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SPEEDING UP KRYLOV SUBSPACE METHODS FOR COMPUTING
\bfitf (\bfitA )\bfitb VIA RANDOMIZATION\ast 

ALICE CORTINOVIS\dagger , DANIEL KRESSNER\ddagger , AND YUJI NAKATSUKASA\S 

Abstract. This work is concerned with the computation of the action of a matrix function
f(A), such as the matrix exponential or the matrix square root, on a vector b. For a general matrix
A, this can be done by computing the compression of A onto a suitable Krylov subspace. Such
compression is usually computed by forming an orthonormal basis of the Krylov subspace using the
Arnoldi method. In this work, we propose to compute (nonorthonormal) bases in a faster way and
to use a fast randomized algorithm for least-squares problems to compute the compression of A onto
the Krylov subspace. We present some numerical examples which show that our algorithms can be
faster than the standard Arnoldi method while achieving comparable accuracy.

Key words. matrix functions, Krylov subspace method, sketching, nonorthonormal basis, ran-
domized algorithms, least-squares problem

MSC codes. 65F60, 65F50, 68W20

DOI. 10.1137/22M1543458

1. Introduction. Given a matrix A \in \BbbR n\times n and a function f which is analytic
on the closure of a domain \BbbD \subset \BbbC that contains the eigenvalues of A, the matrix
function f(A) is defined as

f(A) :=
1

2\pi i

\int 
\partial \BbbD 

f(z)(zI  - A) - 1dz,

where I denotes the identity matrix; see the book [17] for equivalent definitions of
matrix functions.

Matrix functions arise, for instance, in the solution of partial differential equa-
tions [7, 26], in data analysis [5, 12], and in electronic structure calculations [6]. In
many of these applications, one is only interested in the product of f(A) with a vector
b \in \BbbR n. If A is large, computing the full f(A) by standard methods (e.g., the Schur--
Parlett algorithm [9]) is infeasible in practice. Moreover, the matrix A may itself be
too large to store explicitly. When A is only available through matrix-vector multi-
plications, a Krylov subspace method is often the method of choice to approximate
f(A)b (see, e.g., [17, Chapter 13.2]); we review this approach in section 3.

A key ingredient of Krylov subspace methods is the construction of an orthonor-
mal basis of the Krylov subspace

\scrK m(A,b) = span\{ b,Ab,A2b, . . . ,Am - 1b\} (1.1)
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620 A. CORTINOVIS, D. KRESSNER, AND Y. NAKATSUKASA

for some m \in \BbbN (m \ll n), using the Arnoldi algorithm (see, e.g., [23, section 6.2]).
However, the cost of orthonormalization grows quadratically with m, the number of
iterations. Many approaches have been proposed to deal with this problem, including
explicit polynomial approximation, restarting procedures, and nonsymmetric Lanczos
methods; see [15] for a recent survey on this topic.

In this paper, we exploit randomization to speed up Krylov subspace methods for
computing f(A)b. This extends the case of linear systems and eigenvalue problems,
which was considered by Balabanov and Grigori in [3] and by Nakatsukasa and Tropp
in [21]. The recent work by G\"uttel and Schweitzer [16] also addresses the computation
of f(A)b; we will comment in more detail in section 3.3 on its relation to our work.

The key idea of our approach is that there is no need to maintain an orthonormal
basis of (1.1) in order to use Krylov subspace methods, as long as one can efficiently
compute the compression of A onto the Krylov subspace. On the one hand, we
can exploit faster ways to construct a basis of \scrK m(A,b) (as discussed in [3, 21] and
in section 2); on the other hand, we can leverage randomized techniques (such as
Blendenpik [2]) in order to compute the compression quickly. We also propose an
algorithm that partly bypasses the computation of the compression and is, in turn,
even faster---but comes with weaker convergence guarantees.

The rest of this work is organized as follows. In section 2 we review and discuss two
algorithms from [3, 21] to construct nonorthonormal bases of \scrK m(A,b). In section 3 we
recall the standard Krylov subspace method and we present our proposed algorithms.
In section 4 we present some convergence properties of our methods and discuss their
numerical stability. Section 5 contains several numerical examples that illustrate
the convergence and timings of the proposed algorithms and a comparison with an
algorithm from [16]. Conclusions are summarized in section 6. While our algorithms
and results are formulated for real matrices only, most of the discussion carries directly
over to complex matrices, under a suitable choice of sketching matrix.

2. Krylov subspaces and Krylov bases. In this section, we discuss the com-
putation of an orthonormal basis of \scrK m(A,b) defined in (1.1), the mth Krylov sub-
space associated to a matrix A \in \BbbR n\times n and the vector b \in \BbbR n. To simplify the
discussion, we will assume that \scrK m(A,b) is an m-dimensional subspace of \BbbR n, which
holds whenever m< n and b is not contained in a (nontrivial) invariant subspace of
A. An orthonormal basis Um =

\bigl[ 
u1 \cdot \cdot \cdot um

\bigr] 
of \scrK m(A,b) can be computed using

the Arnoldi method (see, e.g., [23, section 6.2]), together with an upper Hessenberg
matrix Km \in \BbbR m\times m and a unit vector um+1 such that

AUm =UmKm + km+1,mum+1e
T
m =Um+1Km, Km =

\biggl[ 
Km

km+1,meTm

\biggr] 
\in \BbbR (m+1)\times m,

(2.1)

where em is the mth vector of the canonical basis of \BbbR m. The relation (2.1) is called
the Arnoldi decomposition. Note that we have UT

mAUm =Km, that is, Km is the com-
pression of A onto the mth Krylov subspace. The Arnoldi method requires \scrO (nm2)
operations, in addition to the m matrix-vector products with A.

