the absence of dif-
fusion but unstable to small spatial perturbations when diffusion is present. The main
process driving the spatially inhomogeneous instability is diffusion: the mechanism
determines the spatial pattern that evolves. For Turing instability, we require that the
system is stable in the absence of diffusion.

From now on, we set u(z,t),v(z,t) : Zp X [0,00) — R. We consider the following
FitzZHugh-Nagumo system with p-adic diffusion:

u(-,t),v(-,t) € L&(Zy), for t > 0;

u(z,0),v(x,0) € LE(Zp), ulz,0),v(x,0), x € Zp;

(4.1)
G (x,t) = f(u,v)— (D = N u(x,t), @€ Ly, t>0;
% (x,t) = g(u,v) — d(D§ = N v(x,t), €Ly, t>0,
where
Fluyv) = pu— = v, glu,v) = y(u — dv— B), (4.2)

and pu, B, v # 0, § # 0, d are real numbers.

4.1 Homogeneous steady states

We now consider a homogeneous steady state (also called an equilibrium point) of
(4.1) which is a positive (uo, vo) solution of

% = f(u,v), t>0

(4.3)
% = g(u,v), t>0.
The equilibrium points associated with (4.3)) are given by
pu—ud —v=0
(4.4)
v(u—dv—3)=0.
Using the substitution method on (4.4), we have that (4.4)) is equivalent to
uFnu4T=0, (4.5)
where n := % and 7 := —% Here we use the hypothesis that v # 0, § # 0.

We denote by ug a real solution of 1) Then (uo,vo), with vo = uogﬂ, is the real
equilibrium point of (4.3).
We denote by oeigen (D§ — A) to the set of eigenvalues of D — A. We also set

K1 = % {(d (1 —3ug) — ) — \/(d (1 — 3u2) — v6)° — 4ddet(A)} , (4.6)
K2 = % {(d (1 —3ud) —~6) + \/(d (1 — 3u2) — v6)° — 4ddet(A)} , (4.7)

where

lt 2]l 2]
Gu Gv | g v=0g Gup  Guo



Notice that A is the Jacobian matrix of the mapping (u,v) — (f (u,v), g (u,v)). A
straighforward calculation shows that
[ w—=3ug -1

A .
ol -9

(4.8)

Theorem 4.1 Consider the reaction-diffusion system (4.1)). The steady state (uo,vo)
is linearly unstable (Turing unstable), if the following conditions hold:

1. Tr(A) = p—3ud =75 <0 ;

det(A) = —puyd + 3v6ud +~v >0 ;

d (,u — 3u(2,) — 0 > 0;

The derivatives p — 3ui and —y8 must have opposite signs;
(d (,u — 3u§) — 75)2 —4d (—,wy5 + 3youd + ’y) >0;

D ={k € 0eigen (D§ — N) 551 < k < K2} # 0.

S v o e

Furthermore, there are infinitely many unstable eigenmodes, and the Turing pattern

has the form @)

Proof. The proof is similar to the one given in [32]-[31]. However, in [32], the Turing
pattern is a function from the subspace of L2 (Z,) consisting of functions with average
zero, while here, the pattern is a function from L2 (Zp). For further details the reader
may consult the above mentioned references. The Turing pattern w(z,t) has the form

wizt)~ Y A’ (|prm—n|p) (4.9)

K1<k<K2 TN

+ Z Z Apnje?™'pT 2 cos ({p_lj (p"x — n)}p) Q (\prx - n\p)

K1<K<K2 TyN,]

+ Z Z Binje™p™ % sin ({p_lj (p"z — n)}p) Q (\pTx - n\p) ,

K1<K<K2 r,N,J

for t — oo, where p(k) are eigenvalues of matrix A depending on k € Teigen (D§ — N),
with Re(p(k)) > 0. m

5 Discrete FitzHugh-Nagumo systems

5.1 The Spaces Dy,
We fix L € N\ {0}, and define

Gr = ZP/pLZp-

Then, Gy, is a finite ring, with #Gr = p* elements. We set the following set of
representatives for the elements of Gr:

