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Abstract

Linear permanent magnet vernier generators offer a high capability of force density, mak-
ing them appealing configurations for wave energy harvesting systems. In absolute terms,
the performance of these machines is significantly influenced by the selection of slot/pole
combinations based on the magnetic gearing effect. For the first time, this paper aims to
investigate the impact of different gear ratios on a wide array of linear primary permanent
magnet vernier machines (LPPMVMs) with different slot/pole combinations based on fair
criteria to offer a more comprehensive understanding of gear ratio selection. To find the
optimal number of slots and poles, the response surface methodology is adopted to obtain
a robust design and make a fair comparison among LPPMVMs with optimum design char-
acteristics using a cost-effective approach for the fast and reliable optimisation process. The
higher gear ratios result in higher thrust force capability. This will help establishing a new
route toward faster develpment of advanced LPPMVMs. The power loss models of LPP-
MVMs are studied to predict their steady-state and transient thermal behaviours, verifying
their stability and safety, while a simple external forced convection method can be utilised.
To verify the model, finite element analysis is exploited to confirm the electromagnetic and
thermal analysis results and provide a more exhaustive investigation.

1 INTRODUCTION

Renewable energy resources have gained attraction as sub-
stitutes for fossil fuels due to their significant advantages,
including being clean and free and having no adverse environ-
mental impacts [1]. Wave energy applications are among the
most significant kinds of renewable energy systems that can be
exploited to transform wave motions into electrical power [2,
3]. The ocean wave industry possesses the capability to gener-
ate 300 GW by 2050, indicating the rapid progress of the wave
energy industry. Also, 100 GW of generating capacity is pre-
dicted to be installed in Europe by 2050, which can meet 10% of
electricity demands [4]. On the other hand, the devices to trans-
form wave energy into electricity play a meaningful position in
the development of this industry. Direct-drive linear PM vernier
generators are extensively used to harvest electricity owing to
their capability of providing high force density at low speeds
without deploying intermediate equipment [5, 6].

Direct-drive linear permanent magnet synchronous gener-
ators (LPMSGs) are widely adopted to transform the linear
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motion of waves into electrical power owing to their superior
advantages, such as high power density and high efficiency [7,
8]. Nevertheless, a high power density can be reached for a lin-
ear PM synchronous generator with a high number of poles [9].
Accordingly, the trend toward adopting linear generators with
a high force capability has considerably augmented [10]. Lin-
ear permanent magnet vernier generators (LPMVGs) are ideal
candidates to provide a high force density at low speeds. The
working principles of vernier structures are established on the
magnetic gearing effect similar to magnetic gears, which allows
them to offer a high force density [11, 12].

A linear primary permanent magnet vernier machine
(LPPMVM) was proposed in [13] and used in wave energy
applications. The LPPMVM uses a long translator, and the
magnets and the armature windings are located on the short
stator, which makes the linear structure a robust and cost-
effective option. The LPPMVM was compared with a linear
vernier hybrid machine (LVHM) in [14], in which the LPPMVM
offers a higher thrust force and lower cogging force. The thrust
force performance of an LPPMVM was improved in [15] by

IET Renew. Power Gener. 2023;1–16. wileyonlinelibrary.com/iet-rpg 1

https://orcid.org/0000-0003-3264-7303
mailto:pedram.asef@ucl.ac.uk
http://creativecommons.org/licenses/by/4.0/
http://wileyonlinelibrary.com/iet-rpg


2 JAFARI ET AL.

employing the spoke-type magnets and a non-magnetic space
between the stator and magnets. A double-sided spoke-type lin-
ear vernier generator, used for wave energy extraction systems,
was developed from a LPPMVM in [16]. Furthermore, the
double-sided spoke-type linear vernier generator was equipped
with high-temperature superconductor bulks in [17] to reduce
the leakage flux. Even though the electromagnetic performance
of linear vernier machines has been highly improved in different
pieces of research, the impact of the gear ratio is required to be
investigated for selecting the optimal number of slots and poles.
Indeed, the combination of slots and poles in the LPPMVM
is a decisive factor in the design procedure of linear vernier
machines, and the logic behind the selection of gear ratio is of
high essence based on the magnetic gearing effect.

The optimal number of slot/pole combinations for different
rotational PM synchronous machines was studied in [18].
Nevertheless, selecting the number of slots and poles becomes
more critical when vernier structures are taken into account,
necessitating a more profound review. The impact of the gear
ratio on the performance of eight rotational surface-mounted
PM vernier machines with different slot/pole combinations
was studied in [19] and established based on an analytical
approach. Although the design process is accomplished in a
short time, a more accurate design procedure is required to
obtain a reliable comparison among vernier machines. Dif-
ferent PM vernier machines have been surveyed in [20] with
overlap-winding and tooth-concentrated nonoverlap winding
to explore the most efficient combination of slots and poles.
Also, five different linear PM vernier structures were proposed
in [21], employing long stators and short translators with
magnets and armature windings. However, the research lacks
a comprehensive investigation to study a broader range of
vernier machines with various gear ratios. Additionally, the
impact of the gear ratio on the performance of linear vernier
machines in terms of the relationship of the magnetic gearing
effect is unknown for the LPPMVM, while a more precise
design procedure is also required to be accomplished in a
short time.

This paper investigates the slot/pole combination of twenty
different LPPMVMs employed in wave energy harvesting sys-
tems based on different criteria, such as average thrust force,
thrust force density, and average force per PM volume. The
design choices for linear machines in wave energy systems are
analysed using the design of experiment matrices. Then, the
best design is traced by exploiting the response surface method-
ology (RSM). The most significant contribution of this paper,
which has never been achieved, is providing a comprehensive
analysis of the gear ratio impact on a wider array of LPPMVMs
through the exploitation of numerical analysis based on fair cri-
teria to offer a more comprehensive insight into the selection of
gear ratio and obtain a cost-effective approach for the fast and
reliable optimisation process. The power loss models of LPP-
MVMs are also realised to predict the temperature rise based
on the transient and steady-state thermal analyses. Finally, the
optimised model is verified using the 2D FEA method.

FIGURE 1 A linear primary permanent magnet vernier machine
(LPPMVM) used in a wave energy harvester based on the concept of a simple
point absorber converter.

2 METHODOLOGY AND PROBLEM
STATEMENT

A linear primary PM vernier machine is considered a bench-
mark in this paper, as shown in Figure 1, used in a wave
energy harvester based on the concept of a simple point
absorber converter.

