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ABSTRACT

Error Property of a highly accurate method for discretization solutions of the

Helmholtz equation, called the Green's Function Discretization (GFD) is studied.

Numerical results indicate that 6"^ order of accuracy is obtained using this method in

interpolating any acoustic source. Various combinations of interpolating functions are

examined, and are shown to maintain the order of accuracy. The accuracy of the

discretization for skewed lattice stencils is also examined by numerical example and

yields satisfactory results. Preliminary study on a 3-D problem using this method shown

the same order Of accuracy.
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CHAPTER 1

INTRODUCTION

1.1 Overview

This thesis analyzes numerically, error properties of a unique discretization

method introduced by Dr. J. E. Caruthers et. al. [1], namely the Green s Function

Discretization (GFD). The GFD method has been proven to produce accurate solutions to

the Helmholtz equation. Recently, theoretical analysis has shown the error produced by

this method is minimized.

This thesis begins with some general background on acoustics issues and further

discussions on the existing numerical methods. Chapter 2 is intended to explain the

theoretical idea behind the GFD method and its minimum error property. Methodology

used in this study is also explained. Numerical results of the analysis are then presented.

Thesis concludes with some suggestions for further work.

1.2 Background and purpose

Acoustics is a branch of science, which deals with the .phenomena of sound. Its

objective is to develop understanding on how sound propagates through a medium and

how it interacts with boundaries. By understanding this behavior, people hope to improve

human life in general; to reduce impleasant sound/noise such as noise from jet engines

and machinery, or to improve the sound quality/performance such as for musical
1



instruments. Sound is also recently being applied for other purposes such as for medical

treatment and for structural engineering just to name a few. In short, modem acoustics is

playing a significant role and is the subj ect of many diverse applications in our daily life.

In Computational Mechanics, the study of fluid dynamics, namely Computational

Fluid Dynamics (CFD) has been developed for over 20 year, and has made impressive

progress to become a reliable, design tool [9]. Over the years, many schemes have been

introduced in this area such as the Finite. Element Method (FEM), Finite Boundary

Method (FBM), and Finite Difference Method (FDM) to name a few. These methods

have been very successful for the class of problems for which they were intended. It is

generally agreed that a desirable quality of CFD schemes is ranked by the order of

(Taylor Series) truncation. Therefore, it is expected that a Fourth-order scheme is in some

sense, better than a Second-order scheme and so on [7].

In Computational Aeroacoustics (CAA) however, there is still much need for

knowledge and imderstanding of numerical method. Due to its distinctive behavior and

property, many schemes from CFD cannot be directly applied to acoustics problems.

However, there have been attempts to modify the existing CFD schemes in order to take

into account the differences. Current methods that exist include the Boundary Element

Method (BEM), Finite Element and Spectral Methods, Finite Difference, including

Central Differencing and Implicit Finite Difference (IFD), and Ordinary Differential

Equation (ODE) methods. Unfortunately, there are still many potential difficulties which

arise in applying the CFD methods even with some modifications to satisfy acoustic

behavior. This includes the need to include the far field into the calculation, which is used

to allow the waves in the solution to dissipate, ensuring that errors due to discretized



boundary conditions are not reflecting back into the solution. Extended computation into

the far field would require prohibitively huge computer storage and CPU times.

Caruthers [1] had attempted to overcome the problems by incorporating some of

the basic physical understanding of how waves propagate. It first started when he and

Raviprakash [13] formulated a radiation boundary condition, which allows acoustic

energy to flow out of a near field boundary without any reflections. This results in a

major advantage over the other methods since the far field calculation, which in general

causes the system of equations to .be large and therefore unrealistic to solve, can be

excluded from the general computation.

Caruthers then further extended this idea to introduce a general field discretization

method. This method, called the Green's Function Discretization (GFD) had been proven,

both theoretically [1] and numerically [2], to produce more accurate solutions than other

methods in determining the acoustic potential. This method utilizes well knovm free

space Green's functions for a constant coefficient equation, to obtain a field point

discretization. In general, this discretization can be thought of as simply relating the value

of the unknown at each discrete point of the domain of interest, to the values at a selected

set of neighboring points. This method was shown to accurately discretize the Helmholtz

equation for frequencies approaching the resonant frequency of the local computational

stencil.

Another significant advantage of this method is that it requires only 2 to 3

discretizing points per wave in order to accurately obtain the wave solutions. This is a

major improvement since for the existing standard Finite Difference and Finite Element

Methods for example, to obtain an acceptable accuracy, a minimum number of 10 of



points per wave is needed [13]. Since the number of arithmetic operations required for

. direct solution of the final linear algebraic system resulting from discretization is

proportional to the 4"" power of the number for 2-D problems and the power for 3-D,

this improvement is an enormous gain in computational efficiency [8].

Recently, during a seminar on this topic presented by Dr. Caruthers, a suggestion

was raised by Dr. John Steinhoff to further explore the minimum error property of this

method. That is, to further, investigate if it has any advantage .over the other methods, and

if possible to further improve the method. Further theoretical analysis surprisingly shows

that the error norm produced in this method is a minimum, i.e. the GFD method is the

most accurate method possible. This is actually due to the fact that:

"The minimum norm condition applied to the Green's function expansion

also implies that the interpolating error norm over the set of expansion

functions is also minimum." [3, pg. 3]

Previous numerical results, obtained by this method to interpolate plane wave

functions have indicated that an order of .accuracy of 6 is obtained for a uniform square 3

X 3 lattice [3].

This result was considered deficient, however, in the sense that it was obtained

only for plane wave test functions. Since plane waves were used in the interpolating

function, it might not be surprising that it would accurately interpolate plane waves.

Would this high order property persist for interpolating non-plane wave solutions of the

Helmholtz equation, such as evahescent wave or monopole solutions? Can the method be

improved by adding monopole or evanescent wave functions to the interpolating function

of plane waves? The new theoretical result referred to above concerning the minimum

4



error norm property suggested that some improvements might be obtained by enlarging

the space of the interpolating functions.

This thesis presents a compilation of numerical results examining the error

produced by GFD in discretizing a broader class of solutions to the Helmboltz equation.

It also examines the effects of expanding the interpolating function space on improving

the interpolation accuracy. The studies were conducted over a wide frequency range from

zero to beyond — = where the method ceases to yield accurate results,
c  V2



CHAPTER 2

THEORETICAL BASIS AND METHOD

2.1 Introduction

This chapter begins with a general review of the Green's Function Discretization

to give some general ideas of the method. It then proceeds with a discussion on an

analytical proof of the minimum error property of the diseretization. This is the main idea

behind this thesis.

This chapter ends with a detailed description on the methodology, of how this

numerical study is conducted.

2.2 Review of the Green's Function Discretization (GFD)

Full discussion in this method of discretization is given in reference [1], [6] and

[8]. For the sake of completeness, parts are reproduced here.

We seek to solve the Helmholtz equation in potential form V^^ + A:^^ = 0.

Harmonic time dependence is assumed. Given a region V as shown in figure 2.2.1, there

exists within the region, a cluster of Mpoints r,-, i = 1,2,.. .M, surrounding a neighboring

point, ro. This is later referred to as a stencil of points for tq. Then the acoustic potential,

(j) at point ro may be given as a linear combination of the values of the surrounding M

points. Then,



<l>(r,) = YrjXj(r) (2.2.1)
j=i

where the set ofN functions Xj{r) are all solutions of a linear equation, L{x} = 0, valid

within the region and ;Kis the source strength of each function.

Rewritten in matrix notation,

T  T

9 =y X (2.2.2)

where cp'' and are 1 x M and 1 x respectively and j is an iV x Mmatrix.

For the case with N > M, there exists an infinite set of solutions, y to equation

(2.2.2) all producing (p's which satisfy the Helmholtz equation exactly and match the M

given values at /•/. Minimum l} norm solution is then sought.

Letting

/ = «'x" (2-2.3)

region V

Figure 2.2.1: Green's Function Discretization.



where x" the complex conjugate transpose (Hermitian) of x- Then,

(2-2-4)

c'-ilx'xX (2-2.5)

Therefore,

/ = /h";r]"V (2-2.6)

Now, the acoustic potential of interest, ̂ (tq) can be written as,

7=1

or rewritten in matrix form,

A''o)= /Xo = 9^[x" 'x"Xo (2-2.8)

This is the discretized form sought. To emphasize the finite difference form of the

result, let

(2-2-9)

SO that,

(l>(r,) = /a (2.2.10)

2.3 Minimum Error Property of the GFD

This section is to show that the discretization of the GFD method yields optimal

solution, in the sense that the error norm obtained is minimized. Discussion of this

topic is presented in reference [6] and reproduced here for completeness.

For a single stencil, the desired linear discretized form about ro is given by,

8



<Kr.hia (2.3.1)

or,

M

1
1=1

^ = ̂a'<j){r) (2.3.2)
1=1

where 0 is the interpolated value for (z) at r^. Applying equation (2.3.2) to each function

of a given set, xj j ~ ̂ interpolated values are now given by,

M

(2.3.3)
1=1

The error is given by,

Ej=1'j-XjM (2.3.4)

In matrix form,

W= xa (23.5)

E = X^-Xo (23.6)
-  ■)

Since complex numbers are involved, the least L error norm is given by,

\E:f=B"E = [x^-X,T\x^-xA (2-3.7)

-V" / - xSle--X.\

= a"x" x"Xo - Xo"x^+ Xo"Xo

The derivative of \\Ef with respect to the components of a yields,

'I'" - X"M, (2.3.8)da'"

ri

where indicate the derivation of the i' component of a.
da'

Using equation (2.3.8) and substitute a" obtained from the GFD procedure gives,
9



[a"z"-Xo"]x=[xo"Ax"xY z"-Xo"]z (2-3.9)

= Xo"Jix" x]' x" Xo"x
H  H C\

= Xo X-Xo Z=0

which yields the minimum error norm as claimed.

By substituting for a in equation (2.3.7), the corresponding minimum error norm

is obtained as -

ll^lP. = Xo". Ax" xi"" x" Xo - Xo" Ax" x[^ x"'Xo n
n \ H Y " j. " y • • >-Xo m x\ X Xo+Xo Xo

iimin

= Xo" - Ax" x\^ x" ]xo 0 (for N >M)

2.4 Discretization of the field

Following the discussion above, we seek to show numerically the error produced

by this method. Before going any further, a grid of nodes must first be established. The

grid does not have to be uniform, however having a uniform grid could simplify the

solution computation and is known to exhibit the best error properties. This is because,

since the grid lattice is uniform, the influence coefficient, denoted as a is the same

throughout the field domain. Hence, one calculation of a is sufficient for the whole field.

Throughout this study, uniform Cartesian and skew-Cartesian grids are used.

A stencil of points is now defined. As mentioned in section 2.2, in general, a

stencil consists of a cluster of M neighboring points, r,-, i = 1,2,...M, surrounding a point.

To. This point is denoted by a filled circle in figure 2.4.1, where the solution is to be

10



sought. This node will be referred to as the computed node from now on. M can be any

number of neighboring points to the computed node. As shown in references [2] and [8],

as M is increased, a solution that is more accurate is obtained. However, increasing M

may also increase the computing time due to larger band matrix structure. In this study, a

9-point stencil is used, where a linear combination of 8 local nodes is taken as an

approximation to the computed node. These points are shown as empty circles in figure

2.4.2. Note that the local nodes need to surround the computed node at any location.

Therefore, the stencil can not be centered on the boundary of the field. This would lead to

a radiation boundary condition with an unknown source location. This condition is

discussed in detail in reference [11] and is not intended to be covered in this study.

field boundary

field boundary field boundary

field boundary

o Local node
• Computed node

Field Discretization

Figure 2.4.1: Discretization of the field.

A set of interpolating functions is used. This can be any function that is solution

of a linear equation, L{x} = 0. As shall be shown in chapter 3, the functions used in this
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study are either a set of plane waves, monopoles, evanescent waves, or a combination of

any of them. As for the monopole interpolating function, the function has to be placed

outside the field domain of interest, to avoid singularity problem.

Throughout this study, the number of interpolating functions, N is maintained to

be larger than the number of points on the stencil, M. This is to ensure the existence of

under-constrained condition in the system of equations. Besides improving its ability to

more accurately interpolate any incoming wave (by having more interpolating functions),

this condition causes the system to have an infinite number of solutions to the equations.

Thus, the minimum error norm is chosen to restrict the solutions.

Now, let the influence of the first interpolating function, %i, on the second local

node, ^(r2) be Zi2- Therefore, zp would be interpreted as the influence of the j'*'

interpolating function, Zj on the i"' local node, (/)(ri). The matrix form of this function is

defined as

Similarly, let define the influence of the first interpolating function, zi> on fhe

computed node (l)(ro) as Z}(^o) and in general form, Zj(''o)- Lot these be components of the

vector, Zo- n

The Influence coefficient vector, a can then be computed using equation 2.2.9,

that is:

(2-2-9)

To obtain the l} error norm solution to the approximation, Singular Value

Decomposition (SVD) from the LINPACK FORTRAN codes is used [12] to find the

12



inverse matrix of [x"x\- SVD,separates the matrix into two orthogonal matrices, namely

Q] and Q2, and a diagonal matrix

The pseudo-inverse of. the matrix can then be defined as

IxY x\'=lx]" xt
This pseudo-inverse matrix will be used as the inverse of the matrix. More

information on SVD and the pseudo-inverse is discussed in [5].

Then, any sound source approaching the field domain can be interpolated using

equation 2.3.3:

M

(2.3.3)
;=1

2.5 Appropriate Green's Function

Similar Green's functions used by French [2] are repeated here. For the

Helmholtz equation in potential form + = a wave's amplitude and phase

values over a distance from the wave's source can be described by free space Green's

functions satisfying the following equation [2]:

V'G-H/c'(7 = -5(F-ro)

and the outgoing wave condition (Sommerfeld condition). Harmonic time dependence is

assumed and therefore factored out. There are three different types of interpolating

functions used, namely plane wave, monopole (free space Green's functions), and

evanescent wave functions. They are given as follows:

13



Plane wave:

^ _ ̂-iknr ■vvhere h = (nj + riyj^ for 2-D

h = (nj + Tiyj + for 3-D

Evanescent wave:

^ = e'"'" ' where is real and larger than 1 for 2-D

Hy IS imaginary

Monopole:

X=--H',"(h-)=J,(kr)-iY,(h-) for2-D
4

-ikr

,  for 3-D
4^17*
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CHAPTERS

NUMERICAL STUDY AND RESULTS

3.1 Introduction

As shown in section 2, the error in interpolating a given arbitrary large set of

functions is theoretically optimized. The slope gives "the order of the

method. This is further discussed in section 3.1.2. It is of interest to know how the

accuracy and order vary with different interpolating and test functions.

This chapter is intended to present the numerical results and analysis on the error

properties in using the GFD method with various interpolating and test functions. The

standard case is first defined so that comparison between various functions can be made.

Since satisfactory work was previously done using a set of plane waves as interpolation

functions, this set is adopted as the standard interpolating function.

In the earlier sections of this chapter, comparison of the error in using various

interpolating functions, namely plane wave, monopole radiator, evanescent wave and

combinations of them are made. The 2"^ order . Finite Difference (FD) method is also

included for comparison of the error as well as the order of accuracy, with the existing

method. Next, the behavior of the influence coefficient is studied.

An analysis on an irregular stencil is then shown. This analysis is to show how the

accuracy of the solution will be affected in using irregular, skewed stencils.

15



The chapter ends with a preliminary study in applying this method in 3-D. This

study is done recently and added to the thesis to show if there is any difference in the

accuracy and error in 3-D as compared to 2-D.