I=1Io+1Ip" +...+1p 1p" ",

where the I;s are p-adic digits, i.e., elements from {0,1,...,p — 1}. We define D1, to
be the space of test functions ¢ supported in the unit ball having the form

@) =p% > (DR (pHw ~11,) , with o(1) € R. (5.1)
IeGy,

Since Q (p*|z — I|,) Q (p" |z — J|p) = 0if I # J, the set

{P%Q (PL|1’ - I|p) iIe GL,M}



oo ol ol ol

Lo

o o oo

Figure 1: The heat map for matrix A¢; p=2,L =4,a=0.1.

is an orthonormal basis for Dy. Then, by using that

ol = |pE 3 lo(D)2 / Q(p-fe — I,) da
ZP

IeGy,

[ > LoD,

(D, || - llp2) =~ (R#GL, |-|R) as Hilbert spaces,

we have

where ||, denotes the usual norm of R#¥“z.

5.2 Discretization of the operator Dy — A

A natural discretization of D§ — X is obtained by taking its restriction to Dr. We
denote this restriction by D¢ — A. Since Dy, is a finite vector space, D — X is

represented by a matrix A7 = [ % 1} KIeG) where
’ ’ L
—L q1_pe 1 .
[ . — .
p T—p~ o1 |g_qa+1 it K#I

«
K,I = (52)

,% 1—p®

1 : _
—p 1—p—a—1ZK¢I|K_I\‘;+1 -A if K=1,

see [32].

5.3 Discretization of the p-adic Turing System (4.1]

A discretization of the Turing system (4.1) is obtained by approximating the functions
u(x,t), v(z,t) as

urlet) = > un(1,6)Q ("o~ 11,)

IeGy,
and

vr(z,t) = Z v (1, 1)Q (pL|:c - I\p) ,

I€G,

10



where uz(1,-), vr.(I,-) € C*([0,T]) for some fixed positive T. We set
uL(xut) = [uL(Lt)]IeGL P UL(mvt) = [vL(Ivt)]IGGL .

Notice that

P w@oe (e —11,), > ur(L02 (Pl - J1,)

IeGy, JeG
= > Flun 0,0 (1,6)Q (p 2~ 11,)
I€GT,
= > {punll,t) = wd (L) (1,0} 2 ("o — 11,) -
I€G

A similar formula holds for function g. Then, using (4.2)), the discretization of the
p-adic Turing system (4.1)) has the form:

% [UL(I’ t)]IeGL = [.U'UL(L t) - u%(jvt) - UL(Lt)] IeGy A% [uL(Ivt)}IeGL
% [UL(Ivt)}IeGL = [’7 (U‘L(I7t) - &UL(Iat) - B)]IEGL - dA% [UL(Ivt)]IeGL )
(5.3)
where AT = [A?{’I]K,IEGL'

We now rewrite system (5.3) in a matrix form. We denote by diag (ar; I € Gr), a
diagonal matrix of size #G 1, X #G . Now, by using (5.2) and (5.3]), we have

o [ 0],

9 _ (5.4)
ot
[UL(Iat)}IeGL
diag (f (ur(l,t),ve(l,t);1 € GL) Ogapx#or
Onayx#Gy diag (g (ur(I,t),ve(I,t)); 1 € Gr)
Iyapxncr,  Ogapx#or Af Opcpx#ay [ur (X, V)] req,
Oncpx#ay  dlypopx#ar Opcpx#ay AL [ve (I, t)]IeGL

where Oxc, x#c, denotes a matriz of size #G x #Gr with all its entries equal to
zero, and Ixq; x#c,; denotes the identity matrix of size #Gr X #GL.

