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Abstract

The concept of Wijsman I2 - Statistical Convergence (WI2StC),
Wijsman I2 - Lacunary Statistical Convergence (WI2LStC), Wijs-
man Strongly I2 - Lacunary Convergence (WSI2LC) and Wijsman
Strongly I2 - Cesaro Convergence (WSI2CeC) of double sequences
in the Neutrosophic Metric Spaces (NMS) are examined in this pa-
per. Additionally, we introduce the concepts of Wijsman Strongly I∗

2 -
Lacunary Convergence (WSI∗

2LC), Wijsman Strongly I2 - Lacunary
Cauchy (WSI2LCa), and Wijsman Strongly I∗

2 - Lacunary Cauchy
(WSI∗

2LCa) sequence in NMS and establish impressive results.
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1 Introduction
Fuzzy sets were initially described by Zadeh [20]. Various article’s publish-

ing has far-reaching consequences throughout scientific disciplines. The concept
has real-world relevance, yet it doesn’t offer satisfactory answers for various is-
sues. These difficulties inspire creative investigations. Atanassov [1] looked the
study of intuitionistic fuzzy sets and found that they work well in this kind of sce-
nario. The idea of intuitionistic fuzzy metric space has been presented by Park
[14]. Jeyaraman et. al and Sowndararajan et. al proposed the Neutrosophic Met-
ric Spaces concept and outlined several fixed-point solutions [8,9,10,16,17,18].
Das et al. [4] investigated I and I* convergence sequences, while Ulusu and
Nuray [19] presented Wijsman Lacunary Statistical Convergence of sequences.
Numerous authors had a significant role in ideal and Wijsman ideal convergence
sequence[7,13]. Mursaleen et. al. [12] were described the seperability concept.
Fridy and Orhan [6] developed the idea of lacunary Statistical convergence via
Lacunary sequence. Major article’s publishing had a significant impact across all
disciplines of science. There are several lacunary statistical convergence sequence
[2,3,5,11,15] had a significant impact across all disciplines of mathematics and
science.

We have indicated through this entire work I2 - to be the admissible ideal in
N× N, ω2 = {(ju, ks)} to be a double lacunary sequence, (Ω, ψ, ϱ, φ, ∗,3,⊗) to
be the NMS and {Fwq} to be nonempty closed subsets of Ω.

In the present paper, we define the concept of WI2StC,WI2LStC,WSI2LC
and WSI2CeC of double sequences in the NMS are examined. Also, we give
the notions of WSI∗

2LC,WSI2LCa, and WSI∗
2LCa set sequence in NMS and

establish results. Also I2 and I∗
2 -convergence of double sequences in the setting

of NMS and established some relationship between these types of convergence.

2 Preliminaries
Definition 2.1. A sequence Υwλ of nonempty closed subsets of Ω is known as
WI2StC to Υ or S(Iψ,ϱ,φW2

) - convergent to Υ with regard to NM(ψ, ϱ, φ), if
for every ε ∈ (0, 1), τ > 0, for each ξ ∈ Ω and for every ϖ > 0, 1

st

∣∣∣∣∣∣
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε
or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≥ ε

and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε

∣∣∣∣∣∣ ≥ τ

 ∈ I2

We demonstrate this symbolically by
ΥwλS

(
I
(ψ,ϱ,φ)
W2

)
Υ or Υwλ → Υ

(
S
(
I
(ψ,ϱ,φ)
W2

))
.

The set of all WI2StC sequences in NMS is indicated by S
(
I
(ψ,ϱ,φ)
W2

)
.
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Example 2.1. Let Ω = R2 and double sequence {Υwλ} be determined as follows:

Υwλ =

{
(a, b) ∈ R2 : (a+ w)2 + (b+ λ)2 = 1, ifw andλare square integers,

{(1, 1)}, otherwise.
If J2 = Iδ2I

δ
2 is the class of K ⊂ N × N (with density of ζ equal to 0), then the

sequence {Υwλ} is WI2StC to Υ = {(1, 1)} with regard to NM(ψ, ϱ, φ).

Definition 2.2. A sequence {Υwλ} is WSI2CeS to Υ or C1

[
I
(ψ,ϱ,φ)
W2

]
- summable

to Υ with regard to NM(ψ, ϱ, φ), if for every ε ∈ (0, 1), for each ξ ∈ Ω and for
all ϖ > 0,

1
st

s,t∑
w,λ=1,1

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε

or 1
st

s,t∑
w,λ=1,1

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≥ ε

and 1
st

s,t∑
w,λ=1,1

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε


∈ I2.

We write Υwλ → C1

[
I
(ψ,ϱ,φ)
W2

]
Υ or Υwλ → Υ

(
C1

[
I
(ψ,ϱ,φ)
W2

])
.

Example 2.2. Let Ω = R2 and double sequence {Υwλ} be determined as follows:

Υwλ =

{
(a, b) ∈ R2 : (a+ 1)2 + b2 = 1

wλ
; ifw andλ are square integers,

{(0, 1)}; otherwise.

If I2 = If2

(
If2

)
is the class of finite subsets of N × N, then the sequence {Υwλ}

is WSI2CeS to Υ = {(0, 1)} with regard to NM(ψ, ϱ, φ).

Definition 2.3. The sequence {Υwλ} is known as WI2LStC to Υ or Sω2

(
I
(ψ,ϱ,φ)
W2

)
-

convergent to Υ with regard to (ψ, ϱ, φ), if for every ε ∈ (0, 1), τ > 0, for each
ξ ∈ Ω and for all ϖ > 0, 1

hus

∣∣∣∣∣∣
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε
or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≥ ε

and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε

∣∣∣∣∣∣ ≥ τ

 ∈ I2.

We write Υwλ → Sω2

[
I
(ψ,ϱ,φ)
W2

]
Υ or Υwλ → Υ

(
Sω2

[
I
(ψ,ϱ,φ)
W2

])
.

Example 2.3. Let Ω = R2 and double sequence {Υwλ} be determined as follows:

Υwλ =

{
(a, b) ∈ R2 : (a− w)2 + (b+ λ)2 = 1, if (w, λ) ∈ Ius;

{(−1, 1)}, otherwise.
If we take I2 = Iδ2, then the sequence {Υwλ} is WI2LStC to Υ = {(−1, 1)}
with regard to NM(ψ, ϱ, φ).

Definition 2.4. A sequence {Υwλ} is Wijsman Strong I2-Lacunary Summable
(WSI2LS) to Υ or Nω2

[
I
(ψ,ϱ,φ)
W2

]
- summable to Υ with regard to NM(ψ, ϱ, φ),

18



J. Johnsy, M. Jeyaraman

if for every ε ∈ (0, 1), for all ϖ > 0 and for each ξ ∈ Ω.