3.1.1 The standard case

In order to make comparisons of the various interpolation functions; a standard

case has to be established. Figure 3.1.1.1 shows the standard function, where a set of 20

plane waves, uniformly distributed around the circle approaching the stencil are used as

the interpolating functions. French [2] has shown that as the number, of (hypothetical)

sources (used as the interpolating functions) is increased, the accuracy improves

significantly until about 15 sources. Beyond 15, the accuracy is not significantly affected.

set of 20
plane waves
approaching
at uniformly
distributed
angle toward
the center
node

stencil

The standard interpolation function

Figure 3.1.1.1: The standard case: 20 plane waves
approaching the stencil from uniformly distributed angles.
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Other standard parameters include:

Square stencil grid as shown in figure 3.1.1.2.

Computed node is the grid's center node shown in figure 3.1.1.2 as a filled circle (#).

8 other neighboring nodes located around the computed node. A weighted

combination of these nodes is used as an approximation to the computed node. These

nodes are shown in figure 3.1.1.2 as empty circles (O )•

Normalized stencil spacing, delta (^ = 1 as shown in figure 3.1.1.2.

All positions are nondimensionalized by S.

The influence coefficients are denoted by the a's.

delta
delta

a2

©©

©rC^
a2 a2

© © 0
a2

Standard stencil configuration

Figure 3.1.1.2: The standard stencil configuration. The
computed node is located in the center of the stencil and
surrounded by 8 neighboring nodes.
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3.1.2 Types of plots

There are 3 different types of plots used throughout this thesis:

1. Average error vs. reduced frequency, k.

2. Magnitude error vs. k.

3. Influence coefficient, vs.

In determining the accuracy of the method, the exact solution for some test

functions are compared with the computed solution using equation 2.3.4. The acoustic

potential has exact analytical solutions for plane waves, monopoles and evanescent

waves, and these exact solutions are used as the test functions to compute the exact

values for the 8 neighboring nodes shown in figure 3.1.1.2. The computed node in the

figure is the only node whose acoustic potential is to be determined, using equation 2.3.3.

The errors used are average square relative error (average error) and relative

magnitude errors (magnitude error) produced in interpolating functions and test functions

respectively. The magnitude error is defined as follows;

(p = a + ib

magnitude _error =
^exact Vcomputed . ^exact Vcomputed

The relative average error is defined as:

'  ̂i{computed) l" [^/(cjrac/) ^i{computed) l),N

>0

average _err or =
;=1 / \^i(.exact)\

>0
N

where N is the number of waves in the interpolation function. Since the computed node

is located at the center of coordinate, the exact values of both plane wave and evanescent

18



wave functions are automatically normalized. Monopole is normalized by dividing all the

components in matrix j corresponding to each coniponent vector Xo •

The magnitude and average error plots' scaling are linear for the x-axis and

logarithmic for the y-axis. For magnitude error, a log-log plot is also shown. Using this

plot, the order of accuracy of the solution can be computed as follows:

Error,E«(lSx)"

log(j5) = log(Ax)" + cpra/.

\og(E) = nlog(Ex) +const. .

_ d[los(E)]
"  d[hg( A*;!

where n is the order of magnitude of accuracy of the solution. In this study, reduced

frequency, k is used as the independent variable. It is defined as ̂  , where co is an

angular frequency, 8 is the stencil length, and c is the speed of sound. Then

«,=

_ d{log(E)] _ <kog(E)]
~ d\log(Aj;;1 d]log(k)\

Since the order of accuracy for second order operators, say m is always 2 order

lower than the order of the function, m = n-2. Interpolating monopole functions at small

radius introduces a second variable, R/S where R is the distance of the monopole from the

center node. This is discussed further in section 3.2.4. The a„ vs. k plot is a linear plot.

This is to show how the influence coefficient behaves for various interpolation function

sets as a function of the reduced frequency, k. Results are obtained for 0.0005 < ̂  < 3 in

increments of 0.01. Computation is done with double precision.
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3.2 Effect of using additional function(s)

This section examines how the accuracy is affected as different types, of acoustic

potential functions are added to the standard set as the interpolating functions for the

Green's Function Discretization. Four different combinations are used to compare with

the standard case;

• Using a set of 20 monopoles uniformly distributed at radius, r/S ̂  5 around the center

node.

• Using a set of 20 monopoles uniformly distributed at radius, r/5= 10 around the

center node.

• Using a combination of a, set of 20 plane waves uniformly distributed in direction

around the center node and a set of 20 monopoles uniformly distributed at radius, r/5

--- 5 around the center node. . . . '

• Using a combination of a set. of 20 plane waves uniformly distributed in direction

around the center node and a set of 20 monopoles uniformly distributed at radius, r/d

= 10 around the center node.

Four different tests are run pn these cases. The first test is simply to compare the

average error on interpolating the function set itself. This is the set over which the

average interpolating enror has been minimized by the GFD procedure. The rest of the

tests deal with interpolating acoustic potential solution not contained in the interpolating

function set, namely a plane wave (at a direction not included in the set), a monopole and

an evanescent wave. The pl^e wave interpolating function case may be extrapolated to

the limit of an infinite number of plane waves as shown by Caruthers et. al. [3]. In



addition, in order to compare with an existing FD scheme, a 9-point 2"^ order FD scheme

is introduced. Discretization of this scheme is shown in Appendix 1.

3.2.1 Figures reference codes

In each figure in section 3.2, a short form of data name is used to indicate the

various interpolating functions and test functions used. Below are the codes for each data

name.

There are generally two types of plots in this section, namely average error plot

and magnitude,error plot. They are indicated as:

er-(i.f.) Average error in interpolating its function set.

er2-(t.f.)-(i.f.) Magnitude error in interpolating a test function different than

any of the interpolating functions,

where (i.f.) is the interpolating function set, and (t;f.) is the test function for that particular

test.

The interpolating functions are indicated as:

xx-xxx-20pw 20 plane waves (the Standard case).

xx-xxx-20mor5 20 monopoles at radius 5.

xx-xxx-20morl0 20 monopoles at radius 10.

xx-xxx-20pw20mor5 20 plane waves and 20 monopoles at radius 5.

xx-xxx-20pw20mor10 20 plane waves and 20 monopoles at radius 10.

xx-xxx-infpw Infinite number of plane waves.

xx-xxx-fd2nd The 2""^ order FD.
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3.2.2 Effect on Average Error

This sub-section examines the effect of using different combination of functions

on the average error.

Figure 3.2.2.1a shows that by using 20 monopoles at r/5= 5, the average error

decays smoothly as the reduced frequency, k approaches zero. However, the error (at k

approaching zero) is higher than for the standard case. The apparent discontinuity occurs

at about k = 2.221.,This is closed to the value of which matches the so-called

Nyquist limit. This limit is discussed in detail in reference [2]. It is therefore expected

that, for any 2-D GFD problem with uniform square stencil, this sharp discontinuity

should appear at exactly the same value of k.

As the radius of the monopoles is increased to r/S = 10 (figure 3.2.2.1a), the

average error starts to show the same behavior as the standard case; smaller error at small

k, and as k approaches zero, the smoothness of the curve tends to diminish. This is

expected since; as monopole gets farther from the point of interest/listening point (center

node in this case), the wave starts to behave similar to a plane wave.

In figure 3.2.2.1b, combining plane waves with monopoles shows that the

monopoles' characteristic dominates the functions. For the case with monopoles at r/S =

5, the error is slightly lower than the previous case (20 monopoles, r/S= 5 without plane

waves) at small k. Similar trends are observed in the case with monopoles at ,r/<^= 10.
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Figure 3.2.2.1: Average Error vs. k for various interpolating functions.
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3.2.3 Effect on interpolating a plane wave

In this sub-section, the effect of interpolating a plane wave, different from any of

the interpolating functions is examined. A plane wave coming at 15° angle is used as the

wave to be interpolated by the functions (see figure 3.2.3.1 below). The same sets of

functions used in the previous section are used and in addition, an infinite plane wave of

GFD method and the 2"'^ order of FD Scheme are added for comparison.

a plane wave approaching at
15 degree angle from the right

Cx— 15 degree
YTr ^ *

stencM ,

Figure 3.2.3.1: Interpolating a plane waye.

Figures 3.2.3.2 show that for the reduced frequency of around 0.6 and above, the

magnitude error is remarkably the s^e for all functions of GFD scheme. The 20 plane

waves result is shown to be very much similar to the infinite plane waves. This means, no

significant changes in the magnitude error as the number of plane waves is increased.

This is in agreement with the conclusion that French [2] has made in his thesis. As

expected, the 2"'' order FD scheme shows a much larger error in the interpolation.
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Figures 3.2.3.3 show the same plot with a log-log scale in the x and y axes. The

slope of the straight line is used to find out the order of accuracy of the method. The

slope is found to be 8 for all the GFD method fiinctions, and 4 for the 2"'' order FD

scheme. Therefore, as expected, the indicated order of accuracy is 6 and 2 for the GFD

method and FD scheme respectively.
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Figure 3.2.3.2; Magnitude Error vs. k for various functions in interpolating a plane wave
approaching at 15° angle from the right (semi-log plot).
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3.2.4 Effect on interpolating a monopole radiator

Another type of sound source that GFD method must be able to handle is a

monopole. In this sub-section, two cases of monopole test functions interpolations are

used; one is interpolating a monopole at radius, R/S= 10, and another one with radius,

R/S= 20. Both monopoles are at the angle of 15° from the x axis. This is shown in figure

3.2.4.1.

R/delta

monopole

15 degree

stencil

a monopole at 15 degree angle and
radius, Rydelta from the center node

Figure 3.2.4.1: Interpolating a monopole.

As can be seen from figure 3.2.4.1 above, monopole radiator is a point sound

source. The wave front surface produced by this source is like a ring, centered at the point

and radiating out. The wave decays as it moves away from the point. As the wave travels

further away from its source, the curvature shape of the ring starts to be reduced and the

wave front starts to be seen as a straight line, similar to plane wave. In other words, as

monopole gets farther from the computed node, in our case, characteristics similar to one
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of the plane wave is expected to show up. The use of the monopole as a test function tests

the accuracy of the method for waves with curved wave fronts.

Figures 3.2.4.2 are shown for the magnitude error of all interpolating functions

used, which are the same functions from the previous section. All GFD functions agree

with the standard case (20 plane wave) for large values of the reduced frequency, k. In

interpolating a monopole of R/S=\0 (figure 3.2.4.2), it is noted that the error reduction

tends to become smaller as. A: gets small. It is then expected that the slope and therefore

the order of accuracy drops significantly. This is shown in figure 3.2.4.3, where the

straight lines only appear at a small range of k between 0.6 and 2 (which was computed to

have a slope of 8). For k below 0.6, the slope drops to around 2.

This is thought to be in disagreement with the analytical analysis done by

Caruthers [3]. Further thought on this issue brings out some possible explanation. In

interpolating the monopole, the reduced frequency, k is not the only relevant variable.

There is another variable, where R is the radius of the monopole test function and Sis

the normalized stencil length. A preliminary study is done on this thought. Instead of

using only the reduced frequencies as the variable, the R/S is also used and vary. Defining

a constant variable, say 2, as follows:

;l = |'0
1I C J

where

,  fcoS^
k =

V  y
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By keeping the variable, X constant at any time, the test cases are rerun from k=0

to 3. Note that, as the reduced frequency increases, the distance of the monopole to be

interpolated decreases, to maintain the value of A constant. A case of X = 40 is plotted in

figure 3.2.4.6 for the standard function and the two monopole sets. The error reduces

more as k gets smaller, as compared to the previous result. The slopes also show a good

straight lines produced. The slope of the lines (figure 3.2.4.7) all showed the accuracy

maintained to 6"^. Further study on this issue is beyond the scope of this thesis.

For monopole at R/S= 20, the phenomena (of reduced slope) seems to disappear.

This agrees with the argument that as monopole gets farther from the computed node, it

tends to behave like a plane wave. The order of accuracy is also maintained at 6 for this

larger radius monopole. This slope plot is shown in figure 3.2.4.4.
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3.2.5 Effect on interpolating an evanescent wave

Another type of sound disturbance is an evanescent wave. An evanescent wave is

similar to a plane wave along one axis, but decays exponentially along the other. In this

section, evanescent waves with phase Mach number of 0.5 and 0.25 respectively, are

used as the test functions. General characteristics of phase Mach number are that as the

Mach number decreases, the evanescent wave decays more rapidly, and the wavelength

gets shorter.

Comparing the magnitude error of all functions of GFD method show that they all

behave similar to the standard case for most range of the reduced frequencies. This is true

for both phase Mach numbers as shown in figures 3.2.5.1 and 3.2.5.3. For low reduced

frequencies, the difference of the error value is expected as before. The slope of the

errors, in figures 3.2.5.2 and 3.2.5.4 is again computed to be 8 and hence, the order of

th 'accuracy is maintained at 6 .

In figure 3.2.5.5, both evanescent wave's interpolations are compared. It shows

that the error decreases significantly as the phase Mach number is increased. If the phase

Mach number is supersonic (M > 1), the evanescent wave becomes a plane wave,

explaining why the evanescent errors seem to converge toward the errors of the plane

wave as the phase Mach number increases [2].
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3.3 Influence coefficient study

This section examines and compares how the influence coefficient vector, a

behaves for different functions used in the previous sections. Since a square stencil is

being used for the interpolations, there must exist only two distinctive values of the

coefficient components, namely ai and 02 (see section 2.4). This is shown in figure

3.1.1.2.

Figures 3.3.1a - f show the plots of ai and 02 for each of the interpolation

functions and figure 3.3.Ig shows the plot for 2""^ order FD schemes. All the GFD

interpolation functions show identical values of ai and 02- However, for 20 plane waves

and infinite plane waves, the values start to have sharp discontinuities at very small

values of k. Other interpolation functions show a very smooth convergence towards 0.05

and 0.2 for a; and 02 respectively. It is worth noting that this is the well known 9 point

FD formula for the two dimensional Laplace equation on a square stencil with 6''' order

accurate.

Caruthers et. al. [3] has shown. analytically that for a square stencil with

normalized spacing of 1, with infinite plane waves as its interpolating function, that the

exact solution for a is given by:

- 27o (fc(5^/2)' - Jo (2H)Jo V2)
- Jq (feg V2)+ 2 Jq {kSf + 2Jo (fcg VS )jo {k5)

a, ■= —
'  D

- 2 Jo (hV2)Jo 2 Jo (hV2)Jo {k5)
_ + Jo {2k642)jo {kS ) + Jo (fcg ) + 2 Jo {2kS )Jo {kS )

G") —
'  D
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where,

D = det\x" J = 2 Jo (2^ J V2 )jo [k5^)+ J, (iM ̂2)+ Jo (2k5)j, {2kS42)+1
+ 3 Jo {2kd) - 8 Jo (kS^ )jo (kS) - 4 Jo {kSf + 2J, (k5^)
- 4 Jo (kS^[5J + 4 Jo (2M)Jo {kS42)+ 2J, (2kdf

0

Note that as k approaches 0, the exact solution approaches the limit form - . The

existence of the sharp discontinuities at very small reduced frequencies in the plot, is due

to round off error in evaluating these expression near the limit.

Taking the limit as k approaching zero yields:

Lima, = —
A->o ' 20

Lima. = —
A->0 ^ 5

which is the 9-point formula for Laplace's equation mentioned above.

