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Statistics from large-eddy-simulation (LES) of cooling films with different cooling holes are used to evaluate 
budgets in the transport equation of turbulent heat flux. The capability of LES has been assessed by comparing 
simulated results with experimental data, while the correctness of the procedure generating turbulent heat flux 
budgets has been examined on a turbulent boundary layer. The mechanism of heat transfer has been preliminarily 
studied throughout the three-dimensional flow field at different blowing ratios using a general outer scaling, to 
recognize specific regions with corresponding heat transfer patterns. A compressible version of budget terms in 
the transport equation of turbulent heat flux is then explored to show the thermal behavior of flow downstream 
from the cooling film holes. Characteristics of each budget term are presented in a defect scaling consistent 
with the scaling suitable for Reynolds stresses and Reynolds stress budgets. Furthermore, these budget terms are 
compared among an array of different cooling hole shapes combined with different blowing ratios to explore self-
similarity. Results show that the dynamic balance of all budget terms is significantly influenced by the cooling 
hole shape, while each turbulent heat flux budget term may scale with the velocity defect, temperature deficit, 
and the normalized streamwise distance to the power of an exponent dependent on the hole shape.
1. Introduction

The high-fidelity of prediction for film cooling has been pursued in 
recent years when higher and higher operating temperatures are being 
achieved in hot gas turbine components. The interest arises from the 
complexity of finding the optimal flow rate for the cooling stream. The 
thermodynamic cost of generating a cooling stream does not vary lin-
early with the flow rate due to the unsteady nature of three-dimensional 
film jets. Consequently, gaining a deeper insight into the flow and heat 
transfer mechanisms can greatly enhance film cooling designs.

While accurate prediction of film cooling flows can be achieved 
through advanced simulation methods such as Large Eddy Simulation 
(LES) and Direct Numerical Simulation (DNS), which offer increas-
ing precision, designers often prefer Reynolds-averaged Navier-Stokes 
(RANS) methods due to their lower computational cost. However, the 
accuracy of RANS in predicting film cooling performance is limited by 
its turbulence models, which introduce inaccuracies in both Reynolds 
stresses and turbulent heat fluxes. For instance, [4] demonstrated RANS 
results with minimal lateral coolant spread and enhanced penetration 
downstream in the streamwise slices. Comparing these results with LES, 
they observed RANS overpredicting the turbulent heat flux, with values 
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twice that of LES, resulting in an overprediction of the adiabatic cooling 
effectiveness of up to 45% on the centerline.

In the early stages, turbulent heat fluxes in the compressible ver-
sion of transport equations were modeled using the strong Reynolds 
analogy, see Morkovin [17], drawing an analogy between turbulent 
momentum and heat transport. This approach, known as the strong 
Reynolds analogy, was established by Ribault and Friedrich [21]. The 
simplest subset of this method involved employing the Boussinesq hy-
pothesis and assuming constant turbulent Prandtl numbers. However, 
this analogy is not applicable in complex flows, such as those with 
varying pressure gradients or interactions between shocks and turbulent 
boundary layers, as the turbulent Prandtl numbers cannot be predefined 
in such cases [21]. The limitations of the strong Reynolds analogy are 
also evident in film cooling flows. To achieve accurate predictions of 
turbulent heat fluxes, it is necessary to solve or model the transport 
equation of turbulent heat fluxes. Consequently, studying the budgets 
within these transport equations of turbulent heat fluxes becomes essen-
tial for improving the fidelity of predictions in such flows considering 
the following reasons.

First, detailed budgets in the transport equation of turbulent heat 
flux play a crucial role in advancing current turbulent heat flux mod-
els. Research has been conducted to model turbulent heat flux for 
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Nomenclature

Symbols

< 𝑇 ′′𝑇 ′′ > Favre-averaged temperature variance scaled by the tem-
perature deficit, < 𝑇 ′′𝑇 ′′ >= 𝑇 ′′𝑇 ′′∕Δ𝑇Δ𝑇

< 𝑇 > Favre-averaged temperature scaled by the temperature 
deficit, < 𝑇 >= 𝑇 ∕Δ𝑇

< 𝑢′′𝑇 ′′ > Favre-averaged streamwise turbulent heat flux scaled by 
the temperature deficit and velocity defect, < 𝑢′′𝑇 ′′ >=
𝑢′′𝑇 ′′∕Δ𝑈Δ𝑇

< 𝑣′′𝑇 ′′ > Favre-averaged wall-normal turbulent heat flux scaled by 
the temperature deficit and velocity defect, < 𝑣′′𝑇 ′′ >=
𝑣′′𝑇 ′′∕Δ𝑈Δ𝑇

𝛽 Exponent factor
𝛿𝑖𝑗 Kronecker delta
𝜖 turbulent viscous-thermal dissipation
Φ𝑇 𝑖 Pressure-scrambling
𝑇 ′′𝑇 ′′ Temperature variance
𝐶𝑇 𝑖 compressibility associated terms
𝐷𝑇𝑖 turbulent viscous-thermal transport contribution
𝐸 Total energy
𝑘𝑇 Heat conduction coefficient
𝑀𝛿 Mach number in the scaling form
𝑝 Pressure
𝑃𝑟𝛿 Prandtl number in the scaling form
𝑞𝑖 Heat flux
𝑅𝑒𝛿 Reynolds number in the scaling form
𝑆𝑘𝑙 Strain-rate tensor
𝑇 ′′ Turbulent temperature fluctuation
𝑡 Time
𝑢̄+𝑐 A van Driest transformation
Δ𝑈 Streamwise velocity defect at 𝛿99∕2
𝛿99 Boundary layer thickness, 99% far-field velocity point
𝛿𝑣∗ a semi-local viscous length
𝜇 viscosity
𝜌′ Density fluctuation
𝜌 Density
𝜌𝑤 Near-wall density
𝜎𝑖𝑗 Viscous stress tensor

𝜎
(𝑠𝑔𝑠)
𝑖𝑗

Viscous stress tensor in the sub-grid scale
𝜏𝑤 wall shear stress
𝑇 Favre-averaged temperature
𝑢′′𝑇 ′′ Turbulent heat flux in the streamwise direction
𝑢̃+
𝑀𝐼

a Mach-invariant scaling

𝑣′′𝑇 ′′ Turbulent heat flux in the wall-normal direction
𝐷 Cooling hole diameter

𝑓𝑠𝑔𝑠 The budget term of sub-grid scale effect in the transport 
equation of turbulent heat flux

𝑀 Blowing ratio, 𝑀 = (𝜌𝑐𝑉𝑐)∕(𝜌𝑚𝑉𝑚)
𝑀𝑎 Mach number
𝑃 1
𝑇 𝑖

Production due to the mean velocity and mean tempera-
ture

𝑃 2
𝑇 𝑖

Production due to the fluctuating strain rate
𝑞𝑇 Turbulent heat flux vector
𝑞
(𝑠𝑔𝑠)
𝑇

Turbulent heat flux vectorin the sub-grid scale
𝑇 ′′ Temperature fluctuation
𝑇 Temperature
𝑇𝑤 Wall temperature
𝑇 +
𝑣𝑑

The temperature transformation
𝑢′′ Velocity fluctuation in the streamwise direction
𝑈 Mean velocity in the streamwise direction
𝑢𝜏 friction velocity
𝑣′′ Velocity fluctuation in the wall-normal direction
𝑉 Mean velocity in the wall-normal direction
𝑉 Velocity
𝑤′′ Velocity fluctuation in the spanwise direction
𝑊 Mean velocity in the spanwise direction
𝑥 Streamwise distance from the center of the film-cooling 

hole
𝑦 Coordinate in the Wall-normal direction
𝑦∗ a wall-normal non-dimensional definition
𝑦+ Dimensionless wall distance
𝑦+𝑐 an integral length
𝑧 Coordinate in the spanwise direction

Abbreviations

𝐶𝑜𝑛 Convection term
𝐶𝑇 Compressibility associated terms
𝐷𝑇 turbulent viscous-thermal transport contribution
𝑒𝑝𝑠 turbulent viscous-thermal dissipation
𝑃𝐻𝐼 Pressure-scrambling
𝐿𝐸𝑆 Large eddy simulation
𝑃𝑇 1 Production due to the mean velocity and mean tempera-

ture
𝑃𝑇 2 Production due to the fluctuating strain rate
𝑇𝐾𝐸 Turbulent kinetic energy

Subscript

𝑐 coolant
𝑚 mainstream
shear flows, with early work in the 1990s focusing on statistically 
two-dimensional compressible flows [21]. Comparisons between bud-
gets of transport equations and modeled equations led to the proposal 
of improved turbulent heat flux models, surpassing the performance 
of algebraic models. Subsequently, in the 21st century, models were 
extended to three-dimensional situations. Bowersox [1] introduced an 
algebraic energy flux model (AEF) by truncating compressible turbulent 
heat flux transport equations, resulting in a 20% enhancement in tem-
perature predictions over the traditional gradient diffusion model for 
moderately cooled turbulent boundary layers. The use of Bowersox’s 
AEF model (see [1]) has been extended to higher Mach numbers, see 
Huang et al. [13], and to favorable pressure gradients, see Nicholson 
et al. [19,20].

Second, examining the budget terms in turbulent heat flux can 
provide insights into fluid physics. Nicholson et al. [19] conducted 
an assessment of existing modeling assumptions, demonstrating that 
2

the Boussinesq assumption yields accurate predictions of the Reynolds 
shear stress but compromises the accuracy of Reynolds normal stresses. 
Similarly, the constant turbulent Prandtl number model provides rea-
sonable predictions for wall-normal turbulent heat flux but leads to 
inaccuracies in streamwise turbulent heat flux [19,4].

In the context of film cooling flows, investigating budget terms can 
offer valuable insights for developing higher-fidelity models, ultimately 
enhancing our understanding of flow mechanisms and optimizing cool-
ing film designs. Despite its potential significance, there is currently no 
existing literature addressing this particular aspect to the best of the 
authors’ knowledge. An earlier study by Muldoon and Acharya [18] ex-
amined budget terms of 𝑘 − 𝜖 equations in cooling films using Direct 
Numerical Simulation (DNS). However, their analysis did not encom-
pass the characteristics of turbulent heat flux, and they overlooked the 
influence of compressibility on their budget terms.

