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Correlated electron-pair properties of the Be atom in position
and momentum spaces
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Based on multiconfiguration Hartree—Fock calculations, correlated electron-pair int(eetatere

motion) and extraculdcenter-of-mass motigrproperties are reported for the Be atom in position

and momentum spaces. Particularly in the latter space, the present results are more accurate and
consistent than those in the literature. 2002 American Institute of Physics.
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I. INTRODUCTION AND DEFINITIONS % _ w o
<Vn>5f dv v"H(v), (Pn>Ef dP P'D(P), (4)
For an explicit examination of the electron—electron in- 0 0

teraction in many-electron atoms, the electron-pair intracultw1erepi is the momentum vector of the electrorThe den-
(relative motion H(u) and extracule(center-of-mass mo- sitiesﬁ(v) andS(P) and moments»") and(P" have the

tion) D(R) densities, physical meanings analogous to those of their position-space
N counterparts, but in momentum space.
5(u—|ri—rj|)>, In a recent papét,it was shown that the precise and
i+1 consistent knowledge of the electron-pair moments is impor-
(1) tant, because in addition to their own significance, the four
types of the second electron-pair momefu$), (R?), (v?),
and(P?) are directly related to several physical properties,
which have been hitherto studied independently. Examples
have been introducédnd studied;°whered(x) is the one-  are diamagnetic susceptibility, form factor, incoherent scat-
dimensional Dirac delta function and the angular brackets tering function, dipole polarizability, mass polarization cor-
stand for the expectation value over tReelectron N=2) rection, nuclear momentum squared, and moments of oscil-
wave function (x,...,XN) With x;=(r;,o;) being the com- lator strength density. Moreover, the second moments were
bined position-spin coordinates of the electiofThe intra-  demonstrated,to satisfy rigorous sum rules
cule H(u) and extraculeD(R) densities are the probability 2 2 o
density functions for the interelectronic distarjce-r;| and Fpos=A4(R%)+(u%) =2(N=1)(r%) =0, (53
the center-of-mass radilis + rj|/2 of any pair of electrons Semom= 4<p2>+<,,2>_ 2(N— 1)<p2>=0, (5b)
andj to be u and R, respectively, and are normalized to i i
N(N—1)/2, the number of electron pairs. The moments asfor any exact and approximate wave functions of atoms and

2 2 ;
sociated with the electron-pair densitidgu) andD(R) are ~ molecules, where(r®) and (p%) are the second single-
defined by electron moments in position and momentum spaces, respec-

tively.
% o At the Hartree—Fock limit level, the electron-pair prop-
(uh= J'o duu'H(u), (R")= JO dRRD(R),  (2)  erties in both position and momentum spaces were
establishe*for all the 102 neutral atoms from He to Lr in
and characterize the distributions of the parent densities. Ifh€ir ground states. At the correlated level, however, the
particular(u~') is nothing but the electron repulsion energy, €lectron-pair properties were not known in a consistent man-
(uy is the average interelectronic distance, #Rilis the av-  ner except for the Hé and Li*® atoms. In the case of the Be
erage distance of electron pairs from the nucleus. The corrétom, se;/ezrzal correlated c;azlgulatlons were reported for the
sponding intraculeH (») and extraculeD(P) densities in gtr?ﬁmelth z‘;\]nd:xtraculléi dptrog_ertles in ptosn|0||1 T‘pa'fed'
: n n the other hand, correlated studies are extremely limited in
?glrge;;;%mbsggcs%;sé&/\:/ell as their momeny and(P"), momentum space: Only Sareaal 2>~?*published correlated
electron-pair data of the Be atom based on Monte Carlo cal-

j:

N—-1
H<u>z< El

N—-1

N
6(R—|ri+rj|/2)>,
i=1 j=i+1

D(R)E<

. N-1 N culations. However, a closer examination shows that the re-

H(v)={ E 5(v—|pi—pj|) , sults of Sarseet al. are insufficiently accurate in that the
=1 =it statistical uncertainty is large in the sum rule, the total energy
N-1 N 3 of the parent wave function is rather poor, and the virial error

D(P)=( > 2 S(P—|pi+pil/2) ), is pontnwal. Therefore, we have performed cc_)rrelated c_alcu-
i=1 jST+1 lations of the momentum-space electron-pair properties of
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TABLE |. Electron-pair properties of the Be atom in position space. For the Monte Carlo results, the statistical error in the last digit is givathespare

Correlated
Hartree—Fock Sarsaet al® Banyard—Mashat Gavezet al? Present Banyard—Mobbs Gavezet al!  Komasaet al?

