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The Frobenius Problem for Generalized
Repunit Numerical Semigroups
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Abstract. In this paper, we introduce and study the numerical semi-
groups generated by {a1, a2, . . .} ⊂ N such that a1 is the repunit number
in base b > 1 of length n > 1 and ai − ai−1 = a bi−2, for every i ≥ 2,
where a is a positive integer relatively prime with a1. These numerical
semigroups generalize the repunit numerical semigroups among many
others. We show that they have interesting properties such as being ho-
mogeneous and Wilf. Moreover, we solve the Frobenius problem for this
family, by giving a closed formula for the Frobenius number in terms of
a, b and n, and compute other usual invariants such as the Apéry sets,
the genus or the type.
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Keywords. Numerical semigroup, Apéry sets, Frobenius problem, genus,
type, Wilf’s conjecture.

1. Introduction

Let N be the set of nonnegative integers. A numerical semigroup S is a subset
of N containing zero which is closed under addition of natural numbers and
such that N\S is finite. The cardinality of N\S is called the genus of S,
denoted g(S).

Numerical semigroups have a unique finite minimal system of genera-
tors, that is, given a numerical semigroup S there exists a unique set {a1, . . . ,
ae} ⊂ N such that

S = Na1 + · · · + Nae

and no proper subset of {a1, . . . , ae} generates S (see [10, Theorem 2.7]).
In this case, the set {a1, . . . , ae} is the minimal system of generators of S,
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its cardinality is called the embedding dimension of S, denoted e(S), and
min{a1, . . . , ae} is called the multiplicity of S, denoted m(S). Notice that
the finiteness of the genus implies that gcd(a1, . . . , ae) = 1. In fact, one has
that the necessary and sufficient condition for a subset A of N to generate a
numerical semigroup is gcd(A) = 1 (see, e.g., [10, Lemma 2.1]).

Let S be a numerical semigroup. Since N\S is finite, there exists the
greatest integer not in S which is called the Frobenius number of S, denoted
F(S). The so-called Frobenius problem deals with finding a closed formula
for F(S) in terms of the minimal systems of generators of S, if possible (see,
e.g., [9]).

Let b be a positive integer greater than 1. Set a1 =
∑n−1

j=0 bj and consider
the sequence (ai)i≥1 defined by the recurrence relation

ai − ai−1 = a bi−2, for every i ≥ 2,

where a and n are positive integers. In this paper, we study the numerical
semigroups, Sa(b, n), generated by {a1, a2, . . .}, provided that gcd(a1, a) = 1.
This last condition is necessary and sufficient for Sa(b, n) to be a numerical
semigroup (see Proposition 4). In this case, we say that Sa(b, n) is a gener-
alized repunit numerical semigroup as it generalizes the repunit numerical
semigroups studied in [11] (see Example 7).

Clearly, the generalized repunit numerical semigroup Sa(b, n) has mul-
tiplicity a1. Moreover, by Theorem 6, we have that Sa(b, n) is minimally gen-
erated by {a1, . . . , an}; in particular, the embedding dimension of Sa(b, n) is
n.

The main results in this paper are Theorem 22, which provides the
following formula for the Frobenius number of Sa(b, n):

F(Sa(b, n)) =

⎧
⎨

⎩

(n − 1) (bn − 1 − a) + a
(∑n−1

j=0 bj
)

if a < bn − 1;

bn − 1 − a + a
(∑n−1

j=0 bj
)

if a > bn − 1,

and Corollary 26, which gives the following formula for the genus of Sa(b, n):

g(Sa(b, n)) =
(n − 1) bn + a

(∑n−1
j=1 bj

)

2
.

To achieve these results, we take advantage of Selmer’s formulas, summarized
in Proposition 20. These formulas depend on the Apéry sets of Sa(b, n). We
explicitly compute the Apéry set of Sa(b, n) with respect to a1 (Theorem
15). This is a result that may seem technical; however, it reflects the inter-
nal structure of generalized repunit numerical semigroups. For instance, the
Apéry set of Sa(b, i) can be obtained from the Apéry set of Sa(b, i − 1), for
every i ≥ 3. This is Corollary 19 whose statement is a stronger version of [8,
Theorem 3.3] partially thanks to the fact that generalized repunit numerical
semigroups are homogeneous in the sense of [5] (Proposition 17).

The last section of the paper is devoted to the computation of the
pseudo-Frobenius numbers of Sa(b, n). Concretely, using our results in Sect. 3,
we explicitly compute the whole set of pseudo-Frobenius numbers of Sa(b, n)
and we obtain that its cardinality is n−1 (Proposition 29). So, we prove that
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the type of Sa(b, n) is equal to n − 1 which implies that Sa(b, n) is Wilf (see
Sect. 5 for further details).

Generalized repunit numerical semigroups have other interesting prop-
erties. Without going further, using Gröbner basis techniques, in [1] it is
proved that the toric ideal associated to Sa(b, n) is determinantal and that
the cardinal of any minimal presentation of Sa(b, n) is

(
n
2

)
. Moreover, follow-

ing [7], we proved that, for n > 3, generalized repunit numerical semigroups
are uniquely presented, in the sense of [4], if and only if a < b − 1.