Furthermore, to effectively present the characteristics of turbulent 
heat flux and turbulent heat flux budgets, appropriate scaling meth-

ods are required. These methods are typically based on universal scal-
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ing laws for turbulent velocity/turbulent temperature or mean veloc-
ity/mean temperature. In the context of compressible flows, an attempt 
has been made to identify a suitable scaling method among the different 
approaches associated with these universal scaling laws.

Considering the wall effect, the standard wall normalization is one 
such method, utilizing the scaled lengthscale 𝑦+ = 𝑦∕𝛿𝑣 and the scaled 
velocity 𝑢̄+ = 𝑢̄∕𝑢𝜏 . Here, the viscous lengthscale is 𝛿𝑣 = 𝜈𝑤∕𝑢𝜏 , where 𝜈
represents kinematic viscosity, and 𝑢𝜏 =

√
𝜏𝑤∕𝜌𝑤 is the friction veloc-

ity. However, the standard normalization does not perform optimally 
in the log-law region due to the assumption 𝜌̄ = 𝜌𝑤, which is not valid 
beyond the wall. An alternative is the van Driest density-weighted 
transformation, widely used in incompressible flows and adapted for 
compressible flows. This transformation yields good velocity profile col-

lapses 𝑢+
𝑣𝑑

= ∫ 𝑢̄+

0
(
𝜌̄∕𝜌𝑤

)1∕2
𝑑𝑢̄+ in cases where the compressibility effect 

is negligible. Other scaling methods have been proposed for specific 
flow configurations. Foysi et al. [6] employed 𝑦∕ℎ (where ℎ is the half-
channel height) in the outer scaling region of a supersonic channel flow 
with isothermal cooled walls. Huang et al. [14] introduced a semi-local 
viscous lengthscale 𝛿𝑣∗ = 𝜇̄∕𝜌̄𝑢𝜏∗ with a wall-normal non-dimensional 
definition 𝑦=𝑦∕𝛿𝑣∗ and a semi-local friction velocity 𝑢𝜏∗ =

√
𝜏𝑤∕𝜌̄, yield-

ing better collapses for local properties rather than wall properties 
in an isothermal compressible channel flow. Brun et al. [2] proposed 
an integral lengthscale 𝑦+𝑐 = ∫ 𝑦+

0

(
𝜇𝑤
𝜇

)
𝑑𝑦+, accounting for strong near-

wall temperature gradients. They also devised a van Driest transfor-

mation 𝑢̄+𝑐 = ∫ 𝑢̄+

0

(
𝑦+

𝑦𝑐+

)(
𝜇𝑤
𝜇̄

)√
𝜌̄

𝜌𝑤
𝑑𝑢̄+ to consider the effect of density 

and viscosity near the wall. This method demonstrated the ability to 
achieve collapses in the viscous sub-layer of isothermal cooled chan-
nels across a wide range of Mach numbers. Zhang et al. [29] developed 
a Mach-invariant scaling 𝑢̃+

𝑀𝐼
= ∫ 𝑢̃+

0 𝑔
(
𝜇𝑤
𝜇̄

)
𝑑𝑢̃+ for compressible turbu-

lent boundary layers using a viscosity-weighted transformation. Their 
scaling method was validated on compressible turbulent boundary lay-
ers with Mach numbers below 6 under the adiabatic wall condition.

Shadloo et al. [23] introduced a temperature transformation 𝑇 +
𝑣𝑑

=

∫
𝑇̄+
𝑡

0
(
𝑇𝑤∕𝑇̄

)1∕2
𝑑𝑇̄ 𝑡+, which involves integrating the total temperature 

distribution across the boundary layer to resemble the van Driest veloc-

ity profiles 𝑢𝑣𝑑+ = ∫ 𝑢̄+

0
(
𝜌̄∕𝜌𝑤

)1∕2
𝑑𝑢̄+. This approach demonstrated good 

agreement between mean velocity profiles and incompressible DNS data 
from Schlatter et al. [22] in both the sub-layer and log-law regions for 
cases with adiabatic and heating walls.

However, when applied to cooling isothermal wall boundary lay-
ers, both the mean velocity profile and the total temperature profile 
exhibited deviations, similar to the findings of Duan and Martín [3]. 
Shadloo et al. [23] also revealed that the semi-local length scaling 
offers improved alignment of peaks in the Turbulent Kinetic Energy 
(TKE) budgets when comparing turbulent boundary layers with differ-
ent heated walls. Nevertheless, this scaling method could not achieve a 
complete collapse of TKE budget terms. Also, Nicholson et al. [20] pre-
sented that the semi-local scaling is ineffective in collapsing Reynolds 
stress and TKE budget terms for hypersonic turbulent boundary layers 
with zero pressure gradient or favorable pressure gradients. As a result, 
Morkovin [17]’s hypothesis does not hold in such cases. This neces-
sitates the development of new scaling methods to achieve collapsed 
Reynolds stress and heat flux statistics.

Furthermore, while there have been studies examining heat transfer 
characteristics in turbulent boundary layers (see [28,20,24,23]), chan-
nels (see [5]), and applications with practical significance ([15], [16]), 
the majority of these investigations have focused solely on near-wall 
flows. The scaling methods devised for studying heat transfer charac-
teristics in these cases are primarily based on the near-wall region. In 
the context of film cooling, Hao and di Mare [10] mentioned that the 
main statistics downstream from the wall exhibit a two-layer structure, 
consisting of a layer close to the turbulent boundary layer in the near-
wall region, and a layer in the jet region further away from the wall. 
3

For the scaling of the structure in the near-wall region, experience from 
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existing scaling methods used in turbulent boundary layer studies can 
be leveraged. However, defining the outer scaling to be used across a 
range of blowing ratios in film cooling remains an open area of inves-
tigation when considering heat transfer downstream from the cooling 
film.

The primary aim of this research is to assess the budget terms in 
the compressible version of transport equations of turbulent heat flux 
for film cooling cases, utilizing the database provided by Hao and 
di Mare [10] based on Large Eddy Simulation (LES) data. The analy-
sis focuses on two types of cooling holes: fan-shaped and cylindrical, 
with blowing ratios of 0.5, 1.0, and 1.5. The key emphasis lies in in-
vestigating the heat transfer characteristics downstream from the exit 
of the film cooling hole, specifically in the jet region (away from the 
wall), through the turbulence statistics of the flow. A crucial aspect of 
this study involves discussing the budgets of turbulent heat fluxes us-
ing a proposed scaling approach that facilitates the collapse of budget 
terms from various streamwise positions onto single curves. The overall 
objective is to shed light on the transport mechanisms underlying heat 
transfer in film cooling flows.

The following sections are structured as follows: Section 2 intro-
duces the flow configuration, numerical scheme, budget equations of 
turbulent heat flux, and governing equations. Section 3 validates the 
approach using a turbulent boundary layer to demonstrate the budgets 
of turbulent heat flux. Section 4 presents the results of the study, encom-
passing an initial analysis of heat transfer in terms of mean temperature, 
temperature fluctuation, velocity fluctuation, density fluctuation, turbu-
lent heat flux, and temperature variance in cooling films. This section 
then discusses the balancing of turbulent heat flux budgets in film cool-
ing and its connection to the observed heat transfer mechanisms from 
the initial analysis. Finally, the universal scaling for each budget term 
is presented.

Overall, this paper offers valuable insights into the transport mecha-
nisms of heat transfer in film cooling flows, which can be beneficial for 
designing more efficient cooling systems in practical applications.

2. Methodology

2.1. Flow configuration

The flow configuration, including the cooling film geometries, com-
putational domain, and flow conditions, is intentionally selected to 
align with the cooling film experiment detailed in Gritsch et al.’s re-
search paper (see [7]). Computational simulations are performed and 
validated by comparing the results with the experimental data from 
Gritsch et al. [7], as presented in Hao and di Mare [10].

In this study, two types of cooling holes are analyzed: the fan-shaped 
hole and the cylindrical hole. The geometries of these two film cooling 
holes are shown in Fig. 1. The fan-shaped hole has an inclination angle 
of 30 degrees and a length-to-diameter ratio of 6, with a hole diame-
ter of 0.01 m. The lateral expansion angle for the fan-shaped hole is 
14 degrees. The coordinate system employed to describe the hole po-
sitions is also depicted in Fig. 1, with the origin located at the center 
of the hole’s exit plane. The x-axis corresponds to the direction of the 
streamwise flow, the y-axis is perpendicular to the wall, and the z-axis 
is aligned in the spanwise direction. Fig. 2 illustrates the corresponding 
computational domains for each cooling hole, comprising a mainstream 
channel, a coolant channel, and the cooling hole. The figure also out-
lines the near-field and far-field regions: the former refers to the region 
where 𝑥∕𝐷 is located between 1 and 5, while the latter pertains to the 
region where 𝑥∕𝐷 exceeds 5.

The mesh for the cooling films is generated using a template-based 
multi-block hexahedral meshing technique employed by the mesh gen-
erator, as explained in Hao et al. [12]. Fig. 3 showcases the fan-shaped 
mesh on the median cutting plane, along with a view where both the 

region 𝑧 < 0 and 𝑦 > 0 are blanked out. The 𝑦+ value is below 2, in-
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Fig. 1. The geometry of film cooling holes [7]: left (a) fan-shaped hole, right 
(b)cylindrical hole.

dicating an adequate mesh resolution. The quality of the mesh is also 
verified in Hao et al. [12].

The boundary conditions are set to match the specific operating 
conditions: the internal temperature 𝑇𝑡𝑐 = 290𝐾 , the temperature ratio 
𝑇𝑡𝑐∕𝑇𝑡𝑚 = 0.54, the internal Mach number 𝑀𝑎𝑐 = 0, the external Mach 
number 𝑀𝑎𝑚 = 0.6, the internal Reynolds number 𝑅𝑒𝐷𝑐 ≤ 2.5 × 105, the 
external Reynolds number 𝑅𝑒𝐷𝑚 ≤ 1.3 × 105, the boundary layer thick-
ness 𝛿99∕𝐷 = 0.5, the external turbulence level 𝑇 𝑢𝑚∕𝐷 ≤ 1.5%, and the 
internal turbulence level 𝑇 𝑢𝑐∕𝐷 ≤ 1%. We focus on three blowing ra-
tios for each type of cooling hole: 𝑀 = 0.5, 𝑀 = 1.0, and 𝑀 = 1.5. An 
inflow generator proposed by Hao et al. [8] is applied to generate the 
inflow turbulence on the fly. For both external and internal channels, 
the outflow condition is the non-reflecting boundary condition, as de-
scribed by Thompson [27]. The bottom wall of the external channel, 
the top wall of the internal channel, and the wall of the cooling hole 
are treated with the non-slip wall condition for velocity and the adia-
batic wall condition for thermal behavior. The top wall of the external 
channel and the bottom wall of the internal channel are subject to the 
far-field boundary condition. The lateral boundaries in both channels 
are handled using the periodic boundary condition.