1
hus

∑
(w,λ)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε

or 1
hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≥ ε

and 1
hus

∑
(w,λ)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε


∈ I2.

We write Υwλ

Nω2

[
I
(ψ,ϱ,φ)
W2

]
−→ Υ or Υwλ → Υ

(
Nω2

[
I
(ψ,ϱ,φ)
W2

])
.

Example 2.4. Let Ω = R2 and double sequence {Υwλ} be determined as follows:

Υwλ =

{
(a, b) ∈ R2 : a2 + (b− 1)2 = 1

wλ
; if (w, λ) ∈ Ius; w,

{(1, 0)}; otherwise.
If I2 = If2 , then the sequence {Υwλ} is WSI2LS to Υ = {(1, 0)} with regard
to NM(ψ, ϱ, φ).

3 Main Results
Theorem 3.1. Let ω2 = {(ju, ks)} be a Double Lacunary Sequence (DLS). Then
Υwλ → Υ

(
Nω2

[
I
(ψ,ϱ,φ)
W2

])
⇒ Υwλ → Υ

(
Sω2

[
I
(ψ,ϱ,φ)
W2

])
.

Proof. Let ε ∈ (0, 1) and Υwλ → Υ
(
Nω2

[
I
(ψ,ϱ,φ)
W2

])
. At that time, for every

ξ ∈ Ω, we get∑
(w,λ)∈Ius

{
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)|

and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)|

}

≥
∑

(w,λ)∈Ius:|ψ(ξ,Υwλ,ϖ)−ψ(ξ,Υ,ϖ)|≤1−ε
or |ϱ(ξ,Υwλ,ϖ)−ϱ(ξ,Υ,ϖ)|≥ε

and |φ(ξ,Υwλ,ϖ)−φ(ξ,Υ,ϖ)|≥ε


|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)|

or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)|
and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)|

 ,

≥ ε

∣∣∣∣ |ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≥ ε
and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε

∣∣∣∣
and so

1

εhus

∑
(w,λ)∈Ius

{
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)|

and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)|

}

≥ 1

hus

∣∣∣∣ |ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε
or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≥ ε and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε

∣∣∣∣
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Then, for any τ > 0, for each ξ ∈ Ω,
 1

hus

∣∣∣∣∣∣
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε

or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, p)| ≥ ε
and |φ(ξ,Υwλ, p)− φ(ξ,Υ, p)| ≥ ε

∣∣∣∣∣∣
 ≥ τ



⊆



1
hus

∑
(w,λ)∈Ius

|ψ(ξ,Υwλ, p)− ψ(ξ,Υ, p)| ≤ 1− ε.τ

or 1
hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, p)− ϱ(ξ,Υ, p)| ≥ ε.τ

and 1
hus

∑
(w,λ)∈Ius

|φ(ξ,Υwλ, p)− φ(ξ,Υ, p)| ≥ ε.τ


.

Theorem 3.2. Let ω2 = {(ju, ks)} be a DLS. Then, {Υwλ} is bounded
({Υwλ} ∈ L2

∞(Ω)) and Υwλ → Υ
(
Sω2

[
I
(ψ,ϱ,φ)
W2

])
⇒ Υwλ → Υ

(
Nω2

[
I
(ψ,ϱ,φ)
W2

])
.

The set of all bounded double sequences of sets in NMS is indicated by L2
∞(Ω).

Proof. Assume that Υwλ → Υ
(
Sω2

[
I
(ψ,ϱ,φ)
W2

])
and {Υwλ} ∈ L2

∞(Ω). To be
noted at this point, there is an K > 0 such that |ψ(ξ,Υwλ, ϖ)−ψ(ξ,Υ, ϖ)| ≥ 1−K
or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≤ K and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≤ K for
every ξ ∈ Ω and w, λ ∈ N. Given ε ∈ (0, 1), we obtain

1

hus

∑
(w,λ)∈Ius

{
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| or|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)|

and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)|

}

=
1

hus

∑
(w,λ)∈Ius:|ψ(ξ,Υwλ,ϖ)−ψ(ξ,Υ,ϖ)|≤1−ε/2

|ϱ(ξ,Υ,p)−ϱ(ξ,Υ,ϖ)|≥ε/2
|φ(ξ,Υ,ϖ)−φ(ξ,Υ,ϖ)|≥ε/2


|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)|

or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)|
and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)|



+
1

hus

∑
(w,λ)∈Ius:|ψ(ξ,Υwλ,ϖ)−ψ(ξ,Υ,ϖ)|>1−ε/2

|ϱ(ξ,Υ,ϖ)−ϱ(ξ,Υ,ϖ)|<ε/2
|φ(ξ,Υ,ϖ)−φ(ξ,Υ,ϖ)|<ε/2


|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)|

or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)|
and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)|



≤ K

hus

∣∣∣∣∣∣
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε

2

or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≥ ε
2

and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε
2

∣∣∣∣∣∣+ ε

2
.
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As a consequence, for each ξ ∈ Ω, we get

1
hus

∑
(w,λ)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε

or 1
hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≥ ε

and 1
hus

∑
(w,λ)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε


⊆

 1
hus

∣∣∣∣∣∣
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε

2

or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≥ ε
2

and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε
2

∣∣∣∣∣∣ ≥ ε
2K

 ∈ I2.

Corollary 3.1. We have the following result:{
Sω2

[
I
(ψ,ϱ,φ)
W2

]}
∩ L2

∞(Ω) =
{
Nω2

[
I
(ψ,ϱ,φ)
W2

]}
∩ L2

∞(Ω).

Theorem 3.3. If lim inf
u
λu > 1 and lim inf

s
λs > 1, then Υwλ → Υ

(
S
(
I
(ψ,ϱ,φ)
W2

))
implies Υwλ → Υ

(
Sω2

(
I
(ψ,ϱ,φ)
W2

))
.

Proof. Assume that lim inf
u
λu > 1 and lim inf

s
λs > 1.

Then, there are η > 0, ϑ > 0 such that λu ≥ 1 + η and λs ≥ 1 + ϑ.
For sufficiently large u,s which gives that hus

juks
≥ ηϑ

(1+η)(1+ϑ)
.

Assume that Υwλ → Υ
(
S
(
J
(ψ,ϱ,φ)
W2

))
.

