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Abstract We study a periodically driven quantum dot in two different configurations. In the first setup, a quantum dot coupled to
a topological superconductor and a normal metal lead. In the second setup, a T-shape quantum dot connected to two topological
superconductors and side coupled to a normal metal lead. By a combination of non-equilibrium Green’s function techniques and
Floquet’s formalism, we obtain the quasienergy spectra as a function of the amplitude, frequency, and superconducting phase
difference. We show that the states develop unique electronic responses, such as the broken particle-hole symmetry that appears
when considering the non-locality of Majorana bound states. Finally, we compute the time-average current and the differential
conductance to reveal these spectra signatures through physically measurable magnitudes in the two proposed configurations.

1 Introduction

Superconductivity is a phenomenon that recently attracted a lot of attention due to its relevance for quantum computation [1–3]. In a
microscopic description of superconducting hybrid junctions, one of the mechanisms that describe the dynamics of carriers is Andreev
reflection. The occurrence of multiple Andreev reflections results in the appearance of Andreev bound states (ABS), also known as
the Yu–Shiba–Rusinov states [4–7]. ABS can display topological states in multi-terminal Josephson junctions, going beyond the ten-
fold way classification, and with applications as qubits [8–10]. Alongside trivial superconductivity, topological superconductivity
is also of interest. Specifically, Majorana bound states (MBS) [11, 12] represent an alternative for implementing qubits, since they
display non-Abelian statistics with topological protection, thus being robust against decoherence [13–15]. Multi-terminal Josephson
junctions with topological superconductors also show topologically protected nodes (zero energy crossings formed by MBS) observed
in the parameter space [16–19]. However, before the experimental implementation of MBS as qubits can be developed, achieving
a convincing detection of these excitations is crucial. In this context, research in topological superconductivity faces up to the fact
that the signatures of MBS and ABS in experiments are rather similar. Theoretical efforts to achieve a better understanding of MBS
include the analysis of zero-bias conductance peaks or the detailed analysis of the interferometric measurements [20–23]. From the
experimental side, the quest for nearly quantized conductance of non-Majorana states and implementing gap protocols stand out
[24, 25].

Periodically driven perturbation in nanostructures provides information on the dynamics of the subgap states, opening the path to
Floquet engineering [26, 27] and introducing a whole family of phenomena like space-time crystals [28, 29], Floquet’s topological
insulators [30], Floquet’s chiral [31] and anomalous Floquet’s chiral topological superconductors [32]. Such a variety of different
phenomena involves the study of symmetries such as rotational, parity, particle-hole, chiral, and time-reversal under a periodic
driving [33–35]. Additionally, they bring about selection rules like symmetry-protected dark states, symmetry-protected dark bands,
and symmetry-induced transparency [36, 37].

When quantum dot (QD) in a hybrid system QD-topological superconductor is subject to a time-periodic driving, it provides an
exciting approach to distinguish ABS from MBS, which consists in generating a double exchange of the MBS at high-frequency
[38]. However, the quasiparticle states deserve more attention, especially under MBSs non-locality and the distinguishability with
ABS [39, 40]. Therefore, some questions arise: How do Majorana non-locality effects display in the Floquet’s spectra? are the zero
energy modes robust under driving?, do ABS and MBS behave similarly in the presence of a driving?

Studies of systems like N-QD-S, S-QD-S, S-QD-QD-S, and S-QD-S-QD-S with periodically driven QDs show the behavior of
quasiparticle states for trivial superconductivity [41–45] but still remain doubts in the consideration of topological superconductivity.
Here, N and S refer to a normal metal and a conventional superconductor, respectively. Following a similar methodology and
techniques used in previously mentioned works, here we study the quasiparticle spectra, time-average currents, and differential
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Fig. 1 Schematic representation
of a a periodically driven QD
coupled to a grounded topological
superconductor and a normal
metal, referred to as Device A, and
b periodically driven QD in a
T-shape configuration. The QD is
between two grounded topological
superconductors and side-coupled
with a normal metal lead, referred
to as Devide B. Red shapes on top
of the topological superconductors
represent the MBS

conductance in a TS-QD-N (here, TS stands for topological superconductor) and a T-shape structure with a QD connected to two
topological superconductors and a normal metal).

The paper is organized as follows. In Sect. 2, we introduce the model, the Floquet–Green’s function formalism, and the time-
average currents. Section 3 shows the numerical results of the quasiparticle spectra versus the amplitude and frequency of the driving,
time-average currents, and differential conductance for devices A and B depicted in Fig. 1. In Sect. 4, we summarize the results and
briefly discuss possible future works.