The simulations in this study are conducted using an in-house CFD 
code called ‘H4X’. The Navier-Stokes equations are solved through an 
implicit LES approach using a finite volume method. Conservative vari-
ables are stored at the cell center, and inviscid fluxes are extrapolated 
at the cell interface using Roe’s Riemann solver with gradients of char-
acteristic variables obtained from a third-order compact scheme. This 
scheme eliminates oscillations near discontinuities and local extrema, 
achieving third-order accuracy away from these regions. Viscous fluxes, 
on the other hand, are reconstructed using least square gradients based 
on a four-point stencil, resulting in second-order accuracy. For time 
advancement, a third-order Runge-Kutta algorithm is employed, in-
volving three evaluations of fluxes and four updates of conservative 
variables for each time step. The Courant-Friedrichs-Lewy (CFL) num-
ber is maintained below 0.8 to ensure numerical stability. The simu-
lation is parallelized using MPI and OpenMPI, utilizing 480 processors 
for LES computations. Turbulent statistics are collected at the end of 
the simulations to account for initial transient solutions. A time series 
of statistics, covering at least 14 flow-through times, is sampled and 
subsequently post-processed into Favre-averaged quantities. For further 
details regarding numerical settings and the validity of LES results for 
film cooling cases analyzed in this study, refer to Hao and di Mare [10].

2.2. Budgets of turbulent heat flux

In compressible cases, dealing with turbulent heat flux modeling 
becomes more intricate compared to incompressible cases, as the mo-
mentum equation is no longer decoupled from the energy equation. The 
compressible transport equations of Reynolds fluxes are derived using 
mass conservation, the fluctuating momentum equation, and the fluctu-
ating temperature equations. The gas is assumed to a perfect gas, and 
4

the buoyancy effect is assumed to be neglected.
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The turbulent heat flux vector is denoted as 𝑞𝑇 = 𝜌𝑢′′
𝑖
𝑇 ′′ = 𝜌̄𝑢′′

𝑖
𝑇 ′′, 

where ̃ represents the Favre averaging, and represents the 
Reynolds averaging. For a dependent variable 𝑓 , the Reynolds decom-
position splits 𝑓 into an ensemble mean (the Reynolds average) and a 
fluctuation.

𝑓 (𝐱, 𝑡) = 𝑓 (𝐱, 𝑡) + 𝑓 ′(𝐱, 𝑡) (1)

and the Favre decomposition partitions 𝑓 into the Favre average and a 
fluctuation as

𝑓 (𝐱, 𝑡) = 𝑓 (𝐱, 𝑡) + 𝑓 ′′(𝐱, 𝑡) (2)

where the Favre average is defined as

𝑓 = 𝜌𝑓

𝜌̄
(3)

The transport equation of the turbulent heat flux is

D𝜌̄𝑢′′
𝑖
𝑇 ′′

D𝑡
=
𝜕
(
𝜌̄𝑢′′

𝑖
𝑇 ′′

)
𝜕𝑡

+ 𝜕

𝜕𝑥𝑘

(
𝑢̃𝑘𝜌̄𝑢

′′
𝑖
𝑇 ′′

)
= 𝜌̄𝑃 1

𝑇 𝑖
+ 𝜌̄𝑃 2

𝑇 𝑖
+ 𝜌̄Φ𝑇 𝑖 − 𝜌̄𝜀𝑇 𝑖 − 𝜌̄𝐷𝑇 𝑖 + 𝜌̄𝐶𝑇 𝑖

(4)

where the right-hand side is balanced among the production due to the 
mean velocity and mean temperature 𝜌̄𝑃 1

𝑇 𝑖
, Production due to the fluctu-

ating strain rate 𝜌̄𝑃 2
𝑇 𝑖

, the ‘Pressure-scrambling’ term 𝜌̄Φ𝑇 𝑖, the turbulent 
viscous-thermal dissipation term 𝜌̄𝜖𝑇 𝑖, the turbulent viscous-thermal 
transport contribution 𝜌̄𝐷𝑇 𝑖 and compressibility associated terms 𝜌̄𝐶𝑇 𝑖. 
These terms are shown below:

(1) Production due to the mean velocity and mean temperature

𝜌̄𝑃 1
𝑇 𝑖

= −𝜌̄𝜏𝑖𝑘
𝜕𝑇

𝜕𝑥𝑘
− 𝜌̄𝑢′′

𝑘
𝑇 ′′ 𝜕𝑢̃𝑖

𝜕𝑥𝑘
− 𝜌̄(𝛾 − 1)𝑢′′

𝑖
𝑇 ′′𝑆𝑘𝑘 +

(
𝛾

𝑐𝑝

)
𝑢′′
𝑖
𝜎′
𝑗𝑘
𝑆𝑘𝑗 (5)

(2) Production due to the fluctuating strain rate

𝜌̄𝑃 2
𝑇 𝑖

=
(
𝛾

𝑐𝑝

)[
𝑢′′
𝑖
𝜎′
𝑗𝑘
𝑠′′
𝑘𝑗

− 𝑢′′
𝑖
𝑝′𝑠′′

𝑘𝑘

]
(6)

(3) ‘Pressure-scrambling’

𝜌̄Φ𝑇 𝑖 = −

[
𝑇 ′′ 𝜕𝑝

𝜕𝑥𝑖

]
(7)

(4) Turbulent viscous-thermal dissipation

𝜌̄𝜖𝑇𝑖 = −
(
𝛾

𝑐𝑝

)
𝑞′
𝑘

𝜕𝑢′′
𝑖

𝜕𝑥𝑘
+ 𝜎′

𝑖𝑘

𝜕𝑇 ′′

𝜕𝑥𝑘
(8)

=
(
𝛾

𝑐𝑝

)[
𝑘̄𝑇

𝜕𝑢′′
𝑖

𝜕𝑥𝑘

𝜕𝑇 ′

𝜕𝑥𝑘
+ 𝑘′

𝑇

𝜕𝑢′′
𝑖

𝜕𝑥𝑘

𝜕𝑇̄

𝜕𝑥𝑘
+ 𝑘′

𝑇

𝜕𝑢′′
𝑖

𝜕𝑥𝑘

𝜕𝑇 ′

𝜕𝑥𝑘

]
+
[
𝜎′
𝑖𝑘

𝜕𝑇 ′′

𝜕𝑥𝑘

]

(5) Turbulent viscous-thermal transport contribution

𝜌̄𝐷𝑇 𝑖 = −
(
𝛾

𝑐𝑝

)
𝜕

𝜕𝑥𝑘

[
𝑢′′
𝑖
𝑞′
𝑘

]
− 𝜕

𝜕𝑥𝑘

[
𝜌𝑢′′

𝑖
𝑇 ′′𝑢′′

𝑘
− 𝜎′

𝑖𝑘
𝑇 ′′

]
(9)

=
(
𝛾

𝑐𝑝

)
𝜕

𝜕𝑥𝑘

[
𝑘̄𝑇 𝑢

′′
𝑖

𝜕𝑇 ′

𝜕𝑥𝑘
+ 𝑘′

𝑇
𝑢′′
𝑖

𝜕𝑇̄

𝜕𝑥𝑘
+ 𝑘′

𝑇
𝑢′′
𝑖

𝜕𝑇 ′

𝜕𝑥𝑘

]

− 𝜕

𝜕𝑥𝑘

[
𝜌𝑢′′

𝑖
𝑇 ′′𝑢′′

𝑘
− 𝜎′

𝑖𝑘
𝑇 ′′

]
(6) Compressibility associated terms

𝜌̄𝐶𝑇 𝑖 = 𝑇 ′′ 𝜕𝜎̄𝑖𝑘
𝜕𝑥𝑘

+
(
𝛾

𝑐𝑝

)[
𝑢′′
𝑖
𝜎̄𝑗𝑘𝑆𝑘𝑗 + 𝑢′′

𝑖
𝑠′′
𝑘𝑗

(
𝜎̄𝑘𝑗 − 𝑝̄𝛿𝑘𝑗

)]
(10)

2.3. Governing equations

In the governing equations, variables are non-dimensionalized by 
normalizing them with respect to the wall-normal distance at 99% of 
the far-field velocity 𝛿99, the velocity defect Δ𝑈 , and the temperature 
deficit Δ𝑇 . The resulting non-dimensional form of the governing equa-

tions is as follows:
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Fig. 2. Computational domains: a)fan-shaped hole, b) cylindrical hole.

Fig. 3. The mesh of the fan-shaped case in the view on the median cutting plane and the view with both the median plane and the horizontal plane blanking.

