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ABSTRACT

This thesis discusses several methods used to solve linear integer
programming problems. Chapters 1 — 3 give the necessary linear
prograrﬁming background. Chapter 4 introduces integer programming
and describes, in general, the two classes of solution methods -
enumeration and cutting planes. Chapter 5 details two specific cutting
plane methods, one all-integer approach and one fractional approach.
Chapter 6 describes the branch-and-bound method, one of the
enumeration methods. In Chapter 7 the additive algorithm for 0-1
programming problems is discussed. Chapter 8 déscribes the branch-
and-cut method, a combination of the cutting plane and branch-and-
bound approaches. Chapter 9 presents the plant location problem as an
example of the integer programming problem. Examples of each method

are included in the thesis.
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SECTION I: THEORY

CHAPTER 1

LINEAR PROGRAMMING

1.1 Introduction

Linear Programming (LP) should not be confused with computer
prqgramming. The term programming in LP is used in the general sense
of devising a plan or strategy. LP is a mathematical technique and does
not necessarily involve computers. In practice, however, problems are
usually solved on a computer due to the number of calculations required
to solve even small LP models. The mathematical technique for solving
LP problems was developed by George Dantzig in 1947 to solve planning
problems in the U.S. Air Force [5]. LP is now used in many fields,
including economics, engineering, agriculture, business, transport, and
manufacturing.

A linear programming problem is an optimization problem
consisting of three parts:

1. A linear function (the objective function) of decision variables

(say, x1, X2, ..., Xs) that is to be maximized or minimized. The




decision variables are activities for which the decision-maker
wants to select the values. The coefficients of the decision
variables in the objective function will be called the cost

coefficients and will be denoted by c;, where j=1, 2, ..., n.

Although, in general, an LP problem may have multiple

objective functions, the problems we will work with have a

single objective function. The objective may be to maximize

profit, minimize costs, or minimize distance traveled, to name a

few.

. A set of restrictions or constraints (each of which must be a

linear equality or linear inequality) that restrict the values that

may be assumed by the decision variables. We will call the

coefficients of these restrictions the constraint coefficients and

will denote them by ay, where i= 1,2, ..., mand j=1,2, ..., n

The range of constraints that can be represented in an LP model

may include

<+ limits on the availability of resources such as land, labor, or
finance

% technical constraints representing, for example, machinery
work rates, and

%+ logical constraints such as specifying that the amount of a

product sold must not exceed the amount produced.
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3. The sign restrictions, which specify for each decision variable x;
either (1) vaﬁéble X; must be nonnegative — x;> 0; or (2) variable
Xj may be positive, negative, or éero - Xjis unrestricted in sign.

Linearity in the objective function and in the constraints has two
implications:

1. Proportionality Assumption of LP. The contribution to the
objective function from each decision variable is proportional to
the value of the decision variable. Similarly, the contribution of
each variable to the left-hand side of each constraint is
proportional to the value of the variable.

2. Additivity Assumption of LP. The contribution to the objective
function and to the left-hand side of each constraint is
independent of the values of the other decision variables. This
implies that the value of the objective function the left-hand
side of each constraint is the sum of the contributions from
each decision variable.

A third assumption of LP problems is the Divisibility Assumption,
which requires that each decision variable be allowed to assume
fractional values. If some or all of the variables in an LP problem must
be nonnegative integers, then the problem is an integer programming

problem. These problems will be discussed in Chapter 4 of this section.




1.2 Standard Form of the LP Problem

Written mathematically, the standard form of the general LP
problem is to find a vector (x1, Xz, ..., Xn) which minimizes the linear form
(i.e., the objective function)

C1X1 + C2X2 + - + CXj+  + CnXn ' (1.1)
subject to the linear constraints

anxi + - +ayXj+ - + ainXn = b
anXy + -+ agk + o+ amXn= b; ‘ (1.2)

and
X220, j=1,2,...,n (1.3)
where the ay, b;, and ¢; are constants and m < n. We will always assume
that Equations (1.2) have been multiplied by —1 where necessary to make
all b;> 0. The general LP problem can be stated in many forms due to
the variety of notation in use. A few of the more common fofms that will
be used in this thesis are:
a. Minimize
n
2. CXj
j=1

subject to
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Yagi=bi, i=1,2, ..., m

j=1
and

x>0, j=1,2,...,n

b. Minimize

cX

subject to
| AX =0

and

X>0
where ¢ = (c, ..., Cn) is a row vector, X = (Xy, ..., Xn) is a column vector, A
= (ag), b = (by, ..., bm) is a column vector, and O is an n-dimensional

column vector of zeroes.
c. Minimize
cX
subject to
XiP1 + XoP2 + - + XpPr = Po
and
X>0

where Pjfor j =1, 2, ..., nis the j* column of the matrix A and Po = b.



1.3 Properties of a Solution to the LP Problem

In this section we will state a number of standard definitions and
theorems relating to the solution to the general LP problem. Proofs of
theorems will be omitted here but can beA found in linear programming
texts such as Dantzig [4] and Gass [6].

Definition 1.1. A feasible solution to the LP problem is a vector X = (xi,
X2, ..., Xn) Which satisfies the constraints (1.2) and the nonnegativity
conditions (1.3).

Definition 1.2a. A basic solution to (1.2) is a solution obtained by setting
n-m variables equal to zero and solving for the remaining m variables,
provided that the determinant of the coefficients of these m variables is
nonzero. The m variables are called basic variables.

Definition 1.2b. A basic feasible solution is a basic solution which also
satisfies the nonnegativity conditions(1.3).

Definition 1.3. A nondegenerate basic feasible solution is a basic feasible
solution with exactly m positive x; that is, all basic variables are positive.
Definition 1.4. A minimum feasible solution is a feasible solution which
also minimizes(1.1).

Definition 1.5. An optimal basic feasible solution is a basic solution that
satisfies (1.1), (1.2), and(1.3).

Unless otherwise stated, when we refer to a solution, we will mean

any feasible solution.



Theorem 1.1. The set of all feasible solutions (also called the feasible
region) to fhe LP problem is a convex set. We will denote this convex set
by C.

By Theorem 1.1, if a problem has more than one solution, it has an
infinite number of solutions. Our task is to determine the one solution
which minimizes the corresponding objective function. The amount of
work needed to find this solution is somewhat simplified by Theorem 1.2.
Theorem 1.2. The objective function (1. 1) assumes its minimum at an
extreme point of the convex set C generated by the set of feasible
solutions to the LP problem. If it assumes its minimum at more than
one extreme point, then it takes on the same value for every convex
combination of those particular points.

Recall that a feasible solution is a vector X = (x1, X, ..., Xn) with all
Xi 2 0 such that

X1P1 + Xo2P2 + - + XnPn = Po

Assume we have found a set of k vectors that is linearly
independent and that there exists a nonnegative cbmbination of these
vectors that is equal to Po. Let this set of vectors be P, Ps, ..., Px. Then
we have Theorem 1.3.

Theorem 1.3. If a set of k< m vectors Py, Py, ..., Pxcan be found that is
linearly independent and such that

X1P1 + XoP2 + - + X, Pr = Po



and all x; > 0, then the point X = (x1, xo, ..., Xk, O, ..., 0} is an extreme
point solution of the convex set C of feasible solutions. Here X is an n-
dimensional vector whose last n-k elements are zero.
Theorem 1.4. If X = (X1, Xz, ..., X») iS an extreme point of C, then the
vectors associated with positive x; form a linearly independent set. From
this it follows that, at most, m of the x; are positive.
Corollary 1.1. Associated with every extreme point of C is a set of m
linearly independent vectors from the given set Py, Py, ..., P
Theorem 1.5. X = (x3, Xz, ..., Xs) is an extreme point of C if and only if
the positive x; are coefficients of the linearly independent vectors Pjin
n
> xPj="Po
j=1

As a result of the theorems in this section we have:

1. There is an extreme point of C at which the objective function takes
on its minimum.
2. Every basic feasible solution corresponds to an extreme point of C.
3. Every extreme point of C has m linearly independent vectors of the
given set of n associated with it.

From the above we can conclude that we need only investigate

extreme point solutions and hence only those feasible solutions

generated by m linearly independent vectors. Since there are at most
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n . .
( j sets of m linearly independent vectors from the given set of n, the
m

value [nj is an upper bound to the number of possible solutions to the
m

problem. For large n and m it would be impossible to evaluate all the
possible solutions and select one that minimizes the objective function.

What is required is a computational scheme that selects, in an orderly

fashion, a small subset of the possible solutions which converges to a
minimum Solution.

The simplex procedure, devised by Dantzig [5], is such a scheme.
This procedure finds an extreme point and determines whether it is the
minimum. If it is not, the procedure finds an adjacent extreme point
whose corresponding value of the objective function is less than or equal
to the preceding value. In a finite number of such steps (usually between
m and 3m), a minimum feasible solution is found. The simplex method
makes it possible to discover whether the problem has no finite

minimum solutions or no feasible solutions.



10

CHAPTER 2

THE SIMPLEX METHOD

2.1 Basic Method

To begin the simplex procedure, we arrange the problem matrix as
shown in Tableau 2-1. There are many variations of the table. We have
chosen to use the form as in [6].

n
From the original equations of the problem given by Y aix;j=b:,
j=1
i=1,2,..,m we have let xp = b;and xj=a; Thezifor j =0,1,..,n
are obtained by taking the inner product of the j* vector with the column
vector labeled ¢, that is,
m

Zo = Y CiXi0 (2.1)
i=1

Tableau 2-1. Initial step of simplex method.
Ci|Ca}-(Ci}'|Cm Cm+1 1 G |1 Ck |- Cn
i |Basis| c | Po |P1|P2|:|Pi|'|Pn| Pma1 || Pj || P || Pan
1 P |c1|Xwo| 10|01 0]| Xim1 || Xy || X || Xn
2 Pz [c2|X20| 0110110} Xom1 || Xoj || Xox || Xon
l P, |c[X0|O0|O0|-11(40 Xm1 || X || Xk || Xm
m Pn |Cm|Xmo| O[O |[-|O] 1] Xmm+1 || Xmj {'|] Emk || Xmn
m+l| -—- | - {20 [0]0]]O0|{O0 |2Zm1-Cm+1!|2i- Cj||Zxk— Ck|-|Zn- Cn




m
zj= YcXi, j=0,1,..,n (2.2)
i=1

The elements zo and z;- ¢;j are entered in .the (m + 1)st row of their
respective columns. The z;- ¢;for those vectors in the basis will always
equal zero. If all the numbers z;- ¢c;j<0 for j =0, 1, ..., n, then the
solution X = (X10, X20, ..., Xmo) = (b1, ba, ..., bm) is @ minimum feasible
solution, and the corresponding value of the objective function is zo. We
will assume at least one z;— ¢;> 0 and compute a new feasible solution
whose basis contains m - 1 vectors of the original basis Py, ..., Pn. In
searching for a new vector to enter the basis, we select the one which
corresponds to the

max(zj - ¢j)
J

If there are ties, we will select the vector with the lowest index j.

In our example, let

mfx(z:: —Cck)=2zk—Ck>0
The vector Pk is to be introduced into the basis.- We next compute

. Xi0
0 =min— for xu >0
i Xik

If all xx < 0, we can find a feasible solution whose value of the objective
function can be made arbitrarily small. The computation is then

complete. However, assume some xx = 0 and



. Xio X10
0 =min—=—
i Xik Xk

Vector P; will be the one removed from the basis. In order to obtain the
new solution Xy, the new vectors X}, and the corresponding z; - ¢, all

elements in Tableau 2-1 forrows i= 1, 2, ..., m+1 and columns j =0, 1,

..., nare transformed by the formulas

' Xy
Xy= Xij— 0 xik (2.3)
Xk . ’

Xl =— (2.4)

where
Zo=Xm+10 and zj-—Cj= Xm+1,
These general formulas (2.3) and (2.4) apply to all elements of the tableau
including the Po column and the (m+1)st row. The transformation defined
by (2.3) and (2.4) is equivalent to the complete elimination formulas
when the pivot element is Xu.
Once an initial tableau has been constructed, the simplex method

calls for the iteration of:

1. The testing of the z;— c; elements to determine whether z;—- ¢;< 0

for all j.
2. The selection of the vector to be introduced into the basis if

some z;j— ¢; > 0, i.e., the selection of the vector with maximum
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zj— ¢;. The column associated with vector P;is referred to as the
pivot column.

3. The selection of the vector to be removed from the basis to

ensure feasibility of the new solution, i.e., the vector with

. Xi0
min — for those xx > 0, where k corresponds to the vector
i Xik

selected in Step 2. The ith row is referred to as the pivot row. If
all xi« < 0, then the solution is unbounded.

4. The transformation of the tableau by elementary row operations

to obtain the new solution and associated elements.

Each such iteration produces a new basic feasible solution, and we
eventually obtain a minimum solution or determine an unbounded
solution. If ties occur in Steps 2 or 3, we use the lowest-index rule
discussed earlier.

Example 2.1: As an example, we will solve the following LP
problem by means of the simplex method:

minimize z = X1 - X2

st 3x1 + 2X2 + X3 =10
3x1 + 4x3 + X4 =20
X1 +X5=3

xj20,j=1,..,5
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We begin by forming the initial tableau (Tableau 2-2). The initial
basis consists of Ps, P4, Ps, and the corresponding solution is X = (%3, Xa,
xs) = (10, 20, 3). Since cs =c4 = s = 0, the corresponding value of the
objective function, z, equals zero. P; is selected to enter the basis, since

max(z-¢) =z2-c2=1>0
J

When we compute 6 we have a tie in the 15t and 2nd rows. By the lowest-
index rule, we choose row 1. Thus

. X10
0 =min—=35
X12

and so Ps is removed from the basis. The pivot element, 2, is denoted in
Tableau 2-2 in bold. We transform the initial tableau to_obtain Tableau

2-3 with a new solution X' = (x3, x4, Xs) = (5, 0, 3) and new objective

function value of -5. Since max(z' i— Cj) =0, this solution is a minimum

feasible solution.

Tableau 2-2. Initial Step of Example 2.1.

1 -1 0 0 0
i| Basis | ¢ | Po P, P, P3 P, | Ps | 0
1| Ps3 0| 10 3 2 1 0 0 S
2 Ps 0] 20 3 4 0 1 0 5
3 Ps 0] 3 1 0 0 0 1 - |
4 -— - 0 -1 11 0 0 0 |




Tableau 2-3. Vector P> replaces vector Ps.

Basis | ¢ | Po P P P3

P; -11 5 % 1 }é

Pq 0] O -3
%

Ps 0 3 1

— - | -5 _%

S WN |~
coco
SN
co~ ol
©o~o0o oM

2.2 Addition of Slack Variables
The previous problem is an example of the simplest LP problem;
that is, a problem in which the constraints are written as equalities. If,
however, the problem had been written in the form AX <b, we would
need to add additional variables, called slack variables, in 6rder to have
an inijtial basis. These slack variables represent the amount of unused
resource and have associated cost coefficients set equal to zero.
Example 2.2: Consider the problem:
minimize z = X1 + Xz — 2X3
st -X1 -2X3 <95
2X1-3%2+ X353
2X1 + 5X2 + 6X3 <5
%20 j=1,2,3
By adding the slack variables x4, x5, and xs, the problem becomes
minimize z = X3 + X2 — 2X3
st -X - 2X3 + Xq =3

2X1-3x2+ X3 + X5 =3



2xX1 + 5x3 + 6x3

%20 j=1,..,6

The constraint equations now contain a starting basis of the slack
vectors (P4, Ps, Ps) with the associated first feasible solution of x; = x, =
X3 =0,%4 =35, X5 = 3, X6 = 5. The corresponding value of the objective
function is zero since all cost coefficients for the slack variables are zero.

