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Abstract

The concept of Wijsman J, - Statistical Convergence (2T,Gt¢),
Wijsman J; - Lacunary Statistical Convergence (207, L£&t€), Wijs-
man Strongly J, - Lacunary Convergence (2067,£¢) and Wijsman
Strongly J, - Cesaro Convergence (2067,€e€) of double sequences
in the Neutrosophic Metric Spaces (D1971G) are examined in this pa-
per. Additionally, we introduce the concepts of Wijsman Strongly J5 -
Lacunary Convergence (20675£¢), Wijsman Strongly J5 - Lacunary
Cauchy (WGT,£€a), and Wijsman Strongly J% - Lacunary Cauchy
(WET;LCa) sequence in MINGS and establish impressive results.
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1 Introduction

Fuzzy sets were initially described by Zadeh [20]. Various article’s publish-
ing has far-reaching consequences throughout scientific disciplines. The concept
has real-world relevance, yet it doesn’t offer satisfactory answers for various is-
sues. These difficulties inspire creative investigations. Atanassov [1] looked the
study of intuitionistic fuzzy sets and found that they work well in this kind of sce-
nario. The idea of intuitionistic fuzzy metric space has been presented by Park
[14]. Jeyaraman et. al and Sowndararajan et. al proposed the Neutrosophic Met-
ric Spaces concept and outlined several fixed-point solutions [8,9,10,16,17,18].
Das et al. [4] investigated I and I* convergence sequences, while Ulusu and
Nuray [19] presented Wijsman Lacunary Statistical Convergence of sequences.
Numerous authors had a significant role in ideal and Wijsman ideal convergence
sequence[7,13]. Mursaleen et. al. [12] were described the seperability concept.
Fridy and Orhan [6] developed the idea of lacunary Statistical convergence via
Lacunary sequence. Major article’s publishing had a significant impact across all
disciplines of science. There are several lacunary statistical convergence sequence
[2,3,5,11,15] had a significant impact across all disciplines of mathematics and
science.

We have indicated through this entire work Js - to be the admissible ideal in
N x N,wy = {(ju, ks)} to be a double lacunary sequence, (2,1, g, ¢, x, O, ®) to
be the M9NGS and {F,,,} to be nonempty closed subsets of €2.

In the present paper, we define the concept of 20T, S1€, W T, LSE, WS T, L£LE
and QG T,¢e€ of double sequences in the NG are examined. Also, we give
the notions of WS T L£E, WS T, L£Ca, and WET; £Ca set sequence in MINGS and
establish results. Also J, and J7 -convergence of double sequences in the setting
of NG and established some relationship between these types of convergence.

2 Preliminaries

Definition 2.1. A sequence YT, of nonempty closed subsets of () is known as
WI,StE o T or 6(3%5’“0) - convergent to Y with regard to MN(V, 0, ), if
foreverye € (0,1),7 > 0, for each & € 2 and for every w > 0,
W}(ga Tw)\:w) - w(ga T,LTJ)’ <l-¢
é or|o(§, Tur, @) — o0&, T, @) >e | >7p €Ty
and |90(§7 Tw)w w) - 90(57 T? w)| >

We demonstrate this symbolically by
Tir® (357 T or Tuy = T (6 (35:07)).

The set of all 20J,&t€ sequences in DIINGS is indicated by & (jgé;&cp))_
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Example 2.1. Let Q = R? and double sequence {Y,»} be determined as follows:
(a,b) € R?: (a+w)*>+ (b+ N\)? =1, ifwand \are square integers,
Tw)\ - .
{(1,1)}, otherwise.
If 32 = 3535 is the class of K C N x N (with density of  equal to 0), then the
sequence { L)} is WI,StE t0 T = {(1, 1)} with regard to M (Y, o, ).

Definition 2.2. A sequence { Y} is WGT€eSt0 T or & [ Wee, ‘p)} summable

to Y with regard to MM(1, o, @), if for every ¢ € (0,1), for each ¢ € Qand for
all w > 0,

s,t )
LS W T @) — (€, T, @) < 1—¢
w,A=1,1
s,t
ory Z l0(§&, Ton, @) — 0(&, T, )| > ¢ c 7.
w,A=1,1
s,t
and Z lo(&, Tyr, @) — (€, T, )| > ¢
w,A=1,1

\
We write Ty — € [ wQ@}TorTw,\%T(Q [me)D

Example 2.2. Let Q2 = R% and double sequence {Y,»} be determined as follows:

T { (a,b) € R?: (a+1)*+b* = =5 ifwand X are square integers,
wA —

{(0,1)}; otherwise.
If 3, = ”;" (35 ) is the class of finite subsets of N x N, then the sequence {1}
is WST,€eS to T = {(0, 1)} with regard to MM (v, o, ¢).

Definition 2.3. The sequence {1 )} is known as I, L& to T or S, ( (e, “0)>
convergent to I’ with regard to (1, o, ), if for every ¢ € (0,1),7 > 0, for each
¢ € Qand for all w > 0,

|

V(& Tur, @) — (€, T, w)
i | orlo(§, T @) — o€, T, e |>1) €T
T,

| >
and |o(§, T, @) — (€, T, @) > €
We write T,y — S, [J;ﬁf SD)} Y or Tur— 7T <6w2 [’J%}f ‘p)]).

<1-
w)
w

Example 2.3. Let Q2 = R? and double sequence { Y, } be determined as follows:
I L N AR

v {(-1,1)}, otherwise.
If we take Jo = T, then the sequence { Y} is WI,LStE to T = {(—1,1)}
with regard to M (1, o, ¢).