2 Low energy model and method

2.1 Model Hamiltonian

In this work, we study two different setups. The first one, referred to as Device A in what follows (see Fig. 1a), consists of a QD
coupled to a normal metal lead and a topological superconductor, described by a Kitaev chain in its topological phase. The second
setup, referred to as Device B hereafter (see Fig. 1b), is formed by a QD coupled to two topological superconductors and one normal
metal lead. In either setup, the electron Hamiltonian can be cast in the following form

H � HQD(t) + HN + H (1)
TS + H (2)

TS + HC ,N + H (1)
C ,T S + H (2)

C ,T S . (1)

The time-dependent perturbation enters the QD Hamiltonian given by

HQD(t) � ε(t)d†d (2)

with periodic oscillations considered as ε(t) � εd + A cos(ωt). The creation and annihilation operators for electrons in the QD are
d† and d, respectively. Here, we assume that the system is subject to a magnetic field strong enough so that the Zeeman splitting
is large compared to other energy scales. Hence, we can deal with only one spin orientation and regard the QD as spinless. In this
way, we disregard Kondo-like effects in the system [46] and the simultaneous coupling of the topological superconductors with two
spin channels in the QD [47].

The Hamiltonian for a normal metallic lead reads

HN �
∑

k

ξNk c
†
NkcNk (3)

where ξNk � εNk − μN , εNk and μN being the energy of an electron with momentum k and the chemical potential of the metallic
lead, respectively. c†

Nk and cNk are the creation and annihilation operators in the metallic lead. The Kitaev Hamiltonian in the
topological phase and Majorana representation is expressed as

Hα
TS � iξM ,αγ α

a γ α
b , (4)
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where the index α � (1), (2) labels the two topological superconductors. The Majorana operators γ α
a and γ α

b satisfy the anticom-

mutator {γ α
κ , γ α′

κ ′ } � δα′αδκκ ′ , expressed as an equal superposition of electrons and holes, namely γ α
a � (

cα + c†
α

)
/
√

2 and γ α
b � i(

cα − c†
α

)
/
√

2. Hence, the low-energy effective Hamiltonian in a Dirac fermionic representation is

Hα
TS � −ξM ,α

(
c†
αcα − 1

2

)
, (5)

where ξM ∼ e−L/ l0 , L is the length of the nanowire and l0 the superconducting coherence length [48] (see Refs. [49, 50] for an
explicit expression of the Majorana overlapping in terms of the Rashba strength, Zeeman splitting and superconductor parameters).
We consider the overlap energy of the two MBSs as a real number, which means either MBSs interact with each other in the same
nanowire or not (ξM , α �� 0 or ξM , α � 0). The last three terms in the Hamiltonian corresponding to the coupling between the normal
metal lead and the two nanowires with the following expressions

HC ,N �
∑

k

(
tN c

†
Nkd + h.c.

)
. (6)

Without losing generality, we chose tN to be a real number. The coupling between the QD and the topological superconductors is
described by the following Hamiltonian

Hα
C ,T S �

[
λ−

α e
−iφα/2d†cα + λ+

αe
−iφα/2d†c†

α + h.c.
]
, (7)

where λ±
α � (

λaα ± λbα
)
/2 are the couplings of the MBSs with the QD. For a single topological superconductor, the coupling term

H (2)
C , T S vanishes, and for two topological superconductors, all the Hamiltonian terms remain. Notice that this coupling Hamiltonian

provides the nonlocality effects of the MBS [39, 40, 51–53], φα corresponds to the superconducting phase difference between
nanowires—for a single nanowire calculation, we dropped the phase.

2.2 Floquet–Green’s functions

The Floquet’s formalism is a method for tackling time-periodic systems with a Hamiltonian that satisfies H(t) � H(t + T ), with
T � 2π/ω being the period of the external driving [54, 55]. Since our interest is the assessment of transport properties (currents
and differential conductance), the procedure combines Floquet’s approach with Green’s function techniques [42–44, 56]. Here, we
use Nambu’s representation of the Green’s functions as a convenient form to express the on-dot paring in the system in terms of
spinless propagators

〈〈α(t)α†(t ′
)〉〉 �

〈〈( d
d†

)
⊗ (

d† d
)〉〉

�
( 〈〈d(t); d†

(
t ′
)〉〉 〈〈d(t); d

(
t ′
)〉〉

〈〈d†(t); d†
(
t ′
)〉〉 〈〈d†(t); d

(
t ′
)〉〉

)
. (8)

We implemented the equation of motion method, obtaining Green’s function as a set of differential equations and writing them in
an integral form on the Keldysh contour. This procedure yields

〈〈α(t)α†(t ′
)〉〉 � gd

(
t , t ′

)
+

∫

C

dt1gd(t , t1)