For each ε ∈ (0, 1), for all ϖ > 0, and for each ξ ∈ Ω, we have

1

juks

∣∣∣∣∣∣
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε

or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≥ ε
and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε

∣∣∣∣∣∣
≥ 1

juks

∣∣∣∣∣∣
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε

or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≥ ε
and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε

∣∣∣∣∣∣
=

hus
juks

1

hus

∣∣∣∣∣∣
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε

or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≥ ε
and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε

∣∣∣∣∣∣
≥ ηϑ

(1 + η)(1 + ϑ)

1

hus

∣∣∣∣∣∣
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε

or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≥ ε
and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε

∣∣∣∣∣∣ .
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Thus, for any τ > 0,

 1
hus

∣∣∣∣∣∣
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε

or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≥ ε
and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε

∣∣∣∣∣∣ ≥ τ

 1
juks

∣∣∣∣∣∣
|ψ(ξ, Vwλ,ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε
or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≥ ε

and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε

∣∣∣∣∣∣ ≥ ηϑτ
(1+η)(1+ϑ)


Consequently, by our notion, the set on the right side belongs to I2, and obviously
the set on the left side belongs to I2.
As a result, we obtain Υwλ → Υ

(
Sω2

[
J
(ψ,ϱ,φ)
W2

])
.

Theorem 3.4. If lim sup
u
λu <∞ and lim sup

s
λs <∞, then Υwλ → Υ

(
Sω2

[
I
(ψ,ϱ,φ)
W2

])
implies �wλ → Υ

(
S
[
I
(ψ,ϱ,φ)
W2

])
.

Proof. Presume that lim sup
u
λu < ∞ and lim sup

s
λs < ∞. Then, there are

P,R > 0 such that λu < χ and λs < R for all u and s.
Assume that Υwλ → Υ

(
Sω2

[
I
(ψ,ϱ,φ)
W2

])
and let

Kus =

∣∣∣∣∣∣
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε

or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≥ ε
and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε

∣∣∣∣∣∣.
Since Υwλ → Υ

(
Sω2

[
I
(ψ,ϱ,φ)
W2

])
, it holds for each ε ∈ (0, 1), τ > 0, for each

ξ ∈ Ω and for all ϖ > 0,

 1

hus

∣∣∣∣∣∣
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε

or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≥ ε
and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε

∣∣∣∣∣∣
 ≥ τ =

{
Kus
hus

≥ τ

}
∈ I2.

So, we can select positive integers u0, s0 ∈ N such that Kus
hus

< τ for all u ≥
u0, s ≥ s0.
Now, take D = max{Kus : 1 ≤ u ≤ u0, 1 ≤ s ≤ s0}, and let m and n be integers
providing ju−1 < m ≤ ju and ks−1 < n ≤ ks.
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Then, for every ε > 0 and each ξ ∈ Ω, we get

1

mn

∣∣∣∣∣∣
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε

or |ϱ(ξ,Υwλ, ϖ)− (ξ,Υ, ϖ)| ≥ ε
and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε

∣∣∣∣∣∣
≤ 1

ju−1ks−1

∣∣∣∣∣∣
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε

or |ϱ(ξ,Υwλ, ϖ)− (ξ,Υ, ϖ)| ≥ ε
and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε

∣∣∣∣∣∣
=

1

ju−1ks−1

{K11 + K12 + K21 + K22 + · · ·+ Ku0s0 + · · ·+ Kus} ≤ 1

ju−1ks−1

≤ u0s0
ju−1ks−1

 max
1≤w≤u0
1≤λ≤s0

{Kwλ}

+
1

ju−1ks−1

 hu0(s0+1)
Ku0(s0+1)

hu0(s0+1)
+ h(u0+1)s0

K(u0+1)s0

h(u0+1)s0

+h(u0+1)(s0+1)
K(u0+1)(s0+1)

h(u0+1)(s0+1)
+ . . . hus

Kus
hus


≤ u0s0D

ju−1ks−1

+
1

ju−1ks−1

(
max
u>u0
s>s0

Hus

hus

)u, s∑
u>u0
s>s0

hwλ


≤ u0s0D

ju−1ks−1

+ τ
(ju − ju0)(ks − ks0)

ju−1ks−1

≤ u0s0D

ju−1ks−1

+ τλuλs ≤
u0s0D

ju−1ks−1

+ τPR.

Since ju−1ks−1 → ∞ as m,n→ ∞, it concludes that for each ξ ∈ Ω,

1
mn

∣∣∣∣∣∣
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε
or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, varpi)| ≥ ε
and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε

∣∣∣∣∣∣→ 0

and as a result, for any τ1 > 0, the set 1
mn

∣∣∣∣∣∣
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε

or |ϱ(ξ,Υwλ, ϖ)− (ξ,Υ, ϖ)| ≥ ε
and |φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε

∣∣∣∣∣∣ ≥ τ1

 ∈ I2.

It gives that Υwλ → Υ
(
S
[
I
(ψ,ϱ,φ)
W2

])
.

Theorem 3.5. Let ω2 be a DLS. If 1 < lim inf
u
λu < lim sup

u
uλ < ∞ and

1 < lim inf
s
λs < lim sup

s
sλ < ∞, then Υwλ → Υ

(
Υω2

[
I
(ψ,ϱ,φ)
W2

])
if Υwλ →

Υ
(
S
[
I
(ψ,ϱ,φ)
W2

])
.

Proof. It is clearly understood from Theorem (3.3) and theorem (3.4).

Theorem 3.6. Let I2 be a Strongly Admissible Ideal (SAI) providing feature
(AP2), ω2 ∈ Υ(I2). If {Υwλ} ∈ S

[
I
(ψ,ϱ,φ)
W2

]
∩Sω2

[
I
(ψ,ϱ,φ)
W2

]
, then S

[
I
(ψ,ϱ,φ)
W2

]
−

lim
w,λ→∞

Υwλ = Sω2

[
I
(ψ,ϱ,φ)
W2

]
− lim

w,λ→∞
Υwλ
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Proof. Assume that S
[
I
(ψ,ϱ,φ)
W2

]
− lim

w,λ→∞
Υwλ = U and

Sω2

[
I
(ψ,ϱ,φ)
W2

]
− lim

w,λ→∞
Υwλ = Z and Y ̸= Z.

Let 0 < ε < 1
2
|ψ(ξ,Y, ϖ)−ψ(ξ,Z, ϖ)|, 0 < ε < 1

2
|ϱ(ξ,Y, ϖ)−ϱ(ξ,Z, ϖ)| and

0 < ε < 1
2
|φ(ξ,Y, ϖ)− φ(ξ,Z, ϖ)|, for every ξ ∈ Ω.