For reduced frequencies, k> 0, a1 and were obtained by Caruthers et. al. [3]

using Taylor Series expansion through S"" order term (to preserve the 6"" order of

accuracy). The expansion gives;

= — + — (kSf + (ksy + [ksy.
'  20 1000 200000 90000000

+  ̂091144231 ^ o{^kSy°)
6272000000000 ̂ ^ ^ >

1  473849

0^ ^ 20001
10086892607

. =-+—{k5y {ksy
^  5 500^ ' 200000^ ^ 180000000

+ n
18816000000000

Comparing this analytical result with the computed values (see table A3.1 and
A3.2) shows that the values agree.
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3.3.1 Figures reference codes

The interpolating functions used in this section are indicated as:

XX- 20pw

XX- 20mor5

XX- 20morl0

XX- 20pw20mor5

XX- 20pw20morl0

XX- infpw

XX- fd2nd

20 plane waves (the Standard case)

20 monopoles at radius 5

20 monopoles at radius 10

20 plane waves and 20 monopoles at radius 5

20 plane waves and 20 monopoles at radius 10

Infinite number of plane waves

The 2"" order FD
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3.4 Evanescent Wave study

This section examines the effect of adding one or more evanescent waves to the

interpolating function set. In this case, only the standard case of 20 plane waves is used as

the interpolating function set. An evanescent wave is similar to a plane wave along one

axis, but decays exponentially along the other. Section 3.2.3 has shown that interpolating

evanescent waves at low phase Mach number using the previously used interpolation

functions (i.e. with no evanescent wave included in the function) result in less accurate

solution (relative to errors in interpolating a plane wave or monopole). It is intended in

this section to see if the inclusion of one or more evanescent waves to the interpolation

function could reduce the error. Two different combinations of evanescent waves are

used for this purpose:

•  One evanescent wave of phase Mach number, M = 1/2.

•  Two evanescent waves of phase Mach,numbers„Mi = 1/2 and M2 = 1/3.

Figure 3.4.1 shows the average error plots. The error for functions with

evanescent waves included is shown to be much poorer than the standard case. As the

phase Mach number is increased, the average error reduces towards the one for the

standard case. Since evanescent wave tends to become like a plane wave for supersonic

speed (M > 1), this is not a surprise.

Figures 3.4.2 and 3.4.4 show the magnitude errors in interpolating an evanescent

wave, at M = 0.5 and 0.25 respectively. Interpolating the larger phase Mach number with

the evanescent waves seems to improve the error for up to 4° of magnitude. This is true

when the evanescent wave used in the interpolation function is Wgh in the phase Mach
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number (M = 1/2). As evanescent waves of smaller phase Mach number is added, the

error starts to increase. It is also interesting to note that for larger values of the reduced

frequencies, interpolating this large phase Mach number using evanescent waves causes

the error to come to a constant value.

However, interpolating the srhaller phase Mach number wave with evanescent

waves does not seems to improve the error. The error tends to be almost similar to the

standard case for most of the k range.

Both figure 3.4.3 and 3.4.5 show that the slopes of the error are still maintained at

8 thus, maintaining the order of accuracy of 6.

3.4.1 Figures reference codes.

There are generally two types of plots in this section, namely average error plot

and magnitude error plot. They are indicated as:

er-xxx Average error in interpolating its function

er2-xxx-xxx Magnitude error in interpolating a certain oncoming wave

function different than the interpolating function.

The interpolating functions are indicated as:

xx-xxx-20pw 20 plane waves (the Standard case)

xx-xxx-20pwlev 20 plane waves and 1 evanescent wave, nx = 2 (M = 0.5)

xx-xxx-20pw2ev 21 plane waves and 2 evanescent waves, nxi = 2 (M = 0.5), nx2

= 3 (M = 1/3)
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3.5 Multiple monopple set study

In this section, the effect of having multiple sets of monopoles in the interpolating

functions is studied. In the previous sections (sections 3.2.1 - 3.2.4), an addition of a set

of monopoles has shown to improve the error of the solutions at very small k (as

compared to merely using the standard, 20 plane waves function). This is particularly

apparent in interpolating an evanescent wave in section 3.2.4. This addition also has

shown to, cause the influence coefficient to converge smoothly as k approaches zero.

Therefore, it is intended in this section to find out if having multiple sets of monopoles in

the interpolating function could further improve the solution.

3 different cases are used in this study. This can be described as the following:

1. A function of 2 sets of monopoles; 20 at r/5 = 5 and 30 aX.r/5 ~ 10. A total of 50

monopoles are used.

2. A function of 20 plane waves with 2 sets of monopoles; 20 monopoles at r/5 = 5 and

30 monopoles at r/5 = 10. A total of 50 monopoles are used.

3. A function of 20 plane waves with 3 sets of monopoles; 20 at r/5 = 5, 30 at r/5 =10,

and 40 at r/5 = 20. A total of 90 monopoles are used.

The influence coefficient for each case are plotted and compared with the

standard case. This is shown in figure 3.5.1. Average errors are compared with the

previous cases of single monopole sets, besides the standard case. Similar waves used in

section 3.2 are rerun here for finding the magnitude error and again compared with the

three functions (standard case and the two single sets of monopoles functions).
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Figures 3.5.1 show that the values of the influence coefficients, at and 02 is again

retained. The smoothness of the curves as k approaching zero, similar to the case of

single monopoles sets are also obtained.

The average errors shown in figure 3.5.2 seem to have significant affect from the

monopoles set at r/5 = 5; having larger error at small reduced frequencies than the

standard case, and smooth curves as the frequency approaches zero. However, the

addition (of extra sets of monopoles functions) slightly reduces the error than if only

monopoles at r/5 = 5 are used. The error tends to become smaller as more sets of

monopole functions are introduced;

Figures 3.5.3 and 3.5.4 both show the magnitude error in interpolating a plane

wave approaching at 15° angle from the right, with semi-log and log-log plot

respectively. A very similar result to the previous sections is obtained. The influence of

the smaller radius set of monopoles {r/5 ̂  5) is also apparent at small values of reduced

frequencies. The magnitude errors lie between the one obtained for the single monopoles

sets oi r/5 = 10 and r/J= 5, i.e. the errors of multiple sets of monopoles are slightly

higher than the r/5= 5 case, but lower than the case with r/5= 10. Beyond this range, no

significant improvement is obtained. The log-log plots also show that the order of

accuracy is still retained. Similar conclusions can also be drawn for other plots of

magnitude error, showri in figures 3.5.5 - 3.5.12.

In general, there is no significant advantage can be obtained in adding some extra

sets of monopoles in the interpolating function. However, by adding more sources to the

interpolating function, the amount of computation load is increased. Therefore, it is not

worthwhile to have multiple sets of monopoles in the interpolation function.
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3.4.1 Figures reference codes

There are generally three types of plots in this section, namely influence

coefficient, average error and magnitude error plots. They are indicated as:

an-xxx Influence coefficient for each interpolating function,

er-xxx Average error in interpolating its function.

er2-xxx-xxx Magnitude error in interpolating a certain oncoming wave

function different than the interpolating function.

The interpolating functions are indicated as;

xx-xxx-20pw - 20 plane waves (the Standard case).

xx-xxx-20mor5 20 monopoles at radius 5.

xx-xxx-20morl0 20 monopoles at radius 10.

xx-xxx-mo20r530r10 20 monopoles at radius 5 and 30 monopoles at radius

10.

xx-xxx-20pwmo20r530rl0 20 plane waves, 20 monopoles at radius 5 and 30

monopoles at radius 10.

xx-xxx-20pwmo20r530rl040r20 20 plane waves, 20 monopoles at radius 5, 30

monopoles at radius 10 and 40 monopoles at radius 20.
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3.6 Irregular stencil grid study

In this section, the effect of different stencil configurations on the accuracy is

studied. In constructing a grid for discretizing any given domain, there are generally 2

options to consider. One is to simply embed the geometry of interest within a regular

rectangular grid arrangement. The other option is to use a so-called body fitted grid,

where the regular grid points fall along the physical boundaries of the domain. This

usually results in some nonuniformity of the grid such as skewed and variation in spacing

[8].

As noted in the previous section, one of the advantages of having a umform grid

is that identical stencil is used throughout the domain. Therefore, only one discretization

is sufficient for all grid points, which reduces the computation time. By having irregular

grid points (therefore irregular stencil configuration), the discretization must be repeated

for each of the points.

Two different types of skew grids are used in this study. Both grids are skewed at

45° angle. In determining the stencil node location, two different conditions are used. In

the first grid type (figure 3.6.1a), named case 1, the height of the stencil is maintained as

2S. This is similar to stretching the grid in y direction while sliding the upper nodes to the

right to make a 45° angle from the base. The second type, case 2 (figure 3.6.1b) is

configured by retaining the ratio of the stencil to 5. This is similar to sliding the upper

nodes to the right without stretching.

In both cases, three different stencil node distance are obtained (as compared to

two in the regular squared stencil grid), labeled as ai, a2, aj and a'], a 'j, a j in the figures,
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respectively. Hence, the 8 component irifluence coefficient,,a's is expected to consist of

components with three different values. This is shown in figures 3.6.2 and 3.6.3. The first,

case (figure 3.6.2) has two identical nodes aj values, two having a2 values, while the

other four nodes have the same value, as. A slightly different order is obtained in the

second case due to its configuration. Both a and a '3 share two nodes and a 2 values are

shared by four other nodes. This is consist^ with figure 3.6.1.

delta = 1

32

a 1a'3
delta =

a3

a3

a2 a3

a) Height maintained

a'2 a'3

b) Ratio maintained

Figure 3.6.1: 45° skewed Stencil grid configuration.

Average errors for both cases are shown in figure 3.6.4 and 3.6.5 respectively, in

general, both cases are shown to have more erroneous solutions than the standard case,

with regular square stencil. Larger error of up to 10 orders of magnitude is noticed in case

1 as compared to the standard case; Case 2 produces lesser error but still significantly

larger than the standard case. The characteristics of both plane waves and monopoles

interpolation functions, which occur in the regular square stencil, are also retained in the

skewed stencils.

Similar tests of interpolating different sources of,sound are repeated here. Figures

3.6.6 and 3.6.7 show the magnitude errors in interpolating a plane wave approaching at
,  ̂ . 63 ' n n n



15° angle, for case 1 and case 2 respectively. Similar result is observed where the errors

on both cases appear to be more than the standard case and case 1 produces rhore error

than case 2, The log-log plots for each case, in figure 3.6.8 and 3.6.9 shown the slope to

be lower than the standard regular stencil case. Computing the slopes give the order of

accuracy for case 1 and case 2 as 2 and 4 respectively. Hence, having irregular grid points

would sacrifice the order of accuracy of the solution in Green s Function Discretization.

The rest of the tests also show similar trends. These are shown in the rest of the

figures.

3.6.1 Figures reference codes

There are generally three types of plots in this section, namely influence

coefficient, average error and magnitude error.plots. They are indicated as:

an-xxx Influence coefficient for each interpolating function,

er-xxx Average error in interpolating its function.

er2-xxx-xxx Magnitude/error in interpolating a certain oncoming wave

function different than the interpolating function.

The interpolating functions are indicated as:

xx-xxx-20pw .20 plrnie waves (the Standard case).

xx-xxx-g220pw 20 plane waves \vith skew grid of case 1.

: xx-xxx-g220mor5 20 monopoles at radius 5 with skew grid of case 1.

xx-xxx-g220pw20mor5 20 plane waves and 20 monopoles at radius 5 with

skew grid of case 1.
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xx-xxx-g320pw 20 plane waves -with skew grid of case 2.

xx-xxx-g320mor5 20 monopoles at radius 5 with skew grid of case 2.

xx-xxx-g320pw20mor5 20 plane waves and 20 monopoles at radius 5 with

skew grid of case 2.
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Figure 3.6.14: Magnitude Error vs. k for functions with skewed stencil grid of case 1, in
interpolating a monopole at radius R/5= 20, at 15° angle from the right (semi-log plot).
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Figure 3.6.15: Magnitude Error vs. k for functions, with skewed stencil grid of case 2, in
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Figure 3.6.16: Magnitude Error vs. k for functions with skewed stencil grid of case 1, in
interpolating a monopole at radius R/5= 20, at 15° angle from the right (log-log plot).
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Figure 3.6.21: Magnitude Error vs. k for functions with skewed stencil grid of case 2, in
interpolating an evanescent waves at phase Mach number = 0.5 (log-log plot).
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Figure 3.6.23: Magnitude Error vs. k for functions with skewed stencil grid of case 2, in
interpolating an evanescent waves at phase Mach number = 0.25 (semi-log plot).
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Figure 3.6.24: Magnitude Error vs. k for functions with skewed stencil grid of case 1, in
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3.7 Preliminary study on 3-D interpolation using GFD method

This section is intended to provide some preliminary results obtained in

performing the Green's.Function Discretization.method in 3-D. Until now, there has been

virtually no attempt to numerically prove-that the GFD method works and produces the

same 6"' order result as for the 2-D case. It is of great importance to have this method to

work as well in 3-D.

Thus far, only a minimal study has been accomplished on this dimension, and as

stated above, this section only dealt this issue with very preliminary results. There are

still many aspects that heed to be refined and expanded further in the future. This study

attempts to least assess the order of accuracy obtained in using this method in 3-D.
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Figure 3.7.1: 3-D stencil grid configuration.
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A standard 3-D coordinate representation is used. A cubic stencil is used with the

normalized spacing, Ax = Ay = Az = 6= This is shown in figure 3.7.1. Similar to the

case of 2-D, the computed node is located at the center of the stencil and neighboring

points of 26 are used as approximation to the computed node. Since three different node

distances (from the center node) exist, it is therefore expected that 3 different values for

the influence coefficients should be obtained. A set of 40 plane waves is used as the

interpolating function. These waves are uniformly distributed on a spherical surface. For

test function, a plane wave coming from a direction of 0 = 45° and (j) = 15° is used. The

test is also run for the reduced frequencies of 0 to 3.

Figure 3.7.2 shows the influence coefficient values. As expected, 3 different

values are obtained and shown. The average error is shown in figure 3.7.3 and the 2-D

standard case of interpolating a plane wave is also attached as comparison. The error

seems to show a quite similar trend as in the 2-D case. The plane wave behavior in 2-D of

having sharp discontinuities in the error values at small reduced frequencies, is also

retained and turns out to start at larger values of the reduced frequencies, which is around

1.2 instead of 0.4 in the standard 2-D case.

Figures 3.7.4 and 3.7.5 show the magnitude error in interpolating a plane wave.

Larger error of up.to 2 orders of magnitude is obtained for the 3-D case as compared to

the 2-D case. As the slope on the log-log plot is measured, a remarkable and expected

value of 6 is obtained for the order of accuracy. It is then shown that the order of

aceuracy to the GFD method in 3-D is maintained.
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3.7.1 Figures reference codes, ; .

There are generally three types of plots in this section, namely influence

coefficient, average error and magnitude errpr plots. They are indicated as:

an-3D-xxx Influence coefficient for each interpolating function,

er-xxx Average error in interpolating its function. .

er2-xxx-xxx Magnitude error in interpolating a certain oncoming ivave

function different than the interpolating function.

The, interpolating functions are indicated as:

xx-xxx-20pw 20 plane waves (the Standard case).

xx-xxx-3D40pw 40;plane waves in 3-D. '. ,
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CHAPTER 4

CONCLUSIONS

. Using various interpolating iunctipn, sets, namdy pl^e wave, monopole wave,

and evanescent wave, and combinations of them as the interpolating functions, does not

seems- to significantly' affect the accuracy of GFD solutions. The errors show similar

behavior for all interpolating functions, particularly.at large reduced frequencies, k. As k

approaches 0, the error is shown to vary -due to the difference in the nature of .the

. functions used; smoother variation for monopoles and sharp.changes for plane waves.