[
tNσz

∑

k

〈〈ζNk(t1)α
†(t ′

)〉〉 +
∑

α

M(φα)〈〈ζαT S(t1)α
†(t ′

)〉〉
]

, (9a)

〈〈ζNk(t1)α
†(t ′

)〉〉 �
∫

C

dt2gNk(t1, t2)tNσz〈〈α(t2)α
†(t ′

)〉〉, (9b)

〈〈ζαT S(t1)α
†(t ′

)〉〉 �
∫

C

dt2gα(t1, t2)M
†(φα)〈〈α(t2)α

†(t ′
)〉〉, (9c)

where gd
(
t , t ′

)
, gNk(t1, t2), gα(t1, t2) are the QD, normal metal lead and topological superconductors bare Green’s function, tNσz

and M(φα) are the tunneling matrices of the metallic lead and the topological superconductors, respectively, with σz being the z
component of the Pauli matrices. Finally, the anomalous Green’s functions for the normal lead and the topological superconductors
are 〈〈ζNk(t1)α†

(
t ′
)〉〉 and 〈〈ζαT S(t1)α†

(
t ′
)〉〉, whose equations of motion are (9b) and (9c). These Green’s functions in Nambu’s

representation are

〈〈ζβ(t1)α
†(t ′

)〉〉 �
〈〈( cβ

c†
β

)
⊗ (

d† d
)〉〉

�
(

〈〈cβ(t); d†
↑
(
t ′
)〉〉 〈〈cβ(t); d

(
t ′
)〉〉

〈〈c†
β(t); d†

(
t ′
)〉〉 〈〈c†

β(t); d
(
t ′
)〉〉

)
, (10)
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where the index β ≡ Nk, α. Combining Eqs. (9a), (9b) and (9c), we obtain

〈〈α(t)α†(t ′
)〉〉 � gd

(
t , t ′

)
+

∫

C

dt1dt2gd(t , t1)

× �β(t1, t2)〈〈α(t2)α
†(t ′

)〉〉 , (11)

with the self-energy expressed as

�β(t1, t2) ��N (t1, t2) + �(1)(t1, t2)

+ �(2)(t1, t2) , (12)

where

�N (t1, t2) �
∑

k

t2
N gNk(t1, t2) (13)

with

�α(t1, t2) � M(φα)gα(t1, t2)M
†(φα). (14)

The next step consists of a transformation of the two-time Green’s functions and self-energies into a Floquet’s representation
employing a Wigner transformation (Wigner representation has one-to-one correspondence with Floquet’s representation) [55]

Fnm(ε) �
∞∫

−∞
dt ′ 1

T

T∫

0

dtei(ε+nω)t−i(ε+mω)t ′F(
t , t ′

)
(15)

where the energy ε ∈ [−ω/2, ω/2). The transformation is possible since Green’s functions have the periodicity of the perturbation in
both times. Hence, Eq. (11) provides the Green’s function of the QD coupled to the electrodes in Floquet’s and Nambu’s representation
with the result

〈〈α(ε)α†(ε)〉〉−1
nm � g−1

d ,nm(ε) − �β,nm(ε), (16)

where the Green’s function of the bare QD has the form

gr (a)
d ,nm(ε) �

∑

p

⎛

⎜⎝
Jp−n

(
A
ω

)
Jp−m

(
A
ω

)

ε±iη+pω+εd
0

0
Jp−n

(
A
ω

)
Jp−m

(
A
ω

)

ε±iη+pω−εd

⎞

⎟⎠. (17)

The superscript r(a) stands for retarded (advanced) Green’s function and Jl(A/ω) being the Bessel functions of the first kind. In the
same manner, we can express the normal metal lead and the topological superconductors self-energies as

�
r (a)
N ,nm(ε) � ∓ i�

2
σ0δnm , (18)

with coupling constant � � 2π t2
Nρ, σ0 the two by two unit matrix, and working on the assumption of wide band approximation

�r (a)
α,nm(ε) �

⎛

⎝
(λ−

α )
2

ε±iη+nω−ξM ,α
+ (λ+

α)
2

ε±iη+nω+ξM ,α
− λ−

α λ+
αe

−iφα

ε±iη+nω−ξM ,α
− λ−

α λ+
αe

−iφα

ε±iη+nω+ξM ,α

− λ−
α λ+

αe
iφα

ε±iη+nω−ξM ,α
− λ−

α λ+
αe

iφα

ε±iη+nω+ξM ,α

(λ+
α)

2

ε±iη+nω−ξM ,α
+ (λ−

α )
2

ε±iη+nω+ξM ,α

⎞

⎠δnm . (19)

Note that by shifting the poles with ε → ε ± iη, we obtain the retarded and advanced Green’s functions. The self-energy of a normal
metal lead Eq. (18) is diagonal in the Nambu’s and Floquet’s spaces, while the topological superconductors self-energies Eq. (19)
are non-diagonal in the Nambu’s space and diagonal in the Floquet’s space. We consider the Josephson junction at zero bias for
these calculations but with a superconducting phase difference between topological superconductors.

