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Abstract

This thesis deals with metric measure spaces satisfying an RCD(K, N)
condition, which means that the space has a lower Ricci curvature bound
K € R and an upper dimension bound N € [1, 00) in a synthetic sense. Such
a space (X, d, m) always admits a canonical locally Lipschitz continuous heat
kernel p, which gives the following heat kernel embedding for any ¢ > 0:

dy: X — L*(m)
z— (y = p(z,y,t)).

The space (X, d, m) is said to be an isometrically heat kernel immersing
space, if there exists a real-valued function ¢(t) such that for any ¢ > 0,
\/@Cbt is an isometric immersion. A main result states that any compact
isometrically heat kernel immersing RCD(K, N) space is isometric to an un-
weighted closed smooth Riemannian manifold. This is justified by a more
general result: if a compact non-collapsed RCD(K, N) space has an isomet-
rically immersing eigenmap, then the space is isometric to an unweighted
closed Riemannian manifold.

As an application, we first prove that the smoothness of strongly har-
monic RCD(K, N) spaces, which is defined as RCD(K, N) spaces (X,d, m)
such that its p is a function depends only on ¢ and the distance d(x,y).

Another application is that, we give a (C°-compactness theorem for
M(K,n,D, 7). Here M(K,n,D,T) is the set of isometry classes of smooth
closed n-dimensional Riemannian manifolds (M"™,g) with Ricci curvature
bounded below by K, diameter not more than D, bearing an isometric im-
mersing eigenmap F : M™ — R™ with coordinates having L? norm not less
than 7. This is even new in the submanifold theory.

These results are based on [H23] and [H unpublished].
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1 Introduction

1.1 Ricci curvature and Ricci limit spaces

Suppose (M™, g) is an n-dimensional Riemannian manifold. Let us indicate by
V the corresponding Levi-Civita connection of (M™, g). The Riemannian curvature
of (M™,g) is a map which takes smooth vector fields X,Y,Z and T and returns
the smooth function

R,y (X,Y, Z,T) := g(VxVyZ — VyVxZ — VixnZ,T).

For each point p € M, Rm, induces a multilinear map (Rmy,), : T,M"™ x T,M" x
T,M" x T,M" — R. Given any unit vector v = v, € T,M", we take an orthonor-
mal basis {vy,...,v,—-1} of the hyperplane in 7,M™ orthogonal to v. The Ricci
curvature in the direction v at p € M™ is defined as

n—1

Z(ng)P(Ua Vi, U, Ui)a

=1

1
n—1

(Ricg)p(v) =

and the scalar curvature at p € M" is defined as

n

(Scaly), = % Z(Ricg)p(vi)-

=1

The manifold (M", g) is said to have a lower Ricci curvature bound K € R if
for any p € M™ it holds that

(Ricy)p(v) = Kg(v,v), Yo € T,M".

When the space is provided with a lower Ricci curvature bound and an up-
per dimension bound, one may get plenty of information about the topology
and geometry of it. For example we have Bonnet-Myers estimate on the diam-
eter, Bishop-Gromov inequality on volume monotonicity [G81], Li-Yau heat kernel
bounds [LY86], and the Cheeger-Gromoll splitting principle [CGT1].

Using the Bishop-Gromov volume comparison theorem, in [G81] Gromov also
gave a precompactness result for the set of metric spaces J(K,n, D) under the
Gromov-Hausdorff topology, where J(K,n, D) is the family of isometry classes
of n-dimensional Riemannian manifolds bearing a lower Ricci curvature bound
K € R and an upper diameter bound D > 0.

The Gromov-Hausdorff limit spaces of sequences in J(K,n, D) are know as
Ricci limit spaces, which are not Riemannian manifolds in general. With the help
of a significant research program carried out by Cheeger-Colding [ChC096, ChCol,

1



ChCo2, ChCo3| in 90’s on Ricci limit spaces, it is now known to us that Ricci
limit spaces enjoy some analytical and structural properties of smooth Riemannian
manifolds with a lower Ricci curvature bound.

This motivates us to study a more general class of metric measure spaces,
namely RCD(K, N) metric measure spaces, explained in the next section.

1.2 Metric measure spaces satisfying the RCD(K, N) con-
dition

In this thesis, a triple (X, d, m) is said to be a metric measure space if (X, d)
is a complete separable metric space and m is a nonnegative Borel measure with
full support on X and being finite on any bounded subset of X.

In the first decade of this century, Sturm [St06a, St06b] and Lott-Villani [LV09)
independently defined a notion of a lower Ricci curvature bound K € R and an
upper dimension bound N € [1, oo] for metric measure spaces in a synthetic sense,
which is named as the CD(K, N) condition. A metric measure space is said to
be an RCD(K, N) space if it satisfies the CD(K, N) condition, and its associated
H'2-Sobolev space is a Hilbert space. The precise definition of RCD(K, N) spaces
(and the equivalent ones) can be found in [AGS14b, AMS19, G13, G15, EKS15].

As an example, any weighted Riemannian manifold (M",d,, e~/vol,) such that
f € C®°(M") and that Ricy > Kg, is an RCD(K, N) space, where Ricy is the
Bakry—Emery N-Ricci curvature tensor defined by

Ricy, + Hess,(f) — % it N >n,
Ricy := ¢ Ric, if N =n and f is a constant,
—00 otherwise.

In the sequel, we always assume that N is finite.

Given an RCD(K, N) space (X,d, m), with the aid of a work by Brue-Semola
[BS20], there exists a unique n € [1, N]NN, which is called the essential dimension
of (X,d, m) and is denoted by n := dimg (X ), such that the n-dimensional regular
set R,, (see Definition 2.24) satisfies that m = OH"LR,, for some Borel function 6
(see [AHT18]), where H" is the n-dimensional Hausdorff measure. It is remark-
able that the canonical Riemannian metric g on (X, d, m) is also well-defined due
to a work by Gigli-Pasqualetto [GP16] (see also [AHPT21, Proposition 3.2] and
Definition 2.28). Then its m-a.e. pointwise Hilbert-Schmidt norm |g|ps is equal to
V.

Let us introduce a special restricted class of RCD(K, N) spaces introduced in
[DG18] by De Philippis-Gigli as a synthetic counterpart of volume non-collapsed
Gromov-Hausdorff limit spaces of Riemannian manifolds with a constant dimen-
sion and a lower Ricci curvature bound. The definition is simple: an RCD(K, N)



space is said to be non-collapsed if the reference measure m is HY. It can be
easily shown that in this case N must be an integer. Non-collapsed RCD(K, N)
spaces have nicer properties than general RCD(K, V) spaces. See also for instance
[ABS19, KM21].

Note that for any RCD(K, N) space (X,d,m), it also admits the heat flow
semigroup {h;}s~o, which gives the solution to the following equation.

%ht(f) = Ahtf iIl L2(m), vf € L2(m)

Thanks to works by Sturm [St95, St96] and by Jiang-Li-Zhang [JLZ16], the heat
kernel on (X, d, m) has a locally Lipschitz representative p with Gaussian estimates
(see Theorem 2.8). This allows us to construct ®; analogously as
®y: X — L*(m)
x> (y — plz,y,1)),

which also naturally induces the pull back metric g; := ®;(gr2(m))-

One can also generalize formula (1.2) to this setting with the L} convergence as
follows, which plays a key role in proving equivalence between weakly non-collapsed

RCD(K, N) spaces and non-collapsed RCD(K, N) spaces. See [AHPT21, Theorem
5.10] and [BGHZ23, Theorem 3.11] for the proof.

Theorem 1.1. Let (X,d, m) be an RCD(K, N) space with dimg (X ) = n, then
for any p € [1,00) and any bounded Borel set A C X, we have the following
convergence in LP(A, m):

[tm(B 4 () g — c(n)g|,,c = 0, ast 0,

where ¢(n) is a constant depending only on n.

1.3 Isometric immersions on Riemannian manifolds

Let (M™, g) be an n-dimensional closed, that is, compact without boundary,
Riemannian manifold. A map

F:M"— R™
pr— (¢1(p)7 e 7¢m(p))

is said to be an isometrically immersing eigenmap if each ¢; is a non-constant
eigenfunction of —A and F' is an isometric immersion in the following sense:

Frgpn =Y de; @ de; = g. (1.1)

=1



Let us recall a theorem of Takahashi in [Ta66] as follows: if (M™,g) is addi-
tionally homogeneous and irreducible, then for any eigenspace V' corresponding to
some non-zero eigenvalue of —A, there exists an L?(vol,)-orthogonal basis {¢; }7,
(m = dim(V)) of V realizing (1.1).

Besides, (M™, g) can be also smoothly embedded into an infinite dimensional
Hilbert space by using its heat kernel p : M™ x M™ x (0,00) — (0, 00). More pre-
cisely, Bérard and Bérard-Besson-Gallot [B85, BBG94] proved that the following
map, which is called the t-time heat kernel mapping in this thesis,

@, : M" — L*(vol,)
z— (y — p(x,y,1)),

is a smooth embedding. Moreover, one can use ¢, to pull-back the flat Riemannian
metric gr2 on L?(vol,) to get a metric tensor ¢; := @} (gz2) with the following
asymptotic formula (compare Theorem 1.1):

n . n 2t 1
4(87r)§t%2gt =9-3 (Ricg - §Scalgg) +0(t?), tlo. (1.2)
Again when (M™, g) is additionally homogeneous and irreducible, it again fol-
lows from Takahashi’s theorem that there exists a non-negative function ¢(t) such
that for all t > 0, \/c(t)®; is an isometric immersion.
The observations above lead us to ask the following two questions.

Question 1.2. How to characterize a manifold admitting an isometrically im-
mersing eigenmap ?

Question 1.3. How to characterize a manifold such that each t-time heat kernel
mapping is an isometric immersion after a normalization?

Note that if each ¢-time heat kernel mapping of a closed Riemannian manifold
(M", g) is an isometric immersion after a normalization, then (M", g) admits an
isometrically immersing eigenmap. Standard spectral theory of elliptic operators
implies that there exists an orthonormal basis {¢;}3°; in L?*(vol,) such that each
@; is an eigenfunction of —A with corresponding eigenvalue \;, and that {\;}2,
satisfies

0:)\0<)\1<>\2<<>\z_>00

Then the classical estimates for eigenvalues \; show that

g=c(t)g =c(t)> e dp; @ dg;, Vt > 0. (1.3)

i=1



These estimates also allow us to let ¢ — oo in (1.3) to get (1.1) with ¢; =
lim; o c(t)e ™Mb, (i = 1,---,m), where m is the dimension of the eigenspace
corresponding to ;.

The main purposes of the thesis are to give positive answers to the both ques-
tions above in the setting of RCD(K, N) metric measure spaces.

1.4 Harmonic manifolds

In n-dimensional Euclidean space R"™, there exist harmonic functions which
only depend on the geodesic distance. For instance when n > 2, the function
f(x1,...,m,) = (22 + -+ + 22)'7"/2 is harmonic on R™ \ {0}. In regard to this
fact, Ruse attempted to find harmonic functions on Riemannian manifolds with
the same property and introduced the notion of harmonic manifold in 1930. His
consideration gave the first historical definition of harmonic manifold as follows.

Definition 1.4. A Riemannian manifold (M", g) is said to be harmonic if its
volume density function 6, := /| det g;;| at each point p is a radial function.

Nowadays many equivalent definitions exist. See [B78, DR92, W50] as follows.

Theorem 1.5. A complete n-dimensional Riemannian manifold (M",g) is har-
monic if and only if either of the following condition holds.

(1) For any point p € M™ and the distance function d, := d,(p,-), Ad?) is radial
for any small r > 0.

(2) For any p € M™ there exists a nonconstant radial harmonic function in a
punctured neighborhood of p.

(3) Ewvery small geodesic sphere in M™ has constant mean curvature.

(4) Every harmonic function satisfies the mean value property.

When the space is connected and simply connected, there are many interesting
characterizations about harmonic manifolds.

Theorem 1.6 ([CH11, Theorem 3], [CH12, Theorem 1]). A connected, simply
connected and complete Riemannian manifold is harmonic if and only if the volume
of the intersection of two geodesic balls depends only on the distance between the
centers and the radii of the balls.

Theorem 1.7 ([S90, Theorem 1.1]). A connected, simply connected and complete
Riemannian manifold (M™, g) is harmonic if and only if the heat kernel p(x,y,t)
is a function only of t and the distance dy(x,y), i.e., it is of the form p(x,y,t) =

p(dg(,y),1).



Given a Riemannian manifold (M™,g), if H; (i = 1,2) are two functions on
M™ x M™ such that for any € M" the functions H?(-) := H;(z,-) (i = 1,2) are
L2-integrable functions, then their convolution Hy * Hy : M™ x M™ — R is defined
by

Hl*H2($7y) = Hl(ZE,Z)Hz(y,Z)dVOIQ(Z).
Mn
A function H : M™ x M™ — R is called radial kernel if H(x,y) depends only on
the geodesic distance between z and y, that is, if H = hod,, where h : Rt — R
is an arbitrary function.

Theorem 1.8 ([S90, Proposition 2.1]). A connected, simply connected and com-
plete Riemannian manifold is harmonic if and only if the convolution of the radial
kernel functions Hy = hiod, and Hy = hyod, is a radial kernel function whenever
hi, ho are smooth functions on R, with compact support.

It should be emphasized that compact connected, simply connected harmonic
manifolds are also good examples of IHKI spaces due to Remark 5.2.
As in the previous section, it is also natural to ask the following question.

Question 1.9. How to characterize an RCD(K, N) space satisfying the conditions
in Theorem 1.6-1.87

1.5 Contributions
1.5.1 Isometrically heat kernel immersing RCD(K, N) spaces

In connection with Question 1.3 in this setting, let us provide the following
definition.

Definition 1.10 (Isometrically heat kernel immersing RCD(K, N) spaces). An
RCD(K, N) space (X,d,m) is said to be an isometrically heat kernel immersing
space, or briefly an IHKI space if there exists a non-negative function c¢(t), such
that \/c(t)®; is an isometric immersion for all ¢ > 0, namely

c(t)gr = (M Cbt)* (922(m)) = 9, V> 0.

The simplest example of IHKI spaces are Euclidean spaces. On R", it is obvious
that

n CRn . n a n 2
gtR = 7}_£an’ Wlth CIF - / (8_ R (1'7 y? t)) d‘Cn(y) (14)
t 2 R" €1

Let us introduce the first main result of this thesis.



Theorem 1.11. Let (X,d,m) be an RCD(K, N) space. Then the following two
conditions are equivalent.

(1) There exist sequences {t;} C R and {s;} C R such that t; — ty for some
to > 0 and that 5;®,, is an isometric immersion for any i.

(2) (X,d,m) is an IHKI RCD(K, N) space.

Remark 1.12. Theorem 1.11 is sharp in the following sense: there exists a closed
Riemannain manifold (M", ¢g) such that it is not IHKI and that ¢®,, is an isometric
immersion for some ¢ > 0 and some ty > 0. See Example 7.3.

Recalling that g; plays a role of a “regularization” of an RCD(K, N) space as
discussed in [BGHZ23], it is expected that IHKI RCD(K, N) spaces have nice reg-
ularity properties. Along this, we end this subsection by collecting such regularity
results as follows.

Theorem 1.13. Let (X,d,m) be an IHKI RCD(K,N) space with dimg,(X) =
n > 1, then there exists ¢ > 0 such that m = c¢H" and that (X,d,m) is an
RCD(K,n) space. In particular, (X,d,H") is a non-collapsed RCD(K,n) space.

Theorem 1.14. Assume that (X,d, m) is a non-compact IHKI RCD(0, N) space
with dimg n(X) = n > 2, then (X,d, m) is isometric to (R, dgn,cH"™) for some
c>0.

Let us emphasize that in the compact setting we will be able to provide the best
regularity result, namely the smoothness result (see Theorem 1.16 and Corollary
1.18).

1.5.2 Isometrically immersing eigenmaps on RCD(K, N) spaces

In order to discuss a finite dimensional analogue of the IHKI condition, let us
recall the following definition.

Definition 1.15 (Isometric immersion [H21, Definition 3.1]). Let m € N, and let
(X,d, m) be an RCD(K, N) space. A map

:X — R™
7 (91(2), - - (7))

is said to be an isometric immersion if it is locally Lipschitz and

O gpm =Y dey @ dgi =g (1.5)
i=1



We are now ready to give an answer to Question 1.2 in the nonsmooth setting.

Theorem 1.16. Let (X,d,H") be a compact non-collapsed RCD(K,n) space. If
there exists an isometric immersion

: X — R™
7 (91(2), .. (7))

such that each ¢; is an eigenfunction of —A (i =1,...,m), then (X,d) is isometric
to an n-dimensional smooth closed Riemannian manifold (M™,g).