Fig. 4. Simulation results versus experimental results from Thole et al. [26].
𝜕𝜌

𝜕𝑡
+
𝜕𝜌𝑢𝑗

𝜕𝑥𝑗
= 0

𝜕𝜌𝑢𝑖
𝜕𝑡

+
𝜕𝜌𝑢𝑖𝑢𝑗

𝜕𝑥𝑗
+ 𝜕𝑝

𝜕𝑥𝑖
= 1
𝜕𝑥𝑗

(
𝜕𝜎𝑖𝑗 + 𝜎

(𝑠𝑔𝑠)
𝑖𝑗

)
𝜕𝜌𝐸

𝜕𝑡
+
𝜕(𝜌𝐸 + 𝑝)𝑢𝑗

𝜕𝑥𝑗
= 1
𝜕𝑥𝑗

(
𝜕𝜎𝑖𝑗𝑢𝑖 − 𝜕𝑞𝑗 + 𝜕𝜎

(𝑠𝑔𝑠)
𝑖𝑗

𝑢𝑖 − 𝜕𝑞
(𝑠𝑔𝑠)
𝑗

)
(11)

where 𝑢𝑖(𝑖 = 1, 2, 3) is the velocity vector, with (𝑢𝑖, 𝑢𝑗 , 𝑢𝑘) = (𝑢, 𝑣, 𝑤). The 
directions of 𝑖(𝑖 = 1, 2, 3) correspond to (𝑥, 𝑦, 𝑧), which are in the stream-
wise direction, wall-normal and spanwise direction. Other variables in 
Equ. (11) include the time 𝑡, the pressure 𝑝, the density 𝜌, the temper-
ature 𝑇 , the total energy 𝐸 = 𝑒 + 0.5𝑢𝑖𝑢𝑖, the heat flux 𝑞𝑖 = −𝑘𝑇

𝜕𝑇

𝜕𝑥𝑖
, the 

viscous stress tensor 𝜎𝑖𝑗 for a Newtonian fluid,

𝜎𝑖𝑗 = 2𝜇
(
𝑆𝑖𝑗 −

𝛿𝑖𝑗

3
𝑆𝑘𝑘

)
(12)

based on strain-rate tensor 𝑆𝑘𝑙 , which takes the form:

𝑆𝑘𝑙 =
1
2

(
𝜕𝑢𝑘
𝜕𝑥𝑙

+
𝜕𝑢𝑙
𝜕𝑥𝑘

)
(13)
5

where 𝜇 is the viscosity and 𝛿𝑖𝑗 is the Kronecker delta.
 Fig. 5. Budget terms of 𝑣′′𝑇 ′′ for Spalart’s turbulent boundary layer [25].
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Fig. 6. Contours of turbulent temperature fluctuation 𝑇 ′′ scaled by 𝑇0 on the median plane for fan-shaped and cylindrical films at 𝑀 = 0.5, 1.0, 1.5. (For interpretation 
of the colors in the figure(s), the reader is referred to the web version of this article.)
6

Fig. 7. Contours of the turbulent temperature 𝑇 ′′ scaled by Δ𝑇 for fan-shaped and cylindrical films at 𝑀 = 1.0.
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Fig. 8. Contours of Favre-averaged temperature 𝑇 scaled by 𝑇0 on the median plane for fan-shaped and cylindrical films at 𝑀 = 0.5,1.0,1.5.

Fig. 9. Contours of turbulent heat flux in the streamwise direction 𝑢′′𝑇 ′′ scaled by 𝑈0(𝑇𝑚 − 𝑇𝑐 ) on the median plane for fan-shaped and cylindrical films at 𝑀 =

0.5, 1.0, 1.5.

3. Validation

Two aspects of validation are conducted. The first part involves com-
paring the LES results of cooling films with experimental data to ensure 
the correctness of the simulations. Fig. 4 presents the velocity profile, 
which serves as a representative example of this validation. The agree-
ment between the LES and experimental velocity profiles indicates that 
the numerical tool used in this study is capable of providing reasonably 
accurate budget results. Further validation, encompassing flowfield and 
7

heat transfer characteristics, is available in Hao and di Mare [10].
The second part of the validation process involves verifying the 
procedure for generating compressible turbulent heat flux budgets. To 
achieve this, a simulation of a turbulent boundary layer flow with an 
adiabatic wall is conducted using the LES code mentioned earlier. The 
computational domain dimensions are set as 100𝛿∗ × 20𝛿∗ × 25𝛿∗, where 
𝛿∗ is the boundary layer displacement thickness. The grid spacing near 
the wall in the streamwise, wall-normal, and spanwise directions is set 
to Δ𝑥+ = 23, Δ𝑦+ = 0.18, and Δ𝑧+ = 7.8 in wall units, respectively. The 
number of points in the wall-normal direction is adjusted to ensure 10 
points within the 18 wall units of the wall. The total number of cells in 

the three dimensions is 256 × 168 × 192. For this validation, the simu-
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Fig. 10. Contours of the turbulent heat flux in the wall-normal direction 𝑣′′𝑇 ′′ scaled by 𝑈0(𝑇𝑚 − 𝑇𝑐 ) on the median plane for fan-shaped and cylindrical films at 
𝑀 = 0.5, 1.0, 1.5.

Fig. 11. Contours of the temperature variance 𝑇 ′′𝑇 ′′ scaled by (𝑇 − 𝑇 )2 on the median plane for fan-shaped and cylindrical films at 𝑀 = 0.5,1.0,1.5.
𝑚 𝑐

lation is run for five flow-through times to ensure statistical steadiness 
of the turbulence, and then statistics are collected for ten flow-through 
times. The Favre-averages are obtained through a time average of 10 
flow-through times on statistics, followed by spatial averaging within 
the mid strip of 60% of the spanwise dimension. The compressible tur-
bulent heat flux budgets obtained from the LES results are compared 
with the DNS data from Shahab et al. [25], based on the given Mach 
number 𝑀∞ = 2.25 and Reynolds number 𝑅𝑒∞ = 25 × 106.

Fig. 5 displays the compressible turbulent heat flux budget terms in 
the wall-normal direction, using the LES result at the 60% streamwise 
8

dimension for comparison. Additionally, a sum of the imbalance and 
the loss of the sub-grid scale effect, as indicated in Equation (14), is 
shown (in red dash line) to indicate the aggregate error of the budget 
terms and the loss of unresolved dissipation. Equation (14) is derived 
by subtracting the left-hand side from the right-hand side of Equation 
(4), while assuming statistically stationary flow and ignoring the time-
derivative term. The left-hand side sum includes the imbalance and the 
effect of sub-grid scales on the resolved budgets (represented by 𝑓𝑠𝑔𝑠).

𝐼𝑚𝑏𝑎𝑙𝑎𝑛𝑐𝑒+ 𝑓𝑠𝑔𝑠 = 𝜌̄𝑃 1
𝑇 𝑖

+ 𝜌̄𝑃 2
𝑇 𝑖

+ 𝜌̄Φ𝑇 𝑖 − 𝜌̄𝜀𝑇 𝑖 − 𝜌̄𝐷𝑇 𝑖 + 𝜌̄𝐶𝑇 𝑖

− 𝜕
(
𝑢̃𝑘𝜌̄𝑢

′′𝑇 ′′
)

(14)

𝜕𝑥𝑘

𝑖
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Fig. 12. Turbulence kinetic energy contours on the median plane for fan-shaped and cylindrical films at 𝑀 = 0.5,1.0,1.5.
Fig. 13. A typical sketch of the confined region.

Table 1

Adjustment of regions in film cooling.

𝑦∕𝛿99 < 𝑇 > < 𝑢′′𝑇 ′′ > < 𝑣′′𝑇 ′′ > < 𝑇 ′′𝑇 ′′ > Mechanism

0.6-0.8 +++ − ++ ++ edge of jet
0.4-0.6 0 0 0 0 potential core
0.2-0.4 + + − + lower side of jet
0.0-0.2 ++ 0 0 0 confined region

∗ +: positive, ++: higher positive, + ++: highest positive, −: negative.

The budgets derived from the current LES results exhibit good agree-
ment with the DNS data in both the viscous layer and the log-law region. 
The maximum sum of the imbalance and unresolved dissipation occurs 
in the lower 𝑦+ region, with a maximum deviation of 0.05. This indi-
cates that the aggregate error of the budget terms is even smaller than 
the findings reported in the budget study by Vyas et al. [28].

Similarly, in the results shown in the next section, the imbalance 
and unresolved viscous terms are lumped together.

4. Results and discussion of film cooling

4.1. An initial analysis of heat transfer in film cooling

4.1.1. Fluctuations in the instantaneous flowfield

Fig. 6 presents the scaled turbulent temperature fluctuation 𝑇 ′′ on 
the median plane for the cases described in Section 2. Grey lines are 
added at 𝑥∕𝐷 = 2, 5, 10 to mark specific positions. The observed struc-
tures of hairpin vortexes near the wall downstream from the film indi-
cate that these vortexes develop as the boundary layer thickness grows, 
which is influenced by the flow configuration. Using a scaling based on 
the local boundary layer thickness 𝛿99 allows for a consistent compari-
son of flow field details based on the same dimension of the boundary 
layer.

By applying this method, Fig. 7 illustrates the contours of the scaled 
9

turbulent temperature fluctuation 𝑇 ′′ on the 𝑧 −𝑦 planes at 𝑥∕𝐷 = 2, 5, 10
for the two types of cooling films. Utilizing 𝛿99 for the wall-normal dis-
tance scaling enables an easier comparison of coolant distribution and 
flow patterns within boundary layers across different flow configura-
tions, as they are viewed within the same height of the boundary layer 
thickness. As seen from 𝑥∕𝐷 = 2 to 𝑥∕𝐷 = 10, the fan-shaped film ex-
hibits varying numbers of flow structures occupying the space occupied 
by the coolant. For instance, Fig. 7e clearly shows three hairpin vor-
texes. On the other hand, in the cylindrical film, these structures are 
even more challenging to identify using other outer or inner scalings. 
Fig. 7b and Fig. 7d each provide evidence of a single hairpin vortex 
surrounding the coolant jet.

4.1.2. Favre-averaged flowfield

Fig. 8 - Fig. 11 present the Favre-averaged temperature 𝑇 non-dimen-
sionalized by 𝑇0, the streamwise component of Favre-averaged tur-
bulent heat flux 𝑢̃′′𝑇 ′′ non-dimensionalized by 𝑈0(𝑇𝑚 − 𝑇𝑐), the 
wall-normal component of Favre-averaged turbulent heat flux 𝑣′′𝑇 ′′

non-dimensionalized by 𝑈0(𝑇𝑚 − 𝑇𝑐), and the temperature variance 
𝑇 ′′𝑇 ′′ non-dimensionalized by (𝑇𝑚 −𝑇𝑐 )2 on the median planes together 
with 𝑧 − 𝑦 slices at 𝑥∕𝐷 = 2, 5, 10 of the film cooling cases studied. These 
contour plots provide a three-dimensional view of temperature and heat 
flux structures. The results indicate that in the fan-shaped films, the jet 
at different blowing ratios remains attached to the wall. Higher blowing 
ratios result in a thicker jet layer in the Cartesian streamwise, spanwise, 
and wall-normal directions (represented as (𝑥, 𝑧, 𝑦) dimensions).

