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Departamento de Matemáticas, Universidad Centroccidental Lisandro Alvarado, Barquisimeto, Venezuela

Received: 7 Apr. 2016, Revised: 6 Jun. 2016, Accepted: 7 Jun.2016
Published online: 1 Sep. 2016

Abstract: In this paper, we consider(s,m)-convex functions in second sense which were introduced andstudied by N. Eftekhari .
We prove several Féjer-Hermite-Hadamard type integral inequalities for(s,m)-convex functions in second sense. Our results include
several new and known results as special cases. We expect that the ideas and techniques used in this paper may inspire interested readers
to explore some new applications of these newly introduced functions in various fields of pure and applied sciences.
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1 Introduction

In recent years, theory of convex functions has received
special attention by many researchers because of its
importance in different fields of science like biology,
economy and optimization, in particular, in recent years
various generalizations and extensions of the classical
convexity have been introduced and so the theory of
inequalities has made significant contributions in various
areas of mathematics.

This research is dedicated to generalize some results
related to convex functions, attributed to Charles Hermite
[10], Jaques Hadamard [9] and Lipót Fejér [8].

The Hermite-Hadamard and Fejér inequalities have
been under intense investigation. Many applications and
generalizations; its proofs can be found in the literature,
for example, [1,3,13,15,17,18,23], and their references.

A function f : I ⊂R→R is said to be convex function,
if

f (tx+(1− t)y)≤ t f (x)+ (1− t) f (y),

for all x,y∈ I andt ∈ [0,1].
The following double inequality, which is well known

as the Hermite-Hadamard inequality.

Theorem 1(See [9]). Let f : I ⊆ R → R be a convex
function on the interval I of real numbers and a,b ∈ I
with a< b. Then

f

(

a+b
2

)

≤
1

(b−a)

∫ b

a
f (x)dx (1)

≤
f (a)+ f (b)

2
. (2)

In the year 1905 Leopold Féjer [8] gave a
generalization of the inequality (1) as the following:

Theorem 2.If f : [a,b]⊂ R→ R is a convex function, and
g : [a,b] → R is nonnegative, integrable and symmetric

about
a+b

2
, then

f

(

a+b
2

)

∫ b

a
g(x)dx

≤
∫ b

a
f (x)g(x)dx

≤
f (a)+ f (b)

2

∫ b

a
g(x)dx. (3)

For some results which generalize, improve, and
extend the inequalities (1), see [4,5].

In the year 1984, G. Toader, [20], defined
m−convexity, an intermediate between usual convexity
and the starshaped property, as the following:

Definition 1(see [20]). The function f: [0,b]→ R, b> 0,
is said to be m-convex, where m∈ [0,1], if we have

f (tx+m(1− t)y)≤ t f (x)+m(1− t) f (y) (4)
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for all x,y∈ [0,b] and t∈ [0,1].

Denote byKm(b) the set ofm-convex functions on
[0,b] for which f (0)≤ 0.

Remark.For m= 1, we recapture the concept of convex
functions defined on[0,b], and m = 0 the concept of
starshaped functions on[0,b], i.e. f (tx) ≤ t f (x), for all
x∈ [0,b] andt ∈ [0,1].

In the same article we can find the following results.

Lemma 1.[21]

1.If f ∈ Km(b), then f it is starshaped.
2.If f is m-convex and0< n<m≤ 1, then f is n-convex.

It is important to note that form ∈ (0,1) there are
continuous and differentiable functions that arem-convex,
but they aren’t convex in the standard sense (Ver [22]).

In [6], S.S. Dragomir and G. Toader prove the
following inequality type Hermite-Hadamard:

Theorem 3([6]). Let f : [0,+∞) → R to be a m-convex
function with m∈ (0,1]. If 0 ≤ a < b < +∞ and
f ∈ L1([a,b]), then one has the inequality:

1
b−a

∫ b

a
f (x)dx (5)

≤ min















f (a)+m f

(

b
m

)

2
,

f (b)+m f
( a

m

)

2















. (6)

There are some generalizations of this result, which
can be found in [11].

Also in the year 2008, prove the following theorem of
Hermite-Hadamard type for differentiable functions.