It is emphasized again that the theorem above greatly improves a bi-Lipschitz
regularity result proved in [H21] and seems to provide the smoothness for a much

wider class of RCD spaces than existing results as far as the author knows (see for
instance [K15b, GR18, MW19] for the special cases).

Remark 1.17. An isometrically immersing eigenmap may not be an embedding in
general. See for instance [L81, Theorem 5].

As a corollary of Theorem 1.16, we obtain the following result, meaning that
any compact IHKI RCD(K, N) space must be smooth.

Corollary 1.18. Let (X,d,H"™) be a compact non-collapsed THKI RCD(K,n)
space. Let E be the eigenspace with some non-zero corresponding eigenvalue A
of —=A. Then by taking {¢;}™, (m = dim(E)) as an L*(m)-orthonormal basis of

E, the map
d: X —R™

RN SR

O(X)CS™! and nd®*grpm = Ag.

satisfies that

In particular, (X,d) is isometric to an n-dimensional smooth closed Riemannian
manifold (M"™, g).
1.5.3 Harmonic RCD(K, N) spaces

In order to answer Question 1.9, we consider the following special class of
RCD(K, N) spaces.

Definition 1.19 (Strongly harmonic RCD(K, V) space). A metric measure space
(X,d,m) is said to be a strongly harmonic RCD(K, N) space if it satisfies the
following two conditions.

1. It is an RCD(K, N) space.



2. There exists a real valued function H : [0,00) x [0,00) — R such that the
heat kernel p of (X, d, m) satisfies

p(x,y,t) :H(d(ﬁ,y),t), V:L‘7y€)(7 vt > 0. (16)

Similar to ITHKI RCD(K, N) spaces, the condition of strong harmonicity also
carries nice regularity and rigidity properties. Firstly we have

Theorem 1.20. Let (X,d,m) be a strongly harmonic RCD(K,N) space with
dimg (X) = n. Then m = ¢H" for some constant ¢ > 0 and (X,d,H") is a
non-collapsed RCD(K,n) space.

In order to get the smoothness of a strongly harmonic RCD(K, N) space, a
weaker condition is stated as follows.

Definition 1.21 (Radically symmetric RCD(K, N) space). A metric measure
space (X, d, m) is said to be a radically symmetric RCD(K, N) space if it satisfies
the following conditions.

1. It is an RCD(K, N) space.

2. There exists a real valued function F' : [0, 00) x [0,00) — R and non-constant
eigenfunctions {¢;}", such that

Z@-(m)@(y) = F(d(z,y)), Va,y € X. (1.7)

Theorem 1.22. Let (X,d,H™) be a compact non-collapsed radically symmetric
RCD(K,n) space. Then (X,d) is isometric to an n-dimensional smooth closed
Riemannian manifold (M", g).

Corollary 1.23. Assume (X,d,m) is a compact strongly harmonic RCD(K,n)
space with dimgw(X) = n. Then (X,d) is isometric to an n-dimensional smooth
closed Riemannian manifold (M™,g).

Finally, we also obtain a similar result for strongly harmonic RCD(0, V) spaces
to Theorem 1.13 as follows.

Theorem 1.24. Let (X,d,m) be a non-compact harmonic RCD(0, N) space with
dimg (X) = n, then (X,d) is isometric to (R™, dgn).



1.5.4 Diffeomorphic finiteness theorems

As an application of Theorem 1.16, in Section 6 we first study some special
isometry classes of closed Riemannian manifolds admitting isometrically immersing
T-eigenmaps.

Definition 1.25 (Isometrically immersing 7-eigenmap on Riemannian manifolds).
Let (M",g) be an n-dimensional closed Riemannian manifold and let 7 > 0. A
map
F:M"—R"
pr— (¢1(p)a SR ¢m(p)) )

is said to be a 7-eigenmap into R™ if each ¢; is a non-constant eigenfunction of
—A and

i (19112 > 7

If in addition F' is an isometric immersion, then it is said to be an isometrically
immersing T-etgenmap into R™.

Definition 1.26 (Isometric immersion via T-eigenmaps). For all K € R, D, 7 >
0, denote by M(K,n,D,T) the set of isometry classes of n-dimensional closed
Riemannian manifolds (M", g) such that the Ricci curvature is bounded below by
K, that the diameter is bounded above by D and that there exists an isometrically
immersing T-eigenmap into R for some m € N.

Our main result about M(K,n, D, 7) is stated as follows.

Theorem 1.27. M(K,n, D, ) is compact in C*®-topology. That is, for any se-
quence of Riemannian manifolds {(M", g;)} € M(K,n,D, ), after passing to a
subsequence, there exists a Riemannian manifold (M™,g) € M(K,n,D,T) and
diffeomorphisms 1; : M™ — M, such that {17 g;} C*-converges to g on (M™,g)
for any k € N.

Finally in order to introduce an improved finiteness result from [H21], let us
introduce the following definition.

Definition 1.28 (Almost isometric immersion via 7-eigenmap). For all K € R,
D,7 > 0, ¢ > 0, denote by N(K,n,D,7,¢) the set of isometry classes of n-
dimensional closed Riemannian manifolds (M",g) such that the Ricci curvature
is bounded below by K, that the diameter is bounded above by D and that there
exists a 7-eigenmap Fj» into R™ for some m € N with

1
YR F*n m d 1 < .
VOlg(Mn) /]\an’ MnYR gl VOg €

10



Note that N (K,n,D,7,0) = M(K,n,D,7). Combining the intrinsic Reifen-
berg method established in [ChCol, Appendix A] by Cheeger-Colding, with The-
orem 1.16 gives us the following diffeomorphic finiteness theorem.

Theorem 1.29. There exists € = ¢(K,n, D, 7) > 0 such that N (K,n, D, T, €) has
finitely many members up to diffeomorphism.

1.6 Outline of the proofs

The proofs of Theorems 1.13, 1.14, 1.20 and 1.24 are based on blow up and blow
down arguments. See also the proofs of [AHPT21, Theorem 2.19] and [BGHZ23,
Theorem 3.11] for related arguments.

The most delicate part of this thesis is in the proofs of Theorems 1.16 and
1.22, which make the full use of the equations for eigenfunctions, i.e. A¢p; = —pu;¢;
(t=1,...,m). Note that one can easily obtain L*-bounds of the Laplacian and
of the gradient of each ¢; from the estimates in [J14, JLZ16, ZZ19, AHPT21] (see
also Proposition 2.10).

In order to explain it more precisely, let us start with the following key equation:

> Vel =n. (1.8)
=1

Since the lower bound of each A|V¢;|? comes directly from Bochner inequality
(see (2.1)), (1.8) then guarantees the upper bound of each A|V¢;|? due to the
following equality:

AVG* =D | —AVo [
J#i
Therefore we have a uniform L*-bound of all |V(V¢;, V¢;)|, which implies the
Ch1 differentiable structure of the space. Indeed, locally one can pick {u;}™,
consisting of linear combinations of eigenfunctions ¢; and construct a bi-Lipschitz
map = — (u1(z), ..., u,(z)) which satisfies the following PDE:

S ¢ N~ 09
E E Au;—— d; = 0.
2 (Vu;, Vug) Duj0ur + ' uj u,; + pip; =0

Then the smoothness of the space is justified by applying the elliptic regularity
theory.

Finally, a similar technique as in the proof of Theorem 1.16 allows us to control
each higher order covariant derivative of the Riemannian metric g of (M", g) € M
quantitatively. Thus we can then apply a theorem of Hebey-Herzlish proved in
[HHO7] to get the desired smooth compactness result, Theorem 1.27.
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2 Notation and preliminary results

Throughout this thesis we will use standard notation in this topic. For example

e Denote by C(Kj, ..., K,) a positive constant depending on Kj, ..., K,, and
U = U(ey,...,€lc,. .. cj) some nonnegative function determined by €, . . . , €,
c1,...,c;j such that

lim W =0, for any fixed ci,...c;.

e Denote by w, the n-dimensional Hausdorff measure of the unit ball in R"
which coincides with the usual volume of a unit ball in R™, and by £" the
standard Lebesgue measure on R”.

We may use superscripts or subscripts when it is necessary to distinguish ob-
jects (for example, the Riemannian metrics, the gradients, etc.) on different spaces
in this thesis.

2.1 Metric spaces

We fix some basic definitions and notation about metric spaces in this subsec-
tion. Let (X, d) be a complete separable metric space.

Denote by Lip(X,d) (resp. Lip,(X,d), Lip.(X,d), C(X), Cc(X)) the set of all
Lipschitz functions (resp. bounded Lipschitz functions, compactly supported Lip-
schitz functions, continuous functions, compactly supported continuous functions)
on (X,d).

For any f € Lip(X,d), the local Lipschitz constant of f at a point z € X is
defined by

i)~ ()]
lip f(x) = ! yj:}:lp d(y, x)
0 otherwise.

If (X,d) is compact, then the diameter of X is defined by
diam(X,d) := sup d(z,y).

z,yeX

if x € X is not isolated,

For amap f: X — Y from (X,d) to another complete metric space (Y,dy), f
is said to be C-bi-Lipschitz from X to f(X) for some C' > 1 if

C_ld(l'1,1'2> < dy(f($1)7f(l'2>) < Od([L‘l,Ig), Vl’l,l'g € X.

We also denote by Bgr(z) the set {y € X : d(z,y) < R}, and by B.(A) the
set {x € X :d(z,A) < €} for any A C X, ¢ > 0. In particular, denote by
B,(0,) :={z € R" : |z| < r} for any r > 0.

12



2.2 RCD(K, N) spaces: definition and basic properties

Let (X,d,m) be a metric measure space.

Definition 2.1 (Cheeger energy). The Cheeger energy Ch: L?*(m) — [0,00] is
defined by

Ch(f) := inf {liminf/ llip f; |2dm} :
X

{fi} || im0

where the infimum is taken among all sequences { f;} satisfying f; € Lip,(X,d) N
L*(m) and || f; = fll p2(m) — O

The domain of the Cheeger energy, denoted by D(Ch), is the set of all f €
L?(m) with Ch(f) < oo. It is dense in L?*(m), and is a Banach space when

equipped with the norm \/ Ch(-) + ||'||iz(m). This Banach space is the Sobolev
space H?(X,d,m). In addition, for any f € H"?(X,d, m), by taking a minimzing
sequence { f;} and using Mazur’s lemma, one can identify a unique |Df| € L?(m)
such that

cn() = [ Ipsfam.

This |D f] is called the minimal relaxed slope of f and satisfies the locality property,
that is, for any other h € H'?(X,d, m), we have |Df| = |Dh| m-a.e. on {z € X :
f=nh}

In particular, (X, d, m) is said to be infinitesimally Hilbertian if H%?(X,d, m)
is a Hilbert space. In this case, for any f,h € H"?(X,d, m), the following L'(m)
integrable function is well-defined [AGS14b]:

ID(f +eh)]> — [DfJ?
2¢ '
Remark 2.2. For any f € H“?(X,d,m), it is clear that

(Vf,Vh) :=lim
e—0

V2= (Vf, V) = DS, mae.
Definition 2.3 (The Laplacian [G15]). Assume that (X,d,m) is infinitesimally

Hilbertian. The domain of Laplacian, namely D(A), is defined as the set of all
f e HY*(X,d, m) such that

/(Vf,Vc,0>dm:—/ hodm, Vo € H(X,d,m),
p% p%

for some h € L?*(m). In particular, denote by Af := h for any f € D(A) because
h is unique if it exists.

13



We are now ready to introduce the definition of RCD (K, N) spaces. The follow-
ing is an equivalent definition with the one proposed in [G15], and the equivalence
is proved in [AGS15, EKS15]. See also [AMS19].

Definition 2.4. Let K € Rand N € [1,00). (X, d, m) is said to be an RCD(K, N)
space if and only if it satisfies the following conditions.

1. (X,d, m) is infinitesimally Hilbertian.
2. There exists # € X and C' > 0, such that for any r > 0, m(B,(z)) < Ce"”.

3. (Sobolev to Lipschitz property) If f € H“(X,d,m) with [Df| < 1 m-a.e.,
then f has a 1-Lipschitz representative, that is, there exists a 1-Lipschitz
function h such that h = f m-a.e.

4. (Bochner inequality) For any f € D(A) with Af € H"?(X,d, m), the fol-
lowing holds for any ¢ € TestF (X,d, m) with ¢ > 0,

A 2
%/X]VfIQAcpdm>/Xgo((Vf,VAf>+K|Vf\2+%) dm, (2.1

where Test F'(X,d, m) is the class of test functions defined by
Test F(X,d,m) := {f € Lip(X,d)ND(A)NL®(m) : Af € H"*(X,d, m)NL>®(m)}.

If in addition m = HY then (X,d, m) is said to be a non-collapsed RCD(K, N)
space.

For the class of test functions on an RCD(K, N) space (X, d, m), by [S14],
1. [Vf]?> € HY*(X,d,m) for any f € TestF (X,d, m).
2. Define TestFy (X,d, m) := {f € TestF (X,d,m): f > 0} and H}*(X,d, m) :=

{f e H*(X,d,m): f >0 m-a.e.}. Then TestF, (X,d, m) (resp. TestF(X,d, m))

is dense in H;*(X,d, m) (resp. H“*(X,d, m)).

The following inequality is a generalization of the Bishop-Gromov inequality
in Riemannian geometry.

Theorem 2.5 (Bishop-Gromov inequality [LV09, St06b]). Assume that (X,d, m)
is an RCD(K, N) space. Then the following holds for any x € X.
N -1 m(BR(x)) < fOR VKJth

th < S5 ’
KEvo " m(B(w) S [ Viewdt

1.IfN>1, K#0,r<R<m where

sin (t K/(N — 1)>N_1 . ifE >0,

Vien(t) = N-1
sinth (t “KJ(N - 1)) . ifK <0.

14



B N
2. ]szlandKéO,orNe(l,oo)andKzo,thenwé B )
m (B, (x)) r

Remark 2.6. (2.2) and (2.3) are direct consequences of Theorem 2.5, where (2.3)
is a combination of (2.2) and the fact that B,(z) C Byid(y) (¥)-

m(T(x))))SC(K,N)eXp (C’(K,N)?), Ve e X, Vr < R. (2.2)
m(B,(x))
m(B,(y))
For an RCD(K, N) space (X, d, m), the heat flow {h; : L*(m) — L?*(m)};~o as-

sociated with its Cheeger energy is defined by: for any f € L?(m), {h,f}:-0 satisfies

the following properties.

r+d(z,y)

< C(K,N)exp (C’(K,N) .

), Ve,y € X, Vr > 0. (2.3)

1. (Solution to the heat equation) For any ¢t > 0, h,f € D(A) and iht(f) =

Ahf in L*(m). i
2. (Semigroup property) For any s,t > 0, hyysf = hy(hgf).
3. (Contraction on L*(m)) [ fl 2y < [/l 2my» V¢ > 0.
4. (Commutative with A) If f € D(A), then for any ¢ > 0, hy(Af) = A(h.f).

For any p € [1, 00], {h;}i~0 also acts on LP(m) as a linear family of contractions,
namely

el o my < €l > VE>0, Vo € LP(m). (2.4)

Set 1 € L*®(m) as (the equivalence class in m-a.e. sense of) the function on
X identically equal to 1. It is now worth pointing out the following stochastic
completeness of RCD(K, N) spaces:

h(1)=1, Vt>0.

Sturm’s works [St95, St96] guarantee the existence of a locally Holder contin-
uous representative p on X x X x (0,00) of the heat kernel for (X,d, m). More
precisely, the solution to the heat equation can be expressed by using p as follows:

(1) = [ ple..)f(u)dm(y), VS € L2(m)
X
Remark 2.7 (Rescaled RCD space). For any RCD(K, N) space (X,d, m) and any
a,b € (0,00), the rescaled space (X, ad,bm) is an RCD(a" 'K, N) space whose heat
kernel p can be written as p(x,y,t) = b~ 'p(x,y,a >t).
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The locally Hélder continuity of the heat kernel on RCD(K, N) spaces is im-
proved to be locally Lipschitz due to the following Jiang-Li-Zhang’s [JLZ16] esti-
mates.

Theorem 2.8. Let (X,d,m) be an RCD(K,N) space. Given any ¢ > 0, there
exist positive constants C; = C;(K, N,¢€),i = 1,2,3,4 such that the heat kernel p
satisfies the following estimates.

d?(z d?(z
C’il exp (— (4(_’6)35 Cot ) <m (By(y)) plz,y,t) < Crexp (— (4(+’6y)1 + Cgt)

holds for allt > 0, and all z,y € X and

i 03 ex _dQ(CL’,y)
Vople 1 € Jra s p( : +C4t)

holds for allt > 0 and m-a.e. x,y € X.