Since I2 provides the feature (AP2), then there is Q ∈ Υ(I2) such that for every
ξ ∈ Ω and for (m,n) ∈ Q.

Let lim
m,n→∞

1

mn

∣∣∣∣∣∣
|ψ(ξ,Υ, ϖ)− ψ(ξ,Y, ϖ)| ≤ 1− ε
or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Y, ϖ)| ≥ ε

and |φ(ξ,Υwλ, ϖ)− φ(ξ,Y, ϖ)| ≥ ε

∣∣∣∣∣∣ = 0

D =


|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Y, ϖ)| ≤ 1− ε

or|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Y, ϖ)| ≥ ε
and |φ(ξ,Υwλ, ϖ)− φ(ξ,Z, ϖ)| ≥ ε


S =


|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Z, ϖ)| ≤ 1− ε

or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Z, ϖ)| ≥ ε
and |φ(ξ,Υwλ, ϖ)− φ(ξ,Z, ϖ)| ≥ ε


Then, mn = |D ∪S| ≤ |D|+ |S|. This gives that 1 ≤

(
|D|
mn

)
+
(

|S|
mn

)
.

Since
(

|S|
mn

)
≤ 1 and lim

m,n→∞)

|D|
mn

= 0, we have to get lim
m,n→∞

|S|
mn

= 1.

Let Q∗ = Q ∩ ω2 ∈ Υ(I2).
Then, for every ξ ∈ Ω and (wk, λj) ∈ Q∗, the wkλth

j term of the statistical limit
expression

1
mn

∣∣∣∣∣∣
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Z, ϖ)| ≤ 1− ε

or |ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Z, ϖ)| ≥ ε
and|φ(ξ,Υwλ, ϖ)− φ(ξ,Z, ϖ)| ≥ ε

∣∣∣∣∣∣, is

1
wkλj

∣∣∣∣∣∣
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Z, ϖ)| ≤ 1− ε

or|ϱ(ξ,Υwλ, ϖ)− (ξ,Z, ϖ)|
and|φ(ξ,Υwλ, ϖ)− φ(ξ,Z, ϖ)| ≥ ε

∣∣∣∣∣∣
= 1⋃k,j

u,s=1,1 hus

⋃k,j
u,s=1,1Vushus, where

Vus =
1

hus

∣∣∣∣∣∣
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε

or|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≥ ε
and|φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε

∣∣∣∣∣∣ I2→ 0 (1)

because
(
Sω2

[
I
(ψ,ϱ,φ)
W2

])
− lim

w,λ
Υwλ = Z.

Since ω2 is a lacunary sequence, (1) is a regular weighted mean transform of Vus’s
and as a result, it is I2-convergent to 0 as k, j → ∞ and also it has a subsequence
which is convergent to 0 since I2 provides the feature (AP2).
Anyway, because this is a sequence of
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 1
mn

∣∣∣∣∣∣
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Z, ϖ)| ≤ 1− ε

or|ϱ(ξ,Υ, ϖ)− (ξ,Z, ϖ)| ≥ ε
and|φ(ξ,Υwλ, ϖ)− φ(ξ,Z, ϖ)| ≥ ε

∣∣∣∣∣∣


(m,n)∈M′

We conclude that 1
mn

∣∣∣∣∣∣
|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Z, ϖ)| ≤ 1− ε

or|ϱ(ξ,Υ, ϖ)− (ξ,Z, ϖ)| ≥ ε
and|φ(ξ,Υwλ, ϖ)− φ(ξ,Z, ϖ)| ≥ ε

∣∣∣∣∣∣


(m,n)∈M′

which is not convergent to 1. The contradiction here shows that we cannot have
Y ̸= Z.

Theorem 3.7. If lim inf
u
λu > 1 and lim inf

s
λs > 1 then(

C1

[
I
(ψ,ϱ,φ)
W2

])
⊆
(
Nω2

[
I
(ψ,ϱ,φ)
W2

])
.

Proof. Let lim inf
u
λu > 1 and lim inf

s
λs > 1.

Then, there are η, ϑ > 0 such that λu ≥ 1 + η and λs ≥ 1 + ϑ, for all u and s
which gives that juks

hus
≤ (1+η)(1+ϑ)

ηϑ
and ju−1ks−1

hus
≤ 1

ηϑ
.

Assume that Υwλ → Υ
(
C1

[
I
(ψ,ϱ,φ)
W2

])
. For each ξ ∈ Ω, we get

1

hus

∑
(w,λ)∈Ius

|ψ (ξ,Υwλ, ϖ)− ψ (ξ,Υ, ϖ)| − 1

=
1

hus

ju,ks∑
w,λ=1,1

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)|

− 1

hus

ju−1,ks−1∑
w,λ=1,1

|ψ(ξ,Υ, ϖ)− ψ(ξ,Υ, ϖ)| − 1

=
juks
hus

[
1

juks

ju,ks∑
w,λ=1,1

|ψ(ξ,Υ, ϖ)− ψ(ξ,Υ, ϖ)| − 1

]

− ju−1ks−1

hus

[
1

ju−1ks−1

ju−1,ks−1∑
w,λ=1,1

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| − 1

]
.

Since Υwλ → Υ
(
C1

[
I
(ψ,ϱ,φ)
W2

])
, then for each

1
juks

ju,ks∑
w,λ=1,1

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| − 1)
J2→ 0 and

1
ju−1ks−1

ju−1,ks−1∑
w,λ=1,1

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| − 1)
J2→ 0.
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As a result, when the above equality is checked, for every ξ ∈ Ω, we have
1

hus

∑
(w,λ)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| − 1
J2→ 0.

Similarly, we obtain
1

hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| J2→ 0,

1
hus

∑
(w,λ)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| J2→ 0.

That is, Υwλ → Υ
(
Nω2

[
I
(ψ,ϱ,φ)
W2

])
.

As a result, we obtain
(
C1

[
I
(ψ,ϱ,φ)
W2

])
⊆
(
Nω2

[
I
(ψ,ϱ,φ)
W2

])
.

Theorem 3.8. If lim inf
u
λu = 1 and lim inf

s
λs = 1 then(

Nω2

[
I
(ψ,ϱ,φ)
W2

])
⊆
(
C1

[
I
(ψ,ϱ,φ)
W2

])
.

Proof. Take lim inf
u
λu = 1 and lim inf

s
λs = 1, and Υwλ ∈ Nω2

[
I
(ψ,ϱ,φ)
W2

]
.

Then for every ϖ > 0, we acquire
hus =

1
hus

∑
(w,λ)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| J2→ 1,

h
′
us =

1
hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| J2→ 0,

h
′′
us =

1
hus

∑
(w,λ)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| J2→ 0


as u, s→ ∞.