Theorem 4([12] ). Let I be an open real interval such that
[0,+∞)⊆ I. Let f : I →R be a differentiable on I such that
f ′ ∈ L1[a,b] where0≤ a< b< +∞. If | f ′|q is m−convex
on [a,b] for some fixed m∈ (0,1] and q∈ [1,+∞), then

1
b−a

∫ b

a
f (x)dx

≤
b−a

4
min





























| f ′(a)|q+m| f ′(
b
m
)|q

2







1
q

,





| f ′(b)|q+m| f ′(
a
m
)|q

2





1
q























.

In the year 1978 , W.W. Breckner (see [2]), introduced
the definition ofs− convex of real valued functions in
second sense:

Definition 2(see [2]). Let0< s≤ 1. A function f: [0,b]→
R, is said to be s−convex in the second sense if:

f (tx+(1− t)y)≤ ts f (x)+ (1− t)sf (y),

for all x,y∈ [0,b], and t∈ [0,1].
S. S. Dragomir and S. Fitzpatrik (see [5]) prove the

following theorem:

Theorem 5.Let f : [0,+∞) → [0,+∞) be a s−convex
mapping in the second sense with s∈ (0,1). If
a,b∈ [0,+∞), with a< b, f ∈ L1([a,b]), then:

2s−1 f

(

a+b
2

)

≤
1

b−a

∫ b

a
f (x)dx≤

f (a)+ f (b)
s+1

.

In the year 1993 V. Mihesan (see [16]), introduced the
class of(s,m)− convex functions as the following:

Definition 3([16]). The function f: [0,b]→R is said to be
(s,m)− convex, where s,m∈ (0,1], if for every x,y∈ [a,b]
and t∈ [0,1] we have

f (tx+m(1− t)y)≤ ts f (x)+m(1− ts) f (y).

Recently, in the year 2014, combining notions ofs -
convexity in the second sense of Breckner with
m-convexity, N. Eftekhari (see [7]) introduced the class of
(s,m) - convexity in the second sense.

Definition 4([7]). A function f : [0,b] → R is said to be
(s,m)−convex in the second sense, where(s,m) ∈ (0,1]2

if for every x,y∈ [0,b] and t∈ [0,1] we have

f (tx+m(1− t)y)≤ ts f (x)+m(1− t)sf (y).

Now gives way to the main objective of this paper,
establish inequality of the Hermite-Hadamard-Fejér type
for functions(s,m)-convex in the second sense.

2 Some basic properties

Proposition 1.Let f : [0,+∞) → R be a (s,m)-convex
function in second sense, where s,m∈ (0,1], and let a,b
be nonnegative real numbers with a< b. Then for any
x∈ [a,b] there is t∈ [0,1] such that

f (a+b−x)

≤ ts( f (b)+ f (a))+m(1− t)s
(

f
( a

m

)

+ f

(

b
m

))

− f (x) .
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Proof.Since anyx ∈ [a,b] can be represented asx = ta+
(1− t)b, t ∈ [0,1], then

f (a+b−x)

= f (a+b− (ta+(1− t)b)) = f ((1− t)a+ tb)

= f
(

tb+m(1− t)
a
m

)

≤ ts f (b)+m(1− t)s f
( a

m

)

= ts f (b)+m(1− t)s f
( a

m

)

− ts f (a)+ ts f (a)

+m(1− t)s f

(

b
m

)

−m(1− t)s f

(

b
m

)

≤ ts( f (b)+ f (a))+m(1− t)s
(

f
( a

m

)

+ f

(

b
m

))

−ts f (a)−m(1− t)s f

(

b
m

)

≤ ts( f (b)+ f (a))+m(1− t)s
(

f
( a

m

)

+ f

(

b
m

))

− f

(

ta+m(1− t)
b
m

)

= ts( f (b)+ f (a))+m(1− t)s
(

f
( a

m

)

+ f

(

b
m

))

− f (x) .

Proposition 2.If f i : [0,+∞) → R, i = 1, ...,n, are (s,m)-
convex functions in second sense, where(s,m) ∈ (0,1]2,
then the function given by f:= max

i=1,2,...,n
{ fi} is also(s,m)-

convex in second sense.

Proof.If x,y∈ [0,+∞) andt ∈ [0,1] then

fi(tx+m(1− t)y)

≤ ts fi(x)+m(1− t)sfi(y)

≤ ts max
i=1,2,...,n

{ fi(x)}+m(1− t)s max
i=1,2,...,n

{ fi(y)}

= ts f (x)+m(1− t)s f (y).