Remark 2.9. The results of [D97] are also applicable to RCD(K, N) spaces. In
particular, under the assumption of Theorem 2.8, for any z,y € X, the function
t — p(z,y,t) is analytic. Moreover, for any n > 1, t € (0,1), and z,y € X, the
Bishop-Gromov inequality (2.2), Theorem 2.8 and [D97, Theorem 4] give that,

oot < SR s i) Few (- @)

For a compact RCD(K, N) space (X,d, m), by [J14, JLZ16], its heat kernel p
can be expressed as follows, (see also [AHPT21, Appendix]).

p(z,y,1) Ze Kl () di(y), (2.6)

where eigenvalues of —A counted with multiplicities and the corresponding eigen-
functions are denoted as follows.

0=po < pr < pz <+ — +00,

— Ag; = i, (2.7)
{¢i}ien : an orthonormal basis of L*(m).

We may use the notation (2.7) in Proposition 2.10, Proposition 2.13 without
any attention.

The following estimates can be obtained by the Gaussian estimates (Theorem
2.8) and are useful in this thesis. See [AHPT21, Appendix] and [ZZ19].
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Proposition 2.10. Let (X,d, m) be a compact RCD(K, N) space with m(X) =1,
then there ezist C; = C;(K, N,diam(X,d)) (j = 5,6), such that for all i > 1,

N, 4 N 4 . .
16l ooy < Citti” Vil ooy < Coptg™ 27, Cei®™ < i < C5i®.

The rest of this subsection is based on [GH18, GR20]. We first introduce some
basic knowledges of the Euclidean cone over metric measure spaces. Then the
background of the product space of metric measure spaces follows.

Definition 2.11 (Euclidean cone as a metric measure space). Let (X,d, m) be an
RCD(N —2, N —1) space with N > 2. We define the Euclidean cone over (X, d, m)
as the metric measure space (C(X), dC(X),mC(X)) as follows.

1. The space C(X) is defined as C(X) := [0,00) x X/ ({0} x X). The origin is
denoted by o*.

2. For any two points (r,z) and (s,y), the distance between them is defined as

dox) ((r, @), (s,y)) = /12 + 82 — 2rscos (d(z,y)).

3. The measure of C(X) is defined as dme(x)(r, z) = rV~ldr @ dm(z).

Remark 2.12. If (X,d,m) is an RCD(N — 2, N — 1) space, then it has an upper
diameter bound 7 due to [St06b, Corollary 2.6] and [O07, Theorem 4.3]. In addi-
tion, by [K15a, Theorem 1.1], (C(X),dC(X),mC(X)) is an RCD(0, N) space if and
only if (X,d, m) is an RCD(N — 2, N — 1) space.

By [GH18, Definition 3.8, Proposition 3.12], for any f € H** (C(X), dc(x), me(x)),
it holds that

(f(x) cr— f(r, x)) c HY?(R,dg, vV 7'1LY), m-ae 2z € X,
(f(’") cx— f(r, x)) € H'Y*(X,d,m), rV 'Llae rcR,
and that |Vf\2C(X) can be written as
1 T
VT () = [V FOL () + 5 [V (@) mee e () € C(X).

Thus for any fi, fo € H*? (C(X),do(x), Me(x)), it can be readily checked that
for mg(x)-a.e. (r,z) € C(X),

(Vi V2o (ra) = (VA VD) () + % (VA V) (@) (28)

In addition, the heat kernel p°) on (C(X),dq( x),Mc(x)) has the following
explicit expression as [D02, Theorem 6.20)].
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Proposition 2.13. Let (X,d,m) be a compact RCD(N — 2, N — 1) space with
N >3. Leta=(2—N)/2, vj = \/a? + u; for j € N. Then p®X) can be written
as follows:

o0

pe) ((r1,21), (ra, 22),t) = (7’17”2)&2%6@ (‘r%;;r%) <r1r2> ¢j(1)d;(2).

J=0

(2.9)
Here I, is a modified Bessel function defined by

1 2k+v
. 2.10
/{;‘Fu—l—k—Fl) <2) (2.10)

Proof. We claim that for any f € C.(C(X)), by using p°) defined in (2.9), h,f
can be expressed as follows.

hef(ri, 1) = /C(X) PC(X)((T’l,flfl),(7”2,552),t)f(rz,@)dm(}(x)(rzaw)- (2.11)

Then we are done by combining (2.4) and the fact that C.(C(X)) is dense in

L% (mogx) )
To show (2.11), we first set w;(r) = [y f(r,z)¢;(z)dm(z) (i = 0,1,---). For

any r € (0,00), since f() is contlnuous by Parseval’s 1dent1ty we have

:/ngu?(r)gbf(x)dm(w)z/XfQ(ﬁx)dm(x)

k
Letting fp(r) :== > r¥~*u2(r), and using the dominated convergence theorem, we

1=0

lim fr(r)dr :/ / VL2 (r ) dm(x)dr
k=09 (0,00) (0,00) J X
This yields

lim o) (f(ﬁ ) — Zui(r)¢i<x)> dmex) (1, 2)

:]}1_{20 </(07OO) /XTN_1f2<T, z)dm(z)dr — o) fk(r)dr) = 0.

Therefore f(r,z) = iuz(r)gbl(x) for me(xy-a.e. (r,z) € C(X). Applying the

i=0
separation of variables in classical ways like [Ta96, Chapter 8|, we complete the
proof of (2.11).

get

]
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Definition 2.14 (Cartesian product as a metric measure space). Let (X,dx, my),
(Y,dy,my) be two metric measure spaces. The product metric measure space
(X X Y,dxxy, mxyxy) is defined as the product space X x Y equipped with the
distance

dxxy ((x1,11), (T2,92)) = \/d?x(ml,ﬁh) +d3 (Y1, y2), Y(z1,11), (z2,10) € X X Y,

and the measure dmyyy := dmyxy ® dmy-.

Since [GR20, Proposition 4.1] applies for RCD(K, o0) spaces, for any f €
HY2 (X x Y,dxxy,Mxxy), it holds that

(f@  y— f(z,y)) € H2(Y.dy, my), my-ae x € X,
(f@ 2 f(z,y)) € H(X,dx,mx), my-ae. y €Y,
and |V f|%.y can be expressed as
2 2
\Vf]i(xy (r,y) = |Vf(y)‘X (x) + |Vf(x)}y (y), mxxy-a.e. (r,y) € X xY. (2.12)

Thus for any fi, fo € H" (X X Y,dxxy,Mxxy), we have the following for
Mmyyy-a.e. (r,y) € X xY:

(VI V) sy (@,9) = (TFO V) @)+ (VI VA (). (213)
X 1%
It also follows from [GR20, Corollary 4.2] that for any f € L?(mxxy),
bV =0 (0 ) =0 ().

As a result, p** has an explicit expression as follows.

X><Y((

p T1, 1), (T2, 92), 1) = p~ (@1, 22,8)p" (41, Yo, 1). (2.14)

2.3 First and second order calculus on RCD(K, N) spaces

This subsection is based on [G18]. We assume that (X,d, m) is an RCD(K, N)
space in this subsection.

Definition 2.15 (LP-normed L*-module). For any p € [1,00], a quadruplet

(A, ||| 4] |) is said to be an LP-normed L>-module if it satisfies the following
conditions.
1. The normed vector space (., |-|| ,) is a Banach space.
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2. The multiplication by L*-functions - : L>(m) x .# — .# is a bilinear map
such that for every f,h € L*(m) and every v € ., it holds that

f-(h-v)=(fh)-v, 1-v=n0.

3. The pointwise norm | - | : .# — LP(m) satisfies that for every f € L*>°(m)
and every v € ., it holds that

o] 20, [f o] = [fllv] m-ae., and [Jv]l.e = [[[v]ll Lom)

In particular, (4, ||| , .- | -|) is said briefly to be a module when p = 2.
Remark 2.16. The homogeneity and subadditivity of | - | follows directly from
Definition 2.15. Write fv instead of f - v later on for simplicity.

To construct the cotangent module, the first step is to define a pre-cotangent
module Pcm. Elements of Pcm are of the form {(E;, f;)};_, where {E;};", is some
Borel partition of X and {f;}; , C H"*(X,d,m). Secondly, define an equivalence
relation on Pcm as follows.

{(Es, fi)Yiey ~ {(Fi, hi)}i_, if and only if for any 4, j, [Dfi| = [Dhy| holds m-a.e. on E; N Fj.

Denote by [E;, f;], the equivalence class of {(E;, f;)}.—, and by xg the charac-
teristic function of F for any Borel set £ C X.

With the help of the locality of minimal relaxed slopes, the following operations
on the quotient Pcm/ ~ are well-defined:

[Ei’ fl]z + [Fjagj]j = [EZ N Fj> fi + gj]z‘,j )
all;, fi), = [Ei afil;

(Z%XF) [Ei, fil; = [E:i 0 Fy a5 fil 5

|[Ezafz]z| =

| m-a.e. in X

NEs £ = N £l e (Z / D Qdm>

Let (L2(T*(X,d,m)), || - |l z2r*(x.dm))) be the completion of (Pecm/ ~, [|-||). The
multiplication - and the pointwise norm |- | in Definition 2.15 can be continuously
extended to

s L%(m) x LX(T*(X,d, m) — L*(T"(X,d, m)),
[ | LT (X, d,m) — L(m)
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Then the construction of the module <L2(T*(X,d,m))a Il 22 (. dmyy > 7+ |- \) is
completed. We write L*(T*(X,d, m)) for short if no ambiguity is caused.

Theorem 2.17 (Uniqueness of cotangent module). There is a unique couple
(LA(T*(X,d,m)),d), where L*(T*(X,d,m)) is a module and d : H**(X,d, m) —
L*(T*(X,d,m)) is a linear operator such that |df| = |Df| holds m-a.e. for every
f € HY(X,d,m). Uniqueness is intended up to unique isomorphism: if another
couple (A ,d') satisfies the same properties, then there exists a unique module
isomorphism ¢ : L*(T*(X,d,m)) — A such that (od =d'.

In this thesis, L? (T*(X,d, m)) and d are called the cotangent module and the
differential respectively. Elements of L? (T*(X,d, m)) are called 1-forms.
Likewise, the tangent module L*(T'(X,d,m)) can be defined as a module gen-

erated by {Vf: f € H"(X,d,m)}, where V[ satisfies that
dh(Vf) = (Vh,Vf) m-ae, VheH?X, dm).

L*(T(X,d,m)) is the dual module of L*(T*(X,d,m)), and its elements are
called vector fields.

Let us recall the construction of the tensor product of L?(T*(X,d,m)) with
itself in [G18].
For any f € L*™(m), f1, fo € TestF' (X, d, m), the tensor fdf; ® dfs is defined as

fdfy @ dfa(n1,m2) := fdfy(m)dfz(n2), Vi, me € L*(T(X,d,m)).

Set

k
Test(T")“*(X,d, m) := {Z Jridfa; @ dfs;: k €N, f;; € TestF (X7d7m)} :

i=1
and define the L (m)-bilinear norm
(-,-) : Test(T*)**(X,d, m) x Test(T*)**(X,d, m) — L*(m)
as
(dfy@dfs, dfs@dfs) == (V f1,V [3)(V f2, V fa), Vf; € TestF (X,d,m) (i =1,2,3,4).
The pointwise Hilbert-Schmidt norm is then defined as
|y © Test(T*)**(X,d, m) — L*(m)

A |Alys == /{4, A).
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For any p € [1,00], adapting a similar continuous extension procedure of
Test(T*)®?(X, d, m) with respect to the norm |||-|HS||Lp(m) gives a construction of
the LP-normed L*-module LP((T*)®?(X,d, m)).

In addition, denote by Li, (T*(X,d, m)) the collection of 1-forms w with |w| €
LY (m). Here L} (m) is the set of all functions f such that f € L? (Bg(x), m) for
any Bg(z) C X. Similarly for other vector fields and other tensors.

The end of this subsection is aimed at recalling definitions of two kinds of

tensor fields.

Theorem 2.18 (The Hessian [G18]). For any f € TestF (X,d,m), there exists a
unique T € L* ((T*)*%(X,d, m)), called the Hessian of f, denoted by Hess f, such
that for all f; € TestF (X,d,m) (i = 1,2),

2T(Vf1,V f2) = (Vf1,V(V 2, V) + (V2. V(V 1, V) = (VI V(V L,V )
(2.15)
holds for m-a.e. © € X. Moreover, the following holds for any f € TestF (X,d, m),
¢ € TestF (X, d, m).

1/ A<p-|Vf|2dm>/go(|Hessf|2HS+<VAf,Vf>+K!Vf\2) dm.  (2.16)
2 X X

Since TestF(X,d, m) is dense in D(A), Hess f € L?((T*)®*(X,d, m)) is well-
defined for any f € D(A). In addition, if f; € TestF (X,d, m) (i = 1,2), then
(Vf1,Vfs) € H**(X,d, m), and the following holds for any ¢ € H"?(X,d, m).

(Vo,V(V 1,V [f2)) =Hess f1 (Vf2, Vi) + Hess fo (Vf1, V) m-ae.  (2.17)

Definition 2.19 (The Riemannian metric). A tensor field g € L° ((T%)®?(X,d, m))
is said to be a (resp. semi) Riemannian metric on (X,d, m) if it satisfies the fol-

lowing properties.
1. (Symmetry) g(V,W) = g(W,V) m-a.e. for any V,W € L*(T(X,d,m)).

2. (Non (resp. Non semi-) degeneracy) For any V € L*(T(X,d,m)), it holds
that
g(V,V) >0 (resp. g(V,V) > 0) m-ae. on {|V]|>0}.

2.4 Convergence of RCD(K, N) spaces

For a sequence of pointed RCD(K, N) spaces (X;,d;, m;, z;), the equivalence
between pointed measured Gromov Hausdorff (pmGH) convergence and pointed
measured Gromov (pmG) convergence is established in [GMS13]. We only in-
troduce the definition of pmGH convergence and a precompactness theorem of a
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sequence of pointed RCD(K, N) spaces. It is remarkable that for compact metric
measure spaces there is a more convenient convergence named measured Gromov-
Hausdorff (mGH) convergence (see [F87]).

Definition 2.20 (Pointed measured Gromov-Hausdorff (pmGH) convergence). A
sequence of pointed metric measure spaces {(X;, d;, m;, z;)} is said to be convergent
to a pointed metric measure space (X, ds, Moo, Too) in the pointed measured
Gromov-Hausdorff (pmGH) sense, if there exists a complete separable metric space
(Y,dy) and a sequence of isometric embeddings {¢; : X; = Y }ienufoo}, such that

L. dy (44(25)5 too (o)) — 0,

2. for any R,e > 0, there exists N > 0, such that for any ¢ > N, we have
too (Bp=(7o0)) C BY (1; (Bpi(x;))) and ¢; (Bp'(2:)) C BY (1o (B (7)),

3. for every f e Co(Y), lim [, fd(¢;)sm; = [ fd(too)sMeo.
1—00
In particular, we say that X; > 2} — 2/ € X if dy (1;(2}), teo(2))) — 0.

Definition 2.21 (Measured Gromov-Hausdorff convergence). Let {(X;,d;, m;)} be
a sequence of compact metric measure spaces with sup, diam(X;,d;) < oo. Then
{(Xi,d;,m;)} is said to be convergent to a metric measure space (X, doo, My ) in
the measured Gromov-Hausdorff (mGH) sense if there exists a sequence of points
{z:i € Xi}ienu{oo}, such that

) 2 (

(Xi7di7m’i7xi Xoovd007mooaxoo)'

Theorem 2.22 (Precompactness of pointed RCD(K, N) spaces under pmGH
convergence [GMS13]). Let {(X;,d;, my;, x;)} be a sequence of pointed RCD(K, N)
spaces such that

0 < liminfm; (B (z;)) < limsupm; (B (z;)) < oo.

100 i—00

Then there exists a subsequence {(Xi(j), di(j), Mgy xi(j)) }, such that it pmGH con-
verges to a pointed RCD(K, N) space (Xso, oo, Moo, Too)-

Especially, non-collapsed pmGH convergent sequences of non-collapsed RCD( K, N)
spaces preserve the Hausdorff measure.

Theorem 2.23 (Continuity of Hausdorff measure [DG18, Theorem 1.3]). If a se-
quence of pointed non-collapsed RCD(K, N) spaces {(Xi, d;, HV, xz)} pmGH con-
verges to a pointed RCD(K, N) space (X oo, doo, Moo, Too) and satisfies inf; HY (Bf((:vz)) >
0, then my, = HY.
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It is also worth recalling the following definition.