Now we are able to continue the simplex method (Tableaus 2-4 and

2-5). We see that in Tableau 2-5 that the max(zj— ;) = 0; i.e., that the
minimum feasible solution has been reached. The solution is X = (x4, Xs,

X3) = (2% , 1% , %) and the objective function value is ‘% .

Tableau 2-4. Initial tableau of Example 2.2,

1 1 21010} 0
i | Basis | ¢ Po P, P; P;s |Psa|Ps| Pe 0
1 Ps 0 5 -1 0 21110 0 -
2 Ps 0 3 2 -3 1 0|1 0 3
3 Ps 0 5) 2 5 6 | 0|0 1 %
4 - - 0 -1 -1 210(101]-0

Tableau 2-5. Vector P; replaces vector Ps.
1 P, 0 2% —% % 0
2 Ps 0 1% % -23 6
3 P3 -2 % % %

Tl IANALH

S O O M
O O© = O
NI NN

0]
1
0]




2.3 Artificial Basis Technique

Other problems have constraints written in the form AX >b. For

these problems, the artificial basis technique is used to start the simplex
method. This procedure also determines whether or not the problem has
any feasible solutions. This technique is also referred to as the Big-M
Method (Winston [18]).

For the artificial basis technique we augment the general LP
system (Equations (1.1) - (1.3)) as follows:

minimize CiX1 + - + CnXn + WXn+1 + Wxn+2 + ~ + WXn+m

st a1ixi + - + ainXn + Xn+1 = b
a21X1 + -~ + agnXn + Xn+2 = b2
amiX1 t - + amnXn +Xmin = bm

xj20forj=1, .., n n+l, .., ntm

The quantity w is taken to be an unspecified large positive
number. The vectors Pnr+1, Pn+2, ..., Pr+vm form an artificial basis for the
augmented system. If there is at least one feasible solution to the
original problem, then this solution is also a feasible solution for the
augmented system. The simplex method will then obtain the minimum
solution, in which it is impossible for one of the artificial variables, Xn+i,

to appear with a positive value. If the minimum feasible solution for the
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augmented system contains at least oné Xn+i > 0, then the original
. problem is not feasible.

Each z; - ¢; will have a w coefficient and a non - w coefficient
which are independent of each other. The éssociated computational
procedure is set up as Tableéu 2-6. For each j, the non - w component
and the w component of z — c; have been placed in the (m+1)st and
(m+2)nd rows, respectively, of that column.

This tableau is treated like the original simplex tableau (Tableau 2-
1) except that the vector introduced into the basis is associated with the
largest positive element in the (m+2)7d row. For the first iteration, the

n
vector corresponding to max 3 xyis introduced into the basis. The
J

i=1
elements in the (m+2)md row are also transformed by the usual
elimination procedure. Once an artificial vector is removed from the
basis, it is never selected to reenter the basis. Hence we do not have to
transform the last m columns of the tableau. Even if there are artificial
vectors in the basis, the iteration may not remove one of them. At least
m iterations are required to exchange them ﬁzith the columns of the given

problem when a full artificial basis is used.
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Tableau 2-6. Initial tableau for artificial basis technique.

Ci1 C2 1 Ck || Cn w |l w |4 w
1 Basis| c Po P P, 1 Pk 1 Pn Pr+1 || Prrt}- Pn+mL

1 Pre1 (W Xn+1,0 X11 X1z || Xic || X1 1 [ O | O

2 Pri2a (W Xn+2,0 X21 Xoo | Xor |1 Xon Ot]1]0110

I | Pot |W] Xnti0 X Xe |1 Xx || Xm 0 1 0
m | Pom (W Xn+ m,0 Xmi Xm2 |'| Xmk || Xmn 0 0 1
m+l| -— |- 0 -C1 -c2 |1 -ck || -Cn 0 0 0
m+2| - | -| Yxn+ip | Y xi Z xi2 | Z Xik | Z xin] O 0 0

We continue to select a vector to be introduced into the basis using
the element in the (m+2)7d row as criterion, until either (1) all the
artificial vectors are removed from the basis or (2) no positive (m+2)rd
element exists. The first alternative implies that all the elements in the
(m+2)7d row equal zero and the corresponding basis is a feasible basis for
the original problem. We then apply the regular simplex method to
determine the minimum feasible solution. In the second alternative, if
the (m+2, 0) element, i.e., the artificial part of the corresponding value of
the objective function, is greater than zero, then the original problem is
not feasible. If the (m+2, 0) element is equal to zero, then we have a
degenerate feasible solution to the original problem which contains at
least one artificial vector. The artificial variables have values of zero.
However, the minimum feasible solution has not been reached. We
continue the iterations by introducing a vector that corresponds to the

maximum positive element in the (m+1)st row which is above a zero
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element in the (m+2)7d row. This criterion is used until there are no more
positive (m+1)st elements over a zero in the (m+2)md row. The final
solution may or may not contain artificial variables with values equal to
zero. For both alternatives (1) and (2), all the (m+2, j) elements are less
than or equal to zero, with the possible exception of the (m+2, 0) element.
The latter element is always nonnegative, and its value is nonincreasing.
Whenever the original problem contains some unit vectors, these
vectors along with the necessary artificial ones should be used for the
initial basis. Doing this will decrease the total number of iterations.
| Example 2.3: Consider the problem:
minimize z = 4x; + 4X3 + X3
st X1+Xp+ X3<2
+ 2X1 + X2 <3
2X1+X2+3x323
xj>20forj=1,2,3
We add slack variables x4 and xs to constraints 1 and 2,
respectively, and subtract slack variable xXs from constraint 3 to make
each of the constraints equalities. In order to obtain a basis we must
add artificial variable x7 to constraint 3. We must also add wx~ to the

objective function. The problem becomes
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minimize z = 4xX; + 4X2 + X3 + WX7

st

X1+Xo+ X3+ Xa =2
2%, + Xo + X5 =3
2x; + X2 + 3x3 -Xe+X7=3

xi20forj=1, ..,7

The initial tableau for Example 2.3 is recorded in Tableau 2-7.

The P3 column has the largest positive element in its (m+2)"d row, so

vector P3-is chosen to enter the basis. Calculating 6 tells us that vector

P7 is removed from the basis. The results of performing the simplex

elimination calculations are recorded in Tableau 2-8.

Tableau 2-7. Initial Step of Example 2.3.

4 4 1 0 0 0 w
i|Basis| c | Po P, P> P; | P; | Ps Pe P | 0
1 Ps 0 2 1 1 1 1 0 0 0|2
2 Ps 0 3 2 1 0 0 1 0 0| -
3 P7 w| 3 2 1 3 0 0 -1 111
4 - - 0 -4 -4 -1 0 0 0 0
) -—- - 3 2 1 3 0 0 -1 0

Tableau 2-8. Vector P3 replaces vector P~

1

 WN

&)}

Ps

Ps
P3

0

0
1

LI A A

NEEIEN

0
3| 2 1 |0 1
Ll | Y |1|0]o0
1| -19/| -1/ | 0| 0| 0| -
ol o o loloflo} o
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The (m+2)7d row consists of all zeroes and all elements in the

(m+1)st row are less than or equal to zero, so we have reached the optimal

solutionofz=1,x1=x2=0, x3 = 1.



CHAPTER 3

DUAL SIMPLEX METHOD

3.1 Introduction

Associated with every LP problem as defined in Chapter 1 is a
corresponding problem called the dual problem. The original problem is
called the primal. An interesting historical note is the introduction of the
term primal around 1954 by George Dantzig. He had been told he
needed a word to stand for "the original problem of which this is the
dualt." He asked his father, Tobias Dantzig, mathematician and author,
well-known for his books popularizing the history of mathematics. His
father knew both Latin and Greek and suggested primal as the antonym
since both primal and dual derive from the Latin. That was his father's
one and only contribution to linear programming [5].

The optimal solution of either problem reveals inforr_nation about
the optimal solution of the other. If the initial simplex tableau for the
primal problem contains an mxm unit matrix, then the solution of either
problem by the simplex procedure yields an explicit solution to the other.
Because we considered the standard LP problem to be a minimization
problem, we will now designate the minimization problem to be the

primal problem.
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Recall that in the primal problem we want to find a column vector
X = (X1 Xa, ..., Xn) which minimizes the linear functional
f(X) = eX | | (3.1)
subject to the conditions |
AX=b (3.2)
and
X>0 (3.3)
The dual problem is to find a row vector W = (w1, wo, ..., W) which
maximizes the linear functional
g(W) = Wb (3.4)
subject to the conditions
WA<e (3.5)
In the dual problem, the variables W; are not restricted to be
nonnegative. Multiplying the 1xm row vector W by the mxr matrix A, we
have the following explicit representation of (3.5):
anwi + a1gwa + - + amiWm < C1

Q12W1 + a22Wa + - + QmaWnm < Ca

A1aW1 + a2nW2 + - + @mnWm < Cn
The matrix of coefficients for the above inequalities is given by AT, the
transpose of the matrix A. Note that there is a dual variable for each

equation of (3.2).




Associated with the primal and dual problems is the following
theorem:
Theorem 3.1: The Duality Theorem. If either the primal or the dual
problem has a finite optimal solution, then the other problem has a finite
optimal solution and min f(X) = max g(W). If either problem has an
unbounded optimal solution, then the other problem has no feasible
solutions. [Note that for the dual problem, a solution is feasible if it
satisfies (3.5). The variables are not required to be nonnegative.]

Dantzig [4] states Theorem 3.1 in a slightly different form.
Theorem 3.1a. If feasible solutions to both the primal and dual systems

exist, there is an optimal solution to both systems and min f(X) = max

g(w).

3.2 The Dual Simplex Method

The dual simplex algorithm is the work of C. E. Lemke. It

apparently originated in the course of applying the primal simplex

method to the dual of an LP problem. While doing this, Lemke realized
that an algorithm that was different in the sense of feasible points
leading to optimality could be devised, and that it could be applied to

either primal or dual problems (Cooper and Steinberg [3]).
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To begin the dual simplex procedure we will assume that we have
selected a basis B = (P1P2...Pn) such that at least one element of B-1b is
negative and ¢®B-P; < ¢; for all j, where ¢° = (cy, Cg, ..., Cm) iS a row vector.
A solution to the dual constraints is given by W° = ¢°B-! with its
corresponding value of the objective function being ¢°B-1b.

We need a computational procedure for the dual which will yield a
maximizing solution, and hence, by the duality theorem, a minimizing
solution to the primal. This procedure must then determine a new basis
for which

1. The dual inequalities will still be satisfied.

2. The value of the dual objective function will increase (or remain
the same if the dual solution is degenerate) until the maximum
or unbounded solution is reached.

Proceeding in this way will always preserve optimality of the primal, and
in a finite number of steps, determine a feasible and optimal solution to
the primal.

We will denote the rows of B-! by B.. The m components of the
nonfeasible solution of the primal are given by xp = B;bfori= 1,2, ..., m.

. Let xp = Bib = min B:b < 0. The vector P; will be the one removed from

the basis. For those vectors not in the basis, i.e., for those having WOP; <

¢j, compute x5 = B;P;. We will assume that at least one x;; < 0. For the




Zj—GCj

set of x;; < O form the ratios . Let
. Xy

0 (3.6)
Xii<0 Xy Xik

The vector Py is selected to replace P;, and the new basis will yield
a solution to the dual constraints. The new basis is B=
(P1...PPxPr1...Pn) and B-1is obtained by application of the following
formulas on B-1:

Let by denote the element in the # row and jt* column of B-! and

let by be the corresponding element of B-1. Then by are given by

by = bg,-—ﬂxac fori=1
Xik

bij 24
Xik

The new solution to the dual constraints is
W = W° - 6B, (3.7)
and the corresponding value of the objective function is
Wb = WO - 0xp | (3.8)
The new solution to the primal constraints can be computed by the
usual elimination formulas or directly from X=B!b. Ifall X> 0, then
we have determined an optimal feasible solution to the primal. If not,

then we know we have made at least X o= Bb > 0. For this situation, we

repeat the above dual simplex process of selecting the vector to be



removed and then the vector to be introduced into the basis, until we

find a basis that solves the dual and is also an admissible basis for the
primal or until we have determined that the dual has an unbounded
solution and hence that there are no feasible solutions to the primal.
The latter case occurs when, in computing the x; = B;Pj, all x; > 0. If
this is true, we have from (3.6) and (3.7) that we can construct a solution
to the dual constraints for any 0 > 0, since
WPOP; - 6B; P; = WOP; - 0x;; < WOP; < ¢;j

From (3.8) the corresponding value of the objective function can be
made as large as possible, since xp < 0. The dual simplex procedure can
be employed as a variation of the original simplex procedure since it uses
the information contained in its tableau.

Example 3.1: Consider the problem:

minimize z = 2x; + X3 + 3X3

st -X1 + 2X2 — X3 + Xa = -4
2X1 + Xo + X3 + X5 =8
-X1 + X3 +xX6=0

%X 20,j=1,..6

The dual of this problem is to



maximize z = -4w; + 8wy

st W1 + 2wy — w3 £ 2
2w, + wo + <1

W1+ Wat+twz< 3

w1 <0
Wa <0
1 00
An initial basis B=(P4PsPs)=|0 1 O0|. Setting up the primal in
0 01

the usual simplex tableau, we have Tableau 3-1.
Since all z; - ¢; elements are nonpositive, the basis B is a feasible

solution for the dual, i.e., optimal but not feasible for the primal. The

dual solution is

1
Wo=coB-1= (0 0 0)0 =(0 0 0)
0

o - O
= O O

Applying the dual algorithm, we see that P4 is to be eliminated (x; =

X4 = -4), and vector P, is to be introduced into the basis because

Tableau 3-1. Initial Step of Example 3.1.

2 1 3 0 0 0
i| Basis | c | Po | Py P, | Pz | P4 | Ps | Ps
1 P4 0] -4 -1 2 -1 1 0 0
2 Ps 0 8 2 1 1 0 1 0
3 Ps 0 0 -1 0 1 0 0 1

4 --- - 0 -2 -1 -3 0 0 0
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Tableau 3-2. Vector P, replaces vector Ps,

i | Basis | c | Po | Py | Py |Ps | Ps| Ps | Pg
1 P 2 4 1 -2 1 -1 0 0
2 Ps 0 0 0 5 -1 2 1 0
3 Ps 0 4 0 -2 2 -1 0 1
4 - - 8 0 -5 | -1 -2 0 0
e = ZJ__C;]. = 2
Z41

The new tableau is as in Tableau 3-2.

Since all x; > 0 and since z;- ¢; < 0, we have determined the optimal
feasible solution. The primal optimal solution is x; = 4, x2 = x3 = 0, and
that for the dual is w1 = -2, wz = 0, with a common optimal value of the

objective function of 8.




CHAPTER 4

INTEGER PROGRAMMING

4.1 Introduction

Recall from Chapter 1 that a linear programming problem in which
some or all of the variables must be nonnegative integers is called an
integer programming problem (IP). An IP in which all variables are
required to be integers is called a pure IP problem. An IP in which only
some of the variables are required to be integers is called a mixed IP
problem. An IP in which all the variables must equal zero or one is called
a O-1 IP problem or a 0-1 programming problem. The standard form of
the IP is similar to that of an LP:

minimize CixX1 + CaX2 + - + CXj+ - + CnXn

st anXi1+ - +ayxj+ -+ ainXn= b1

anX1 + -+ ag +- +anXn= by

amiXi + - + amXj+ - + aQmaXn = bm
x;=20
Xp integer

X¢q=0or1
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where x, and x4 represent those variables that are required to be integer

or 0-1 variables, respectively.