Definition 2.4. A sequence {Y,,\} is Wijsman Strong Js-Lacunary Summable
(WST£6) to T or N, [”(w o w)] summable to T with regard to M (Y, o, ),
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if for every € € (0,1), for all w > 0 and for each £ € Q).
(> (e Tun ) — (€T, @) < 1—¢ )

(w,\)ETys

oris S o6 Yun ) — o€ T 2 | g

(w,\)ETus

bus Z (&, Tyn, @) — p(&, T, )| > ¢

\ ("Uy)\)ejus Vs

and -+

We write Ty YT or Tyr— T (‘ﬁm [Jg,ig “’)] )

Example 2.4. Let Q = R? and double sequence {5} be determined as follows:
T, = (a,b) eR?:a® + (b—1)* = L5 if(w, A) € Tus; w,
v {(1,0)}; otherwise.

If 3o = T3, then the sequence {Y,\} is WST,LS 1o T = {(1,0)} with regard
to M (), 0, ).

3 Main Results

Theorem 3.1. Let wy = {(ju, ks)} be a Double Lacunary Sequence (D £S). Then
Tor = T (M [35:57]) = Tun = T (80, [35:07)).

Proof. Lete € (0,1) and T,y — T (‘ﬁm [J%;’ w)D. At that time, for every
¢ € (), we get

3 { (&, Tur, @) = (& T, @)]or |o(€, Tur, @) — 0(§, T, @) }
and |90(€, Tw)\,’ZD) - (p(€7Taw)|

WJ(&TMM ) (6 ) )|
> > or|o(¢, Tur. @) — 0, T, @) 7,

(W N)ETus: (€ Tur,@)— (€ T,w)|<1—¢ | and |@(E, Ty, @) — ¢(¢&, ,W)!
Or‘Q(gv’rw)\yw)fg(g»'raw)‘zs
and |90(§7Tw)\7w)_80(57'r7w)\25

(£7Tw>\7w) - w(£7T7w)’ < 1 —c¢or ‘9(57 kauw) - Q<€7T7w)| > € '
and |(¢0(€7 Tw)\a w) - 90(57 va)‘ > €

(W,A\)ETus

and so

1 W)(ga Tw)uw) - 77Z}(£a va)| or |Q<§’Tw>\uw) - Q(gvva”
> 4 |

gbus (W) ETus and|w(€a wa\vw) - @(§7T7W)|
> L W(f,Tw/\,w)_w(&T,wN <l-e¢
B hus or |Q(€a Tw)\a w) - Q(gv Ta w)’ Z € and |S0(€a Tw)\a w) - 90(67 T>w)‘ Z £
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Then, for any 7 > 0, for each £ € €2,
W(& Tw)nw) - w<£7 T7w>| < 1—c¢
L orfo(€, Tun @) — o6, Top)| > | p >
and [p(&, Tur,p) — (&, T,p)| > €

(Y WE o) e ) <1 e )

us (w’A)ejuS
or his Z lo(&, Tur,p) —0(&, T, p)| > &7 . o

(w,\)E€Tus
and hus Z lo(&, Tur,p) — (&, T, p)| > e

\ (wyA)ejus Vs

N

Theorem 3.2. Let wy = {(ju, ks)} be a DLS. Then, { T} is bounded
({Tur} € L2(Q) and Tun = T (&e, [35:7] ) = Tun - T (M, [ 3527 )
The set of all bounded double sequences of sets in MWING is indicated by L2 ().

Proof. Assume that T,y — T <6w2 [ wg“p)D and {Y,.} € £2 2 (92). To be

noted at this point, there is an 8 > 0 such that [¢)(§, Tyn, @w)—0(§, T, @w)| > 1-K
or [0(&, Tur,w) — o0&, T, w)| <K and |p(&, Tin, @) — @(&, T w)] < R for
every { € 2 and w, A € N. Given ¢ € (0,1), we obtain

L ‘w(faTwA: ) w(f T )’Of‘g(f Tw)\a ) Q(f,T,W)‘
> | |

d|o(€. T, T
hus (W) ETws an ’()0 g A g w)|

. (€, Tuon, @) — (
> or |o(&, T, @) — 0

; |
Bus (W) ETus: | V(€ Tor,m)— w(grw i<i—e/2 | and|@(&, Tyr, @) — (&, T, )|

lo(&,Y,p)—0(,Y,w)|>e/2
| (&,T,)—p(€,T, @) [>e /2

|77D 5 Tw/\a ) @b(f,T,’W)
OI"Qf Tw)\a ) Q( ) ’
and‘@ f Tw/\a ) 90(57T7w>’

1
+3 >
U5 (w N ETus: [ (€, T o )~ §Tw>|>1 €/2

lo(¢, Y @) —0(&,Y,@)|<e/2
P67 ) —p(€, T |<€/2

(&, Tur, @) — (6, T, @)| <
S Or|Q(§7Tw)\7 ) (f ) )
“ and|g0(§, Tw)n ) ( ’ 7w

20



J. Johnsy, M. Jeyaraman

As a consequence, for each £ € (), we get

([ Z [0(&, Yo, @) — (€, T, )| <1 —¢ )
(w7A)€ju5
oril S o6, Tun @) — 0, T, )| >
(w7A)GjUS
and i 3 (€ Tun @) — (€, T )| > ¢
\ (w’A)GjUaS )
V(& Tor, @) — (&Y, @) <1—£
Q| orle€ Tur ) — o€ L) 25 |25 €T
and [o(&, Tun, @) — (¢, T, @)| > £

Corollary 3.1. We have the following result:
{8 |39} ngt) = {o, [35:27] | n ek @)

Theorem 3.3. Ifliminf \, > Land liminf \, > 1, then Tyr = T (& (3527
implies Y, — T ((‘sz (Jg’ﬁf gD)>>.