Definition 2.24 (Regular set). Let (X,d, m) be an RCD(K, N) space. Given any
integer k € [1, N], the k-dimensional regular set Ry := Ry(X) of X is defined as
the set of all points of x such that

1 m pmGH k 1 k )
X, —d R, dgi, — . thr 0
( T ’m(Bri(:p))’x) ( g, -k ,Ok) {ri} € (0,00) with r; — 0

It is time to introduce the definition of the essential dimension of RCD spaces.
Compare [CN12].

Theorem 2.25 (Essential dimension [BS20]). Let (X,d,m) be an RCD(K, N)
space which is not a single point. Then there exists a unique n € NN [1, N] such
that m(X \ R,) = 0. The essential dimension dimg ,(X) of (X,d, m) is defined as
this n.

Remark 2.26. Under the assumption of Theorem 2.25, for any m € N, define the
Bishop-Gromov density of (X,d, m) as

O (X, d,m) : X — [0, 00]

m(B,(x
lim M, if it exists,
Tr+—> < =0 w,rm

oo, otherwise.

The measure m then can be represented as 9,(X,d,m)(z)H"_R,. Moreover,
m(R, \ R:) =0, where R} :={z € R, : ¥,,(X,d,m) € (0,00)}. See [AHT18].

In particular, for non-collapsed RCD(K, N) spaces, the following statement
holds.

Theorem 2.27 (Bishop inequality [DG18, Corollary 1.7]). Let (X,d,H") be a
non-collapsed RCD(K, N) space. Then dimg 4~ (X) = N € N, and 95 (X, d, HY) <
1 holds for any x € X. Moreover, the equality holds if and only if x € Ry.

Given an RCD(K, N) space (X,d, m), there is a canonical Riemannian metric
g in the following sense.

Theorem 2.28 (The canonical Riemannian metric [GP16, AHPT21]). There ex-

ists a unique Riemannian metric g such that for any fi, fo € H"*(X,d, m), it holds
that

g(V, V) = (Vf,Vf) m-ae inX.

Moreover, |g|ys = /dimg m(X) m-a.e. in X.
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Let us use this canonical Riemannian metric to define the trace as
Tr: Li, ((T%)%*(X,d,m)) — Ly, ((T")**(X,d, m))
T — (T, g).

The convergence of functions and tensor fields on pmGH convergent pointed

RCD(K, N) spaces are also well-defined as in [GMS13], [H15, Definition 1.1] and
[AH17, AST16]. In the rest of this subsection, we fix a pmGH convergence of
RCD(K, N) spaces

pmGH

(X’ia diamiy mz) E— (XOO7 dooamooa :COO)7

and use the notation in Definition 2.20.

Theorem 2.29 (Arzela-Ascoli theorem). Suppose f; € C(X;) (i € N) such that
{fi} satisfies the following two conditions.

1. (Locally uniformly bounded) For any R > 0 it holds that

sup sup |hi(y;)| < oc.
i yi€BR(z:)

2. (Locally equicontinuous) For any ¢, R € (0,00), there ezists § € (0,1) such
that for any i@ € N it holds that

\filyi) — fi(zi)| <€, Yy;, zi € Br(x;) such that d;(z;,y;) < 0.

Then after passing to a subsequence, there exists foo € C(Xy) such that {f;}
pointwisely converges to f in the following sense:

filyi) = foo(y) whenever X; 3 y; — y € X

Definition 2.30 (L?-convergence of functions defined on varying spaces). A se-
quence {f; : X; — R} is said to be L:-weakly convergent to f., € L*(my) if

sup || fill 12w,y < 00,

lim /Y Bfid (1) sm; — /Y hfd (o), Vh € Cu(Y).

1—00

If moreover {f;} satisfies limsup; oo [|fill p2myy) < 1f Il 12(my,): then {fi} is said to
be L2-strongly convergent to f.
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Definition 2.31 (H'2-convergence of functions defined on varying spaces). A se-
quence { f; : X; — R} is said to be H'?-weakly convergent to fo, € H"?( Xy, doo, Moo)
if

L2-weakly

fi fand sup Ch™ (f;) < co.

If moreover, {f;} satisfies

lim sup | fill p2 gy < I1f 1|12y and limsup Ch™(f;) = Ch™>(fuo),
1— 00

1— 00
then {f;} is said to be H"?-strongly convergent to f.

Definition 2.32 (Convergence of tensor fields defined on varying spaces). Let
T; € L3 . ((T*)®*(X;,d;,my)), (i € N). For any R > 0, {T;} is said to be L*-weakly

loc

convergent to To, € L? ((T%)®%(Bp™ (2o0), doo, Moo ) ) 0N B> (20o) if it satisfies the
following conditions.

L. (Uniform upper L* bound) sup; [||Ti|ns]|,, (55

X (ﬂci),mi) < Q.

2. For any f;; € TestF'(X;,d;,m;) (i € N, j = 1,2) such that {f;;} L*strongly
converges to f; o € TestF (X, doo, M) (7 = 1,2) and that

Sup <Hfj:iHL°°(mi) + H‘VXifjvinLoo(mi) + ||AXifjviHL°°(mi)> < 00,
Z7‘7
we have {XBXi( ) (T}, df1,; ® dfa;)} L*-weakly converges to X pXoo ( )(Too, df1,06®
R

df2.00)-

If moreover, limsup, _, . |||7?|HS||L2<B;<Z-(%)M) S M Toolmsll 2 (53 (rc) moc ) then AT3}

Zoo

is said to be L2-strongly convergent to Th, on By™(7s).
The following two theorems are based on [AH18, GMS13, AST16].

Theorem 2.33 (Compactness of Sobolev functions). If moreover

sup diam(X;, d;) < oo,

then for any f; € H"* (X;,d;,m;) i € N with sup; || f]| mrr2(x:.dimg) < 00, there eists
foo € HY? (X, doo, Ms), and a subsequence of { f;} which is still denoted as {f;}
such that {f;} L*-strongly converges to fs and

i—00

liminf/ \VXifi|2dmi>/ VX fo | dmee.
X; Xeo
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Theorem 2.34 (Stability of Laplacian). Let {(X;,d;, m;)}, (Xoo, doo, Moo be taken
as in Theorem 2.33. Let f; € D (AXi) with

(1 85 ) < 0
If {f;} L*-strongly converges to f (by Theorem 2.33 foo € HY*(Xoo,doo, Muo)),
then the following statements hold.
1. fo € D(AX=).
2. {AXif;} L2 -weakly converges to AX>f_.
3. {|[V¥ifi|} L2-strongly converges to | VX f|.
Let us recall three convergences to end this section.

Theorem 2.35 (Pointwise convergence of heat kernels [AHT18, Theorem 3.3]).
The heat kernels p; of (X;,d;, m;) satisfy

1—00

whenever X; x X; X (0,00) 3 (24, i, ti) = (Too, Yoo, t) € Xoo X X X (0,00).

Theorem 2.36 (H'%-strong convergence of heat kernels [AHPT21, Theorem
2.19]). For any {t;} C (0,00) with t; — ty € (0,00) and any {y;} with X; > y; —
Yoo € Xoor {1+ 1)} HV2-strongly convenges 10 poo( oo 1) € H2(Xo,cos ).

Theorem 2.37 (Lower semicontinuity of essential dimension [K19, Theorem 1.5)).

lim inf dimg, m, (X;) < dimg_ ., (Xeo)-

1—00
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3 The isometric immersion into L? space via heat
kernel

Recently the equivalence between weakly non-collapsed RCD spaces and non-
collapsed RCD spaces is proved in [BGHZ23, Theorem 1.3], which states as follows.

Theorem 3.1. Assume that (X,d,m) is an RCD(K, N) space. If

T € :iHlsupm+<OO > 0,
(o )

r—0t+

then m = c¢HY for some ¢ > 0. Therefore, (X,d,c™'m) is a non-collapsed
RCD(K, N) space.

The key to prove Theorem 3.1 is Theorem 3.2, and the asymptotic formula
(Theorem 1.1) of g; plays an important role in the proof of Theorem 3.2. The
precise definition of g; shall be given in Theorem 3.3.

Theorem 3.2 ([BGHZ23, Theorem 1.5, Theorem 2.22]). Assume that (X,d, H")
is an RCD(K, N) space with dimg (X) = n and U is a connected open subset of
X such that for any compact subset A C U,

o H(Bi(2))
r€(0,1),0€A rm

Then for any f € TestF (X,d,H"), any ¢ € D(A) with ¢ > 0, supp(p) C U and
Ap € L®(H™), it holds that

> 0. (3.1)

1 AF)2
3 /U IVf2PAp dH™ > /Ugo (<Vf, VAF) + K|Vf]* + %) dH".

In addition, for a weakly non-collapsed (and is now non-collapsed) RCD (K, n)
space (X,d,H"), it follows from [DG18, Theorem 1.12] that

Af = (Hess f,g) m-ae., Vf e D(A).

3.1 The pullback metric g;

In [Ta66], Takahashi proves that any compact homogeneous irreducible Rie-
mannian manifold (M", ¢g) is IHKI, which is even true provided that (M™,g) is a
non-compact homogeneous irreducible Riemannian manifold.
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To generalize such isometric immersions to RCD( K, N) spaces, let us first intro-
duce the following locally Lipschitz t-time heat kernel mapping on an RCD(K, N)
space (X,d, m) by using its heat kernel p analogously :

®;: X — L*(m)
x> (y = p(x,y,1)),

which is well-defined due to the estimates in Theorem 2.8.

The natural pull-back semi-Riemannian metric of the flat metric of L?(m),
namely g; := (®¢)*(9r2(m)), is defined as follows, see [AHPT21, Proposition 4.7]
and [BGHZ23, Proposition 3.7].

Theorem 3.3 (The pull-back semi-Riemannian metrics). For all t > 0, there is a
unique semi-Riemannian metric g, € LS, ((T*)®*(X,d, m)) such that

loc

1. For any n; € L*(T*(X,d, m)) with bounded support (i = 1,2),
[t @ mham = [ [ duptat).m) (ool .00 10) dma)m(y).
X xJx

In particular, if (X,d, m) is compact, then g; = > e ?Mitdg; @ de;.
i=1

2. For any t € (0,1), the rescaled semi-Riemannian metric tm(B 4;(-))g, satis-

fies
tm(B ()9 < C(K, N)g, (3.2)

which means that for any n € L* (T*(X,d, m)), it holds that

tm(B;(2)) (g1, n @ n)(2) < C(K,N)[n|*(z) m-a.e ze€X.

The rest part of this subsection proves Theorem 1.11. The following inequality
is needed. See for instance [AHPT21, Lemma 2.3] and [BGHZ23, Lemma 2.7].

Lemma 3.4. Let (X,d,m) be an RCD(K, N) space. Then for any a« € R, 5 >0
and any x € X, it holds that

/Xm (Bi(y))" exp (—M) dm(y) < C(K,N,qa,f)m (B\/g(x))aﬂ. (3.3)

Remark 3.5. When (X,d, m) is an RCD(0, V) space, by [JLZ16, Corollary 1.1] and
Lemma 3.4, (3.2) becomes

tm(B (1)) g < C(N)g, Vt > 0. (3.4)
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Jiang’s gradient estimate [J14, Theorem 3.1] is also important in this thesis,
which states as follows.

Theorem 3.6. Let (X,d, m) be an RCD(K, N) space and §2 be an open subset. If
for some u € D(A)NL®(Q,m), Au € L*(2,m), then for every Br(x) with R < 1
and Bsg(x) € Q, it holds that

1
H’vu’HL"O(BR(x),m) < C(K,N) (E ||u||L°°(BSR(x),m) + R HAU”Loo(BgR(x),m)> - (3.5)

Finally, we need the following proposition.

Proposition 3.7. Suppose that (X,d, m) is an RCD(K, N) space which is not a
single point. Then for anyt > 0,

m({z € X :|g|ns > 0}) > 0.

Proof. Assume by contradiction the existence of ¢, > 0 such that m({z € X :
|gt,lns > 0}) = 0. Clearly this implies |V.p(z,y,to)| = 0, m-a.e. z,y € X. For
any fixed € X, the locally Lipschitz continuity of y — p(x,y,ts) as well as
the Sobolev to Lipschitz property then yields that &,, = cl for some constant
c. Therefore, it follows from the stochastic completeness of RCD(K, N) spaces
that m(X) < co. Without loss of generality, assume that m(X) = 1. Notice that
Doy (2) = hyy(Py(2)) = 1, which implies p(z,y,t) = 1 on X x X x [to, 2to] by
(2.4). Then applying Remark 2.9 shows that

p(z,y,t) =1, V(z,y,t) € X x X x (0,00).

As a consequence, for any f € L*(m), we have

htf:/Xp(x,y,t)fdm:/dem, vt > 0.

Since h, f converges to f in L?*(m) as t — 0, f is nothing but a constant function,
which is enough to conclude that X is a single point. A contradiction.
m

Proof of Theorem 1.11. Let n = dimg w(x). For any fixed Bgr(zo) C X, set

f:(0,00) — [0, 00)

t— nm(BR(xo))/BR(QCO)@t,gwdm— (/BR(M)@,gt)dm)Q-

Since we can rescale the space, it suffices to show that f is analytic at any
t € (0,1). Because then by applying Proposition 3.7 we are done.

30



0
For any m > 1, the commutativity of g and A allows us to fix an arbitrary

y € X and apply Theorem 3.6 on By s4(z) for u : z at—mp(z,y,t). (2.5) then

implies

(m(Bz(2))m(B4(y))) *exp

100¢

<
£
=
2
©
B
/
)]
=
S

_ O, N)m! 1 (_d%ZAO)_

Vi4d(z, 2)
___iV?___> < O(K, N).

d*(z, y)

< C’(K,N)exp(

This as well as the inequality —d?(z,y) < d?(z,z) —
r e X,

implies that for m-a.e.
‘ m

| 1 2
Vrat—mﬂ(%yat)‘ < C(K,N)m! <_d (x,y)

(m(B()m(By) " ep (- o
(3.6)
Let f = nm(Bg(wo))fi — f3, with fa(t) = [ .1(9, g:)dm. We only give a
proof of the analyticity of f;, since the analyticity of fy will follow from similar
arguments.
Rewrite f as

m+s

fit) = / » /X /X (Vap(z,y.£), Vap(z, 1)) dm(z)dm(y)dm(z).

It is enough to estimate derivatives of each order of f; at any fixed t € (0, 1).
We first show that f; is differentiable.
filt+s) = fi()

S

For any sufficiently small s, can be written as the sum of the

integrals of functions like

) 7t+ - ) Jt
(v ARLLEZ IO G 0, ) ) (Tapla ot + ) Va4 5)
(3.7)
on Br(zg) x X x X.
In order to use the dominated convergence theorem, we need estimates of
'v p(l’,y,t + S) B p(fE,y,t)
’ s

and |V p(z,y,t + s)| for any sufficiently small s. By
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Theorem 2.8 and the Bishop-Gromov inequality, for m-a.e. x € X,

C(K,N) &(z,9)
Vap(z,y,t+5)| < T+sm(Bymgse) exp (_m>
C(E.N) _ m(Byln) (—dQ(‘C’y))
S Vim (By(x)) m (Bys(2)) 200t
C(K,N) dQ(ZE,y)
\fm(Bﬁ(x)) o <_W>

The last inequality of (3.8) is obvious when s > 0, and is guaranteed by the
Bishop-Gromov inequality when s < 0.

Applying (3.6), Theorem 3.6 and the Lagrange mean value theorem, the fol-
lowing estimate can also be obtained as in (3.8):

‘Vx<p(w7y,t+si—p(x,yy t) gt (x. y)t))‘

C(K, lls 32 &z,
< % (m (By(x)) m (B () 2 exp <_ﬁ>

(3.8)

(3.9)

Therefore the L'(m ® m ® m) convergence of (3.7) as s — 0 can be verified by
(3.8), (3.9) and Lemma 3.4. The limit of (3.7) as s — 0 is actually

/BR(CCO)XXXX <Vx%p(xa v t)’ pr(x, = t>> <pr($’ Y t)’ vxp(w, Z t>> dm(z)dm(y)dm($)

The proof of any higher order differentiability of f; can follow from similar
arguments as above.
On the other hand, the higher order derivatives of f; shall be written as

m k m—k
CRCED 99 B I iy RS CIR T
—0 im0 j=0 /Br(@) /X Jx
where ,
]~—Vaz( t)Vﬁ(xzt)
ki — 8# z, Yy, xatkfzp y %y :
Letting . A
I, = AL i T A, 5 <y ;
= [Vegpten)] = [Vt n0)
we obtain

‘[kzmk]‘ [[Jk szk]7 m-a.e.
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Finally Theorem 2.8, Lemma 3.4 and (3.6) yield that

il

(k= i)\(m — k = j)!

tm—i—j+1

< CO(K,N)

/ Jk_iJm_k_jdm(z)
X

Thus | £™ (£)] < m(Bg(z0))C(K, N)mlt~(™+2)_ This completes the proof. O

3.2 A regularity result about IHKI RCD(K, N) spaces

This subsection is aimed at proving Theorem 1.13. The following statement
is trivial for the pmGH convergence of geodesic spaces, which is frequently used
in the proof of Theorem 1.13. We shall call no extra attention to this well-known
fact in this thesis.