Proposition 3.Let fn : [0,+∞) → R be is a sequence of
functions. If fn is (s,m)-convex function in second sense,
for all n ≥ k and fn(x) → f (x) ( on [0,+∞)), then f is
(s,m)-convex function in second sense.

Proof.If x,y∈ [0,+∞) andt ∈ [0,1], we have, forn≥ k.

fn(tx+m(1− t)y) ≤ ts fn(x)+m(1− t)sfn(y), ∀n≥ k

lim
n→∞

fn(tx+m(1− t)y) ≤ lim
n→∞

{ts fn(x)+m(1− t)sfn(y)}

f (tx+m(1− t)y) ≤ ts f (x)+m(1− t)s f (y),

this completes the proof.

Proposition 4.Let f : [0,+∞) → R be a (s1,m)−convex
function in second sense and let g: [0,+∞) → R be a
(s2,m)-convex function in second sense, where
s1,s2,m∈ (0,1]. Then f+ g is (s,m)-convex function in
second sense, where s= min{s1,s2}.

Proof.

( f +g)(tx+m(1− t)y)
= f (tx+m(1− t)y)+g(tx+m(1− t)y)
≤ ts1 f (x)+m(1− t)s1 f (y)+ ts2g(x)+m(1− t)s2g(y)
≤ ts f (x)+m(1− t)s f (y)+ tsg(x)+m(1− t)sg(y)
= ts( f (x)+g(x))+m(1− t)s( f (x)+g(x))
= ts( f +g)(x)+m(1− t)s( f +g)(y).

Proposition 5.Let f : [0,+∞) → R be a (s,m)-convex
function in second sense, where(s,m) ∈ (0,1]2.

If λ ≥ 0, thenλ f is (s,m)-convex function in second
sense.

Proof.Forx,y∈ [0,+∞) andt ∈ [0,1], then

λ f (tx+m(1− t)y) ≤ λ (ts f (x)+m(1− t)s f (y))

= tsλ f (x)+m(1− t)sλ f (y)

= ts(λ f )(x)+m(1− t)s(λ f )(y).

This completes the proof.

Proposition 6.Let f : [0,b] → R, b > 0 be an m-convex
functions with m∈ (0,1], and g: I ⊆ f ([0,b]) → R be
nondecreasing and(s,m)-convex in second sense on I for
some fixed s∈ (0,1], then g◦ f is (s,m)−convex in second
sense on[0,b].

Proof.Let x,y∈ [0,b] andt ∈ [0,1]. We have successively

f (tx+m(1− t)y) ≤ t f (x)+m(1− t) f (y)

g( f (tx+m(1− t)y)) ≤ g(t f (x)+m(1− t) f (y))

≤ tsg( f (x))+m(1− t)sg( f (y)),

which shows thatg◦ f is (s,m)−convex in second sense
on [0,b].

Theorem 6.Let f : [0,+∞) → R a finite function on
[

ma,
b
m

]

⊆ [0,+∞), (s,m)−convex in second sense with

m∈ (0,1]. Then f is bounded on any closed interval[a,b].

Proof.Let x∈ [a,b], then there is at ∈ [0,1] such thatx=
ta+(1− t)b, we have

f (x) = f (ta+(1− t)b)

≤ ts f (a)+m(1− t)sf

(

b
m

)

≤ f (a)+ f

(

b
m

)

.

Thus, f is upper bounded on[a,b].
Now we notice that anyx ∈ [a,b] can be written as

a+b
2

+ t for |t| ≤
b−a

2
(see [14]),

f

(

a+b
2

)

= f

(

1
2

(

a+b
2

+ t

)

+
1
2

(

a+b
2

− t

))

≤
1
2s f

(

a+b
2

+ t

)

+
m
2s f







a+b
2

− t

m






.
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Applying the first part of this theorem in the interval
[

a
m
,

b
m

]

, we obtain that

f

(

a+b
2

)

−

[

f
( a

m

)

+ f

(

b

m2

)]

≤ f

(

a+b
2

)

−
m
2s f







a+b
2

− t

m







≤
1
2s f

(

a+b
2

+ t

)

=
1
2s f (x).

Which we obtain that

2s f

(

a+b
2

)

−2s
[

f
( a

m

)

+ f

(

b

m2

)]

≤ f (x),

3 Main results

The proof of the following theorem is a technique similar
to the theorem 5 in [19].