2.1. Nonorthonormal basis of the Krylov subspace. As m increases, the
quadratic dependence on m of the complexity of the Arnoldi method becomes dis-
advantageous. In the following, we discuss two other ways of constructing bases of
\scrK m(A,b), which are not orthonormal, but can be computed faster. In the works [3, 21]
such bases were introduced and used in the context of linear systems and eigenvalue

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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KRYLOV SUBSPACE METHODS AND RANDOMIZATION FOR f(A)b 621

problems. In our work, we extend this approach to matrix functions; indeed, as we
will see in section 3, orthonormality is not necessary for approximating f(A)b.

The algorithms that we discuss build a basis Vm of \scrK m(A,b) by rescaling b and
then adding one vector at a time. To enlarge the basis, the last basis vector is
premultiplied by A, and then a suitable linear combination of the previous basis
vectors is added to the new vector. A rescaled version of the result becomes the
new basis vector. Algorithms that fall into the described framework give rise to an
Arnoldi-like decomposition

AVm = VmHm + hm+1,mvm+1e
T
m = Vm+1Hm, Hm =

\biggl[ 
Hm

hm+1,meTm

\biggr] 
\in \BbbR (m+1)\times m,

(2.2)

where Vm is the computed basis of \scrK m(A,b) and Hm is an upper Hessenberg matrix.
A key advantage of this more general framework is that it allows for cheaper linear
combinations for producing the new basis vector compared to the modified Gram--
Schmidt procedure by the Arnoldi method. The two methods from [3, 21] belong to
this framework and we summarize them in sections 2.1.1 and 2.1.2, respectively.

2.1.1. Building the basis by orthogonalizing a sketch. The idea of the
method proposed in [3] is that instead of orthogonalizing each new basis vector against
all the previous basis vectors, one maintains a sketched version of the basis and or-
thogonalizes a sketch of the new vector against the sketch of the previous basis vectors.
We now describe more precisely how the basis is constructed, and the procedure is
summarized in Algorithm 2.1. First of all we choose a sketch matrix \Theta \in \BbbR s\times n for
some m< s\ll n. At the ith step we build a new vector wi by multiplying A with the
last vector of the basis. We also keep a sketched version of the basis Si - 1 = \Theta Vi - 1.
We compute the sketch pi :=\Theta wi, we perform one step of Gram--Schmidt orthogonal-
ization on

\bigl[ 
Si - 1 pi

\bigr] 
(which is a small matrix), and we denote by Si the resulting s\times i

Algorithm 2.1 Construction of Krylov subspace basis as in [3, Algorithm 2].
Input: Matrix A, vector b, number of iterations m, parameter s\ll n (sketch size)
Output: Pair (Vm+1,Hm) that satisfies Arnoldi-like decomposition (2.2)
1: Draw sketch matrix \Theta of size s\times n
2: Initialize R as (m+ 1)\times (m+ 1) zero matrix
3: w1\leftarrow b
4: p1\leftarrow \Theta w1

5: r11\leftarrow \| p1\| 2
6: s1\leftarrow p1/r11, S1\leftarrow s1
7: v1\leftarrow w1/r11, V1\leftarrow v1
8: for i= 2, . . . ,m+ 1 do
9: wi\leftarrow Avi - 1

10: pi\leftarrow \Theta wi

11: ri\leftarrow ST
i - 1pi, R(1 : i - 1, i)\leftarrow ri

12: si\leftarrow pi  - Si - 1ri
13: rii\leftarrow \| si\| 2
14: si\leftarrow si/rii, Si\leftarrow 

\bigl[ 
Si - 1 si

\bigr] 
15: vi\leftarrow (wi  - Vi - 1ri)/rii, Vi\leftarrow 

\bigl[ 
Vi - 1 vi

\bigr] 
16: end for
17: Hm\leftarrow R(:,2 :m+ 1)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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622 A. CORTINOVIS, D. KRESSNER, AND Y. NAKATSUKASA

matrix (which has orthonormal columns). We collect the corresponding coefficients ri
in an upper triangular matrix R; see lines 11--14. Then, we use these same coefficients
to approximately orthogonalize the vector wi with respect to the previous vectors, by
computing

vi := (wi  - Vi - 1ri)/rii.

The vector vi is scaled in such a way that its sketched version has unit length, so
that the sketched basis Si remains orthonormal. Under suitable assumptions on the
sketch matrix \Theta , the basis Vm+1 obtained by Algorithm 2.1 is well-conditioned; see
[3, Proposition 4.1].