Fact 3.8. Assume that (X,d, m) is an RCD(K, N) space and is not a single point.
Then for any sequence of points {z;} C X, and any {r;} with r; — 0, after passing

1
to a subsequence, the pmGH limit of { (Xi —d;, b

- m, xl) } is not a single

point.

Let us fix an THKI RCD(K, N) space (X,d, m) which is not a single point.
According to Proposition 3.7, we make a convention that there exists a function
¢(t) such that

c(t)gr =g, Vt >0,

in the rest of this subsection.

Proof of Theorem 1.13. The proof consists of three steps.
Step 1 There exists ¢ > 0, such that

B, _
i PP oy e g (3.10)
r—0 rn
and the function ¢ satisfies
tn+2 . -
=C wpey - (3.11)

0 c(f2)
Fix € RY. From the very definition of R}, lir% r~"m(B,(z)) = ¢ for some
T—

¢ = ¢(x) > 0. For any {r;} with r; — 0, we have

1 m pmGH 1
X;,d;,m; =X, —d —— R™ dgn, —L" ) 12
( zadzamzax) ( ’Tid’m(Bri(.ﬁK))’l') —>< 7d]R 7wn£ aon) (3 )
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On each X;, c(r?t)g;"" = r?m(B,,(x))gx,. By [BGHZ23, Theorem 3.11], {g;"'}
L?-strongly converges to w,g;t on any Bg(0,) C R", from which we know

Since the above limit does not depend on the choice of the sequence {r;}, we have

lim TQM = lim
=0 c(r?t) r=0 o o(r?t)

m(B, () " _ (3.13)

As a result, we get (3.11). Observe that the limit in (3.13) also does not depend
on the choice of z € R, which suffices to show (3.10).

Step 2 m = ¢H", for the constant ¢ obtained in Step 1.

Reprising the same arguments as in Step 1, we know that R, = R (In fact,
L?-strong convergence of {g;'} on any Bg(0,) C R™ is also valid when z € R,, by
[BGHZ23, Theorem 3.11]). This implies m = ¢H{".R,,. To complete the proof of
Step 2, we need nothing but H" < m, which, together with Theorem 2.25 would
give H"(X \ R,) = 0. This is sufficient to conclude.

For any © € X \ R,, and any sequence {r;} with r; — 0, after passing to a
subsequence, there exists a pointed RCD(0, N) space (X, doo, Moo, Too) Such that

1
(Xi,di,mi,l’) = (X7_d7 -

pmGH
T D N\ Xoo>doo> 00y o0 )
L) O e

When i is sufficiently large, recall again on each X;, c(r2t)g;" = r?m(B,, (z))gx,.

In particular, we know from Theorem 3.3 that r?m(B,,(z)) < C(K, N)c(r?t). Since
(X0, doo) is not a single point, using Theorems 2.36 and 2.37, and (3.11), we see
B,
im 2@ o ok N
1—00 r;
In particular,
Bfr . . BT‘
C(K,N) > limsup m(B:(z)) > hmmfM > 0. (3.14)
r—0 rn r—0 rn
Set B
X, = {J; e X: liminfw > T},
r—0 rn

and notice that X = |
implies

X, by (3.14). Applying [AT04, Theorem 2.4.3] then

7>0

H' X, < meX,, V7 >0,
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from which we conclude.

Step 3 (X,d,’H") is an RCD(K, n) space.

Without loss of generality, assume m = H". We first treat the case that
(X,d,H™) is compact. By Theorem 3.2, it suffices to show

inf inf —Hn(BS(m))

z€X s€(0,1) s™

> 0. (3.15)

Assume on the contrary that (3.15) does not hold, then for any e > 0, there
exists z. € X, such that i?f )5‘”%”(Bs(xe)) < e. By (2.2),
s€(0,1

H"(By(x))

<€, forsomer=r(e) <V (e| K, N,diam(X,d), H"(X)).
rn

As a consequence, there exists a sequence {z;} C X, a sequence {r;} C (0, 00)
with 7, — 0 and a pointed RCD (0, N) space (Xoo, doo, Meo, Too ), Such that

(B ()

Jim =S <0, (3.16)
and
1 m pmGH
X’iyd’h iy Li) = Xi>_d7—7 i Xooad007 00y oo ).
(Xithm) = (Yo tson ) 2 ()

Again c(r?t)g" = r?m(B,,(2;)) gx, on each X;, and {g;"*} L*strongly con-
verges to 0 on Br(zs) for any R > 0 by (3.16), which contradicts Proposition
3.7.

As for the non-compact case, it suffices to repeat Step 1-3 and apply Theorem
3.2 again on any Bg(z) C X.

[

3.3 Non-compact IHKI RCD(0,n) spaces

We start by proving the following theorem in this subsection.

Theorem 3.9. Suppose (X,d, H" ') is a non-collapsed RCD(n — 2,n — 1) space
with n > 2. If glc(X) > cgox) for some ¢ > 0, then (X,d) is isometric to
(Sn_l7d5‘n71>.

We need some preparations. According to Remark 2.12, (C(X ); dex), Mo X))
is an RCD(0,n) space. In addition, by applying Theorem 2.27, Theorem 3.1
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and the splitting theorem for RCD(0, n) spaces (see [G13, Theorem 1.4], [G14]),
(C(X), dox), mC(X)) is also non-collapsed, which means that m¢x) = H".

To fix the notation, we use (2.7), and set @ = (2 —n)/2, v; = Ja? +py;
for every 7 € N. Tt is notable that pu; > n by [K15b, Corollary 1.3]. For any
RCD(K, N) space (Y,dy,my), we define

ptY Y — (Oa OO)
yr— 0" (y,y,1).

The validity of limit processes in the proof of Theorem 3.9 can be verified by
the following estimates. We check one of them for reader’s convenience.

Lemma 3.10. There exists C = C(n,diam(X,d)), such that the following esti-
mates hold.

1

[eS) k2(n—1)
1 sup 3 I, (r)ed(z) < C (f) . Vre(0,1), Yk e N,

zeX j=k 2
Vi ﬁ
‘ < .9 f J < .9 C J ] .
2. ]VJ(T)M] =~ Cj (2> =X C.] <2) ) Vr € (071)7 V] eN
. T
8. > L,(rp <C (5) , Vr e (0,1), Vk € N,.
j=k

Proof of 1. According to Proposition 2.10, there exists C' = C(n, diam(X, d)), such
that for any = € X,

S nosi <30

i=k
> > 1 7 2+v;
8
;;7 ;Z!F(uj+l+1) 2

2

<% (3) ()
j=k

1
ST
g C jn_l <g)‘7
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Notice that (C(X),dc(x), H") has maximal volume growth, and its blow down
is itself. Applying the large time behavior of the heat kernel [JLZ16, Theorem 1.3]

shows

C(X) nwny, 7%
4 H(X) (4mt)~2, Vit >0. (3.17)

Lemma 3.11 and Lemma 3.12 are also useful in the proof of Theorem 3.9.
Lemma 3.11. Let (Y;,d;,m;) be two RCD(K, N) spaces such that pyi are constant
functions for some t >0 (i =1,2). Then on Y] X Ya,

977 (g1, 10) = pat (1) 97 (y2) + paz (y2) gt (1)

That is, for any f € Lip, (Yi X Ya, dyyxyy), denote by £ < gy = f(y1, o) for any
fized y1, and f92) :y v f(yr,y2) for any fized 1y, it holds that
g (VIR LR ) (g1, y0)

= oot (1) g (V2O V2 F0) (o) + o (o) gy (V7 02, 1 F02)) (),
for my, yy,-a.e. (y1,y2) in Y7 X Ya.
Proof. Recalling (2.13),(2.14) and the definition of g;*** in Theorem 3.3, we have
Y1 xYs

g: (Y1, o)
1

= / D 0 Wi Yosrs el " (Yai Yo 1)
Y1><Y2 i=0

1
® Z PY(Yirt Yo Dyy 0" (Y, Yoy £)dmy (17 )dma (y5)
i=0

= Pt (Y1) 92 2 (y2) + P32 (y2) 91 (1) + Li(y1, yo) + Lo(yr, yo),

where
1 2 2
Li(y1,y2) = Z/Y y dy, (P (1,95 1))” @ dy, (07 (92, 5, 1)) dmy (y])dma(yh),
1X Y2
1 2 2
Ir(y1,y2) = Z/Y y dy, (P2 (2,95 1))” @ dy, (p" (w1, 91, 1)) " dmy (y])dma(ysh),
1XY2

By our assumption, for i = 1,2, we have
(yi — dyi/ (pﬁ'(yi,y;,t))Qdmi(yg)) =0 in L*(T*(Y;,d;,m;)).
Y
Therefore I (y1,y2) = 0 and I5(y1,y2) = 0 follow from the local Hille’s theorem

(see for example [BGHZ23, Proposition 3.4]).
[
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Lemma 3.12. Under the assumption of Lemma 3.11, if moreover there exist
c1,co,t >0, such that gfl = 19y, and

Yl X Y2

Y3
gt 2 ngleYz (reSp g 1

= C20y; ><Y2)a

then there exists c3 > 0, such that

92/2 > c3Qy, (resp. 92/2 = C30y,)-

Proof. Since the proofs of both cases are almost the same, we only give the proof

of in the case that ¢;**" > cy0y; xvs-
Fix a ball BE(§1) C Y3, by [MN19, Lemma 3.1], there exists a cut-off function
¢ € Lip,(Y1,d) such that

gMB?(%) =1, ¢|Y1\B§113(Z71) =0.

Now for any ¢ € H"?(Ya,da, my), set [ : (y1,y2) — &y

1)@ ( »). Then it follows
from (2.12) and Lemma 3.11 that for my, xy,-a.e. (x,y) in By Y

<y1> X }/27

ot (1) g (V"20, V20) (y2)
= " () s () gy (V20, V72 )(yz)+01902(y2)p§§(y2)lv¢|2( 1)
= oyt (y)gr® (V2L 92 FO0) (13) + o3 (y2) gt (VI 02, W7 F2)) ()
_ ghixYs (VY1 XV f Vi ><Y2f) (41, 5)
> cagvixy, (VUL VYR (y1, 1) = 6| V20 (12).

In particular,

Py (1) a? (V20,V20) (12) = 2| V20 (y2), mp-ace. yo € Y.

Since p € H"“?(Y,,dy, my) is taken to be arbitrary, we complete the proof by
setting c3 := co (Pzt) g [l

Proof of Theorem 3.9. We start by considering the case that n > 4.

For any fixed (r9,z¢) € C(X) and any ¢ € Lip(X,d), take f € C*((0,00))
such that suppf € (ro/4,3r9) and f = 1 on (ry/2,2r). Then Proposition 2.13
and (2.8) yield that for H"-a.e. (r,z) € B, (/2) (ro, o),
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er 2 Vel () = ¢ |V (o)l (@)
< C<X< V(fe), V(fe)) (r,x)

2 [ (<) (5) s (90 90 (0

00 00 2 2
= ir2a42/ sexp (—T ;—S ) I, <§> ds (V, V) (x)
j=1"0
1 B o0 T‘Q 7,.2
— 57"2& 4ZQXP <_5) L/]- <E) <v%07 v¢]>2 (I),
j=1

(3.18)

where the last equality follows from the semigroup property of {hgJ (X)}t>0.

In the remaining part of the proof, we just denote by | -| the pointwise norm
on L?(T*(X,d,H"!)) for notation convenience.

Combining the fact that [(Vy, Vo,)| < |Ve||Ve;|, H' !-ae. in X, with last
equality of (3.18) implies

S () 1 () PP s 1) B

In particular, taking ¢ = d(x, -) which satisfies that |[Vy| = 1, we have

c|Vel* <

l\D|H

1 n
<5 tep (_—) Z[V] ( ) Vi[> H-ae. (r,x) € By, (ro, m). (3.19)
Integration of (3.19) on X then gives

H (X)) < % " exp (——>Z ( )M] Clae 1€ (ry/2,2r).  (3.20)

In fact, (3.20) holds for any r > 0 due to the arbitrarity of rq > 0, which is still
denoted as (3.20).

If n > 4and gy > n—1, then v; > 11 > n/2, for all j € N;. However,
Lemma 3.10 implies that the right hand side of (3.20) vanishes as » — 0. Thus a
contradiction occurs. Therefore yy =n — 1 when n > 4.

By Theorem 3.1 and Obata’s first eigenvalue rigidity theorem [K15b, Theorem
1.2], there exists a non-collapsed RCD(n — 3,n — 2) space (X', dx, H""?), such

that (C(X),dcx)) is isometric to (]R x C(X'), \/d% + d%(X,)>
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From (2.14) and (3.17), we know

C(X) nw,

Py m(‘lﬂ) 2

Using Lemmas 3.11 and 3.12, we see that gf(X,)

is now sufficient to deal with the case that n = 3.
Repeating the previous arguments, we have p; = 2. We claim that puy = 2. If
f2 > 2, then the integration of (3.19) on any measurable set 2 C X yields

cgc x7) for some d>0. It

2( 722 2
o0 2
< (2 r 2 9902 -2 (= / 12 32
< Cr I, <2t)/ﬂ|v¢1] dH* +r jEQ I, (Qt) X|V¢J| dH

—>C/\V¢1\2d’H2 as r — 0.
Q

for some C' = C(n,diam(X,d)). The arbitrarity of 2, together with the Lebesgue
differentiation theorem shows that |V |*> > ¢p := ¢ 'C > 0, H*-a.e.
Consider the Laplacian of ¢ for any even integer a, and calculate as follows:

A¢y = ala = 1)V ¢t~ + ag ™ Ay
= a(a —1)|[Vi ¢t ™ — ad? ™ (n — 1)¢n
- acb“ ((a = DIV = (n = 1)¢7)
2 ((a—1)co — C(n,diam(X,d))), H*a.e.

As a result, the integer o can be chosen to be sufficiently large such that
¢ is superharmonic. However, any superharmonic function on a compact RCD
space must be a constant function (see for instance [GR19, Theorem 2.3]). A
contradiction. Therefore py = 2.

According to [K15b, Theorem 1.4], (X, d) must be isometric to either (S?, dsz)
or (Si, d32+>. Thus (C(X),dc(x)) must be isometric to either (R?, dgs) or (Ri, dR3+>
Notice that on R} := {(@1,--- ,2,) € R" : 2, > 0},

N o [1—exp _ 2 2
R (a ai) (xl’...’xn) o nt2 < 2t> Ln (_l’n)

o a—xn,

It is clear that



which contradicts our assumption.

When n = 2, set Y = C(X) x R, and notice that g7 > /gy for some ¢’ > 0 by
(3.17), Lemma 3.11 and Lemma 3.12, which shall be verified in the same way as
previous arguments. Thus (Y, dy) must be isometric to (R?, dgs) and (C(X), de(x))
must be isometric to (R?, dg2).

[

As an application of Theorem 3.9, we prove Theorem 1.14.

Proof of Theorem 1.14. It follows from Theorem 1.13 that m = c¢H" for some
¢ >0, and (X,d,H") is an RCD(0,n) space. Without loss of generality, we may
assume that m = H".

The subsequent blow-down arguments in this proof are almost the same as that
in the proof of Theorem 1.13, and we omit the details.

Take {r;} with r; — oo, and a pointed RCD(0, n) space (X, doo, Moo, Too) Such
that

1 m

(Xia dia m;, [L’) = (X7 _da

pmGH
D N Xooadooa ooy Loo /).
) T )

Again on each X;, ¢(r?t)g;"" = r?m (B,,(x)) gx,. Applying (3.4) and Proposition
3.7 implies that
e(t)g* = gx.., ¥t >0, (3.21)

where the function e = e(t) is defined as

N o(rit)
O B (B @)

Therefore, Theorem 1.13 implies that m,, = ¢H"™ for some ¢ > 0. In particular,
it follows from [BGHZ23, Theorem 1.6] that

m

i = ———— = GH{
" (B, ) T
for some ¢; > 0 whenever i is sufficiently large. It is clear that lim; ., ¢; = ¢.
Since now
(B ()~ ™ (B@) = et (B (@) = i om(Bar (o)
which yields that
B,
tin D)o (3.22)
1—00 r



As a result, combining [DG16, Theorem 1.1] with (3.21) and (3.22) yields that
(X0, doo, H™) is an IHKI RCD(0,n) space, and is an Euclidean cone. Hence it
follows directly from Theorem 3.9 that (X, ds) is isometric to (R™, dgn). Finally,
it remains to use the volume rigidity theorem for non-collapsed almost RCD(0,n)
spaces [DG18, Theorem 1.6] to conclude. O

The following corollary can be proved by using similar arguments as in the
proof of Theorem 1.14.