Theorem 7.Let f : I ⊆ [0,+∞) → [0,+∞) be a
(s,m)−convex in second sense function, a,b ∈ I with
a < b, f ∈ L1([a,b]) and g: [a,b] → R is nonnegative,

integrable and symmetric about
a+b

2
. Then

∫ b

a
f (x)g(x)dx

≤
f (a)+ f (b)

2

∫ b

a

(

b−x
b−a

)s

g(x)dx

+
m
2

[

f
( a

m

)

+ f

(

b
m

)]

∫ b

a

(

x−a
b−a

)s

g(x)dx.

Proof.Since f and g are real nonnegative functions,g is

integrable and symmetric about
a+b

2
, we will have that

∫ b

a
f (x)g(x)dx

=
1
2

[

∫ b

a
f (x)g(x)dx+

∫ b

a
f (a+b−x)g(a+b−x)dx

]

=
1
2

∫ b

a
[ f (x)+ f (a+b−x)]g(x)dx

=
1
2

∫ b

a

{

f

(

a

(

b−x
b−a

)

+b

(

x−a
b−a

))

+ f

(

a

(

x−a
b−a

)

+b

(

b−x
b−a

))}

g(x)dx

≤
1
2

∫ b

a

{(

b−x
b−a

)s

f (a)+m

(

x−a
b−a

)s

f

(

b
m

)

+m

(

x−a
b−a

)s

f
( a

m

)

+

(

b−x
b−a

)s

f (b)

}

g(x)dx

=
f (a)+ f (b)

2

∫ b

a

(

b−x
b−a

)s

g(x)dx

+
m
2

[

f
( a

m

)

+ f

(

b
m

)]

∫ b

a

(

x−a
b−a

)s

g(x)dx.

The proof is complete.

Remark.Note that if we dom= 1 in the previous theorem
we obtain inequality of the Hermite-Hadamard-Féjer type
for s-convex functions, i.e.:

∫ b

a
f (x)g(x)dx

≤
f (a)+ f (b)

2

∫ b

a

[(

b− x
b−a

)s

+

(

x−a
b−a

)s]

g(x)dx.

Corollary 1.Under the same hypotheses of theorem7, if
g(x) = 1, we have:

1
(b−a)

∫ b

a
f (x)dx

≤

(

f (a)+ f (b)
2

+
m
2

[

f
( a

m

)

+ f

(

b
m

)])(

1
2s

)

.

Proof.If we takeg(x) = 1 in theorem7, we have:

∫ b

a
f (x)dx

≤
f (a)+ f (b)

2

∫ b

a

(

b− x
b−a

)s

dx

+
m
2

[

f
( a

m

)

+ f

(

b
m

)]

∫ b

a

(

x−a
b−a

)s

dx.

Given that the functionϕ(x) = xs is concave if 0< s≤ 1,
then from Jensen’s inequality:

1
b−a

∫ b

a
f (x)dx

≤
f (a)+ f (b)

2

(

1
b−a

∫ b

a

b− x
b−a

dx

)s

+
m
2

[

f
( a

m

)

+ f

(

b
m

)](

1
b−a

∫ b

a

x−a
b−a

dx

)s

=
1
2s

(

f (a)+ f (b)
2

+
m
2

[

f
( a

m

)

+ f

(

b
m

)])

=
1

2s+1

(

f (a)+ f (b)+m

[

f
( a

m

)

+ f

(

b
m

)])

.

The following theorem will serve for a lower level to
the left inequality (3), for functions(s,m)-convex in the
second sense.

Theorem 8.Let f : I ⊆ R → [0,+∞) be is(s,m)−convex
in second sense function, a,b ∈ I with a < b,
f ∈ L1[c,d],where c= min{a/m,a}and d= max{b,b/m}
and g : [a,b] → R is nonnegative, integrable and

symmetric about
a+b

2
. Then

f

(

a+b
2

)

∫ b

a
g(x)dx

≤
1
2s

∫ b

a
f (x)g(x)dx+

m
2s

∫ b

a
f
( x

m

)

g(x)dx.

c© 2016 NSP
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Proof.Since f : I ⊆ R → [0,+∞) be is (s,m)−convex in
second sense function andg : [a,b] → R is nonnegative,

integrable and symmetric about
a+b

2
.

f

(

a+b
2

)