5.4 Discrete homogeneous steady states
We study the equilibrium points of the system
9 [ur(Z, t)]]ch
at
[vr(I, t)}IeGL
diag (f (ur(L,t),ve(1,1));1 € GL) Opcpx#oy
Opc L x#ay diag (g (ur(1,t),vL(l,t));1 € Gr)
The equilibrium points are the solutions of the following system of algebraic equations:

J (ur(I),ve(I)) =0

g (ur(l),ve (1)) =0,

(5.6)

11



where I € Gr. Notice that if f (uo,v0) = g (uo,v0) = 0, then ur(I) = uo, vr.(I) = vo
is a solution of (5.6)) for any I € Gr.

Take n = and T = —%, as before. Then,
[UO]IEGL
(5.7)
[UO]IeGL
is one equilibrium point.
5.5 The Jacobian matrix
We now consider the following polynomial mapping:
R2#GL — R2#GL
[ur(Dliee, [f (ur (D), v(D))]req, (5.8)
— .
[UL(I)]IGGL [g(uL(I)va(I))}IeGL

We denote by Vf (ug,vo), the 1 X 2 matrix [ af(go’“‘)) af(gg’“‘)) ], and by

diag (Vf (uo,v0) ;I € GL),
the block diagonal matrix

Vf (UO,’Uo) 0

0 V f (uo,v0)
of size #G X 2#G . In a similar form, we define the block diagonal matrix
diag (Vg (uo,v0);1 € G1).

The Jacobian matrix .4 of mapping (5.8)) at the equilibrium point (5.7)) is the 2#G, X
2# G, matrix

[ vy (uoﬂjo) 0 -
= 0 vf (U‘O?vo) _ dlag (vf ('UJO,'Uo);I € GL)
A= g (uo,v0) 0 =
s diag(Vg(UO,Uo);IeGL)
B O vg (UO,'U()) n

We now set

9f(uo,v0)  9f(uo,v0) :| { Vi (UO,UO) }

N (Bu ) 9 (Bv )
g(uop,v0 g{uo,v0
Ou v v‘g (u07 ’UO)

as before, and by a finite sequence of swapings of rows, matrix A can be writen as

A 0
A = , (5.9)
0 A

which is a #Gr X #G1 block matrix.
We denote by o (Af) the spectrum of A, and use the k1, k2 defined in (4.6)-(4.7).
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Theorem 5.1 Let us consider the reaction-diffusion system . The discrete steady

[UO]IeGL
state is linearly unstable (Turing unstable), if the following conditions

[DO]IEG’L
hold:

Tr(A) = p—3ud —v6 <0 ;

. det(A) = —pyd + 3v6ud +v >0 ;

d(p—3uf) — v >0;

The derivatives p — 3u? and —y8 must have opposite signs;
(d(p—3u) — 75)2 —4d (—pyd + 3y6ug +v) >0 ;

I'p ={rkr € 0 (A%); k1 < kL < Ko} # 0.

Furthermore, the Turing pattern has the form .

ST N I S

Proof. We first linearize sytem (5.4)) about the steady state (5.7). Set

[wf(1.0)]

IeGy, [ur(l,t) — U’O}IGGL

[w(LQ)(I, t)] o [vp.(I,t) — UO]IEGL

Then the linear approximation is

[wf)(l, t)] [w(LD([,t)]

IeGy, IeGyL
=A
<2)”} [(2>It]
[wian], w o],
The equilibrium point
0;eq,
(5.10)
0];eq,

is linearly stable, if the eigenvalues of 4 have negative real parts. By a suitable
sequence of swapings of the rows of A, we have

det (A — pI) = £ det (A" — pI) = £det (A — pI)*2 .

Then the eigenvalues of A are exactly the eigenvalues of A counted with multiplicity
Gr:

p— 2 p—
det (A — pI) = det [ H 3:0 p =p° — pTr(A) +det(A4) =0. (5.11)

Then

i\/(u — 3u3 — 46)” — 4 (—pyd + 3y6ud + 7) Lh 3u — 6§
2 2 '

P12 =
The condition Re(p, ,) < 0 is guaranteed, if the trace and the determinant of matrix

A satisty
Tr(A) <0, det(A) > 0. (5.12)

13



Now, we linearize the entire reaction-ultradiffusion system close to the steady state
(5.10)):