Corollary 3.13. Let (X,d, H™) be a non-collapsed RCD(0,n) space. If there ezists
a function c(t) such that

1. ¢(t)g: = g, ¥Vt > 0,

2. liminf t~"*2¢(2) > 0.

t—o00

Then (X, d) is isometric to (R", dgn).
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4 The isometric immersion into Euclidean space

The main purpose of this section is to prove Theorem 1.16. To begin with, let
us recall a useful result (Theorem 4.3) in [H21], which plays a important role in
this section.

Definition 4.1 (Regular map). Let (X,d,m) be an RCD(K, N) space. Then a
map F := (p1,...,01) : X — RF is said to be regular if each ¢; is in D(A) with
A(,Oi e L™ (m)

Definition 4.2 (Locally uniformly d-isometric immersion). Let (X,d,m) be an
RCD(K, N) space and F := (¢1,...,0;) : X — R be a locally Lipschitz map. F'
is said to be a locally uniformly d-isometric immersion on B, (z) C X if for any
x € B,.(xp) it holds that

1

—_ |F*grr — gx|dm < 6§, Vs € (0,7r).
m(Bs(v)) /B“S(z) 8 *

Theorem 4.3 ([H21, Theorem 3.4]). Let (X,d, m) be an RCD(K, N) space with
dimgn(X) =n and let F := (¢1,...,¢1) : X — RF be a reqular map with

k
YVl < C.
i=1

If F is a locally uniformly d-isometric immersion on some ball By, (x¢) C X. Then
the following statements hold.

1. Forany s € (0,7), dgu(Bs(xo), Bs(0,)) < V(0| K, N, k,C)s, where dgy is the
Gromov-Hausdorff distance.

2. Flp,(x) is (1+Y(8| K, N, k,C))-bi-Lipschitz from B,(xo) to F(B,(zo)) C R.
From now on, we let (X,d, H") be a fixed compact non-collapsed RCD (K, n)

space, and we assume that
g=">_do; @ de, (4.1)

i=1

where g is the canonical Riemannian metric of (X, d, H"™) and each ¢; is an eigen-

function of —A with corresponding eigenvalue p; (i = 1,...,m). To fix the nota-
tion, denote by C' a constant with

c-cC (K, m,m, diam(X, d), K (X), 11, st |01 agrany - - - HqsmHLQ(H")) ,

which may vary from line to line, and by M,,»,,(R) the set of all n x n real matrices
equipped with the Euclidean metric on R”Z, and by I, the n x n identity matrix.
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Lemma 4.4. Each (V¢;,V¢;) is a Lipschitz function (i,j = 1,...,m). In par-
ticular,

ij=1
Proof. We first show that |V¢;|? € Lip(X,d). Taking trace of (4.1) gives

m

D Vel =(g.9) =n. (4.3)

=1

Using the Bochner’s inequality (2.1), for any ¢ € TestF (X, d, H"), we get

1
/ Vonl ApdH" > 2 / . ((K ) [Vl + —u%as%) aH" > —C / pdH,
X X n X

(4.4)
where the last inequality comes from Proposition 2.10. Owing to (4.3) and (4.4),

/ IV |* ApdH" = —Z/ IVo;|* ApdH™ < 0/ edH". (4.5)
X X X
Since TestFy (X,d, H") is dense in H{*(X,d,H"), and ¢ € TestF(X,d, H")

with |V, |? € HY?(X,d,H"), the combination of these facts with (4.4) and (4.5)
yields that for any ¢ € Hy?*(X,d, H"),

/ (V V2, Vo)dH
X

/ V1 ]> ApdH™
X

<C /X PldH" < C [l o -

(4.6)
Note that (4.6) also holds for any ¢ € Lip(X,d) because ¢ + |¢|, |¢| — ¢ €
Lip(X,d). Since TestF(X,d, H") is dense in H?(X,d,H"), we have

< C HQOHL?(’H") ) VSO € H172(X7d7Hn)‘

/ (V [Vi[2, Vi) dH™
X

Consequently, the linear functional

T:H"“(X,d,H") — R

@r—)/<V’V¢1’2,VgO>d'H"
X

can be continuously extended to a bounded linear functional on L?(H™). Applying
the Riesz representation theorem, there exists a unique h € L*(H"), such that

T(p) = —/ ohdH", Yo € L*(H").
X
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Therefore [V¢i[? € D(A) with [|A[Vé1]?(| 2yny < C. Using (4.6) again, and

repeating the previous arguments, we have

‘/ A |Vn | pdH™
X

<cC / PldH™, Vo € LK),
X

because TestF(X,d, H") is also dense in L'(#"). Thus ||A ]V¢1|2||Loo(7{n) < C.

According to Theorem 3.6, |||V|V¢1|2|||L00(Hn) < C. For any other |V¢;|?, the
estimates of [|A[V@i[*|| o3y and [[[VIV@4[?[[| yoo 340y can be obtained along the
same lines. Rewrite these estimates as

m

3 (18196 + V1901 ) < © 7

i=1

Applying (2.16), (4.7) and Proposition 2.10, we have
/Xap |Hess gbims dH" < C’/Xgpd”}-[", Vo € TestF (X, d,H"), i=1,...,m,
which implies that -
Z [[[Hess ¢i‘HSHL°<>(7—[") <C (4.8)
i=1
For each (V¢;, Vo,) (i,j =1,...,m), from (2.17) we obtain that

[V, V(V;, Vo)) | = [Hess 0:(Vd;, Vo) + Hess ¢;(Vi, Vo)
< ([Hess ¢slys [Vs| + [Hess o]y [Vu]) [Vl (4.9)
< O|Vy| H'ae., Vo HY(X,d,H").

As a result, (Vo;, Vo,) € H*(X,d,H"). We complete the proof by letting
o = (V¢;, Vo;) in (4.9), which shows that

||V<V¢u V¢J>||L°°(Hn) < C. (410)
O

Lemma 4.5. For any € > 0, there exists 0 < § < W(e|C), such that for any
0 <r <9 and any arbitrary but fized xo € X, the following holds.

1. The ma
g xg : By(xg) — R" (4.11)
r— (u(x), ..., uy(x)) )

is (1 4 €)-bi-Lipschitz from B.(zg) to xo(B.(z9)), where each u; is a linear
combination of ¢1, ..., ¢, with coefficients only dependent on xg.
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2. The matriz-valued function
U : B.(zg) — Mpxn(R)
v — (u”(2)) = (Vu, V) (2))

is Lipschitz continuous and satisfies (1 —€)I, < U < (1 + €)I,, on B.(x9).
Moreover, there exists a matriz-valued Lipschitz function

B : B.(z9) — M, xn(R)
z — (bij(z)),

such that
BUB™(2) = I,, V€ B.(x).

Proof. Consider the matrix-valued function

E: X — mem<R)
x— ((Vi, V) (2))

which is Lipschitz continuous by Lemma 4.4. For any fixed z¢ € X, since E(x) is
a symmetric matrix of trace n and satisfies E(z)? = E(x0), there exists an m xm
orthogonal matrix A = (a;;), such that

AE(20) AT = ( ot ) .

m m
Letting w; = ) a;;¢;, g then can be written as g = ) du; ® du; with
j=1 i=1

m

> (Vui, Vuy)® (20) = 0. (4.12)

ij=n+1

In order to use Theorem 4.3, we need

DIVl gy T D MUl e gy + D MV (Vs Vi) [ e gy < € (4.13)
i=1 i=1

ij=1

which follows directly from the Proposition 2.10 and Lemma 4.4. We claim that
for any € € (0, 1), there exists 0 < d < U(¢|C'), such that x is a locally uniformly
e-isometric immersion on B, (xg) for any 0 < r < .
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For any yy € B,(z9), 0 < s < r, we have

1 / -
- g — duz &® duz dH"
H"™ (Bs(vo)) B_—1,(yo) zz:; HS
H" (Be-15(y0)) ; 2 %
" e~1s\Y0 ][ "
< q— du; ® du; dH
H" (Bs(yo)) B, 1,(w0) ; HS

D=

_H (Be-1s(30)) (7[ Z (Vu;, Vu,)? d?’-[") < Celexp(Ce )62,
Be-1,(v0)  j=nt1
(4.14)
where the last inequality comes from (2.2), (4.12) and (4.13).
Thus applying Theorem 4.3, there exists 0 < § < W(e|C), such that for any
0 < r < 4, the function x¢ defined in (4.11) is (1 + €)-bi-Lipschitz from B, (x¢) to
xXo(B,(z9)). We may also require ¢ to satisfy condition 2, which is again due to
(4.13). Finally, the choice of the matrix B(z) follows from a standard congruent

transformation of U(x).
[

Lemma 4.6. X admits a CY' differentiable structure.

Proof. Since (X,d) is compact, by taking ¢ = % in Lemma 4.5, there exists a
finite index set I', such that the finite family of pairs {(B,(z,),x,)}er satisfies
the following properties.

L. It is a covering of X, i.e. X C U, Br(x,).
2. For every v € T, x, is 2-bi-Lipschitz from B, (z,) to x,(B,(z,)) C R", and
each component of x, is a linear combination of ¢1,. .., ¢, with coefficients

only dependent on z,.

We only prove the C1! regularity of ¢y, ..., ¢, on (B,(x0),X), since the C!
regularity of ¢1,..., ¢, on any other (B,(x,),x,) can be proved in a same way.

For any yo € B,(xo), without loss of generality, assume that By(yo) C B, (xo)
for some s > 0 and x¢(yo) = 0,, € R". Since xq is a %—bi—Lipschitz map (thus also
a homeomorphism) from B, (z¢) to Xo(B,(zo)), for any sufficiently small ¢ > 0,
there exists a unique y; € B, (o) such that xo(y:) = (¢,0,...,0).

For:=1,...,n, set

v; : Bs(yo) — R

x> Y by (yo)u; (),

Jj=1

(4.15)
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where B = (b;;) is taken as in Lemma 4.5. It can be immediately checked that

<VUZ', ij>(y0) = 5ij (Z,j = 1, e ,n).
Notice that

][ Zdvl ®dvZ dH"

Frloo) Hs (4.16)
:][ <n+z Voy, Vu;) —QZWUZ )d?-l"—>() as 7 — 0F.

Bz (yo) i,j=1

Thus arguing as in the proof of Lemma 4.5 and applying Theorem 4.3 to
Bad(yoye) (o) for any sufficiently small ¢ > 0, we know

zn: (M)Zﬁ 1, ast— 07, (4.17)

i—1 d(yta ?/0)
Recall u;(y) = ui(yo) =0 (i = 2,...,n). This together with (4.17) shows

t2
b? ) im ——— = 1. 4.18
Z il ?Jo t—1>1’(%' yt,y0)2 ( )

Next is to calculate values of lim
t—0+

ui (Y) — ui(yo)
t

fori=n+1,....m

Fori=n+1,...,m, set
fi : Bs(yO) — [07 OO)
x— u(x Z Vu;, Vi) (yo)vs ().
7=1

Observe that

Im (Vf;, Vu)(x) =0, i=n+1,....m, k=1,...,n. (4.19)

T—Yo

Thus (4.16) and (4.19) yield that |V fi|(yo) =0 (i =n+1,...,m). From the
definition of the local Lipschitz constant of a Lipschitz function, we get

n

((Ui(yt) —u;i(Yo)) — Z(vuia Vi) (yo) (v(ye) — vj(yo))> —0, ast — 0",

Jj=1

1
d(yt, yo)
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function x, is a linear combination of ¢, ..

Therefore

n

. ui(ye) — wilyo) - vi(ye) — vi(o)
1 — Vo) (o) 1
0t d(ur, o) 2_ (Ve V) 30) 0t d(y vo)

j=1
=3 by (30 Ve, V) ) Tim = 10) o
p =0+ d(yr,%0)
= b; b; i li )
MZ:I 72 (90)b3e(40) (Vii, Veae) (30) Jim, o s
As a result of (4.18) and (4.20),
lim Ui(yt) _Ui(yO) _ Xn: bl(yo)bk(yo)<vuz Vuk)(yo)
t—0+ t e / / ’
Analogously,
lim Uz(yt) - uz(yo) _ i bl(yo)bk(y0)<vuz Vuk>(yo)
t—0~ t = / / ’
Hence fori=n+1,...,m, k=1,...,n, we get
8uz~ “
(x) = Y bj(@)bju(2)(Vuy, Vuy)(x), Vo € By (). (4.21)
O ji=1
According to the fact that each ¢; is a linear combination of ug, ..., u,, with

coefficients only dependent on z(, each a—@ is Lipschitz continuous on B, (xq)
u.

and is also Lipschitz continuous on xo(B,(z9)) (i = 1,...,m, j = 1,...

,n). If

B, (x) N B,(z0) # 0 for some 4" € I"\ {0}, since each component of the coordinate

(Br(0),X0) to (By(xy), %) is CH on (B, (xg) N By(2),X0).

Therefore, {(B,(x,),X,) }1er gives a C1! differentiable structure of X.

1. For any f1, fo € CY(X), we have

n

(Vfl,vf2> = Z u

jk=1

B )
Ou; Ouy, n By (o)
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.y ®m, the transition function from

]

Lemma 4.7. For the sake of brevity, we only state the following assertions for
(Br(0),%0) by using the notation of Lemma 4.5.

(4.22)



2. (x0); (H"C By (20)) = (det(U)) "2 L Lx (B, ().

Proof. Statement 1 follows directly from the chain rule of V. As for statement
2, according to the bi-Lipschitz property of xg, there exists a Radon-Nikodym
derivative h of (x5'); (det(U))’%E"on(Br(xo)D with respect to H"L B,(xg).
Again for any Bas(yo) C B, (xg), we choose {v;}!'; as in (4.15) and set
vo : Bs(yo) — R"
x— (vi(x), ..., v,(2)).

By Theorem 4.3,
i £ o (Br(0)))
=0t H™(Br(yo))

Set B = B(yp). Then it follows from the choice of the matrix B that
det(B)%det (U(yo)) = 1. (4.24)

=1. (4.23)

Using the commutativity of the following diagram,

By(yo) ——=yo(Bs(w0))

S

xo(Bs(Yo))

for any 0 < 7 < s, it holds that

Lo ey tac= [ (aa@) (Be)) T () acs)

(4.25)
Thus combining the continuity of det(U) with (4.23), (4.24) and (4.25) implies
1 1
lim —/ (det(U)) FdLm = 1.
T—07F Hn<BT(y0)) x0(B+(y0))
Therefore, h = 1 H™-a.e. on B,(xq), which suffices to conclude. O

Proof of Theorem 1.16. We start by improving the regularity of each ¢; on each
coordinate chart (B, (z,),x,). It suffices to verify the case v = 0.
We still use the notation in Lemma 4.5. For any fixed Bas(yo) C By(x),
without loss of generality, assume that x¢(yo) = 0,, and B(0,) C xo (B2s(%0))-
We first claim that for j =1,... n,

3 o (mkdet(U)—%) = Auydet(U)? Lrace. in By(0,).  (4.26)
1 3uk

20



Notice that for any ¢ € C. (B,(0,)) N C*(X), in view of Lemma 4.7, we have
/ @Aujdet(U)_%dﬁn :/ eAu;dH"
By (0n) Xy (Bs(0n))

= —/ (Vu;, Vo)ydH"
x5 ' (Bs(0n))

— —/ Zujka—gpdet(U)_%dE",
Bt O

U,

which suffices to show (4.26) since each uw/* is Lipschitz continuous on B,(0,).
Similarly, for i = 1,...,m and any ¢ € C.(Bs(0,)) N C'(X), it holds that

_1 = ; acbi &P _1
opididet(U) " 2dL™ = / uwF = det(U)"2dL". 4.27
/Bs(On) (U) Bs(On)j;1 Ou; Ouy, (U) ( )

Therefore the C1-regularity of ¢; as well as (4.26), (4.27) gives a PDE as
follows.