Finally, we note that our results are also valid for the case b = 1. In this
case, ai = n + (i − 1) a, i ≥ 1, is an arithmetic sequence that generates a
MED semigroup, provided that gcd(n, a) = 1. These semigroups are widely
known (see, e.g., [10, Section 3]); for this reason and for the sake of simplicity,
we consider b > 1; so that a1 is properly a repunit number.

2. Generalized Repunit Numerical Semigroups

Let b > 1 be a positive integer.

Definition 1. A repunit number in base b is an integer whose representation
in base b contains only the digit 1.

We write rb(�) for the repunit number in base b of length �, that is,

rb(�) =
�−1∑

j=0

bj =
b� − 1
b − 1

.

By convention, we assume rb(0) = 0.

Example 2. The first six repunit numbers in base 2 are 1, 3, 7, 15, 31, 63 . . .,
whereas the first six repunit numbers in base 3, are 1, 4, 13, 40, 121, 364 . . ..
Observe that repunit numbers in base 2 are the Mersenne numbers.

Here and in what follows, a and n denote two positive integers.

Notation 3. Set ai := rb(n) + a rb(i − 1), i ≥ 1. Observe that a1 = rb(n) and
ai − ai−1 = a bi−2, for every i ≥ 2. We write Sa(b, n) for the submonoid of N

generated by ai, i≥1.

If n = 1, then a1 = 1 and therefore Sa(b, n) = N. So, in the following
we assume that n > 1.

Proposition 4. Sa(b, n) is a numerical semigroup if and only if gcd(rb(n), a)=1.

Proof. Let d = gcd(rb(n), a). By definition, Sa(b, n) ⊆ d N. Now, if Sa(b, n)
is a numerical semigroup, then N\d N ⊂ N\Sa(b, n) has finitely many ele-
ments, and hence d = 1. Conversely, if gcd(rb(n), a) = 1, then gcd(a1, a2) =
gcd(rb(n), rb(n) + a) = gcd(rb(n), a) = 1. So, a1N + a2N is a numerical semi-
group containing Sa(b, n). Therefore, N\Sa(b, n) ⊆ N\(a1N+a2N) has finitely
many elements, that is to say, Sa(b, n) is a numerical semigroup. �
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Let us prove that if gcd(rb(n), a) = 1, then {a1, . . . , an} is the minimal
generating set of Sa(b, n). We begin with a useful lemma.

Lemma 5. The following equality holds: an+i = ai + a bi−1 a1, for all i ≥ 1.

Proof. It suffices to observe that rb(n + i − 1) = rb(i − 1) + bi−1 rb(n), for all
i ≥ 1, and, consequently, that an+i = a1 + a rb(n + i − 1) = a1 + a (rb(i −
1) + bi−1rb(n)) = ai + a bi−1 a1, for all i ≥ 1. �

Observe that the previous lemma already implies that {a1, . . . , an} gen-
erates Sa(b, n). So, it remains to see that {a1, . . . , an} is minimal for the in-
clusion. In this case, by [10, Theorem 2.7], {a1, . . . , an} will be the (unique)
minimal system of generators of Sa(b, n).

Theorem 6. If Sa(b, n) is a numerical semigroup, then {a1, . . . , an} is the
minimal system of generators of Sa(b, n). In particular, the embedding di-
mension of Sa(b, n) is n.

Proof. By Lemma 5, we have that {a1, . . . , an} is a system of generators of
Sb(a, n). Now, since a1 < · · · < an, to see the minimality property, it suffices
to prove that ai �∈ 〈a1, . . . , ai−1〉 for every i ∈ {2, . . . , n}. By the condition
gcd(a1, a2) = gcd(a1, a) = 1 this is true for i = 2. Also when a = 1, we have
that ai − ak = rb(i − 1) − rb(k − 1) =

∑i−2
j=k−1 bj < a1, for every k ≤ i, and

consequently, ai �∈ 〈a1, . . . , ai−1〉.
So, from now on we assume a > 1 and i ∈ {3, . . . , n}. If ai ∈ 〈a1, . . . , ai−1〉,

then there exist u1, . . . , ui−1 ∈ N such that ai =
∑i−1

j=1 ujaj . Therefore,
ai = a1 + a rb(i − 1) is equal

( ∑i−1
j=1 uj

)
a1 + a

∑i−1
j=1 ujrb(j − 1) and thus

⎛

⎝
i−1∑

j=1

uj

⎞

⎠ a1 ≡ a1 (mod a).

Now, since Sa(b, n) is a numerical semigroup, by Proposition 4, we have
gcd(a1, a) = gcd(rb(n), a) = 1, and we conclude that

∑i−1
j=1 uj ≡ 1 (mod a).

If
∑i−1

j=1 uj = 1, then there exists k ∈ {1, . . . , i − 1} such that uk = 1 and
uj = 0 for every j �= k, that is to say, ai = ak which is not possible because
k < i. Thus, there exists a positive integer N such that

∑i−1
j=1 uj = 1 + N a.