On the other hand, in the cylindrical film, Figs. 8 to 10 show that at 
𝑀 = 0.5, the jet detaches and reattaches to the wall after approximately 
𝑥∕𝐷 = 5. At 𝑀 = 1.0, the jet detaches from the wall and maintains a 
roughly parallel flow after 𝑥∕𝐷 = 2. At 𝑀 = 1.5, the jet lifts off af-
ter 𝑥∕𝐷 = 2. Additionally, Fig. 11 shows that in the cylindrical film, 
at 𝑀 = 1.0 and 𝑀 = 1.5, there is a triangular region on the median 
plane corresponding to low-temperature variance exiting from the cool-
ing hole into the mainstream. This indicates the presence of a potential 
core, as supported by the turbulence kinetic energy shown in Fig. 12: 
the turbulence intensity generated inside the rear part of the cooing 
hole quickly decays to zero at the exit of the cooling hole when the jet 
comes into the mainstream. The potential core is clearly identified by 
both 𝑇 (Fig. 8) and 𝑇 ′′𝑇 ′′ (Fig. 11). At 𝑀 = 1.0 and 𝑀 = 1.5, the po-
tential core extends up to around 𝑥∕𝐷 = 3 (Fig. 17), identifiable by an 
area of very low fluctuations in temperature and turbulent heat fluxes. 
In contrast, no recognizable potential core is observed in the fan-shaped 
film.

In addition, in the cylindrical film at 𝑀 = 1.0 and 𝑀 = 1.5, a con-

fined region is observed just after the jet enters the mainstream, situated 
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Fig. 14. Contours of the scaled Favre-averaged temperature < 𝑇 > on the median plane for fan-shaped and cylindrical films at 𝑀 = 0.5,1.0,1.5.
below the lower side of the jet, under the potential core, and above the 
wall. This configuration can be seen at 𝑥∕𝐷 = 2 in Fig. 8 and Fig. 11, 
and a sketch of a typical confined region is shown in Fig. 13. The con-
fined region results from the confinement exerted by both the wall and 
the jet. Within this confined region, the flow and heat transfer are lim-
ited in the streamwise and wall-normal directions. Notably, at 𝑀 = 1.0, 
the temperature 𝑇 tends to be close to the minimum due to the jet’s at-
tachment to the wall, constraining the flow to remain within this region. 
Conversely, at 𝑀 = 1.5, the temperature is higher as the hot stream is 
10

entrained. The turbulent heat flux components in the streamwise and 
wall-normal directions, 𝑢′′𝑇 ′′ and 𝑣′′𝑇 ′′, along with the temperature 
variance 𝑇 ′′𝑇 ′′, are generally weaker in the confined region compared 
to those observed in the surrounding jet. The confined region disappears 
around 𝑥∕𝐷 = 2 at 𝑀 = 1.0 and vanishes around 𝑥∕𝐷 = 5 at 𝑀 = 1.5.

The flow configurations exhibit similarities beyond 𝑥∕𝐷 = 10, as also 
observed in Hao and di Mare [10]. Since the locations 𝑥∕𝐷 = 2, 5, 10 rep-
resent crucial stages in the early development of the jet, the subsequent 
discussion will primarily focus on these locations.

Fig. 14 - Fig. 17 present the scaled quantities, including the Favre-

averaged temperature < 𝑇 >, the streamwise component of Favre-
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Fig. 15. Contours of the scaled turbulent heat flux in the streamwise direction < 𝑢′′𝑇 ′′ > on the median plane for fan-shaped and cylindrical films at 𝑀 = 0.5, 1.0, 1.5.
averaged turbulent heat flux < 𝑢′′𝑇 ′′ >, the wall-normal component 
of Favre-averaged turbulent heat flux < 𝑣′′𝑇 ′′ >, and the temperature 
variance < 𝑇 ′′𝑇 ′′ > on 𝑧 −𝑦 slices at 𝑥∕𝐷 = 2, 5, 10. The notation <> rep-
resents the scaled Favre-averaged quantity. Prior to scaling, these quan-
tities are first Favre-averaged and then scaled according to the boundary 
layer thickness 𝛿99, velocity defect Δ𝑈 , and temperature deficit Δ𝑇 . 
Specifically,

< 𝑇 >= 𝑇 ∕Δ𝑇 (15)
11

< 𝑢′′𝑇 ′′ >= 𝑢′′𝑇 ′′∕(Δ𝑈Δ𝑇 ) (16)
< 𝑣′′𝑇 ′′ >= 𝑣′′𝑇 ′′∕(Δ𝑈Δ𝑇 ) (17)

< 𝑇 ′′𝑇 ′′ >= 𝑇 ′′𝑇 ′′∕(Δ𝑇Δ𝑇 ) (18)

For the fan-shaped cases, the Favre-averaged temperature (shown in 
14a, 14b, 14c), the variance of temperature (shown in 17a, 17b, 17c), 
and turbulent heat fluxes (shown in 15a, 15b, 15c and 16a, 16b, 16c) 
are concentrated in a weakly curved layer around 𝑦∕𝛿99 = 0.4 − 0.6.

In the case of the cylindrical film, the blowing ratio determines the 
strength of the second motion in the 𝑧 − 𝑦 plane, and this motion in-

fluences the configuration of the jet. At 𝑀 = 0.5, the jet spreads across 
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Fig. 16. Contours of the scaled turbulent heat flux in the wall-normal direction < 𝑣′′𝑇 ′′ > on the median plane for fan-shaped and cylindrical films at 𝑀 = 0.5, 1.0, 1.5.
the range from 𝑧∕𝛿99 = −1 to 1 in the spanwise direction and below 
𝑦∕𝛿99 = 1 in the wall-normal direction. At 𝑀 = 1.0, the jet is confined 
within the range from 𝑧∕𝛿99 = −1 to 1 in the spanwise direction and 
below 𝑦∕𝛿99 = 1 in the wall-normal direction. At 𝑀 = 1.5, the jet is con-
fined within the range from 𝑧∕𝛿99 = −1 to 1 in the spanwise direction 
and 𝑦∕𝛿99 = 0.2 − 1 in the wall-normal direction. Two specific regions 
are of interest:

1) The presence of a potential core can be recognized by observing 
low levels of temperature variance < 𝑇 ′′𝑇 ′′ >. For instance, at 𝑀 = 1.0
12

(as depicted in Fig. 17e), the potential core is generally located around 
𝑦∕𝛿99 = 0 − 0.6, and around 𝑦∕𝛿99 = 0.4 − 0.6 on the centerline. Simi-

larly, at 𝑀 = 1.5 (shown in Fig. 17f), the potential core is found around 
𝑦∕𝛿99 = 0.2 − 0.6 in general, and particularly around 𝑦∕𝛿99 = 0.4 − 0.6 on 
the centerline. This observation is also evident in Fig. 12f.

2) The confined region can be identified by observing low levels of 
the wall-normal component of the turbulent heat flux < 𝑣′′𝑇 ′′ >, and 
it is located below approximately 𝑦∕𝛿99 = 0.2 at both 𝑀 = 1.0 (shown 
in Fig. 16e) and 𝑀 = 1.5 (shown in Fig. 16f). This observation is also 

evident in Fig. 12f.
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ed
Fig. 17. Contours of the temperature variance < 𝑇 ′′𝑇 ′′ > on the m

Table 1 presents a judgment scheme for specific regions based on the 
Favre-averaged temperature < 𝑇 >, temperature variance < 𝑇 ′′𝑇 ′′ >, 
and turbulent heat fluxes < 𝑢′′𝑇 ′′ > and < 𝑣′′𝑇 ′′ >. The symbols ‘-’ and 
‘+’ indicate negative and positive values, respectively. Furthermore, 
‘++’ represents a higher positive value than ‘+’, and ‘+++’ represents 
an even higher positive value than ‘++’. ‘0’ indicates a value close to 
the minimum absolute value of the corresponding quantity. In sum-
mary, Table 1 provides a way to identify different specific regions in 
the downstream flow from a cooling film. For instance, a positive value 
13

for < 𝑇 >, < 𝑇 ′′𝑇 ′′ >, and < 𝑣′′𝑇 ′′ > combined with a negative value for 
ian plane for fan-shaped and cylindrical films at 𝑀 = 0.5,1.0,1.5.

< 𝑢′′𝑇 ′′ > indicates the edge of the jet. Conversely, when all four quanti-
ties are close to their minimum, it signifies the potential core. Moreover, 
if < 𝑇 >, < 𝑇 ′′𝑇 ′′ >, and < 𝑢′′𝑇 ′′ > are positive while < 𝑣′′𝑇 ′′ > is nega-
tive, it identifies the lower side of the jet. Lastly, a high positive value 
for only < 𝑇 > with the other three quantities close to zero indicates the 
confined region.

4.2. The balancing of turbulent heat flux budgets in film cooling

To analyze the different budget terms in the transport equation of 

turbulent heat fluxes, following Equations (5) to (10), a defect scal-
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Fig. 18. Streamwise turbulent heat flux 𝑢′′𝑇 ′′ scaled by Δ𝑈Δ𝑇 and Budget terms of 𝑢′′𝑇 ′′ scaled by Δ𝑈 2Δ𝑇 ∕𝛿 for fan-shaped and cylindrical films at 𝑀 = 1.0.
ing method is employed. This involves normalizing the variables using 
the boundary layer thickness 𝛿99, velocity defect Δ𝑈 , and temperature 
deficit Δ𝑇 . Additionally, the turbulent heat fluxes 𝑢′′𝑇 ′′ and 𝑣′′𝑇 ′′ are 
scaled by Δ𝑈Δ𝑇 , while the budget terms of 𝑢′′𝑇 ′′ and 𝑢′′𝑇 ′′ are scaled 
by Δ𝑈2Δ𝑇 ∕𝛿99. Figs. 18 and 19 illustrate the scaled turbulent heat 
fluxes and the corresponding budget terms of the turbulent heat fluxes 
on the centerline for both fan-shaped and cylindrical films at a blowing 
ratio of 𝑀 = 1.0. The statistics are averaged laterally across a narrow 
14

mid strip ranging from −0.15D to 0.15D.
99

In Fig. 18 (top row), the variations of the streamwise component 
of the turbulent heat flux correlations across the jet layer downstream 
from the cooling hole are shown with the defect scaling. Comparing 
Fig. 18 (top row) with Fig. 19 (top row), it is evident that the streamwise 
flux exceeds the wall-normal turbulent heat flux in both fan-shaped and 
cylindrical cooling films.