En ujk%jt En Au‘%—{—pxgﬁzo L"-a.e. in B(0,) (4.28)

' 8u38uk 4 ]auj 1V .C. s\YUn)- .
Jk=1 J=1

Since each Auj; is some linear combination of ¢1, ..., ¢, it is also CH! with

respect to {(B,(z,),%x,)},er. From the classical PDE theory (see for instance
[GTO01, Theorem 6.13]), ¢; € C**(B(0,)) for any a € (0,1). Hence, X admits a
C*« differentiable structure {(B,(z,),X,)}yer.

Let us use this differentiable structure to define the following (0, 2)-type sym-
metric tensor:

g:= ZC{@ ® déy,
i=1

which is CY* with respect to {(B,(z,),X,)},er. We claim that g is a Riemannian
metric. Again it suffices to prove this statement on (B, (zg),Xo).

Set
U: X — My (R)

x+— ((Vu;, Vuy)) .

For any x € X, rewrite U(x) as the following block matrix

o= (1) 1)

51



The choice of {u;}, implies that ¢ has a local expression as

Z i ® duZ Z du; ® duZ + Z Z gg; gz: dug ® dul

i=n+1k,l=1

By (4.21), fori=n+1,...,m,l=1,...,n and any = € B,.(z), we have

)= 3 o) o) = (B B0 ), = (070

which implies that

Zdul ® du; + Z Ut (2 ) dugp @ duy, Vx € By(xg). (4.29)

k=1

Since U* —U = 0 on B, (), U? + U, U] — U =0 on B,(xq). By (4.29),

n

g(x) = (U‘l)jk (z)du; @ duy, on B, (), (4.30)

jk=1

which is positive definie on B,(xq). Moreover, u/* € CY (B, (o)) (j,k=1,...,n).
Applying the regularity theorem for second order elliptic PDE (for example [GTO01,
Theorem 6.17]) to (4.28), we see that ¢; € C>* (B,.(x¢)) (i = 1,...,m). Thus the
regularity of § can be improved to C?®. Then (4.30) shows that u/* € C?* (B, (z))
(j,k=1,...,n).

Applying a proof by induction, § = g is actually a smooth Riemannian metric
with respect to the smooth differentiable structure {(B,(x,), X,)}yer. This implies
that (X, d) is isometric to an n-dimensional smooth Riemannian manifold (M", g).
To see that (M",g) is a closed Riemannian manifold, it suffices to use Theorem
4.3 again to show that the tangent space at any point is not isometric to the upper
plane R’ . O

Proof of Corollary 1.18. Without loss of generality, we may assume that m(X) =
1. Among lines in the proof, each limit process and each convergence of the series
is guaranteed by Proposition 2.10, which can be checked via similar estimates in
Lemma 3.10.

First calculate that

n={g,9) = (c(t)g:, 9) = c(t Zez“’

Voil?. (4.31)
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Integrating (4.31) on X, we have

= ¢(t) Z e ity
i=1

Let ¢1,. .., ¢n be an L?(m)-orthonormal basis of the eigenspace corresponding
to the first eigenvalue p;. Then

2,u1t oo [e%s)
Zd¢z ® d¢z ( ) < Z 62H1t—2,uit |d¢z ® d¢i|HS _ Z 62u1t—2mt |V¢z|2 '
HS i=m-+1 i=m-+1
(4.32)
Again the integration of (4.32) on X gives
2,u,1t e
/ Z d: @ oy = ro| dm< YT ey, (4.33)
S 1=m-+1
Since
62M1t 2 Ml
i = pit— 2uz S —
tlgglo c(t) + tll>Holo n Z € n’
(4.33) implies that
/ Zd@@d@——g dm = 0.
X |i=1

HS

In other words,
> doi@doi =g
i=1

For other eigenspaces, it suffices to use a proof by induction to conclude. [

5 Harmonic RCD(K, N) spaces

This section is aimed at proving regularity results for strongly harmonic RCD( K, N)
spaces and radically symmetric RCD(K, N) spaces.

We first prove Theorem 1.22. We use the notation of (1.7). We let y; be the
corresponding eigenvalue of ¢; (i =1,...,m) and use C' to denote a constant with

C = C (K,m,n, diam(X,d), M (X), it 61l 2y - 10m 20 )

which may vary from line to line.
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Proof of Theorem 1.22. Let us first show that

'F(O)(;(Z(ng,y))’ <O, Vr,y € X. (5.1)
Letting x = y in (1.7) we know
Z ¢2(z) = F(0), Yz € X. (5.2)

Therefore it clearly follows from (1.7) and (5.2) that

m

> (6i(2) = di(y))* = 2(F(0) = F(d(x,y))), Va,y € X. (5.3)

i=1
As a result, we have

F(O) -~ FE@y) 13 (60) 6\
(2, y) ‘22( d(z.y) )’V’“X’

which together with the Lipschitz continuity (Proposition 2.10) of ¢; (i = 1,...,m)
implies (5.1).
From now on let us take an arbitrary but fixed

70 € Ra(X) N (1) Leb((Ver, V),

ij=1

where Leb({(V¢;, V¢;)) is the Lebesgue point of the function (V¢;, V,).

We claim that POV F
lim M = 2, (5.4)
r—0 r
for some constant ¢ > 0.
For any {r;} C (0,00) with r, — 0, after passing to a subsequence, consider

the following pmGH convergence

1.1
(Xla dla Hn? on) = <X7 _d7 _nH:jLa .Z'o)

pmGH
—

1
(R”, e, L7, on) .
Wn
For notation convenience, we denote by A;, V; the gradient and the Laplacian on
(X7, dy, H™) respectively, and by Bl(zg) := BXt(z).
Fori=1,--- /mand !l € N, set
¢i — ¢i(wo)

PYil = -
Ty
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Then we have

|Vl90z‘,l| = |Vq5l-|, Al%‘,z =1A¢; = — T P;.

In particular, we obtain the following estimates directly from Proposition 2.10:

||Al<Pi,l||Loo(Hn) < C?"l — 0 as ! — oo. (56)

According to the Arzela-Ascoli Theorem (Theorem 2.29), for everyi = 1,...,m,
{¢is} uniformly converges to ¢; on any Bg(0,) C R™. Moreover, (5.5), (5.6),
Theorem 2.33 and Theorem 2.34 imply that each ; is a harmonic function with
|V;| < C, and thus a linear function on R™.

Since xy € R, (X) N ﬁ Leb((V¢;, Vo;)), we have

3,j=1

(Vi, Vo) (xg) = 1}%1 ]ir(xo)<v¢i’ Vo;) dH"

1 . n
= — lim / (Vigir, Vigs) dH" = (V;, Vj).
Bi(xo)

Wy, =00

In particular, for any y € R,,, by taking y; € X; such that y; — y, we see from
(5.3) and the fact d;(y;, xo) — dre(y,0,,) that

' F(O) - F(d(.’ll'o,yl)) B m T ’ & ¢1(l’0) - ¢z(yl) ’
fim &2(z0, 1) =2 [m (d(ﬂfo,yl)) ; ( T ) (57)
= 2(da (00, ) " D_ ¥} W),

From our construction it is clear that ¢;(0,) =0 (i = 1,...,m). Because each
@; is a linear function, we know

m m

> Qi) =D IVeilPdRa(0n,y) = > Vil (20)dzn (0n, y).
=1

i=1 i=1

This together with (5.7) implies that

lim LQF(T) =2 Z |V il (z0) := 2¢ > 0,

40 r
+ =1

because the sequence {r;} is taken to be arbitrary and each ¢; is a non-constant
eigenfunction.
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Finally, we claim that

@ dp; —cg| =0, m-a.e. (5.8)

HS

for some constant ¢ > 0, where g is the canonical Riemannian metric on (X, d, H").

2
NRy.
HS

Let xg be an arbitrary but fixed point in Leb 'g — > do; @ do;
i=1

Then for any y;,y2 € R", combining (5.3) with (5.4) yields that

can Y1,Y2) Z (pily1) — @ y2)) .
=1

Therefore, ¢ (1, ..., pm) is a linear isometry from R" to R", which shows
that

cgpn =Y dp;i ® dp;.
i=1
For each i, the H?-strong convergence of {¢;;} on any Bgr(0,) C R™ as well
as (5.5) implies that

2

dH" = L lim

Wn 1700/ Bl (a0)

‘él (On)

Hence (5.8) follows from the arbitrary of zq € Leb (‘ g— > do; ® do;
=1

dH"

lim
r—0 B’r (IO)

m 2
cg— Y do; @ do;
=1

HS

cgx, — Z dpit ® depiy
i=1

2

HS

dL" = 0.
HS

2
N Rny.
HS
]

Remark 5.1. Actually, the radically symmetric condition Theorem 1.22 can be
reduced to that there exists a real valued function F': [0,00) x [0,00) — R and
non-constant eigenfunctions {¢;}", such that for any x € X there exists €, > 0
such that

Cgrn — Z dp; @ dp;
i=1

Now it suffices to apply Theorem 1.16 to conclude.

i=1
Next let us deal with strong harmonic RCD(K, N) spaces. Let us fix a strong

harmonic RCD(K, N) space (X,d,m) with dimgn,(X) = n. Let us recall the
definition of strong harmonic RCD(K, N) space as follows: there exists a real
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valued function H : [0,00) x [0,00) — R such that the heat kernel p of (X,d, m)
satisfies
plx,y,t) = H(d(z,y),t), Yo,y € X, Vt > 0. (5.9)

We start with the proof of Theorem 1.20, which is similar to the proof of Theorem
1.13.

Proof of Theorem 1.20. Let n = dimgn(X). We claim that

2
P H ) — 2 (4 E exp (T
1§f€t H(rt,t*) = ¢ (4m)" 2 exp ( 1 ) ; (5.10)

for some constant ¢ > 0.
Take an arbitrary but fixed o € R (X). For any {r;} C R with r; — 0, we
consider the following pmGH convergence.

1 m pmGH 1
X, d;,m;, =X, —d, —, —— [ R, dgn, —L",0, ] .
Ko diomi o) < ri m(B,,(x0)) ) < o )

On each (X;,d;, m;), the heat kernel p; satisfies that

For any s > 0, on each (X;,d;,m;) we can take x;,y; € ngi(xg) such that
d;(x;,y;) = s. Then after passing to a subsequence, we may assume that z; — = €
R™ and y; — y € R".

Due to Theorem 2.35, we have

n dz.
lim p;(z;,9i, 1) = pre(2,y,1) = (47) "2 exp (—W) . (5.12)
11— 00

Combining (5.9) with (5.11) and (5.12) then gives

(X, d, m)(xo) lim 7" H (ridgn (z, y),77)

1—00

= lim m(B,, (x0))H (ridg~(z,y),72) = (47)"2 exp <—

1—00

2. (z,y) (5.13)
).

Since the above equality does not depend on the choice of the sequence r; | 0,
and the limit 12&1 t"H(rt,t*) does not depend on the choice of o € R*(X), we

complete the proof of (5.10). Indeed, we have also proved that

9 (X,d,m)(x) = ¢!, m-ae € RL(X).

o7



Moreover, if we first take z,y € R™ and then choose sequences {z;}, {y;} such
that X; > z; > x € R", X; > y; — y € R” in the above argument, we may have

that
i

= di(2s, 4) = dn (2, ) + o(1).

As a result, by calculating as (5.13), (5.10) can be improved to

2
ltijg t"H(rt + o(t),t*) = & (47) "2 exp (_TZ) (5.14)

If 2y does not satisfy ¥,,(X,d, m)(zg) = ¢, then for any r; | 0, after passing to
a subsequence, we consider the following pmGH convergence.

1 m pmGH
X’i7di7 7y = X7_d7—7 E— Xoovdooa ooy Loo) -
i) = (X6 ) 25 ()

Let ps be the heat kernel on (X, doo,My). For any z.,ws € Xo, by
Gromov-Hausdorff approximation, we can take X; 2 z; — 2o, X; 2 w; — ws
such that

di (2, w;) = doo(Zeo, Weo)-

Similarly we can show that the heat kernel satisfies that

Poo(z,w, 1) = lim p;(2;, w;, 1)
1—00
1—00

lim m(B,,(z0)) H (rid; (2, w;), 7).

(2
— 00

i

Owing to (5.14) and Theorem 2.8, by letting z = z,, and taking w. €
0B1 (), we see from (5.15) that

é—lc—l < llm m(B"'z(xO))

1—00 7”?

<d'o,

for some C' = C(K, N) (we may take ¢ = 1 in Theorem 2.8). As a result, we know

07! < liminf —m(BT(wO» < lim sup —m(BT(%))

< &1
1 - - <c C.
= r r—0 r

Therefore, applying [AT04, Theorem 2.4.3] implies that m = ¢H" for some
¢ > 0. Finally, it follows from [BGHZ23, Theorem 1.5 and Theorem 2.22| that
(X,d,H™) is a non-collapsed RCD(K, n) space.

]
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Proof of Corollary 1.23. According to Theorem 1.20, m = ¢H" for some ¢ > 0,
and (X,d,H") is an RCD(K,n) space. Since the space can be rescaled, without
loss of generality we may assume that H"(X) = 1.

We now claim that (X,d,H") is a radically symmetric RCD(K, n) space.

For any z,y € X any t > 0, by our assumption we know

Z 6_“it¢i<$)¢i (y) = ,0(.17, Y, t) - H(d(l‘7 y)u t)
i=0
Let ¢1,. .., ¢ be the L2-orthonormal basis of the eigenspace with correspond-

ing eigenvalue ;. Given any two points =,y € X, we set rg = d(z,y). Then for
any t > 0 we calculate that

m

Z@(l’)@(y) = """ (H (ro,t Z et () i(y). (5.16)

=1 i=m+1

Let Ny be the integer such that
> 204 (K, n)in > 2u1, Vi = N

Then the second term of the right hand side of (5.16) satisfies that

Z et (2)di(y)| < Ca(K, N) Z o=t 5
i=m-+1 1=m-+1
Z elm—ma)t; 5 Z e —pi)t; 5
i=m+1 i=Np+1
No
Z elm—rtis 4 Z ¢ KN)"zZ — 0 ast — oc.
i=m+1 i=No+1
(5.17)
As a result, (5.16) and (5.17) yield that
S 6u(@)uly) = Jim o (H(ro,1) 1) = lim o (H(d(x.y).1) ~ 1) = F(d(z,)).
i=1

which shows that (X,d,#H") is a radically symmetric RCD(K,n) space. This
completes the proof.
[l
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Remark 5.2. Inductively, one can show that, given any non-zero eigenvalue p of
—A, any L?*(H")-orthonormal basis {fi,..., fi} of the corresponding eigenspace
E, (I =dim(E,)) satisfies

> (@)fiw) = Hyld(r.p). Yoy € X,

for some real-valued function H,. Then from the proof of Theorem 1.22 we know
there exists a constant ¢, such that

l
cug = Y dfi ® df;,
i=1

which means that (X, d,H") is an IHKI RCD(K, n) space.

To end this section we prove Theorem 1.24, the proof of which almost the same
as the proof of Theorem 1.13. We omit some details.

Proof of Theorem 1.24. According to Theorem 1.20, m = ¢H" for some ¢ > 0 and
(X,d, H™) is a non-collapsed RCD(0,n) space. Without loss of generality, we may
assume that m = H".

Fix a point xg € X. Now for any r; — oo, by passing to a subsequence,
consider the following pmGH convergence:

1 m pmGH
Xi7di7 iy = X7 _d7—> — Xoo>dooa 00 )
dmicn) = (X o ) 2 (b
where (Xo, doo, Mo, Zg) is a pointed RCD(0, n) space.
Let p; be the corresponding heat kernel of (X;,d;,m;) (i € NU{oo}). Then by
(5.9) we know

pi(xi, yi,t) = m(B,(20)) H (doo (w3, 9i),77t), Vi, 4 € X5, VE > 0. (5.18)

For any Zo, Yoo € Xoo, by taking {x;} {y;} such that X; > x; — 2o, X; > y; —
Yoo and d;(z;,¥;) = doo(Too, Yoo ). Then it follows from Theorem 2.35 and (5.18)

that
_ 1 ) 2
Poc (Toos Yoor 1) = 1im m(B,, (0)) H (i doo (oo, Yoo) 771)
(5.19)

= H (doo(Too, Yoo ), ) -
As a result of Theorem 1.20, m,, = ¢H" for some ¢ > 0. Now using [BGHZ23,
Theorem 1.6] implies that m; = &H™ for any sufficiently large i, where {¢;} is a
sequence of positive constants such that lim;_,, ¢; = ¢.
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Hence we have

m(By,, (70)) X ~ . 1
_~ Zer T — . B i — xqn B i _x B |
w(B..(20)) mz( 2 (xo)) GiH ( 5 (xo)) Ci T?m( ar (20)),
which shows that 5
i—00 r

7

Applying [DG16, Theorem 1.1] we know (X, doo, H") is a metric cone with
xo being its origin. Moreover, from (5.19) we see that (Xo, doo, H") is a harmonic
RCD(0,n) space.