The challenges associated with the exploitation of linear
generators in wave energy harvesting systems can cause uncer-
tainties in the reciprocal motion of the mover of the generator.
The wave behaviours can cause fluctuations in the movement of
the generator, and the environmental conditions can affect its
performance. Furthermore, by conducting a robust mechanical
design through the adoption of an effective modelling strategy
and constructing the translator utilising suitable materials with
high durability, the lifetime of the system can be extended signif-
icantly. Regular maintenance and real-time monitoring are other
practical approaches to tackle the uncertainties related to the
generator and its moving part [22].

Another crucial concern regarding the protection of the
overall system arises during high tides and powerful waves.
Accordingly, the system is required to possess the capability of
withstanding harsh conditions and dissipating the excess energy
to prevent it from reaching the linear generator. The system
necessitates well-engineered, watertight enclosures to ward off
water ingress and robust resistance to corrosion and degrada-
tion in marine environments. Predicting the periods of elevated
and forceful wave activity provides the opportunity for proac-
tive strategies, such as shutting down procedures to temporarily
halt the operation of the generator under severe wave conditions
[23].

The study of the performance of wave energy converters and
the reliability analysis of the system are beyond the scope of this
research. Nevertheless, the issues pertaining to the performance
of the linear generator that affect the overall system have been
taken into account in this research. The impact of optimal
gear ratio selection is presented to improve electromagnetic
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capability via selectable design choices. Furthermore, the oper-
ation concept of vernier structures is required to be analysed
foremost, and the relationship based on the magnetic gearing
effect is examined.

2.1 Operation principles of linear primary
PM vernier machines

The operation principles of LPPMVMs are the same as mag-
netic gears. Hence, the combination of slots and poles of linear
vernier structures is defined based on the relationship of the
magnetic gearing effect [24, 25]:

Z = PPM ± Pa (1)

where Z is the number of translator teeth, PPM is the number of
PM pole pairs, and Pa is the number of armature winding pole
pairs. Equation (1) indicates the selection of slot/pole combina-
tions can be obtained by employing two different relationships
based on the magnetic gearing effect:

Z = PPM + Pa (2)

Z = PPM − Pa (3)

The gear ratio (GR) is an important criterion to define the elec-
tromagnetic performance of vernier structures, which can be
expressed as the ratio of the number of PM pole pairs to the
number of armature winding pole pairs.

GR =
PPM

Pa
(4)

The magnetomotive force (MMF) of a linear vernier structure
can be calculated by:

FPM(t , tt ) ≈ FPM1cos
(

PPM
2𝜋
L

(t − tt )
)

(5)

where FPM1 is the MMF fundamental component, t is the initial
position, tt is the translator displacement, and L is the effective
length. Also, the permeance of the airgap can be expressed as
follows:

Λ(t ) ≈ Λ0 − Λ1cos
(

Z
2𝜋
L

t
)

(6)

where Λ0 and Λ1 are the airgap permeance constant and funda-
mental components. Then, the relationship of the flux linkage
can be calculated by considering some approximations:

𝜆ph(tt ) =
NphW

q

q−1∑
k=0

∫
ti+k𝜏+

L

2Pa

ti+k𝜏

B(t , tt )dx

≈ 2k1qNphW

⎛⎜⎜⎝
BPM0

PPM
2𝜋

L

+
BPM1

2Pa
2𝜋

L

⎞⎟⎟⎠sin
(

PPM
2𝜋
L

tt

)
(7)

where Nph is the number of turns per phase, W is the stack
length, q is the number of teeth per pole per phase, ti is the initial
position of phase winding, 𝜏 is the tooth pitch, and k1q is the
winding factor. Moreover, B(t , tt ) is the function of the airgap
flux density and is determined by the following relationship:

B(t , tt ) = FPM(t , tt )Λ(t ) (8)

The back-electromotive force (EMF) of one phase (eph) can
be calculated through the use of the following relationship:

eph(t ) =
d𝜆ph(tt )

dt

= 2k1qNphWvm

(
BPM0 +

PPMBPM1

2Pa

)
cos

(
PPM

2𝜋
L

tt

)
(9)

where vm is the velocity, BPM0 and BPM1 are the functions of
the MMF fundamental and the airgap permeance components.
Based on the operation principles and relationships of the linear
vernier machines, the selection of the magnetic gearing effect
based on (3) results in a higher thrust force. This claim is inves-
tigated in this paper by considering LPPMVMs with different
slot/pole combinations. The induced voltage amplitude can be
obtained as:

Eph =
√

2k1qNphWvm

(
FPM1

(
P0 +

6q − 1
2

P1

))
(10)

where P0 and P1 are calculated by exploiting the conformal
mapping method [26, 27]:

P0 =
𝜇0

g
(1 − 1.6𝛽c0) (11)

P1 =
2𝜇0𝛽

g𝜋

(
0.78125

0.78125 − 2c2
0

)
sin(1.6𝜋c0) (12)

where 𝜇0 is the coefficient of the vacuum permeability, c0 is the
ratio of slot width to the slot pitch, g is the distance between the
tip of the stator and translator teeth, and 𝛽 is Carter’s coefficient.
The next relationship shows how 𝛽 can be calculated for linear
vernier machines based on some approximations:

𝛽 = k𝛽
ws

g
= k𝛽

c0L

6Paqg
(13)

As a result, the relationship of the induced voltage amplitude
can be reformed as:

Eph =
4
√

2
𝜋𝜇r

Br k1qNphWvm

gm

g
(kconv + kadd) (14)

kconv = 1 − 1.6k𝛽
L

6Paqg
c2
0 (15)

kadd = k𝛽
c0L

Pag

(
1 −

1
6q

)(
0.78125

0.78125 − 2c2
0

)
sin(1.6𝜋c0) (16)
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where Br is the residual flux of PMs, and gm is the PM thickness.
Also, the output power can be defined:

Pout = 3IphEph = k𝜏Agvm

gm

g
(kconv + kadd) (17)

k𝜏 =
2
√

2
𝜋𝜇r

k1qksBr (18)

ks =
6NphIph

L
(19)

Finally, the output power can be rewritten, and the force can be
calculated as:

Pout = k𝜏Agvm

gm

g

(
1 + kok𝛽

L

g

)
(20)

ko =
c0
p

(
1 −

1
6q

)(
0.78125

0.78125 − 2c2
0

)
× sin(1.6𝜋c0)

− 1.6
c2
0

6Paq
(21)

Fout = k𝜏Ag

gm

g

(
1 + kok𝛽

L

g

)
(22)

Once the relationships governing linear vernier machines are
calculated, the problem statement can be defined.