Energies

E —14.57302 —14.65231) —14.660 90 —14.661 294) —14.662 53 —14.664 19 —14.66471) —14.667 36
—E/IT 1.000 00 0.996 76 e 0.998 49 1.000 00 e 1.000 00
Intracule moments
(u=?) 10.5366 9.66) e 9.591) 9.642 32 e 9.551) 9.536 92
(u™h 4.489 14 7.395@) e 4.35906) 4.380 13 4.3632 4.37%) 4.37470
(u) 15.1205 15.161) 15.3930 15.36(8) 15.2804 15.4404 15.30%) 15.2717
(u?) 51.9563 52.2®@) 53.6556 53.2R) 52.9295 e 53.153) 52.8490
(ud) 218.118 220.4) - 224.12) 223.015 e 224.72) 222.431
(u4) 1074.83 e 10981) 1094.42 e 10981) 1090.11
Extracule moments
(R?) 42.1465 43.26) e 43.76) 42.9430 . 43.148)
(R71) 8.978 29 9.273@Y) e 9.2411) 9.269 95 e 9.2802)
(R) 7.560 26 7.0776) e 7.0991) 7.076 75 . 7.0832)
(R? 12.9891 11.25@) - 11.1984) 11.1826 - 11.2287)
(R% 27.2647 21.82(B) e 21.231) 21.2990 e 21.532)
(R4> 67.1767 49.868) e 46.684) 47.1047 e 48.1Q9)
Other two-electron properties
(ry-ry) 0 e —2.3834 e —2.0498 —2.0316 —2.0582)
S(—1) 11.5459 8.1181

mr] 0 .o .o —0.0840 —-0.0827 —0.084@1)

Sum rule check
(r? 17.3188 16.2165) e 16.3487) 16.2767 16.3724 16.349 16.2459
Spos 0.0000 —0.008598) e —0.02679) 0.0000 e 0.004112
:References 9, 10. eReference 18.
CReferences 20, 23. fReference 22.

Reference 17. 9Reference 19.

YReference 21.

the Be atom in a more accurate yet consistent manner, ambsition space. The results are summarized and compared
the results are reported in this article. The position-spacevith the literature valuési®!’=2%in Table I, where the col-
results are also compared with those in the literature. Hartreemns are arranged in the decreasing order of the total ener-

atomic units are used throughout. gies of the parent wave functions. When the intracule mo-
ments (u") are compared, the present values show
Il. COMPUTATIONAL OUTLINE satisfactory agreements with those of Komasal® with

the lowest total energy. Except fgu~2) and (u~!), the
correlated Monte Carlo results of Baz et al?® have a
larger deviation from Komasat al. values than the present,
though their total energy is lower. For<O, the correlated
(u™) are smaller, while fon>0 the correlated moments are
larger than the Hartree—Fock valdes all the calculations.
Clearly, the electron correlation increases the average inter-
electronic separatiofu). These changes ifu") from their
Hartree—Fock values are consistent with the electron corre-
lation effect appeared in the radial dendityu) depicted in

We first constructed a multiconfiguration Hartree—Fock
(MCHF) wave function using a modified version of the
MCHF88 programz® By referring to the configurations em-
ployed by Froese Fischer and Sax@haye obtained a 30
configuration MCHF function, which consists o6%hs?(n
=2,3), 1s°3s4s, 1snp’(n=2,6), 1s?2p4p, 1s3d?,
1s°5f2, 2s?ns’(n=4-16), 2s°np?(n=3-5), 2s?2p4p,
2s’nd?(n=4,5), 2°nf’(n=4,6), 25?592, 2p24l¥(l
=s,p,d), 1s2s4s?, 1sanp2(n3=2,3), 1s2s2pnp(n
=3,4), 1s2s(!S)3p4p, and 1s2s(3S)3p4p electron con- ) ) . L .
figurations. Our MCHF total energf is —14.662 53 har- Fig. 1(a); AH(u) is positive in the regions 0.50u<1.09

trees, which recovers 94.9% of the correlation energy in th%]nd 3.4é<u§:7.8<7(,) ;v;ere;sfgg(u);z Zzgatrllve n:;unly n
Be atom'® The deviation in the virial ratie- E/T from unity € regions & u=9.50 and 1.9sU=s.44, Where the sym-

is 1x 109, whereT is the electronic kinetic energy. All the bol A stands for the correlated quantity subtracted by the

electron-pair densities and moments were then calculated P resPonding Hartree—Fock quantity. Analogous correlation
- - ffects inAH(u) were reported by Banyaret al!”*and by
the procedure described in Ref. 28. We used Talman’§ '

, 21 . " T
algorithn?® for the required Hankel transformation from Gadvez et al,“” but the first positive region is missing in the

position- to momentum-space functions. result of the latter authors.
The four sets of the correlated extracule moméeR?)

in Table | are not very different, but we expect that the

present MCHF values will be more reliable than the Monte
To check the accuracy of the present MCHF calcula-Carlo result§'~2%in view of the accuracy observed in the

tions, we have first computed the electron-pair properties ipartner intracule moments. The correlated moméeiRS)

IIl. RESULTS AND DISCUSSION
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0.04 TABLE II. Electron-pair properties of the Be atom in momentum space. For
[\ the Monte Carlo results, the statistical error in the last digit is given in
(). .| parentheses, when reported.