4.2 Summary of Solution Methods
Since the feasible region for any IP is contained in the feasible
region for the corresponding LP relaxation (the LP obtained by omitting
all integer or 0-1 constraints), one might initially assume that an optimal
solution for an IP can be obtained by first solving the LP relaxation and
then rounding off (to the nearest integer) each variable that is required to
. be an integer and that assumes a fractional value in the optimal solution
to the LP relaxation. To see that this method is false, consider the
following example:
Example 4.1: maxifnize z=21x;1 + 11x2
st 7x + 4% <13 (4.1)
X1, X2 >0
X1, X2 integer

Applying the above method, we first find the optimal solution to the
LP relaxation: x1 = 13/, x, = 0. Rounding this solution yields the solution

X1 = 2, x2 = 0 as a possible optimal solution to (4.1). We can see in
Figure 4-1 that xi = 2, x2 = 0 is infeasible for (4.1} so it cannot possibly

be the optimal solution to (4.1). Even if we round x; downward (yielding
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checked to see if it meets the integer requirements. If so, it is the optimal
solution to the original IP problem. If the integer requirements have not
been met then another new constraint is added, and the process
continues until one of the corresponding LP problems has an all integer
optimal solution.

Enumerative methods, used to solve both pure and mixed-integer
problems, include additive algorithms and branch-and-bound methods.
Additive algorithms are designed to solve 0-1 programming problems
with n binary variables and 2" possible solutions. The procedure does
not use simplex techniques but substitutes new 0-1 solutions based on
systematic rules for improving a solution which rely on information
implied by the original problem constraints. It is an additive procedure
in that only additions and subtractions are used in the computation.
Branch-and-bound methods use information obtained from successive
solutions to related continuous problems to generate new problems with
bounds on selected variables and the objective function in such a way as
to restrict the total number of continuous problems which need to be
solved [6].

To illustrate the differences in approach to solving an IP problem,

consider the following example:
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Example 4.2: max z = 8x; + 5%
St X1 +X2<6
O9x) + 5x3 <45
X1, X2 2 0 and integer
Figure 4-2 shows the feasible region for the LP relaxation of
Example 4.2. Included in the figure is a cutting constraint, 3x; + 2x; =
'15. Notice that this constraint "cuts off' the portion of the feasible region
which contained the optimal LP solution. It is possible that more cutting
planes would need to be added in order to find the optimal IP solution.
Figure 4-3 illustrates the branch-and-bound method with its
"divide and conquer" approach. In this figure, the feasible region has
been divided into three subregions by the constraints x; = 3 and x; = 4.
The two regions that will continue to be searched have been labeled
Subproblem 2 and Subproblem 1. The regions of these subproblems

may need to be further subdivided until the optimal IP solution is found.
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SECTION II: METHODS

CHAPTER 5

CUTTING PLANE METHOD

5.1 Introduction

Cutting plane algorithms have been used to solve many different IP
problems, including the traveling salesman problem (TSP), the linear
ordering problem, maximum cut problems, and packing problems. They
have been proven to be useful computationally in the last few years,
especially when combined with a branch-and-bound algorithm in a
branch-and-cut framework. The branch-and-bound algorithm will be
discussed in the next chapter and the branch-and-cut method in
Chapter 8. .

. Some useful families of general inequalities have been developed
for general problems. These include Gomory cutting planes, cuts based
on knapsack problems, lift and project cutting planes, and Fenchel
cutting planes. These inequalities, which are added to the problem, are

called cutting planes because they are hyperplanes that cut off a portion

of the convex set of feasible solutions for the related LP problem. Bard
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[3] calls these cutting planes "violated cuts." We will concentrate on the
Gomory cuts, which will be used again in Chapter 8.

The new constraints added at each step must have the following

properties in order that the method to be valid:

1. Every feasible integer solution to the original problem must also
be a feasible solution to the new problem after the addition of
the constraint. In other words, addition of the new constraint
does not eliminate any of the integer solutions from the set of
feasible solutions. This ensures that the optimal integer
solution will not be made infeasible.

2. The optimal solution to the LP problem solved at each step
must become infeasible after the new constraint is added.
Without this property, the optimal LP solution would also be
optimal for the new LP problem, and nothing would have been

gained by adding the constraint [3].

5.2 Gomory All-Integer Method

An early approach to the application of the cutting plane method
required solving the LP relaxation by the basic simplex algorithm. If the
optimal solution is not integer, then a cutting plane is introduced which
preserves the optimality state of the primal problem but not the

feasibility conditions. A single application of the dual algorithm restores
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feasibility and yields an optimal answer to the reduced problem. If this
solution is integer-valued, the process stops. If not, a new constraint is
introduced and the algorithm is repeated until an integer solution is
found or until an indication is given that no integer solution exists for
the original problem. This method has been superceded by a more
efficient procedure, in which the problem, assumed to be given in
integers, is transformed by a modified simplex algorithm that preserves
the integer-valued characteristic of the complete tableau for all iterations
[6].

We assume for starting conditions that the simplex tableau is all-
integer-valued and that we start with a feasible solution for the dual
simplex algorithm but not for the primal. Letting Py, ..., Pnform a
feasible basis for the dual problem, the initial Tableau 5-1 is given for the
minimization problem.

In Tableau 5-1 xoo is the value of the objective function; some xp <
O for i > 1 (solution is not primal feasible); xoj=2zj— ¢< 0 for j> 1
(solution is dual feasible); and an additional set of n-m constraints, Xj— X;j
=0 for j= m+1, ..., nwith x> 0 and ¢ = ¢;, has been added to the
tableau. With this set of constraints, we are now forced to determine a
basic feasible solution that contains n nonnegative variables instead of
the usual m; hence we are given the means by which an interior point of

the original convex set can be expressed. However, we still lack the
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means to force us into the interior and toward the optimal integer-valued
point. This is accomplished by a proper selection of cutting planes.

We wish to introduce new variables into the solution in a way that
will enable us to preserve the integer characteristic of the tableau and to
move toward the optimal integer solution that is in the convex set defined
by the equations of Tableau 5-1. This will be.accomplished by
determining cutting hyperplanes defined as equalities in terms of the
nonbasic variables and a new slack variable. vEliminating the new slack
variable from the basis with a pivot element of —1 will preserve the integer

tableau and move the solution point closer to the optimal integer point.

Tableau 5-1. Initial tableau with constraint row and column added.
Ci|C|.|Cl|.|Cm| Cm+1 |.| Chn | Cm+1 |.|Cn

i |Basis| c Po |P1|P2|.[Pi|.1Pn| Prt1 |.| Pn | Pms1|.|Pn| Pnss

0 -—- - | %00 |0 [0 [.l|0]|.] O |Xo,m+1|.[Ron| O |.|O

0
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A finite number of applications of these new constraints leads us to
the optimal integer solution. ‘
To determine the form of the cutting constraint, consider any
equation from Tableau 5-1 that has a corresponding x» < O, for example,
the Ith equation:
X0 = X1 + X,m+1Xm+1l + = + XinXn (5.1)
where Xm+1, ..., Xn are nonbasic variables.
We next rewrite each coefficient of (5.1) as a multiple of an integer
and a remainder, i.e., in the form byA + rj, where bj is an integer, rjis a
remainder, and A is an unspecified posiFive number to be determined.

The coefficients can then be expressed as

x5 = by + 1 = [%Jﬂ+rtj for all j

1=llJ,1+r (5.2)
A
O<rj<A O=r<A O<Ah

where | x| indicates “greatest integer < x.” If 3;—?— < 0, then [%J =b;<0

such that bjA + rj = xj. Note that for A > 1, we have [%J= 0.

Substituting (5.2) into (S.1) and gathering appropriate terms, we

have



e EIR ST

= Im+1Xm+l + - + TinXn + TX

Note that any nonnegative integer values of the variables that satisfy
Equation (5.1) will also satisfy (5.3).- Such a substitution will make the
right-hand side of (5.3) a nonnegative number.

The terms in braces can be rewritten as

2 2z

Note that the expression (5.4) must be a nonnegative integer.

For A > 1, the last term of (5.4) is zero and by (5.2) and the above

discussion we can rewrite (5.3) as

bo - Y byxi 20 (5.4a)
jeB

Thus (5.44a) is a cutting plane in terms of the current nonbasic variables,
and the left-hand side of (5.4a) is a nonnegative integer. We transform
(5.4a) into an equation by subtracting out the nonnegative slack
variables xn+s, i.e.,

bo - Y byxj - Xnts = 0 = (5.5)
jeB

or bo = bim+1Xm+1 + bm+2Xm+2 + = + DinXn + Xnts
Variable xn+s is also an integer variable, as it is equal to the left-

hand side of (5.4a). For any A > 1, (5.5) is a constraint that must be




satisfied by any integer solution to the original LP problem. The

nonnegative integer variable xn+s is introduced as a new variable into the
problem. For thé present solution, since all the nonbasic variables xm+1 =
~=Xxn =0, Equation (5.5) is infeasible as bp < 0. Thus, after a suitable
selection of A > 1, i.e., a value of A which makes some element by (j ¢ B)
of (5.5) equal to ~1. Equation (5.5) can be used as a cutting constraint.
We note that bo < O since it was assumed that xp <.0. Also, since
we are applying the dual simplex method, some x; for j not in the basis

must be negative or the problem is not feasible. By selecting A large

enough, all [%’J-J for x5 < O yields a by = -1; hence a pivot element of -1 is

available and the integer tableau is preserved. However, on the basis of
the dual simplex transformations [Equations (3.6) — (3.8)], we note that a

small A will cause a larger improvement in the objective function that a

larger A since the change is a direct function of b = [XITOJ < 0. That is,

the new value of the objective function is given by

' XI0
X00 + X0xkbo = X00 + (2x — cx) [7 J

where Py, the pivot column, must be the one such that

_ . X0j zZk—Ck
= min =
x5<0 -1 -1

(A zxk— cx = O indicates degeneracy in the dual problém).
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Since A must be chosen such that bi = [% J = -1, we have from

Equation (3.6)

Zk—Ck _Zk—Ck _Zk—Ck _Z—Cj

=

Let mj be the largest integer for which

Zk—Ck _Zi—Cj
C <% 2

-1 - —1mj

Then
by = —[% J <my for xj< 0 | (5.6)

Hence, for each j, the smallest A that satisfies (5.6) and allows Px to

be the pivot column, i.e., yields a pivot element of bi = -1, is given by A; =

—(ﬁ) . As the minimum permissible A must be at least as great as the
mj

largest Aj, we have Amin = max Aj. A is not restricted to be an integer, and
X <0

Xk

J = -1 [6].

for Px we have mk = 1, Ak = -Xix, Amin = Ax; hence bx = [
min
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Example 5.1: min z = 2x; + X2

st X1+ X9 + X3 =4
- X1 — X2 + Xq =-4
-2x1 + X2 + X5 =-3

xj 2 0 and xi, X2 integer
The set of equations x'1 = X1, X2 = X2 and the conditions c¢; = ¢; have
been added in Tableau 5-2, and row 6 has been added for the cutting
constraint and column Ps for the new variable.
The second equation of the system is used to generate the cutting
constraint. We have

Zk — Ck . Zj—Cj Z2—Cz2
= mim = =
-1 X2j<0 -1 -1

1

Hence column P; is to be the pivot column. To determine the m;, we

have

Tableau 5-2. Initial tableau for Example 5.1.

2 1 0 0 0| 2 1
i|Basis| ¢ Po | P | Py | Ps | Ps | Ps | P1 | P2 | Pe
0 --- - 0| -2]-1 0 0 0 0 0 0
1 P3 0 4 1 1 1 0 0 0 0 0
2 P4 01 -4|-11-1]10 1 0 0 0 0
3 Ps 0}-3]-2 1 0 0 1 0 0 0
4 P 2 0] -1 0 0 0 0 1 0 0
5 P, 1 0 0 -1 0 0 0 0 1 0
6 Pe o|21]-11-1101]:0 0 0 0 1
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ormi=2,mz2=1. The A; =X are then
mj

and since A = max Aj = 1, we choose A = 2,

The new constraint is then given by

kb

-2 =-x1- x2 + X6
This equation is shown added to Tableau 5-2. By applying the
elimination transformation with the pivot element as shown, Tableau 5-3
is obtained. Since all elements of column P2 have been reduced to zeros,
it can be eliminated from the tableau a.;'ld column Pe substituted in its
place. In fact, since vectors P3, P4, P5, P1, P2 will not change under the
all-integer algorithm transformation, the tableau can be made concise as

in Tableau 5-4. Note that x2 = x2 is still in the basis and now has a value

Tableau 5-3. Second step of Example 5.1.

2 1 0 0 0 2 1

i{Basis| ¢ |Po|P1 | P2 (P3| Ps| Ps|P1|P2]| Ps
0 -— - 2 -1 0 0 0 0 0 0 -1
1 P3 0 2 0 0 1 0 0 0 0 1
2 P4 0 -2 0 0 0 1 0 0 0 -1
3 Ps 0 51310 0 0 1 0 0 1
4 P 2 0 -1 0 0 0 0 1 0 0
5 P> 1 2 1 0 0 0 0 0 1 -1
6
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Tableau 5-4. Simplified tableau form.
| | Basis [ Po | P, | Ps | Py
-—- 2 |-1]-1
Ps 2 0 1
Ps 210 |-1
Ps S ]|-83]1
P, O[-1]|0O0
P2 2 1 | -1
P; 21-1[0 1

UL WN = Ol

Tableau S-5. Third step.
| | Basis | Po | P7 [ Ps | Ps
- 4 | -11-1
P3 2 0 1
P4 -2 0 -1
Ps 1 -3 1
P 21 -1 0
P2 0 1| -1
Ps -2 0 -1 1

QU BAWNRFO|~

of 2. We still have more than one row with a negative constant term, and
we choose row 3. The pivot column is P; and A = 3. The new constraint
is -2 =-x1+x7. The new solution is shown in Tableau 5-5.

Selecting row 2 as the row to generate the cutting constraint, we
have Ps as ‘the pivot column and A = 1, so again we choose A = 2. The
new constraint is -2 = -xe+ xs. The new solution is given by Tableau 5-
6. With row 3 as the generating row, we have P as the pivot column and
A = 3. The new constraint is —1=-x7+Xx9. This yields Tableau 5-7.
There are no negative constant terms, therefore we have reached the

optimal all-integer solution.
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Tableau 5-6. Fourth step.
, | Basis | Po | P7 | Ps | Po
-—- 6 | -1 | -1
P3 0 0 1
Pq 0] 0 -1
-1 -8 (1
P 21-1]10
P, 2 1 -1
Ps -1 -1 0 1

QUL WNE=O|~
.
o

Tableau 5-7. Optimal solution.

1| Basis | Po | Ps | Ps
0 -— 7 {-11]-1
1 P3 0 0 1
2 Py 0 0| -1
3 Ps 2 1 -3 1
4 P 3 -1 0
5 P2 1 1] -1

The above procedure can be summarized by the following steps:

1. Assume that a dual feasible solution with an all-integer tableau
can be determined.

2. From the rows containing a negative constant term, select a row
to be used to generate the cutting constraint (the #» row). If no
such rows exist, an optimal all-integer solution has been found.