Arguing as in the proof of Theorem 1.20, and combining with [CT22, Theorem
1.1], any tangent cone at xy must be isometric to (R", dgn,0,). The metric cone
structure of (X, doo, H"™), indicating that any tangent cone at xzq is isometric to
itself, tells us that (X,,ds) is isometric to (R™ dg~). Finally, it suffices to use
[DG18, Theorem 1.6] to conclude. O
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6 Diffeomorphic finiteness theorems

This section is dedicated to proving Theorem 1.27 and Theorem 1.29. To fix
the notation, for a Riemannian manifold (M", g), denote by vol, its Riemannian
volume measure, by K, its sectional curvature, by Ric, its Ricci curvature tensor,
by inj,(p) the injectivity radius at p and by (V7 )k, A9 the k-th covariant derivative
and the Laplacian with respect to g, by d, the metric induced by g.

We are now in the position to prove the following theorem.

Theorem 6.1. M(K,n,D,7) has only finitely many members up to diffeomor-
phism.

Proof. Assume the contrary, i.e. there exists a sequence of Riemannian manifolds
{(M]",g9:))} € M(K,n,D, ), which are pairwise non-diffeomorphic.
On each (M, g;), there exists m; € N, such that

7

gi = Z dgi; @ de (6.1)

i=1

where ¢; ; is a non-constant eigenfunction of —AY% with the corresponding eigen-
value y; ; and satisfies that [[¢;| . >7>0(eN,j=1,...,m;). By taking
trace of (6.1) with respect to g;, we know

volg,)

n = Z |V9’¢i,j|2 . (62)
j=1

Integration of (6.2) on (M, g;) shows that

K3
m;
nvoly, (M) 2 7> i,
j=1

The Bishop-Gromov volume comparison theorem and Li-Yau'’s first eigenvalue
lower bound [LY80, Theorem 7] imply that

Cy(K,n)D" = nvoly, (M) 27> " pi; = Co(K,n, D)m°m; > Co(K, n, D)7°.
j=1
(6.3)
Moreover, for each ¢ ;,

Hgb’h] ||%2(V01gi):/“'b1:]'1 / |vgl¢’b7] |2dV019i < n:ui_,jIVOlgi (Mln) < O(K7 n, D? 7—)' (64)
iy
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Since (6.3) implies that 1 < inf; m; < sup; m; < C(K,n, D, 1), after passing to
a subsequence, we may take m € N such that

g; = dgb@j ® d(ﬁ@j, \V/’l € N (65)
7j=1

Moreover, by (6.3), we may assume that
lim g5 = py € [Co(K,m, D), 7 2Cy(K,m)D"], j=1,...,m.  (66)
71— 00

According to Theorem 2.23 and (6.3), {(M/", g;)} can also be required to satisfy

(M}, dy,, volg,) = (X, d, H")

(2

for some non-collapsed RCD(K,n) space (X,d,H"). In particular, combining
(6.3)-(6.6) with Theorems 2.33 and 2.34, we know that on (X,d, H"),

g=>Y _do;®dp;,
j=1

where each ¢; is an eigenfunction of —A with the eigenvalue ;. Therefore, from
Theorem 1.16, we deduce that (X,d) is isometric to an n-dimensional smooth
closed Riemannian manifold (M™, g). However, due to [ChCol, Theorem A.1.12],
M? is diffeomorphic to M™ for any sufficiently large i. A contradiction. O

The proof of Theorem 1.27 mainly uses the estimates in Section 4 and a stronger
version of Gromov convergence theorem given by Hebey-Herzlish [HH97]. For
reader’s convenience, Hebey-Herzlish’s theorem is stated below.

Theorem 6.2. Let {(M", g;)} be a sequence of n-dimensional closed Riemannian
manifolds such that

L (M 0 inf i
sgpvo 5 (M) < o0, in pé%flnjgi(p) >0,

and for all k € N,

sup sup | (V¥)"Ricy, | < occ.
i MD

Then there ezists a subsequence which is still denoted as {(M]", g;)}, such that it
C*-converges to a closed Riemannian manifold (M",g).

The following Cheeger-Gromov-Taylor’s estimate of the injectivity radius is
also necessary for the proof of Theorem 1.27.
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Theorem 6.3 ([CGT82, Theorem 4.7]). Let (M™, g) be a complete n-dimensional
Riemannian manifold with |K,| < k < oco. Then there exists a constant cy =
co(n) > 0, such that for any 0 <r < ﬁg,
ol(B,(p))
Vf(nfl)n,ndt

.. Vi
Hl.]g(p> 2 C(]Tf'/‘
0

, Vpe M".

Proof of Theorem 1.27. By Theorem 6.1, without loss of generality, we may take
a sequence {(M",g;)} € M(K,n,D,7) such that {(M",g;)} mGH converges to
(M™, g) and that (6.3)-(6.6) still hold. Denote by Bi(p) the r-radius ball (with
respect to dg,) centered at p € M™ for notation convenience.

Step 1 Uniform two-sided sectional curvature bound on (M™, g;).

According to the estimates in Section 4, combining (6.3)-(6.6), we may choose a
uniform r > 0, such that for every arbitrary but fixed By, (p) C M", there exists
a coordinate function x' = (u},...,u’) : Biygs.(p) — R™ satisfying the following
properties.

3 , Lo
1. x'is é—bi—Lipschitz from Bjjgq, (p) to X' (Bjpes.(p)) (by Lemma 4.5).

2. Set (gi)jk :== 9 (%, 8%) Then it holds that
5 OUg

1 .
§In < (9i)jk < 21, on Bjyes,.(p) (by Lemma 4.5 and (4.30)). (6.7)

We first give a C*?-estimate of g; on each (M™, g;) for any o € (0,1). Applying
(4.13) and (6.7) implies that on Bies, (p)

2
. 012 u 0 .0 . 1 < ) ,
C > V(g™ = D (90" 5 (9 5 (0" = 5 > <87(gi)ﬂ“> . (6.8)
By=1 B v =1 B

for some C' = C(K,n, D, ) which may vary from line to line.
Then H(gi)ijC&(Bi oy < C follows from (6.8) and the local bi-Lipschitz
’ 40967
property of X' (j,k=1,...,n).

For j = 1, e, N, |Vgi¢i?j‘ < C ylelds that ||¢i»j||C°‘(
that HAgiuiJ“Ca(Bio%r(p))
constructed as in Lemma 4.5. Then the the classical Schauder interior estimate
(see for example [GT01, Theorem 6.2]), together with the PDE (4.28) implies
that ||¢i»j||CQ»Q(B§56T(p)) < C since X' (Baser(p)) C Bsiar (X' (p)) € X' (Bigas,(p)) C

Bioosr(#)) < C. This implies

< C since each w;; is the linear combination of ¢ ;
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Baoasy(x'(p)) C X' (Bigg,(p)). As a result, [[A%ui;llcon(py,,

o ) < C. Moreover,
6.5) shows that

N .
1)kl (3 0) 1109 N oo By, ) S G dok=1oweim.

Applying again the Schauder interior estimate to ¢;; in the PDE (4.28), we
know ||¢; ;| 5. (Big.) < C. Consequently,

1@kl (s, ) 110967 |2 (1, ) S C Gk =1secsme

Since the calculation of sectional curvature only involves the terms in form of

. L0 02
(g )]k7 (g) ) au?@) (g) " o (g )jk7 au%au% (g )]k (]7 7577 ) 7n>7 | gl| as a
uniform upper bound Cy = Co(K,n, D, T).

Step 2 Uniform lower injectivity radius bound on (M™, g;).

By Step 1, we may take ' = min{r,Cy'}, which is still denoted as r. In
order to use Theorem 6.3, we need nothing but the lower bound of vol,, (B:(p)). It
suffices to apply (6.3) and Bishop-Gromov volume comparison theorem again to
show that

C(K,n, D, 7)r" < voly,(Bi(p)) < C(K,n)D", (6.9)

because (6.9), Theorem 6.3 as well as the two-sided sectional curvature bound
obtained in Step 1 then imply that ir}\g inj,,(p) = C(K,n, D, ).
peM™ ‘

Step 3 Improvement of the regularity.

In order to apply Theorem 6.2, it suffices to show that for any & > 0, there exists
Cr(K,n, D, ) such that |(V%)FRic,,|(p) < Cr(K,n, D,7) holds for any arbitrary
but fixed p € M"™. Since the case k = 0 is already proved in Step 1, we prove the
case k = 1.

Using the Schauder interior estimate again and an argument similar to Step 1
gives the following C**-estimate of ¢; ;:

H(z)i,j HC4aa(B;g(p)) < Cl (K7 n, D7 T)a
which implies that
H(gi)ijC&a(Bg;(p)) ) H(gi)jk”Cs,a(Bﬁ'(p)) < Cl(Kv n, D, T): j, k= 17 sy T
Therefore, we see

sup |V Ric,,| < Ci(K,n,D,T).
M’ﬂ
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Now by using the proof by induction, for any £ > 2, there exists C; =
Cr(K,n, D, 7) such that

sup | (V9)* Ric,| < Cx(K,n, D, 7),
Mn

which suffices to conclude.
O]

Proof of Theorem 1.29. The proof is almost the same as that of Theorem 6.1,
and we omit some details. Assume the contrary, i.e. there exists a sequence of

pairwise non-diffeomorphic Riemannian manifolds {(M/*, ¢g;)} such that (M, g;) €

N (K,n,D,i™*,7) for any i € N. Then for each {(M[", g;)}, the almost isometric
immersion condition ensures the existence of some m; € N, such that

it e 2
volg, (M) Jar

dvol, < . (6.10)

1

P & d¢z J G

Thus
T pi 1
V) S 9, ;|2 dvol,
volg, (M) ~ volg, (Mn)/ (V9 ;|“dvo
1 m; | | ;
< T T < 9i i gi ; d 1
VOlgi(Min) / n (Z <V ¢’J \ ¢,k> ) volg,

i \jk=1

<1 / dvol, + —— / |g;|dvol

S Yol (M Volg ¥ oL (™) gi|dvoly,
VOlgi(Mi ) Mp j=1 ! VOlgi<Mi ) M !

1
< -+
i

[N

3 ®doi; — gi

(6.11)
Applying Li-Yau’s first eigenvalue lower bound [LY80, Theorem 7] and Bishop-
Gromov volume comparison theorem to (6.11) shows that

C’l(K,n,D) éui,j < CQ(K,’N,,D,T). (612)
It then follows from (6.11) and (6.12) that

C3(K,n, D, 7) < voly, (M) < Cy(K,n, D) and 7 < |3 | L2 (vol,,) < C5(K,n, D).
(6.13)

66



To see {m;} has an upper bound, it suffices to notice that

i ) )
Z HgbiijLQ(volgi) Mg — nvolgi(MZ. )
j=1
- / <Z doi; & ddi; — gi, gi> dvoly,
M\

1
dvol,, < v/n Cy(K,n, D)~
i

<Vn

M?

7

Z doij ® dg;; — gi
j=1

As a result, m; < C4(K,n, D, 7). Therefore there exists m € N and a subse-
quence of {(M}*, g;)} which is still denoted as {(M, g;)}, such that each (M, g;)
admits an i~!-almost isometrically immersing eigenmap into R™. In addition,
{(M}, g;)} can also be required to satisfy

2

(M, d,,, vol,, ) 2S5 (X, d, 1™

for some non-collapsed RCD(K,n) space (X,d,H"). Again combining (6.10)-
(6.13) with Theorems 2.33 and 2.34, we see that on (X,d, H"),

g=>_dp;®dg,
j=1

where each ¢; is an eigenfunction of —A with the eigenvalue p; := lim g, ;. Finally,
1—00

it suffices to apply Theorem 1.16 and [ChCol, Theorem A.1.12] to deduce the
contradiction. O
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7 Examples

In this section, some examples about the IHKI condition of Riemannian man-
ifolds are provided. Let us first emphasis that if (M™,¢g) is an n-dimensional
compact THKI Riemannian manifold, then it follows from Corollary 1.18 and Taka-
hashi theorem [Ta66, Theorem 3] that for any ¢ > 0, pM" : (p — p™"(p,p,t)) is a
constant function. By Lemma 3.11, we see that

1. For any k,n € N, " x --- x §" is [HKL.
——————
2ktimes

2. For any p,q € N, the compact Lie group SO(2p + ¢)/SO(2p) x SO(q) with
a constant positive Ricci curvature is IHKI since it is homogeneous and
irreducible.

Example 7.3 gives the sharpness of Theorem 1.11. The construction of Example
7.3 needs the following two lemmas.

Lemma 7.1. Let (M™,g), (N",h), (M™ x N™ g) be m,n,(m + n)-dimensional
[HKI Riemannian manifolds respectively, where g is the standard product Rieman-
nian metric. Then for any t > 0, it holds that (pM™ )" = (pN")™

Proof. Owing to Lemmas 3.11 and 3.12, we have

M) g N (p,q) = TN W)pa gy (@) + TN (W) " (p)

A CMmXNn(t) e CMmXNn(t)
= Py T@)h((ﬁ + poy WQ(P) (7.1)
9(p, q)-

Then from (7.1), pd"cN"(t) = pbI" cM™ () for any ¢ > 0. Moreover, for any
p € M™, we calculate that

8 m 8 m ’ 2 ’
apé\f (p) = E/Mm (P (p.p' 1)) dvoly(p)

=2 / A" oM (o, )™ (p, 1, t)dvoly (1)

m m 2 m 2m
= —2/M [V o™ 0 O dvoly () = =20 9) ) = ~ Gy
a n 2” n a m m 8 n
Analogously apé\i = _cNT(t)’ and thus npd) apé‘f = mpb! Epé\i . There-

fore there exists ¢ > 0, such that

(pi”m)n = (pivn)m, vt > 0.
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To see ¢ = 1 it sufﬁces to use a blow up argument and Theorem 2.36 to show
that hmt > pM" = (47)” 2 and hmt2pt = (4m)72. O

Lemma 7.2. Let (M™,g) be an n-dimensional closed IHKI Riemannian manifold.

Then it holds that y
Im ——— =10
0 M (1) b

Proof. Set 0 = po < p1 < ... = 400 as the eigenvalues of —A counting with
multiplicities. Then it suffices to notice that

]' 2#1 M™ I 2,“1
cM™(t) nvol Z © H Pu T vol Z ‘
and let t — oo. O
Ezample 7.3. Set S™(k) := {(z1,.. xn+1 eR™ ia? 4. 422, =k*}. Ob-

serve that ¢&"F)(1) = k”“ Sn( ), s ") = - "o By Lemma 7.2,

lim cS"(k>(1)p§"(k) = 00.
k—0

This implies that for any small r > 0, there exists s = s(r) such that
1 r Sl r 2 s S2 S
FO 1)y = O (1), .

Consider the product Riemannian manifold (Sl(r) X 82(8),g§1(r)xg2(5)). By
(7.1), there exists ¢(r) > 0, such that C(T)(I)fl(r)XSQ(S) realizes an isometric im-

. . 2
mersion into L (volgSl xe2(e) )

If (S*(r) x S%(s), gsi(r)xs2(s)) is IHKI, then by Proposition 7.1, it holds that

S2(s St(r 2 St(r)xSt(r
£ = (O = 0, s, =
Therefore by taking integral of (7.2), we see that for any ¢ > 0,
vol 82 Zexp ( r QMZS xSt ) = vol (Sl x St(r Zexp < t> :
(7.3)

Then vol (S%(r3)) = vol (S*(r1) x St(ry)) follows by letting ¢ — 0 in (7.3), which
implies that s(r) = r. (7.3) then becomes

Zexp ( r2 S S ) = Zexp (—r‘2u§2t> , Vt > 0. (7.4)
=1 i=1
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Since ,u?lxsl = ,uilxsl =2 < ,uilxsl and 15* = 4§ = 2 < 4§, multiplying
exp(2r—2t) to both sides of (7.4) and letting ¢ — oo, the right hand side of (7.4)

converges to 3, while the left hand side of (7.4) converges to 4. A contradiction.
There is also a simple example which does not satisfy the condition 2 in Corol-
lary 3.13.
Example 7.4. Consider the product manifold (S' x R, gsixg). It is obvious that
R o

1 > . c .
gy R = Y e g b Yy e i
(4mt)z = t2 735

1 cf
(47rt)%gSI + t—ggﬂ{,

>

=

2

As a result, ¢ % >

SRS

t=3 gsixr for any sufficiently large ¢ > 0 but

N W

lim ¢~ 2c(t) = lim t_QC%t = 0.
1

t—o0 t—o00
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