Proof. Assume that liminf A\, > 1 and lim inf Ay > 1.
Then, there are n > 0,9 > O such that A, > 1 +nand A\; > 1 + 7.

For sufficiently large u,s which gives that 2= e > 1+n7;1(91+19)

Assume that T,,, — T <6 (J ¥, gw))).
For each ¢ € (0, 1), for all w > 0, and for each £ € (2, we have

’@D(f, Tw/\aw) @b( w) 1—
L Or|Q(£7Tw)\a ) (f T? )‘ 2
Jults and|90(£7 Tw)\v ) ( T w)‘ > €
1 W(f} Tw)n ) ( T w)' S

Z L OI'|Q(§, Tw}w ) (5 T )’ > €

Jufts and|gp(§,Tw,\, ) 90( T w>| 2 €

b 1 V(& Tun, @) = (€, T, @) <1 -
= 1;; h OI'|Q(§, Tw)\a ) Q(&vT w)| > €

Julte Dus | and |ip(€, Tur, @) — (&, T, @)| 2

mg 1 |¢<§7Tw>u ) ( L) | <l-e¢

13
1, @)
> or0(¢. T ) — 9(€. T,)| > =
MO0 D | and e, Yo, ) — o6 T, )] 2 &
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Thus, for any 7 > 0,

(& Tur, @) =9, T, @) <1—¢
or[o(&, Tun, @) — 0§, T, @) > &
and [p(&, T, @) — p(§, T, @) > ¢

[W(€, VA, @) — (€, T, @) <1—¢
Or‘g(f, Tw)\a w) - Q(ﬁ, T,w)\ >e
and |p(&, Tyr, @) — @(§, T, @)| > ¢

1

Bus 2T

1
juks

IT
2 (1+r7z7)(1+19)

Consequently, by our notion, the set on the right side belongs to J-, and obviously
the set on the left side belongs to Js.

As aresult, we obtain T,y — T (Gwz [355;9#)} ) .

Theorem 3.4. Iflimsup \, < oo andlimsup A\, < oo, then T, — T <6wQ [’J%;&@D

implies w,, — T <6 [’J%f’“p)D.

Proof. Presume that limsup A\, < oo and limsupA; < oo. Then, there are

B, R > 0 such that A\, < Xuand As <R forall u aﬁld s.
Assume that T,,, — T <GW2 [3%;9’@}) and let
(& Tun, @) — (€T, @) <1-¢
Rus = | or|o(€, Tun, ) — 06, T, )| >
and (&, Tur, @) — ¢(§, T, @) > €
Since T, — T <6w2 [Jg,ff’@)]), it holds for each ¢ € (0,1),7 > 0, for each
¢ € Qand for all w > 0,

V(& Tur, @) — (€, T, @) <1—¢ .
oro(€, T )~ o€ Tom) 2 |27 = {2 rlem
Blus and [@(&, Tun, @) — (€, Y, w)| > ¢ Bus

So, we can select positive integers ug, So € N such that Bus < 7 for all u >

)
Ug, S = Sg.
Now, take © = max{f,s : 1 <u < wup,1 < s < sg}, and let m and n be integers
providing j,_ 1 <m < jyand ks_; < n < k.

22



J. Johnsy, M. Jeyaraman

Then, for every € > 0 and each ¢ € 2, we get

’w(fa Tw/\aw) - w(57Taw)| <l-e¢
- 0r|Q<€7Tw/\7w> - (fa T7w>’ =€
mn and |90(£7 Tw)\vw) - ()O(gv T7w)| > €
|¢(€,Tw/\,W) - w(gv T7w)‘ <l-e¢
—T Or‘@(gvaMw)_<£7T7w>| > €
Pt ] and (&, Tun, @) — (6, T, @)| 2 €

1 1
{Riu+R+Ru+ R+ + R+ + Ry} < ——

B juflksfl ]u 1ks 1
Ry (sp+1) .ﬁ(u +1)S0
_ UoSo max {fu} | + ; Duo(s0+1) huO(SOH) + Duo+1)s0 h(u0+1)so
T Ju_iks—1 \ 1<w<ug A Ju—1ks—1 | +h 1) (s0+1 ﬁ(u0+1>(50+1) b
152%s0 ot D60+ By nyagrny T B
U()So@ 1 f)us
S ; + - u, s hw/\
JU—lks—l ]u—lks—l (g‘igg hus) UZ:UO
$>50
< t0s0D U= Jup)ks ZRep) o uoso® AN, < 0D + PR
]u—lks—l ju—lks—l ]u—lks 1 ]u 1]{33 1
Since j,—1ks—1 — 00 as m,n — oo, it concludes that for each £ € €2,
(€, Tur, @) — (&L, @) <1—¢
| or|o(& Tuwr, @) — 0(&, T, varpi)] > e | =0
and [p(&, Tyr, @) — (&, T, @)| > &
and as a result, for any 7; > 0, the set
(W€ Tun, @) =0T, w)| <1—¢
| orfo(6, Tun @) — (6T, @) > | =7 €T
and ‘@(fa Tw/\7w) - (€7 ) )’ > £
It gives that T,y — T (6 [ngg W)D H

Theorem 3.5. Let wy be a DLS. If 1 < lim mf/\ < lim sup uA < oo and
1 < liminf Ay < limsup s\ < oo, then T, — T (ng [J%ZQ w)D if Tyr —
T (8 [zgéwq ). S

Proof. 1t is clearly understood from Theorem (3.3) and theorem (3.4). [l

Theorem 3.6. Let Jy be a Strongly Admissible Ideal (S21J) providing feature
(AB,), ws € T(To). [ {Tur} €& [Ji,;qu nG., [J WW} then & [ W@]

lim T,\=6,, [J%}QQ W)] — lim T,

wW,A—00 wW,A—00
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Proof. Assume that & [3%;9"”)] — lim Y, =Y and

w,A—00

G., [3@;@9@] ~ Tim Ty =3andQ) £ 3.