3. The pivot column corresponds to the Px whose

—~(zxk—cx) = r’ggc‘)l —(zi-¢c) forj=1.

If no such xj < 0 exists, then the problem is not feasible.

4. For each jhaving a x;j < 0, determine the largest integer
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~(zi-¢j)

~(z&—ck) <
(zk—cx) < -

5. Define A;= _(r};_b,) for x;; < 0.

6. Determine Amin = max A;. If max ;= 1, set lmir; > 1.

7. Develop the corresponding cutting constraint (5.5) and add it to
Tableau 5-1, with the new equation being the (n + 1)st row and
the new basic variable xn+s corresponding to column Pn+s (Where
s is the index of the iteration).

8. Apply the simplex transformations to the new tableau using bu
= -1 as the pivot element. This causes x»+s t0 be a nonbasic
variable, and because the pivot element was -1, the tableau
remains in integers. The new row is then dropped from further

consideration and the process repeated [6].

5.3 Gomory Mixed-Integer Method

In the previous method we assumed that all elements of the
simplex tableau are integers. Gomory developed another other cutting
plane.methods in which the elements of the simplex tableau are not
requiredlto be integers. The method to be discussed is applicable to
either pure or mixed integer programs.

Again we consider the general IP problem
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min z = exX
st Ax=b
x>0

Xjinteger, j e I
where the set I consists of the subscripts corresponding to those
variables required to be integer.
Suppose that we have solved the LP relaxation, the * basic
variable is not an integer, but is required to be an integer. Then we can
write

Xi=ap - Zayx; (5.7)

JjeR
where R = { j| x;is nonbasic}. In the current solution, all x;, j € R, are
zero, and so ap is not an integer. We will express an as the sum of its

integer part and its fractional part. Let |_azo_| be the greatest integer less

than or equal to an and let fo be the remaining fractional part. Thus

ap = |aw| +fo (5.8)
|an] =0 (5.9)
O0<fo<1 (5.10)

Substituting (5.8) into (5.7) and rearranging gives

fo- D am =xi- |awn]| = integer (5.11)
JE€R




R is now divided into the nonnegative entries of the simplex

tableau (R") and the negative entries of the simplex tableau (R™) as

follows:
R"={jl ay20,je R}
R ={jlaj<0,je R}
Then (5.11) becomes

fo- D ami - ) a =integer
jeR* JjerR°

Consider the two cases:

1. Zabx_]' >0

JjeR

2. Daxi <0

jeR

Case 1: Zaij >0
jeR

(5.12)

By (5.12), D> am; = fo + P, where P = 0, 1, ... (i.e., some nonnegative

jeN

integer). Hence any feasible solution to the IP problem must satisfy

Zang- > fo

JjeR

Moreover, since Zayxj- < 0, for any feasible solution, then any feasible

JeR°

solution to the IP problem also must satisfy

Zaij > fo

jer*

(5.13)
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Case 2: ) ai; <0
JjeR

From (5.11) it must be true that ) aix; =fo— N, where N=1, 2, ...
jeR

(i.e., some strictly positive integer). Then any feasible solution to the

original problem must satisfy

Zaij <fh-1

JjeR

since fo — 1 is the largest possible value for 3" a;x;. This can be rewritten
JjeR :

as
daxi + > a <fo-1 (5.14)
JjeR* jerR
Now multiply (5.14) by the strictly negative number f_fo_l , and
o —
obtain
)3 ( fo )lanIXj > fo (5.15)
jr-\1- fo
Since r fo ] is a strictly negative number and ay < 0, for all j, then
o —
. . . fo ., fo .
applying the negative sign from each a; to for1 makes it 3 f“ . This
0o— —J0

makes each a; > 0 and is the reason for the notation |ay| in (5.15).
Finally, combine the two inequalities (5.13) and (5.15) obtained for

Cases 1 and 2, respectively, as follows:
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Sam + Y (1 f°f0)|a5|xj > o | (5.16)

jeR* jerR™

Inequality (5.16) must be satisfied by any feasible solution to the

original problem, regardless of whether Case 1 or Case 2 holds. This is

true since the left-hand side is always positive and one or both of the two
terms on the left-hand side are greater than or equal to fo. Also,
inequality (5.16) is not satisfied by the current optimal solution to the LP
relaxation since all X, j € R* or j e R™ are currently zero, and fo > O by
definition. Thus (5.16) can be used as the cutting plane constraint.

However, in deriving (5.16) we did not take into account that some
of the nonbasic variables may also be required to be integers. If we
include this additional infométion the cutting plane may be even better
than (5.16), i.e., the constraint will further restrict the feasible values of
the nonbasic variables. The smaller the coefficient of a variable x;in a
particular constraint, the more the range fér that variable is restricted,
and the better the constraint is, with respect to that variable.

We now develop a cutting plane constraint in which the coefficient
of each variable is as small as possible. First define

Ri =R n1I={j| %xjis nonbasic and required to be an integer}

Rz = R\R: = {j| xjis nonbasic and not required to be an integer}

R; = R"'NnRe={j| ay=0 and j € Ry}

Rz =R NnRz={j| aj<0andje Ry}
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As we did for ap, we let a; = |ay | + f; where | ay] is an integer and

0 <fj< 1. Then, Equation (5.11) becomes

fo- D fx - > |asfx - D a = integer

JeRy JjeRy JeR,

Since ) |ay|x; must be an integer in any feasible solution to the original
JjeR, .

problem,

fo- > fxi - D ax =integer (5.17)
JeR, JjeR,

Applying the same arguments to (5.17) which were used to obtain

(5.16), we will obtain the following constraint:

Tix+ Yam + Y (lf—°ﬁ))|ay|x,~ > (5.18)

JeR, JeRy JeR;
We can obtain another cutting constraint by letting [ay'l be the

smallest integer greater then ay, so that a; - fj-"‘ 1= [ay'l . Then Equation

(5.11) becomes

fo- > ([as]+fi-1)x- Y am = integer

jeR; JjeR,
or

fo- D (fi-1)x - D am =integer (5.19)

JjeR, JjeR,
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since ) [ay}x; must be an integer in any feasible solution to the original
JeR,

problem. Note that ) (fi-1)x; <0. Apply the same arguments to (5.18)
JeR

that were applied to (5.17) to obtain the constraint

2 (lfof )1 fxi+ D ami+ ) (lf )laylx, > fo (5.20)

JeR, JeR, JjeR;

Comparing the coefficients of (5.18) and (5.20) we see that, for j

. fo(l-
Ri, we can choose either {;j or 0

(1- fo)

Since the goal is to make the coefficient of each x;as small as possible,

as the coefficient of xj, j € Ri.

we can choose the smallest of these two quantities.

fo(1-1f)

(l—fo)

Hence {;is the smaller of the two if f;> fo. Therefore, we can obtain an

Note that if > fjthen fo — fofj < §i— ffo = fo < {j

even better cutting plane constraint by combining the above, and

choosing the following constraint [3]:

> dix; > fo (5.21)
jeR

where
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ay, jeR:
fo . N
(l—fo) lalj]’ J €Ra
dy =+ ' (5.22)
fj, jeR,iffi<fo
fo(1-£) )
’ R .ff'>f
A(l—fo) e

Suppose all the nonbasic variables in a current optimal simplex
tableau are integer constrained. Then the sets R} and R; would be
empty, and the mixed-integer Gomory cut for that tableau reduces to

fo(l - fj)

it 2 0, (5.23)

M=ot Y+ Y

jeR; jeR}

where Ry ={j|j< Riand f;<fo} and Rf = {j|j € R:1 and ;> fo}. Since the
X; j=1, 2, ..., are integer constrained we could use the classical integer

cut
g =-fo+ D x>0 (5.24)
j=1

in place of (5.23). However, inequality (5.23) is usually stronger than
(5.24).
Theorem 5.1. Suppose that the x;, j= 1, 2, ..., nare integer

variables and R{ in (5.23) is not empty. Then x™ > 0 is a stronger

inequality than x' > 0.




Proof: Since the union of the sets R; and R} contains all the

indices j= 1, 2, ..., n, we have

x =-fo+ D+ D x>0

JjeR; JeR}

Also

M=o+ Zfr’Xj + Z

JjeR; JjeR}

fo(l— fj)Xj >0
(1 fo

)

Now, if j e R, fi > fo; or

fo(ll_fj)<fo <f; since 11~fj <1.

—1I0 —10
Thus, x" is a stronger inequality than x' because it has smaller
coefficients of xjwhen j e Rf. That is, for j € Rf, the hyperplane x™ =
intersects the coordinate axis x; at a distance farther from the origin than
the corresponding intersection with the hyperplane x! = 0. ForjeRy,

the coefficients are the same and hence the hyperplanes intersect each of

the x; axis at the same point (Salkin[15]). ¢

Example 5.2: min z = -5x; + 6x3 + 9x3
st 9x:+ 10x2 + 6x3 + x4 = 50
6x1+ 3x2 + 19x3 + X5 =35
X1, X2, X320

X1, X2 integer



To begin, we set up initial Tableau 5-8. We then solve the LP

relaxation and obtain the optimal LP solution, as shown in Tableau 5-9.

Since x; must be an integer, we choose row 1 to generate the cut and

50 S S
= —=54— fo=—
aio 9 ) = 1o 9
thus
S
fo _ 9 =§
1-fo l—é 4
9

Using (5.22) we obtain the cutting plane constraint

Tableau 5-8. Initial tableau for Example 5.2.

-S| 6 9 0 0
i |Basis| c Po | P1 | P2 | Ps| Ps| Ps
0 -—- - 0 S 6|1 -91]10 0
1 P, O [|50] 9110} 6 1 0
2 Ps 0 [35]| 6 3 119 0 1

Tableau 5-9. Optimal LP solution.
i | Basis C P; P Ps Ps Ps
—10

P
o| --- - _25(()% 0 f% _373 — A 0
1] P, -5 5% 1 1% % }é 0
21 Ps 0 % 0 _1% 15 _ % 1




1 2 1 S
—X2+—X3+—X42—

9 3 9 9

or
X2 +06X3+ X425
X4 is a slack variable, so we substitute and get
X2 + 6x3 + (50 — 9x; — 10x2 - 6X3) 2 5
=>X1+X2<5
> X1+X2+X6=9
We add this to the optimal LP tableau (and subtract row 1 from row 3 to
have a full basis) to obtain Tableau 5-10. Performing one dual simplex

iteration gives the optimal mixed-integer solution shown in Tableau 5-11.

Tableau 5-10. Constraint added to tableau.
i|Basis| ¢ P P P; P4 Ps
1

P
o -- - _25(% 0| _ of% _3% _A 0
1| P, |-5 5% 1% % }é 0
2 Ps 0 % _1% 15 _% 1
31 Ps 0 _% _}é _% _% 0

- o o ol|¥

1
0
0

Tableau 5-11. Optimal mixed-integer solution.

i|Basis| ¢ Po P | P> | Ps | Ps|Ps| Ps
o -- - -25 O [(-11] 91 0] 0]|-5
1{ P -5 5 1 1 0 010} 1

2|1 Ps 0 S 0 -1 1191011 ])-6
3| P 0 5 0 1 6 1]0]1]-9
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CHAPTER 6

BRANCH-AND-BOUND

6.1 Introduction

The idea of using a branch-and-bound algorithm for integer
programming using LP relaxations was proposed by Land and Doig
during the 1960's and was later modified by Dakin. However, the term
branch-and-bound was coined by Little et al in their study of such an
algorithm to solve the traveling salesman problem (Linderoth and
Savelsbergh [10]).

Branch-and-bound has two appealing qualities. First, it can be
applied to the mixed and pure IPs in essentially the same way, so a
single algorithm works for both. Second, the branch-and-bound typically
yields a succession of feasible integer solutions (as opposed to traditional
cutting plane approaches in which feasibility is not obtained until the
problem is solved), so that if the computations are terminated due to
time or memory restrictions, the current best solution becomes a
candidate for the optimum [1].

The effectiveness of the branch-and-bound procedure for solving
mixed IPs using LP relaxation is well documented. After the introduction

of this procedure in the 1960's, researchers in the 1970's examined
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strategies for searching the branch-and-bound tree in an efficient
manner. With a few exceptions, research in the past decades has
strayed from developing and examining effective search strategies and
instead focused on improving the bound obtained by the LP relaxation
[10]. In fact, the main use of the LP relaxation in solving a mixed IP is
that the optimal value of the LP relaxation provides a lower bound (for
the minimization problem) on the optimal value of the corresponding
mixed IP (Johnson et al [9]).

For pure and mixed IPs man& of the most effective branch-and-
bound procedures are based on the use of the simplex method. Simplex
based methods begin by solving the LP relaxation of the problem. If an
integer solution is not obtained, one of the integer variables that is
fractional in the LP solution, denoted by xx, where k is the variable index,
is selected and two descendants of the original problem are created. This
operation is called branching. Thus the original problem has been
replaced by two IPs that now must be solved [1].

More formally, let z* denote the objective function value of the best
integer solution found thus far (the incumbent) and z.p the objective
function value of the corresponding LP relaxation. Then, whenever a
current IP minimization problem is solved as an LP, one of the following

occurs:
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1.) The LP has no feasible solution (in which case the current IP
also has no feasible solution).

2. The LP has an optimal solution z.p > z* (in which case the
current IP optimum zip > zLp > 2" and therefore cannot provide
an improvement over the incumbent).

3.) The optimal solution to the LP is integer and feasible, and
yields zip < 2" (in which case the solution is optimal for the
cﬁrrent IP and provides an improved incumbent for the original
IP. Therefore, z* is reset to zrp).

4.) None of the above occurs; i.e., the optimal LP solution exists,
satisfies zLp < z%, but is not integer and hence not feasible to the
current IP.

In each of the first three cases, the current IP (the current node) is
said to be fathomed or implicitly enumerated. A node can be fathomed by
infeasibility (case 1), bound (case 2), or optimality (case 3). A problem
fathomed as a result of (3) yields useful information because it allows the
incumbent to be updated. If the problem is not fathomed and hence
winds up in (4), further exploration or branching is required. A node
that is not fathomed and whose corresponding constraint set has not
been divided is said to be live or active. If there are no active nodes

remaining the enumeration is complete [1].
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A tree of solutions, as shown in Figure 6-1, may describe the set of

all solutions to a problem solved in this way. This figure shows the case

of a 0-1 problem.

In the figure, the numbered circles are called nodes or
subproblems, and the lines connecting the nodes are called branches or
edges. Node 0, the root node, represents the set of all solutions. A
sequence of nodes and branches from node 0 to any other node k is
called a path to node k and will be denoted by Px. Along each branch one
constraint is imposed on the variables, so that node k represents the set
of all solutions which satisfy the original constraints plus the constraints
imposed by each of the branches in the path from node O to node k. For
example, node 4 of Figure 6-1 represents the set of all solutions for
which x1 =0, x2 = 1, in addition to the original constraints. A node
further down a given path represents a subset of solutions of any node

above it on the same path [3].

Figure 6-1. Tree of solutions for 0-1 programming problem.