Then for ε > 0, there are u0, s0 ∈ N such that hus < 1 + ε for all u > u0, s > s0.
Also, we can find ζ > 0 such that hus < ζ, h

′
us < ζ and h

′′
us < ζ, u, s = 1, 2, . . . .

Let m and n be an integer with ju−1 < m ≤ ju and ks−1 ≤ n ≤ ks. Then,

1

mn

m,n∑
w,λ=1,1

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)|

≤ 1

ju−1ks−1

ju−1,ks−1∑
w,λ=1,1

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)|

=
1

ju−1ks−1


∑

(w,λ)∈I11

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)|+ · · ·+∑
(w,λ)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)|


= sup

1≤u≤u0
1≤s≤s0

hus
ju0ks0
ju−1ks−1

+
h(u0+1)(s0+1)

ju−1ks−1

K(u0+1)(s0+1) + · · ·+ hus
ju−1ks−1

hus

26



J. Johnsy, M. Jeyaraman

< ζ
ju0ks0
ju−1ks−1

+ (1 + ε)
ju0ks0
ju−1ks−1

.

Since ju−1ks−1 → ∞ as m,n→ ∞, it follows that

1
mn

m,n∑
w,λ=1,1

|ψ(ξ,Υwλ, p)− ψ(ξ,Υ, p)| J2→ 1.

Similarly, we can show that
m,n∑

w,λ=1,1

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| J2→ 0

and
m,n∑

w,λ=1,1

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| J2→ 0.

Hence {Υwλ} ∈
(
C1

[
I
(ψ,ϱ,φ)
W2

])
.

Theorem 3.9. If {Υwλ} ∈ Nω2

[
I
(ψ,ϱ,φ)
W2

]
∩ C1

[
I
(ψ,ϱ,φ)
W2

]
, then Nω2

[
I
(ψ,ϱ,φ)
W2

]
−

limΥwλ = C1

[
I
(ψ,ϱ,φ)
W2

]
− limΥwλ.

Proof. Let Υwλ → Υ1

(
Nω2

[
I
(ψ,ϱ,φ)
W2

])
and Υwλ → Υ2

(
C1

[
I
(ψ,ϱ,φ)
W2

])
.

Assume r ∈ N and ε > 0 in such a way that r > 2
ε

. Then, for any p > 0, there
are u0, s0 ∈ N such that

1
hus

∑
(w,λ)∈Ius

∣∣∣ψ (ξ,Υwλ,
ϖ

2

)
− ψ

(
ξ,Υ1,

ϖ

2

)∣∣∣ > 1− 1

r
,

1
hus

∑
(w,λ)∈Ius

∣∣∣ϱ(ξ,Υwλ,
ϖ

2

)
− ϱ

(
ξ,Υ1,

ϖ

2

)∣∣∣ < 1

r

and 1
hus

∑
(w,λ)∈Ius

∣∣∣φ(ξ,Υwλ,
ϖ

2

)
− φ

(
ξ,Υ1,

ϖ

2

)∣∣∣ < 1

r
,


for allu > u0, s > s0.
Also, there are m0, n0 ∈ N such that

1
mn

m,n∑
w,λ=1,1

∣∣∣ψ (ξ,Υwλ,
ϖ

2

)
− ψ

(
ξ,Υ1,

ϖ

2

)∣∣∣ > 1− 1

r
,

1
mn

m,n∑
w,λ=1,1

∣∣∣ϱ(ξ,Υwλ,
ϖ

2

)
− ϱ

(
ξ,Υ1,

ϖ

2

)∣∣∣ < 1

r

and 1
mn

m,n∑
w,λ=1,1

∣∣∣φ(ξ,Υwλ,
ϖ

2

)
− φ

(
ξ,Υ1,

ϖ

2

)∣∣∣ < 1

r
,


for allm > m0, n > n0.
Take r1 = max{u0,m0} and r2 = max{s0, n0}. Then we take k, t ∈ N such
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that ∣∣∣ψ (ξ,Υkt,
ϖ

2

)
− ψ

(
ξ,Υ1,

ϖ

2

)∣∣∣
≥ 1

hus

∑
(w,λ)∈Ius

∣∣∣ψ (ξ,Υwλ,
p

2

)
− ψ

(
ξ,Υ1,

ϖ

2

)∣∣∣ > 1− 1

r∣∣∣ψ (ξ,Υkt,
ϖ

2

)
− ψ

(
ξ,Υ2,

ϖ

2

)∣∣∣
≥ 1

mn

m,n∑
w,λ=1,1

∣∣∣ψ (ξ,Υwλ,
ϖ

2

)
− ψ

(
ξ,Υ2,

ϖ

2

)∣∣∣ > 1− 1

r∣∣∣ϱ(ξ,Υkt,
ϖ

2

)
− ϱ

(
ξ,Υ1,

ϖ

2

)∣∣∣
≤ 1

hus

∑
(w,λ)∈Ius

∣∣∣ϱ(ξ,Υwλ,
ϖ

2

)
− ϱ

(
ξ,Υ1,

ϖ

2

)∣∣∣ < 1

r∣∣∣ϱ(ξ,Υkt,
ϖ

2

)
− ϱ

(
ξ,Υ2,

ϖ

2

)∣∣∣
≤ 1

mn

m,n∑
w,λ=1,1

∣∣∣ϱ(ξ,Υwλ,
ϖ

2

)
− ϱ

(
ξ,Υ2,

ϖ

2

)∣∣∣ < 1

r
and∣∣∣φ(ξ,Υkt,

ϖ

2

)
− φ

(
ξ,Υ1,

ϖ

2

)∣∣∣
≤ 1

hus

∑
(w,λ)∈Ius

∣∣∣φ(ξ,Υwλ,
ϖ

2

)
− φ

(
ξ,Υ1,

ϖ

2

)∣∣∣ < 1

r∣∣∣φ(ξ,Υkt,
ϖ

2

)
− φ

(
ξ,Υ2,

ϖ

2

)∣∣∣
≤ 1

mn

m,n∑
w,λ=1,1

∣∣∣φ(ξ,Υwλ,
ϖ

2

)
− φ

(
ξ,Υ2,

ϖ

2

)∣∣∣ < 1

r
.