Interpolating a monopole test function (different thandhe ones in the function set)

introduced another variable, that needs :to be taken into account. In interpolating an

evanescent wave, it was shown that the error in the solutions strongly depends on the

phase Mach number: of the , wave. The error was found to decrease towards that of the

■plane wave as the phase Mach number increases. This is expected since an evanescent

- wave at Mach number greater than 1 is literally a plane wave. , . • ,

The influence coefficients, a„ have:been, shovm to be very similar to the 9 point

Finite Difference formula for the 2^D Laplace eqiiation on a square stencil, with 6"" order
accuracy. As shown in the log-log plots of the interpolations, b**" order of accuracy is
maintained for the'Helmholtz equations in all the square stencil solutions.

The addition of high phase Mach number evanescent waves in the interpolating

fimction could improve the interpolation error of another high phase Mach number

evanescent wave. However, no significant, improvement is observed in interpolating a
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low phase Mach number evanescent wave. The use of multiple sets of monopoles as

interpolating functions has no apparent advantage in the solution. It is obvious however

that these additional functions increase the computation time. It is worth noting that this

computation effort for a stencil is negligibly small relative to the global solution effort

involved in any given problem. Therefore, even if a small improvement could be gained

in the solution by adding more sets of monopoles while increasing the stencil

computation time, this is still an advantage.

The GFD method has shown to be quite sensitive to the stencil configuration.

Using skew grids, instead of the standard square grid, reduces the order of accuracy quite

significantly. The 3-D preliminary study on this method reveals that for a cubic stencil

configuration, the b"' order of accuracy is maintained, even though only for a smaller

region of the reduced frequencies.
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CHAPTER 5

RECOMMENDATIONS FOR FURTHER WORK

Among other issues that are still needing to be addressed and answered are;

1. The problem with sharp discontinuities at small values of the reduced frequencies in

the magnitude error plots. It is assumed that this phenomenon is due to the rotmd off

error. Analytical as well as numerical analyses needed to be able to explain this issue

and further improve.

2. The lost in order of accuracy for skew grids should also be investigated further.

3. Obviously, the 3-D problem needs to be extended. Similar tests done on the 2-D

could also be repeated for the 3-D.

4. Lastly, the time dependant problem should also be tackled.
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APPENDIX 1

DERIVATION OF THE SECOND ORDER FINITE
DIFFERENCE SCHEME

This equation was derived in [14] for a Laplacian differential equation. To modify

for the Helmholtz equation, the two sets of central difference in the x and y directions

need to be weighed. According to the reference, the central difference containing the

computed node is weighed by a multiplier of 10/12 and the two central difference around

it by a multiplier of 1/12. Applying these weighs, the computed node and the minimum

error coefficient can be obtained as follows:
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For a square stencil, where Ax = Ay =«?, we get
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(?^;+l,/-l ~ 2^^,j_] + ̂/-ij-i )+ ̂MJ+\ ~ 2<^i+lj + <^;+lJ-l ) +
10(^,j>i -2^^/j +?^,j-i)+(<^M,j+i -29^mj +<^MJ-l)+

\2(5ye(t>,j=0

(A1.3)

2(^Z^MJ+1 + +<^,+1^-1 +<^m,7-1 ) + .
^7+1 +<^'-1.7)
= (40-12(^)'^^V/j

(A1.4)

Rearrange to finally obtain the computed node as:

2(^;+1,7+1 + ̂,-1.7>l + ̂̂/+1,7-1 + <^'-1.7-1 ) +
(40-12((5)^^^)[_ 8(^^,. + (l^Mj + + <^M,7)

(A1.5)

</>.J =
fe>lj+l +^M,7+1 +^/+1,7-1 + ̂̂/-1.7-1 ) +

4^,7+1 +tZ^/+l,7 + ̂̂̂ 7•-l )
(A1.6)

The minimum error coefficient is therefore:

(20-6((^)'A:')

4
Cl') •—

(20-6(^)^A:^)

(A1.7)

(A1.8)
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APPENDIX 2

PLOTS OF INTERPOLATION ERROR FOR
FUNCTION AT VARIOUS ANGLE

This appendix is to show that the error in interpolating an incoming wave function

does not significantly affected by the angle in which it is approaching. This test is done in n

only the standard case of interpolating function (20 plane waves), and the result is shown

in figure A3.1 below. Five plane waves, each approaching at various angle as follows:

•  er2-pw-20pw a plane wave approaching at 15° angle from the right

•  er2-pw2-20pw a plane wave approaching at 75° angle from the right

•  er2-pw2-20pw a plane Wave approaching at 140° angle from the right

•. er2-pw2-20pw a plane wave approaching at 200° angle from the right

'• er2-pw2-20pw a plane wave approaching at 275° angle from the right

The result shows that the difference. in the error is insignificant, and some of them

are even exactly on top of each other.
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APPENDIX 3

TABLES OF INFLUENCE COEFFICIENT FOR
VARIOUS INTERPOLATING FUNCTIONS

Table A3.1: Table of aj

nn 1 1

vector coefficient, al for various functions
1

20 monopoles 20 monopoles 20 p.w. and 20 20 p.w.and 20

k 20 plane waves infinite p.w. atr = 5 atr= 10 mono at r = 5 mono atr= 10 2nd order FD

5.00E-04 0.390625 0.375 0.049999626 0.049999893 0.049999623 0.049999416 0.050000004

I.05E-02 -1.75 -0.25 0.050001496 0.050001927 0.050001496 0.050001919 0.050001654

2.05E-02 0 0.28125 0.050006767 0.050007179 0.050006767 0.050007164 0.050006305

n  3.05E-02 1 -0.1875 0.05001544 0.050015874 0.05001544 0.050015733 0.050013958

4.05E-02 0.015625 0.0390625 0.050027518 0.050027907 0.050027518 0.050028034 0.050024616

5 05E-02 0.046386719 0.05078125 0.050043004 0.050043397 0.050043004 0.050043456 0.050038283

6.05E-02 0.051025391 0.050048828 0.050061902 0.050062314 0.050061902 0.050062366 0.050054964

7.05E-02 0 049621582 0.049804688 0.050084218 0.050084585 0.050084218 0.050084546 0.050074665

8.05E-02 0.050186157 0.050231934 0.050109959 .0.050110323 0.050109959 0.05011037 0.050097393

9.05E-02 0.050132751 0.050140381 0.050139131 0.0501395 0.05013913 0.050139476 0.050123156

0.1005 0.050167084 0.05014801 0.050171743 0.050172105 0.050171743 0.050172098 0.050151964

0.1105 0.050209045 0.050211906 0.050207803 0.050208,161 0.050207803 0.050208185 0.050183827

0.1205 0.050247192 0.050244808 0.050247323 0.050247695 0.050247323 0.050247677 0.050218757

0.1305 0.050285816 0.050291538 0.050290314 0.050290684 0.050290314 0.050290707 0.050256766

0.1405 0.050337315 0.050338268 0.050336787 0.050337152 0.050336787 n  0.050337166 0.050297868

0.1505 0.050387144 0.050386071 0.050386757 0.050387118 0.050386757 0.050387081 0.050342078

0.1605 0.050441086 0.050440907 0.050440236 0.050440593 0.050440237 0.050440617 0.050389413

0.1705 0.050497442 0.050497293 0.050497242 0.050497602 0.050497242 0.05049758 0.05043989

0.1805 0.050557733 0.050558239 0.05055779 0.050558138 0.05055779 0.050558114 0.050493528

0.1905 0.050622314 0.050622165 0.050621897 0.050622255 0.050621897 0.050622271 0.050550345

0.2005 0.050689936 0.050689906 0.050689582 0.050689935 0.050689583 0.050689951 0.050610365

0.2105 0.050761245 0.050761141 0.050760865 0.050761212 0.050760866 0.050761219 0.050673608

0.2205 0.050836105 0.050836101 0.050835767 0.050836108 0.050835767 0.05083611 0.050740099

0.2305 0.050914682 0.050914649 0.050914308 0.050914648 0.050914309 0.050914657 0.050809862

0.2405 0.050996808 0.050996859 0.050996512 0.050996849 0.050996513 0.050996842 0.050882924

0.2505 0.051082755 0.051082747 0.051082403 0.051082738 0.051082405 0.051082733 0.050959313

0.2605 0.051172327 0.05117234 0.051172006 0.051172334 0.051172009 0.051172338 0.051039057

0.2705 0.051265678 0.051265667 0.051265348 0.051265672 0.051265351 0.051265673 0.051122187

0.2805 0.051362774 0.05136278 0.051362456 0.051362775 0.051362459 0.051362779 0.051208735

0.2905 0.05146368 0.051463671 0.051463358 0.051463675 0.051463362 0.051463672 0.051298734

0.3005 0.051568399 0.051568395 0.051568085 0.051568397 0.05156809 0.051568397 0.051392219

0.3105 0.051676972 0.051676976 0.051676667 0.051676976 0.051676674 0.051676977 0.051489227

0.3205 0.051789438 0.051789442 0.051789138 0.051789441 0.051789146 0.051789441 0.051589795

0.3305 0.051905828 0.051905827 0.05190553 0.051905829 0.051905541 0.051905827 0.051693963

0.3405 0.052026175 0.052026174 0.05202588 0.052026173 0.052025892 0.052026175 0.051801773

0.3505 0.05215051 0.052150513 0.052150222 0.052150511 0.052150237 0.052150511 0.051913267

0.3605 0.05227888 0.052278879 0.052278596 0.052278879 0.052278613 0.05227888 0.052028491

0.3705 0.052411318 0.052411317 0.052411039 0.052411317 0.05241106 0.052411318 0.05214749

0.3805 0.052547866 0.052547866 0.052547594 0.052547866 0.052547617 0.052547867 0.052270313

0.3905 0.052688567 0.052688567 0.0526883 0.052688567 0.052688327 0.052688567 0.05239701
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0.4005 0.052833464 0.052833464 0.052833203 0.052833464 0.052833233 0.052833464 0.052527634

0.4105 0.052982602 0.052982602 0.052982346 0.052982601 0.05298238 0.052982601

0.4205 0.053136026 0.053136027 0.053135776 0.053136026 n 0.053135814 0.053136026

0.4305 0.053293786 0.053293786 0.053293542 0.053293786 0.053293584 0.053293786

0.4405 0.05345593 0.053455931 0.053455693 0.053455931 0.053455738 0.053455931

0.4505 0.053622511 0.053622511 0.053622279 0.053622511 0.053622329 0.053622511

0.4605 0.053793581 0.053793581 0.053793355 0.053793581 0.053793408 0.053793581 O.U5iiy/U15

0.4705 0.053969194 0.053969194 0.053968975 0.053969194 0.053969031 0.053969194

0.4805 ' 0.054149408 0.054149408 0.054149194 0.054149408 0.054149254 0.054149408

0.4905 0.05433428 0.05433428 0.054334072 0.054334279 - 0.054334135 0.05433428 U.OSJooyjyj

0.5005 0.05452387 0.05452387 0.054523668 0.05452387 0.054523734 0.05452387 O.U54UoZoZ5

0.5105 0.05471824 0.05471824 0.054718045 0.05471824 0.054718113 0.05471824

0.5205 0.054917455 0.054917455 0.054917265 0.054917455 0.054917336 0.054917455 0.0544zjJi3

0.5305 0.05512158 0.05512158 0.055121396 0.05512158 0.055121469 0.05512158 0.054d1U/34

0.5405 0.055330683 0.055330683 0.055330505 0.055330683 0.05533058 0.055330683 U.U54oUjUj3

0.5505 0.055544834 0.055544834 0.055544661 0.055544834 0.055544738 0.055544834

0.5605 0.055764106 0.055764106 • 0.055763938 0.055764106 0.055764016 0.055764106 O.U55zU2/jJ

0.5705 0.055988572 0.055988572 0.05598841 0.055988572 0.055988488 0.055988572

0.5805 0.05621831 0.05621831 0.056218153 0.05621831 0.056218232 0.05621831 0.055oiil /3

0.5905 0.056453398 0.056453398 0.056453246 0.056453398 0.056453325 0.056453398 0.055o414Uo

0.6005 0.056693918 0.056693918 0.056693771 0.056693918 0.05669385 0.056693918 0.05oUo51J

0.6105 0.056939953 0.056939953 0.056939811 0.056939953 0.05693989 0.056939953 0.056294456

0.6205 0.057191591 0.057191591 0.057191454 0.057191591 0.057191533 0.057191591 0.056529501

0.6305 0.05744892 0.05744892 0.057448787 0.05744892 0.057448866 0.05744892 0.056770io5

0.6405 0.057712032 0.057712032 0.057711904 0.057712032 0.057711981 0.057712032 0.057017229

0.6505 0.057981022 0.057981022 0.057980897 0.057981022 0.057980974 0.057981022 0.057270165

0.6605 0.058255986 0.058255986 0.058255866 0.058255986 0.058255942 0.058255986 0.057529525

0.6705 0.058537026 0.058537026 0.058536909 0.058537026 0.058536984 0.058537026 0.057794554

0.6805 0.058824244 0.058824244 n  0.058824131 0.058824244 0.058824205 0.058824244 0.055066569

0.6905 0.059117747 0.059117747 0.059117638 0.059117747 0.059117711 0.059117747 0.05o3455ol

0.7005 0.059417645 0.059417645 0.059417539 0.059417645 0.059417611 0.059417645 0.05563105/

0.7105 0.059724051 0.059724051 0.059723948 0.059724051 0.059724019 0.059724051 0.058923566

0.7205 0.060037081 0.060037081 0.060036981 0.060037081 0.060037051 0.060037081 0.059223167

0.7305 0.060356855 0.060356855 0.060356758 0.060356855 0.060356827 0.060356855 0.059530122

0.7405 0.060683497 0.060683497 0.060683403 0.060683497 0.060683471 0.060683497 0.059844553

0.7505 0.061017135 0.061017135 0.061017044 0.061017135 0.06101711 0.061017135 0.060166667

0.7605 0.0613579 0.0613579 0.061357811 0.0613579 0.061357876 0.0613579 0.060496659

0.7705 0.061705927 0.061705927 0.06170584 0.061705926 0.061705904 0.061705927 0.060834731

0.7805 0.062061355 0.062061355 0.062061271 0.062061355 0.062061334 0.062061355 0.061181094

. 0.7905 0.06242433 0.06242433 0.062424248 0.062424329 0.062424309 0.06242433 0.061535968

0.8005 0.062794998 0.062794998 0.062794918 0.062794998 0.062794979 0.062794998 0.06189958

0.8105 0.063173514 0.063173514 0.063173436 0.063173514 0.063173496 0.063173514 0.062272168

0.8205 0.063560034 0.063560034 0.063559958 0.063560034 0.063560017 0.063560034 0.062653978

0.8305 0.063954723 0.063954723 0.063954648 0.063954722 0.063954706 0.063954723 0.063045269

0.8405 0.06435774f 0.06435774e 0.064357673 0.06435774e 0.06435772 0.06435774( 0.063446308

0.8505 0.06476927t 0:06476927i 0.06476920- 0.06476927! 0.064769262 0.06476927S)  0.063857374

0.8605 0.06518949! 0.06518949! 0.06518942! 0.06518949! 0.06518948': 0.06518949!}  0.06427876

0.870: 0.06561858' 0.06561858S 0.06561852 0.065618585 0.06561857! 0.06561858! 0.064710769

0.8805 0.066056741 0.066056741 0.06605667! 0.06605674: 0.06605672! 0.06605674i 0.065153717