{

6A5
6.2 Method Using LP Relaxation
We will denote the feasible region for the IPby S={x: Ax=b, x>0
and integer}. The feasible region for the corresponding LP relaxation will
be denoted by T = {x: Ax =b, x > 0}, where Sc T. For a path Px in the
tree connecting node O to node k, let Sk be the intersection of S with the
set of points satisfying the constraints given by the edges of Px. Note that
Skc S. ( |
Suppose that the enumeration is at node i in the tree. The
problem at node i is
zip = min {cx: x € SY (6.1)
A lower bound z'< zip may be calculated by considering the relaxation
(LPy of (6.1):
z' = zZip=min {cx: x € Tio S§ (6.2)
Note that a lower bound at node is valid for any of its successors; i.e., if
node k is a successor of node i, then Ti o Si 5 Sk,

Suppose that the LP (6.2) is solved at node i and the solution xi is
not all-integer. In particular, some basic variable xx = LXRJ + e, 0 <fie< 1.
Then a partition of St is

{Si A{xxe< |z [}, S A {xixe> I_Xk—l}} (6.3)
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where | x«| denotes the largest integer less than or equal to %, and [ x|

denotes the smallest integer greater than or equal to x.
Assume that an upper bound u, is known for each variable x;, j= 1,

..., . Let

S = {x:Ax =b0<qgl<x< ,B; <u; xinteger, j = 1,...,n} (6.4)
at node i, where ¢! and ,Bi. are integers determined from (6.3), and ¢9=0
0_
and g;= u,.

The LPs resulting from the partition (6.3) are manageable since the
added constraints are lower and upper bounds on the individual
vaﬁables. These problems are solved using either relaxation or the dual
simplex algorithm (Wolsey [19]). We will use relaxation.

The algorithm is as follows:

Step 1 (Initialization): Begin at node i = 0, where S° is given in (6.4), z° =

o and 2° = w. Go to Step 2.

Step 2 (Branching): If no active nodes exist, go to Step 7; otherwise,
select an active node i. If the LP (6.2) has been solved, go to Step 3;
otherwise, go to Step 4.

Step 3 (Partitioning): Choose a variable xx with fi > 0 and partition Si as

in (6.3). Go to Step 2.
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Step 4 (Solving LP): Solve the LP relaxation (6.2). If the LP is not

feasible, fathom node i and go to Step 2. If the LP has an optimal
solution xi, let z! = |-ziu,-| and go to Step 5. (Note that z' can be rounded
up because every integer solution yields an integer objective function

value, assuming that the cost coefficients are integers, as is done here.)

Step S (Fathoming by optimality): If xi is not all-integer, go to Step 6;
otherwise, let z' = z and fathom node i. Let z° = min{z_°, ;} and go to
Step 6.

Step 6 (Fathoming by bounds): Fathom any node i such that z! > 2° and
go to Step 2. |

Step 7 (Termination): Terminate. If 2 = «, there is no feasible solution.

If 2° < «, the feasible solution that yielded 2° is optimal. [1]

The algorithm generates a tree of solutions similar to that in Figure
6-1. Each non-terminal node has two branches, corresponding to the
two constraints xx< | xx|and xx> [xx]. However, unlike Figure 6-1, the
same variable xx may be constrained by more than one pair of branches.

Example 6.1:¢ The use of the algorithm is illustrated in the

example below:
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min z = x; + 8x»

st 2x:+3x226
-3x1+ %<1
X1+ X2<7
X1 -3x2<1

xj 2 0 and x1, X integer

To begin, the only active node is node 0 so we go to Step 4 and

solve the corresponding LP. The optimal LP solution is z£ = 5%, so we

can set z, = 6. The decision vector x° = (7 , % ) which is not all-

integer. Following the logic, we go to Step 3 and choose x; for
partitioning. Two new nodes are created as a result. The first, node 1, is

associated with x; < 2 and the second, node 2, with x; > 3.

Solving the augmented LP at node 2 gives 2%, = 2% and x2 = (3,
% ) which does not provide an improvement in the objective function

lower bound because z? = [-zfp-i = 9. We now choose x; for partitioning
and create node 3 and node 4 defined by the constraints x2 < 0 and Xz >
1, respectively. Solving the LP at node 4 gives an all-integer solution x* =

(3, 1) with 2z}, = 11. We can set 2° =11 at Step 5 and fathom the node.

Nodes 1 and 3 remain active. We branch to node 3, the most

recently created of the two. The LP is infeasible, so we fathom node 3.
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Now only node 1 remains active. We go to Step 4. Solving the LP yields
zl, = 2y and decision vector x1 = (2 y ). We branch on x, the onl

LP 3 > /3l 2, y
fractional variable, and create nodes 5 and 6.

Choosing node S results in an infeasible solution, and so, node 5 is

fathomed. Following the logic takes us to Step 4. Solving the LP
relaxation of node 6, we obtain z%, = 1% and x5 = ( y » 1). Branching on
Xj creates new nodes 7 and 8 corresponding to x; < 1 and x; >2,
respectively.

We solve node 7 first. Solving the LP gives z/, = 3% with x7 = (1,
% ) which is fractional. However, 2z’ = I_ zZP-I = 12, so at Step 6 we see

that 27 > z° indicating that node 7 is fathomed. Branching on the >

constraint and solving the LP gives an all-integer solution x8 = (2,1) with

zgp =2® = 10. At Step 5, the upper bound is updated to give

2° = min{11, 10} =10 and node 8 is fathomed. No active nodes remain,
so the optimal solution is z* = 10 and x* = (2, 1).

The full search tree is shown in Figure 6-2. If we had branched off
of variable x; instead of x; at node 0, we would have obtained the optimal

solution much more quickly, as shown in Figure 6-3.

N v s e



Node 1
z=22/3
xt= 2
x2=2/3

N 2>
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x2=4/9
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Node 2
z=25/3
x1= 3
x2=2/3

Q
L
+f»/

+

Node 5 Node 6 Node 3
No z=19/2 No
feasible x1=3/2 feasible
solution x2= 1 solution

N +,
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Node 7 Node 8
z=35/3 z=10
x1= 1 x1=2
x2 = 4/3 x2=1

| Candidate

. Solution
Infeasible

Node 4
z=11
x1=3
x2=1
Candidate
Solution

Figure 6-2. Tree of solutions for initial branch on x;.
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No z=192
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Node 3 Node 4
No z=10
feasible x1=2
solution x=1
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Figure 6-3. Tree of solutions for initial branch on xa.

6.3 Branching

As can be seen from Figures 6-2 and 6-3, variable choice can be

critical in keeping the tree size small. A simple rule is to branch on the )

i.e., with the maximum

variable whose fractional value is closest to 12 ,

integer infeasibility. We can also assign priorities to the integer variables -

such that we branch on the most important variable first. The
importance of an integer variable may be based on one or more of the
following criteria:

< It represents an important decision in the model

< Its cost or profit coefficient in the objective function is very large

compared to the others
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<+ Its value is critical to the model based on the experience of the

user (Ravindran[14])

Other rules, used by many commercial solvers, try to choose a
variable that causes the LP objective function to increase quickly (for a
minimization problem) in order to make the LP values at the child nodes
as large as possible. This is done in an attempt to prune (fathom) one or
both of thé child nodes using the fact that a node can be pruned if its LP
value is greater than or equal to the best known IP solution. Early
branching on variables that cause big changes can be critical in keeping
the tree small.

However, it would be too expensive to compute the actual objective
function changes for all candidate variables every time that branching
was required. Instead, estimates of the rate of objective function change
on both the down and up branches, called pseudocosts, are used. The
pseudocosts can be obtained fromi dual information at the node, or be
based on actual changes from previous branchings involving the
variable.

Instead of using an estimate of the change, we can also perform
explicitly one or more dual simplex iterations to obtain a lower bound on
the change, and use the lower bound to choose among variables. A |
recent variation of this idea has become known as strong branching. In

strong branching, a fairly large number of dual simplex iterations are
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carried out, but only for a small number of candidate branching
variables. Strong branching has been shown to be very effective for large

set partitioning problems and large traveling salesman problems [9].

6.4 Node Selection

Another question that must be answered is, given a list L of active
subproblems or equivalently, a partial tree of unfathomed or live nodes,
which node should be examined next? Node choice rules are partially
motivated by the desire to find good feasible solutions early in the
search. This is important for two reasons: if time runs out a good
answer may be all one gets, and a good upper bound inhibits the growth
of the tree [9]. The available options can be divided into two categories:
(ll) a priori rules that determine in advance the order in which the tree
will be developed; and (2) adaptive rules that select a node using
information such as bounds or function values associated with the live
nodes.

The most commonly used a priori type rule is depth-first search
plus backtracking, which is also known as last-in, first-out (LIFO). In this
approach, if the current node is not fathomed, the next node considered
is one of its two children. Backtracking means that when a node is

fathomed we go back on the path from this node toward the root until we
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come to the first unfathomed node which has a child node that is still
active.

A second (basically) a priori rule is known as breadth-first search
which is thé opposite of depth-first search. The level of a node in an
enumeration tree is the number of edges in the unique path between it
and the root. In breadth-first search, all nodes at a given level are
considered before any nodes at the next level. If tight lower and upper
bounds are available early on, this approach can be very effective
because it may significantly reduce the size of the overall tree. The
number of new nodes potentially doubles with each successive level.
This method of sear;:hing is also known as best-first or best-bound search
[1].

Both methods have advantages and disadvantages. Best-first
search tends to minimize the number of nodes evaluated and at any
point during the s;aarch attempts to improve the global lower bound on
the problem. Best-first search concentrates on proving that no solution
better than the current one exists. Searching in this way may be
restricted by memory requirements if good upper bounds are not found
early, leading to relatively little pruning of the tree. In addition, since the
tree is explored in a breadth-first fashion, with one LP having little

relation to the next, computation times are higher.
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Depth-first search overcomes the problems of breadth-first search.
Searching in this way tends to minimize memory requirements, and
changes in the LP from one node to the next are minimal - usually
changing only one variable's bound. Another advantage is in finding
feasible solutions since feasible solutions tend to be found deep in the
search tree. Depth-first search was the method proposed by Dakin in
1965 and Little et al in 1963, primarily due to the small memory
capabilities of computers at that time. Although this method of
searching has its strengths, it can lead to leéd search trees. The large

trees are due to the fact that we may examine many nodes that would

have been fathomed had a better upper bound 2° been known [10].

6.5 Preprocessing

Preprocessing applies simple logic to reformulate the problem and
tighten the LP relaxation. In the process, preprocessing may also reduce
the size of the problem by fixing variables and eliminating constraints.
Sometimes preprocessing may detect infeasibility.

The simplest logical testing is on bounds. Let L; be any lower
bound on the value of the ith row Aix subject only to ] < x < u and let Ui be
any upper bound on the value of the i row Aix subject only tol<x<u.
A constraint Aix < b; is redundant if U; < b; and is infeasible if L; > bi. A

bound on a variable may be tightened by recognizing that a constraint
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becomes infeasible if the variable is set at that bound. In the case of 0-1
variables, the initial lower and upper bounds on the variable are 0 and 1
respectively. If these bounds are improved, then the variable can be
fixed. For example, if the upper bound of a 0-1 variable is less than 1,
then it can be fixed to 0. Of course, if the lower bound is positive and the
upper bound is less than 1, then the problem is integer infeasible. In
summary, considering how one row together with upper and lower
bounds may lead to dropping the row if it is redundant, declaring the
problem infeasible if that row is infeasible, or to tighten bounds on the
variables. |

These logical testing methods can become powerful when

combined with probing. Probing means setting temporarily a 0-1 variable
to O or 1 and then redoing the logical testing. If the logical testing shows
that the problem has become infeasible, then the variable on which we
probe can be fixed to its other bound. For example, 6x; — 4x, < 5
becomes infeasible when x; is set to 0. We conclude that x, must be 1 in
every feasible solution. If the logical testing results in another 0-1
variable being fixed, then a logical implication has been found. Consider
6x1 + 5%z + 2x3 < 9. Ifx, is set to 1, then subsequent bound reduction
will fix x2 to 0. Thus, we have found the logical implication x; = 1 implies

X2 = 0, which can be represented by the inequality x; + x; < 1. Adding
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this inequality tightens the LP relaxation since (1, % , 0) is feasible for

the original inequality, but infeasible for the implication inequality. If the
logical testing shows that a constraint has become redundant, then it
can be tightened by what is called coefficient reduction or coefficient
improvement. For example, 2x; + X2 + X3 > 1 becomes redundant when x;
is set to 1. Whenever a variable being set to 1 leads to a strictly
redundant > constraint, then the coefficient of the vaﬁale can be
reduced by the amount that the constraint becomes redundant.

Therefore, 2x; + x2 + X3 > 1 can be tightened to x1 + X2 + X3 > 1. Note that

( y » 0, 0) is no longer feasible to the LP relaxation of the tightened

constraint. ﬁess obvious coefficient improvements can also be found
during probing. For example, if there are inequalities
X1£X2,X1<X3,and xo+x3>1 (6.4)
then setting x1 to 1 leads to a strictly redundant inequality x; + x3 > 1,
and the coefficient of x1, namely 0, can be lowered to -1. Clearly, (6.4)
and
X1£Xg, X1 <Xz, and X1 +Xo+x32>1

have the same set of 0-1 solutions. However, the fractional solution

( y , y , %) is allowed by the first set of inequalities, but not by the

strengthened second set. One important aspect of probing and
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coefficient improvement is that it applieé to the mixed 0-1 case and not
just to pure 0-1 problems.

To give some idea of the relative computational difficulty of the
various preprocessing techniques, any of the techniques applied to only
one row is not likely to take much time and will almost always be worth
doing. This remark applies to fixing, identifying redundant rows, bound
reduction, coefficient improvement, and finding implication inequalities.

Full probing on the matrix is the most time consuming part of
preprocessing. Probing may be restricted to probing on variables that
are fractional in the current LP solution. Despite efficient
implémentations probing remains a possibly effective but sometimes too
time consuming preprocessing technique that requires care in practice.

In summary, preprocessing may identify infeasibility, may identify
redundant consfraints, may improve bounds, and may fix variables.
Coefficient improvement leads to simply replacing an inequality by a
stronger one. Thus, it can be done in a preprocessing phase independent

of solving the linear program [9].



CHAPTER 7

ADDITIVE ALGORITHM ‘

7.1 Introduction

Before discussing the additive algorithm, we show how any pure IP
may be expressed as a 0-1 IP; Simply express each variable in the
original IP as the sum of powers of 2. For example, suppose that the
variable x; is required to be an integer. Let n be the smallest integer such
that we can be sure that x; < 27*1, Then x; may be (uniquely) expressed
as the sum of 29, 21, ..., 271, 27 and

Xi= Un27+ Una2™1 + - + U222 + 2u1 + Uo (7.1)
where u;=0or1,i=0,1, ..., n

To convert the original IP to a 0-1 IP, replace each occurrence of x;
by the right-hand side of (7.1). For example, suppose we know that x; <
50. Then x; < 25*1 = 64, and (7.1) yields

Xi=32us + 16us + 8us + 4uz + 2u; + Uo (7.2)
where ui=0orl,i=1, .., ,5' Then replace each occurrence of x; by the
right-hand side of (7.2).

How can we find the values of the u's corresponding to a given
value of xi? Suppose x: = 43. Then us will be the largest multiple of 25 =

32 that is contained in 43. This yields us = 1; then the rest of the right
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side of (7.2) must equal 43 - 32 = 11. Then us4 will be the largest
multiple of 24 = 16 contained in 11. This yields us = 0. Then us will be
the largest multiple of 23 = 8 contained in 11. This yields us = 1.
Continuing in this way, we obtain uz = 0, u1 = 1, and uo = 1. Thus 43 =
25+ 23 4+ 21 + 20,

Since 0-1 IPs are generally easier to solve than other pure IPs, one
may ask why we don't transform every pure IP into a 0-1 IP. The answer
is simply that the transformation from a pure IP into a 0-1 IP greatly
increases the numBer of variables. However, problems such as lockbox
and knapsack problems naturally yield 0-1 problems. Thus, it is
worthwhile to learn how to solve 0-1 IPs [18].