Let0 <e < 3[v(8,9, @) —¥(¢,3,@)],0 <& < 3]0(¢, Y, @) —0(¢, 3,w)| and
0<e<3lp(,, @) — w3, @), forevery £ € Q.

Since J, provides the feature (2(33,), then there is Q € Y(J5) such that for every
¢ € Qand for (m,n) € Q.

(T, @) —9(€,Y,w)| <1 —¢
Let lim — | or[o({, Tuy, @) — (5 2, @)| > | =0
T and (€, Tuny @) — (6,9, @)| > €
W(f» Twz\vw) - ¢(5a@a )| <1l-¢

D

OI"Q(E, Tw)\aw) - Q(£72’j7w)| > €
and |@(§, Tyr, @) — 0(€,3,@)| > ¢
(& Tuwr, @) — (€, 3, @) <1—¢
6: 0r|Q(£,Tw)\,W)_Q(£,3,W)|25
and ‘@(57 Tw,\,w) - 90(6737771)’ 2 9
Then, mn = |9 U S| < |D| 4 |&|. This gives that 1 < (%) + (%)
Since (‘6|> <land lim @ = 0, we have to get lim @ =1.

m,n—o00) N1 m,n—00 MnN
Let Q* = Qﬂujg € T(jg)
Then, for every £ € Q and (wy, A;) € QF, the wy A} term of the statistical limit
expression

[P(€ Tun, @) —9(€, 3, @) < 1—¢
# OI'|Q(5 wa\v ) (g 3,@)| e |.is
and‘@(f Tw}n ) 90( ) 7w>’ > €
|¢<€7Tw>\7 ) ?/1(5 w)‘ <l-e¢
ﬁ)\j OI'|Q(§, Tw)w ) 573 w)‘
and|p (&, Tyr, @) — (€, 3, @)| > €
_ Wleji:ll B 1shus, Where
1 V(& Tun, @) =Y T,w)| <1—¢ ;
Vs = or|o(&, Tun, @) — 0, T, @) >e | 30 (1)
P | andlp(€, T, ) — plE, T, @)| > €

because <6wQ [Jggf"p) ) — hrg\l Twr = 3.

i w,
Since ws is a lacunary sequence, (1) is a regular weighted mean transform of ;s
and as a result, it is Jo-convergent to 0 as k£, 7 — oo and also it has a subsequence

which is convergent to 0 since J, provides the feature (Ap,).
Anyway, because this is a sequence of
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|77Z}(€7 Tw)w w) - ¢(€737w)| <l-c¢
% Orlg(gaTaw)_(€737w)| Ze
and|p(&, Tun @) — (€. 3.0)| 2 ¢ ] o
We conclude that
|1/}<§7 Tw,\, w) - d}(gv 37 w)| < I—e¢
% 0r|g(§,T,w)—(§ 3’w)| 25
andlo(E, Tun, @) ~ 0. 3.%)| > = | J (1 com
which is not convergent to 1. The contradiction here shows that we cannot have

Y #3. O
Theorem 3.7. Iflim inf Ay > 1 and liminf A\ > 1 then

(e ) < (o e

Proof. Let lim mf)\ > 1 and lim mf/\ > 1.

Then, there are n, ¥ > 0 such that )\ > 1+mnand \; > 1+ ¥, for all u and s
which gives that 2+ < (1“77)7# and % < 77%9‘

us

Assume that T,y — T <€ [Jé},ﬁ’f w)} > For each £ € (2, we get

1
h Z |¢ (§7Tw>\7w)_¢<§”raw)|_1
5 (w,\)ETus
1 Jusks
h_ W(fa Tw)\aw> —¢<£,T,W)|
S wa=1,1
1 Ju—1,ks—1
- 2 WET®) (e Tw) 1
U5 wA=1,1

,]uk 1 Ju,ks
Z |¢(€7T7w) - w(gava)’ —1

bus ]u S 7)\:1’1

Ju—1,ks—1
u—1ks— 1
- Ju-1 ! [ N Z ‘¢(£7 Tw)\aw) - ¢(5a T,’(E)’ - 1] .

_1ks_
f)us Ju—1Rs—1 wA=1,1

Since T,n — Y <€ [J% e QD)} ) , then for each

Ju,ks .
23T [ Tur @) — (6 T @)~ 1) B0 and
wyA:jlzil,ksfl R
L N (€ Tun @) — (6T, @)~ 1) B o,

w,A=1,1
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As aresult, when the above equality is checked, for every £ € 2, we have

bis Z 90(€, Yopr, @) — (€, T, @) — 13 0.
(wvA)ejus
Similarly, we obtain

LT o€ Tun @) — o€, T, @)| B0,

(W,A\)ETus

L) @€ Tur, @) — 9, T, @) %0,

(w,\)ETus
Thatis, Tyr = T (M., |35,

As a result, we obtain (Qﬁl [j%f"”]) C <mw2 [j%;@w)] )

[

Theorem 3.8. I[fliminf A\, =1 and liminf \; = 1 then
b < (e ).