Therefore, we get

|ψ(ξ,Υ1, ϖ)− ψ(ξ,Υ2, ϖ)|

≥
∣∣∣ψ (ξ,Υkt,

ϖ

2

)
− ψ

(
ξ,Υ1,

ϖ

2

)∣∣∣+ ∣∣∣ψ (ξ,Υkt,
ϖ

2

)
− ψ

(
ξ,Υ2,

ϖ

2

)∣∣∣
>

(
1− 1

r

)
+

(
1− 1

r

)
> 1− ε,

|ϱ (ξ,Υ1, ϖ)− ϱ (ξ,Υ2, ϖ)|

≤
∣∣∣ϱ(ξ,Υkt,

ϖ

2

)
− ϱ

(
ξ,Υ1,

ϖ

2

)∣∣∣+ ∣∣∣ϱ(ξ,Υkt,
ϖ

2

)
− ϱ

(
ξ,Υ2,

ϖ

2

)∣∣∣
<

(
1

r

)
+

(
1

r

)
< εand
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|φ (ξ,Υ1, ϖ)− φ (ξ,Υ2, ϖ)|

≤
∣∣∣φ(ξ,Υkt,

ϖ

2

)
− φ

(
ξ,Υ1,

ϖ

2

)∣∣∣+ ∣∣∣φ(ξ,Υkt,
ϖ

2

)
− φ

(
ξ,Υ2,

ϖ

2

)∣∣∣
<

(
1

r

)
+

(
1

r

)
< ε.

Since ε > 0 is arbitrary, we get
|ψ(ξ,Υ1, ϖ)− ψ(ξ,Υ2, ϖ)| = 1, |ϱ(ξ,Υ1, ϖ)− ϱ(ξ,Υ2, ϖ)| = 0 and
|φ(ξ,Υ1, ϖ)− φ(ξ,Υ2, ϖ)| = 0, for all ϖ > 0, which yields Υ1 = Υ2.
As we go through the definitions and theorems that follow,
let us consider (Ω, ψ, ϱ, φ, ∗,3,⊗) to be a separable NMS and I2 to be SAI.

Definition 3.1. The sequence {Υwλ} is WSI2LCa if for each ε ∈ (0, 1) for each
ξ ∈ Ω and for all ϖ > 0, there are s = s(ε, ξ), t = t(ε, ξ) ∈ N such that

Y(ε, ξ,ϖ) =



1
hus

∑
(w,λ)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υst, ϖ)| ≤ 1− ε

or 1
hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υst, ϖ)| ≥ ε

and 1
hus

∑
(w,λ)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υst, ϖ)| ≥ ε


∈ I2

Theorem 3.10. Every WSI2LC sequence of closed sets {Υwλ} is WSI2LCa
with regard to NM(ψ, ϱ, φ).

Proof. Let Υwλ → Nω2

[
I
(ψ,ϱ,φ)
W2

]
Υ. At that case, for each ε ∈ (0, 1), for every

ξ ∈ Ω and for all ϖ > 0,

Y(ε, ξ,ϖ) =



1
hus

∑
(w,λ)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε

or 1
hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≥ ε

and 1
hus

∑
(w,λ)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε


∈ I2.

Since I2 is SAI, the set

Yc(ε, ξ,ϖ) =



1
hus

∑
(w,λ)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| > 1− ε

and 1
hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| < ε

and 1
hus

∑
(w,λ)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| < ε


∈ I2

is nonempty and belongs to Υ(I2). So, we select positive integers u and s such
that (u, s) ̸= Y(ε, ξ,ϖ) and we get
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1
hus

∑
(w0,λ0)∈Ius

|ψ(ξ,Υw0λ0 , ϖ)− ψ(ξ,Υ, ϖ)| > 1− ε,

and 1
hus

∑
(w0,λ0)∈Ius

|ϱ(ξ,Υw0λ0 , ϖ)− ϱ(ξ,Υ, ϖ)| < ε,

and 1
hus

∑
(w0,λ0)∈Ius

|φ(ξ,Υw0λ0 , ϖ)− φ(ξ,Υ, ϖ)| < ε.


Now, presume that

Z(ε, ξ,ϖ) =



1
hus

∑
(w,λ),(w0,λ0)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υw0λ0 , ϖ)| ≤ 1− 2ε

or 1
hus

∑
(w,λ),(w0,λ0)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υw0λ0 , ϖ)| ≥ 2ε

and 1
hus

∑
(w,λ),(w0,λ0)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υw0λ0 , ϖ)| ≥ 2ε.


Consider the inequality

1

hus

∑
(w,λ),(w0,λ0)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υw0λ0 , ϖ)|

≤ 1

hus

∑
(w,λ)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)|

+
1

hus

∑
(w0,λ0)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υw0λ0 , ϖ)|,

1

hus

∑
(w,λ),(w0,λ0)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υw0λ0 , ϖ)|

≥ 1

hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)|

+
1

hus

∑
(w0,λ0)∈Ius

|ϱ(ξ,Υw0λ0 , ϖ)− ϱ(ξ,Υ, ϖ)|,

1

hus

∑
(w,λ),(w0,λ0)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υw0λ0 , ϖ)|

≥ 1

hus

∑
(w,λ)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)|

+
1

hus

∑
(w0,λ0)∈Ius

|φ(ξ,Υw0λ0 , ϖ)− φ(ξ,Υ, ϖ)|
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Notice this if (u, s) ∈ Z(ε, ξ,ϖ), therefore,

1

hus

∑
(w,λ)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)|

+
1

hus

∑
(w0,λ0)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υw0λ0 , ϖ)| ≤ 1− 2ε,

1

hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)|+

1

hus

∑
(w0,λ0)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υw0λ0 , ϖ)| ≥ 2ε,

1

hus

∑
(w,λ)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)|+

1

hus

∑
(w0,λ0)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υw0λ0 , ϖ)| ≥ 2ε.

From another point of view, since (u, s) ̸= Y(ε, ξ,ϖ), we get
1

hus

∑
(w0,λ0)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| > 1− ε,

or 1
hus

∑
(w0,λ0)∈Ius

|ϱ(ξ,Υw0λ0 , ϖ)− ϱ(ξ,Υ, ϖ)| < ε

and 1
hus

∑
(w0,λ0)∈Ius

|φ(ξ,Υw0λ0 , ϖ)− φ(ξ,Υ, ϖ)| < ε


1

hus

∑
(w,λ)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε

or 1
hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≥ ε

and 1
hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≥ ε.


Hence, (u, s) ∈ Y(ε, ξ,ϖ). This gives that Z(ε, ξ,ϖ) ⊂ Y(ε, ξ,ϖ) ∈ I2, so the
sequence is Wijsman strongly I2-lacunary sequence.