0.890 0.06650415' 0.06650415' 0.06650408" 0.06650415: 0.06650414 0.06650415' 0.065607936

0.900 0.066961025  0.066961025  0.06696096 0.06696102 0.06696101'}  0.06696102S  0.066073771

0.910 0.067427569  0.06742756?  0.06742750 0.067427569  0.067427557  0.067427569  0.066551583

0.9205  0.067903999  0.067903999  0.067903935  0.067903998  0.067903987  0.067903999  0.067041/5

0.9305  0.068390538  0.068390538  0.068390475  0.068390538  0.068390527  0.068390538  0.067544664

0.9405  0.068887419  0.068887419  0.068887357  0.068887418  0.068887408  0.068887419  0.068060739

0.9505  0.069394878  0.069394878  0.069394817  0.069394878  0.069394868  0.069394878  0.068590406

0.9605  0.069913163  0.069913163  0.069913103  0.069913163  0.069913153  0.069913163  0.069134116
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0,9705 0.070442529 0.070442529 0.070442469 0.070442528 0.070442519 0.070442529 0.069692343

0.9805 0.070983237 0.070983237 0.070983178 0.070983237 0.070983228 0.070983237 0.070265583

0.9905 0.071535562 0.071535562 0.071535503 0.071535562 0.071535553 0.071535562 0.070854355

1.0005 0.072099784 0.072099784 0.072099726 0.072099784 0.072099775 0.072099784 0.071459204

1.0105 0.072676196 0.072676196 0.072676137 0.072676195 0.072676187 0.072676196 0.072080704

1.0205 0.073265097 0.073265097 0.073265039 0.073265097 0.073265088 0.073265097 0.072719453

1.0305 0.073866802 0.073866802 0.073866743 0.073866801 0.073866793 0.073866802 0.073376085

1.0405 0.074481632 0.074481632 0.074481574 0.074481631 0.074481623 0.074481632 0.074051264

1.0505 0.075109922 0.075109922 0.075109864 0.075109921 0.075109914 0.075109922 0.074745686

1.0605 0.075752019 0.075752019 0.075751961 0.075752019 0.075752011 0.075752019 0.075460089

1.0705 0.076408283 0.076408283 0.076408224 0.076408282 0.076408274 0.076408283 0.076195245

1.0805 0.077079084 0.077079084 0.077079026 0.077079083 0.077079076 0.077079084 0.076951972

1.0905 0.077764809 0.077764809 0.07776475 0.077764808 0.077764801 0.077764809 0.077731131

1.1005 0.078465858 0.078465858 0.078465799 0.078465857 0.07846585 0.078465858 0.078533629

1.1105 0.079182646 0.079182646 0.079182586 0.079182644 0.079182638 0.079182646 0.079360428

1.1205 0.079915602 0.079915602 0.079915542 0.079915601 0.079915594 0.079915602 0.080212541

1.1305 0.080665174 0.080665174 0.080665114 0.080665173 0.080665166 0.080665174 0.081091041

1.1405 0.081431826 0.081431826 0.081431765 0.081431824 0.081431818 0.081431826 0.081997065

1.1505 0.082216038 0.082216038 0.082215976 0.082216036 0.08221603 0.082216038 0.082931815

1.1605 0.083018311 0.083018311 0.083018248 0.083018309 0.083018303 0.083018311 0.083896569

1.1705 0.083839164 0.083839164 0.083839101 0.083839162 0.083839156 0.083839164 0.084892681

1.1805 0.084679138 0.084679138 0.084679074 0.084679136 0.08467913 0.084679138 ■0.085921589

1.1905 0.085538794 0.085538794 0.085538729 0.085538792 0.085538786 0.085538794 0.086984822

1.2005 0.086418716 0.086418716 0.08641865 0.086418714 0.086418708 0.086418716 0.088084009

1.2105 0.087319512 0.087319512 0.087319446 0.08731951 0.087319504 0.087319512 0.089220882

1.2205 0.088241815 0.088241815 0.088241747 0.088241813 0.088241807 0.088241815 0.09039729

1.2305 0.089186283 0.089186283 0.089186214 0.08918628 0.089186275 0.089186283 0.091615207

1.2405 0.090153602 0,090153602 0.090153531 0.090153599 0.090153594 0.090153602 0.09287674

1.2505 0.091144487 0.091144487 0.091144415 0.091144484 0.091144479 0.091144487 0.094184143

1.2605 0.092159683 0.092159683 0.09215961 0.09215968 0.092159675 0.092159683 0.095539833

1.2705 0.093199968 0.093199968 0.093199893 0.093199965 0.09319996 0.093199968 0.096946397

1.2805 0.094266152 0.094266152 0.094266076 0.094266149 0.094266144 0.094266152 0.098406615

1.2905 0.095359082 0.095359082 0.095359003 0.095359078 .  0.095359073 0.095359081 0.099923474

1.3005 0.09647964 0.09647964 0.09647956 0.096479636 0.096479631 0.09647964 0.101500188

1.3105 0.09762875 0.09762875 0.097628668 0.097628746 0.097628741 0.09762875 0.103140223

1.3205 0.098807377 0.098807377 0.098807293 0.098807373 0.098807368 0.098807377 0.104847317

1.3305 0.100016529 0.100016529 0.100016442 0.100016525 0.10001652 0.100016529 0.106625512

1.3405 0.101257262 0.101257262 0.101257172 0.101257257 0.101257252 0.101257261 0.108479183

1.3505 0.102530678 0.102530678 0.102530586 0.102530673 0.102530669 0.102530678 0.110413074

1.3605 0.103837935 0.103837935 0.103837841 0.10383793 0.103837926 0.103837935 0.112432335

1.3705 0.105180244 0.105180244 0.105180147 0.105180239 0.105180234 0.105180244 ■ 0.114542571

1.3805 0.106558875 0.106558875 0.106558774 0.106558868 0.106558864 0.106558874 0.116749891

1.3905 0.107975158 0.107975158 0.107975054 0.107975151 0.107975147 0.107975157 0.119060964

1.4005 0.10943049 0.10943049 0.109430383 0.109430484 0.10943048 0.10943049 0.121483087

1.4105 0.11092634 0.11092634 0.110926229 0.110926333 0.110926329 0.11092634 0.124024262

1.4205 0.112464247 0.112464247 0.112464132 0.112464239 0.112464236 0.112464247 0.126693279

1.4305 0.114045831 0.114045831 0.114045712 0.114045823 0.114045819 0.11404583 0.129499819

1.4405 0.115672795 0.115672795 0.115672672 0.115672786 0.115672783 0.115672795 0.132454568

1.4505 0.117346932 0.117346932 0.117346805 0.117346923 0.11734692 0.117346932 0.135569351

1.4605 0.119070131 0.119070131 0.119069998 0.119070121 0.119070118 0.11907013 0.138857289

1.4705 0.120844379 0.120844379 0.120844241 0.120844368 0.120844366 0.120844378 0.142332981

1.4805 0.122671774 0.122671774 0.122671631 0.122671763 0.122671761 0.122671774 0.1460127.18

1.4905 0.124554531 0.124554531 0.124554382 0.124554519 0.124554517 0.12455453 0.149914732

1.5005 0.126494985 0.126494985 0.126494831 0.126494973 0.126494971 0.126494985 0.154059503

1.510: 0.12849560f 0.128495608 0.12849544' 0.128495595 0.128495593 0.12849560" 0.158470104

1.5205 0.13055901 0.13055901 0.130558842 0.130558996 0.13055899; 0.13055900S 0.163172637

1.5305 0.132687955 0.132687955 0.1326877f 0.13268794 0.13268791 0.13268795; 0.168196738
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1.5405 0.134885372 0.134885372 0.134885189 0.134885356 0.134885356 0.134885371 0.1735762

1.5505 0.137154363 0.137154363 0.137154172 0.137154346 0.137154347 0.137154362 0.179349726

1.5605 0.139498221 0.139498221 0.139498021 0.139498203 0.139498204 0.13949822 0.185561859

1.5705 0.141920442 0.141920442 0.141920232 0.141920423 0.141920424 0.141920441 0.192264119

1.5805 0.144424741 0.144424741 0.144424522 0.14442472 0.144424723 0.14442474 0.199516432

1.5905 0.147015071 0.147015071 0.147014841 0.147015049 0.147015052 0.14701507 0.207388914

1.6005 0.149695641 0.149695641 0.149695399 0.149695617 0.149695621 0.14969564 0.215964134

1.6105 0.152470935 0.152470935 0.152470682 0.15247091 0.152470914 0.152470934 0.225340001

1.6205 0.155345741 0.155345741 0,155345475 0.155345714 0.155345719 0.15534574 0.235633513

1.6305 0.158325169 0.158325169 0.158324889 0.15832514 0.158325146 0.158325168 0.246985633

1.6405 0.161414685 0.161414685 0.16141439 0.161414654 ,  0.161414661 0.161414684 0.259567765

1.6505 0.164620138 0.164620138 0.164619827 0.164620105 0.164620113 0.164620137 0.273590438

1.6605 0.167947798 0.167947798 0.16794747 0.167947763 0.167947772 0.167947797 0.289315143

1.6705 0.171404391 0.171404391 0.171404045 0.171404353 0.171404364 0.17140439 0.307070749

1.6805 0.174997143 0.174997143 0.174996777 0.174997103 0.174997114 0.174997141 0.327276696

1.6905 0.178733826 0.178733826 0.17873344 0.178733783 0.178733796 0.178733824 0.350476482

1.7005 0.182622812 0.182622812 0,182622403 0.182622766 0.182622781 0.182622811 0.377387186

1.7105 0.186673132 0.186673132 0.186672699 0.186673082 0.186673098 0.18667313 0.408974788

1.7205 0.190894538 0.190894538 0.190894079 0.190894485 0.190894503 0.190894536 0.446572412

1.7305 0.195297583 0.195297583 0.195297095 0.195297525 0.195297546 0.195297581 0.492073072

1.7405 0.199893698 0.199893697 0.199893179 0.199893636 0.199893658 0.199893695 0.548258088

1.7505 0.20469529 0.20469529 0.204694738 . 0.204695223 0.204695248 0.204695287 0.619387383

1.7605 0.209715846 n  0.209715846 0.209715259 0.209715774 0.209715802 0.209715844 0.712332651

1.7705 0.214970054 0.214970054 0.214969428 0.214969977 0.214970008 0.214970052 0.838941306

1.7805 0.220473939 0.220473938 0.220473269 0.220473855 0.220473889 0.220473936 1.021535501

1.7905 0.226245016 0.226245016 0.2262443 0,226244926 0.226244964 0.226245013 1.307773339

1.8005 0.232302472 0.232302472 0.232301706 0.232302375 0.232302417 0.232302469 1.820835272

1.8105 0.238667368 0.238667368 0.238666546 0.238667262 0.238667309 0.238667364 3.007170598

1.8205 0.24536287 0.24536287 0.245361988 0.245362755 0.245362807 0.245362866 8.720030346

1.8305 0.252414525 0.252414524 0.252413575 0.2524144 0.252414457 0.252414521 -9.580241709

1.8405 0.259850567 0.259850566 0.259849544 0.259850431 0.259850494 0.259850562 -3.080320908

1.8505 0.267702286 0.267702285 0.267701182 0.267702138 0.267702208 0.267702281 -1.831161423

1.8605 0.27600445 0.276004449 0.276003256 0.276004288 0.276004366 0.276004445 -1.300793549

1.8705 0.284795801 0.2847958 0.284794507 0.284795624 0.284795711 0.284795795 -1.007433347

1.8805 0.294119639 0.294119638 0.294118235 0.294119445 0.294119542 0.294119633 -0.82123281

1.8905 0.304024515 0.304024514 0.304022987 0.304024302 0.30402441 0.304024508 -0.692548832

1.9005 0.314565048 0.314565046 0.314563381 0.314564814 0.314564934 0.31456504 -0.598300289

1.9105 0.325802904 0.325802902 0.325801081 0.325802646 0.32580278 0.325802895 -0.526298754

1,9205 0.337807971 0.337807969 0.337805972 0.337807686 0.337807836 0.337807962 -0.469500871

1.9305 0.350659775 0.350659773 0.350657577 0.350659459 0.350659627 0.350659765 -0.423552662

1.9405 0.3644492 0.364449197 0.364446775 0.364448848 0.364449038 0.364449188 -0.385617768

1.9505 0.379280589 0.379280586 0.379277906 0.379280197 0.379280411 0.379280577 -0.353769225

1.9605 0.395274335 0.395274331 0.395271353 0.395273895 0.395274138 0.39527432 -0.326652047

1.9705 0.41257008 0.412570076 0.412566755 0.412569587 0.412569862 0.412570065 -0.30328566

1.9805 0.431330734 0.431330729 0.431327009 0.431330177 0.431330491 0.431330716 -0.28294294

1.9905 0.451747517 0.451747512 0.451743326 0.451746886 0.451747246 0.451747497 -0.265073293

2.0005 0.474046399 0.474046393 0.474041658 0.47404568 0.474046094 0.474046376 -0.24925215

2.0105 0.498496358 0.498496351 n  0.498490964 0.498495535 0.498496013 0.498496333 -0.23514686

2.0205 0.525420128 0.525420119 0.525413952 0.525419179 0.525419735 0.525420098 -0.222493095

2.0305 0.555208327 0.555208317 0.555201207 0.555207225 0.555207876 0.555208293 -0.211078163

2.0405 0.58833829S 0.588338286 0.588330025 0.58833701 0.588337778 0.588338259 -0.200728987

2.0505 0.625399587 0.625399572 0.62538989 0.625398067 0.625398981 0.625399541 -0.191303295

2.0605 0.667128962 0.667128944 0.667117482 0.667127151 0.667128248 0.66712890'/ -0.182683053

2.0705 0.71445942S 0.714459405 0.714445684 0.71445724e 0.714458578 0.714459362 -0.174769521

2.0805 0.76859021 0.768590182 0.768573544 0.768587541 0.768589186 0.7685901: -0.167479458

2.0905 0.831088991 0.831088962 0.83106848'; 0.831085701 0.831087744 0.83108889S -0.160742205

2.1005 0.90404520S 0.904045162 0.90401951' 0.90404105; 0.904043648 0.90404508; -0.154497384
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2.1105 0.990306705 0.990306644 0.990273865 0.990301365 0.990304722 0.990306547 -0.148693103

2.1205 1.09385824 1.093858157 1.093815221 1.093851205 1.093855658 1.093858032 -0.143284509

2.1305 1.220451585 1.22045147 1.220393529 1.220442037 1.220448121 1.220451305 -0.138232639

2.1405 1.37870696 1.378706794 1.378625666 1.378693514 1.378702138 1.378706566 -0.133503479

2.1505 1.582155469 1.58215522 1.58203617 1.582135627 1.582148436 1.582154891 -0.129067206

2.1605 1.853315966 1.853315567 1.853129793 1.853284832 1.853305058 1.853315064 -0.124897561

2.1705 2.232640095 2.232639401 2.232324091 2.232586962 2.232621694 2.232638563 -0.12097133

2.1805 2.800787711 2.800786349 2.800181948 2.800685308 2.800752656 2.800784772 -0.117267918

2.1905 3.745036748 3.745033512 3.743629991 3.744797653 3.744955842 3.745029919 -0.113768989

2.2005 5.621795973 5.621785097 5.617169321 5.621005229 5.621531478 5.6217735 -0.110458162

2.2105 11.13355126 11.13346689 11.09846681 11.12751243 11.13155419 11.13338042 -0.107320762