2.3 Density of states

The first type of device consists of a QD between a topological superconductor and a metallic lead. The second consists of a QD
between two topological superconductors simultaneously coupled to a metallic lead. In what follows, we present the spectra for
both devices taking εd � 0 and �/ω � 0.1. Furthermore, the calculation of Green’s function allows observing the spectrum of a
periodically driven QD through the density of states

〈ρ(ε)〉 � − 1

π

∑

n

(
Im〈〈α(ε)α†(ε)〉〉r(11)

)
nn

. (20)
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The subscript (11) indicates the first element of the Green’s function in Nambu’s representation and the superscript r stands for the
retarded Green’s function. Since the amplitude A and frequency ω are the parameters that characterize the driving in the QD, we
investigate the spectrum as a function of them.

2.4 Time-average currents

Transport properties such as average-time currents and differential conductance can detect all the spectra hallmarks. Here, we
describe the analytical calculations for computing the average currents. Taking the measurements in the normal metal lead with
a chemical potential μN defined as IN (t) � −e〈ṄN (t)〉, with NN (t) � ∑

k c
†
NkcNk . A straightforward calculation leads to the

expression.

IN (t) � 2e

�

∑

k

Re
{
tNσz〈〈ζNk(t)d(t)〉〉<}

(11)
, (21)

with 〈〈cNk(t)d†(t)〉〉< � i
〈
cNk(t)d†(t)

〉
. Making use of Langreth’s rules, the time-dependent current is calculated as follows

IN (t) � 2e

�

∫
dt1Re

{〈〈α(t)α†(t1)〉〉r�<
N (t1, t)

+ 〈〈α(t)α†(t1)〉〉<�r
N (t1, t)

}
(11)

. (22)

In Floquet’s representation and taking the average over a period T , one gets

〈IN 〉 � 2e

h

ω/2∫

−ω/2

dεTr
[
Re

{〈〈α(ε)α†(ε)〉〉r�<
N (ε)

+ 〈〈α†(ε)α(ε)〉〉<�a
N (ε)

}
(11)

]
, (23)

where the trace runs over the Floquet’s and Nambu’s spaces. The lesser Green’s function and self-energy are

〈〈α(ε)α†(ε)〉〉< � 〈〈α(ε)α†(ε)〉〉r�<
β (ε)

× 〈〈α(ε)α†(ε)〉〉a , (24)

with

�<
β (ε) � �<

N (ε) + �<
(1)(ε) + �<

(2)(ε) (25)

and

�<
β (ε) �

(
�a

β(ε) − �r
β(ε)

)
fβ(ε) (26)

where fβ(ε) is the Fermi distribution function for the β leads. We take the zeroth-order component of the current at zero temperature
for all numerical calculations.

3 Numerical results

3.1 Device A

3.1.1 Amplitude and frequency Floquet spectra

We drop the superconducting phase difference and the subscript α in the self-energy Eq. (19) in the case of Device A (see Fig. 1a).
Figure 2 displays the average density of states calculated from Eq. (20). Here, the spectrum is obtained by the relation of the
quasiparticle energy ε/ω and the amplitude A/ω (amplitude spectrum), with λa/ω � 1, truncating the Floquet’s harmonics at
|n| � 3. In Fig. 2a, a single MBS tunnels through the QD, meaning that λb/ω � 0 and ξM/ω � 0. The zeroth harmonic component
remains independent of the amplitude and is present in the higher harmonics gaining and losing weight with the increasing amplitude.
For small values of amplitude (about A < 3 as it shows in the spectrum), the quasiparticles display crossing energy states, while for
larger values of amplitude (A > 3), the quasiparticle display avoids energy crossing. Figure 2b shows the spectrum for two MBSs
hybridizing with the QD state, but they do not overlap in the nanowire, meaning that ξM/ω � 0—physically, this configuration
could correspond to a ring structure of the topological superconductor [57]. In this situation, the state at zero energy splits into
two particle-hole symmetric states away from zero energy, and exactly as in the previous scenario the splitting replicates in higher
harmonics. Figure 2c, the two MBSs hybridize with the QD state, and both are interacting through the nanowire, meaning that
λb/ω � 1, λa/ω � 0.5 and ξM/ω � 0.6. The two branches around n � 0 show a noticeable difference in their weights, a
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Fig. 2 Amplitude spectra in
Device A obtained for the four
possible types of hybridization of
the Majoranas with the QD.
Parameters are λa/ω � 1 and
�/ω � 0.1

Fig. 3 Frequency spectra in
Device A obtained for the four
types of possible hybridization of
the Majoranas with the QD.
Parameters are A/λa � 2.5 and
�/λa � 0.1

coupling configuration of the MBSs that breaks particle-hole symmetry. Figure 2d, a single MBS is hybridizing with the QD state
and displays an overlap of MBSs in the nanowire. Here, a zero energy state independent of the amplitude appears and replicates for
higher harmonics, but the splitting structure of the quasiparticle energy states shown in panels (a) and (b) disappears.