The (mixed or pure) 0-1 linear problem has an important property
characterized by the following theorem from Taha [17]:

Theorem 7.1. In a linear 0-1 problem, mixed or pure, assume that
the integer constraint is replaced by the continuous range 0 < x;< 1; then

(i) the resulting continuous solution space contains no feasible
points (i.e. no points satisfying the integer conditions) in its interior, and

(i) the optimum feasible solution of the integer problem occurs at
an extreme point of the (continuous) convex space.

Proof: Part (i) follows from the fact that a feasible point must satisfy

the restriction x;= 0 or x;= 1. Since these are boundary planes of the
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continuous solution space, it is impossible, by definition, that any such

. point can be an interior point.

Part (ii) is obvious for the pure 0-1 problem. In the mixed case,
suppose X; = X;*, where x/* = 0 or 1, j e I (I is the set of subscripts of those
variables required to be integer valued), are the optimal feasible integer
values. By fixing these values, the resulting 0-1 problem becomes a
regular LP in the remaining continuous variables. Thus, by LP theory,
the optimum solution to the original 0-1 problem must occur at an
extreme point of the (continuous) convex solution space, specifically
because x; = x/* are boundary planes of the convex set. ¢

0-1 programming problems could be solved by using either the
cutting plane method or the branch and bound method. The desire for
greater efficiency and the simplicity of 0-1 problems led to the
development of another method. The fact that each variable in a 0-1
problem can take on only one of two values means that small 0-1
problems can sometimes be solved by inspection. Consider the problem

min z = 3x; + 5xX2 + 4X3
st Xi3,X2,Xxs=0orl

Clearly to minimize z we would make each variable as small as
possible yielding the solution x; = X2 = x3 = 0.

Not all problems can be solved by inspection so easily. However, in

a large problem it is possible that solution values for several of the



variables can be found by simple inspection of the constraints. Once

values are known for some variables, these variables are eliminated and
the problem shrinks in size. Consider the problem
Example 7.1: min z = 5x; + 7%, +10xs + 3%4 + x5
st X1-3x2+5x3+ X4—4xséQ
2X1 - 6x2 + 3x3 + 2X4 - 2X5 < 0
- Xp+2X3 - Xa4—- X521
We want to identify those variables that cannot be 0 because of
one or more constraints, and raise them to 1. Hopefully, one or another
of the constraints enables us to identify one or more variables that must
be 1 rather than 0. We construct from each constraint a bound on every
variable that is a part of that constraint. Then we identify for each
bound of the > type a minimum lower bound by giving the variables on
the right side of the inequality a value of 1 if the coefficient is negative
and O if the coefficient is positive. For each bound of the < type a
. maximum upper bound is identified by assigning a vélue of 1 to variables
with positive coefficients and 0 otherwise.
Following this procedure we obtain the bounds shown below.
Constraint 1

(a) x1>2 + 3x2 —- 5X3 - X4 + 4%x5; min LB = -4

(b)xzs_%”%"l*%’i“}{Xw%Xs; max UB = ¥



(c)x:sz%-%m+ %X2—%X4+ %Xs; min LB =0

(d) X4 > 2 - x1 + 3%2 — 5%3 — X4 + 4Xs; min LB = -5

(e)xss—% +%xl- %X2+ Y X+ %x:;; max UB = %,

Thus we do not learn anything we did not already know from

Constraint 1.

Constraint 2

(a)X1S3X2—%X3—X4+X5; max UB =4 .

(b) x2 = %xl+ }éxs+ %m-%xs; minLB=-}é
(C)X3$-23X1+2X2' %X4+ 23X5; max UB = 33
(d) x4 < -X1 + 3%2 — ¥ %5 + X5; max UB = 4

(€) Xs>x1- 3%+ ¥ X3+ X4; min LB =-3

2

Thus we learn nothing of value from Constraint 2.

Constraint 3

(@) x2<-1+2x3 -x4-Xs5; max UB =1

(b)xs> ¥ + Y xo + Y xa+ ¥ xs; minLB= ¥/
() X4<-1-%2+2x3-x5;maxUB=1 |

(d)xs<-1-x2+2x3- %4, maxUB=1
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From (b), we learn that x3 = 1. Now by eliminating x3z and repeating the
process, we could find final solution values for }Jther variables and
eventually solve the problem (McMillan [11]).

Clearly this becomes a tedious process. If we are to solve larger
problems §vith many variables and many constraints we will need a
superior search procedure. Balas' algorithm is such a procedure. Before
examining Balas' algorithm we will discuss how to modify the 0-1

problem so that all coefficients in the objective function are positive.

7.2 Negative Coefficients in the Objective Function

The previous example was the simplest case of all positive integer
coefficients in the objective function. We will assume that in all 0-1
problems negative coefficients will be replaced as illustrated in the
following example:

Example 7.2: min z = 10x; — 5x2 + X3

st X1+2X2-X322
2x1+ X2 +X3<3
xi=0Qorl1l,i=1,2,3

To eliminate the negative coefficient of x3 in the objective function,
we define a new variable:

y2=1-X2 or Xa=1-y2

and the objective function becomes




10x; ~ 5(1 - y2) + 3x3
= 10x; + Sy2 + 3x3 -5
Hence, the new problem is
min z = 10x; + 5y2 + 33
st X1—-2y2—-%320

21— y2+X3<2

From the value of y2, we can find the solution value of xa.

7.3 Balas' Additive Algorithm

85

Egon Balas' procedure for solving 0-1 problems was first presented

in 1965. His algorithm, like branch and bound, enumerates all solutions

either explicitly or implicitly.

Given a 0-1 problem in two or three variables, we can quickly

enumerate the solutions (feasible and nonfeasible) as shown below:

2 variables 3 variables
(0, 0) (0, 0, 0) 0, 1, 1)
(0, 1) (0,0, 1) (1,0, 1)
(1, 0) 0, 1,0) (1, 1, 0)
(1, 1) (1,0, 0) (1, 1, 1)

When four or more variables are involved, the procedure to be used

in calculating the possible solutions becomes more complex. An orderly
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procedure for enumerating the solutions, given any number of variables,
is suggested by the network for four variables in Figure 7-1.

Each node in the network of Figure 7-1 specifies a solution. The
numbers associated with a node represent the subscripts of variables
that have values of 1 in that solution. To construct the network one
draws, from each node, one line for each variable that does not have a
Yalue of 1 at the origin node. Each line "adds," for the variable it
represents, a value of 1 at the node at which it terminates. Thus, from
the node numbered 2, representing the solution (0, 1, 0, 0), lines labeled
1, 3, and 4 are drawn. The line labeled 1 terminatés at a node in whose
solution x; = 1; etc.

The importance of implicit enumeration is apparent if one imagines
a four variable 0-1 problem in which x4 =1 is infeasible. Solving by
enumeration, we could now ignore all solutions in which x4 = 1; i.e., the
sdlutions associated with nodes eliminated from the network, as shown
in Figure 7-2.

Similarly, suppose we find that the solution x2 = 1, xs = 1, all other
variables = 0, is infeasible (but not necessarily optimal). We could now
ignore all solutions represented by nodes connected from below to node
2,3. All nodes connected from below node 2,3 represent solutions in
which additional variables other than %, and x3 have been given values of

1. Since all coefficients in the objective function are positive, these



Figure 7-1. Network of solutions for a 4 variable 0-1 problem.




88

1,2,3 0124 01340234

O 1,2,3,4

Figure 7-2. Network with solutions in which x4 = 1 are eliminated.
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solutions are less attractive. We can say they have been enumerated
implicitly, and we can ignore them [11].

Before giving the procedure of the algorithm, we introduce some
new terms and notation. Given a path Px from node 0 to node k, the
partition at node k is determined by choosing a free variable x;j and
introducing

{Sk N{x:x=0},8* " {x:x; = 1}} (7.3)
The path Pk corresponds to an assignment of binary variables to a subset
of the variables. Such an assignment is called a partial solution. We
denote the' index set of assigned variables by Wk < N and let
St={jjeWrand =1}

Sk ={j:j € Wk and x; = 0}

Sk ={J:j & Wk}
A completion of Wk is an assignment of binary variables to the free
variables specified by the index set S9.

Bounds

The problem considered at node k is

min flx)= Yeox + Yg-

jes? jest
Yaxi<bi- Yaj=sj,i=1,..,m (7.4)
jes,(g Jjest



x;j=0orl, jes?

Let Tk={x: x;=0o0r 1, j eSR}. Because ¢;= 0, the relaxed solution xk is

obtained by setting x;=0, jeS?. Thus z* = Y ¢. Also, ifs = sy, ..., Sm)
jest

> 0, then =k is feasible to (7.4) and z* = z&, = >q.
jest
Fathoming

Node k can be fathomed if

a) z_k=zk

b) Z>2°
using the bounds derived above. Note that (a) occurs when x¥ is feasible
to (7.4). A sufficient condition for (b) to hold can be easily evaluated.
Suppose that for some i

t:= > min {0, ag}>s;
jesR

In this case, no completion of Wi can satisfy constraint i so z* =, and

node kis fathomed. For example, consider the constraint

Za'ij= -5X1 + 4%+ 2X3-3x4<-11 =s;
jeS,%

The computations give t;= -8 > s; = -11 so node k is fathomed.
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Partitioning and Branching
We would like to identify the subset of free variables at node k of
which at least one must be equal to 1 in a feasible completion of Wi. Let
Qx={1is:i<0}. If Qx = &, then node k is fathomed since x* is feasible. If
Qx= J, let
Rk ={j j €Sk and ay < 0 for some i € Qx

At least one variable whose index is an element of Rx must equal 1 in any
feasible completion of Wx. We can partition on some x;j, j € Rk, and then
branch to the successor node corresponding to x;= 1. The following rule

chooses such a j € Rk in an attempt to move toward feasibility. Define

I = Zmax {0,-si}=->si

ieQk

- to be the infeasibility of (7.4). By choosing x;, the infeasibility at the

successor node is

Ix(j) = imax {0,-si + ay}

i=1
and x, is selected such that

I{p) = mJn Ix(j)

For example, if the constraints at node k are
-6xX1 — 2X2 + 2X3< -3

-3X1—-4x2 + X3<-2




7X1+5xX2-5x3< 4

then Rk = {1,2}, Ix(1) = 3, and Ix(2) = 2 so x is chosen as the partitioning
variable.

It is possible to represent Pk concisely in vector form. In Figure 7-
3, Ps is represented by the vector (§, 1, i) , where the order of the
components indicates the level in the tree. Indices appear in the Px
vector if they are in Wi. They appear underlined if they are in S;x. When
branching to X, = 1 from node k, we simply change Px to (Px, p). In
Figure 7-3, branching to x» = 1 from node 9 yields (3, 1, 4, 2). In
backtracking, we underline the rightmost nonunderlined entry and erase
all entries to its right. In the figure, to backtrack from node 9 to node 7,
the vector is transformed from (3, 1, 4) to (3, 1). When all entries in Px

are underlined and node kis fathomed, every element in Wk has been

evaluated at O and 1, so the enumeration is complete.

Figure 7-3. Example of a binary search tree.
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Now we give the Balas additive algorithm which implements these

ideas.
Step1 (Initialization) At node 0, S3= {1, ..., 73, 2°=—o and z°=c. Go to
Step 2.

Step 2 (Calculating bounds) At node k, let z* = Y ¢. If s;> 0 for all {,
jest

let z* = Z& = 2* and let 2° = min {2°, ;} Go to Step 3.

Step 3 (Fathoming) If t; > s;, for any i, or if 2~ = ; ,orif zF> F, fathom
node k and go to Step 4. If node k is active, go to Step 5.

Step 4 (Backtracking) If no active node exists, go to Step 6. Otherwise,
branch to the newest active node and go to Step 2.

Step 5 (Partitioning and branching) Partition on xp as in (7.3), where

Ix(p) = m%'zrg Ix(j). Branch in the direction of xp, = 1. Go to Step 2.
Jje

Step 6 (Termination) If ;6 = w0, there is no feasible solution. If ; <o,
the feasible solution that yielded 20 is optimal [1].
To illustrate the algorithm, we will look again at Example 7.1.
Example 7.1: min z = 5x; + 7x2 +10x3 + 3x4 + Xs
st X1—-3X2+5xXxs+ X4-4x522
2% —-6X2 + 3X3+ 2%4-2%x5<0

- Xo+2%X3 - X4— X521



At Step 1, we have S§ ={1,...,5}, S6 =S5 =9, 2°=-0, 2=, s

=(-2,0,-1), b = 3, and Ro = {1, 3, 4}. Because all variables are free, we
go to Step 5 and evaluate Io(1) = 4, Io(3) = 3, and Io(4) = S5. The minimum
is associated with p = 3, so we select xs for partitioning and branch in the

direction of x3 = 1. The tree is shown if Figure 7-4.

At ﬁode 1,P1=(3), 2'=-10,s=(3, -3, 1), Ri = {2, 5}, I;(2) = 0, and
11(5) = 2, so we choose x; for partitioning. No feasible solution is
available yet so 2°=w. At node 2, P, = (3,2), 22=17,and s = (0, 3, 0) so
; =17 . We now put ; = ; =17 and fathom node 2. At Step 4, we
backtrack to node 3.

The computations continue at node 3, with Pz = (3, 2), s = (3, -3,

1), and Rs = {§}. But t2 = -2 > s2 = -3 so node 3 is fathomed, and we

Figure 7-4. Search tree for Example 7.1.
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backtrack to node 4. Atnode 4, P4+ = (3),s =(-2, 0, -1) and R4 = {1, 4}.

But ts = 0 > s3 = -1 so node 4 is fathomed. At this point there are no
active nodes so we go to Step 6 and terminate. The optimal solution is
zp=17,x*=(0, 1, 1, 0, O).
Among the advantages of Balas' algorithm are the following:
% addition is the only arithmetic operation required (no systems of
linear equations need be solved), thus eliminating roundoff

problems;

K/
0.0

a feasible solution is usually in store if the calculations are

stopped prior to natural termination by exhaustion;

°,
L4

it is easy to monitor the rate of implicit enumeration as the
calculations proceed, which enables informed stopping rules

and opportunistic implementation; -

&
0‘0

only minor modifications are necessary to handle a variety of

nonlinear objéctive functions (Geoffrion [7]).

7.4 General Branching

The branching rules in the additive algorithm can easily be
modified to make it more general. For example, the requirement of
branching on %, = 1 in Step 5 can be relaxed by altering the vector

representation of Px. If branching to x, = O prior to considering the node
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where xp = 1 is desired, the bookkeeping scheme has to be extended. In

particular, if j € Wk, let it appear in Pk as

(j ifjest and X; = 0 has not been considered
J ifjeSk and x; =0 has been considered

-j ifj €Sk and x; =1 has not been considered

| -J ifj €Sk and x; =1 has been considered

The vector Pk is updated as before except that in backtracking,
after erasing the underlined entries on the right, the rightmost remaining
entry is underlined and its sign is changed. For example, if the order of
nodes considered in Figure 7-4 had been node 1, node 3, node 2, node 4,

the sequence of vectors would have been (3), (3, -2), (3, -2), (-3) [1].

A flowchart for the algorithm using general branching is given in
Figure 7-5 [7].

Theorem 7.2. The procedure of Figure 7-5 leads to a
nonredundant sequence of partial trial solutions which terminates only
when all 2" solutions have been (implicitly) enumerated.