2.2205 19.58816172 19.57164458 14.54445004 18.48370653 19.21302761 19.55529294 -0.1043436

2.2305 -11.60434456 -11.60425047 -11.56671291 -11.59780052 -11.60223032 -11.60416125 -0.101514788

2.2405 -5.823850851 -5.823839122 -5.819233114 -5.823045463 -5.823593748 -5.823828412 -0.098823589

2.2505 -3.89612777 -3.896124283 -3.894778517 -3.895891366 -3.896053186 -3.896121217 -0.096260274

2.2605 -2.933969995 -2.933968513 -2.933406337 -2.933870763 -2.933939053 -2.933967257 -0.09381601

2.2705 -2.357538549 -2.357537783 -2.357251789 -2.357487823 -2.357522916 -2.357537157 -0.091482758

2.2805 -1.973732984 -1.973732534 -1.97356754 -1.973703578 -1.973724026 -1.973732181 -0.089253189

2.2905 -1.699892513 -1.699892225 -1.699788285 -1.6998739 -1.699886908 -1.699892007 -0.0871206

2.3005 -1.494728399 -1.494728201 -1.494658289 -1.49471582 -1.494724654 -1.494728058 -0.085078857

2.3105 -1.335321525 -1.335321383 -1.335271889 -1.335312579 -1.335318892 -1.335321284 -0.083122331

2.3205 -1.207929857 -1.207929749 -1.207893227 -1.207923225 -1.207927926 -1.207929679 -0.081245847

2.3305 -1.103813465 -1.103813381 -1.103785481 -1.103808376 -1.103812 -1.103813329 -0.079444641

2.3405 -1.017148548 -1.01714848 -1.017126527 -1.017144525 -1.017147402 -1.017148441 -0.077714319

2.3505 -0.94390491 -0.943904855 -0.94388713 -0.943901649 -0.943903991 -0.943904824 -0.076050824

2.3605 -0.881204876 -0.881204829 -0.881190189 -0.881202171 -0.881204121 -0.881204805 -0.074450399

2.3705 -0.826938815 -0.826938774 -0.826926433 -0.826936525 -0.826938182 -0.826938755 -0.072909565

2.3805 -0.779524948 -0.779524912 -0.779514316 -0.779522974 -0.779524407 -0.779524897 -0.071425095

2.3905 -0.737753985 -0.737753952 -0.737744702 -0.737752255 -0.737753515 -0.73775394 -0.069993987

2.4005 -0.700685583 -0.700685553 -0.700677355 -0.700684044 -0.700685169 -0.700685544 -0.068613452

2.4105 -0.667577526 -0.667577498 -0.667570132 -0.667576138 -0.667577155 -0.66757749 -0.06728089

2.4205 -0.637836157 -0.637836131 -0.637829428 -0.63783489 -0.637835821 -0.637836125 -0.065993875

2.4305 -0.610980989 -0.610980964 -0.610974794 -0.610979818 -0.610980681 -0.610980959 -0.064750142

2.4405 -0.586618968 -0.586618943 -0.586613205 -0.586617875 -0.586618682 -0.58661894 -0.063547576

2.4505 -0.564425453 -0.564425429 -0.564420041 -0.564424423 -0.564425186 -0.564425427 -0.062384193

2.4605 -0.544129959 -0.544129935 -0.544124834 -0.544128981 -0.544129707 -0.544129934 -0.061258139

2.4705 -0.525505319 -0.525505295 -0.525500426 -0.525504383 -0.525505079 -0.525505295 -0.06016767

2.4805 -0.508359348 -0.508359324 -0.508354645 -0.508358445 -0.508359118 -0.508359325 -0.059111152

2.4905 -0.492528364 -0.49252834 -0.492523814 -0.492527488 -0.492528142 -0.492528342 -0.058087049

2.5005 -0.477872095 -0.477872071 -0.477867668 -0.47787124 -0.47787188 -0.477872074 -0.057093915

2.5105 -0.464269641 -0.464269617 -0.464265312 -0.464268803 -0.464269431 -0.46426962 -0.056130388

2.5205 -0.451616245 -0.45161622 -0.451611991 -0.45161542 -0.45161604 -0.451616225 -0.055195188

2.5305 -0.439820688 -0.439820662 -0.439816491 -0.439819871 -0.439820486 -0.439820668 -0.054287103

2.5405 -0.428803172 -0.428803146 -0.428799016 -0.428802362 -0.428802973 -0.428803153 -0.053404991

2.5505 -0.418493593 -0.418493565 -0.418489463 -0.418492785 -0.418493395 -0.418493573 -0.052547775

2.5605 -0.408830108 -0.40883008 -0.408825992 -0.408829301 -0.408829912 -0.408830089 -0.051714433

2.5705 -0.399757964 -0.399757935 -0.39975385 -0.399757155 -0.399757768 -0.399757944 -0.050904

2.5805 -0.391228505 -0.391228475 -0.391224383 -0.391227693 -0.391228309 -0.391228485 -0.050115563

2.5905 -0.383198353 -0.383198321 -0.383194213 -0.383197535 -0.383198157 -0.383198333 -0.049348254

2.6005 ,-0.375628711 -0.375628678 -0.375624546 -0.375627886 -0.375628515 -0.375628691 -0.048601252

2.6105 -0.368484775 -0.368484745 -0.36848058 -0.368483945 -0.368484581 -0.368484759 -0.047873778

2.6205 -0.361735251 -0.361735215 -0.361731011 -0.361734407 -0.361735052 -0.361735231 -0.047165091

2.6305 -0.35535185 -0.355351853 -0.355347603 -0.355351035 -0.35535169 -0.35535187 -0.046474488

2.6405 -0.34930916" -0.349309128 -0.349304825 -0.34930829S -0.349308964 ,-0.349309146 -0.0458013

2.6505 -0.34358393S -0.343583898 -0.343579536 -0.343583056 -0.343583734 -0.34358391S -0.045144889

2.6605 -0.33815518: -0.338155141 -0.338150714 -0.338154286 -0.33815497( -0.33815516: -0.044504651

2.6705 -0.33300376: -0.333003718 -0.3329992: -0.33300284S -0.33300355: -0.33300374: -0.043880008
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2.6805 -0.328112218 -0.328112171 -0.328107597 -0.328111286 -0.328112006 -0.328112197 -0.04327041

2.6905 -0.323464591 -0.323464542 -0.323459886 -0.32346364 -0.323464375 -0.323464569 -0.042675331

2.7005 -0.319046269 -0.319046218 -0.319041474 -0.319045298 -0.31904605 -0.319046247 -0.042094272

2.7105 -0.314843847 -0.314843793 -0.314838956 -0.314842854 -0.314843624 -0.314843824 -0.041526754

2.7205 -0.310845008 -0.310844951 -0.310840016 -0.310843992 -0.310844781 -0.310844984 -0.04097232

2.7305 -0.307038416 -0.307038356 -0.307033317 -0.307037376 -0.307038185 -0.307038392 -0.040430534

2.7405 -0.303413624 -0.303413561 -0.303408412 -0.303412559 -0.303413388 -0.303413599 -0.039900979

2.7505 -0.299960987 -0.299960921 -0.299955657 -0.299959895 -0.299960747 -0.299960962 -0.039383256

2.7605 -0.296671592 -0.296671522 -0.296666138 -0.296670472 -0.296671347 -0.296671566 -0.038876982

2.7705 -0.293537189 -0.293537116 -0.293531604 -0.29353604 -0.293536939 -0.293537163 -0.038381791

2.7805 -0.290550134 -0.290550057 -0.290544413 -0.290548955 -0.290549879 -0.290550107 -0.037897332

2.7905 -0.287703335 -0.287703254 -0.287697472 -0.287702124 -0.287703074 -0.287703308 -0.037423271

2.8005 -0.284990206 -0.284990121 -0.284984195 -0.284988962 -0.28498994 -0.284990178 -0.036959284

2.8105 -0.282404625 -0.282404535 -0.282398458 -0.282403346 -0.282404353 -0.282404596 -0.036505062

2.8205 -0.279940892 -0.279940798 -0.279934563 -0.279939578 -0.279940614 -0.279940863 -0.036060308

2.8305 -0.277593702 -0.277593603 -0.277587203 -0.277592349 -0.277593417 -0.277593672 -0.035624738

2.8405 -0.275358105 -0.275358001 -0.27535143 -0.275356713 -0.275357813 -0.275358074 -0.035198079

2.8505 -0.273229485 -0.273229376 -0.273222627 -0.273228052 -0.273229187 -0.273229454 -0.034780066

2.8605 -0.271203533 -0.271203418 -0.271196484 -0.271202058 -0.271203227 -0.271203501 -0.034370448

2.8705 -0.269276222 -0.2692761 -0.269268973 -0.269274702 -0.269275908 -0.269276189 -0.033968982

2.8805 -0.267443786 -0.267443658 -0.26743633 -0.26744222 -0.267443465 -0.267443752 -0.033575433

2.8905 -0.265702705 -0.26570257 -0.265695032 -0.26570109 -0.265702376 -0.26570267 -0.033189577

n  2.9005 -0.264049683 -0.26404954 -0.264041785 -0.264048017 -0.264049344 -0.264049647 -0.032811196

2.9105 -0.262481633 -0.262481483 -0.262473501 -0.262479915 -0.262481286 -0.262481597 -0.032440083

2.9205 -0.260995667 -0.260995509 -0.260987291 -0.260993895 -0.260995311 -0.260995629 -0.032076037

2.9305 -0.259589077 -0.259588911 -0.259580447 -0.259587247 -0.259588711 -0.259589038 -0.031718863

2.9405 -0.258259326 -0.25825915 -0.258250431 -0.258257437 -0.25825895 -0.258259286 -0.031368375

2.9505 -0.257004037 -0.257003851 -0.256994866 -0.257002085 -0.25700365 -0.257003995 -0.031024393

2.9605 -0.25582098 -0.255820784 -0.255811522 -0.255818964 -0.255820583 -0.255820937 -0.030686743

2.9705 -0.254708068 -0.254707861 -0.254698312 -0.254705985 -0.25470766 -0.254708024 -0.030355258

2.9805 -0.253663344 -0.253663126 -0.253653276 -0.25366119 -0.253662924 -0.253663298 -0.030029776

2.9905 -0.252684973 -0.252684743 -0.252674582 -0.252682747 -0.252684541 -0.252684927 -0.029710141
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Table A3.2: Table of

I  I 1 1 1 ' 1

vector coefficient, a2 for various functions

1
20 monopoles 20 monopoles 20 p.w. and 20 20 p.w.and 20

k 20 plane waves infinite p.w. at r = 5 at r= 10 mono atr = 5 mono at r= 10 2nd order FD

5.00E-04 -1.75 -1 0.200000393 0.200000107 0.200000396 0.200000584 0.200000015

1.05E-02 2.25 0.5 0.200006773 0.200006321 0.200006773 0.200006381 0.200006615

2.05E-02 0.5 3.13E-02 0.200024755 0.200024351 0.200024754 0.200024337 0.200025218

3.05E-02 -0.5 0.375 0.200054343 0.200053912 0.200054343 0.200054072 0.200055831

4.05E-02 0.23046875 0.2109375 0.200095546 0.200095166 0.200095545 0.200095043 0.200098463

5.05E-02 0.206542969 0.202148438 0.200148374 0.20014799 0.200148373 0.200147919 0.200153132

6.05E-02 0.199462891 0.200317383 0.200212841 0.200212441 0.200212841 0.200212374 0.200219856

7.05E-02 0.200805664 0.200500488 0.200288964 0.20028859 0.200288964 0.200288627 0.20029866

8.05E-02 0.200317383 0.200256348 0.200376764 0.200376399 0.200376763 0.200376354 0.200389572

9.05E-02 0.200492859 0.2004776 0.200476263 0.200475894 . 0.200476263 0.200475905 0.200492625

0.1005 0.200588226 0.200611115 0.200587487 0.20058712 0.200587487 0.200587127 0.200607857

0.1105 0.200709343 0.200703621 0.200710468 0.200710114 0.200710468 0.200710092 0.200735308

0.1205 0.200843811 0.200846672 0.200845236 0.200844863 0.200845237 0.200844891 0.200875027

0.1305 0.200995445 0.200989246 0.200991829 0.20099146 0.200991828 0.200991429 0.201027062

0.1405 0.201149702 0.201149225 0.201150284 0.201149926 0.201150284 0.201149914 0.201191471

0.1505 0.20132041 0.201321125 0.201320644 0.20132028 0.201320644 0.20132032 0.201368313

0.1605 0.201502323 0.201502323 0.201502955 0.201502602 0.201502955 0.201502571 0.201557653

0.1705 0.201697022 0.201697201 0.201697265 0.201696907 0.201697265 0.201696917 0.20175956

0.1805 0.201903701 0.201903194 0.201903627 0.201903278 0.201903627 0.201903302 0.20197411

0.1905 0.20212169 0.202121779 0.202122096 0.20212174 0.202122095 0.202121727 0.202201382

0.2005 0.202352345 0.202352405 0.20235273 0.202352381 0.202352729 0.202352371 0.202441459

0.2105 0.202595219 0.202595323 0.202595592 0.202595249 0.202595592 0.202595238 0.202694432

0.2205 0.20285042 0.202850416 0.202850748 0.202850412 0.202850747 0.202850409 0.202960396

0.2305 0.203117903 0.203117937 0.203118266 0.203117931 0.203118265 0.203117923 0.203239449

0.2405 0.20339792 0.203397883 0.20339822 0.203397888 0.203398219 0.203397895 0.203531697

0 2505 0.203690341 0.203690352 0.203690686 0.203690357 0.203690685 0.203690358 0.203837252

0.2605 0.203995429 0.203995416 0.203995744 0.203995422 0.203995741 0.203995416 0.204156228

0.2705 0.204313152 0.204313161 0.204313476 0.204313158 0.204313474 0.204313158 0.204488748

0.2805 0.204643656 0.204643653 0.204643972 0.204643659 0.204643968 0:204643654 0.204834939

0.2905 0.204987007 0.204987013 0.204987321 0.204987011 0.204987317 0.204987013 0.205194936

0.3005 0.205343314 0.205343315 0.20534362 0.205343315 0.205343614 0.205343315 0.205568876

0.3105 0.205712668 0.205712666 0.205712966 0.205712665 0.205712959 0.205712663 0.205956907

0.3205 0.206095171 0.206095167 0.206095463 0.206095167 0.206095454 0.206095168 0.20635918

0.3305 0.206490929 0.206490929 0.206491218 0.206490927 0.206491208 0.206490929 0.206775853

0.3405 0.206900055 0.206900056 0.206900342 0.206900057 0.20690033 0.206900056 0.207207093

0.3505 0.207322672 0.207322669 0.20732295 0.207322671 0.207322936 0.20732267 0.207653069

0.3605 0.207758889 0.207758889 0.207759163 0.207758889 0.207759146 0.207758888 0.208113963

0.3705 0.208208835 0.208208835 0.208209104 0.208208835 0.208209084 0.208208835 0.208589959

0.3805 0.208672638 0.208672638 0.208672901 0.208672639 0.208672878 0.208672638 0.209081251

0.3905 0.209150431 0.209150432 0.209150688 0.209150432 0.209150662 0.209150431 0.20958804

0.4005 0.209642352 0.209642352 0.209642602 0.209642352 0.209642573 0.209642352 0.210110535

0.4105 0.210148541 0.210148542 0.210148787 0.210148542 0.210148754 0.210148542 0.210648952

0.4205 0.210669149 0.210669149 0.210669388 0.210669149 0.210669351 0.210669149 0.211203518