Figure 3 shows the average density of states (20). Here, we plot the quasi-energy ε/λa related to the driving frequency ω/λa

(frequency spectrum). For these spectra, we fix the amplitude to the value A/λa � 2.5, the coupling with the normal metal is set at
�/λa � 0.1 and the coupling configurations of the MBSs to the QD are the same as for the amplitude spectra shown in Fig. 2 (one
MBS hybridized with the QD state, two MBSs hybridized with the QD state but without overlap, two MBSs hybridized with the
QD state and overlap between them, and one MMS hybridized with the QD state with overlap between them, plotted, respectively,
in panels (a), (b), (c) and (d)). Here, panels (a) and (b) show energy branch oscillations at low frequencies, and in the limit of high
frequency all spectral weight concentrates in three (in the case of panel (a) two equidistant states and one at zero energy) and four
(in the case of panel (b)). The zero energy state appears independent of the frequencies in panel (a). In higher-order harmonics,
the states split into three branches, with the middle being linearly related to frequency. In panel (b), the two Majoranas hybridizing
QD produce two branches with symmetrical weights around zero energy (particle-hole symmetric). Panel (c) shows non-symmetric
weights of the energy states meaning the broken particle-hole symmetry and no branch oscillations at the approaching zero frequency
limit. Finally, in panel (d) appears the zero energy state independent of the frequencies, and no energy branch oscillations in the
limit of low frequency. For the non-locality effects of the MBSs in QDs, see [40, 51] and for the couplings in quantum rings [53].
Additionally, we can compare the results of this subsection with a recent work that considers a similar set-up but with trivial instead
of topological superconductivity [41], see Sect. 3.1.3.

3.1.2 Subgap time-average current and differential conductance (Device A)

We calculate the subgap currents of Device A in the metal lead with a detuning chemical potential μN � μTS + eV , with the
topological superconductor grounded, we have μTS � 0. We use the same parameters used in Sect. 3 to calculate currents in this
section.
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Fig. 4 Device A time-average
currents (a)–(d) (each panel
corresponding, respectively, with
the spectra in Fig. 2) and
differential conductance
(e)–(h) obtained for two values of
amplitude A/ω � 1, 2 and taking
negative bias (V < 0)

Figure 4 shows the average currents (left panels) and differential conductance (right panels), where blue and red lines correspond
to currents and differential conductance for amplitudes A/ω � 1 and A/ω � 2, respectively, with a negative bias applied to the
system μ−

N . Each plateau in the currents corresponds to a saturation of an energy state, meaning that each step corresponds to the
presence of a quasiparticle energy state and the peaks in the differential conductance coincide with the states for the amplitude
spectra in Fig. 2. Since we are in the low energy limit and considering spinless superconductivity, we expect only contributions of
the orders of 2e2/h in the differential conductance. Hence, in the limit of zero amplitude (A � 0) and strong coupling of the QD
with the metallic lead, we recovered the known results in the case of a nanowire coupled to the QD [46, 58].

3.1.3 Setup of Device A with a BCS superconductor

We focused here on a reproduction of some of the results reported in [41] for comparison purposes. Notice that Green’s function
in the Nambu’s notation varies from Eq. (8). The reason lies in the fact that for a BCS superconductor, we consider the two spins
degrees of freedom, while in the case of a p-wave, we have fully polarized spins. Therefore, the Green’s function in the Nambu’s
representation writes as

〈〈α(t)α†(t ′
)〉〉 �

〈〈( d↑
d†
↓

)
⊗

(
d†
↑ d↓

)〉〉

�
(

〈〈d↑(t); d†
↑
(
t ′
)〉〉 〈〈d↑(t); d↓

(
t ′
)〉〉

〈〈d†
↓(t); d†

↑
(
t ′
)〉〉 〈〈d†

↓(t); d↓
(
t ′
)〉〉

)
. (27)

The expression to obtain the average density of states will remain the same as Eq. (20). In Fig. 5, panel (a) shows the average
amplitude spectrum (quasiparticle energy versus the amplitude of the driving) with �sc/ω � 1, panel (b) shows the frequency
spectrum (quasiparticle energy versus the frequency of the driving) fixing the amplitude at A/�sc � 2.5. Panel (c) shows the
average currents for two different amplitudes (blue line for amplitude A/ω � 2 and red line for amplitude A/ω � 0), the steps
coincide with the energy states of panel (a), and finally, panel (d) shows the average differential conductance for the same two values
of amplitude. Notice, here the differential conductance in units of 4e2/h corresponds to a Cooper pair and the consideration of the
two spin degrees of freedom.