∫ b

a
g(x)dx

=
∫ b

a
f

(

a+b−x+x
2

)

g(x)dx

≤
∫ b

a

[

1
2s f (a+b−x)+

m
2s f

( x
m

)

]

g(x)dx

=
1
2s

∫ b

a
f (a+b−x)g(x)dx+

( m
2s

)

∫ b

a
f
( x

m

)

g(x)dx

=
1
2s

∫ b

a
f (a+b−x)g(a+b−x)dx+

( m
2s

)

∫ b

a
f
( x

m

)

g(x)dx

=
1
2s

∫ b

a
f (x)g(x)dx+

m
2s

∫ b

a
f
( x

m

)

g(x)dx.

Remark.In Theorem8, if we takem= 1, then

f

(

a+b
2

)

∫ b

a
g(x)dx≤

1
2s−1

∫ b

a
f (x)g(x)dx,

which is an inequality of the Hermite-Hadamard-Féjer
type fors-convex functions.

Corollary 2.Under the same hypotheses of theorem8, if
g(x) = 1 and m= 1, we have:

f

(

a+b
2

)

(b−a) ≤
1

2s−1

∫ b

a
f (x)dx.

In this case we obtain inequality on the side left of the
theorem5.

We finally establish a Hermite-Hadamard type
inequalities for the product of functions when the product
is a function(s,m) - convex in the second sense.

Theorem 9.Let f : [0,+∞) → R be a (s,m)-convex in
second sense, where s,m∈ (0,1], and let a,b ∈ [0,+∞)
with a < b. Suppose that f∈ L1[a,b/m], and that
g : [a,b]→ R is a nonnegative, integrable function which

is symmetric with respect to
a+b

2
. Then

2s f

(

a+b
2

) b
∫

a

g(x)dx−m

b
∫

a

f
( x

m

)

g(x)dx

≤

b
∫

a

f (x)g(x)dx.

Proof.In this case we have

f

(

a+b
2

) b
∫

a

g(x)dx

=

b
∫

a

f

(

a+b−x
2

+
m
2

x
m

)

g(x)dx

≤

b
∫

a

(

1
2s f (a+b−x)+

m
2s f

( x
m

)

)

g(x)dx

=
1
2s

b
∫

a

f (a+b−x)g(x)dx+
m
2s

b
∫

a

f
( x

m

)

g(x)dx

=
1
2s

b
∫

a

f (a+b−x)g(a+b−x)dx+
m
2s

b
∫

a

f
( x

m

)

g(x)dx

=
1
2s

b
∫

a

f (x)g(x)dx+
m
2s

b
∫

a

f
( x

m

)

g(x)dx,

thus obtaining the required inequality.

Theorem 10.Let f,g : [0,+∞) → [0,+∞) be such that
f g ∈ L1([a,b]), where 0 ≤ a < b < ∞. If f is
(s1,m1)-convex function and g is(s2,m2)-convex function
on [a,b], for some fixed m1,m2,s1,s2 ∈ (0,1], then

1
b−a

∫ b

a
f (t)g(t)dt ≤ min{M1,M2},

where

M1 :=
1

s1+s2+1

(

f (a)g(a)+m1m2 f

(

b
m1

)

g

(

b
m2

))

+
s1s2Γ (s1)Γ (s2)

(s1+s2+1)(s1+s2)Γ (s1+s2)

·

(

m2 f (a)g

(

b
m2

)

+m1 f

(

b
m1

)

g(a)

)

and

M2 :=
1

s1+s2+1

(

f (b)g(b)+m1m2 f

(

a
m1

)

g

(

a
m2

))

+
s1s2Γ (s1)Γ (s2)

(s1+s2+1)(s1+s2)Γ (s1+s2)

·

(

m2 f (b)g

(

a
m2

)

+m1 f

(

a
m1

)

g(b)

)

.

Proof.We have

f (tx+(1− t)y) ≤ ts1 f (x)+m1(1− t)s1 f

(

y
m1

)

g(tx+(1− t)y) ≤ ts2g(x)+m2(1− t)s2g

(

y
m2

)

,

for all t ∈ [0,1]. f andg are nonnegative, hence
f (ta+(1− t)b) ·g(ta+(1− t)b)

≤ ts1+s2 f (a)g(a)+m2ts1(1− t)s2 f (a)g

(

b
m2

)

+m1(1− t)s1 f

(

b
m1

)

ts2g(a)

+m1(1− t)s1 f

(

b
m1

)

m2(1− t)s2g

(

b
m2

)

.