Therefore, ai = (1 + N a) a1 ≥ (1 + a) a1 = an+1, where the last equal-
ity follows from Lemma 5. However, this inequality implies i ≥ n + 1, in
contradiction to our assumption. �

We emphasize that the hypothesis Sa(b, n) is a numerical semigroup
(equivalently, gcd(a1, . . . , an) = 1) cannot be avoided for the minimality
property of {a1, . . . , an}; for example, if b = 2, a = 5 and n = 4, we have
that a1 = 15, a2 = 20, a3 = 30 and a4 = 50; clearly, a1 and a2 suffice to
generate Sa(b, n), in this case.

Here and throughout this section, we suppose gcd(rb(n), a) = 1 so that
Sa(b, n) is a numerical semigroup with multiplicity a1 and, by Theorem 6,
of embedding dimension n. We call these semigroups generalized repunit nu-
merical semigroups or grepunit semigroups for short.
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Example 7.
(i) If a = 2n, a1 = 2n − 1 and b = 2, then Sa(b, n) is a Mersenne numerical

semigroup (see [12]).
(ii) If a = bn, then Sa(b, n) is a repunit numerical semigroup (see [11]).

The numerical semigroups in Example 7 are part of the larger family of
those numerical semigroups which are closed respect to the action of affine
maps. A numerical semigroup S is said to be closed respect to the action of
an affine map if there exists α ∈ N\{0} and β ∈ Z such that αs + β ∈ S, for
every s ∈ S\{0}.

Corollary 8. Sa(b, n) is closed by the action of the affine map x �→ b x + a −
(bn − 1).

Proof. We first, observe that

b aj + a − (bn − 1) = b aj + a − (b − 1)rb(n)

= b rb(n) − (b − 1) rb(n) + a b rb(j − 1) + a

= rb(n) + a b rb(j − 1) + a = rb(n) + a rb(j)
= aj+1,

for every j ≥ 1.
Now, since {a1, a2, . . . , an} generates Sa(b, n), given s ∈ S\{0}, there

exist ui ∈ N, i = 1, . . . , n, with uj �= 0 for some j, such that s =
∑n

i=1 uiai.
Therefore,

b s + a − (bn − 1) =
n∑

i=1

(uib) ai + a − (bn − 1)

=
n∑

i=1
i�=j

(uib) ai + (ujb) aj + a − (bn − 1)

=
n∑

i=1
i�=j

(uib) ai +
(
(uj − 1)b

)
aj + b aj + a − (bn − 1)

=
n∑

i=1
i�=j

(uib) ai +
(
(uj − 1)b

)
aj + aj+1 ∈ S,

as claimed. �

In [13], numerical semigroups which are closed respect to the action
of the affine maps x �→ αx + β, with α ∈ N\{0} and β ∈ N, are studied.
Therefore, by Corollary 8, the grepunit semigroup Sa(b, n) belongs to the
family studied in [13] if and only if a − (bn − 1) > 0; equivalently, a > bn − 1.

Remark 9. Grepunit semigroups could be seen also as shifted numerical
monoids in the sense of [8]; since, by Theorem 6, Sa(b, n) is minimally gen-
erated by

{a1, a1 + a rb(1), . . . , a1 + a rb(n − 1)}.
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Nevertheless, the hypothesis rb(n) = a1 > a2 rb(n − 1)2 required in [8] only
holds for grepunit semigroups when n = 2 and a2 < b + 1. Indeed, rb(n) >
a2 rb(n − 1)2 if and only if

a2 <
rb(n)

rb(n − 1)2
=

1 + b rb(n − 1)
rb(n − 1)2

=
1

rb(n − 1)2
+

b

rb(n − 1)
.

Now, as the right hand side is either 1+ b, if n = 2, or less than (1+2b)/(1+
b)2 < 1, otherwise, we are done.

To finish this section, we make explicit a set of relations which charac-
terizes Sa(b, n).

Lemma 10. For each pair of integers i ≥ 1 and j ≥ 1, it holds that b ai +
ai+j = b ai+j−1 + ai+1.

Proof. Since ai+j = a1 + a rb(i + j − 1) = a1 + a (rb(i − 1) + bi−1 rb(j)) =
ai + a bi−1 rb(j), for every j, we have that

b ai + ai+j = b ai + ai + a bi−1 rb(j)

= b ai + ai + a bi−1 (b rb(j − 1) + 1)

= b (ai + a bi−1 rb(j − 1)) + ai + a bi−1

= b ai+j−1 + (a1 + a rb(i − 1)) + a bi−1

= b ai+j−1 + ai+1,

as claimed. �

Let us delve into what it is said in Lemma 10. Consider the subgroup
L of Z

n generated by the rows of the (n − 1) × n−matrix

A =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

b −(b + 1) 1 0 . . . 0 0 0
0 b −(b + 1) 1 . . . 0 0 0
...

...
...

...
...

...
...

0 0 0 0 . . . b −(b + 1) 1
(a + 1) 0 0 0 . . . 0 b −(b + 1)

⎞

⎟
⎟
⎟
⎟
⎟
⎠

.