In the fan-shaped cases, there is an approximately 43% increase in 
the magnitude of the streamwise heat flux peak from 𝑥∕𝐷 = 2 to 𝑥∕𝐷 =
5, and at 𝑥∕𝐷 = 10, the magnitude reaches 190% of its initial value, as 

shown in Fig. 18 (first row, left). The position of this peak corresponds 
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Fig. 19. Wall-normal turbulent heat flux 𝑣′′𝑇 ′′ scaled by Δ𝑈Δ𝑇 and multiple budget terms of 𝑣′′𝑇 ′′ scaled by Δ𝑈 2Δ𝑇 ∕𝛿99 for fan-shaped and cylindrical films at 

𝑀 = 1.0.

to the edge of the jet. The current defect scaling using 𝛿99 preserves the 
position of this peak, while the outer scaling or semi-local scaling does 
not maintain its position. In contrast, for the cylindrical cooling film, 
as seen in Fig. 18 (first row, right), the streamwise heat flux shows no 
change from 𝑥∕𝐷 = 2 to 𝑥∕𝐷 = 5. However, from 𝑥∕𝐷 = 5 to 𝑥∕𝐷 = 10, 
the magnitude of the corresponding peak increases to more than twice 
its initial value due to the edge of the jet. The location of the peak 
magnitude for the cylindrical film is at around 𝑦∕𝛿99 = 0.7 −0.8 with the 
15

defect scaling, indicating that the jet layer thickness is greater in the 
cylindrical film compared to the fan-shaped film. Notably, the heat flux 
resulting from mixing on the edge of the jet improves uniformly along 
the streamwise distance downstream from the hole in the fan-shaped 
film, whereas in the cylindrical film, the enhancement of heat flux due 
to jet edge mixing occurs only from the far field.

In addition to the peak present on the edge of the jet, the streamwise 
component of the heat flux in the cylindrical film presents another peak 
in the proximity of the wall when the jet just comes out from the hole 

at 𝑥∕𝐷 = 2. Between these two peaks, there is a local minimum with a 
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Fig. 20. The budget term (production due to the mean velocity and mean temperature 𝑃𝑇 1) of (a) 𝑢′′𝑇 ′′ scaled by (Δ𝑈 2Δ𝑇 (𝑥∕𝐷)−𝛽∕𝛿99 , (b) 𝑣′′𝑇 ′′ scaled by 
(Δ𝑈 2Δ𝑇 (𝑥∕𝐷)−𝛽∕𝛿99 for fan-shaped film at the blowing ratio 𝑀 = 1.0. Grey lines: multiple curves on streamwise positions between 𝑥∕𝐷 = 5 and 𝑥∕𝐷 = 16, Black 
lines: Master curve (Average of multiple gray curves). For each column from the top to bottom are the result using 𝛽 = 0.1, 0.5, 0.9, 1.3, 1.7, 2.0.
negative flux value around 𝑦∕𝛿99 = 0.35, corresponding to the lower side 
of the jet. This region below 𝑦∕𝛿99 = 0.35 corresponds to the confined 
region described earlier in the previous section. It can be identified in 
the area of high temperature variance on the slice at 𝑥∕𝐷 = 2 in Fig. 11. 
This confined region spans from above the wall to below the lower side 
of the potential core, which is located at around 𝑦∕𝛿99 = 0.5 where the 
turbulent heat flux is zero.

The heat flux dynamics can be analyzed by examining the budgets 
for the streamwise component 𝑢′′𝑇 ′′ and the wall-normal component 
𝑣′′𝑇 ′′. Fig. 18 (rows 2 to 4, left column) presents the budget terms for 
the transport equation of the streamwise turbulent heat flux for the fan-
shaped film at 𝑀 = 1.0. At 𝑥∕𝐷 = 2, within most of the thickness of 
the wall jet, the main gain in the budgets of 𝑢′′𝑇 ′′ is attributed to the 
production due to the mean velocity and mean temperature (𝑃𝑇 1). The 
main loss is due to pressure scrambling (Φ). The peak of these two terms 
is located around 𝑦∕𝛿99 = 0.5, which corresponds to the edge of the jet. 
The next term in magnitude is the turbulent viscous-thermal transport 
contribution (𝐷𝑇 ). This term transports the 𝑢′′𝑇 ′′ flux from the edge of 
the jet (𝑦∕𝛿99 = 0.5) to above (approximately 𝑦∕𝛿99 = 0.8) and towards 
the wall. Convection acts as a gain at the edge of the jet and a loss above 
it. These budget terms represent net gain and loss for control volumes 
drawn around a narrow strip near the center plane. The net loss due to 
convection beyond the edge of the jet (𝑦∕𝛿99) occurs because the stream-
wise convective flux of 𝑢′′𝑇 ′′ grows in the streamwise direction, and 
there is no contribution from the wall-normal velocity (𝑉 ). The net gain 
due to convection occurs beyond the edge of the jet (𝑦∕𝛿99 = 0.5) since 
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high values of ̃𝑢′′𝑇 ′′ are convected downwards by the fact that 𝑉 is neg-
ative throughout the entire thickness of the jet. At 𝑥∕𝐷 = 5, most budget 
terms retain their shape, with the magnitude of each term slightly re-
duced. The relative size of each term is also preserved. Upon reaching 
𝑥∕𝐷 = 10, most budget terms maintain their shape, except for the re-
gion near the wall. In the near-wall region, the balance of 𝑢′′𝑇 ′′ budget 
terms starts to exhibit pattern typical of a turbulent boundary layer: the 
turbulent viscous-thermal transport contribution (𝑒𝑝𝑠) becomes a loss 
and rapidly diminishes towards the wall, while the production due to 
the mean velocity and mean temperature (𝑃𝑇 1) becomes the primary 
gain throughout the jet layer’s thickness. These two terms are counter-
balanced by pressure scrambling as the loss. Throughout the inner layer 
considered in this study, the contribution of the production due to the 
fluctuating strain rate (𝑃𝑇 2) is found to be negligible.

Fig. 18 (row 2-4, right column) illustrates the budget terms in the 
transport equation of the streamwise turbulent heat flux for the cylin-
drical film at 𝑀 = 1.0. At 𝑥∕𝐷 = 2, the budget terms of 𝑢′′𝑇 ′′ within 
the jet region between 𝑦∕𝛿99 = 0.5 and 𝑦∕𝛿99 = 1.2 of the cylindrical film 
exhibit similar shapes as the corresponding budget terms for the fan-
shaped film throughout the entire jet layer thickness of the fan-shaped 
case. However, the magnitudes of these budget terms for the cylindri-
cal film are approximately 20% of those for the fan-shaped film. This 
indicates that the structure of 𝑢′′𝑇 ′′ budget terms above the center of 
the potential core in the cylindrical film correspond to the structure of 
𝑢′′𝑇 ′′ budget terms above the wall in the fan-shaped film. For the cylin-
drical film, between 𝑦∕𝛿99 = 0.1 and 𝑦∕𝛿99 = 0.5, the main budget terms 
reverse their signs compared to those in the region above the poten-

tial core. The production 𝑃𝑇 1 of 𝑢′′𝑇 ′′ becomes negative and acts as a 
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Fig. 21. The budget term (production due to the mean velocity and mean temperature 𝑃𝑇 1) of (a) 𝑢′′𝑇 ′′ scaled by (Δ𝑈 2Δ𝑇 (𝑥∕𝐷)−𝛽∕𝛿99 , (b) 𝑣′′𝑇 ′′ scaled by 
(Δ𝑈 2Δ𝑇 (𝑥∕𝐷)−𝛽∕𝛿99 for cylindrical film at the blowing ratio 𝑀 = 1.0. Grey lines: multiple curves on streamwise positions between 𝑥∕𝐷 = 5 and 𝑥∕𝐷 = 16, Black 
lines: Master curve (Average of multiple gray curves). For each column from the top to bottom are the result using 𝛽 = 0.1, 0.5, 0.9, 1.3, 1.7, 2.0.
loss, which is balanced by the two most prominent gain terms: pressure 
scrambling 𝑃𝐻𝐼 and turbulent viscous-thermal transport contribution 
𝐷𝑇 . The patterns of budget terms below the center of the potential core 
between 𝑦∕𝛿99 = 0.1 and 𝑦∕𝛿99 = 0.5 can be treated as a mirror image 
of the patterns of corresponding budget terms above the center of the 
potential core. The center of the potential core behaves as a mirror, 
making the turbulent heat flux on the upper side and lower side sym-
metric.

Between the wall and 𝑦∕𝛿99 = 0.1 of the cylindrical film, the tur-
bulent viscous-thermal transport contribution 𝐷𝑇 is the main gain in 
𝑢′′𝑇 ′′, and the pressure scrambling 𝑃𝐻𝐼 is the main loss. The pair of 
dissipation 𝑒𝑝𝑠 and convection 𝑐𝑜𝑛 exhibit extremes of opposite sign: the 
convection 𝑐𝑜𝑛 acts as a gain, and the turbulent viscous-thermal trans-
port contribution 𝐷𝑇 acts as a loss in the upper part of this region, but 
their roles switch when approaching the wall. The complexity in this 
region arises because turbulent heat flux is limited in the confined re-
gion in the streamwise and wall-normal directions, as discussed in the 
above section. At 𝑥∕𝐷 = 5, the peaks in proximity to the wall shrink, 
and the structure originating from the flow mechanisms in the confined 
region at 𝑥∕𝐷 = 2 disappears. Conversely, the region shown above the 
potential core at 𝑥∕𝐷 = 2 expands towards the wall, with generally sim-
ilar shapes of source terms and sink terms, and the magnitudes of their 
peaks are reduced to around half. This change occurs because the con-
fined region has already vanished at 𝑥∕𝐷 = 5.

At 𝑥∕𝐷 = 10, the general shapes of budget terms of 𝑢′′𝑇 ′′ through-
out the studied jet layer thickness, except in the near-wall region, 
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remain. Production due to the mean velocity and mean temperature 
𝑃𝑇 1 continues to be the major gain. The sink terms are the pressure 
scrambling 𝑃𝐻𝐼 and the turbulent viscous-thermal transport contribu-
tion 𝐷𝑇 , with the latter’s magnitude increased from upstream to be 
equally large as the magnitude of the pressure scrambling 𝑃𝐻𝐼 at this 
position. The increase in the turbulent viscous-thermal transport contri-
bution 𝐷𝑇 means the diffusion of turbulence from the upper side of the 
jet to around is more prominent at downstream positions. The influence 
of the near-wall budget peak becomes minor in terms of both the mag-
nitude and the coverage in the wall-normal direction. This is because 
the jet and near-wall turbulent boundary layer become detached as the 
jet goes downstream at this blowing ratio.