[w(1,1)] [w(1,0)]

o IeGy, IeGy,
< — (A— DLAZ) : (5.13)
" [ [w?(1,0)]
IeG IeGy
where
Tycpx#c,  Oncepx#ap AT Opcpx#ay,
DL = s A% =
Oncpx#ar,  dluapx#a; Opcpx#c, AL

The matrices A}, A$ are real symmetric, and consequently they are diagonalizable.
Then, there exists a basis {e.} of R#*“Z such that

«
AT e, = ke,

ale]=-o]

We now look for a solution of system (5.13) of the form

[wi (1)

where kK = k (L). Then

IeGy,

(2)
[,t]
[wL (I,t) lea,

where ng)(l, t)=>, pCN,pepteH, where p = p(j,1,L), k = k(j,I,L). The function
e’te, is a non-trivial solution of (5.13)), if p satisfies

det(pl — A+ xDr) =0. (5.14)

By a finite sequence of swapings of rows, we have

p[2><2 — A+ kD 0
det(pl — A+ kDp) = £ det .
0 p12><2 7A+I<LD
= +det (plaxa — A+ kD)#°L
=p? + k(1 +d) — Tr(A)p+ h(x) =0, (5.15)
where
1 0
=y af
and
h(k) == dk® — k (d (1 — 3ug) — 78) + det(A). (5.16)

Since k = 0 is not an eigenvalue of the matrix A¥, the conditions and
are independent. For that the steady state to be unstable for spatial perturbations,
we need that Re(p(k)) > 0, for some k # 0, this can happen either if the coefficient of
p in is negative or if h(k) < 0, for some k # 0 in (5.16). For being Tr(A) < 0
of the conditions and the coefficient of p in is k(1 4+ d) — T'r(A), which
is positive, so the only way that Re(p(x)) can be positive is if h(k) < 0 for some
k # 0. As det(A) > 0 of (5.12), in order for h(k) to be negative, it is necessary
that d (u— 3ug) — 8 > 0. Now, since Tr(A) = p — 3uj — 5 < 0, necessarily d # 1
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and p — 3ud and —yd must have opposite signs. Thus, we have that an additional
requirement to is that d # 1. This is a necessary, but not sufficient, condition
for that Re(p(x)) > 0. For that h(x) to be negative for some non zero k, the minimum
hmin of h(k) must be negative. Using elementary calculations, we show that

(d (1 = 3u) —0)*
1d ’

hmin = det(A) —

and the minimum is reached at

B d(,u—3ug) — 0
Fmin = — g . (5.17)

Therefore, the condition h(k) < 0 for some k # 0 is

(d(u — 3uB) — 73)*
4d

> det(A).
A bifurcation occurs when h,in, = 0, this happens when the condition

(d (,u — 3u(2)) — 76)2

det(A) = 1d ,

is verifiesd. This condition defines a critical diffusion d., which is given as an appro-
priate root of

(M — 3ug)2 d2 +2 (—2’7 + uyd — 376ug) de +74°5° =0.

The model (5.4]) for d > d. exhibits Turing instability, while for d < d. it does not.
Note that d. > 1. A critical ‘wavenumber’ is obtained using (5.17))

o de (1 —3ug) — o _[det(A)
T 2d. B de

(5.18)

When d > d., there is a range of number of unstable positive waves k1 < kK < K2, where
K1, K2 are the zeros of h(k) = 0, see (.6)-([4.7). We call to function p(x) the dispersion
relation. We note that, within the unstable range, Re(p(x)) > 0 has a maximum for
the wavenumber /s(m obtained from with d > d.. Then as t it increases, the