Proof. Take liminf A\, =1 and liminf A, =1, and T, A € N, [jgé’;@’@].
u s
Then for every @ > 0, we acquire

3 )
hus - his Z |¢(€7 T’LU)\J w) - ¢(57 va)‘ g 17
(w,\)ETuys R
bfus: his Z |Q(§,Tw>\,W)_Q(§,T,W)| ﬁo? as u,s — 0o.
(w,\)ETus
b;;s = hi Z |(10(§7 Tw/\a w) - @(57 Ta w)| g 0
(w,\)ETus )

Then for £ > 0, there are ug, s € 91 such that b, < 1 + ¢ for all u > ug, s > so.
Also, we can find > 0 such that b, < (, h;s < (¢ and b;s <Cu,s=1,2,....
Let m and n be an integer with j, ;1 <m < j, and k;,_; < n < k,. Then,

1 m,n
% Z |w(€7 T'w)\? w) - 1/1(57 Ta w)l
w,A=1,1
1 juflyksfl
<—— Y (6T @) — U T, @)
Ju—1Ks—1 wA=1,1
o W T @) = (T, @) 4 +
_ 1 (w,\)ET11
ju—lks—l Z |1/}(§7Tw)\7w) - w(évva”
(w,\)ETuys
juokso h(u0+1)(80+1) hus
= Su us - ﬁu s ++— us
ﬁéuguoh ]u—lks—l ]u—lks—l (wo+1)(eo+1) ju—lks—lfJ
8580
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juo kSO

juokSO
. + (14 )20
]u—lks—l ( )

<( : .
]u—lks—l

Since j,_1ks_1 — 00 as m,n — oo, it follows that

LN (6 Yunp) — (&, T, p)| B 1L
w,A=1,1
Similarly, we can show that

m,n

3" Lol Tun @) — 06, Y )| B0

w,\=1,1
and Y o€ Tun. @) — 96,7, @) 3 0.
w, \=1,1

Hence {T,\} € (@1 [TJ%;QW)D. O

Theorem 3.9. If {Y,\} € M, []Q(;gm@)] ne, [jgg;w)]’ then M, [jgg;@,w)] _

lim Y = € [35:27 | = tim Ty,

Proof. Let Ty — T4 (% [jgﬁf,@b and Ty — T <¢1 {j&g,w} )

Assume r € N and € > 0 in such a way that r > % . Then, for any p > 0, there
are ug, so € N such that

CY (e S sen D)ot

(W,A\)ETus

£ era)-elen )}

(w,\)ETus

1 w w 1
andi 30 fe(eTung) e (e[ <5

(w,\)ETys )
for allu > ug, s > sg.
Also, there are mg, ny € N such that

)

m,n \
. SRR TR
mn Z ‘w <§’Tw>‘7 9 ,l/) gaTla 9 > 1 7'7
w,A=1,1
2 3 foernZ)-ofem D) <!
mn Z ’Q(f,Tw)\, 9 0 §7T17 9 < .
w,A=1,1
m,n - - ]
and% Z ‘¢<€7TMA7§>_§0<£,T1,5>‘ <;7
w,A=1,1 )

for allm > mg,n > nyg.
Take r = max{ug,mo} and 79 = max{sg,ng}. Then we take k,t € N such
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that

pleraf)-o(em 3|

5 5 e -vemF)-1-]
plerag)-v(e73)

i 3 T ) oo g
ofem5)-o(e75)

S%HZ o(60mg) o6 )| <7
p(em5) o6 5)

<o 2 [e(mnF) oo 5| < fone
e g)-elem )

<5 2 Plemad) -elem )<
oo 5) - (675)

<o 2 (et g) e (63l <}

Therefore, we get
(&, T1, @) — ¥(§, T2, @)
(6 D) e (6 ) e 5) - (67 5)
(i)
0§, 11, @) — 0(§ T2, @)
(D) oo D) (6 S) ol D)

RONOE.

>

<
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[ (6, T1, @) — (€, T2, @)
) o D) e o0 D) o)

()-() -

Since € > 0 is arbitrary, we get

WJ(& Thw) - ¢(§7 T27w)| = 17 |Q(§a T17 w) - 9(57 T27w)| =0 and

(&, 11, @) — @(&, Vo, )| = 0, for all w > 0, which yields T; = Y.

As we go through the definitions and theorems that follow,

let us consider (2,7, 0, p, *, <, ®) to be a separable MIMNES and T, to be SAT.
O

<

Definition 3.1. The sequence {Y )} is WET,LCa if for each ¢ € (0, 1) for each
¢ € Qand forall w > 0, there are s = s(¢,§),t = t(g,£) € N such that

( \
i Y [ T @) — (€ T, @) < 1 -
(w,\)ETus
@(5 f w) = Orhis Z |Q(£,Tw)\,’W)—Q(£,TSt,W)| 26 e 32
Y (w,\)ETus
Cll’ldhi Z |¢(£7 Tw)n w) - @(ga Tstv w)| Z 9
L (w,\)ETus )

Theorem 3.10. Every 20673,£¢ sequence of closed sets {Y,,\} is WET,LCa
with regard to MM (1), o, @).

Proof. Let Tyx — Mo, |30 | Y. At that case, for each ¢ € (0, 1), for every
2 Wo
¢ € Qand for all w > 0,
( 3\
Y W T ) — U T ) <1-¢

(w,\)ETuys

D(e, &, w) = or his Z lo(&, Yyn, @) —0(&, T, w)| > ¢ €.