In Fig. 19 (top row), the variations of the wall-normal component 
of the heat flux correlations across the jet layer downstream from the 
cooling hole are shown in the defect scaling. The vertical component of 
heat flux correlations in the fan-shaped film acts as the sink through-
out the positions downstream from the hole. The peak magnitude is 
located at the upper side of the jets, which is similar to the pattern 
shown for the streamwise component of heat flux correlations at cor-
responding streamwise positions. The increase in the magnitude of the 
vertical component is uniformly distributed along the streamwise posi-
tions. For the cylindrical case, the peak located at the upper side of the 
jet (at around 𝑦∕𝛿99 = 0.7 − 0.8 with the defect scaling) maintains mag-
nitude as the same from 𝑥∕𝐷 = 2 to 𝑥∕𝐷 = 5 but grows its magnitude 
to a most prominent extreme from 𝑥∕𝐷 = 5 to 𝑥∕𝐷 = 10. Apart from 
the peak at the upper side of the jet, a peak of the source at the lower 
side of the jet appears at around 𝑦∕𝛿99 = 0.35 when 𝑥∕𝐷 = 2. This corre-

sponds to the lower side of the jet. There is a local minimum between 
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Fig. 22. Budget terms of 𝑢′′𝑇 ′′ scaled by (Δ𝑈 2Δ𝑇 (𝑥∕𝐷)−𝛽∕𝛿99 for fan-shaped film at three blowing ratios. Grey lines: multiple curves on streamwise positions between 
𝑥∕𝐷 = 5 and 𝑥∕𝐷 = 16, Black lines: Master curve (Average of multiple gray curves). Three columns from left to right are budgets of 𝑀 = 0.5, 𝑀 = 1.0, 𝑀 = 1.5. For 
each column from the top to bottom are corresponding production due to the mean velocity and mean temperature 𝑃𝑇 1, Production due to the fluctuating strain 
rate 𝑃𝑇 2, Pressure-scrambling 𝑃𝐻𝐼 , Turbulent viscous-thermal transport contribution 𝐷𝑇 , compressibility associated terms 𝐶𝑇 , and convection 𝐶𝑜𝑛.
𝑦∕𝛿99 = 0.0 and 𝑦∕𝛿99 = 0.2. This corresponds to the confined region. 
The mechanism behind this peak and the local minimum have been de-
scribed in detail, see Section 4.1.1. The potential core can be identified 
at 𝑦∕𝛿99 = 0.5 where the turbulent heat flux is shown as zero. The sign 
of the flux curve indicates that below the potential core heat is trans-
ferred upwards, while above the potential core the heat is transferred 
downwards. This can be explained as the potential core being the cold 
jet, and the confined region further lower than that holding the hot 
air entrained. Downstream from 𝑥∕𝐷 = 2, the local minimum around 
𝑦∕𝛿99 = 0.1 disappears because the confined region disappears. The heat 
in the upper side of the jet is also transferred to the jet below.

Fig. 19 (row 2-4, left column) shows the budget terms in the trans-
port equation of wall-normal turbulent heat flux 𝑣′′𝑇 ′′ for the fan-
shaped film at 𝑀 = 1.0. At 𝑥∕𝐷 = 2, the peak magnitudes of the overall 
budget terms are located at the extremes of the turbulent viscous-
thermal transport contribution 𝐷𝑇 . At the edge of the jet (𝑦∕𝛿99 = 0.5), 
the gain in the budgets of 𝑣′′𝑇 ′′ is the turbulent viscous-thermal trans-
port contribution 𝐷𝑇 , which is balanced by the peak of production due 
to the mean velocity and mean temperature 𝑃𝑇 1, acting as the loss. In 
the near-wall region, the gain is the pressure scrambling 𝑃𝐻𝐼 , balanc-
ing the negative extreme of the turbulent viscous-thermal transport con-
tribution 𝐷𝑇 as well as production due to the mean velocity and mean 
temperature 𝑃𝑇 1 with a smaller and decreasing magnitude when going 
towards the wall. At 𝑦∕𝛿99 = 0.9, the turbulent viscous-thermal transport 
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contribution 𝐷𝑇 behaves as the loss in ̃𝑣′′𝑇 ′′, where the pressure scram-
bling is the gain. An imbalance appears here due to a non-zero time 
gradient, which happens possibly because of the large gradient of pro-
duction due to the mean velocity and the mean temperature 𝑃𝑇 1. When 
it goes downstream, the general shape of corresponding budget terms 
maintains the same. Compared with the patterns at 𝑥∕𝐷 = 2, the pres-
sure scrambling 𝑃𝐻𝐼 grows to a more averaged distribution with the 
highest magnitudes of gain at below 𝑦∕𝛿99 = 0.9 and around 𝑦∕𝛿99 = 0.1, 
respectively, when it arrives 𝑥∕𝐷 = 10. Also at 𝑥∕𝐷 = 10, the production 
due to the mean velocity and mean temperature 𝑃𝑇 1 grows to a more 
averaged distribution, acting as the major loss from the wall to just over 
𝑦∕𝛿99 = 0.8. From 𝑦∕𝛿99 = 0.85 to above, the turbulent viscous-thermal 
transport contribution 𝐷𝑇 becomes the major loss in ̃𝑣′′𝑇 ′′. Throughout 
the near-wall region and the jet region studied in this section, produc-
tion due to the fluctuating strain rate 𝑃𝑇 2 downstream from the hole is 
negligible.

Fig. 19 (row 2-4, right column) shows the budget terms in the trans-
port equation of the wall-normal turbulent heat flux ̃𝑣′′𝑇 ′′ for the cylin-
drical film at 𝑀 = 1.0. At 𝑥∕𝐷 = 2, the budget terms of 𝑣′′𝑇 ′′ in the jet 
region between 𝑦∕𝛿99 = 0.5 and 𝑦∕𝛿99 = 1.2 of the cylindrical film is sim-
ilar with the structure of budget balancing in the whole jet layer of the 
fan-shaped film, except that the convection term becomes the gain for 
the cylindrical film. A lower level of magnitude is shown in this region 
for the cylindrical film. This means that the properties of 𝑣′′𝑇 ′′ budget 
terms above the center of the potential core in the cylindrical film cor-

respond to the properties of 𝑣′′𝑇 ′′ budget terms above the wall in the 
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Fig. 23. Budget terms of 𝑢′′𝑇 ′′ scaled by (Δ𝑈 2Δ𝑇 (𝑥∕𝐷)−𝛽∕𝛿99 for cylindrical film at three blowing ratios. Grey lines: multiple curves on streamwise positions between 
𝑥∕𝐷 = 5 and 𝑥∕𝐷 = 15, Black lines: Master curve (Average of multiple gray curves). Three columns from left to right are budgets of 𝑀 = 0.5, 𝑀 = 1.0, 𝑀 = 1.5. For 
each column from the top to bottom are corresponding production due to the mean velocity and mean temperature 𝑃𝑇 1, Production due to the fluctuating strain 
rate 𝑃𝑇 2, Pressure-scrambling 𝑃𝐻𝐼 , Turbulent viscous-thermal transport contribution 𝐷𝑇 , compressibility associated terms 𝐶𝑇 , and convection 𝐶𝑜𝑛.
fan-shaped film. There are two other groups of budget peaks. One is 
just below the center of the potential core, which is between 𝑦∕𝛿99 = 0.1
and 𝑦∕𝛿99 = 0.5, where production due to the mean velocity and mean 
temperature 𝑃𝑇 1 is the gain and pressure scrambling 𝑃𝐻𝐼 is the loss. 
This region corresponds to the lower side of the jet. The other group 
of high magnitude is in the proximity to the wall, with the production 
due to the mean velocity and mean temperature 𝑃𝑇 1 and unresolved 
dissipation acting as the gain, while pressure scrambling 𝑃𝐻𝐼 and tur-
bulent viscous-thermal transport contribution 𝐷𝑇 acting as the loss. The 
bottom of magnitude between these two groups of peak magnitude cor-
responds to the confined region, where the production of turbulent heat 
flux is low. When it goes downstream to 𝑥∕𝐷 = 5, the pattern of both 
the two groups of high magnitude and the bottom shrinks to none as 
the confined region disappears. At 𝑥∕𝐷 = 10, the pressure scrambling 
𝑃𝐻𝐼 becomes the major gain throughout the jet layer thickness, while 
production due to the mean velocity and mean temperature 𝑃𝑇 1 be-
comes the major loss throughout this region. Turbulent viscous-thermal 
dissipation takes the highest peak at 𝑦∕𝛿99 = 0.7 as the gain in 𝑣′′𝑇 ′′, as 
well as the sink at 𝑦∕𝛿99 = 0.3 and 𝑦∕𝛿99 = 1.0 as the loss. This happens 
because the heat is transferred from the side of the jet to around.

4.3. Universal scaling

Previous studies ([10], [9]) have identified self-similarity properties 
in various aspects, including wall-normal profiles, streamwise profiles 
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of mean quantities, Reynolds stresses, and Reynolds stress budgets. 
These self-similarity properties enable collapsing of graphs depicting 
mean velocities or turbulence intensities taken at different streamwise 
positions when suitably rescaled. The scaling quantities employed in 
this process are local variables, such as the jet layer thickness, veloc-
ity defect, and temperature deficit, measured at well-defined locations 
within the layer. Further explanations of the velocity defect and tem-
perature can be found in Hao and di Mare [9].

In the case of an attached flow film, the quantities of interest are lo-
cated at half of the jet layer thickness. The velocity scale is defined by 
the velocity defect at this half-thickness point, while the temperature 
scale is determined by the temperature deficit at the same location. On 
the other hand, for a lifted flow film, the largest velocity defect and 
the largest temperature deficit observed in the upper part of the film 
are adopted as the appropriate scales for the outer region of the jet. 
Regarding the near-wall region, several scaling methods have been pro-
posed for similar flow configurations. For instance, Gupta et al. (2020) 
demonstrated that the 𝑢𝜏 scaling is applicable close to the wall. How-
ever, they also showed that the buffer layer between the wall and the 
jet adheres to a modified law of the wall due to disruptions caused by 
reattachment, adverse pressure gradients, and high turbulent intensities 
in the upper part of the jet.