We first observe that, by Lemma 5, all the equalities in Lemma 10 can be
written in the form

vA

⎛

⎜
⎝

a1

...
an

⎞

⎟
⎠ = 0

for some v ∈ Z
n−1. Moreover, taking into account that, by Lemma 5 again,

an+1 = (a + 1) a1, a direct computation shows that the maximal minors of
A are equal to −a1, a2,−a3, . . . , (−1)nan. So, Z

n/L is a group of rank n − 1
which is torsion free if and only if gcd(a1, . . . , an) = 1; equivalently, Sa(b, n)
is a numerical semigroup by Proposition 4. Thus, in this case, we have that
the semigroup homomorphism

Sa(b, n) −→ N
n/L; s =

n∑

i=1

uiai �−→ (u1, . . . , un) + L,
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is an isomorphism; that is to say, Sa(b, n) is the finitely generated commuta-
tive monoid corresponding to the congruence ∼ on N

n defined by u ∼ v ⇐⇒
u − v ∈ L.

Now, as a straightforward consequence of the results in [6, Section 7.1]
we conclude the following.

Corollary 11. Let � be a field. The semigroup ideal of �[x1, . . . , xn] associated
to Sa(b, n) is equal to the ideal IL generated by

{xu1
1 · · · xun

n − xv1
1 · · · xvn

n | ui − vi ∈ L, i = 1, . . . , n}. (1)

Observe that accordingly to the definition of L the binomials in IL not
involving x1 are homogeneous.

3. Apéry Sets of Grepunit Semigroups

The main aim of this section is to determine the Apéry set of a grepunit
semigroup with respect to its multiplicity. Let us start by recalling what
Apéry sets of a numerical semigroup are.

Definition 12. Let S be a numerical semigroup. The Apéry set of S with
respect to s ∈ S, denoted Ap(S, s), is defined as

Ap(S, s) = {ω ∈ S | ω − s �∈ S}.

For the sake of simplicity, we write Ap(S) for the Apéry set of S with respect
to its multiplicity, that is, Ap(S) = Ap(S,m(S)).

Let a, b and n be three positive integers such that b > 1, n > 1 and
gcd(rb(n), a) = 1. As mentioned above, the main objective of this section is
to compute Ap(Sa(b, n)). To this end, we first introduce the sets R(b, i).

Definition 13. Let i ≥ 2 be an integer and define R(b, i) to be the subset of
N

i−1 whose elements (u2, . . . , ui) satisfy

(a) 0 ≤ uj ≤ b, for every j = 2, . . . , i;
(b) if uj = b, then uk = 0 for every k < j.

Observe that

R(b, i) = (R(b, i − 1) × {0, . . . , b − 1}) ∪ {(0, . . . , 0, b)} ⊂ N
i−1, (2)

for every i ≥ 3.

Lemma 14. The cardinality of R(b, i) is equal to rb(i), for every i ≥ 2.

Proof. We proceed by induction on i. If i = 2, then R(b, i) = {0, 1, . . . , b} and
rb(i) = b + 1. Suppose that i > 2 and that the result is true for i − 1. By (2),
the cardinality of R(b, i) is equal to b times the cardinality of R(b, i − 1) plus
one. Since, by induction hypothesis, the cardinality of R(b, i − 1) is equal to
rb(i − 1) and rb(i) = b rb(i − 1) + 1, we are done. �
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Recall that, by Proposition 4, we have that Sa(b, n) is a grepunit semi-
group if and only if gcd(rb(n), a) = 1. In this case, Sa(b, n) is minimally
generated by

a1 := rb(n), a2 := rb(n) + a rb(1), . . . , an := rb(n) + a rb(n − 1),

by Theorem 6.

Theorem 15. With the above notation, we have that

Ap(Sa(b, n)) =

{
n∑

i=2

uiai | (u2, . . . , un) ∈ R(b, n)

}

.

Proof. For the sake of simplicity of notation, we write S for Sa(b, n).
As Ap(S) ⊂ N, its elements are naturally ordered: 0 = ω1 < . . . < ωa1 .

So, we can proceed by induction on the index j of ωj . If j = 1, then ωj = 0;
so, by taking (0, . . . , 0) ∈ R(b, n) we are done. Suppose now that j > 1 and
that the result is true for every j′ < j. Let k be the smallest index such that
ωj −ak ∈ S. Clearly, (ωj −ak)−a1 �∈ S; otherwise ωj −a1 =

(
(ωj −ak)−a1

)
+

ak ∈ S, in contradiction with the fact that ωj ∈ Ap(S). Therefore ωj − ak ∈
Ap(S) and, by induction hypothesis, there exists (u2, . . . , un) ∈ R(b, n) such
that ωj − ak =

∑n
i=2 uiai. Thus,

ωj =
k−1∑

i=2

uiai + (uk + 1)ak +
n∑

i=k+1

uiai = (uk + 1)ak +
n∑

i=l+1

uiai,

where the second equality follows from the minimality of k. Let us see that
(0, . . . , 0, uk + 1, uk+1, . . . , un) lies in R(b, n). If uk + 1 ≤ b and ui < b, i ∈
{k + 1, . . . , n}, we are done. So, we distinguish two cases:

• If uk +1 > b, then uk +1 = b+1. In this case, (uk +1)ak = (b+1) ak =
b ak + ak = b ak−1 + ak+1, where the last equality follows from Lemma
10.

• If ui = b, for some i ∈ {k + 1, . . . , n}, then uk = 0 and so (uk + 1)ak +
uiai = ak + bai = b ak−1 + ai+1, where the last equality follows from
Lemma 10 again.