)
i),
behavior of is controlled by the dominant mode, that is, those
(2) It :|
w0,
PRt ZN } with Re(p(k)) > 0, since the other modes go to zero exponentially. We
K

recall that k = x (L). For this reason, we use the notation k = k. Wit this notation,

w ()~ Y A I) e ey, for t = o0, (5.19)

k1<K <K2

where j =1,2. =

Digernes and his collaborators have studies extensively the problem of approxima-
tion of spectra of Vladimirov operator D by matrices of type AZ, [6]-[§]. By using the
fact that the eigenvalues ¢ # X\ and eigenfuntions ¥,,; of D§ — A are also eigenvalues
and eigenfunctions of D%, and Theorem 4.1 in [7], one concludes that for L sufficiently
large, the eigenvalues of matrix Af approximate the eigenvalues ¢ # A of Dg — A, in
a symbolic form I'y, &~ I' \ {\}.
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Turing unstable region
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-1.8

—-2.04

ay

—2.2 1

O, = —

2.4

—2.6 4

—2.8

-3.0

Figure 2: All the points in the green region of the (fu, g», )-plane, which satisfies
the conditions (1) — (5) of Theorem[5.1] The parameters are p = 2, u = 2.66, 3 =
0.1,60 =0.5,7y=3.8,d=3, L =9, and (uy,v;) = (—0.535, —1.270).

6 Numerical approximations of Turing patterns

This section presents numerical approximations of Turing patterns associated with
specific p-adic FitzZHugh-Nagumo systems. By suitable choosing of the parameters
(t,7,9,8,d, with d > 1), we find a region where the conditions (1)-(5) of Theorem
[6.1] are satisfied. Then we solve numerically the system of ODEs (5.4). Finally, we
give various visualizations of the solutions intending to show several aspects of the
Turing patterns. To construct a region (called the Turing unstable region), we use an
(fuys 9v,) Plane, i.e., we set

xzfu1:/~/*_3u%» y:gm:_'}/&

Figureshows a Turing unstable region associated with a steady state of system (5.4)).
The parameters (u,7,0,3,d, with d > 1) that give rise to green points in Fig
correspond to some Turing pattern.

The last condition in Theorem [5.1]is shown in the left part of Figure [3] More
precisely, the eigenvalues of matrix Af between the dotted lines (which represent the
values K1, K2) satisfy condition (6) in Theorem The right part of Figure shows
the eigenvalues of operator D§ — A, see Section [3.3] For L sufficiently large, the
eigenvalues of Af approach to the ones of D — A, such it was discussed at the end of
Section

Figures [ and [§] show the Turing patterns, which are solutions of the Cauchy
problem associated with system , with an initial datum close to (u1,v1), for ¢
sufficiently large. Figure@shows that the activator ur (I, t) behaves a wave for ¢ large,
while the inhibitor vz, (I, t) has a negligible oscillation. This fact is shown very clearly
in Figure [0
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Eigenvalues of Af

Eigenvalues Df — A

____________________ 12
LOT v Gegenla)
0.81 1.0 -_:..'.'-'-"'"" """"""
0.6 1
0.4 0.81
02— i —— Teigen(DF = A)
0.0 =
024 0.4
04 ]
0.2
06— | o]
0 50 100 150 10 15

Figure 3: The left part of the figure shows the first 150 eigenvalues of the matrix
A% which is a discretization of the Vladimirov operator D§ — A. The right part
of the figure shows the first 20 eigenvalues of Dy — A. Notice that eigenvalue A

is very close to 1.

activator, ug(l, -)

t

Figure 4: The activator states ur,(1,-) for 2000 < ¢ < 10000, and L = 9. The
vertical scale runs through the points of tree Gy.
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inhibitor, vi (!, -) - -0.06463222952793686

-0.0646322295279371

Figure 5: The inhibitor states ur(I,-) for 2000 < ¢t < 10000, and L = 9. The
vertical scale runs through the points of tree Gg. The oscillation of the values
of the inhibitor states is negligible.

inhibidor v, (I, -)

activador u.(l, ) 1le—13—6.463222952e—2
—2.368 - —78.8 4
—2.369 -
—79.0
—2.370
—79.2
—2.371
_2.372 4 —79.4
—2.373 _79.6 1
—2.374 -
—79.8
—2.375
T T T T —80.0 - T T T T
2500 5000 7500 10000 2500 5000 7500 10000
t t