Definition 3.2. The sequence {Υwλ} is WSI2LCtoΥ iff there is a set Q =
{(w, λ) ∈ N× N} such that M′ = {(w, λ) ∈ Ius} ∈ Υ(I2) for each ξ ∈ Ω,

lim
u,s→∞

1

hus

∑
(w,λ)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| = 1,

lim
u,s→∞)

1

hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| = 0,
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lim
u,s→∞

1

hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| = 0.

In this case, we write Υwλ → Υ
(
Nω2

[
I
(ψ,ϱ,φ)
W2

])
.

Theorem 3.11. If the sequence {Υwλ} is WSI∗
2LCt to Υ, then {Υwλ} is

WSI2LC to Υ.

Proof. Assume that Υwλ → Υ
(
Nω2

[
J
(ψ,ϱ,φ)
W2

])
.

Then, there is a set Q = {(w, λ) ∈ N× N} such that
M′ = {(w, λ) ∈ Ius} ∈ Υ(I2), for each ξ ∈ Ω,

1
hus

∑
(w,λ)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| > 1− ε,

1
hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| < ε,

1
hus

∑
(w,λ)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| < ε,


for every ε > 0 and for all w, λ ≥ k0 = k0(ε, ξ) ∈ N.
Hereby for each ε > 0 and ξ ∈ Ω, we get

χ(ε, ξ, p) =



1
hus

∑
(w,λ)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| ≤ 1− ε

or 1
hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| ≥ ε

and 1
hus

∑
(w,λ)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| ≥ ε


⊂ K ∪ (M′ ∩ (({1, 2, . . . , (k0 − 1)} × N) ∪ (N× {1, 2, . . . , (k0 − 1)}))).
For N× N\M′ = K ∈ I2. Since I2 is an AI, we obtain
K ∪ (M′ ∩ (({1, 2, . . . , (k0 − 1)} × N) ∪ (N× {1, 2, . . . , (k0 − 1)}))) ∈ I2

and so χ(ε, ξ,ϖ) ∈ I2. Hence {Υwλ} → Υ
(
Nω2

[
I
(ψ,ϱ,φ)
2W2

])
.

Theorem 3.12. Let I2 be a SAI involving feature (AP2). Then {Υwλ} →
Υ
(
Nω2

[
I
(ψ,ϱ,φ)
2W2

])
implies {Υwλ} → Υ

(
Nω2

[
I
∗(ψ,ϱ,φ)
2W2

])
.

Definition 3.3. The sequence {Υwλ} is known as WSI∗
2LCa sequence if for each

ε ∈ (0, 1) for all ξ ∈ Ω and for all ϖ > 0, there is a set Q = {(w, λ) ∈ N × N}
such that M′ = {(w, λ) ∈ Ius} ∈ Υ(I2) and N = N(ϵ, ξ) ∈ N such that

1
hus

∑
(w,λ),(s,t)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υst, ϖ)| > 1− ε

1
hus

∑
(w,λ),(u,s)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υst, ϖ)| < ε

and 1
hus

∑
(w,λ),(u,s)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υst, ϖ)| < ε,
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for every w, λ, s, t ≥ N.

Theorem 3.13. Every WSI∗
2LCa sequence of closed sets is

WSI2LCa in NMS(ψ, ϱ, φ).

Proof. If the hypothesis is provided, then for each ε ∈ (0, 1), for each ξ ∈ Ω, and
for all ϖ > 0, there is a set Q = {(w, λ) ∈ N× N} such that
M′ = {(w, λ) ∈ Ius} ∈ Υ(I2) and N = N(ϵ, ξ) ∈ N such that

1
hus

∑
(w,λ),(s,t)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υst, ϖ)| > 1− ε

1
hus

∑
(w,λ),(u,s)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υst, ϖ)| < ε and

1
hus

∑
(w,λ),(u,s)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υst, ϖ)| < ε,


for each w, λ, s, t ≥

N.
Let K = N× NM′. It is clear that K ∈ I2 and

χ(ε, ξ,ϖ) =





1
hus

∑
(w,λ),(s,t)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υst, ϖ)| > 1− ε

or 1
hus

∑
(w,λ),(u,s)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υst, ϖ)| < ε

and 1
hus

∑
(w,λ),(u,s)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υst, ϖ)| < ε




⊂ K ∪ (M′ ∩ (({1, 2, . . . , (N− 1)} × N) ∪ (N× {1, 2, . . . , (N− 1)}))).
As I2 be a SAI, then
K ∪ (M′ ∩ (({1, 2, . . . , (N− 1)} × N) ∪ (N× {1, 2, . . . , (N− 1)}))) ∈ I2.
Therefore, we obtain χ(ε, ξ,ϖ) ∈ I2; that is {Υwλ} is WSI2LCa with regard to
(ψ, ϱ, φ).

Theorem 3.14. Let I2 be an AI involving property (AP2). Then, the concept of
WSI2LCa of sets coincides with WSI∗

2LCas of sets.

Proof. If a set sequence is WSI∗
2LCa, then it is WSI2LCa sequence according

to theorem (3.13), where I2 need not have the feature (AP2).
Now it is adequate to demonstrate that a sequence {Υwλ} in Ω is WSI∗

2LCa
sequence under assumption that it is a WSI2LCa . Let {Υwλ} be a WSI2LCa
sequence. In this case, for each ε ∈ (0, 1), for all ξ ∈ Ω, there is a number
s = s(ϵ, ξ), t = t(ϵ, ξ) ∈ N such that

Y(ε, ξ,ϖ) =



1
hus

∑
(w,λ)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υst, ϖ)| ≤ 1− ε

or 1
hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υst, ϖ)| ≥ ε

and 1
hus

∑
(w,λ)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υst, ϖ)| ≥ ε


∈ I2
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Let

χj(ε, ξ,ϖ) =



1
hus

∑
(w,λ),(s,t)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υst, ϖ)| > 1− 1

j
,

or 1
hus

∑
(w,λ),(u,s)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υst, ϖ)| < 1

j

and 1
hus

∑
(w,λ),(u,s)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υst, ϖ)| < 1

j


where s(j) = s

(
1
j

)
and t(j) = t

(
1
j

)
, j = 1, 2, . . . .