We took the infinite gap limit (� → ∞) in the self-energy and used Eq. (18) to reproduce the data in Fig. 5. Said that the
self-energy for the BCS superconductor in the infinite gap limit is off-diagonal and written as

�nm
sc (ε) � �sc

2
σxδnm , (28)

where �sc is the coupling with the superconducting lead and σx the x component of the Pauli matrices. The difference between the
self-energy Eq. (19) and the self-energy Eq. (28) is that the first depends on the Floquet’s harmonics as 1/nω, while the second is
independent of another characteristic is that for BCS superconductivity we integrate out over all degrees of freedom while in the
case of effective coupling of MBSs we do not.
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Fig. 5 Amplitude and frequency
spectra panel (a) and (b) for a
driven QD in between a normal
metal and a superconducting lead.
Average current and differential
conductance panels (c) and (d).
The parameters used for each
panel are: (a) �sc/ω � 1, in
(b) A/�sc � 2.5, in the case of
panel (b) �N /�sc � 0.1, and for
all panels �N /ω � 0.1

Fig. 6 Schematic representation
of MBS possible couplings with
the QD in Device B. For the
values λa(1) � λa(2) � 1,
ξM , (1) � ξM , (2) � 0.6 and

λb(1) � λb(2) � 0.5. We use these
parameters for all spectra and
currents data—the same order of
the panels with the couplings in
this figure remains for Figs. 7, 8,
9, 10 and 11

3.2 Device B

Device B is the most basic structure to implement a fusion of MBS [59–61], but those considerations go beyond this work. Here,
we want to understand the dynamics of the subgap quasiparticles and observe the difference with ABS. Therefore, we concentrate
on the characteristics of the Floquet’s spectra and the transport properties of this device. The schematic representation of Device B
is shown in Fig. 1b and the coupling configurations of the MBS in Fig. 6, where each panel corresponds to a single type of coupling
configuration used for calculating spectra, currents, and differential conductance. Before analyzing the amplitude and frequency
spectra, it is important to observe the Andreev spectrum, which is the quasiparticle energy related to the superconducting phase
difference φ. Similarly to Device A, we will perform the calculations with the setup of Device B but consider BCS superconductivity.

3.2.1 Andreev–Floquet spectra

To observe more clearly the behavior of the states in the Andreev spectrum, we chose the first two Floquet’s Harmonics |n| � 2 to
plot with amplitude A/ω � 1, where at this amplitude, only lower harmonics develop. We can observe the splinting of states as a
function of the superconducting phase difference—explicitly, the phase difference is φ � φL − φR , with φL(R) the phase of the left
and right topological superconductor, respectively, for all numerical results we fixed φR � 0.

Figure 7 shows the Andreev spectra for each coupling configuration shown in Fig. 6. Starting with panels (a), (d), and ( f ),
those correspond to the configurations in which the outer and inner MBS do not overlap with each other in the nanowires, meaning
ξMα � 0. Note that no zero energy state is formed. In panel (a), there is only zero energy crossing states every 2π while in panels
(d) and ( f ), the states around zeroth-order harmonic form avoided crossings at φ � 0 and φ � 2π this is due to the interaction
of MBSs hybridized the QD state. Panels (b), (c), and (e) correspond to coupling configuration in which inner and outer MBSs
overlap. Here, the spectrum at zeroth-order harmonic shows a state independent of the phase. Lastly, in panels (e), (g) and (h) where
the hybridization of the outer and inner MBSs with the QD state is present together with MBS overlapping, the weight of states in
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Fig. 7 Andreev spectra for the
average density of states. We fixed
the amplitude of the driving at
A/ω � 1. Panels (e), (g) and
(h) show broken particle-hole
symmetry. The spectrum in each
panel coincides with the
configurations sketched in the
panels of Fig. 6

positive and negative harmonics is asymmetrical. This situation is similar to what Device A shows in panels (c) of Figs. 2 and 3.
It is a signature of broken particle-hole symmetry observed for the Floquet–Andreev spectrum. Thus, panels (e), (g) and (h) show
broken particle-hole symmetry, quite notoriously around φ � π—in what follows, we work at this value of phase difference, where
we find most marked differences of Devices A and B.