Integrating both sides of the above inequality over
[0,1], we obtain
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1
b−a

∫ b

a
f (t)g(t)dt =

∫ 1

0
f (ta− (1− t)b)g(ta+(1− t)b)dt

≤ f (a)g(a)
∫ 1

0
ts1+s2dt+m2 f (a)g

(

b
m2

)

∫ 1

0
ts1(1− t)s2

+m1 f

(

b
m1

)

g(a)
∫ 1

0
(1− t)s1ts2dt

+m1m2 f

(

b
m1

)

g

(

b
m2

)

∫ 1

0
(1− t)s1+s2dt

= f (a)g(a)B(s1+s2+1,1)+m2 f (a)g

(

b
m2

)

B(s1+1,s2+1)

+m1 f

(

b
m1

)

g(a)B(s2+1,s1+1)

+m1m2 f

(

b
m1

)

g

(

b
m2

)

B(1,s1+s2+1),

whereB is the Euler Beta-function. Then,

1
b−a

∫ b

a
f (t)g(t)dt

≤ f (a)g(a)
Γ (s1+s2+1)Γ (1)

Γ (s1+s2+2)

+m2 f (a)g

(

b
m2

)

Γ (s1+1)Γ (s2+1)
Γ (s1+s2+2)

+m1 f

(

b
m1

)

g(a)
Γ (s2+1)Γ (s1+1)

Γ (s1+s2+2)

+m1m2 f

(

b
m1

)

g

(

b
m2

)

Γ (1)Γ (s1+s2+1)
Γ (s1+s2+2)

= f (a)g(a)
(s1+s2)Γ (s1+s2)

(s1+s2+1)(s1+s2)Γ (s1+s2)

+m2 f (a)g

(

b
m2

)

s1Γ (s1)s2Γ (s2)

(s1+s2+1)(s1+s2)Γ (s1+s2)

+m1 f

(

b
m1

)

g(a)
s2Γ (s2)s1Γ (s1)

(s1+s2+1)(s1+s2)Γ (s1+s2)

+m1m2 f

(

b
m1

)

g

(

b
m2

)

(s1+s2)Γ (s1+s2)

(s1+s2+1)(s1+s2)Γ (s1+s2)

= f (a)g(a)
1

(s1+s2+1)

+m2 f (a)g

(

b
m2

)

s1s2Γ (s1)Γ (s2)

(s1+s2+1)(s1+s2)Γ (s1+s2)

+m1 f

(

b
m1

)

g(a)
s1s2Γ (s2)Γ (s1)

(s1+s2+1)(s1+s2)Γ (s1+s2)

+m1m2 f

(

b
m1

)

g

(

b
m2

)

1
(s1+s2+1)

=
1

s1+s2+1

(

f (a)g(a)+m1m2 f

(

b
m1

)

g

(

b
m2

))

+
s1s2Γ (s1)Γ (s2)

(s1+s2+1)(s1+s2)Γ (s1+s2)

·

(

m2 f (a)g

(

b
m2

)

+m1 f

(

b
m1

)

g(a)

)

.

Analogously we obtain

1
b−a

∫ b

a
f (t)g(t)dt

≤
1

s1+s2+1

(

f (b)g(b)+m1m2 f

(

a
m1

)

g

(

a
m2

))

+
s1s2Γ (s1)Γ (s2)

(s1+s2+1)(s1+s2)Γ (s1+s2)

·

(

m2 f (b)g

(

a
m2

)

+m1 f

(

a
m1

)

g(b)

)

,

hence

1
b−a

∫ b

a
f (t)g(t)dt ≤ min{M1,M2}.