(w,A\)ETus

and g > [0(& T, @) — 96, T, @)| > &
(wv)\)ejus

\
Since J, is G627, the set
4

.
i > W T @) — (€T, @) > 1 ¢
(w))‘)ejus
Pee 6 ) =4 W D el Tmm) —e¢Tm)l<e Loy
7 (w,\)ETus
and ;L Y o6 Tun @) — (6, T, @) <e
(w,\)ETus

V
is nonempty and belongs to YT (Js). So, we select positive integers v and s such
that (u, s) # (e, §, w) and we get
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hj‘s Z |¢(§’Tw0’\0’w) _?/)(g,T,TD” > 1 — &, )
(w0,20)ETus

and hia Z ’Q(£7 T’wo/\oa w) - Q(S, T, w>| < g,

(wﬂvAO)Ejus

and - D [p(E, Tugn, @) — @€, T, @)| <.

(wO 7)\0 ) Ejus )
Now, presume that

(Y T ®) — U T @) < 12 )

(w’A)»(u)Oy)\O)ejus

-

1
3eem) =4 Ohe 2 106 Tun ) = o€ Tug, @)| > 26
(wv)‘)v(UJOv)‘O)Ejus
andhis Z l0(&, Yown, @) — P(&, Tugrg, @)| > 2¢.

\ (wv)‘)v(w07)\0)€jus
Consider the inequality

hl Z |¢(§7Tw>\7w) - @D(fa Twokmw”
us (

w7>‘)7(w0 7)‘0)6311,5
1

Dus

<

Z |¢(€7 Tw)\aw) —¢(§,T>w)‘

(w,\)ETus

ST T @) — 9 Tugre @)

hus (U)O 7)\0)6371,3

hl Z |Q(§? Tw)\ﬂw) - Q(g”rwo)\mw)’
us (

w7>\)7(w07>\0)€jus

1
2 > o6 Tun, @) — o€, T, )]
U5 (w,A)ETus
1
s > 1ol€ Tugre, @) — o€, T, @),
“S (w0,A0)ETus
1
h Z |90<§7Tw/\7w> - SO(&,TU;O)\O,WN
us (w7>‘)7(w07>\0)€jus
1
=5 S JelE, Tor, @) — @€, T, @)
us (w,\)ETus
1
+ b ‘90(67 Two)\mw) - ¢<£>T7w)‘
“S (w0,X0)ETus
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Notice this if (u, s) € 3(¢, &, w), therefore,

1
5 > W Tur, @) — (€T, @)
us (w,A\)ETus
1
+ b Z ’¢(€> Tw)\a w) - ¢(§> Two)\oa w)’ < - 257
U5 (w0, A0)ETus
1
b_ Z |Q(£,TWA,’W)—Q(£,T,’W)|+
U (w,X)ETys
1
b Z |Q(§a Tw)\aw) - Q(Sva())\mwN 2 2€a
us (w0,M0)ETus
1
; D o€ Tun, @) — 0(€, T, @) |+
S (w,X)ETus

1 Z |0(&, Ty @) — P(E, Tugrgs @)| > 2e.

hus (WOaAO)Ejus

From another point of view, since (u, s) # 2 (e, £, w), we get

bis Z V(& Tor, @) — (&, T, @) >1—¢, )

(wo aAO)ejus

his Z l0(&, Tworos @) —0(&, T, )| < ¢

(wo 7)‘0)6311,5

and .- > (@€ Tugny @) — (€T, @) <

or

(w07)‘0)€3us )
LS W T @) (T @) <1 ¢ )
(w)‘)ejus
org 3 o€, Tun @) — ol T, w)| > ¢
(w7>‘)eju5
andz= > [o(&, Tur, @) — 0§, T, @)| > e
(w,\)ETus J
Hence, (u, s) € Y(e, &, w). This gives that 3(¢,&,w) C Y(e, &, @) € Ta, so the
sequence is Wijsman strongly J,-lacunary sequence. ]

Definition 3.2. The sequence {Y .} is WSET,LELoY iff there is a set Q =
{(w, ) € N x N} such that M = {(w, \) € Ts} € Y(T) foreach & € Q,

ulslgloo us Z |¢(€7 TU’/\’w) _¢(5,Taw)‘ = 1’
(w,\)ETuys
. 1
lim Z ’Q(gv Tw)\aw) - 9(67 T,’(ﬂ)l =0,
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: Z 10(&§, Tyr, @) — 0(§, T, w)| = 0.

wW,A)ETys

In this case, we write T, — T <snw2 [J%QQ s@)D.

Theorem 3.11. If the sequence {Y,\} is WET5LC€t to Y, then {Y,\} is
WETLLE to 1.

Proof. Assume that T,y — T (mm [ 3 ;,ig so)} )

Then, there is a set Q = {(w, \) € N x N} such that
M = {(w,\) € Ts} € Y(Jz), foreach £ € Q,

lim
U,S—>00

US(

hzlts Z ’w(gﬁ Tw)n w) - ¢(§, T, w>| > 1 — g, )
(w,A)E€Tus
e Z |0(&, T, @) — 0(6, T, @)| < &,
(w,A)E€Tus
h'tlts Z ’(p(£7Tw)\7w) _(p<€7 T’w)| < 8,
(w,A)ETus J

for every € > 0 and for all w, A > ko = ko(e,£) € N

Hereby for each € > 0 and £ € (2, we get

(= > W Tw®) — 9T @)| <1—¢ )
(w,A\)ETus

x(e,&,p) = or - Z 10(&, T, @) — 0(§, T, )| > ¢

(w,A\)ETus

and ;- Y 0(& Tun, @) — @€, T, @) > ¢
\ (w,\)ETuys )
CRUM'N(({L,2,...;(ko — 1)} xN)UMx {1,2,...,(ko — 1)}))).
For N x N\9M = K € J,. Since J, is an 2T, we obtain
RUOMN(({L,2,..., (ko =1} x N)U(Nx{1,2,..., (kg —1)}))) € Iz
and so x(¢,&, @) € Jy. Hence {T,n} — T (‘ﬂwQ [Jg‘fné’ sD)D O
Theorem 3.12. Let Jy be a GAT involving feature (AP,). Then {Y,n} —
T (fnw [ng*")]) implies {Tun} — T (mm [J;gf”)]).
Definition 3.3. The sequence {Y,,,} is known as QS T;L£Ca sequence if for each

e € (0,1) forall ¢ € Q and for all w > 0, there is a set Q = {(w,\) € N x N}
such that M = {(w, \) € Tys} € T(J2) and N = N(¢, &) € N such that