2.2 Problem statement

Different slot/pole combinations of high force density LPP-
MVMs are selected in this study based on the benchmark
17-slots/18-pole pairs LPPMVM to satisfy the relationship of
the magnetic gearing effect, as tabulated in Table 1. Hence,
the impact of the gear ratio on the performance of LPPMVMs
can be surveyed by considering a diverse combination of slots
and poles.

2D schematics of two LPPMVMs are depicted in Figure 2,
that is, the benchmark 17-slots/18-pole pairs LPPMVM and
a 34-slots/36-pole pairs LPPMVM with the same gear ratios.
The linear vernier machines employ a long secondary and a
short primary equipped with magnets and armature windings.
The magnets are located on the surface of the stator teeth,
as shown in Figure 2 with the polarity of magnets, and three-
phase single-layer distributed armature windings are adopted to
achieve smoother and more sinusoidal outputs.

The procedure to study the effect of gear ratios on different
LPPMVMs is shown in Figure 3. Population-based algorithms,
such as genetic algorithm (GA) and particle swarm optimisation
(PSO), based on finite element models of electrical machines,
are known as commonly accurate optimisation methods, par-
ticularly for vernier machines owing to the ability to model
the harmonic components. Nevertheless, the optimisation
process requires substantial computational time and computing
capability for global searching of the design spaces of different
LPPMVMs. To reduce the computational burden, the response
surface method (RSM) based on finite element modelling is

TABLE 1 Different slot/pole combinations of linear primary permanent
magnet vernier machines (LPPMVMs).

Model

Stator

teeth

Armature

winding

pole pairs

PM pole

pairs

PMs per

stator

tooth

Translator

teeth

Gear

ratio

01 6 1 12 3 11 12

02 6 1 15 4 14 15

03 6 1 18 5 17 18

04 6 1 21 6 20 21

05 6 1 24 7 23 24

06 12 2 24 3 22 12

07 12 2 30 4 28 15

08 12 2 36 5 34 18

09 12 2 42 6 40 21

10 12 2 48 7 46 24

11 6 1 12 3 13 12

12 6 1 15 4 16 15

13 6 1 18 5 19 18

14 6 1 21 6 22 21

15 6 1 24 7 25 24

16 12 2 24 3 26 12

17 12 2 30 4 32 15

18 12 2 36 5 38 18

19 12 2 42 6 44 21

20 12 2 48 7 50 24

Abbreviations: PM, permanent magnet.

FIGURE 2 Schematic demonstration of linear primary permanent
magnet vernier machines (LPPMVMs) with: (a) 17-slots/18-poles, (b)
34-slots/36-poles.

exploited to optimise different linear vernier machines in a
shorter time with high accuracy.

The process commences when 2D models of the linear
vernier structures with different slot/pole combinations are
established based on the 17/18 LPPMVM. A sensitivity analy-
sis is performed based on finite element modelling to define the
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FIGURE 3 The flow chart to study the effect of gear ratio on different
linear primary permanent magnet vernier machines (LPPMVMs). PM;
permanent magnet.

significant parameters that have the most considerable impact
on the performance of the machine. The Monte Carlo method
is used to accomplish the sensitivity analysis, and random sam-
ples are produced by using Latin hypercube sampling (LHS).
Afterwards, a multi-objective function is defined to improve the
average thrust force (Y1) and power factor (Y2) while the thrust
force ripple (Y3) is reduced. The width of the translator tooth tip
(x1), the height of the translator tooth (x2), and the width of the
translator tooth root (x3) are selected as the significant factors to
optimise the linear machines. Moreover, the width of magnets is
another significant parameter that influences the performance
of the linear vernier structures, and the stator tooth width (x4)
is considered another variable to optimise the width of mag-
nets. The parameters with the capability to be controlled and
obtain a reliable prediction of the system response are depicted
in Figure 4. The factors are needed to be replaced if they are

FIGURE 4 Independent variables of a linear primary permanent magnet
vernier machine (LPMMVM).

TABLE 2 Design characteristics of the 17/18 linear primary permanent
magnet vernier machines (LPPMVM) [13].

Item Unit Value

Number of phases 3

Rated frequency Hz 50

Rated velocity m/s 1

Airgap length mm 1

Thickness of LPPMVM mm 158

Stack length mm 100

Stator tooth pitch mm 60

Translator tooth pitch mm 21.17

PM remanence T 1.2

PM thickness mm 4

Number of winding turns 142

Abbreviations: PM, permanent magnet.

insignificant. In the next step, the design of experiments can be
used for the analysis of LPPMVMs.

3 DESIGN OF EXPERIMENTS FOR
LPPMVMS WITH DIFFERENT GEAR
RATIOS

The performance of linear vernier machines with different com-
binations of slots and poles can be fairly evaluated if they are
working under their optimal conditions. Accordingly, a robust
optimisation procedure is required to obtain the optimal charac-
teristics of LPPMVMs, as explained in Figure 3. The key design
characteristics of the benchmark 17/18 LPPMVM have been
presented in Table 2, in which different linear vernier gener-
ators are developed based on the 17/18 LPPMVM with the
same stack length, the number of winding turns, the thickness of
the linear machines, input current, airgap length, PM thickness,
frequency, and velocity.

The response surface method can be utilised to obtain a
relation between the parameters and the response. Central com-
posite design (CCD) is employed to fit a second-order model
of a response surface. This aim can be accomplished by opti-
mising the system response (Y ), in that the design objective is a



6 JAFARI ET AL.

TABLE 3 Optimisation parameters and factor levels.