We choose \Theta to be a subsampled randomized Hadamard transfom (SRHT) [25]:
\Theta consists of selecting (uniformly at random) s rows from the product of the Walsh--
Hadamard transform with a diagonal matrix D with random independent and identi-
cally distributed Rademacher (\pm 1) entries on the diagonal. The product of \Theta with a
vector can be computed in \scrO (n logn) time. We remark that other choices are possible,
such as the subsampled randomized Fourier transform or sparse sign matrices; see,
e.g., [19, sections 8--9].

Let us compare the cost of Algorithm 2.1 with the cost of the standard Arnoldi
algorithm. At the ith iteration, both require a matrix-vector product with A; Algo-
rithm 2.1 then requires one multiplication with the current basis Vi - 1 (in line 15),
while the standard Arnoldi algorithm requires two multiplications with Vi - 1. All the
other computations are comparably inexpensive. Therefore, when, e.g., A is very
sparse, we can expect Algorithm 2.1 to be up to twice as fast as Arnoldi.

2.1.2. Building the basis by truncated orthogonalization. In the follow-
ing, we describe the ``truncated orthogonalization"" method proposed in [24, Chap-
ter 6.4.2] and used in [21] in the context of sketching for linear systems and eigen-
value problems. The procedure is summarized in Algorithm 2.2. Each new vector
wi = Avi - 1 in line 3 is orthogonalized with respect to the last k vectors of the basis
only, where k is a fixed small number, e.g., k = 2; see lines 4--10. The matrix Hm is
built iteratively using the coefficients of such a partial orthogonalization. When A is
symmetric, this method coincides for k = 2 with the Lanczos method and gives---in
exact arithmetic---an orthonormal basis. When A is nonsymmetric, the produced
basis is not orthogonal in general.

Algorithm 2.2 Construction of basis as in [21] (via truncated orthogonalization).
Input: Matrix A, vector b, number of iterations m, truncation parameter k
Output: Pair (Vm+1,Hm) that satisfies Arnoldi-like decomposition (2.2)
1: v1\leftarrow b/\| b\| 2
2: for i= 2 to m+ 1 do
3: wi\leftarrow Avi - 1

4: for j =max\{ 1, i - k\} to i - 1 do
5: hj,i - 1\leftarrow vTj wi

6: wi\leftarrow wi  - hj,ivi
7: end for
8: hi,i - 1\leftarrow \| w\| 2
9: vi\leftarrow wi/\| wi\| 2
10: end for
11: Vm+1\leftarrow [v1, . . . , vm+1]

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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KRYLOV SUBSPACE METHODS AND RANDOMIZATION FOR f(A)b 623

The advantage of Algorithm 2.2 is that it avoids the quadratic dependence on
m; the computational cost is \scrO (nm) plus the cost of computing m matrix-vector
multiplications by A. The main disadvantage, however, is that the basis is prone
to become increasingly ill-conditioned and it may actually become numerically rank-
deficient already after a few iterations. A potential cure for this behavior is whitening
(see [21, section 2.2]): One monitors the condition number of the basis (or some related
quantity) and once ill-conditioning is observed, an approximate orthogonalization is
performed. For this purpose we keep a sketched version of the basis (using a sketch
matrix \Theta \in \BbbR s\times n), and at the end of each cycle we check whether \Theta Vi starts to become
too ill-conditioned; if this happens, we compute a QR factorization \Theta Vi =QiRi and
consider the basis ViR

 - 1
i of \scrK i(A,b) instead, which should now be well-conditioned.

Accordingly, the new matrix Hi - 1 in the Arnoldi-like relation (2.2) becomes Hi - 1\leftarrow 
RiHi - 1R

 - 1
i - 1, where Ri - 1 is the leading (i - 1)\times (i - 1) submatrix of Ri. Potentially, we

could continue the construction of the basis from the pair (Vi,Hi - 1) using Algorithm
2.2 with the updated basis, and perform whitening again whenever it is needed, but
we observed that in practice whitening is then needed frequently (every few iterations)
and the quality of the basis deteriorates quickly. For this reason, after the first time
we whiten the basis, we continue the construction of the basis as in Algorithm 2.1,
using the same sketch matrix \Theta .

Remark 2.1. Algorithm 2.1 is mathematically equivalent to Algorithm 2.2 followed
by whitening after the last step. However, numerically Algorithm 2.1 is more stable
as whitening requires inverting the matrix Ri - 1 which may be ill-conditioned or even
numerically singular.

3. Computing \bfitf (\bfitA )\bfitb via Krylov subspace methods. When Um is or-
thonormal, the classical Krylov subspace projection approach to approximate f(A)b
consists in taking

fm := \| b\| 2Umf(Km)e1, Km =UT
mAUm.(3.1)

The convergence of fm to f(A)b is related to polynomial approximation of f on a
suitable region of the complex plane containing the eigenvalues of A and will be
reviewed at the beginning of section 4.

3.1. Computing \bfitf \bfitm from Arnoldi-like decompositions. The approxima-
tion (3.1) can be expressed in terms of any basis Vm of the Krylov subspace \scrK m(A,b).
We include the following lemma for completeness.