3.2.2 Amplitude and frequency Floquet spectra

Device B for arbitrary values of the superconducting phase difference displays similar behavior in the amplitude and frequency
spectra to those observed in Device A (the states in each harmonic splits in two and develop similar with amplitude and frequency),
except for a superconducting phase difference of φ � π also is a point at which is more notorious the breaking of particle-hole
symmetry. Therefore, we studied amplitude and frequency spectra for that specific phase value.

Figure 8 shows the amplitude spectra for the couplings described in Fig. 6. The salient aspect of these spectra is in most
cases, and there is no presence of zero energy state, rather two branches splits for each harmonic gains and loses weight with the
amplitude—being at a phase difference of φ � π is the reason to observe no zero energy state in each harmonic. Hence, only
two branches of quasiparticle energies split, observing crossing quasiparticle energy states for low amplitude and avoiding energy
crossings for large amplitude seen in panels (a), (d), and (f). Panel (c) shows the destruction of the two branch structure in each
harmonic (let us remember that for this spectrum ξM , (1) � ξM , (2) �� 0). Panels (b) and (e) are obtained for couplings configurations
in which one nanowire is infinite long, while the other is finite, meaning ξM , (1) �� 0, ξM , (2) � 0. These spectra show an overlapping
between two spectra, the panel (a)-like spectrum and the panel (c)-like spectrum, observing in (e) a slightly broken particle-hole
symmetry. Panels (e), (g) and (h) are the special cases in which particle-hole symmetry breaks, most notoriously at (g) and (h).

Figure 9 shows the frequency spectra for each coupling configuration shown in Fig. 6. Similar to what is shown in Fig. 8, panels
(a), (d) and (f) at φ � π do not show a significant difference between them—the common characteristic is that the hybridization
between Majoranas bound states in the nanowires is zero (ξM , (1/2) � 0). Panels (b), (c) and (e) all of them have the presence of a
zero energy state independent of frequency being a robust state since it is also independent of amplitude as well as superconducting
phase difference. Surprisingly, this state remains in conditions of a broken particle-hole symmetry as it is the case of panel (e) and
it replicates for all harmonics. Again, the spectra in panels (g) and (h) show broken particle-hole symmetry, but the zero energy
states completely disappeared. Therefore, multiple MBSs in the QD with overlapping between them produce a particle-hole broken
spectrum. Last aspect to underline is the destruction of oscillations at low-frequency limit when the two topological superconductors
have a finite length (panels (c), (g) and (h) show this fact).

3.2.3 Subgap time-average current and differential conductance in Device B

Similar to the previous scenario, we calculated the subgap currents for Device B in the metallic lead with a chemical potential μN .
Grounding the two topological superconductors yields μ

(1)
TS � μ

(2)
TS � 0. The superconducting phase difference is a function of

123



  701 Page 10 of 14 Eur. Phys. J. Plus         (2023) 138:701 

Fig. 8 Amplitude spectra for
Device B for λa(2) � λa(1) � 1,
�/ω � 0.1 and φ � π for all
plots. Each panel corresponds to
the couplings configurations
shown in Fig. 6

Fig. 9 Frequency spectra for
Device B for A/λa(1) � 2.5,

λa(2) � λa(1) � 1 and �/λa(1) � 0.1

time φ(t) � φ + eV t . Hence, as we consider grounded topological superconductors, the voltage drop between them vanishes, and
the superconducting phase difference becomes a parameter independent of time. Figure 10 shows the currents in Device B for two
values of superconducting phase difference, being φ � 0 and π represented by blue and green curves with a negative bias applied
(V < 0). Specifically, in panels (g), the curves for positive bias (V > 0) represented by dashed cyan and light green curves with
the superconducting phase difference values φ � 0 and π , respectively. We can notice the mismatch of the curves for the negative
bias and positive bias indicating the broken particle-hole symmetry—let us recall that the amplitude value is at A/ω � 1, and the
currents from each panel correspond, respectively, to the coupling configurations described in Fig. 6.

The differential conductance can detect the quasiparticle energy states and their splittings, and it provides a measurement of
the distribution of the spectral weights for each harmonic. Therefore, we can compute the differential conductance with the data
for the current as 〈G〉 � d〈IN 〉/dμN . Figure 11 shows the differential conductance for the currents shown in Fig. 10, where one
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Fig. 10 Device B average currents
(each panel corresponding,
respectively, with spectra in
Fig. 8) obtained for A/ω � 1 and
taking multiple values of
superconducting phase difference,
the bias is considered for negative
and positive values
(V < 0, V > 0)

Fig. 11 Device B average
differential conductance (each of
the panels corresponding,
respectively, with the currents in
Fig. 10)

notorious characteristic in panels (b), (d) and (h) is the splitting of the two states that start near harmonic n � ±1, represented by
the green lines. This splitting of the states is difficult to notice in the amplitude spectra and the currents, but it is nicely observed in
the differential conductance—see panels (b), (d) and (h) in Fig. 7 the double peak corresponds to an avoiding crossing of states near
harmonic n � ±1. This double peak appears for the coupling configurations with an odd number of MBSs hybridized with the QD
state at a value of phase difference φ � π (directly or indirectly)—see also panels (b), (d) and (h) in Fig. 6.