Remark 1: By "nonredundant," we mean that no completion of a
partial solution in the sequence ever duplicates a completion of a
previous partial solution that was fathomed.

Remark 2: The proof below involves induction on the sequence

<Px> of partial solutions.




PutP = ¢.

Put P equal to j
or -j, forany j

No | Attempt to fathom P.
Is the attempt
successful?

Yes

1

Attempt to fathom P. Yes
Is the attempt successful?

No

2

Is the best feasible completion of
P has been found and it is better
than the incumbent solution, store
it as the new incumbent.

Augment P on the right by j or 4,
where xj is any free variable.

3b
Replace the rightmost

3a v

No ( Rightmost element of P

element of P by its underined
complement.

3d

Replace the rightmost
nonunderlined element of P by its

Figure 7-5. Flowchart for additive algorithm with general branching.

underlined complement and drop
all elements to its right.

L underlined?

Yes

3c

No All elements of P

underlined?

Yes
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Proof: If Po = & can be fathomed, the theorem is obviously true.
Hence, we may assume that Po = @ cannot be fathomed.

To show that Pk is nonredundant, we will show that, if Py, ..., Pk
are nonredundant, then Px+1 cannot be nonredundant; i.e., that Px:1
must include the complement of at least one element from each of the
partial solutions fathomed prior to Px1. There are three pathways by
which Pr+1 can be determined from Px; they are labeled I, II, III in Figure
7-5. If pathway I is taken, the desired conclusion follows from Px Pre+1.
If pathway II is taken, the desired conclusion follows from the fact that Px
must have been determined by P« by pathway I and hence Px.; ¢ Pi+1.
To establish the desired conclusion for pathway III, we observe from
Figure 7-5 that (i.) the element complemented in Step 3d was contained
in every partial solution since it was originally introduced (and hence in
every fathomed partial solution since that time), and that (ii.) Pi1 less its
last element is not redundant with respect to the partial solution (if any)
fathomed up to the time that the deleted element was introduced simply
because Pk+1 less its last element coincides with the actual partial
solution at that time.

It remains to show that <Px> terminates only when all 2" solutions
have been (implicitly) énumerated. Clearly <Px> terminates only if a
partial solution consisting of all underlined elements is fathomed. Our

proof would be complete if we could show that every partial solution has



99

the following property: each underlined element implies that all
completions of that portion up to and including the complement of the
underlined element has been enumerated. Now undeflined elements have
two possible origins: Steps 3b and 3d. Any underlined element created
at Step 3b obviously has the asserted property. To see that the same is
true of underlined elements created at Step 3d, consider the first time
Step 3d is encountered. Then all underlined elements of the
corresponding partial solution P must have been created at Step 3b;
since P was just fathomed, therefore, by "telescoping” it follows that all
completions of P less its rightmost consecutive underlined elements have
been enumerated, i.e., this deleted partial solution has been fathomed.
Thus, the new partial solution generated at the first execution of Step 3d
has the desired property. A similar argument holds for each subsequent

execution of 3d. The proof is now complete. ¢
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CHAPTER 8

BRANCH-AND-CUT

8.1 Introduction

Recall that a valid inequality for a mixed IP is an inequality that is
satisfied by all feasible solutions. Here we are interested in valid
inequalities, called cuts, that are not part of the current formulation and
are not satisfied by all feasible points to the LP relaxation. A violated cut
is a cut that is not satisfied by the given optimal solution to the LP
relaxation. We know from Chapter 5 that if we have a violated cut, we
can add it to the LP relaxation and tighten it. By doing so, we modify the
current formulation in such a way that the LP feasible region becomes
smaller but the mixed IP feasible region does not change. Then we can
resolve the LP and repeat the process, if necessary, so long as we can
continue to find violated cuts [1].

The branch-and-cut method generalizes both pure cutting plane
algorithms as well as branch-and-bound. Generally, at each node of the
branch-and-bound tree, the LP relaxation is solved, violated cuts are
found, these cuts are added to the relaxation, and the process is
repeated. The goal is not only to reduce the number of nodes in the tree

significantly by using cuts and improved formulations, but also by trying
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anything else that may be useful, such as preprocessing, at each node
[19].

In practice there is a trade-off. If many cuts are added at each
node, reoptimization may be slower than before. First, there is the
additional time spent on trying to generate violated cuts, and this time is
spent regardless of whether any violated cuts are found. Secondly, if one
or more violated cuts are found, they are added, to the active linear
program which is then resolved. Therefore, we may be solving several
linear programs per node. The linear programs become larger and are
typically harder to solve. Consequently, we have to be careful and make
sure that the extra time spent on evaluating nodes of the search tree
does result in a smaller search tree and, more importantly, does result in
a smaller overall solution time [1]. Thirdly, keeping all the information in
the search tree is much more difficult. In branch-and-bound the
problem to be solved at each node is obtained just by adding bounds. In
branch-and-cut a cut pool is used in which all the cuts are stored. In
addition to keeping the bounds and a good basis in the node list, it is
also necessary to indicate which constraints are needed to reconstruct

the formulation at the given node, so pointers to the appropriate

constraints in the cut pool are kept [19].



8.2 Branch and Cut Algorithm

A branch-and-cut algorithm is outlined below. In the algorithm, L
is the set of active nodes in the branch-and-cut tree. As in Chapter 6,
the value of the incumbent solution is denoted by z* and the value of the
corresponding LP relaxation is denoted by zip. Also, zr is the value of the
current IP optimum solution and ziis the lower bound on the obtimal
value of the current subproblem under consideration.

Step 1 (Initialization): Denote the initial IP problem by IP° and set the
active nodes to be L = {IP%. Set the upper bound to be z =+w, Setzi=-
o for the one problem i € L.

Step 2 (Termination): If L # ¢, then the solution x* which yielded the

incumbent objective value z* is optimal. If no such x* exists, i.e., if z =
+00, then the IP is infeasible.

Step 3 (Problem selection): Select and delete a problem IP: from L.

Step 4 (Relaxation): Solve the LP relaxation of IP:. If the relaxation is
infeasible, set zi = + and go to Step 6. Let zi denote the optimal
objective value of the relaxation if it is feasible, and le;c xibe an optimal
solution. Otherwise, set zi = -oo.

Step 5 (Add cutting planes): If desired, search for cutting planes that are
violated by xi. If any are found, add them to the relaxation and return to

Step 4.
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Step 6 (Fathoming and Pruning):
a) If z: > zp, go to Step 2.
b) If zi < zp and xiis integral feasible, update zpp = zi, delete
from L all problems with z!> zp, and go to Step 2.
Step 7 (Partitioning): Choose a variable xx with fractional part fx > 0 and
partition Stas in (6.3). Go to Step 2.

The relaxations can be solved using any method for LP problems.
Typically, the initial relaxation is solved using the simplex method.
Subsequent relaxations are solved using the dual simplex method since
the dual solution for the relaxation of the parent subproblem is still
feasible in the relaxation of the child subproblem. Also, when cutting
planes are added in Step 5, the current iterate is still dual feasible, so
the modified relaxation can be solved using the dual simplex method
(Mitchell [13]).

Example 8.1: We will solve the following problem using the
branch and cut method:

min z = -2x; — 5Xa
st 2%1- X2+ X3 =9
2x; + 8%z + x4 =31
x20,j=1,..,4

X1, Xz integer
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To begin, the only active node is node 0 so we go to Step 4 .and
solve the corresponding LP. The optimal solution for the LP relaxation is
shown in Tableau 8-1. Following the logic, we go to Step 7 and choose n
X, for partitioning. Nodes 1 and 2 are created and are defined by the
constraints x; < 2 and x2 > 3, respectively. We first solve the relaxation
for Node 1 and obtain the optimél LP solutioh shown in Tableau 8-2.

We now go to Step 5. Since x; must be an integer, we choose row

1 to generate the cut and

X3 + —Xs5 > or X3+xs=>1

N | =
N
N |

We now substitute for slack variables x3 and xs to obtain

Tableau 8-1. Optimal LP solution for Example 8.1.

1 | Basis C Po P, | P Ps Pq
0 - -- _7% 0 0 _% _%
R REARIIEAr
2 P -5 2% 0 1 _% %

Tableau 8-2.

Optimal LP solution for Node 1.

i | Basis C Po P | P Ps Py Ps
0 - - 21 0 0 -1 0 -6
1 P -2 1 1 0 0 1

1 % % A
2 Py 0 4 0 0 -1 1 -9
3 P; -5 2 0 1 0 0 1
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0-2X1+X2+2—-%X22>1

or
X1S9=>X1+X=6

We add this cutting plane constraint to the optimal LP tableau for Node
1, perform one dual simplex iteration, and obtain an optimal integer
solution shown in Tableau 8-3.

We now backtrack and solve the LP relaxation for Node 2. The
optimal LP solution is given in Tableau 8-4.

We need x: to be an integer, so we choose row 2 to generate the cut -

and

or x4+8xs2>1

N =

1
—Xq4 + 4X5 2
2

Tableau 8-3. Optimal integer solution for Node 1.

1 | Basis C Po P, | P | Ps | Py | Ps | Pg
0 - -- -20 0] 0 0 O|-5]-2
1 P, -2 S 1 0 0 0 0 1
2 Py 0 ) 0] 0 0 1| -8} -2
3 P; -5 2 0 1 0 0 1 0
4 Ps3 0 1 0 0 1 0 1 -2
Tableau 8-4. Optimal LP solution for Node 2.
i Basis C Po P; P; | Ps Py Ps
0 - - | -22 Ol0]O -1 |-3
1 Ps -2 ) 0|01 -1 [-9
2 P 0 % 1100 }é 4
3 P, -5 3 0 1]0 0 -1
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Substituting for the slack variables x4 and xs gives
31-2x;1-8x+8x:-24>1
or
X1<3=>x1+x%x7=3
This cut is added to the relaxation for Node 2 and is solved using
the dual simplex algorithm. The resulting solution is given in Tableau 8-
5.
We now need x2 to be an integer, so we choose row 3 of Tableau 8-
Sto generaté another cutting plane and

1 1

—X4+ —X7 2> or 9x4+2%7;>9

1

8 36 8
We substitute for slack variables x4+ and %7 as before and obtain

- 20x1 - 72x2 > -276
or

S5X1 + 18%2 <69 = 5x; + 18x; + Xs = 69

We add this cut to the tableau of the previous LP solution and

solve using the dual simplex algorithm. The resulting solution is given
by Tableau 8-6. The objective function value for Tableau 8-6, -21, is less
than that of Tableau 8-3. Thus, Tableau 8-6 gives the optimal integer
solution.

Figures 8-1 and 8-2 show the branch and cut tree before and after,

respectively, cutting planes have been added. Notice in Figure 8-1 that



further branching would be required if we were using a branch and

bound method. This problem illustrates that using the branch and cut

method can reduce the size of the search tree.

Tableau 8-5. LP solution after first cutting plane added.

i | Basis | ¢ Por |P1 [P |[P3s| Py | Ps P7

0 -- -- | -173 0] 0]._s 0| .3
7 % | 0| %

1 P 0 49 0|11 0| .9
: % Vs %

2 P; -2 3 1]10]0 0 0 1

3 P -5 | 25 O0|1}|0]| 1 0| .1
: A Vs A

4 P 0 1 O[O0 O 1.1
: Vs Y Ya

Tableau 8-6. Optimal integer solution for Node 2.

1 Basis C Po PP P3| Psg P7 Ps
0 - - | -21 0 0 0 0 |._ 1}{8 - % s
1 Ps 0 6 0 0 1 0 |._ 4}{8 1 s
2 P -2 3 1 0 0 0 1 0
3 Po -5 3 [0 1 0 0 - % s %8
4 Pa 0 1 0|0 0 1 % - %
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Node O
z= -71/3
x1=103/18
x= 22/9
R / N
N
Node 1 Nodce 2
z= 21 z= -22
x1=11/2 x1=7/2
x= 2 x= 3

Figure 8-1: Branch-and-cut tree before cutting.

Node O
z= -71/3
x1=103/18
= 22/9
5 / ©
£ <2
Node 1 Node 2
z=-20 z=-21
X1=95 X1=6
x2=2 =3

Figure 8-2: Branch-and-cut tree after cutting.



8.3 Cut Management

Cut managemeﬁt refers to strategies embedded in branch-and-cut
algorithms to ensure effective and efficient use of cuts in an LP-based
branch-and-bound algorithm. These strategies decide when to generate
cuts, which of the generated cuts (if any) to add to the active linear
program, and when to delete the previously generated cuts from the
" active linear program.

Several strategies have been investigated that try to decrease the
time spent on generating cuts without reducing the effectiveness of the
branch and cut algorithm. This can be done in two ways: (1) by limiting
the number of times cuts are generated during the evaluation of a node,
or (2) by not generating cuts at every node of the search tree.

The nlimber of times violated cuts are generated during the
evaluation of a node is often referred to as the rounds of cut generation.
A popular strategy is to limit the rounds of cut generation to k; in the
root node and k; in all other nodes with k; > ks. Limiting the number of
times violated cuts are generated during the evaluation of a node is not
only important to reduce the time spent on cut generation, it also |
prevents tailing-off. Tailing-off refers to the phenomenon observed
frequently that after several rounds of cut generation the objective
function value hardly changes, i.e., even though violated cuts are

identified and added to the active linear program, their addition ddes not
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lead to a substantial bound improvement. When tailing-off occurs, it
may be beneficial to branch rather than generate cuts, since we may be
spending significant amounts of time on cut generation without
producing stronger bounds and thus without decreasing the size to the
search tree. |

Several strategies have been developed that generate violated cuts
at only a subset of the nodes of the search tree. The simplest such
strategy is to generate violated cuts at only the root node. The resulting
branch-and-cut algorithm is called a cut-and-branch algorithm [1].
Usually an implementation of such a method will expend a great deal of
effort on generating cutting planes, requiring much more time than just
solving the relaxation at the root. The benefits of cut-and-branch include

> all generated cuts are valid throughout the tree since they are

generated at the root;
* bookkeeping is reduced, since the relaxations are identical at
each node;

< no time is spent generating cutting planes at other nodes
Cut-and-branch is an excellent technique for many geheral IP problems,
but it lacks the power of branch-and-cut for some hard problems
(Mitchell [12]).

A variant of this strategy generates cuts only in the top part of the

search tree; i.e., at all nodes with depth less than or equal to some
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parameter t. The rationale behind these strategies is that generating
cuts in the top part of the search tree is more important since it affects
all nodes in the search tree. Another strategy is to genérate violated cuts
at every t node. The rationale behind this strategy is that after
evaluating t nodes we have hopefully entered a different part of the
search space and we will be able to generate Violatéd cuts relevant for it.

As indicated above, another reason for the increase in time to
evaluate nodes is that the addition of cuts leads to larger and more
complex linear programs. To minimize the effects of these larger and
more complex linear programs, a strategy is required that controls the
size of the active linear program. The basic idea behind most control
strategies is to have only a limited number of all available cuts in the
active linear program. Since most of the cuts will not be binding in an
optimal solution anyway, this seems reasonable. The cuts that are not
part of the active linear program are kept in a so-called cut pool [1]. The
pool of cuts makes it possible to reconstruct the parent node more
efficiently, partly because difficulties with tailing-off are reduced [12].

Combining all the above ideas, we obtain the following basic cut
management scheme:

1. Solve the active linear program.

2. Identify inactive cuts. If successful, delete them from the active

linear program and move them to the cut pool.