Lemma 3.1. The approximation fm defined in (3.1) satisfies

fm = Vmf
\bigl( 
V \dagger 
mAVm

\bigr) 
V \dagger 
mb(3.2)

for an arbitrary basis Vm of \scrK m(A,b), where \dagger denotes the pseudoinverse of a matrix.

Proof. As Um and Vm span the same subspace, there is an invertible matrix
Rm \in \BbbR m\times m such that Vm =UmRm. Thus,

Vmf
\bigl( 
V \dagger 
mAVm

\bigr) 
V \dagger 
mb=UmRmf

\bigl( 
R - 1

m UT
mAUmRm

\bigr) 
R - 1

m UT
mb

=UmRmR - 1
m f

\bigl( 
UT
mAUm

\bigr) 
RmR - 1

m UT
mb

= \| b\| 2Umf(Km)e1.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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624 A. CORTINOVIS, D. KRESSNER, AND Y. NAKATSUKASA

If an Arnoldi-like decomposition (2.2) is available, like in Algorithms 2.1 and 2.2, the
expression (3.2) simplifies. Indeed, we have that

V \dagger 
mAVm =Hm + hm+1,m

\bigl( 
V \dagger 
mvm+1

\bigr) 
eTm.(3.3)

Therefore, only the last column of V \dagger 
mAVm differs from the matrix Hm that is already

computed. Moreover, we have that V \dagger 
mb= \gamma be1 is a scalar multiple of e1 with \gamma b = r11

for Algorithm 2.1 and \gamma b = \| b\| 2 for Algorithm 2.2.
The vector y := V \dagger 

mvm+1 appearing in (3.3) is the solution of

y= arg min
z\in \BbbR m

\| Vmz  - vm+1\| 2.(3.4)

When n\gg m, solving this overdetermined least-squares problem exactly constitutes
a significant part of computing the approximation (3.2).

3.1.1. Solving the least-squares problem. When the basis Vm is well-
conditioned (e.g., when it is obtained from Algorithm 2.1), a few iterations of LSQR
[22] applied to (3.4) are sufficient to get a good approximation of V \dagger 

mvm+1. When Vm

is not well-conditioned (which is frequently the case when using Algorithm 2.2), LSQR
needs to be combined with a preconditioner. For this purpose, we use Blendenpik [2],
which computes a random sketch of the basis using, once again, an SRHT, and then
uses the R factor from a QR decomposition of the sketch as a preconditioner. Note
that Algorithm 2.1 already orthonormalizes a sketch of the basis (the matrix Sm) and
therefore the use of Blendenpik, in particular with the same sketch, would be redun-
dant. We remark that it is often not necessary to obtain a very accurate solution of
the least-squares problem (3.4); see Lemma 4.2 below. The proposed methods are
summarized in Algorithms 3.1 and 3.2.

3.2. A cheaper approximation. An alternative to the approximation (3.2) is
to evaluate f on the matrix Hm instead of V \dagger 

mAVm =Hm+hm+1,m(V \dagger 
mvm+1)e

T
m, that

is, to approximate

f(A)b\approx \~fm := Vmf(Hm)V \dagger 
mb.(3.5)

This approximation is cheaper to compute because the solution of the least-squares
problem is avoided. Note that (3.5) coincides with (3.1) if the basis Vm is orthonormal,

Algorithm 3.1 Krylov subspace approximation of f(A)b using Algorithm 2.1.
Input: Matrix A, vector b, number of iterations m
Output: Approximation of f(A)b
1: Get Arnoldi-like decomposition (Vm+1,Hm) and r11 from Algorithm 2.1
2: Find y= argminz\in \BbbR m \| Vmz  - vm+1\| 2 using LSQR
3: Return r11Vmf(Hm + hm+1,myeTm)e1

Algorithm 3.2 Krylov subspace approximation of f(A)b using Algorithm 2.2.
Input: Matrix A, vector b, number of iterations m
Output: Approximation of f(A)b
1: Get Arnoldi-like decomposition (Vm+1,Hm) from Algorithm 2.2
2: Find y= argminz\in \BbbR m \| Vmz  - vm+1\| 2 using Blendenpik [2]
3: Return \| b\| 2Vmf(Hm + hm+1,myeTm)e1
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KRYLOV SUBSPACE METHODS AND RANDOMIZATION FOR f(A)b 625

Algorithm 3.3 f(A)b without solving least-squares problems.
Input: Matrix A, vector b, number of iterations m
Output: Approximation of f(A)b
1: Get Arnoldi-like decomposition (Vm+1,Hm) from Algorithm 2.2
2: Return \| b\| 2Vmf(Hm)e1

but in generalHm \not = V \dagger 
mAVm. We recall that these two Hessenberg matrices only differ

in their last column (see (3.3)), and the heuristics behind the approach (3.5) is that
this difference may only have a mild influence on the first column of f(V \dagger 

mAVm); see
Theorem 4.3 below for additional theoretical insight. This method is summarized
in Algorithm 3.3. Note that for f(z) = 1/z (that is, when solving a linear system)
Algorithm 3.3 becomes equalivant to Saad's incomplete orthogonalization method
described in [24, Algorithm 6.6]. For general f , an approximation of the form (3.5)
for nonorthonormal Vm is used in the context of restarted methods; in particular
Theorem 2.4 in [10] establishes interpolation properties of this approximation.