0.02 7
o / Correlated
\ / Hartree—Fock Sarsaet al® Gavezet al® Present
-0.02 [t

€l Energies
z E —14.57302 —14.65281) —14.661294) —14.66253
-0.04 —EIT 1.000 00 0.996 76 0.998 49 1.000 00
I Intracule moments
-0.08 (v7? 6.75557 6.915 7.1294 6.963 98
! (rh 3.809 40 3.834 3.8761 3.84312
008 (v 18.4571 18.422 18.428 18.4538
(v?) 87.4381 87.30 87.115 87.0550
(v®) 610 630 o 602
01 Extracule moments
° 2 4 6 8 10 (p-y 27.0223 21.46 21.065 20.7799
u (P7YH 7.61881 7.079 7.057 7.04104
(P) 9.22855 9.372 9.2294 9.35171
03 /\ (P?) 21.8595 22.2545 22.162 22.2238
025 (P3%) 76.2 77.1 77.6
/ \ (b) Other two-electron properties
02 (P;-Py) 0 0.4454) e 0.4601
0145 / \ S(+1) 19.4306 - e 20.1634
/ \ AP 0 e 0.0098 0.0105
ot Sum rule check
E oo / \ (p?) 29.1460 29.400 29.367 29.3251
b / \ Smom 0.0000 -0.082 —0.439 0.0000
0
\ ] aReferences 9, 10.
~005 pre PReferences 23, 24.
Yy \ / ‘Reference 25.
- 4
-0.15 /
-02 . . .
0 1 2 3 s 5 columns of the table are again arranged in the decreasing
R order of the associated total energies. When compared with

the Hartree—Fock valugghe intracule momentg¢v") are
Sound to be increased if<0 and decreased if>0 upon the
inclusion of the electron correlation. An exception is the pre-
vious calculation by Sarsat al,?* where they obtained a
correlated(»®) value (630) larger than the corresponding

FIG. 1. The electron correlation effect on the electron-pair densities of th
Be atom in position spacéa) Intracule density(b) Extracule density.

with n<0 are larger, while those with>0 are smaller than

their Hartree—Fock valué$.These changes correctly reflect Hzgtree—Fockl result(610. Tﬂe cprrelaﬂon contrlbutlo.n
the correlation contribution in the extracule densiyr) ~ AH(v) to the intracule densityd(v) in momentum space is
that the density is shifted from a large{R>1.58) to a depicted in Fig. 2. The differenceAH(v) is positive at
smallR (0<R<1.58) region, as shown in Fig(l). Gavez =~ 0<»<0.80 and 1.7¢.v<7.37, whereas it is negative at
et al?*?reported similar behavior fakD(R). The electron  0.80<»<1.79 andv>7.37. An analogous correlation effect

correlation in the Be atom reduces the average center-of¥as previously observed by Gaz et al*® The predominant
mass radiugR) of electron pairs. contribution of the electron correlation is the density shift
Table | also lists the inner produét;-r,), the minus froma largew to a smallv region, in accord with the change
first moment S(—1) of the dipole oscillator strength in the intracule momentg»") discussed previously. The
density®® and the statistical angular correlation €lectron correlation effect works to reduce the average dis-
coefficient? #{r]. Their values are similar among the corre- tance(») of two electrons in momentum space; an opposite
lated studies, except that tie;-r,) value of Banyard and result observed fofu) in position space.
Mashat’ is nontrivially smaller than the others. The last en- ~ On the other hand, Table Il shows that the electron cor-
try of Table | gives a sum rule chedk,sdefined by Eq(5a). ~ relation decreases the extracule mome(RS) with n<0
The vanishings,,s value in the present and Hartree—Fdtk  and increase¢P") with n>0 in all the calculations. The
calculations shows that the intracule and extracule propertiesorrelation effectAD(P) on the extracule densitl (P) is
are consistently obtained. However, we find nonzgafor  plotted in Fig. 2b), which shows that the extracule density
the Monte Carlo result®2though the value is within the mainly migrates from a smal- (0<P<0.40) to a largeR
sum of the statistical errors in the three relevant moments. (0.40<P<1.02) region, when the electron correlation is in-
The momentum-space electron-pair properties obtainedorporated. There are additional negative (¥@02<1.91)
from the present MCHF calculations are summarized anénd positive P>1.91) regions, but their contributions are
compared with the literature vallied:?*=2%in Table IIl. The  small. Thus, two electrons are less likely to have the opposite
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0.08 3 whereas it is nonzero for the results of Sagsal>>?*and of
006 L\ f Gdvez et al?® The statistical uncertainty was not reported
004 / \ @ for the electron-pair moments in momentum space. Judging
’ rom the total energies, virial errors, angl,,, values, we
f the total I |
0.02 \ consider that the present MCHF results are most accurate
0 among the three sets of available data summarized in Table
S |/ I
IT -0.02
< |/
-004 \ / IV. SUMMARY
~0.06 / For the Be atom, correlated electron-pair intracuéda-
-0.08 tive motion) and extraculgcenter-of-mass motignproper-
o1 / ties in position and momentum spaces have been reported
. \/ .
based on MCHF calculations.
-0.12
0 1 2 3 5 [ 7 8
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