Clearly, for j = 1, 2, . . . , χj(ε, ξ,ϖ) ∈ Υ(I2). Since I2 has the property (AP2),
there is χ ⊂ N× N so that χ ∈ Υ(I2) and χ\χj is finite for all j.
Now, we demonstrate that

lim
w,λ,s,t→∞

1

hus

∑
(w,λ)∈Ius,(s,t)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υst, ϖ)| = 1,

lim
w,λ,s,t→∞

1

hus

∑
(w,λ)∈Ius,(s,t)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υst, ϖ)| = 0,

lim
w,λ,s,t→∞

1

hus

∑
(w,λ)∈Ius,(s,t)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υst, ϖ)| = 0,

for all w, λ, s, t > u(r).
So, it follows that for each ξ ∈ Ω and (w, λ), (s, t) ∈ χ. To show these, let
ε ∈ (0, 1) and r ∈ N such that > 2

ε
. If (w, λ), (s, t) ∈ χ, then χ\χr is a finite

set, therefore, there is u = u(r) so that
1

hus

∑
(w,λ)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υsrtr , ϖ)| > 1− 1

r
,

1
hus

∑
(s,t)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υsrtr , ϖ)| > 1− 1

r
,

1
hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υsrtr , ϖ)| < 1

r
,

1
hus

∑
(s,t)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υsrtr , ϖ)| < 1

r
,

1
hus

∑
(w,λ)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υsrtr , ϖ)| < 1

r
,

1
hus

∑
(s,t)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υsrtr , ϖ)| < 1

r
,


1

hus

∑
(w,λ),(s,t)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υst, ϖ)|
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≥ 1

hus

∑
(w,λ)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υsrtr , ϖ)|

+
1

hus

∑
(s,t)∈Ius

|ψ(ξ,Υ, ϖ)− ψ(ξ,Υsrtr , ϖ)|

>

(
1− 1

r

)
+

(
1− 1

r

)
> 1− ε,

1

hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υst, ϖ)|

≤ 1

hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υsrtr , ϖ)|

+
1

hus

∑
(s,t)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υsrtr , ϖ)|

<
1

r
+

1

r
< ε.

1

hus

∑
(w,λ)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υst, ϖ)|

≤ 1

hus

∑
(w,λ)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υsrtr , ϖ)|

+
1

hus

∑
(s,t)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υsrtr , ϖ)|

<
1

r
+

1

r
< ε.

Therefore, for each ε ∈ (0, 1), there exists u = u(ε), and (w, λ), (s, t) ∈ χ ∈
Υ(I2), we get

1
hus

∑
(w,λ)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υst, ϖ)| ≤ 1− ε

or 1
hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υst, ϖ)| ≥ ε

and 1
hus

∑
(w,λ)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υst, ϖ)| ≥ ε


∈ I2.

This implies that {Υwλ} is WSI∗
2LCa sequence.

Definition 3.4. A sequence {Υwλ} in NMS is called to be Wijsman lacunary
convergent to Υ with regard to NM(ψ, ϱ, φ) if, for every ϖ > 0 and ε ∈ (0, 1),
there is m0, n0 ∈ N such that
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1
hus

∑
(w,λ)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| > 1− ε,

1

hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| < ε and

1
hus

∑
(w,λ)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| < ε, for all u > m0 and S > n0.

We write (ψ, ϱ, φ)ω2 − limΥwλ = Υ.

Definition 3.5. Take (Ω, ψ, ϱ, φ, ∗,3,⊗) as a seperable NMS and take {Υwλ} ∈
Ω.

(i) Υ ∈ Ω is known as Wijsman Lacunary I2 (WLI2)-limit point of {Υwλ} if
there is set Q = {(w1, λ1) < (w2, λ2) < . . . (wu, λs) < . . . } ⊂ N×N such
that the set
M′ = {(wu, λs) ∈ Ius} ≠ I2 and (ψ, ϱ, φ)ω2 − limΥwuλs = Υ.

(ii) Υ ∈ Ω is known as WLI2-cluster point of {Υwλ} if, for every ϖ > 0 and
ϵ ∈ (0, 1), we get

1
hus

∑
(w,λ)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| > 1− ε

and 1
hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| < ε

and 1
hus

∑
(w,λ)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| < ε


/∈ I2.

Here, ∧Iω2
(ψ,ϱ,φ) (Υwλ) denotes the set of all WLI2-limit points and Γ

Iω2
(ψ,ϱ,φ) (Υwλ)

indicates the set of all WLI2-cluster points in NMS.

Theorem 3.15. For each sequence {Υwλ} in NMS, we have,
∧Iω2

(ψ,ϱ,φ)(Υwλ) ⊆ Γ
Iω2
(ψ,ϱ,φ)(Υwλ).

Proof. Let Υ ∈ ∧Iω2
(ψ,ϱ,φ)(Υwλ). So, there is a set Q ⊂ N× N such that M′ ̸= I2,

where Q and M′ are as in Definition (3.5), satisfying (ψ, ϱ, φ)ω2−limΥwuλs = Υ.
Hence, for every ϖ > 0 and ε ∈ (0, 1), there are m0, n0 ∈ N such that
1

hus

∑
(w,λ)∈Ius

|ψ(ξ,Υwuλs , ϖ)− ψ(ξ,Υ, ϖ)| > 1− ε,

1
hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwuλs , ϖ)− ϱ(ξ,Υ, ϖ)| < ε and

1
hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwuλs , ϖ)−ϱ(ξ,Υ, ϖ)| < ε, for all u ≥ m0 and s ≥ n0. There-

fore,
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Z =



1
hus

∑
(w,λ)∈Ius

|ψ(ξ,Υwλ, ϖ)− ψ(ξ,Υ, ϖ)| > 1− ε,

1
hus

∑
(w,λ)∈Ius

|ϱ(ξ,Υwλ, ϖ)− ϱ(ξ,Υ, ϖ)| < ε

and 1
hus

∑
(w,λ)∈Ius

|φ(ξ,Υwλ, ϖ)− φ(ξ,Υ, ϖ)| < ε


⊇ M′{(w1, λ1), (w2, λ2), . . . , (wm0 , λn0)}.
Now, with I2 being admissible, we must have
M′{(w1, λ1), (w2, λ2), . . . , (wm0 , λn0)} ≠ I2 and as such ̸= I2.
Hence Υ ∈ Γ

Iω2
(ψ,ϱ,φ)(Υwλ).

4 Conclusion
In this investigation, researchers looked at the Wijsman lacunary ideal combi-

nation of the double sets collections, a kind of ideal union. We looked at several
novel NMS concepts for two-set groups, and we got some verifying results. Bi-
nary sets recurrence in NMS have been characterised, together with their corre-
sponding Wijsman lacunary I2 - limit as well as cluster foci. While confirmation
typically employ an alternate strategy, a few of the findings given in the current
work have almost similar to the research focused on the pertinent topic. Only
when I and I∗ are admissible Ideals some of the results are true. We can apply
all the results of the current paper and introduce new theories in different spaces
like neutrosophic normed linear space, locally solid Riesz space and so on. Once
we have proved the completeness of the space, easily we can obtain a fixed point
theories in the respectiive space.
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