3.3. Comparison with related literature: [16]. While preparing this work,
the recent preprint by G\"uttel and Schweitzer [16] appeared, which proposes--- indepen-
dently from our work---two other randomized methods, called sFOM and sGMRES,
for approximating f(A)b. We focus our comparison on sFOM [16, Algorithm 1], be-
cause sGMRES works best for Stieltjes functions and requires numerical quadrature
otherwise.

While building a (nonorthonormal) basis Vm (Algorithm 2.2 is used in the nu-
merical examples of [16]), sFOM also computes \Theta Vm and \Theta AVm for a sketch matrix
\Theta . After computing a QR factorization \Theta Vm = SmRm of the sketched basis, sFOM
returns the approximation

\^fm := Vm

\bigl( 
R - 1

m f
\bigl( 
ST
m\Theta AVmR - 1

m

\bigr) 
ST
m\Theta b

\bigr) 
.(3.6)

If Algorithm 3.3 was combined with the whitening of the basis obtained from Algo-
rithm 2.2 (see section 2.1.2), the returned approximation would be mathematically
equivalent to (3.6). To see this, note that the whitened basis of Algorithm 2.2 takes
the form Vm+1R

 - 1
m+1 and therefore the Arnoldi-like relation (2.2) implies

(\Theta Vm)T\Theta AVm = (\Theta Vm)T\Theta VmHm + hm,m+1(\Theta Vm)T\Theta vm+1e
T
m+1.

In turn, as the columns of \Theta Vm+1 are orthonormal, this simplifies to ST
m\Theta AVm =Hm.

However, the advantage of sFOM over Algorithm 3.3 combined with whitening is
that in (3.6) it is not needed to explicitly compute VmR - 1

m . For both Algorithm 3.3
and sFOM, it is difficult to derive meaningful a priori convergence statements; see
Theorem 4.3 and Corollary 2.1 in [16], respectively. In practice, both algorithms can
be quite fast in some cases but in other cases their observed convergence behavior is
erratic; see Figures 3, 4, and 7 below.

Remark 3.2. Another alternative view of sFOM is that it is mathematically equiv-
alent to use Algorithm 2.2 for generating the basis, followed by obtaining the last col-
umn of V \dagger 

mAVm through solving the least-squares problem argminz\in \BbbR m \| Vmz - vm+1\| 2
approximately with a sketch-and-solve approach, that is,

arg min
z\in \BbbR m

\| \Theta (Vmz  - vm+1)\| 2.
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Table 1
Cost comparison. Arithmetic cost of approximately computing f(A)b using an m-dimensional

Krylov space, using Algorithms 3.1, 3.2, 3.3, Arnoldi, or sFOM. We assume that the truncation
parameter k in Algorithm 2.2 satisfies k\ll m\ll n and we denote by T\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{v}\mathrm{e}\mathrm{c} the cost of one matrix-
vector multiplication with A.

Matrix access Form Vm Sketch f(Hm) Form approx.

Arnoldi mT\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{v}\mathrm{e}\mathrm{c} nm2 --- m3 nm

Algorithm 3.1 mT\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{v}\mathrm{e}\mathrm{c} nm2 --- m3 nm

Algorithm 3.2 mT\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{v}\mathrm{e}\mathrm{c} nmk nm logm m3 nm
Algorithm 3.3 mT\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{v}\mathrm{e}\mathrm{c} nmk --- m3 nm

sFOM mT\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{v}\mathrm{e}\mathrm{c} nmk nm logm m3 nm

Table 1 compares the computational complexity of all algorithms discussed in this
section. This reiterates the point that the \scrO (nm2) complexity can be avoided when
using Algorithm 2.2.

4. Convergence analysis. In this section, we analyze the convergence of Al-
gorithms 3.1, 3.2, and 3.3. For this purpose, let \Pi m denote the vector space of
polynomials of degree at most m and let W (A) = \{ z\ast Az | z \in \BbbC n,\| z\| 2 = 1\} denote
the numerical range of A. Given a set \BbbD \subseteq \BbbC , we define \| f\| \BbbD := sup\{ | f(z)| : z \in \BbbD \} .

4.1. Analysis of Algorithms 3.1 and 3.2. We have the following well-known
result that links the quality of the approximation (3.2) with polynomial approximation
of f on the numerical range of A.

Theorem 4.1. Let A \in \BbbR n\times n, b \in \BbbR n, and a function f : \BbbD \rightarrow \BbbC be holomorphic
on a domain \BbbD \subseteq \BbbC containing W (A). Then the approximation fm from (3.2) satisfies

\| f(A)b - fm\| 2 \leq 2(1 +
\surd 
2) min

p\in \Pi m - 1

\| f  - p\| W (A).

Proof. This is a classical result for the approximation given by the Arnoldi de-
composition; see, e.g., [14, Corollary 3.4]. Thanks to Lemma 3.1, the result extends
to any approximation of the form (3.2).