Coded levels

Independent

variables −𝜶 −1 0 +1 +𝜶

x1 8.0 9.8 11.5 13.3 15.0

x2 7.0 10.3 13.5 16.8 20.0

x3 5.0 6.3 7.5 8.8 10.0

x4 50 54 58 61 65

function of the factors (xi ):

Y = f (x1, x2, x3, … , xn ) (23)

The Taylor series of the system response can be expressed as
[28, 29]:

Y = 𝛽0 +

k∑
i=1

𝛽ixi +

k∑
i=1

𝛽iix
2
i +

k∑
i< j

∑
𝛽i j xix j (24)

x =

⎡⎢⎢⎢⎢⎣
x1

x2

…

xk

⎤⎥⎥⎥⎥⎦
, b =

⎡⎢⎢⎢⎢⎣
𝛽1

𝛽2

…

𝛽k

⎤⎥⎥⎥⎥⎦
,B =

⎡⎢⎢⎢⎢⎣
𝛽11 𝛽12∕2 … 𝛽1k∕2

… 𝛽22 … 𝛽2k∕2

… … … …

sym. … … 𝛽kk

⎤⎥⎥⎥⎥⎦
(25)

where 𝛽0, 𝛽i , 𝛽ii , and 𝛽i j are the constant, linear, quadratic,
and interaction coefficients, respectively. xi and x j are coded
design variables, and k is the number of variables. x is a k × 1
matrix of variables, b is a k × 1 matrix of first-order regression
coefficients, and B is a k × k matrix of quadratic coefficients.
Afterwards, the model is evaluated using the analysis of variance
(ANOVA) in order to verify the model and study the influence
of significant factors. The model equation is calculated, and the
responses of the predicted and experimental values are com-
pared. Then, the process is accomplished if the requirements of
the objective function are met; otherwise, the previous steps are
carried out again.

The process involves thirty experiments using a central com-
posite design matrix (CCD) coupled with a 2D-FEA tool for
electromagnetic analysis of the models. By considering n as the
number of factors, 2n factorial runs and 2n axial runs are needed.
As aforementioned, four controllable variables, including the
translator tooth tip (x1), the height of the translator tooth (x2),
the width of the translator tooth root (x3), and the stator tooth
width (x4), are selected to optimise the linear vernier machines.
Also, six centre points are required to study the experimen-
tal errors; a total of 30 runs are performed in this research.
The design of experiments is carried out for LPPMVMs devel-
oped from the benchmark 17/18 LPPMVM. For example, the
detailed calculations are provided only for the 20/21 LPPMVM.
The coded levels for the 20/21 LPPMVM are presented in
Table 3, in which ±1, ±𝛼, and 0 are applied for the factorial,
axial, and centre points, respectively.

The experimental design and results of the 20/21 LPPMVM
are presented in Table 4. The improvable machine parameters,

such as average force, power factor, and thrust force ripple, are
obtained from the FEA based on the coded levels.

The quadratic model is used for the average thrust force and
the power factor, and the linear model is selected for the thrust
force ripple. The response for factor levels can be predicted
by adopting the coded equations. The final equations of aver-
age force (Y1), power factor (Y2), and force ripple (Y3) can be
expressed as follows in terms of the coded factors.

Y1 = 1764 − 135.13x1 + 9.96x2 − 80.54x3 + 127.96x4

+ 5.31x1x2 + 5.06x1x3 − 10.69x1x4 − 4.56x2x3

− 0.3125x2x4 − 8.81x3x4 − 64.39x2
1 − 9.14x2

2

− 27.64x2
3 − 109.64x2

4 (26)

Y2 = 0.25 − 0.0075x1 + 0.0008x2 − 0.0133x3 + 0.0017x4

+ 0.0000x1x2 + 0.0000x1x3 + 0.0000x1x4 + 0.0000x2x3

+ 0.0000x2x4 + 0.0000x3x4 − 0.0058x2
1 − 0.0008x2

2

− 0.0021x2
3 − 0.0121x2

4 (27)

Y3 = 8.92 − 0.0875x1 + 0.5375x2 + 0.9208x3 + 0.9042x4

(28)

The analysis of variance (ANOVA) for the response surface
of the average thrust force, power factor, and thrust force ripple
of the 20/21 LPPMVM are tabulated in Tables 5–7, respectively.

The values of R2 are reported as 0.9990 for Y1, 0.9777 for
Y2, and 0.2596 for Y3 to show the accuracy of the predicted
response. Adjusted R2 and predicted R2 are 0.9980 and 0.9940
for Y1, 0.95690 and 0.8716 for Y2, 0.1412 and −0.0763 for
Y3. Adjusted R2 can be used to measure the adjustment of the
model to the experimental data, and the predicted R2 indicates
the precision of responses for new observations. The difference
between the values of adjusted R2 and predicted R2 is less than
0.2, in which they have a reasonable agreement. Furthermore,
the predicted R2 is negative for Y3, showing that a more rea-
sonable prediction of the response can be performed by using
the overall mean. The ratio of signal to noise is known as ade-
quate precision, which is desired to be greater than 4 to show the
capability of the model to be exploited for design space naviga-
tion. The adequate precision values of Y1, Y2, and Y3 are 123.19,
25.09, and 5.17, respectively, to indicate the ratio of the signal
to noise. The standard deviation is obtained from the fit statis-
tics, which are 9.88 for Y1, 0.0039 for Y2, and 2.32 for Y3. By
calculating the standard deviation and mean, the coefficient of
variation (CV) can be achieved, which is 0.16% for Y1, 1.69%
for Y2, and 25.97% for Y3. The values of CV for Y1 and Y2 are
very good, but Y3 has an acceptable value of CV. The F -value
equals 1021.05 for the model of average force and 46.99 for the
model of power factor. However, the model F -value is 2.19 for
the thrust force ripple; thus, there is a 9.91% chance that an
F -value this high could occur due to noise. Also, P-values less
than 0.0500 are representative of significant model terms, and
P-values greater than 0.1000 show the model terms are not sig-
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TABLE 4 The experimental design and results of the 20/21 linear primary permanent magnet vernier machines (LPPMVM).