0.4305 0.211204325 0.211204325 0.211204558 0.211204326 0.211204518 0.211204326 0.211774464

0.4405 0.211754228 0.211754228 0.211754455 0.211754228 0.211754411 0.211754228 0.212362035

0.4505 0.21231902 0.21231902 0.21231924 0.21231902 0.212319193 0.21231902 0.21296648

0.4605 0.212898868 0.212898868 0.212899082 0.212898869 0.212899032 0.212898868 0.213588061

0.4705 0.213493946 0.213493946 0.213494154 0.213493947 0.2134941 0.213493946 0.214227049

0.4805 0.214104432 0.214104432 0.214104634 0.214104433 0.214104577 0.214104432 0.214883722

0.4905 0.214730511 0.214730511 0.214730706 0.214730511 0.214730647 0.214730511 0.215558373
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0.5005 0.215372372 0.215372372 0.215372561 0.215372372 0.215372499 0.215372372 0.216251302

0.5105 0.216030212 0.216030212 0.216030395 0.216030212 0.21603033 0.216030212 0.21696282

0.5205 0.216704232 0.216704232 0.216704409 0.216704232 0.216704343 0.216704232 0.217693253

0.5305 0.217394642 0.217394642 0.217394813 0.217394642 0.217394745 0.217394642 0.218442935

0.5405 0.218101655 0.218101655 0.21810182 0.218101655 0.218101751 0.218101655 0.219212213

0.5505 0.218825494 0.218825494 0.218825653 0.218825494 0.218825583 0.218825494 0.220001448

0.5605 0.219566386 0.219566386 0.21956654 0.219566386 0.219566469 0.219566386 0.220811013

0.5705 0.220324566 0.220324566 0.220324715 0.220324566 0.220324643 0.220324566 0.221641294

0.5805 0.221100277 0.221100277 0.22110042 0.221100277 0.221100348 0.221100277 0.222492693

0.5905 0.221893768 0.221893768 0.221893906 0.221893768 0.221893834 0.221893768 0.223365625

0.6005 0.222705296 0.222705296 0.22270543 0.222705297 0.222705358 0.222705296 0.22426052

•  0.6105 0.223535127 0.223535127 0.223535255 0.223535127 0.223535184 0.223535127 0.225177825

0.6205 0.224383531 0.224383531 0.224383655 0.224383531 0.224383584 0.224383531 0.226118003

0.6305 0.225250792 0.225250792 0.225250911 0.225250792 0.225250841 0.225250792 0.227081534

0.6405 0.226137197 0.226137197 0.226137312 0.226137197 0.226137243 0.226137197 0.228068915

0.6505 0.227043045 0.227043045 0.227043156 0.227043045 0.227043087 0.227043045 0.229080662

0.6605 0.227968643 0.227968643 0.22796875 0.227968643 0.227968683 0.227968643 0.230117311

0.6705 0.228914307 0.228914307 0.22891441 0.228914307 0.228914344 0.228914307 0.231179416

0.6805 0.229880363 0.229880363 0.229880462 0.229880363 0.229880397 0.229880363 0.232267555

0.6905 0.230867145 0.230867145 0.230867241 0.230867145 0.230867177 0.230867145 0.233382325

0.7005 0.231875 0.231875 0.231875093 0.231875001 0.23187503 0.231875 0.234524347

0.7105 0.232904284 0.232904284 0.232904373 0.232904284 0.232904312 0.232904284 0.235694264

0.7205 0.233955362 0.233955362 0.233955449 0.233955362 0.233955388 0.233955362 0.236892747

0.7305 0.235028613 0.235028613 0.235028697 0.235028613 0.235028638 0.235028613 0.238120489

0.7405 0.236124426 0.236124426 0.236124507 0.236124426 0.236124449 0.236124426 0.239378213

0.7505 0.237243201 0.237243201 0.237243279 0.237243201 0.237243223 0.237243201 0.240666668

0.7605 0.238385352 0.238385352 0.238385427 0.238385352 0.238385372 0.238385352 0.241986635

0.7705 0.239551303 0.239551303 0.239551376 0.239551303 0.239551322 0.239551303 0.243338924

0.7805 0.240741494 0.240741494 0.240741565 0.240741494 0.240741512 0.240741494 0.244724377

0.7905 0.241956377 0.241956377 0.241956446 0.241956377 0.241956394 0.241956377 0.246143872

0.8005 0.243196418 0.243196418 0.243196484 0.243196418 0.243196434 0.243196418 0.24759832

0.8105 0.244462096 0.244462096 0.244462161 0.244462096 0.244462111 0.244462096 0.24908867

0.8205 0.245753907 0.245753907 0.24575397 0.245753908 0.245753922 0.245753907 0.250615912

0.8305 0.247072362 0.247072362 0.247072423 0.247072362 0.247072376 0.247072362 0.252181075

0.8405 0.248417987 0.248417987 0.248418047 0.248417987 0.248418 0.248417987 0.253785231

0.8505 0.249791325 0.249791325 0.249791383 0.249791326 0.249791338 0.249791325 0.255429497

0.8605 •  0.251192936 0.251192936 0.251192993 0.251192937 0.251192948 0.251192936 0.25711504

0.8705 0.252623398 0.252623398 0.252623454 0.252623399 0.25262341 0.252623398 0.258843074

0.8805 0.254083308 0.254083308 0.254083361 0.254083308 0.254083318 0.254083308 0.260614868

0.8905 0.255573279 0.255573279 0.255573331 0.255573279 0.255573289 0.255573279 0.262431744

0.9005 0.257093947 0.257093947 0.257093999 0.257093948 0.257093957 0.257093947 0.264295085

0.9105 0.258645968 0.258645968 0.258646019 0.258645969 0.258645978 0.258645969 0.266206334

0.9205 0.260230019 0.260230019 0.260230068 0.260230019 0.260230028 0.260230019 0.268166998

0.9305 0.261846797 0.261846797 0.261846845 0.261846798 0.261846806 0.261846797 0.270178656

0.9405 0.263497025 0.263497025 0.263497073 0.263497026 0.263497034 0.263497025 0.272242956

0.9505 0.265181448 0.265181448 0.265181495 0.265181449 0.265181456 0.265181448 0.274361623

0.9605 0.266900837 0.266900837 0.266900883 0.266900837 0.266900845 0.266900837 0.276536465

0.9705 0.268655987 0.268655987 0.268656032 0.268655987 0.268655994 0.268655987 0.278769374

0.9805 0.270447721 0.270447721 0.270447765 0.270447721 0.270447728 0.270447721 0.281062333

0.9905 0.27227689 0.27227689 0.272276933 0.27227689 0.272276897 0.27227689 0.28341742

1.0005 0.274144372 0.274144372 0.274144415 0.274144373 0.274144379 0.274144372 0.285836818

1.0105 0.276051079 0.276051079 0.276051122 0.27605108 0.276051086 0.276051079 0.288322814

1.0205 0.27799795 0.27799795 0.277997992 0.277997951 0.277997957 0.27799795 0.290877814

1.0305 0.27998596 0.27998596 0.279986002 0.279985961 0.279985967 0.27998596 0.293504342

1.0405 0.282016117 0.282016117 0.282016158 0.282016117 0.282016123 0.282016117 0.296205054

1.0505 0.284089463 0.284089463 0.284089504| 0.284089463 0.284089465 0.284089463 0.298982745

1.0605 0.28620707S 0.286207075 0.286207119| 0.2862070S 0.286207085 0.286207075 0.301840355
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1.0705 0.288370084 0.288370084 0.288370124 0.288370085 0.28837009 0.288370084 0.304780981

1.0805 0.290579638 0.290579638 0.290579678 0.290579639 0.290579644 0.290579638 0.iU7oU/oy

1.0905 0.292836942 0.292836942 0.292836981 0.292836943 0.292836947 0.292836942 0.310y245z4

1.1005 0.295143241 0.295143241 0.295143281 0.295143242 0.295143247 0.295143241 0.314134j1o

1.1105 0.297499827 0.297499827 0.297499866 0.297499828 0.297499833 0.297499827 0.317441712

1.1205 0.29990804 0.29990804 0.299908079 0.29990804 0.299908045 0.29990804 0.320850163

1.1305 0.302369268 0.302369268 0.302369307 0.302369269 0.302369273 0.302369268 0.324364164

1.1405 0.304884954 0.304884954 0.304884993 0.304884955 0.304884959 0.304884954 0.327988259

1.1505 0.307456596 0.307456596 0.307456635 0.307456597 0.307456601 0.307456596 0.331727262

1.1605 0.310085748 0.310085748 0.310085787 0.310085749 0.310085753 0.310085748 0.335586278

1.1705 0.312774025 0.312774025 0.312774064 0.312774026 0.31277403 0.312774025 0.339570724

1.1805 0.315523106 0.315523106 0.315523145 0.315523107 0.315523111 0.315523106 0.343686355

1.1905 0.318334735 0.318334735 0.318334774 0.318334737 0.31833474 0.318334735 0.347939288

1.2005 0.321210727 0.321210727 0.321210766 0.321210728 0.321210731 0.321210727 0.352336034

1.2105 0.324152967 0.324152967 0.324153006 0.324152969 0.324152972 0.324152967 0.356883527

1.2205 0.327163421 0.327163421 0.32716346 0.327163422 0.327163426 0.327163421 0.361589161

1.2305 0.330244132 0.330244132 0.330244171 0.330244133 0.330244137 0.330244132 0.366460827

1.2405 0.333397228 0.333397228 0.333397268 0.33339723 0.333397233 0.333397229 0.371506958

1.2505 0.336624928 0.336624928 0.336624968 0.33662493 0.336624933 0.336624928 0.376736573

1.2605 0.339929543 0.339929543 0.339929583 0.339929544 0.339929547 0.339929543 0.382159331

1.2705 0.343313481 0.343313481 0.343313521 0.343313483 0.343313485 0.343313481 0.387785588

1.2805 0.346779256 0.346779256 0.346779297 0.346779258 0.346779261 0.346779256 0.393626459

1.2905 0.350329491 0.350329491 0.350329532 0.350329493 0.350329496 0.350329491 0.399693894

1.3005 0.353966924 0.353966924 0.353966965 0.353966926 0.353966928 0.353966924 0.406000752

1.3105 0.357694412 0.357694412 0.357694454 0.357694414 0.357694417 0.357694412 0.412560891

1.3205 0.361514945 0.361514945 0.361514987 0.361514947 0.361514949 0.361514945 0.419389268

1.3305 0.365431644 0.365431644 0.365431686 0.365431647 0.365431649 0.365431644 0.426502048

1.3405 0.369447776 0.369447776 0.369447819 0.369447779 n  0.369447781 0.369447777 0.433916733

1.3505 0.373566759 0.373566759 0.373566801 0.373566761 0.373566763 0.373566759 0.441652294

1.3605 0.377792169 0.377792169 0.377792212 0.377792171 0.377792173 0.377792169 0.449729339

1.3705 0.382127754 0.382127754 0.382127797 0.382127756 0.382127758 0.382127754 0.458170284

1.3805 0.38657744 0.38657744 0.386577484 0.386577443 0.386577445 0.38657744 0.466999563

1.3905 0.391145346 0.391145346 0.39114539 0.391145349 0.39114535 0.391145346 0.476243855

1.4005 0.39583579 0.39583579 0.395835834 0.395835793 0.395835795 0.39583579 0.48593235

1.4105 0.400653307 0.400653307 0.400653351 0.40065331 0.400653311 0.400653307 0.496097049

1.4205 0.405602658 0.405602658 0.405602703 0.405602661 0.405602663 0.405602659 0.506773118

1.4305 0.410688849 0.410688849 0.410688894 0.410688852 0.410688853 0.410688849 0.517999277

1.4405 0.415917141 0.415917141 0.415917186 0.415917144 0.415917145 0.415917141 0.529818272

1.4505 0.421293072 0.421293072 0.421293117 0.421293075 0.421293076 0.421293072 0.542277404

1.4605 0.426822471 0.426822471 0.426822517 0.426822475 0.426822476 0.426822472 0.555429157

1.4705 0.432511482 0.432511482 0.432511528 0.432511485 0.432511486 0.432511482 0.569331925

1.4805 0.438366579 0.438366579 0.438366625 0.438366582 0.438366583 0.438366579 0.58405087

1.4905 0.444394594 0.444394595 0.44439464 0.444394598 0.444394599 0.444394595 0.599658929

1.5005 0.450602741 0.450602741 0.450602787 0.450602745 0.450602746 0.450602742 0.61623801

1.5105 0.45699864 0.45699864 0.456998686 0.456998644 0.456998645 0.456998641 0.633880417

1.5205 0.463590349 0.463590349 0.463590394 0.463590353 0.463590353 0.463590349 0.65269055

1.5305 0.470386394 0.470386394 0.47038643S 0.470386398 0.470386398 0.470386394 0.672786954

1.5405 0.477395803 0.477395803 0.47739584S 0.47739580' 0.477395807 0.477395804 0.6943048

1.5505 0.48462814S 0.484628141 0.48462819: 0.48462815: 0.484628152 0.48462814S 0.717398905

1.5605 0.49209357S 0.492093575 0.49209362: 0.49209358: 0.492093582 0.4920935f 0.742247434

1.5705

13805

0.49980287': 0.49980287' 0.49980291! 0.499802871 0.499802871 0.49980287f 0.769056474

0.507767481 0.50776748! 0.50776752' 0.50776741 0.50776745 0.50776748' 0.798065728

1.5905 0.51599959' 0.51599959' 0.51599963. 0.515999! 0.515999! 0.51599959' 0.829555658

1.600. 0.52451217' 0.52451217' 0.52451221 0.52451217 0.524512171 0.52451217. 0.863856534

1.610 0.53331904 0.53331904 0.533319075  0.53331904'1  0.53331904' 0.53331904 0.901360006

1.620 0.5424349' 0.54243491  0.54243497 0.54243494-}  0.54243494. 0.5424349'1  0.942534052

1.630 0.55187561 0.551875618  0.551875647  0.55187562 0.551875621 0.551875618  0.987942532
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1.6405 0.561657908 0.561657908 0.561657933 0.56165791 0.56165791 0.561657908 1.038271061

1.6505 0.571799825 0.571799825 0.571799847 0.571799827 0.571799827 0.571799825 1.094361752

1.6605 0.582320674 0.582320674 0.582320692 0.582320676 0.582320676 0.582320675 1.157260573

1.6705 0.593241167 0.593241167 0.593241179 0.593241168 0.593241168 0.593241167 1.228282997

1.6805 0.604583548 0.604583548 0.604583554 0.604583549 0.604583549 0.604583548 1.309106785

1.6905 0.616371746 0.616371746 0.616371744 0.616371746 0.616371746 0.616371746 1.401905926

1.7005 0.628631529 0.628631529 0.628631519 0.628631528 0.628631528 0.628631529 1.509548745

n  1.7105 0.641390689 0.641390689 0.64139067 0.641390687 0.641390688 0.641390689 1.635899153

1.7205 0.654679244 0.654679244 0.654679214 0.654679241 0.654679242 0.654679244 1.786289646

1.7305 0.668529663 0.668529663 0.668529621 0.668529658 0.66852966 0.668529663 1.968292287

1.7405 0.682977123 0.682977123 0.682977067 0.682977116 0.682977119 0.682977123 2.193032352

1.7505 0.698059795 0.698059795 0.698059723 0.698059786 0.69805979 0.698059795 2.47754953

1.7605 0.713819173 0.713819173 0.713819083 0.713819162 0.713819167 0.713819173 2.849330603

1.7705 0.73030044 0.73030044 0.730300328 0.730300426 0.730300432 0.730300439 3.355765226