Figure 6: This figure shows the evolution of all the states of the system
for time 2000 < ¢t < 10000. At time ¢t = 0, the initial datum for the Cauchy
problem is (1, v1), where u; is sample of a Gaussian variable with mean u; and
variance 0.1, and v is sample of a Gaussian variable with mean v; and variance
0.1. For any initial state (uy,v1), the system develops the Turing pattern
showed in this figure. In the right figure, the vertical scale takes values in the
interval [1 x 1736463222952 x 172].
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activator, ur(/, -) inhibitor, v (I, -)

—2.368
—2.370

. 1-2.372 \ -79.5

(Cad (Chd

Figure 7: This figure is a 3D version of Figure [6] It shows the evolution of all
the states of the system ([5.4)) for time 2000 < ¢ < 10000. The initial datum
for the Cauchy problem chose as in Figure[6] The Turing pattern is a traveling
wave.

References

1]

S. Albeverio, A. Yu. Khrennikov, V. M. Shelkovich, Theory of p-adic distribu-
tions: linear and nonlinear models. London Mathematical Society Lecture Note
Series, 370 (Cambridge University Press, Cambridge, 2010).

B. Ambrosio, M. A. Aziz-Alaoui, V. L. E. Phan, “Global attractor of complex net-
works of reaction-diffusion systems of Fitzhugh-Nagumo type,” Discrete Contin.
Dyn. Syst., Ser. B 23 (9), 3787-3797 (2018)

S. Boccaletti, V. Latora, Y. Moreno, M. Chavez, D.-U. Hwang, “Complex net-
works: structure and dynamics,” Phys. Rep. 424 (4-5), 175-308 (2006)

Timoteo Carletti and Hiroya Nakao, “Turing patterns in a network-reduced
FitzHugh-Nagumo model,” Phys. Rev. E, 101, 022203 (2020).

Soon-Yeong Chung, Jae-Hwang Lee, “Blow-up for discrete reaction-diffusion
equations on networks,” Appl. Anal. Discrete Math. 9 (1), 103-119 (2015).

Trond Digernes, “A review of finite approximations, Archimedean and non-
Archimedean,” p-Adic Numbers Ultrametric Anal. Appl. 10 (4), 253-266 (2018).

E. M. Bakken, T. Digernes, “Finite approximations of physical models over local
fields,” p-Adic Numbers Ultrametric Anal. Appl. 7 (4), 245-258 (2015).

E. M. Bakken, T. Digernes, M. U. Lund, D. Weisbart, “Finite approximations of
physical models over p-adic fields,” p-Adic Numbers Ultrametric Anal. Appl. 5
(4), 249-259 (2013).

B. Dragovich, A. Yu. Khrennikov, S. V. Kozyrev, I. V. Volovich, On p-adic math-
ematical physics, p-Adic Numbers Ultrametric Anal. Appl. 1 (2009), no. 1, 1-17.

Paul R. Halmos, Measure Theory (D. Van Nostrand Company, 1950).

Yusuke Ide, Hirofumi Izuhara, Takuya Machida, “Turing instability in reaction-
diffusion models on complex networks,” Physica A 457, 331-347 (2016).

Andrei Khrennikov, Sergei Kozyrev, W. A. Zuniga-Galindo, Ultrametric Equa-
tions and its Applications, Encyclopedia of Mathematics and its Applications
168 (Cambridge University Press, 2018).

19



[13]
[14]
[15]
[16]
[17]
18]
[19]

20]

(21]

(22]

Anatoly N. Kochubei, Pseudo-differential equations and stochastics over non-
Archimedean fields (Marcel Dekker, Inc., New York, 2001).

M. Mocarlo Zheng, Bin Shao, Qi Ouyang, “Identifying network topologies that
can generate Turing pattern,” J. Theor. Biol. 408, 88-96 (2016).

Delio Mugnolo, Semigroup methods for evolution equations on networks. Under-
standing Complezx Systems (Springer, Cham, 2014).