Coded levels Finite element analysis responses

Run Space type x1 x2 x3 x4

Average force

[N] Power factor

Thrust force

ripple [%]

1 Factorial 9.8 10.3 6.8 54 1611 0.25 9.4

2 Factorial 13.3 10.3 6.8 54 1347 0.23 8.3

3 Factorial 9.8 16.8 6.8 54 1627 0.25 10.5

4 Factorial 13.3 16.8 6.8 54 1379 0.23 8.3

5 Factorial 9.8 10.3 10.3 54 1471 0.22 7.3

6 Factorial 13.3 10.3 10.3 54 1224 0.21 11.0

7 Factorial 9.8 16.8 10.3 54 1467 0.22 9.6

8 Factorial 13.3 16.8 10.3 54 1241 0.21 11.1

9 Factorial 9.8 10.3 6.8 61 1917 0.25 9.4

10 Factorial 13.3 10.3 6.8 61 1606 0.24 10.6

11 Factorial 9.8 16.8 6.8 61 1929 0.25 10.5

12 Factorial 13.3 16.8 6.8 61 1641 0.24 11.2

13 Factorial 9.8 10.3 10.3 61 1741 0.23 9.5

14 Factorial 13.3 10.3 10.3 61 1450 0.21 14.7

15 Factorial 9.8 16.8 10.3 61 1733 0.23 13.0

16 Factorial 13.3 16.8 10.3 61 1467 0.21 13.3

17 Axial 8 13.5 8.5 58 1782 0.24 10.3

18 Axial 15 13.5 8.5 58 1231 0.21 4.6

19 Axial 11.5 7 8.5 58 1697 0.24 6.3

20 Axial 11.5 20 8.5 58 1758 0.25 9.1

21 Axial 11.5 13.5 5 58 1821 0.27 5.2

22 Axial 11.5 13.5 12 58 1486 0.21 10.6

23 Axial 11.5 13.5 8.5 50 1087 0.20 5.6

24 Axial 11.5 13.5 8.5 65 1564 0.20 8.1

25 Center 11.5 13.5 8.5 58 1764 0.25 6.7

26 Center 11.5 13.5 8.5 58 1764 0.25 6.7

27 Center 11.5 13.5 8.5 58 1764 0.25 6.7

28 Center 11.5 13.5 8.5 58 1764 0.25 6.7

29 Center 11.5 13.5 8.5 58 1764 0.25 6.7

30 Center 11.5 13.5 8.5 58 1764 0.25 6.7

nificant. Thus, x1, x2, x3, x4, x1x2, x1x4, x3x4, x2
1 , x2

2 , x2
3 , and

x2
4 are significant model terms for the average force, and x1, x3,

x2
1 , x2

3 , and x2
4 are significant model terms for the power factor.

Considering the multi-objective function, the response sur-
face optimisation is performed for the average thrust force and
the power factor, as demonstrated in Figures 5 and 6 to study
the impact of different factors.

Figure 5a depicts the impact of variables x1 and x2 on the
average thrust force of 20/21 LPPMVM. As can be seen, the
increase of x1 from 9.8 to 13.3 mm and decrease of x2 from
16.8 to 10.3 mm lead to the higher average thrust force. Also,
Figure 5b,c shows the effect of x3 versus x1 and x1 versus x4 on
the average force, respectively. The maximum value of average
thrust force is 1830 N when x2 and x3 are varied. Moreover, the

trend of changing x2 versus x4 and x3 versus x4 results in the
highest average thrust force at 1803 and 1868 N, respectively.
The figures confirm the significance of the controllable vari-
ables in calculating the optimal values. The same surface plots
for the power factor are demonstrated in Figure 6, and the effect
of changing variables can be observed.

4 FINITE ELEMENT ANALYSIS OF
LPPMVMs WITH DIFFERENT SLOT/POLE
COMBINATIONS

The selection of the slot/pole combination is one of the
most significant and influential steps during the design of lin-
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TABLE 5 The analysis of variance (ANOVA) for the response surface of the average thrust force.

Source Sum of squares Degree of freedom Mean square F-value P-value Remarks

Model 1.396 × 106 14 99,694.31 1021.05 <0.0001 significant

x1 4.382 × 105 1 4.382 × 105 4488.07 <0.0001

x2 2380.04 1 2380.04 24.38 0.0002

x3 1.557 × 105 1 1.557 × 105 1594.52 <0.0001

x4 3.930 × 105 1 3.930 × 105 4024.63 <0.0001

x1x2 451.56 1 451.56 4.62 0.0482

x1x3 410.06 1 410.06 4.20 0.0583

x1x4 1827.56 1 1827.56 18.72 0.0006

x2x3 333.06 1 333.06 3.41 0.0846

x2x4 1.56 1 1.56 0.0160 0.9010

x3x4 1242.56 1 1242.56 12.73 0.0028

x2
1 1.137 × 105 1 1.137 × 105 1164.54 <0.0001

x2
2 2289.07 1 2289.07 23.44 0.0002

x2
3 20947.65 1 20947.65 214.54 <0.0001

x2
4 3.297 × 105 1 3.297 × 105 3376.62 <0.0001

Residual 1464.58 15 97.64

Lack of fit 1464.58 10 146.46

Pure error 0.0000 5 0.0000

Correlation total 1.397×106 29

TABLE 6 The analysis of variance (ANOVA) for the response surface of the power factor.

Source Sum of squares Degree of freedom Mean square F-value P-value Remarks

Model 0.0102 14 0.0007 46.99 <0.0001 Significant

x1 0.0014 1 0.0014 86.79 <0.0001

x2 0.0000 1 0.0000 1.07 0.3170

x3 0.0043 1 0.0043 274.29 <0.0001

x4 0.0001 1 0.0001 4.29 0.561

x1x2 0.0000 1 0.0000 0.0000 1.0000

x1x3 0.0000 1 0.0000 0.0000 1.0000

x1x4 0.0000 1 0.0000 0.0000 1.0000

x2x3 0.0000 1 0.0000 0.0000 1.0000

x2x4 0.0000 1 0.0000 0.0000 1.0000

x3x4 0.0000 1 0.0000 0.0000 1.0000

x2
1 0.0009 1 0.0009 60.00 <0.0001

x2
2 0.0000 1 0.0000 1.22 0.2859

x2
3 0.0001 1 0.0001 7.65 0.0144

x2
4 0.0040 1 0.0040 257.45 <0.0001

Residual 0.0002 15 0.0000

Lack of fit 0.0002 10 0.0000

Pure error 0.0000 5 0.0000

Correlation total 0.0105 29
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TABLE 7 The analysis of variance (ANOVA) for the response surface of the thrust force ripple.