Theorem 11.Let f : I ⊆ R→ [0,+∞) be is(s,m)−convex
in second sense function, a,b ∈ I with a < b, f ∈
L1[c,d],where c= min{a/m,a} and d= max{b,b/m}.
Then

2s f

(

a+b
2

)

−
m

(b−a)

∫ b

a
f
( t

m

)

dt

≤
1

b−a

∫ b

a
f (t)dt

≤
1

s+1
min

{

f (a)+m f

(

b
m

)

, f (b)+m f
( a

m

)

}

. (7)

Proof.Since f is (s,m)−convex in second sense onI , we
get

f (tx+(1− t)y) ≤ ts f (x)+m(1− t)s f
( y

m

)

. (8)

It is easy to observe that

f

(

a+b
2

)

= f

(

ta+(1− t)b+(1− t)a+ tb
2

)

≤
1
2s f (ta+(1− t)b)+

m
2s f

(

(1− t)a+ tb
m

)

Integrating over the interval(0,1), we obtain

f

(

a+b
2

)

≤
1
2s

∫ 1

0
f (ta+(1− t)b)dt+

m
2s

∫ 1

0
f

(

(1− t)a+ tb
m

)

dt

=
1

2s(b−a)

∫ b

a
f (t)dt+

m
2s(b−a)

∫ b

a
f
( t

m

)

dt

We obtain

2s f

(

a+b
2

)

−
m

(b−a)

∫ b

a
f
( t

m

)

dt ≤
1

b−a

∫ b

a
f (t)dt. (9)

This last inequality corresponds to the first inequality
as indicated on the thesis.

On the other hand, for allt ∈ [0,1], we have that

f (ta+(1− t)b) ≤ ts f (a)+m(1− t)s f

(

b
m

)

Integrating the above inequality over the interval(0,1),
we obtain
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∫ 1

0
f (ta+(1− t)b)dt ≤ f (a)

∫ 1

0
tsdt+m f

(

b
m

)

∫ 1

0
(1− t)sdt

=
1

s+1

[

f (a)+m f

(

b
m

)]

.

Consequently,

1
b−a

∫ b

a
f (x)dx≤

1
s+1

[

f (a)+m f

(

b
m

)]

.

Using a similar procedure, we obtain that

1
b−a

∫ b

a
f (x)dx≤

1
s+1

[

f (b)+m f
( a

m

)]

.

Therefore we get the inequality on the right side at (7),
this completes the proof of the theorem.

Theorem 12.Let f : [0,+∞) → [0,+∞) be is
(s,m)−convex in second sense function, a,b ∈ [0,+∞)
with a< b, s,m∈ L1([0,1]). Then

1
m+1





1
mb−a

mb
∫

a

f (t)dt+
1

b−ma

b
∫

ma

f (t)dt



 ≤
f (a)+ f (b)

s+1
. (10)

Proof.Since f is (s,m)−convex in second sense on
[0,+∞), we get

f (ta+m(1− t)b) ≤ ts f (a)+m(1− t)s f (b)

f ((1− t)a+mtb) ≤ (1− t)s f (a)+mts f (b)

f (mta+(1− t)b) ≤ mts f (a)+(1− t)s f (b)

f (m(1− t)a+ tb) ≤ m(1− t)s f (a)+ ts f (b)

Adding the above four inequalities, we get

f (ta+m(1− t)b)+ f ((1− t)a+mtb)

+ f (mta+(1− t)b)+ f (m(1− t)a+ tb)

≤ ((1− t)s+ ts)(m f(b)+ f (a)+ f (b)+m f(a)).

Now, integrating over the interval(0,1), we have

1
∫

0

[ f (ta+m(1− t)b)+ f ((1− t)a+mtb)dt

+

1
∫

0

f (mta+(1− t)b)+ f (m(1− t)a+ tb)]dt

≤

1
∫

0

(m+1)((1− t)s+ ts)( f (a)+ f (b))dt.

Where,

2
mb−a

mb
∫

a

f (t)dt+
2

b−ma

b
∫

ma

f (t)dt

≤

1
∫

0

(m+1)((1− t)s+ ts)( f (a)+ f (b))dt.

Now,

1
m+1





1
mb−a

mb
∫

a

f (t)dt+
1

b−ma

b
∫

ma

f (t)dt



 ≤
f (a)+ f (b)

s+1
.

Remark.Note that ifm= 1 in Theorem12 we obtain the
right side of the Hermite Hadamard inequality for
s-convex functions.

1
b−a

b
∫

a

f (t)dt ≤
f (a)+ f (b)

s+1
. (11)

We expect that the ideas and techniques used in this
paper may inspire interested readers to explore some new
applications of these newly introduced functions in various
fields of pure and applied sciences.
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Inequalities to Jensen’s inequality for m-convex and (α, m)
convex functions, J. Inequal. Pure and Appl. Math, 7(5),
(2006), Art. 194,http//jipam.vu.edu.au/article.php?sid=811.
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