This section introduces a comprehensive external scaling approach 
for both the turbulent heat fluxes and their budgets, accounting for the 
effect of position. By employing this scaling, the budget terms obtained 
at locations between 𝑥∕𝐷 = 5 and 𝑥∕𝐷 = 16 (indicated as gray curves) 

collapse onto each other in Figs. 20 to 25. The budget terms are scaled 
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Fig. 24. Budget terms of 𝑣′′𝑇 ′′ scaled by (Δ𝑈 2Δ𝑇 (𝑥∕𝐷)−𝛽∕𝛿99 for fan-shaped film at three blowing ratios. Grey lines: multiple curves on streamwise positions between 
𝑥∕𝐷 = 5 and 𝑥∕𝐷 = 15, Black lines: Master curve (Average of multiple gray curves). Three columns from left to right are budgets of 𝑀 = 0.5, 𝑀 = 1.0, 𝑀 = 1.5. For 
each column from the top to bottom are corresponding production due to the mean velocity and mean temperature 𝑃𝑇 1, Production due to the fluctuating strain 
rate 𝑃𝑇 2, Pressure-scrambling 𝑃𝐻𝐼 , Turbulent viscous-thermal transport contribution 𝐷𝑇 , compressibility associated terms 𝐶𝑇 , and convection 𝐶𝑜𝑛.
using the factor (𝜌̄Δ𝑈2Δ𝑇 (𝑥∕𝐷)−𝛽∕𝛿99), while the turbulent heat fluxes 
are scaled using the factor (𝜌̄Δ𝑈Δ𝑇 ), as described in Section 4.2. The 
wall-normal distances from the wall are scaled by the boundary layer 
thickness 𝛿99. All quantities are evaluated on the median plane. The 
multiple gray curves are averaged to create the master curve (repre-
sented by the black curve) for each specific case in Figs. 20 to 25.

Furthermore, the sensitivity of the scaling parameter 𝛽 to the type of 
cooling hole is evident. To determine the appropriate scaling factor, 30 
values of 𝛽 ranging from −1 to 2 are used to plot scaled turbulent heat 
flux budget terms along the wall-normal distribution at various stream-
wise slices. The ideal 𝛽 value is chosen based on the extent to which 
these curves collapse into a narrow region, creating a master curve for 
each specific geometry under consideration. As illustrated in Fig. 20
and Fig. 21, a selection of different 𝛽 values is shown for both types of 
film cooling at a blowing ratio of 𝑀 = 1.0. Specifically, the first budget 
terms (the production due to the mean velocity and mean temperature) 
of the streamwise turbulent heat flux 𝑢′′𝑇 ′′ and the wall-normal turbu-
lent heat flux 𝑣′′𝑇 ′′ are scaled using the factor (Δ𝑈2Δ𝑇 (𝑥∕𝐷)−𝛽∕𝛿99).

In the case of the fan-shaped film (Fig. 20), as 𝛽 increases from 0.5, 
the shadow region covered by the budget term curves widens relative 
to the peak of the corresponding master curve. The width of the shadow 
region is at a similar level along most parts of the wall-normal distance 
when comparing the results for 𝛽 = 0.1 and 𝛽 = 0.5, with 𝛽 = 0.5 demon-
strating an advantage over 𝛽 = 0.1 above the wall-normal distance 𝑦∕𝛿99. 
On the other hand, for the cylindrical film (Fig. 21), the width of the 
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shadow region covered by the budget term curves relative to the peak 
of the corresponding master curve collapses to be the narrowest when 
𝛽 = 0.9. Therefore, based on the results and the method of selecting 𝛽, 
𝛽 = 0.5 is chosen for the fan-shaped cooling hole, while 𝛽 = 0.9 is se-
lected for the cylindrical cooling hole.

Figs. 22-25 demonstrate the capability of the adopted scaling ap-
proach in making budget terms associated with the transport equation 
of turbulent heat fluxes (both streamwise and wall-normal components) 
collapse into narrow regions. These master curves are generated by av-
eraging budget terms obtained from multiple streamwise positions in 
the wall jet far field, all at the same nondimensional distance 𝛿99. In 
Section 4.2, we extensively discussed the shape of these master curves, 
which exhibits a consistent mechanism. For each type of film cooling 
hole, the shape and scale of the master curves at different blowing 
ratios collapse, forming a single dataset. Furthermore, the analysis indi-
cates that the amplitude of scaled turbulent heat transfer budget terms 
on the master curve shows little dependency on the blowing ratio, but 
rather relies on the non-dimensional streamwise distance from the cool-
ing hole.

When comparing the two types of cooling holes under considera-
tion, it is evident that the master curves of the scaled budget terms 
at various blowing ratios exhibit greater proximity in the fan-shaped 
case compared to the cylindrical case. The scaled budget terms in cylin-
drical film cases, notably the wall-normal components, demonstrate 
substantial variations due to the differing mechanisms of jet flow in 
such configurations: in the context of 𝑀 = 0.5, the jet remains attached, 

while at 𝑀 = 1.5, it becomes lifted off, and at 𝑀 = 1.0, an intermediate 
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Fig. 25. Budget terms of 𝑣′′𝑇 ′′ scaled by (Δ𝑈 2Δ𝑇 (𝑥∕𝐷)−𝛽∕𝛿99 for cylindrical film at three blowing ratios. Grey lines: multiple curves on streamwise positions between 
𝑥∕𝐷 = 5 and 𝑥∕𝐷 = 15, Black lines: Master curve (Average of multiple gray curves). Three columns from left to right are budgets of 𝑀 = 0.5, 𝑀 = 1.0, 𝑀 = 1.5. For 
each column from the top to bottom are corresponding production due to the mean velocity and mean temperature 𝑃𝑇 1, Production due to the fluctuating strain 
rate 𝑃𝑇 2, Pressure-scrambling 𝑃𝐻𝐼 , Turbulent viscous-thermal transport contribution 𝐷𝑇 , compressibility associated terms 𝐶𝑇 , and convection 𝐶𝑜𝑛.
status is observed. It is noteworthy that heat transfers under different 
film cooling operating conditions, despite having different mechanisms, 
exhibit similar characteristics with a consistent scaling exponent 𝛽, cre-

ating a scattered distribution.

For further discussion, the turbulent heat flux in the region down-

stream of approximately 5𝐷 is relatively straightforward to model, as 
it exhibits self-similarity. The main challenges in achieving accurate 
turbulent heat flux terms arise within the first 5𝐷 from the film injec-

tion point. Previous RANS-based results have shown that while RANS 
predictions capture the correct asymptotic decay of quantities such as 
effectiveness, they often fail to predict the correct magnitude. The near-

field downstream of the film exit is the region where deviations from 
self-similarity and strong three-dimensional flows occur, posing diffi-

culties for RANS models. However, further downstream, the evolution 
of the coolant jet becomes less problematic due to the flow becom-

ing self-similar. As a result, the quality of RANS predictions in terms 
of heat transfer is mostly determined by the near-field region, which 
is not favorable for the gradient diffusion model. Hence, this discov-

ery of self-similarity offers the potential to enhance RANS predictions 
by utilizing the master curves of each budget component in the trans-

port equation of the turbulent heat flux to generalize the suitable heat 
flux model. This can help avoid the higher computational cost associ-

ated with LES while maintaining prediction quality in the future stud of 
21

film cooling heat transfer.
5. Conclusion

A detailed study of the structure of turbulent heat fluxes and turbu-
lent heat flux budgets has been presented for fan-shaped and cylindrical 
cooling films. Three scaling methods are adopted for the general view 
in the three-dimensional field, the property at specific downstream po-
sitions on the centerline, and the self-similarity pattern of the collapsed 
characteristics along continuous downstream positions, respectively. 
Following a gradually deeper exploration using a gradually more com-
prehensive scaling method, a complete defect scaling method useful for 
turbulent heat flux budgets has been discovered by the end of this pa-
per.

A qualitative study of the heat transfer characteristics is first shown. 
For the fan-shaped cases, the Favre-averaged temperature, the variance 
of temperature, and turbulent heat fluxes are concentrated in a weakly 
curved layer, with a structure that is essentially unchanged as the jet 
evolves downstream. For the cylindrical film, the blowing ratio con-
trols the structure of the jet as well as the strength of the second motion 
in the 𝑧 − 𝑦 plane. At higher blowing ratios, a potential core and a con-
fined region become visible. A qualitative summary of the structure of 
the film in terms of jet edge, potential core, the lower edge of the jet, 
and confined region is proposed. The four regions are classified based 
on their positions and the relative magnitudes of the mean tempera-
ture, turbulent heat fluxes, and temperature variance in each region are 
highlighted. The potential core is characterized by low levels of tem-
perature variance 𝑇 ′′𝑇 ′′. The confined region is characterized by low 

levels of wall-normal component of the turbulent heat flux 𝑣′′𝑇 ′′.
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A detailed examination of the turbulent heat flux budgets is then of-
fered. It is shown that the structure of fan-shaped films stays as two 
layers and the budget of the 𝑢′′𝑇 ′′ turbulent heat fluxes is dominated 
by production due to mean velocity and temperature, and pressure 
scrambling in the jet edge. The budget of the 𝑣′′𝑇 ′′ is dominated by 
turbulent viscous-thermal transport contribution and production due 
to mean velocity and temperature. The production due to fluctuating 
strain is negligible in both geometries and at all positions examined. In 
cylindrical films at moderate blowing ratios, the presence of a poten-
tial core and confined region is reflected in the budgets a short distance 
downstream of the injection location by the apparent subdivision of the 
budget term profiles into a region identical to the fan shape case, and a 
region - closer to the wall - with essentially mirrored characteristics.

Furthermore, the self-similarity pattern has been discussed for the 
turbulent heat flux budgets using the final version of the scaling 
method. In principle, the magnitude of the budget terms varies as the 
film jet evolves downstream. A modified scaling law obtained from Hao 
and di Mare [11] is applied to the budgets of the turbulent heat fluxes, 
with the effect of position included as an exponential component. It is 
shown that the scaling law makes the magnitude of the budget terms 
invariant with the downstream position and highlights the universal-
ity of the shape of the budget term profiles. The existence of universal 
shapes for the budget terms highlights properties of self-similarity that 
have so far escaped clarification. Such properties indicate that the nu-
merical prediction of the turbulent heat fluxes in film cooling flows and 
a large distance downstream of the films is not exceedingly problematic 
and that all inaccuracies are accrued in the early history of the film.
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