In both cases, we obtain that ωj −ak−1 ∈ S which contradicts the minimality
of k. Hence, none of these two cases can occur. �

In [5], the notion of homogeneous numerical semigroups is introduced.
Recall that if S is a numerical semigroup minimally generated by {a1, . . . , an},
then the set of lengths of s ∈ S is defined as

LS(s) :=

⎧
⎨

⎩

n∑

j=1

uj | s =
n∑

j=1

uj aj , uj ≥ 0

⎫
⎬

⎭
.

Definition 16. A numerical semigroup is said to be homogeneous if LS(s) is
a singleton for each s ∈ Ap(S).

Proposition 17. The numerical semigroup Sa(b, n) is homogeneous.



MJOM The Frobenius Problem for Generalized Repunit Page 9 of 18 16

Proof. By [5, Proposition 3.9] and Corollary 11, it suffices to observe that
one of the terms of each non-homogeneous element in (1) for the standard
grading on �[x1, . . . , xn] is divisible by x1. �

Let us see now that, for i ∈ {3, . . . , n}, the Apéry set Ap(Sa(b, i)) can
be constructed from the set R(b, i − 1). But, first we need a further piece of
notation.

Recall that, by Proposition 4, we have that Sa(b, i) is a grepunit semi-
group if and only if gcd(rb(i), a) = 1. In this case, Sa(b, i) is minimally gen-
erated by

a
(i)
1 := rb(i), a

(i)
2 := a

(i)
1 + a rb(1), . . . , a(i)

i := a
(i)
1 + a rb(i − 1),

by Theorem 6.

Corollary 18. Let i ∈ {3, . . . , n}. If gcd(rb(i), a) = 1, then ω ∈ Ap(Sa(b, i))
if and only if ω = b a

(i)
i or there exist (u2, . . . ui−1) ∈ R(b, i − 1) and ui ∈

{0, . . . , b − 1} such that

ω =
i−1∑

j=2

uja
(i−1)
j + bi−1

⎛

⎝
i−1∑

j=2

uj

⎞

⎠ + ui a
(i)
i . (3)

Proof. We observe that a
(i)
j = a

(i−1)
j + rb(i) − rb(i − 1) = a

(i−1)
j + bi−1, j =

0, . . . , i − 1. So, (3) becomes

ω =
i−1∑

j=1

uja
(i)
j + ui a

(i)
i

and, taking into account (2), our claim readily follows from Theorem 15. �

Notice that, by Theorem 15, an immediate consequence of Corollary 18
is that Ap(Sa(b, i)) can be constructed from Ap(Sa(b, i − 1)) provided that
both Sa(b, i) and Sa(b, i − 1) are numerical semigroups; indeed, the first and
second summands in the right hand side of (3) correspond to the elements of
Ap(Sa(b, i − 1)) and their lengths, respectively. Recall that, by Proposition
17, all elements in Ap(Sa(b, i − 1)) have the same length.

If S is a homogeneous numerical semigroup, we write mS(s) for the
length of s ∈ Ap(S). The notation mS(s) is usually reserved for the minimal
length s ∈ S; clearly, no ambiguity occurs in our case.

The following result is a straightforward consequence of Corollary 18.

Corollary 19. Let i ∈ {3, . . . , n}. If gcd(rb(i), a) = gcd(rb(i − 1), a) = 1, then
ω ∈ Ap(Sa(b, i)) if and only if ω = b a

(i)
i or there exist ω′ ∈ Ap(Sa(b, i − 1))

and ui ∈ {0, . . . , b − 1} such that

ω = ω′ + bi−1 mSa(b,i−1)(ω′) + ui a
(i)
i . (4)

Corollary 19 maintains a great similarity with [8, Theorem 3.3]; however,
the techniques used are very different and, more importantly, we do not
require the hypothesis rb(n) > a2 rb(n − 1)2 (see Remark 9).
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4. The Frobenius Problem

Let a, b and n be three positive integers such that b>1, n>1 and gcd(rb(n), a)
= 1.

In this section, we address the Frobenius problem for Sa(b, n). More
precisely, we will give a formula for F(Sa(b, n)) in terms of a, b and n. To do
this, we take advantage of the following result due to Selmer (see, e.g., [10,
Proposition 2.21]).

Proposition 20. Let S be a numerical semigroup and let s ∈ S\{0}. Then,

(a) F(S) = max Ap(S, s) − s;
(b) g(S) = 1

s

(∑
ω∈Ap(S,s) ω

)
− s−1

2 .

Before giving our formula for the Frobenius number, we show an inter-
esting result which will be used below and later in the last section. As in the
previous section, we write Ap(S) for Ap(S,m(S)).

Lemma 21. If αi := ai +
∑n

j=i(b − 1) aj , i = 2, . . . , n, then the following
holds:

(a) αi ∈ Ap(Sa(b, n)), for every i = 2, . . . , n
(b) If a < bn −1, then α2 > . . . > αn, and if a > bn −1, then α2 < . . . < αn.
(c) For each ω ∈ Ap(Sa(b, n)), there exists i ∈ {2, . . . , n} such that ω ≤ αi.