Theorem 4.1 assumes that the least-squares problem (3.4) is solved exactly. In
line 2 of Algorithms 3.1 and 3.2, only an approximation by an iterative solver is used.
The following lemma quantifies the impact of this approximation.

Lemma 4.2. Let \~y be an approximation to y = argminz\in \BbbR m \| Vmz  - vm+1\| 2. As-
sume that f is holomorphic on a convex open set \BbbD containing W (V \dagger 

mAVm)\cup W (Hm+
hm+1,m\~yeTm). Then

\| f
\bigl( 
V \dagger 
mAVm

\bigr) 
 - f

\bigl( 
Hm + hm+1,m\~yeTm

\bigr) 
\| F \leq (1 +

\surd 
2)2\| f \prime \| \BbbD \| hm+1,m(y - \~y)\| 2,

where \| \cdot \| F denotes the Frobenius norm.

Proof. Corollary 4.2 in [4] states that for any square matrices C andD of the same
size, \| f(C) - f(D)\| F \leq (1+

\surd 
2)2\| f \prime \| \BbbD \| C - D\| F for a convex open set \BbbD that contains

W (C) \cup W (D). The lemma follows by applying this result to the matrices V \dagger 
mAVm

and Hm + hm+1,m\~yrTm. The difference of these two matrices has norm \| hm+1,m(y  - 
\~y)eTm\| F = \| hm+1,m(y - \~y)\| 2.

As the norm of Vm can be expected to remain modest in our algorithms, Lemma
4.2 implies that the error when solving the least-squares problem will not get amplified
significantly, provided that the derivative f \prime behaves nicely and that the numerical
ranges of the matrices V \dagger 

mAVm and Hm + hm+1,m\~yeTm do not become too large.
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4.2. Analysis of Algorithm 3.3.
Theorem 4.3. Considering the setting of Algorithm 3.3, assume that f is holo-

morphic on a domain containing W (V \dagger 
mAVm) and W (Hm). Then\bigm\| \bigm\| f \bigl( V \dagger 

mAVm

\bigr) 
e1  - f(Hm)e1

\bigm\| \bigm\| 
2
\leq (2 + 2

\surd 
2) min

p\in \Pi m - 1

\| f  - p\| W(V \dagger 
mAVm)\cup W (Hm).(4.1)

Proof. The matrices V \dagger 
mAVm andHm are upper Hessenberg and differ only in their

last columns. Therefore, for every polynomial p\in \Pi m - 1 it holds that p(V \dagger 
mAVm)e1 =

p(Hm)e1. This allows us to write\bigm\| \bigm\| f \bigl( V \dagger 
mAVm

\bigr) 
e1  - f(Hm)e1

\bigm\| \bigm\| 
2
=
\bigm\| \bigm\| f \bigl( V \dagger 

mAVm

\bigr) 
e1 - p

\bigl( 
V \dagger 
mAVm

\bigr) 
e1+p(Hm)e1 - f(Hm)e1

\bigm\| \bigm\| 
2

\leq 
\bigm\| \bigm\| (f  - p)

\bigl( 
V \dagger 
mAVm

\bigr) 
e1
\bigm\| \bigm\| 
2
+ \| (f  - p)(Hm)e1\| 2

\leq 
\bigm\| \bigm\| (f  - p)

\bigl( 
V \dagger 
mAVm

\bigr) \bigm\| \bigm\| 
2
+ \| (f  - p)(Hm)\| 2

\leq (1 +
\surd 
2)

\Bigl( 
\| f  - p\| W (V \dagger 

mAVm) + \| f  - p\| W (Hm)

\Bigr) 
,

where the third inequality is due to a result by Crouzeix and Palencia [8].

An immediate consequence of Theorem 4.3 is that the output of Algorithm 3.3 is
exact for all polynomials of degree up to m - 1 (and such an output coincides with
(3.2)). Such an exactness property holds for all algorithms considered in this paper,
namely Algorithms 3.1, 3.2, and 3.3 (and hence also sFOM).

By the triangle inequality, we have that

\| f(A)b - \| b\| 2Vmf(Hm)e1\| 2
\leq \| f(A)b - \| b

\bigm\| \bigm\| 
2Vmf

\bigl( 
V \dagger 
mAVm

\bigr) 
e1
\bigm\| \bigm\| 
2
+ \| b\| 2

\bigm\| \bigm\| Vmf
\bigl( 
V \dagger 
mAVm

\bigr) 
e1  - Vmf(Hm)e1

\bigm\| \bigm\| 
2
.

We can now use Theorem 4.1 to bound the first term and Theorem 4.3 for the second
term, in addition to the fact that the spectral norm of Vm is bounded by

\surd 
m because

Vm has columns of unit norm.
While Theorem 4.1 ensures that the outputs of Algorithms 3.1 and 3.2 are close

to f(A)b whenever f is well approximated by a polynomial of small degree on W (A),
in order to obtain a good a priori bound on the error of Algorithm 3.3 we need a
good polynomial approximation on a larger set, that is, the union of W (V \dagger 

mAVm) and
W (Hm). In general, the right-hand side of (4.1) is difficult to control and, in practice,
we sometimes observe that Algorithm 3.3 fails to converge or the convergence is slowed
down (see, e.g., Figures 6 and 7).