LY T ®) — (6 @) > L —¢ )

(w,A),(8,t)€Tus

b111.S Z |Q(§7 T’w)\?w) - Q(f, Tst,W)| < €
and = 3" o, Tur, @) — p(€, Tu, w)| <&,
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for every w, \,s,t > N.

Theorem 3.13. Every Q0G3;L£C€a sequence of closed sets is
WETL£Ca in NIMS (¢, o, v).

Proof. 1f the hypothesis is provided, then for each ¢ € (0, 1), for each £ € €2, and

for all @w > 0, there is a set Q = {(w, \) € N x N} such that

M = {(w,\) € Tus} € T(T2) and N = N(e, §) € N such that

Y W Tun @) — (€ T @) > 1—¢ )
(w)‘)v(s’t)ejus

bis Z [0(&; T, @) — (& Tor, )| < eand for each w, \,s,t >

(w,\),(u,8)ETus

his Z |S0(€’ Twz\v w) - @(57 Tstv w>| <§g,

(w,A\),(u,s)ETus )

N.

Let R = N x NOU. It is clear that R € J; and
(( hllLs Z |w(£7 T'w)\’w) - ’lp(f, Tst’W)| > 1 — & 3 )
(w7>‘)’(57t)€jus

his Z |Q(€7Tw>\7w) _Q<§7T8t7w)| <é
(w,\),(u,s)ETus

and hﬁ Z |Qp(§v kavw) - 90(57 Tst7w)| <é€

\ \ (w,\),(u,s)ETus ) )

CRUMMN({L2,.... N=1)} xN)UNx{1,2,...,(N=1)}))).

As J, be a GJ, then

KUY N({L,2,....N-D}xN)UNx{1,2,...,(M—=1)}))) € To.

Therefore, we obtain x(e,§, @) € Jo; that is {1} is WET2L£Ca with regard to

(¥, 0. 0). O

Theorem 3.14. Let J; be an 2T involving property (AP,). Then, the concept of
WST,L£Ca of sets coincides with WS T; LCas of sets.

X(g,§ @) = of

Proof. 1f a set sequence is WET; L£€a, then it is WS T, £L&a sequence according
to theorem (3.13), where J, need not have the feature (2(33,).
Now it is adequate to demonstrate that a sequence {Y,,} in Q2 is WEST;L£Ca
sequence under assumption that it is a WET,£Ca . Let {T,)} be a WST,L£€a
sequence. In this case, for each ¢ € (0,1), for all £ € €, there is a number
s = s(e,&),t =t(e,§) € Nsuch that
(5 > (€ Tun®) — (€ T @) < 1—¢ )
(w,\)ETus

@(5’6’/@) — or his Z ‘Q(§7Tw)\7w> _Q(§7T8t7w)‘ > € c 32

(w,A\)ETus
1

and t > |o(€, Tur, @) — (€, Yo, @)| > &
L (w,\)ETuys
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Let
( N
his Z |?’/)(§’ Tw,\,W) _¢(£,Tst,W)| >1- )
(w7)‘)7(57t)€jus 1]
1
X (€6 @) = org Y o(é Tun, @) — o, Tar, @)| < -

(w,\),(u,8)ETus )
and his Z ’80(67 T’w)n ’(D) - 90(5’ Tsta ’Zﬂ)| < ;
L (w,\),(u,s)ETus )
where s(j) = s (%) and t(j) =t (%) g=1,2,....
Clearly, for j = 1,2,...,x;(¢,&,w) € Y(J2). Since J, has the property (A3,),
there is y C N x Nso that y € T(J2) and x\y; is finite for all j.
Now, we demonstrate that

Z W}(ga Tw)\aw) _¢(€a Tstaw)| = 1’

(W,A)ETus,(8,t)ETus

lim
wW,A,S,t—00 hus

. 1
w})\gftn_}oo bus Z |Q(§7 T’w)\? w) - Q(f) Tsta ’ZU)| - 07
(W,A)ETus,(8,t)ETus
. 1
lim Yo el Tun @) — (€ Ta, @) =0,

w,\,8,t—00
bus (qu)EIuSa(SJ)Ejus

for all w, A, s,t > u(r).