1.7805 0.747552887 0.747552887 0.747552751 0.74755287 0.747552877 0.747552886 4.086142003

1.7905 0.765630392 0.765630392 0.765630229 0.765630372 0.765630381 0.765630392 5.231093357

1.8005 0.784591967 0.784591967 0.784591772 0.784591942 0.784591953 0.784591966 7.283341087

.  1.8105 0.80450238 0.804502379 0.804502148 0.80450235 0.804502363 0.804502379 12.02868239

1.8205 0.825432876 0.825432876 0.825432603 0.82543284 0.825432857 0.825432875 34.88012138

1.8305 0.84746201 0.84746201 0.847461689 0.847461968 0.847461988 0.847462009 -38.32096684

1.8405 0.870676605 0.870676605 0.870676229 0.870676555 0.870676579 0.870676604 -12.32128363

1.8505 0.895172869 0.895172869 0.895172429 0.89517281 0.895172839 0.895172867 -7.324645693

1.8605 0.921057699 0.921057699 0.921057185 0.921057629 0.921057664 0.921057697 -5.203174196

1.8705 ,0.948450207 0.948450207 0.948449607 0.948450125 0.948450166 0.948450204 -4.029733388

1.8805 0.977483516 0.977483515 0.977482816 0.977483419 0.977483468 0.977483513 -3.28493124

1.8905 1.00830688 1.00830688 1.008306065 1.008306766 1.008306825 1.008306877 -2.77019533

1.9005 1.041088207 1.041088206 1.041087255 1.041088073 1.041088142 1.041088202 -2.393201155

1.9105 1.076017059 1.076017058 1.076015949 1.076016901 1.076016985 1.076017054 -2.105195016

1.9205 1.113308269 1.113308267 1.113306972 1.113308083 1.113308182 1.113308262 -1.878003485

1.9305 1.153206285 1.153206283 1.153204768 1.153206065 1.153206184 1.153206277 -1.694210649

1.9405 1.195990463 1.195990461 1.195988685 1.195990204 1.195990345 1.195990454 -1.542471073

1.9505 1.241981524 1.241981522 1.241979436 1.241981218 1.241981387 1.241981514 -1.415076901

1.9605 1.291549503 1.291549501 1.291547046 1.29154914 1.291549343 1.291549492 -1.306608187

1.9705 1.345123608 1.345123605 1.345120706 1.345123176 1.34512342 1.345123595 -1.213142641

1.9805 n  1.403204534 1.40320453 1.403201094 1.403204018 1.403204312 1.403204518 -1.131771762

1.9905 1.466379995 1.46637999 1.466375902 1.466379377 1.466379733 1.466379976 -1.060293174

2.0005 1.535344485 1.535344479 1.535339593 1.535343741 1.535344173 1.535344462 -0.9970086

2.0105 1.610924678 1.61092467 1.610918801 1.610923777 1.610924305 1.61092465 -0.940587442

2.0205 1.694112444 1.694112434 1.694105344 1.694111349 1.694111997 1.69411241 -0.889972381

2.0305 1.786108283 1.78610827 1.786099648 1.786106942 1.786107742 1.786108241 -0.844312652

2.0405 1.888379212 1.888379196 1.888368634 1.888377559 1.888378553 1.888379161 -0.80291595

2.0505 2.002737074 2.002737054 2.002724007 2.002735019 2.002736264 2.002737011 -0.765213179

2.0605 2.131446166 2.13144614 2.13142987 2.131443587 2.131445162 2.131446087 -0.730732213

2.0705 2.277373867 2.277373834 2.277353323 2.277370596 2.277372609 2.277373768 -0.699078082

2.0805 2.444205737 2.444205693 2.444179508 2.444201535 2.444204139 2.44420561 -0.669917834

2.0905 2.636759726 2.636759668 2.636725751 2.636754251 2.636757668 2.636759562 -0.642968819

2.1005 2.861457244 2.861457165 2.861412479 2.861449988 2.861454547 •2.861457028 -0.617989536

2.1105 3.127050688 3.127050579 3.126990507 3.127040878 3.127047083 3.127050397 -0.594772411

2.1205 3.445786588 3.445786433 3.445703705 3.445773001 3.44578165 3.445786187 -0.573138038

2.1305 3.835342354 3.835342127 3.835224804 3.835322977 3.835335389 3.835341785 -0.552930556

2.1405 4.322211654 4.322211311 4.322038743 4.322182995 4.322201465 4.322210816 -0.534013916

2.1505 4.947982274 4.94798173 4.947715852 4.94793788 4.947966661 4.947980983 -0.516268825

2.1605 5.78186765 5.781866735 5.781431362 5.781794567 5.781842222 5.781865535 -0.499590242

2.1705 6.94820352' 6.948201853 6.94742695' 6.948072764 6.948158514 6.94819976 -0.483885318

2.1805 8.6949258' 8.694922415 8.693366013 8.6946618f 8.694835945 8.6949183 -0.469071671

2.1905 11.5977434 11.5977347S 11.59395113 11.59709825 11.59752595 11.5977249S -0.455075954

2.2005 17.3673410' 17.36731065 17.3542979-: 17.3651103S 17.36659695 17.36727771 -0.441832649
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2.2105 34.31530221 34.31505482 34.2119956 34.29751465 34.30942816 34.31479913 -0.42928305

2.2205 61.83798824 61.78727019 46.31277272 58.43763588 60.68400809 61.73680924 -0.417374399

2.2305 -35.55342368 -35.55312159 -35.4331079 -35.53250862 -35.54665648 -35.55283764 -0.406059154

2.2405 -17.80131176 -17.80127247 -17.78596929 -17.79863784 -17.80045557 -17.80123722 -0.395294357

2.2505 -11.87911478 -11.87910262 -11.87446653 -11.87830129 -11.87885692 -11.87909221 -0.385041096

2.2605 n  -8.922631837 -8.922626471 -8.920623458 -8.922278821 -8.922521056 -8.922622087 -0.375264039

2.2705 -7.151044679 -7.151041807 -7.149990896 -7.150858648 -7.150986878 -7.151039565 -0.365931034

2.2805 -5.971213842 -5.971212105 -5.970588801 -5.971103023 -5.971179749 -5.97121081 -0.357012755

2.2905 -5.129212881 -5.12921174 -5.128809477 -5.129141054 -5.129191 -5.129210925 -0.348482401

2.3005 -4.498199831 -4.498199033 -4.497922907 -4.498150316 -4.498184894 -4.498198488 -0.340315429

2.3105 -4.00776285 -4.007762267 -4.007563602 -4.007727076 -4.007752163 -4.007761885 -0.332489323

2.3205 -3.615682591 -3.615682148 -3.615533827 -3.615655772 -3.615674657 -3.61568187 -0.324983386

2.3305 -3.295106934 -3.295106589 -3.294992496 -3.29508622 -3.295100865 -3.29510638 -0.317778563

2.3405 -3.028142763 -3.028142487 -3.028052538 -3.028126367 -3.028138005 -3.028142327 -0.310857277

2.3505 -2.802407442 -2.802407217 -2.802334826 -2.802394194 -2.802403634 -2.802407091 -0.304203295

2.3605 -2.609059259 -2.609059073 -2.608999782 -2.609048366 -2.609056158 -2.609058972 -0.297801595

2.3705 -2.441616233 -2.441616076 -2.441566778 -2.441607141 -2.441613669 -2.441615994 -0.291638261

2.3805 -2.295218157 -2.295218024 -2.295176494 -2.295210469 -2.29521601 -2.295217956 -0.285700378

2.3905 -2.166149279 -2.166149165 -2.166113775 -2.166142703 -2.16614746 -2.166149108 -0.279975949

2.4005 -2.051520178 -2.05152008 -2.051489614 -2.051514496 -2.051518621 -2.051520031 -0.274453809

2.4105 -1.949050169 -1.949050084 -1.949023618 -1.949045215 -1.949048825 -1.949050041 -0.269123558

2.4205 -1.856915023 -1.856914948 n  -1.85689177 -1.856910669 -1.856913853 -1.856914911 -0.263975498

2.4305 -1.773638222 -1.773638156 -1.773617708 -1.773634367 -1.773637195 -1.773638123 -0.259000569

2.4405 -1.698011886 -1.698011828 -1.697993668 -1.698008451 -1.69801098 -1.698011799 -0.254190303

2.4505 -1.629038344 -1.629038292 -1.629022067 -1.629035265 -1.629037539 -1.629038266 -0.249536774

2.4605 -1.565886313 -1.565886267 -1.565871688 -1.565883537 -1.565885594 -1.565886243 -0.245032555

2.4705 -1.507857605 -1.507857564 -1.507844398 -1.50785509 -1.50785696 -1.507857542 -0.240670679

2.4805 -1.45436152 -1.454361483 -1.454349535 -1.454359229 -1.454360938 -1.454361462 -0.236444608

2.4905 -1.404894927 -1.404894894 -1.404884004 -1.404892833 -1.4048944 -1.404894875 -0.232348195

2.5005 -1.359026625 -1.359026595 -1.359016629 -1.359024702 -1.359026145 -1.359026577 -0.228375658

2.5105 -1.316384931 -1.316384905 -1.316375748 -1.316383159 -1.316384494 -1.316384888 -0.224521554

2.5205 -1.276647761 -1.276647737 -1.276639293 -1.276646122 -1.27664736 -1.27664772 -0.220780751

2.5305 -1.239534621 -1.2395346 -1.239526785 -1.2395331 -1.239534252 -1.239534583 -0.217148411

2.5405 -1.20480011 -1.204800092 -1.204792836 -1.204798694 -1.20479977 -1.204800076 -0.213619966

2.5505 -1.172228602 -1.172228586 -1.172221828 -1.172227279 -1.172228287 -1.17222857 -0.2101911

2.5605 -1.141629861 -1.141629847 -1.141623534 -1.141628622 -1.14162957 -1.141629832 -0.206857732

2.5705 -1.112835419 -1.112835407 -1.112829491 -1.112834255 -1.112835148 -1.112835391 -0.203616001

2.5805 -1.085695546 -1.085695536 -1.085689977 -1.085694449 -1.085695293 -1.08569552 -0.200462251

2.5905 -1.060076721 -1.060076712 -1.060071474 -1.060075685 -1.060076484 -1.060076696 -0.197393016

2.6005 -1.035859497 -1.03585949 -1.03585454 -r.035858515 -1.035859274 -1.035859474 -0.194405009

2.6105 -1.012936697 -1.012936691 -1.012932002 -1.012935764 -1.012936487 -1.012936675 -0.191495113

2.6205 -0.991211879 -0.991211875 -0.991207421 -0.991210992 -0.991211682 -0.991211859 -0.188660366

2.6305 -0.970598031 -0.970598028 -0.970593786 -0.970597183 -0.970597844 -0.970598011 -0.185897953

2.6405 -0.95101644 -0.951016438 -0.951012388 -0.951015629 -0.951016263 -0.951016421 -0.183205199

■2.6505 -0.932395736 -0.932395735 -0.932391858 -0.932394958 -0.932395568 -0.932395718 -0.180579558

2.6605 -0.914671051 -0.914671052 -0.914667331 -0.914670303 -0.914670891 -0.914671034 -0.178018605

2.6705 -0.897783302 -0.897783304 -0.897779723 -0.897782581 -0.897783149 -0.897783286 -0.175520032

2.6805 -0.881678558 -0.881678561 -0.881675106 -0.881677861 -0.881678411 -0.881678542 -0.173081638

2.6905 -0.866307493 -0.866307497 -0.866304155 -0.866306817 -0.866307352 -0.866307477 -0.170701324

2.7005 -0.851624908 -0.851624913 -0.851621673 -0.851624252 -0.851624772 -0.851624893 -0.168377087

2.7105 -0.837589311 -0.837589317 -0.837586167 -0.837588672 -0.83758918 -0.837589297 -0.166107014

2.7205 -0.824162544 -0.824162551 -0.8241594S -0.82416192 -0.824162417 -0.82416253 -0.163889279

2.7305 ■  -0.811309455 -0.811309463 -0.811306467 -0.811308844 -0.811309332 -0.811309442 -0.161722137

2.7405 -0.79899761f -0.798997625 -0.79899468^1 -0.79899701f -0.798997496 -0.798997603 -0.159603917

2.7505 -0.787197055 -0.78719706S -0.787194171 -0.78719646S -0.787196941 -0.787197046 -0.157533023

2.7605 -0.77588005: -0.77588006: -0.77587721; -0.7758794- -0.77587993' -0.77588003S -0.155507927

2.7705 -0.76502089( -0.765020901 -0.76501809; -0.7650203: -0.765020783 -0.765020883 -0.153527163
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2.7805 -0.754595744 -0-.754595756 -0.754592971 -0.754595173 -0.754595633 -0.754595732 -0.15158933

2.7905 -0.744582438 -0.744582451 -0.744579685 -0.74458187 -0.744582328 -0.744582425 -0.149693083

2.8005 -0.734960363 -0.734960377 -0.734957623 -0.734959797 -0.734960254 -0.734960351 -0.147837134

2.8105 -0.72571032 -0.725710334 -0.725707585 -0.725709754 -0.725710212 -0.725710307 -0.146020246

2.8205 -0.716814403 -0.716814419 -0.716811668 -0.716813837 -0.716814296 -0.716814391 -0.144241233

2.8305 -0.708255901 -0.708255917 -0.708253157 -0.708255332 -0.708255794 -0.708255889 -0.142498954

■2.8405 -0.700019194 -0.70001921 -0.700016435 -0.70001862 -0.700019086 -0.700019181 -0.140792315

2.8505 -0.692089671 -0.692089688 -0.69208689 -0.692089092 -0.692089563 -0.692089659 -0.139120266

2.8605 -0.684453653 -0.68445367 -0.684450843 -0.684453067 -0.684453544 -0.68445364 -0.137481794

2.8705 -0.677098318 -0.677098336 -0.677095473 -0.677097724 -0.677098208 -0.677098305 -0.135875927

2.8805 -0.670011639 -0.670011657 -0.670008751 -0.670011035 -0.670011527 -0.670011626 -0.134301732

2.8905 -0.663182324 -0.663182343 -0.663179387 -0.66318171 -0.663182211 -0.663182311 -0.132758306

2.9005 -0.656599765 -0.656599784 -0.656596771 -0.656599138 -0.65659965 -0.656599752 -0.131244785

2.9105 -0.650253985 -0.650254004 -0.650250927 -0.650253344 -0.650253868 -0.650253972 -0.129760333

2.9205 -0.644135595 -0.644135614 -0.644132466 -0.644134938 -0.644135476 -0.644135581 -0.128304147

2 9305 -0.638235755 -0.638235774 -0.638232547 -0.63823508 -0.638235633 -0.638235741 -0.126875451

2.9405 -0.632546134 -0.632546153 -0.632542839 -0.63254544 -0.632546009 -0.63254612 -0.1254735

2.9505 -0.627058877 -0.627058895 -0.627055486 -0.627058162 -0.627058748 -0.627058862 -0.124097572

2.9605 -0.621766572 -0.621766589 -0.621763078 -0.621765834 -0.621766439 -0.621766556 -0.122746974

2.9705 -0.616662222 -0.61666224 -0.616658617 -0.616661461 -0.616662086 -0.616662207 -0.121421033

2.9805 -0.611739221 -0.611739237 -0.611735495 -0.611738432 -0.61173908 -0.611739205 -0.120119105

2.9905 -0.606991322 -0.606991338 -0.606987467 -0.606990505 -0.606991177 -0.606991306 -0.118840562
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