Proof. Part (a) is nothing but a particular case of Theorem 15. To prove (b),
it suffices to observe that

αi − αi+1 = b ai − ai+1 = bn − 1 − a, i = 2, . . . , n − 1,

and note that bn − 1 �= a because gcd(rb(n), a) = 1 by hypothesis. Finally, to
prove (c) we can take advantage of Theorem 15 which state that for each ω ∈
Ap(Sa(b, n)), there exist (u2, . . . , un) ∈ R(b, n) such that ω =

∑n
j=2 uj aj .

Clearly, by the definition of R(b, n), if ui is the leftmost nonzero entry in
(u2, . . . , un) ∈ R(b, n), then

n∑

j=2

uj aj ≤ ai +
n∑

j=i

(b − 1) aj = αi

and we are done. �

Theorem 22. The Frobenius number of Sa(b, n) is equal to

(a) (n − 1) (bn − 1 − a) + a a1, if a < bn − 1;
(b) bn − 1 − a + a a1, if a > bn − 1.

Proof. By Lemma 21, we have that max Ap(Sa(b, n)) is equal to either a2 +∑n
j=2(b − 1) aj , if a < bn − 1, or b an, if a > bn − 1. So, we distinguish two

cases:
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(a) If a < bn − 1, then max Ap(Sa(b, n)) = α2. So, by Selmer’s formula
(Proposition 20), we obtain that

F(Sa(b, n)) =

⎛

⎝a2 +
n∑

j=2

(b − 1) aj

⎞

⎠ − a1 =
n∑

j=2

(b − 1) aj + a

=
n∑

j=2

(b − 1)

(

a1 + a

j−2∑

k=0

bj

)

+ a

= (n − 1)(b − 1)a1 + a

n∑

j=2

(bj−1 − 1) + a

= (n − 1)(b − 1)a1 + a a1 − (n − 1)a

= (n − 1) (bn − 1 − a) + a a1.

(b) If a > bn − 1, then max Ap(Sa(b, n)) = αn. So, by Selmer’s formula we
conclude that

F(Sa(b, n)) = b an − a1 = b (a1 + a rb(n − 1)) − a1

= (b − 1)a1 + a b, rb(n − 1) = bn − 1 + a (a1 − 1)

= bn − 1 − a + a a1.

�

Observe that condition a > bn − 1 corresponds to the case considered
in [13] (see the comment after Corollary 8).

5. The Genus of Grepunit Semigroups

In this section, we use Selmer’s formulas (Proposition 20) to compute the
genus of grepunit semigroups in terms of a, b and n.

The following results state some useful properties of the sets R(b, i).

Lemma 23. Let b > 1 be an integer. For each i ≥ 2, the following holds:

∑

(u2,...ui)∈R(b,i)

⎛

⎝
i∑

j=2

uj

⎞

⎠ =
i∑

j=2

bi + bi−(j−1)

2
.

Proof. We proceed by induction on i. If i = 2, then R(b, i) = {0, 1, . . . , b}
and our claim readily follows. Suppose that i > 2 and that the result is true
for i − 1. Now, since by Lemma 14 the cardinality of R(b, i − 1) is equal to
rb(i − 1), by (2), we have that

∑

(u2,...ui)∈R(b,i)

⎛

⎝
i∑

j=2

uj

⎞

⎠

=
∑

(u2,...ui−1)∈R(b,i−1)

b

⎛

⎝
i−1∑

j=2

uj

⎞

⎠ + rb(i − 1)

(
b−1∑

k=0

k

)

+ b.
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So, by induction hypothesis, we obtain that

∑

(u2,...ui)∈R(b,i)

⎛

⎝
i∑

j=2

uj

⎞

⎠ = b
i−1∑

j=2

bi−1 + b(i−1)−(j−1)

2
+ rb(i − 1)

(
b−1∑

k=0

k

)

+ b

=
i−1∑

j=2

bi + bi−(j−1)

2
+

bi−1 − 1
b − 1

b(b − 1)
2

+ b

=
i−1∑

j=2

bi + bi−(j−1)

2
+

bi + b

2
=

i∑

j=2

bi + bi−(j−1)

2
,

as claimed. �

As in previous sections, let a, b and n be three positive integers such
that b > 1 and n > 1. Given i ∈ {2, . . . , n}, we write

a
(i)
1 := rb(i), a

(i)
2 := a

(i)
1 + a rb(1), . . . , a(i)

i := a
(i)
1 + a rb(i − 1).

Proposition 24. Let i ∈ {2, . . . , n}. Then,

∑

(u2,...ui)∈R(b,i)

⎛

⎝
i∑

j=2

uja
(i)
j

⎞

⎠ =
i∑

j=2

bi + bi−(j−1)

2
a
(i)
j .

Proof. We proceed by induction on i. If i = 2, then R(b, i) = {0, . . . , b} and

∑

u2∈{0,...,b}

(
u2 a

(2)
2

)
=

⎛

⎝
∑

u2∈{0,...,b}
u2

⎞

⎠ a
(2)
2 =

b (b + 1)
2

a
(2)
2 .