Source Sum of squares Degree of freedom Mean square F-value P-value Remarks

Model 47.09 4 11.77 2.19 0.0991 Significant

x1 0.1837 1 0.1837 0.0342 0.8548

x2 6.93 1 6.93 1.29 0.2667

x3 20.35 1 20.35 3.79 0.0629

x4 19.62 1 19.62 3.65 0.0675

Residual 134.29 25 5.37

Lack of fit 134.29 20 6.71

Pure error 0.0000 5 0.0000

Correlation total 181.37 29

FIGURE 5 Surface plots for the average thrust force of the 20/21 linear primary permanent magnet vernier machine (LPPMVM): (a) x1 versus x2, (b) x3
versus x1, (c) x1 versus x4, (d) x2 versus x3, (e) x2 versus x4, and (f) x3 versus x4.

ear vernier machines. 2D finite element analysis is adopted to
analyse the LPPMVMs with different gear ratios and make
a comparison based on the impact of the combination of
slots and poles on the electromagnetic behaviour of vernier
machines. The magnetic flux distribution of the 17/18 LPP-
MVM is depicted in Figure 7, obtained from the FEA results
under the no-load condition.

The experimental design and results of LPPMVMs with dif-
ferent slot/pole combinations are shown in Table 8, in which
there are acceptable agreements between the predicted and FEA
results. The predicted values of average thrust force deviate
3.21% from the FEA results for the 50/48 LPPMVM as the

worst case, while the same value is reported under 2% for
other configurations. The maximum difference between pre-
dicted and FEA values of power factor is 0.1, and 4.3% for the
thrust force ripple. The predicted values of average force, power
factor, and thrust force ripple are 1886% , 0.26% , and 7.6% for
the 20/21 LPPMVM, respectively. The results achieved from
the FEA have a slight deviation from the predicted values, in
such a way that the difference for the average force is 0.1%,
and there is no difference between power factor values. Also,
the difference between predicted and FEA results of the thrust
force ripple is 1.3%. Consequently, the solutions are selected for
further investigation of LPPMVMs.
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FIGURE 6 Surface plots for the power factor of the 20/21 linear primary permanent magnet vernier machine (LPPMVM): (a) x1 versus x2, (b) x3 versus x1,
(c) x1 versus x4, (d) x3 versus x2, (e) x4 versus x2, and (f) x4 versus x3.

FIGURE 7 Magnetic flux (B) distribution of the 17/18 linear primary
permanent magnet vernier machine (LPPMVM).

The no-load back EMF waveforms and their maximum val-
ues for phase A of LPPMVMs with different gear ratios are
illustrated in Figures 8 and 9, respectively. LPPMVMs with
higher gear ratios offer higher values of no-load back EMF, lead-
ing to higher force/power density values. The 17/18 LPPMVM
has a maximum back-EMF amplitude of 60 V under the no-
load condition. The highest value is reported at 162.5 V for the
46/48 LPPMVM, while the minimum value is reported at 32.6
V for the 11/12 LPPMVM.

Figure 10 depicts the thrust force waveforms of linear pri-
mary PM vernier generators with different gear ratios. As can
be seen, the highest values of thrust force are reported for

LPPMVMs with high gear ratios. The 46/48 LPPMVM has an
average thrust force of 4217 N, reported as the maximum value.
On the other hand, the 11/12 LPPMVM has the minimum
average force of 889 N. However, LPPMVMs with different
gear ratios are affected by the machine length and the optimum
volume of magnets; thus, a reliable comparison can be accom-
plished by considering the machine dimensions and PM volume
into account.

To accomplish a reasonable comparison, average thrust force
per PM volume and thrust force density are compared for lin-
ear vernier generators with different slot/pole combinations.
Thrust force density values for LPPMVMs with different gear
ratios are depicted in Figure 11. Overall, the force density
increases with higher gear ratios. However, the optimal val-
ues are required to be obtained based on a robust design of
linear vernier machines. Thrust force density values for LPP-
MVMs with slot/pole combinations based on (2) and (3) are
shown in Figure 11. The most significant point that stands
out is the higher values of thrust force density that can be
realised when the number of slots and poles is selected based
on (3), which confirms the conclusion drawn from the oper-
ation principles of linear vernier machines. The conventional
17/18 LPPMVMV has a thrust force density of 283.0 kN/m3,
which is 6.7% higher than the 19/18 LPPMVMV counterpart
with a thrust force density of 265.2 kN/m3. The 34/36 LPP-
MVMV also has the same trend as the 38/36 LPPMVMV, in
which trend of higher geathe former LPPMVM shows a higher
thrust force density of 9.5 kN/m3 compared to the latter one.
The LPPMVMs with 11-slots/12-pole pairs, 14-slots/15-pole
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TABLE 8 The experimental design and results of linear PM vernier generators with different gear ratios.

LPPMVM

Solutions Average force [N] Power factor Thrust force ripple

x1 x2 x3 x4 Predicted FEA Predicted FEA Predicted FEA

11/12/1 10.6 16.7 6.2 28 889 893 0.20 0.20 7.3 7.2

14/15/1 11.0 16.7 6.5 38 1265 1257 0.23 0.24 7.7 6.4

20/21/1 10.0 10.2 6.2 58 1886 1884 0.26 0.26 7.6 6.4

23/24/1 10.6 10.2 6.2 68 2098 2111 0.27 0.27 9.5 6.8

22/24/2 12.6 16.7 6.2 28 1802 1771 0.22 0.23 6.7 5.3

28/30/2 10.9 14 6.2 38 2528 2502 0.25 0.26 7.6 6.7

34/36/2 10.6 16.7 6.2 49 3161 3099 0.28 0.28 5.3 3.3

40/42/2 10.6 13.7 6.2 56 3564 3548 0.27 0.28 7.4 5.7

46/48/2 9.7 11.6 6.2 69 4217 4227 0.27 0.27 5.9 7.2

13/12/1 11.2 12.4 6.2 32 924 938 0.21 0.22 3.9 3.6

16/15/1 11.2 16.7 6.2 42 1303 1280 0.24 0.24 6.3 10.6

19/18/1 11.2 11.8 6.2 52 1558 1584 0.25 0.26 6.0 4.4

22/21/1 11.2 13.2 6.2 59 1870 1885 0.27 0.28 9.2 9.8

25/24/1 11.2 10.2 6.2 69 2086 2107 0.27 0.28 8.8 11.2

26/24/2 11.2 12.8 6.2 33 1911 1907 0.23 0.23 2.1 2.4

32/30/2 11.3 16.6 6.3 43 2547 2544 0.25 0.25 5.9 9.2

38/36/2 11.2 12.2 6.2 53 3147 3141 0.26 0.26 3.0 2.8

44/42/2 11.2 13.9 6.2 60 3891 3936 0.28 0.28 7.7 9.1

50/48/2 12.7 15.0 6.2 70 4200 4335 0.28 0.29 9.4 9.4

FIGURE 8 No-load back EMF waveforms of linear primary permanent magnet vernier machines (LPPMVMs) with different gear ratios: (a) LPPMVMs based
on (3) with 1 armature winding pole pairs, (b) LPPMVMs based on (2) with 1 armature winding pole pairs, (c) LPPMVMs based on (3) with 2 armature winding pole
pairs, (d) LPPMVMs based on (2) with 2 armature winding pole pairs. EMF; electromotive force.
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FIGURE 9 Maximum amplitude of no-load back EMF for linear primary
permanent magnet vernier machines (LPPMVMs) with different gear ratios
based on the magnetic gearing relationship. EMF; electromotive force.