112

3. Search cut pool for violated cuts. If successful, select a subset

of them, add them to the active linear program, and go to 1.
4. Generate violated cuts. If successful, add them to the cut pool
and go to 3.

Many implementation issues need to be addressed relating to the
above scheme. First, we want to minimize the administrative overhead
as much ag possible. For example, we do not want to move cuts back
and forth between the active linear program and the cut pool all the time.
Secondly, we want to minimize the time it takes to search the cut pool for
violated cuts. Therefore a cut pool typically has a fixed size. A small cut

pool size obviously results in faster search times [1].



SECTION III: APPLICATION

CHAPTER 9

PLANT LOCATION PROBLEM

9.1 Fixed-Charge Problem

In a fixed-charge problem, there is a cost associated with
performing an activity at a nonzero level. Problems in which a decision-
maker must choose where to locate facilities are often fixed-charge
problems. The decision-maker must choose where to locate various
facilities (such as plants, warehouses, or business offices), and a fixed
charge is often associated with building or opeliating a facility [18].

The fixed-charge problem defined as the mixed-integer problem

n

min z = ) (cxi + ki) (9.1)
j=1

st ZaiJXj=bi, i=1,...,m (9.2)
Jj=1

%20, j=1,..,n (9.3)

0 ifx;i=0
= =1, ..., 9.4
Yi {1 ifx >0 7 " ©-4)

involves the minimization of a concave objective function z over a convex

polyhedron Q = {x|Yaxi<bi,i=1, .., mx;>0,j=1, ..., n.
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Constraints (9.2) and (9.3) are nothing more than the region defined in a
linear programming problem [17]. To prove that the objective function is
concave, we have the following theorem from Cooper and Drebes [2]:

0 ifxi=0
1ifx; >0

Theorem 9.1. {j(x) = cx; + kyj, y; ={
is a concave function for x;> 0.
Proof: By definition, a function f(x) is concave if
flAx1 + (1-A)xe] = Mi{x1) + (1-M)f(x2), 0 <A< 1.
Let X3 = AXj1 + (1-A)X2. Then
fAxj + (1-M)xp] = f{xp) = cxp + ki,

0 ifxiz=0
1 ifxjsa >0

where yjs = {
Similarly: f{xj1) = cxn + Ky
fixn) = cxn + kKyp
Therefore, we need to show that
fi{xp) 2 A fi{xa) + (1-3) fi(xz).
Substituting we have
CiAxj + (1-A)Rp] + kys 2 Acxn + Akyn + (1-M)cxz + (1-M)Kyz
= AcXj1 + (1-A)cxp + Ky = Acxi + (1-A)cxp + Akyn + (1-Mkye
which reduces to
Y 2 Ayj + (1-A)yp.

We now prove this is always true.
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Case 1: Suppose yz = 0. This implies that
Ayi + (1-M)y2=0 = x5 =%xp=0.
This implies that yj1 = y» = 0, and therefore, y; = Ayj1 + (1-A)yz.
Case 2: Suppose y = 1. This implies that
Ayin + (1-A)yz > 0.
This implies that either (a.) xj1 > 0, x>0
(b.)xX1>0,%x2=0
(c)x1=0,x2>0
@)x1>0,X2>0>y1=yp=1
>y =Ayn+ (I-AN)yz=1forO<i< 1.
0)xX1>0,x2=0=>y1=1,y2=0
= Yp 2 Ayn + (1-A)yz for 0.<A <1,
€)x1=0,x2>0>y1=0,yp=1
>yp2Ayan+ (1-A)yr forO<A<1. ¢
An important property of this type of problem, proven by Hirsch
and Dantzig [8], is that the optimum solution ﬁ1ust occur at an extreme
point of the feasible space, that is, it must be associated with a feasible
basic solution of Q. This result is not surprising since removing the fixed
charge ky; from the objective function reduces the problem to a linear

programming problem.



|
|
116

9.2 Plant Location Problem

Plant location problems are a variation of the fixed-charge problem.
In the simpiest case, m sources (or facility locations) produce a single
commodity for n customers each with a demand for d; units (j= 1, ..., n).
If a particular source i is operating (or facility is built), it has a fixed cost
f:> 0 and a production capacity M: > 0 associated with it. There is also a
positive cost c¢; for shipping a unit from source i to customer j. The
problem is to determine the location of the operating sources so that
capacities are not exceeded and demands are met, all at a minimal total
cost. All data are assumed to be integral.

To model this problem, we let x; be the amount shipped from
source i to customer j and define y; to be 1 if source i is operating and O if

it is not. Then the IP model is

min z = izn:clgxlﬁiﬂyi (9.5)
i=1j=1 i=1
st ng= di,j=1,..,n (9.6)
Zn:x:-jsMyj, i=1,...,m (9.7)
j=1
X520, all i, j (9.8)

yi=0or 1 (9.9)
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The objective function (9.5) is the total shipping cost

Zi Zj cxi plus the total fixed cost Zi fyyi. Note that f; contributes to the

sum only when y: = 1, or source i is operating. Constraints (9.6)
.guarantee that each customer's demand is met. Inequality.(9.7) ensures
that we do not ship from a source which is not operating (M; is the upper
bound on the amount that may be shipped from source i) and it also
restricts production from exceeding capacity. Problems of this form are
referred to as capacitated plant location problems (CPLP) [15].

The model can be further complicated by assuming that the term

> Zj cixyin the objective function is replaced by some nonlinear

function (mostly concave). It can also be further simplified by relaxing
the capacity restriction on the sources [17]. When the plants are
uncapacitated, the problem is often referred to as a simple plant location
problem (SPLP) [15].

As an example, we will consider the following problem from
Winston [18]:

Example 9.1: A company is considering opening warehouses in
four cities: New York, Los Angeles, Chicago, and Atlanta. Each
| warehouse can ship 100 units per week. The weekly fixed cost of
keeping each warehouse open is $400 for New York, $500 for Los

Angeles, $300 for Chicago, and $150 for Atlanta. Region 1 of the country
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requires 80 units per week, region 2 requires 70 units per week, and
region»3 requires 40 units per week. The costs (including production and
shipping costs) of sending one unit from a plant to a region are shown in
Figure 9-1. We want to meet weekly demands at minimum cost, subject
to the preceding information and the following restrictions:

1) If the New York warehouse is opened, then the Los Angeles
warehouse must be opened.

2) At most two warehouses can be opened.

3) Either the Atlanta or the Los Angeles warehouse must be
opened.

Solution: The company faces two decisions7 First, the

company must decide which plants to operate. We define for i = 1,2, 3,
4,

~_ | 1 if warehouse opened in city i
Y210 otherwise

where i = 1 represents NY, i = 2 represents LA, i = 3 represents Chicago,

and i = 4 represents Atlanta.

To
From Region 1 Region 2 Region 3
New York $20 $40 $50
Los Angeles 48 15 26
Chicago 26 35 18
Atlanta 24 S0 35

Figure 9-1. Shipping costs from city i to region j.
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The company must also decide which warehouses ship to which
regions. We define x4, fori=1,2, 3,4 and j= 1, 2, 3, to be the amount
shipped from warehouse i to region j. This value must be greater than or
equal to zero.
The company wants to minimize the weekly costs of meeting
‘demand = cost of shipping + cost of operating warehouses. The variable
cost of shipping from warehouse i to region jis incurred only if x; > O.
Therefore, the company's weekly costs of shipping are
20x11 + 40x12 + 50x13 + 48x21 + 15x22 + 26x23 + 26%31 + 35x32
+ 18x33 + 24x41 + 50x42 + 35x43.
The cost of operating warehouse i is incurred if and only if yi = 1, so the
weekly fixed cost is ‘
400y1 + 500y2 + 300y3 + 150y4.
Thus, the company's objective function may be written as
min z = 20x11 + 40x12 + 50x13 + 48x21 + 15%22
+ 26x23 + 26x31 + 35x32 + 18x33 + 24x41 + 50x42 (9.10)
+ 35x43 +400y1 + 500y2 + 300y3 + 150ya.

From Figure 9-2 we can obtain the constraints needed in order to

meet the demand without exceeding the capacity.
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Region 1 | Region 2 | Region 3 | Capacity
New York X11 X12 X13 100}71
Los Angeles X21 X22 X23 100y-
Chicago X31 X32 X33 100y3
Atlanta Xa1 X42 X43 100y4
Demand 80 70 40

Figure 9-2. Summary of demand and capacity.

The weekly demand can be modeled by the following constraints:

X11 + X21 + X31 + X41 = 80 (9.11)
X12 + X22 + X32 + X42 = 70 (9.12)
X138 + X23 + X33 + X43 = 40 (9.13)

The warehouse capacities can be modeled by these inequalities:

X11 + X12 + X13 < 100y, (9.14)
X21 + X22 + X23 < 100y, (9.15)
X31 + X32 + X33 < 100y3 (9.16)

X41 + X42 + %43 < 100y4 (9.17)

The company faces three types of constraints: |
Type 1 constraint: If the NY warehouse is opened, then the LA warehouse
must also be opened.
Type 2 constraint: At most two warehouses can be opened.
Type 3 constraint: Either the Atlanta or the LA warehouse must be
opened.

The type 1 constraint states thaty: =1 =y, = 1. We can

accomplish this by including



or y1-y2<0 (9.18)

The type 2 constraint says that at most two of yi, y2, ys, y+ can
equal 1 and the others equal 0. To accomplish this we add
Vit y2+ys+ys<2 (9.19)
The type 3 constraint states that y2 = 1 or y4 = 1. We accomplish

this by adding the constraints

y22p =y2-p20 (9.20)
Va2l-p =>ya+p=21 (9.21)
p=0orl . (9.22)

To show that the last constraints are the ones we want:
p=0=>y2=00rl=>ys=1
p=1l=y2=1=>ya=0orl.
Then the problem the company needs to solve is:
min z = 20x11 + 40x12 + 50X13 + 48X21 + 15X02 + 26X23 + 26X31
+ 35Xs2 + 18X33 + 24X41 + 50X42 + 35x%43 +400y; + 500y2 + 300ys + 150ya
st X1+ X21 + X331 + X41 = 80
X12 + X22 + X32 + X42 = 70
X13 + X23 + X33 + X43 = 40
X11 + X12 + X13 < 100y;
X21 + Xo22 + X23 < 100y,

X31 + Xs2 + X33 < 100y3



Xa1 + Xa2 + %43 < 100y4

y; -y2<0

Yyi+y2+tys+ya<2

y2-p=0

Va+p=1

p=0orl

Xj20,1=1,2,3,4;,j=1,2,3

yi=0or 1,i=1,2,3,4

To solve this problem we will use the LINDO software. The LINDO

problem and solution windows for this problem and more information
about LINDO can be found in the Appendix.) The solution obtained by
LINDO tells us that the min z = $4750. The company should open
warehouses in Los Angeles, which ships to regions 2 and 3, and in

Atlanta, which ships to regions 1 and 3.
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APPENDIX

SOLVING IP PROBLEMS

WITH LINDO AND WHAT’S BEST

A.1 LINDO

LINDO (Linear Interactive and Discrete Optimizer) was developed
by Linus Schrage. It is a user-friendly computer package that can be
used to solve linear, integer, and quadratic programming problems [18].
The mgin purpose of LINDO is to allow a user to quickly input a
formulation, solve it, assess the correctness or appropriateness of the
formulation based on the solution, and then quickly malr-{e minor
modifications to the formulation and repeat the process.

A LINDO model has a minimum requirement of three things. It
needs an objective, variables, and constraints. The objective function
must always be at the start of the model and is initiated with either a
MAX (for maximize) or MIN (for minimize). The end of the objective
function and the beginning of the constraints is signified with any of the
following:

subject to
such that

st
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Field/Control Description

Status Gives status of current solution. Possible values
include: Optimal, Feasible, Infeasible, Unbounded.

Iterations Number of solver iterations.

Infeasibility Amount by which constraints are violated.

Objective Current value of the objective function.

Best IP Objective value of the best integer solution found.
Only relevant in IP models.

IP Bound Theoretical bound on the objective for IP models.

Branches '| Number of integer variables "branched" on by
LINDO's IP solver.

Elapsed Time Elapsed time since the Solver was invoked.

Update Interval

Interrupt Solver

Close

Frequency (in seconds) that the Status Window is
updated. You can set this to any nonnegative
value desired. Setting the interval to zero will tend
to increase solution times.

Interrupts the solver at any point. Returns the
current best solution found.

Closes the Status Window. Optimization
continues. To reopen Status Window select the

Status Window command from the Window menu.
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branch-and-bound solution - not to the IP. Associated with each
variable in any solution is a quantity known as the reduced cost. The
REDUCED COST portion of the LINDO output gives information about
how changing the o‘bjective function coefficient for a nonbasic variable
will change the optimal solution of the LP.

We define the shadow price for the ith constraint to be the amount
by which the optimal z-value is improved — decreased in a min problem
and increased in a max problem - if the right-hand side of the it?
constraint is increased by 1. This definition applies only if the change in
the right-hand side of constraint i leaves the current basis optimal.\ If,
after a change in a constraint's right-hand side, the current basis is no
longer optimal, the shadow prices of all constraints may change. The
shadow prices for each constraint is found in the DUAL PRICES section
of the LINDO output [18].

LINDO uses the convention that a positive dual price means that
increasing the right-hand side in question will improve the objective
function value. Similarly, a negative dual price means increasing the
right-hand side will cause the objective function value to decrease. A
zero dual price means that changing the right-hand side by a small
amount will have no effect in the solution value. Therefore, under this

convention, < constraints will have nonnegative dual prices, > constraints
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IPs can also be solved within a spreadsheet using What's Best. To
define a range of variables as 0-1 variables, use the Binary option after
defining the variables with the Adjust option. To define a range of
variables to be general nonnegative integers, use the Integer option after
defining the variables with the Adjust option [18].

To illustrate, we will look again at the example from the LINDO
section, except that we will setx1 =xand xe =y:

max 3x +y
st 5x+2y<10
4x+ y<7
x,y20
y integer

The associated spreadsheet looks like Figure A-6 after typing in the
problem data. There are only a few formulas in the spreadsheet. The
name Xj has been defined as D5..E5. The name ¢j has been defined as
D6..E6. The objective function value is in F1 and the formula is
=SUMPRODUCT (cj,xj). The cells D11..E12 are just the numbers
corresponding to those in the formulation. The formula in F11 is
=SUMPRODUCT(D11..E11,Xj), and this formula can be copied to cell F12.

This sum counts the amount of the resource used. The cells H11..H12

are the right-hand side constants from the problem formulation.
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simultaneously. In the Cell Reference box we type the cells with the

constraint SUMPRODUCT formulas, F11..F12 (we could also use the
mouse to highlight these cells). Select < and set the Constraint box to
the right-hand side constants H11..H12. Click Add. Then click Cancel to
dismiss this dialog box. Both constraints will show up in the main solver
dialog box under Subject to the Constraints. To modify these
constraints, highlight and click Change; to remove a constraint, highlight
and click Delete.

Finally, we want to look at one more dialog box that contains the
Options for the solver. This dialog box contains information to control
the method the solver should use for the problem. For our purposes,
make sure that Assume Linear Model is checked. Otherwise, the solver
may terminate with a solution that is not optimal. Click OK. The Solver
dialog box should now look like Figure A-7. Click Solve and a dialog box
(Figure A-8) will appear. Make sure the Keep Solver Solution option is
checked to have the spreadsheet report the answer the solver found. A
box containing additional Reports appears on the right. Highlight
Answer (Sensitivity and Limits do not apply for integer problems) and

then click OK.
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