Suppose now i > 2 and that the result is true for i − 1. Since a
(i)
j = a

(i−1)
j +

bi−1, j = 1, . . . , i − 1, by (2), we have that

∑

(u2,...ui)∈R(b,i)

⎛

⎝
i∑

j=2

uja
(i)
j

⎞

⎠ =
∑

(u2,...,ui−1)∈R(b,i−1)

b

⎛

⎝
i−1∑

j=2

uja
(i−1)
j

⎞

⎠ +

+ bi−1

⎛

⎝
∑

(u2,...,ui−1)∈R(b,i−1)

⎛

⎝
i−1∑

j=2

uj

⎞

⎠

⎞

⎠ +

+ rb(i − 1)
b−1∑

k=0

k a
(i)
i + b a

(i)
i .

By induction hypothesis, the first summand of the right hand side is equal
to

b

⎛

⎝
i−1∑

j=2

bi−1 + bi−1−(j−1)

2
a
(i−1)
j

⎞

⎠ =
i−1∑

j=2

bi + bi−(j−1)

2
a
(i−1)
j ,
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and, by Lemma 23, the second summand of the right hand side is equal to

bi−1

⎛

⎝
i−1∑

j=2

bi + bi−(j−1)

2

⎞

⎠ =
i−1∑

j=2

bi + bi−(j−1)

2
bi−1

=
i−1∑

j=2

bi + bi−(j−1)

2

(
a
(i)
j − a

(i−1)
j

)
.

Therefore,

∑

(u2,...ui)∈R(b,i)

⎛

⎝
i∑

j=2

uja
(i)
j

⎞

⎠

=
i−1∑

j=2

bi + bi−(j−1)

2
a
(i)
j + +rb(i − 1)

b−1∑

k=0

k a
(i)
i + b a

(i)
i

=
i−1∑

j=2

bi + bi−(j−1)

2
a
(i)
j +

(
i−2∑

k=0

bk

)
(b − 1)b

2
a
(i)
i + b a

(i)
i

=
i−1∑

j=2

bi + bi−(j−1)

2
a
(i)
j +

bi + b

2
a
(i)
i =

i∑

j=2

bi + bi−(j−1)

2
a
(i)
j ,

as claimed. �

The next result follows immediately from Theorem 15 and Proposition
24.

Corollary 25. Let i ∈ {2, . . . , n}. Then

∑

ω∈Ap(Sa(b,i))

ω =
i∑

j=2

bi + bi−(j−1)

2
a
(i)
j .

Now, as a direct consequence of Corollary 25 and Selmer’s formula
(Proposition 20), we obtain the following formula for the genus of Sa(b, n),
provided that gcd((rb(n), a) = 1.

g(Sa(b, n)) =

∑n
j=2

bn + bn−(j−1)

2
aj

a1
− a1 − 1

2

=
1
a1

n∑

j=2

bn + bn−(j−1)

2
aj − a1 − 1

2

(5)

where aj = a
(n)
j , j = 1, . . . , n, as usual.

Corollary 26. The genus of Sa(b, n) is equal to

g(Sa(b, n)) =
(n − 1) bn + (a1 − 1) a

2
.
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Proof. Since aj = a1 + a rb(j − 1), by Eq. (5), we have that

g(Sa(b, n)) =
1

2 a1

n∑

j=2

(bn + bn−(j−1)) (a1 + a rb(j − 1)) − a1 − 1

2

=
1

2

n∑

j=2

(bn + bn−(j−1)) +
a

2a1

n∑

j=2

(bn + bn−(j−1)) rb(j − 1) − a1 − 1

2

=
(n − 1) bn

2
+

a1 − 1

2
+

a

2a1

n∑

j=2

(bn + bn−(j−1)) rb(j − 1) − a1 − 1

2

=
(n − 1) bn

2
+

a

2a1

n∑

j=2

(bn + bn−(j−1)) rb(j − 1).

Now, taking into account that rb(j − 1) = bj−1−1
b−1 , we obtain that

g(Sa(b, n)) =
(n − 1) bn

2
+

a

2a1(b − 1)

n∑

j=2

(bn + bn−(j−1)) (bj−1 − 1)

=
(n − 1) bn

2
+

a

2a1(b − 1)

n−1∑

j=1

(bn+j − bn−j)

=
(n − 1) bn

2
+

a

2a1(b − 1)

(
(bn − 1)

n−1∑

j=1

bj
)

=
(n − 1) bn + (a1 − 1) a

2
,

as claimed. �

Example 27. If a = b = 3 and n = 4, then the grepunit semigroup S =
Sa(b, n) is minimally generated by a1 = 40, a2 = 43, a3 = 52 and a4 = 79. By
Corollary 25, we have that

∑
ω∈Ap(S) ω = 54 a2 + 45 a3 + 42 a4 = 7980. So,

by (5), we conclude that

g(S) =
7980
40

− 39
2

= 180.

Note that, by Corollary 26, we can get g(S) without computing
∑

ω∈Ap(S) ω.

6. The Type of Grepunit Semigroups. Wilf ’s Conjecture

Let S be a numerical semigroup and let n(S) be the cardinality of {s ∈ S |
s < F(S)}. Clearly, g(s) + n(S) = F(S) + 1. In [14], H.S. Wilf conjectured
that

F(S) ≤ e(S) n(S) − 1, (6)
where e(S) denotes the embedding dimension of S.