pairs, 20-slots/21-pole pairs, and 23-slots/24-pole pairs indi-
cate higher thrust force density values of 10.6%, 10.7%, 8.9%,
and 8.0% compared to LPPMVMs with 13-slots/12-pole pairs,
16-slots/15-pole pairs, 22-slots/21-pole pairs, and 25-slots/24-
pole pairs, respectively. Accordingly, the slot/pole combination
of the LPPMVMs is selected based on (3) to obtain higher thrust
force capabilities.

The maximum thrust force density is reported to be 296.6
kN/m3 for the 20/21 LPPMVM, which is 4.6% higher than
the 17/18 LPPMVM. On the other hand, the 13/12 LPP-
MVM possesses the minimum thrust force density of 230.1
kN/m3. The higher the gear ratios, the higher values of the
average force is expected. Nevertheless, the trend of higher gear
ratios does not align with higher thrust force density values in
some cases. By considering the magnetic gearing relationship
based on (3) and 1 armature winding pole pairs, the higher
gear ratios offer higher force capabilities, excluding the LPP-
MVMs with 23-slots/24-pole pairs and 34-slots/36-pole pairs.
Moreover, the increment of gear ratios for LPPMVM with
slot/pole combinations based on (2) and 1 armature winding
pole pairs shows the same behaviour excluding the 25/24 and
50/48 LPPMVMs. LPMVMs with different gear ratios undergo
an optimisation process, and their most optimum performance
is achieved. The ratio of the average thrust force to the machine
volume is the criterion to depict the impact of the optimality
of LPMVMs. Upon closer examination, some structures with
higher gear ratios might offer lower thrust force density val-
ues. The behaviour arises from the poor capability of these
linear machines to exploit the maximum utilisation of mag-
nets and volumes of these structures. Nevertheless, the general
trend shows that high gear ratios lead to higher values of thrust
force density. This necessitates adopting a practical optimisation
process to select the most beneficial structure and achieve the
maximum force density.

To enrich the investigation on the impact of gear ratios on
the force performance of linear vernier generators, the average
thrust force per PM volume of LPPMVMs is also calculated.
The maximum average thrust force is 4335 N for the LPP-
MVM with 50-slots/48-pole pairs owing to the high amount of
magnets and higher dimensions of the linear structure. How-
ever, the thrust force per PM volume equals 12.9 N/cm3,

TABLE 9 Thrust force density and average thrust force per permanent
magnet (PM) volume for linear primary permanent magnet vernier machines
(LPPMVMs) with different slot/pole combinations.

LPPMVM

[slot/pole]

PM volume

[cm3]

Force density

[kN/m3]

Force per PM

volume [N/cm3]

11/12/1 67.2 254.5 13.2

14/15/1 91.2 282.1 13.7

17/18/1 120.0 283.0 13.4

20/21/1 139.2 296.6 13.5

23/24/1 163.2 289.2 12.9

22/24/2 134.4 252.4 13.1

28/30/2 182.4 280.7 13.7

34/36/2 235.2 272.4 13.1

40/42/2 268.8 283.5 13.2

46/48/2 331.2 293.3 13.7

13/12/1 76.8 230.1 12.7

16/15/1 100.8 254.7 12.7

19/18/1 124.8 265.2 12.7

22/21/1 141.6 272.3 13.3

25/24/1 165.6 267.7 12.7

26/24/2 158.4 233.9 12.0

32/30/2 206.4 253.1 12.3

38/36/2 254.4 262.9 12.3

44/42/2 288.0 284.3 13.6

50/48/2 336.0 275.4 12.9

which highlights the poor utilisation of magnets among other
LPPMVMs with different slot/pole combinations. Due to the
high price of permanent magnets, particularly neodymium iron
boron (NdFeB) magnets, average force per PM volume values
of LPPMVMs are required to be compared. The 17/18 LPP-
MVM has a force per PM volume of 13.4 N/cm3, which is
2.1% less than the 14/15 LPPMVM and 0.7% less than the
20/21 LPPMVM. However, the same criteria for the 17/18
LPPMVM compared to the counterpart 19/18 LPPMVM are
improved by 5.5%. Although all linear vernier structures show
a higher average force per PM volume compared to their lin-
ear PM synchronous counterparts, the PM volume is needed
to be optimised. The detailed values of thrust force den-
sity and average thrust force per PM volume for LPPMVMs
with different slot/pole combinations are summarised in
Table 9.

The thrust force ripple of LPPMVMs is calculated based on
the following relationship

Fripple =
Fmax − Fmin

Favg
(29)

where Fmax is the maximum value of thrust force, Fmin is the
minimum value of thrust force, and Favg is the average value of
thrust force. The 17/18 LPPMVM has a low thrust force rip-
ple of 3.1%, which is regarded as an impressive advantage for
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FIGURE 10 Thrust force waveforms of linear primary permanent magnet vernier machines (LPPMVMs) with different gear ratios: (a) LPPMVMs based on
(3) with 1 armature winding pole pairs, (b) LPPMVMs based on (2) with 1 armature winding pole pairs, (c) LPPMVMs based on (3) with 2 armature winding pole
pairs, (d) LPPMVMs based on (2) with 2 armature winding pole pairs.

FIGURE 11 Thrust force density for linear primary permanent magnet
vernier machines (LPPMVMs) with different gear ratios based on the magnetic
gearing relationship.

applications requiring a smooth operation of the linear vernier
machine. Also, the 26/24 LPPMVM has the least value of thrust
force ripple of 2.4%. The 25/24 LPPMVM suffers from the
maximum thrust force ripple of 11.2%, which restricts the oper-
ation of the linear generator in addition to having lower thrust
force density and thrust force per PM volume values compared
to other structures. Even though the 20/21 LPPMVM has a
higher thrust force ripple of 6.4% in comparison with the 17/18
LPPMVM and the 26/24 LPPMVM, its high thrust force den-
sity places the linear vernier generator with 20 slots, 21 PM pole
pairs, and 1 armature winding pole pairs among the beneficial
configurations of LPPMVMs.