So, it follows that for each £ € Q and (w, \),(s,t) € x. To show these, let
e €(0,1) and r € Nsuchthat > 2. If (w, A), (s,t) € x, then x\x, is a finite
set, therefore, there is u = u(r) so that

1 )
e D WETur @) =¥, Ta, @) > 1=,
(w,A\)ETus ]
his Z |77Z}(§7Tw>\7w> _¢<§7T5rtr7w)| >1- ;7
(8,6)ETus 1
e DL 106 Tun @) = o6, Ta, @) < -
(w,A\)ETus )
his Z ’Q(gv Tw)\aw) - Q(Sv Tsrtww” < ;7
(8,t)ETus ]
his Z |@(§,Tw)\,'W) - §0<§,T5rtr,W)| < ;a
(w,A\)ETus 1
bis Z |¢(£7Tw)\7w> - 90(57 Tswtww” < ;7
(S,t)ejus J

LS 0 Y ®) — (6 T @)

bus (w,\),(8,t) ETus
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1
20 D 6 T @) — U(E Vo, )|
U5 (w,A)ETus
1
+ o (T @) = (€ Ty, @)
U2 (5,t)€Tus

1 1
><1——>+<1——)>1—€,
T T

1
b Z ‘Q(fa Twz\vw) _Q<£>Tst7w>‘
U (w,\)ETus
1
S h Z ’Q(f;TwA7w) - Q(g’Tsrtr7w)|
U5 (w,\)ETus
1
+ h |Q(€7 Tw)\,W) _Q<§)Tsrtr7w)|
us (8,t)ETus
1 1
< -+ -<e.
r r
1
b Z ‘¢<§7Tw>\7w) - 90(57 Tst7w>|
U5 (w,\)ETus
1
S [J Z |()0(§7 T’IU)\? w) - 80(57 Tsr'tr7 w)|
U5 (w,\)ETys
1
+ h Z ‘@(57 Tw)\a w) - (10(57 Tsrtw w)l
U (5,)ETus
1 1
<-4+ -—-<e.
T T

Therefore, for each ¢ € (0, 1), there exists u = u(e), and (w, A), (s,t) € x €
T(3,), we get

( hllts Z |¢(£7Tw)\7w) _w(gaTstaw” S 1—¢
(w,\)ETys
Orf)is Z |Q(§a Tw)\aw) - Q(gv Tstaw>| Z € c 32.
(w,A\)ETus
and ;= > o€ Tun, @) — 9(&, T, @)| >
\ (w,A\)ETus )
This implies that {T,,,} is WET; LCa sequence. O

Definition 3.4. A sequence {Y .} in MNGS is called to be Wijsman lacunary
convergent to I with regard to WIN(, o, ) if, for every w > 0 and ¢ € (0,1),
there is mg, ng € N such that
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(W,A\)ETus
1
5 37 o€, Tur @) — 06, T, w)| < ¢ and
us (w,\)ETus
h,lw Z |o(&, T, @) — (&, Y, @)| <, forallu > my and & > ny.
(W,A\)ETus

We write (1, 0, 9)*> —lim T,y = T.

Definition 3.5. Take (92,1, 0, ¢, %, O, ®) as a seperable ¥NGS and take {Y )} €
Q.

(i) T € Q is known as Wijsman Lacunary Jo (Q0£35)-limit point of { Y} if
there is set Q = {(wy, A1) < (wa, A2) < ... (wy, As) < ...} C N xNsuch
that the set
M = {(wy, \s) € Tust #To and (Y, 0,9)*> —lmTy,\, = T.

(ii) YT € Q is known as QLTy-cluster point of { Y.\ } if, for every w > 0 and
€ (0,1), we get

(= S E T @) — (€ Y @) > 1 ¢ )
(w)‘)ejus
and - Z |0(&, Tin, @) — 0(&, T, w)| <€ ‘3,
(w,A)€Tus
and = D" [p(E, T @) — (&, T, @)| < ¢
\ (wv)‘)ejus )

Here, /\(“29 ) (TwA) denotes the set of all 2LTy-limit points and F(w o) (Twn)
indicates the set of all 20L£J5-cluster points in YIING.

Theorem 3.15. For each sequence {1 )} in MINGS, we have,

Juw Juw
Aoy (TwA) S T2 o (Tun)-
Proof. Let Y € /\ o Q¢)(Tw)‘>- So, there is a set Q C N x N such that I’ # Js,

where 9 and 9 are as in Definition (3.5), satisfying (¢, o, ¢)“? —lim Ty, , = Y.
Hence, for every w > 0 and ¢ € (0, 1), there are mg, ng € N such that

Y (G Tun, @) — 9T, @) > 1 -,

(w7A)€juS

bis Z [0(§, Twur,, @) — 0(§, T, )| < € and
(w,\)ETus

e Z [0(&, Twr,, @) —0(&, T, @)| <&, forallu > mgand s > ng. There-
(w7A)€3uS

fore,
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(L > W T @) Y T @) > 1,
(w,A\)ETus
3] D el Tunm) — o6, T )| <
(w,A\)ETus
and i N (€, Tun, @) — (€, T, @)| <&
\ (w,A\)ETus y,
Q Wl’{(wl, )\1)7 (wg, )\2), ceey (U}mo, )\no)}.
Now, with J5 being admissible, we must have
M { (w1, A1), (W, A2), ..y (Wings Any) } 7 Jo and as such # Js.

Ty
Hence T € I, ) (Twn)- O

4 Conclusion

In this investigation, researchers looked at the Wijsman lacunary ideal combi-
nation of the double sets collections, a kind of ideal union. We looked at several
novel NG concepts for two-set groups, and we got some verifying results. Bi-
nary sets recurrence in OIS have been characterised, together with their corre-
sponding Wijsman lacunary Js - limit as well as cluster foci. While confirmation
typically employ an alternate strategy, a few of the findings given in the current
work have almost similar to the research focused on the pertinent topic. Only
when J and J* are admissible Ideals some of the results are true. We can apply
all the results of the current paper and introduce new theories in different spaces
like neutrosophic normed linear space, locally solid Riesz space and so on. Once
we have proved the completeness of the space, easily we can obtain a fixed point
theories in the respectiive space.
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