Although there are many families of numerical semigroups for which
this conjecture is known to be true, the general case remains unsolved. The
numerical semigroups that satisfy Wilf’s conjecture are said to be Wilf (see
for example the survey [2]).
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In this section, we will prove that the grepunit semigroups are Wilf.
Since n(S) = F(S) − g(s) + 1, we can take advantage of our explicit formulas
for the Frobenius number (Theorem 22) and for the genus (Corollary 26) to
check that (6) holds. However, we will follow a different approach: we will
prove that the grepunit semigroups are Wilf as an immediate consequence of
the computation of their pseudo-Frobenius numbers.

Recall that an integer x is a pseudo-Frobenius number of a numerical
semigroup S, if x �∈ S and x + S ∈ S, for all s ∈ S\{0}. We denote by PF(S)
the set of pseudo-Frobenius numbers of S. The cardinality of PF(S) is called
the type of S and it is denoted t(S).

Given a numerical semigroup S, we write �S for the partial order on Z

such that y �S x if and only if x − y ∈ S.
The following result is [10, Proposition 2.20].

Proposition 28. Let S be a numerical semigroup. If s is a nonzero element
of S, then

PF(S) =
{
ω − s | ω ∈ Maximals�S Ap

(
S, s

)}
.

As in the previous sections, let a, b and n be three positive integers such
that b > 1, n > 1 and gcd(rb(n), a) = 1.

Proposition 29. The set of maximal elements of Ap
(
Sa(b, n)

)
with respect to

�Sa(b,n) is equal to
⎧
⎨

⎩
ai + (b − 1)

n∑

j=i

aj | i = 2, . . . , n

⎫
⎬

⎭
.

Proof. Set S := Sa(b, n) and αi := ai +
∑n

j=i(b − 1) aj , i = 2, . . . , n. From
the proof of Lemma 21(c), we have that, for each ω ∈ Ap(S), there exists αi

such that αi − ω ∈ S. Therefore, Maximals�S Ap(S) ⊆ {α2, . . . , αn}. Now,
since by Lemma 21, α2 > . . . > αn, if a < bn − 1, and α2 < . . . < αn, if
a > bn − 1; in order to prove the reverse inclusion, we distinguish two cases:

• If a < bn−1, then αj−αi = (i−j)(bn−(a+1)) = αn−(i−j)−αn, for every
i > j. Now, if there exist i > j such that αi �S αj , then αn−(i−j)−αn ∈
S. So, αn−(i−j) = αn +

∑n
l=2 ulal for some ul ∈ N, l = 2, . . . , n, not all

zero. If k ∈ {2, . . . , n} is such that uk �= 0, then αn−(i−j) = αn + ak + s,
where s =

∑n
l=2 ulal − ak ∈ S. Thus, since αn = ban and ban + ak =

bak−1+(a+1)a1, we conclude that αn−(i−j)−a1 = bak−1+a a1+s ∈ S,
which is not possible because αn−(i−j) ∈ Ap(S).

• If a > bn−1, then αj −αi = (j−i)((a+1)−bn) = αj−i+2−α2, for every
i < j. Now, if there exist i > j such that αi �S αj , then αj−i+2−α2 ∈ S.
So, αj−i+2 = α2 +

∑n
l=2 ulal = a2 +

∑n
l=2(ul + b − 1)al, for some

ul ∈ N, l = 1, . . . , n, not all zero. If k ∈ {2, . . . , n} is such that uk �= 0,
then αn−(i−j) = a2 + b ak + s, where s =

∑n
l=2(ul + b − 1)al − b ak ∈ S.

Thus, since a2+b ak = ba1+ak+1, if k < n, and a2+b ak = (b+a+1) a1,
if k = n, we conclude that αj−i+2 − a1 ∈ S, a contradiction again.
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Finally, since we have shown that αi−αj �∈ Sa(b, n), for every i, j ∈ {2, . . . , n},
we conclude that αi ∈ Maximals�S(Ap(S)), for every i = 2, . . . , n, as desired.

�

Corollary 30. The set of pseudo-Frobenius numbers of Sa(b, n) is equal to

{(n − i + 1) (bn − 1 − a) + a a1 | i = 2, . . . , n} .

Consequently, the type of Sa(b, n) is n − 1.

Proof. By Propositions 28 and 29, PF(Sa(b, n) = {ai +(b−1)
∑n

j=i aj −a1 |
i = 2, . . . , n}. Now, taking into account that

ai + (b − 1)
n∑

j=i

aj − a1 = a rb(i − 1) + (b − 1)(n − i + 1)a1

+ (b − 1) a

n∑

j=i

rb(j − 1)

= a rb(i − 1) + (n − i + 1)(bn − 1) + a
n∑

j=i

(bj−1 − 1)

= a rb(i − 1) + (n − i + 1)(bn − 1 − a)

+ a (a1 − rb(i − 1))

= (n − i + 1)(bn − 1 − a) + a a1,

for every i ∈ {2, . . . , n}, and we are done. �

Finally, since, by [3, Theorem 20], F(S) ≤ (t(S)+1) n(S)− 1, for every
numerical semigroup S, and, by Corollary 30, t(Sa(b, n)) + 1 = e(Sa(b, n)),
we conclude that generalized repunit numerical semigroups are Wilf.
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