The most undesirable feature of vernier structures is their
low power factor, which arises from the principles of the
magnetic gearing effect. The power factor values of LPP-
MVMs vary between 0.20 and 0.29, which necessitates a robust
design and optimisation process for linear vernier generators.
The power factor values of the proposed LPPMVMs in this
paper do not follow a specific trend, and the LPPMVMs with
optimal power factor values are selected based on the design
requirements and the volume of magnets. Even though the
17/18 and 20/21 LPPMVMs have a power factor of 0.26, their
high force density values make them appropriate structures
for wave energy applications. Accordingly, LPPMVMs with
17-slots/18-pole pairs and 20-slots/21-pole pairs are reported
as more practical choices by considering the requirements of
wave energy systems, as bolded in Table 9.

5 THERMAL ANALYSIS OF LPPMVMs
WITH DIFFERENT SLOT/POLE
COMBINATIONS

Exceeding the maximum allowable temperature can cause
irreparable damages to linear PM vernier machines; particu-
larly, the windings are vulnerable to overheating, and PMs are in
danger of demagnetization. For safety and reliable operation in
wave energy systems, predicting the temperature rise is regarded
as an essential step in the design process of linear machines.
Power loss models are required to be established; hence, the
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FIGURE 12 Volumetric loss density [W/m3] of 17/18 linear primary
permanent magnet vernier machine (LPPMVM).

FIGURE 13 Steady-state thermal analysis of 17/18 linear primary
permanent magnet vernier machine (LPPMVM).

thermal investigation can be obtained. The core and copper
losses are modelled in this research as the heat sources in the
thermal investigation.

The copper loss model is calculated from the resistive
heating, and the equation can be expressed as:

Pcopper =
1
T ∫

Tend−T

Tend

J .Edt (30)

where T is the electrical period, Tend is the end time, J is the
current density, and E is the electric field. The copper losses
are 243.5 W for LPPMVMs with 1 armature winding pole pair,
and 487.1 W for LPPMVMs with 2 armature winding pole pairs.
The Bertotti loss model is exploited in this paper to define core
losses in LPPMVMs, including hysteresis losses, eddy current
losses, and excess losses based on accurate calculations. The

Bertotti loss model can be expressed as

Pfe = kh fBb
gmax + kc f 2B2

gmax + ke f 1.5B1.5
gmax (31)

where kc is the eddy current loss coefficient and ke is the excess
loss coefficient [5].

The linear vernier machines are selected based on (3), due
to their superiority of high thrust force density, to calculate
their losses and analyse the thermal analyses. The core loss
values of linear primary PM vernier structures are 20.7, 32.1,
44.4, 52.2, and 63.4 W for 11/12, 14/15, 17/18, 20/21, and
23/24 LPPMVMs, respectively. As expected, the higher gear
ratios and average force values result in higher core losses.
Also, core loss values for 22/24 LPPMVM is 48.2 W, 28/30
LPPMVM is 60.9 W, 34/36 LPPMVM is 82.7 W, 40/42
LPPMVM is 103.0 W, and 46/48 LPPMVM is 131.7 W. The
volumetric loss density of 17/18 LPPMVMV can be seen in
Figure 12.

Once the power loss values are calculated, the heat transfer
mechanisms can be defined for the thermal study. Convective
and conductive mechanisms are used to achieve accurate ther-
mal models. The reference temperature is 293.15 K, and the air
is considered fluid at the absolute pressure of 1 atm and a speed
of 1 m/s. The steady-state thermal analysis of 17/18 LPPMVM
is presented in Figure 13 under the external forced convection.
The temperature of the hottest spot on the stator surface is
336.6 K, which shows the temperature rise cannot harm the
vulnerable parts of the linear machine.

Moreover, the transient average temperature rise of the stator
surface for other LPPMVMs is depicted in Figure 14 during
6 h of simulation. Obviously, 11/12 LPPMVM undergoes
the minimum temperature rise due to the lowest losses. The
temperature of 46/48 LPPMVM reaches 358.4 K at the end
of the simulation. The thermal analyses of LPPMVMs with
different gear ratios confirm the stability and safety of their
operation, in which the undesired effects of overheating are
prevented. Remarkably, the thermal analysis guarantees the

FIGURE 14 The transient average temperature rise of the stator surface of linear primary permanent magnet vernier machines (LPPMVMs).
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stability and safety of 17/18 and 20/21 LPPMVMs used in
wave energy harvesting systems.

6 CONCLUSION

LPPMVMs are extensively utilised in wave energy harvesting
systems due to their capability to offer a high thrust force at
low speeds. Linear vernier structures function based on the
same principles as magnetic gears, and the selection of their
slot/pole combinations is regarded as an influential factor in
defining their operational performance during their design pro-
cedure. However, further research is required to investigate the
impact of the number of poles and slots on the performance
of LPPMVMs. In this paper, twenty different configurations of
LPPMVMs with different gear ratios are studied and compared
to understand the impact of the magnetic gearing relationship
for a wide range of structures. The response surface method is
used in this paper to analyse the parameters change and obtain
high average force and power factor values while the thrust
force ripple is decreased. The responses and the predicted val-
ues are compared, and the finite element analysis is provided
to model different LPPMVMs. In absolute terms, using the
robust magnetic gear ratio selection based on the proposed
design optimisation criteria has offered a remarkable reduction
in the computation time and burden of design and optimisation
processes while the accuracy is guaranteed. Higher gear ratios
lead to increased back-EMF values, while the optimisation of
linear machines is needed to achieve their maximum attainable
thrust force density values. Furthermore, the slot/pole combi-
nation of the linear vernier structures is recommended to be
selected based on Z = PPM − Pa to obtain higher force density
values. LPPMVMs are compared based on their force density
and average force per PM volume to provide more exhaus-
tive research. The transient and steady-state thermal analyses
are studied based on the accurate loss model of LPPMVMs,
which confirms a safe operation is yielded by adopting external
forced convection. The electromagnetic and thermal results are
confirmed by exploiting two-dimensional finite element analysis
(2D-FEA).
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