J. D. Murray, Mathematical biology. I. An introduction (Third edition. Springer-
Verlag, New York, 2003).

Hiroya Nakao and Alexander S. Mikhailov, “Turing patterns in network-organized
activator-inhibitor systems,” Nature Physics 6, 544-550 (2010).

H. G. Othmer, L. E. Scriven, “Instability and dynamic pattern in cellular net-
works,” J. Theor. Biol. 32, 507-537 (1971).

H. G. Othmer, L. E. Scriven, “Nonlinear aspects of dynamic pattern in cellular
networks,” J. Theor. Biol. 43, 83-112 (1974).

Benoit Perthame, Parabolic equations in biology. Growth, reaction, movement
and diffusion. Lecture Notes on Mathematical Modelling in the Life Sciences
(Springer, Cham, 2015).

Hiroto Shoji, Kohtaro Yamada, Daishin Ueyama, Takao Ohta, “Turing patterns
in three dimensions,” Phys. Rev. E 75 (4), 046212, 13 pp. (2007)

Angela Slavova, Pietro Zecca, “Complex behavior of polynomial FitzHugh-
Nagumo cellular neural network model,” Nonlinear Anal., Real World Appl. 8
(4), 1331-1340 (2007).

M. H. Taibleson, Fourier analysis on local fields (Princeton University Press,
1975).

A. M. Turing, “The chemical basis of morphogenesis,” Phil. Trans. R. Soc. Lond.
B 237, 37-72 (1952).

V. S. Vladimirov, I. V. Volovich, E. 1. Zelenov, p-adic analysis and mathematical
physics (World Scientific, 1994).

Joachim von Below, José A. Lubary, “Instability of stationary solutions of
reaction-diffusion-equations on graphs,” Result. Math. 68 (1-2), 171-201(2015).

Hongyong Zhao, Xuanxuan Huang, Xuebing Zhang, “Turing instability and pat-
tern formation of neural networks with reaction-diffusion terms,” Nonlinear Dy-
nam. 76 (1), 115-124 (2014).

W. A. Zuniga-Galindo, Pseudodifferential equations over non-Archimedean
spaces. Lectures Notes in Mathematics 2174 (Springer, Cham, 2016).

W.A. Zuniga-Galindo, “Eigen paradox and the quasispecies model in a non-
Archimedean framework,” Phys. A 602, Paper No. 127648, 18 pp. (2022).

W. A. Zuiiga-Galindo, “Non-Archimedean Reaction-Ultradiffusion Equations
and Complex Hierarchic Systems,” Nonlinearity 31 (6), 2590-2616 (2018).

W.A. Zuniga-Galindo, “Reaction-diffusion equations on complex networks and
Turing patterns, via p-adic analysis,” J. Math. Anal. Appl. 491 (1), 124239, 39
pp. (2020).

W.A. Zuhiga-Galindo, “Non-Archimedean Models of Morphogenesis.” In: Zuniga-
Galindo, W.A., Toni, B. (eds) Advances in Non-Archimedean Analysis and Appli-

cations. STEAM-H: Science, Technology, Engineering, Agriculture, Mathematics
& Health (Springer, Cham2021).

20



	Turing patterns in a p-adic FitzHugh-Nagumo system on the unit ball
	Introduction
	p-Adic Analysis: Essential Ideas
	The field of p-adic numbers
	Basic topology of Qp
	The Bruhat-Schwartz space
	L0=x"011A spaces
	The Fourier transform
	Distributions
	The Fourier transform of a distribution

	 Vladimirov operator and p-adic wavelets
	The p-adic heat equation
	The p-adic heat equation on the unit ball
	p-adic wavelets supported in balls
	 An eigenvalue problem in the unit ball


	 A p-adic FitzHugh-Nagumo system on Zp
	Homogeneous steady states

	 Discrete FitzHugh-Nagumo systems
	The Spaces DL
	Discretization of the operator bold0mu mumu DDDDDD00=x"010B-0=x"0115
	Discretization of the p-adic Turing System (4.1)
	Discrete homogeneous steady states
	The Jacobian matrix

	 Numerical approximations of Turing patterns