4.3. Discussion on numerical stability. Rigorous numerical stability analysis
of any of the methods discussed in this work appears to be challenging. The evalu-
ation of the function of a small matrix f(Hm) is already a nontrivial computation,
for which (backward or forward) stability is established only for limited classes of
matrices and functions f (e.g., normal matrices with f = exp [17, Chapter 10]). To
nevertheless gain some insight into the numerical behavior of Algorithms 3.1 and 3.2,
particularly in terms of how the conditioning of Vm affects the stability, let us assume
that f(Hm) is computed in a backward stable fashion, that is, its computed approxi-
mation can be written as f(Hm+\Delta H), where \| \Delta H\| 2 =\scrO (\epsilon \| Hm\| 2) with the machine
precision \epsilon . Then in the computation of f(V \dagger 

mAVm) in (3.2), the backward error in
computing f(V \dagger 

mAVm) becomes \epsilon \| V \dagger 
mAVm\| 2. Letting Vm = QmRm be a QR factor-

ization, we have \epsilon \| V \dagger 
mAVm\| 2 = \| R - 1

m QT
mAQmRm\| 2 \leq \| R - 1

m \| 2\| QT
mAQm\| 2\| Rm\| 2 =

\kappa 2(Rm)\| QT
mAQm\| 2. This suggests that an ill-conditioned basis Vm may negatively
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628 A. CORTINOVIS, D. KRESSNER, AND Y. NAKATSUKASA

impact the numerical stability of the algorithms (in practice, the approximation is
often good unless Vm is numerically rank-deficient). It also suggests that a well-
conditioned Vm would yield an approximation similar to the one obtained via full
Arnoldi orthogonalization (wherein Vm =Qm), which we observe in our experiments.
In practice, convergence is sometimes observed even when Vm is highly ill-conditioned;
this has been studied extensively for the Lanczos method [20], and steepest descent
(restarted Arnoldi) [1] when A is symmetric. However, a complete analysis for the
nonsymmetric and randomized case is an open problem.

5. Numerical experiments. We now test the proposed Algorithms 3.1, 3.2,
and 3.3 on a variety of examples; these are indicated as ``BG-f(A),"" ``NT1-f(A),"" and
``NT2-f(A)"" in the legends, respectively (the letters BG and NT are the initials of
the authors of the papers [3, 21] from where Algorithms 2.1 and 2.2 are taken). The
baseline method is ``Arnoldi,"" which corresponds to (3.1). For some examples, we
also compare with sFOM [16, Algorithm 1], where the basis is obtained by Algorithm
2.2, and with the restarting algorithm from [13]. In all our examples we set the
truncation parameter k = 2 in Algorithm 2.2. The sketch matrix \Theta is an SRHT of
size 2m \times n, where m is the dimension of the Krylov subspace we are considering,
unless we indicate otherwise.

All algorithms were implemented and executed in MATLAB R2022a. For the
evaluation of f on the compressed matrices we used MATLAB expm and sqrtm func-

tions. We report the runtime and the relative accuracy \| f(A)b - \widehat f(A)b\| 2

\| f(A)b\| 2
, where \widehat f(A)b is

the computed approximation to f(A)b using one of the algorithms. The ``exact"" value
of f(A)b is computed using expm or sqrtm when the size of the matrix is smaller than
104; otherwise we approximate the exact value running sufficiently many iterations
of the Arnoldi algorithm. For the implementation of Algorithm 2.1 we have used the
implementation available at https://github.com/obalabanov/randKrylov, which uses
a subsampled Walsh--Hadamard transform for sketching. The least-squares problems
were solved using the MATLAB lsqr function with tolerance parameter 10 - 6 and for
Blendenpik we used the code at https://github.com/haimav/Blendenpik. The code
for sFOM was taken from https://github.com/MarcelSchweitzer/sketched fAb. The
code for the restarted algorithm was taken from http://www.guettel.com/funm quad/.
All numerical experiments in this work have been run on a laptop with an eight-core
Intel Core i7-8650U 1.90GHz CPU and 16GB of RAM. The code for reproducing the
experiments is available at https://github.com/Alice94/RandMatrixFunctions.

5.1. Behavior of Algorithms 3.1, 3.2, and 3.3.

5.1.1. Convection-diffusion problem. As a first example, we consider the
matrix A coming from the discretization of the convection-diffusion problem consid-
ered in [7, section 3.1]:

L[u] = - (D1ux)x  - (D2uy)y + Pe

\biggl( 
1

2
(v1ux + v2uy) +

1

2

\Bigl( 
(v1u)x + (v2u)y

\Bigr) \biggr) 
,

D1(x, y) =

\Biggl\{ 
1000, (x, y)\in [0.25,0.75]2,
1 otherwise,

D2(x, y) =
1

2
D1(x, y),

v1(x, y) = x+ y, v2(x, y) = x - y.