3.2.4 Device B with BCS superconductors

The calculation of spectra, currents, and differential conductance for a driven QD coupled to two superconductor leads and a metal
lead is similar to the previous case. The imaginary part of Green’s function (27) provides the density of states, and the same formalism
described before gives the currents measured in the normal metal lead. The only aspect that changes is the self-energy, which in the
infinite gap limit reads.

�nm
sc,α(ε) � �sc

2

(
0 e−iφα

eiφα 0

)
δnm , (29)
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Fig. 12 Amplitude, frequency, and
Andreev spectra for a driven QD
attached to two superconductors
and normal metal leads. Panels
(a) and (b) are obtained for a
superconducting phase difference
of φ � π , panel (b) is obtained for
an amplitude A/�sc � 2.5, while
panel (c) is obtained for A/ω � 1.
Panels (d) and (e) are the average
currents and differential
conductance with a fixed
amplitude A/ω � 1.
�N /�sc � 0.1 is used in panel
(b), and �N /ω � 0.1 is used in
the rest of the panels

with �L � �R � �sc being a symmetric coupling between the superconductors, φα is the superconducting phase in lead α. Here,
we assume a grounded superconductor, and the bias between them is zero. Figure 12 shows the amplitude spectrum panel (a),
frequency spectrum (b) and the Andreev spectrum (c). In the former two spectra, we chose a superconducting phase difference of
φ � π , where for this specific point, the spectra present no splitting of the states around each harmonic—panels (a) in the spectra for
device B correspond to the symmetric coupling of the topological superconductors. Panel (c) shows the Andreev spectra obtained
for A/ω � 1. Note that exactly at φ � π the spectrum displays crossing states. Panels (d) and (e) correspond to the average
current and differential conductance, respectively, for two values of superconducting phase difference φ � 0 and π , lines blue and
dashed orange, respectively. The very small magnitude of currents and differential conductance is due to the leak of electrons into
superconductors very rapidly [62]—Notice, for device B with topological superconductors, this is not true.

4 Summary

We studied a low-energy model for a periodically driven QD in the presence of MBS, which describes two devices named A and
B. The first consists of a QD coupled to a normal metal lead and a topological superconductor. The second is a T-shape structure
of a QD connected between two topological superconductors and the side-coupled normal metal lead. Besides, we considered the
non-locality of the MBS for both devices.

Device A shows quasiparticle energy states that split in two and repeat for each Floquet’s harmonic, accompanying them a flat
energy state or an internal splitting of another two states (this depends on the type of hybridization of the MBSs with the QD).
Another characteristic in the spectra is the breaking of particle-hole symmetry that occurs when two MBSs hybridize with the QD
state and simultaneously interact between them—even though it is true that particle-hole symmetry breaks equally for an undriven
system (A/ω � 0), it destroys the oscillations of quasiparticle states for all Floquet’s harmonics.

For Device B, the presence of two topological superconductors allows us to observe the quasiparticle states of the superconducting
phase difference. Hence, we focused on φ � π for observing the amplitude and frequency spectra—especially for the unique behavior
that the states develop at that value and the differences with Device A. Here, whenever we have only direct hybridization of the MBSs
with the QD (meaning ξM , (1/2) � 0) the spectra show no zero energy mode. We also observed that for a coupling configuration,
(e) (see Fig. 6), even with a broken particle-hole symmetry spectrum, exists a zero energy state. This is possible because one of the
topological superconductors breaks particle-hole symmetry while the other stills preserve it.

To detect the broken particle-hole symmetry as well as other characteristics that the quasiparticles display, we propose swapping
the bias voltage for negative to positive values (V < 0, V > 0) where, under broken particle-hole symmetry conditions, the mismatch
between the current curves is also seen in the differential conductance.

Coulomb interaction in the QD might originate a further development of the states—for considering electron–electron interaction,
we should drop off the consideration of the strong Zeeman field we did at the beginning of the work, and we cannot avoid the Kondo
problem. Another interesting consideration is the inclusion of non-Hermitian Hamiltonians to observe differences between ABSs
and MBSs [63, 64]. These interactions provide relevant ways to uncover the differences between ABS and MBS in systems under
time-periodic driving.
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