We take homogeneous Dirichlet boundary conditions and Peclet number Pe = 200,
and we consider a discretization by finite differences on a mesh of size 352\times 352. The
function f is the exponential and the starting vector is set to the values of the function
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Fig. 1. Exponential of the matrix from the convection-diffusion problem in section 5.1.1.
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Fig. 2. Computing the exponential of the nonsymmetric Toeplitz matrix from section 5.1.2.

sin(\pi x) sin(\pi y) on the finite-difference mesh and then normalized as b := b/\| b\| 2. The
results are reported in Figure 1. We observe that all our proposed methods are
stable in this example and they produce approximately the same result. As expected,
Algorithm 3.3 is by far the fastest one among our proposed algorithms. Note that the
restarted algorithm (with restart length 20) takes approximately the same time for
a fixed m but converges more slowly. The convergence of restarted methods can be
often improved, sometimes significantly, by keeping an augmentation space of a few
vectors across restart cycles; we refer the reader to [11] for more details.

5.1.2. Option pricing problem. Another example is illustrated in Figure 2.
We compute the exponential of the nonsymmetric Toeplitz matrix from section 6.3 in
[18], size n = 2000, and we take b to be a normalized random vector. For a restart
length 50, the restarted algorithm exhibits significantly delayed convergence.

5.1.3. Whitening the basis. We now consider two examples in which Algo-
rithm 2.2 alone does not give a well-conditioned basis, and therefore whitening (see
section 2.1.2) is needed to make the algorithm work. To check the condition number
of the sketch \Theta Vi we use the MATLAB condest function and we perform whitening
if this exceeds 1000.

We compute the square root of the graph Laplacian of the matrix p2p Gnutella08

from https://sparse.tamu.edu, which was considered in [5]. The matrix has size n=
6301, it is nonsymmetric, and all its eigenvalues have positive real part. We choose b
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Fig. 3. Square root of the graph Laplacian of the matrix from section 5.1.3. (Color online.)
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Fig. 4. Sign of the matrix in section 5.1.3.

to be a random unit vector. The results are reported in Figure 3. Around the 60th
iteration of Algorithm 2.2, the quality of the basis (in terms of conditioning) starts to
deteriorate quickly, and indeed the solid cyan line does not converge. However, when
whitening is performed, the convergence is restored.

As another example, we consider the matrix bfw782a from https://math.nist.gov/
MatrixMarket/data/NEP/bfwave/bfw782a.html, a random unit vector b, and the sign
function. To make computations more stable, to apply the sign function to a vector
we use the formula f(A)b = (A2) - 1/2(Ab) [17, Chapter 5]. In this case, the basis
obtained from Algorithm 2.2 is badly conditioned and whitening is needed. The
results are reported in Figure 4.

5.1.4. Timing of Algorithm 3.1 versus Arnoldi. We observed that Algo-
rithm 3.1 is slower than Arnoldi for the example in Figure 1. As discussed in [3], the
benefits of Algorithm 2.1 compared to Arnoldi are only visible for moderately large
values of m, the dimension of the Krylov subspace. In Algorithm 3.1, the construc-
tion of the basis needs to be combined with an additional step---the solution of the
least-squares problem. In Figure 5 we compute the inverse square root of a matrix A
which is the three-dimensional Laplacian matrix of the form

TN \otimes IN \otimes IN + IN \otimes TN \otimes IN + IN \otimes IN \otimes TN ,
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Fig. 5. Computing the inverse square root of the modified three-dimensional Laplacian from
section 5.1.4.
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Fig. 6. Convection diffusion example from section 5.2, size n= 104, f is the inverse square root.

where TN = tridiag( - 1,2,1) and IN is the identity matrix with size N = 80 (therefore
n= 512000), perturbed in such a way that the entries on the 10th superdiagonal are
0.125. The vector b is a randomly chosen unit vector. The sketch matrix \Theta is of
size \lfloor 1.05m\rfloor \times n in this example. We observe that, for large enough values of m,
Algorithm 3.1 is indeed faster than Arnoldi.

5.2. Comparison with [16]. We also include a comparison of our algorithms
with sFOM [16] on the examples from [16, sections 5.1 and 5.2]. In Figure 6 we con-
sider the inverse square root of a matrix coming from a convection-diffusion problem
(different from the one in Figure 1) and in Figure 7 we consider the exponential of the
wiki-vote matrix, of size n= 8297, from the SNAP collection https://sparse.tamu.edu/
SNAP/wiki-Vote. Observe that, in Figure 7, Algorithm 3.3 stagnates until m = 25,
even though the basis obtained from Algorithm 2.2 is numerically full rank, perhaps
reflecting the discussion on stability in section 4.3.

6. Conclusion. In this work we proposed two ways of speeding up Krylov sub-
space methods for computing f(A)b for a nonsymmetric matrix A and general function
f . For well-behaved problems, where the condition number of the constructed Krylov
subspace basis does not deteriorate, it is best to run Algorithm 3.3 until convergence.
Once this condition number gets very large, our experiments indicate that it is benefi-
cial to perform whitening and then switch to the more expensive Algorithm 3.1. The
algorithm sFOM proposed in [16] offers a compromise between the different methods,
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Fig. 7. Exponential of the wiki-vote matrix considered in section 5.2 and in [16, section 5.2].

in being more stable (but slower) than Algorithm 3.3 and faster (but less stable) than
Algorithm 3.1.
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